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A b s t r a c t  

The relationship between effective stiffness of rough contacts of 
rock blocks and transmission of plane waves is well known. Effective 
stiffness of a rough contact may be related to the force-deformation be-
havior of the asperity contacts and the statistical description of rock joint 
surface topography through micromechanical methods. In this paper,  
a micromechanical methodology for computing the overall rock contact 
effective stiffness is utilized along with the imperfectly bonded interface 
model to investigate how transmitted and reflected wave amplitudes are 
affected by the incident wave frequency, rock joint closure and the exist-
ing rock joint normal stress conditions. As a result, expressions for re-
flected and transmitted wave amplitudes as well as group time delay of 
the wave-packets are obtained and parametrically evaluated. 

Key words: rough contact, micromechanics, effective stiffness, rock 
joint, wave propagation. 

1. INTRODUCTION 

The effective stiffness of the contact between rock blocks has an important 
role in the geophysical behavior of rock masses and other fractured mate-
rials. A number of researchers have investigated the transmission behavior  
of plane waves through rough surfaces in contact by treating them as imper-
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fectly bonded interfaces represented by an effective interface stiffness (see, 
for example, Kendal and Tabor 1971, Murty 1975, Schoenberg 1980, Murty 
and Kumar 1991, Pyrak-Nolte et al. 1990, Rokhlin and Wang 1991, Gu et al. 
1996, Pecorari 2003, Nakagawa et al. 2004). In these studies, very little at-
tempt has been made to relate the effective interface stiffness to the interface 
geometry and the mechanical properties of the rock. Contacts between rock 
blocks are highly inhomogeneous, and because of the surface roughness, oc-
cur through local contact areas or asperities. As a result, the transmission of 
seismic waves through rock joints is influenced by a variety of factors such 
as the frequency of the incident wave, the rock joint roughness, the mechani-
cal properties of the rock, and the existing normal stress conditions. 

The assumption which forms the basis of the wave propagation models 
based upon the concept of imperfectly bonded interfaces is that the wave-
length is much larger than the asperity contact size and asperity contact sepa-
ration (Pyrak-Nolte and Nolte 1992). Under this assumption, the effective 
interface stiffness corresponding to interface length scales smaller than the 
size of wavelength should be considered. Thus, asperity contact stiffnesses at 
sub-wavelength scales may be averaged to obtain the overall interface stiff-
ness. Asperities, at sub-wavelength scales, consist of different sizes and dif-
ferent orientations giving rise to variation in stiffness between different 
locations of the rock joint. Micromechanical approaches that explicitly in-
clude rock joint surface topography and incorporate material mechanical 
properties and intrinsic friction may be utilized to obtain the overall interface 
stiffness. 

Recently, the author has developed a kinematically driven micromechan-
ical methodology in which the stress-deformation behavior of a rock joint is 
obtained by considering the force-deformation behavior of the asperity con-
tacts and the statistical description of rock joint surface topography (Misra 
1997, 1999, 2002). The micromechanical methodology developed by the au-
thor extends other similar rock-joint models (see, Brown and Scholz 1985, 
Swan 1983, Yoshioka and Scholz 1989a, b, Boitnott et al. 1992, Yoshioka 
1997, for a review) by using: (1) a directional distribution function of asperi-
ty contact orientations recognizing that the asperity contacts are not equally 
likely in all directions, and (2) an iterative procedure to obtain the asperity 
contact forces at each load increment, recognizing that the asperity contact 
force distribution is not known a priori. In the present paper, this microme-
chanical methodology for computing the overall rock joint stiffness is uti-
lized along with the imperfectly bonded interface model to investigate how 
transmitted and reflected wave amplitudes are affected by the incident wave 
frequency, rock joint closure and the existing rock joint normal stress condi-
tions.   
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In the subsequent discussion, we first briefly describe the essence of the 
kinematically driven micromechanical methodology. We then employ this 
model to study the behavior of P-wave transmission and reflection under va-
rying rock joint normal stress conditions and initial joint closures and we 
find that the amplitudes of the reflected and transmitted waves as well as 
group time delay of the wave-packets are significantly influenced by the 
joint stress and initial closure conditions. Since the micromechanical method 
explicitly incorporates the asperity heights and radii of curvature, scale-
dependent overall rock joint stiffness may be obtained. The micromechanical 
model may thus be used to further elucidate the frequency dependency of 
wave transmission in rock joints.   

2. MICROMECHANICAL  MODEL  OF  ROUGH  ROCK  JOINT 

We consider the micromechanical methodology wherein the stress-
deformation behavior of a rock joint is obtained by considering the force-
deformation behavior of the asperity contacts and the statistical description 
of rock joint surface topography (Misra 1999). At the asperity contact-level, 
a local force-deformation relationship is defined that accounts for the elastic 
deformation and inelastic sliding at the contact. As schematically depicted in 
Fig. 1, the stress-deformation relationship for a rock joint is then derived by 
utilizing: (1) the distribution functions of asperity heights and contact orien-
tations, and (2) the overall kinematic constraints and equilibrium conditions 
for the rock joint. 

 

2.1 Asperity Force-Deformation Relationship 

In the kinematically driven approach, the relative motion, δj
c, at an asperity 

contact is decomposed into an elastic part, δj
ce, and an inelastic sliding part, 

δj
cp, given by 

 .c ce cp
j j jδ δ δ= +  (1) 

Fig. 1.  Schematic depiction of the
micromechanical modeling metho-
dology for rock joints. 
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The subscripts in this paper follow the established tensor convention unless 
specified otherwise. The elastic deformations, δj

ce, at an asperity contact 
generate forces, fi

c, which are related via the asperity contact stiffnesses, Kij
c, 

as follows:  

 .c c ce
i ij jf K δ=  (2) 

The asperity contact stiffnesses, Kij
c, generally depend upon the contact load-

ing condition, such as the stiffness given by the Hertzian contact theory 
(Johnson 1985).   

The Amonton–Coulomb’s friction law, expressed by the following in-
equality, governs the sliding at an asperity contact: 

 0 ,c c
i if q ≤  (3) 

where ,c c c
i i iq nζ µ= + c

iζ  is a unit vector in the sliding direction, µ is the as-
perity friction coefficient and ni

c is a unit vector outwardly normal to the as-
perity contact. Combining eqs. (1)-(3), the following relationship between 
the force and relative motion at a sliding asperity contact may be derived 
(see, Misra 1997 for more details): 

 ( ) ,c c c c c c c
i ir rj sj s r jf K M K qδ ζ δ= −  (4) 

where δrj (= 1 for r = j ;  = 0 for r ≠ j) is the Kronecker delta and the scalar  
M 

c is given by 

 ( ) 1
.c c c c

ij j iM K qζ
−

=  (5) 

The asperity force-displacement relationship in eq. (4) is decomposed into an 
elastic part and an inelastic part as follows: 

 ( ) ,c c c ce cp c
i ij j ij ij jf C C Cδ δ= = −  (6) 

where c
ijC  is the overall asperity contact stiffness tensor composed of an 

elastic part ce c
ij ijC K=  and an inelastic part .cp c c c c c

ij ir sj s rC K M K q ζ=  

2.2 Statistical Description of Rock Surface 

The rock surface geometry determines the orientations and the number of 
asperity contacts under a given loading condition. The composite topography 
of contacting rock joint surfaces, described via statistics of asperity contact 
heights, orientations, and curvatures, may be utilized for this purpose (see, 
Nayak 1971, Adler and Firman 1981, Yoshioka 1994, Misra 1997 among 
others). In this paper, the statistical distribution of asperity contact heights is 
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described via gamma distributions, and that of asperity contact orientation 
via spherical harmonic expansions.   

It is usual to define the asperity contact height with reference to the 
highest peak of the composite topography such that, asperity height, r, 
represents the overlap of the interacting surfaces.  The density function for 
asperity heights, H(r), is given by a gamma distribution (see, Adler and Fir-
man 1981, Yoshioka and Scholz 1989) expressed as  

 ( ) ( ) ( )
/

1

e 0 , 1 , 0 ,
1

rrH r r
α β

α α β
Γ α β

−

+= < <∞ > − >
+

 (7) 

where α and β are the parameters related to the mean and variance of the as-
perity heights as follows: 

 
( )
( )2 2

mean : 1 ,
variance : 1 ,

mr
rσ

β α
β α

= +
= +

 (8) 

Parameter α is unit less while parameter β takes the unit of asperity height. 
Figure 2 illustrates the distribution of asperity heights for surfaces with vary-
ing roughness.  Surfaces that have smaller average asperity height and nar-
row distributions of asperity heights are considered to be relatively 
smoother.  

For a rock joint with N asperities per unit area, NH(r) dr denotes that 
number of asperity contacts in the interval represented by r and r + dr. Thus, 
the total number of asperity contacts, under a given loading condition, is 
given by 

 ( )
0

d ,
r

rN NH r r= ∫  (9) 

where r represents the rock joint closure under a given loading.  
 

Fig. 2.  Asperity height
distributions with varying
surface roughness. 
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The asperity contact orientation is defined by considering the inclination 

of the asperity contact normal with respect to that of the rock joint surface 
normal direction. As shown in Fig. 3, the orientation of an oblique asperity 
contact is defined by the azimuthal angle φ and the meridional angle θ, 
measured with respect to a Cartesian coordinate system in which direction 1 
is normal to the rock joint surface. 

A 3-dimensional density function utilizing spherical harmonics expan-
sion in spherical polar coordinates that describes the concentrations of asper-
ity contact orientations was introduced by Misra (1997, 1999). For a rock 
joint with isotropic geometry, the density function, ξ (Ω), of asperity contact 
orientations distribution in the domain: 0 ≤ θ ≤ π/2a,  0 ≤ φ ≤ 2π, is given by  

 ( ) sin , (0 2 ; 0 2 ; 1) ,
2 sin
a a a aθξ Ω θ ϕ

θ
= ≤ ≤ π ≤ ≤ π ≥

π
 (10) 

where angles φ and θ are defined in Fig. 3, Ω represents the solid angle 
formed by φ and θ, and parameter a determines the shape of the density 
function ξ (Ω). Thus, the product Nrξ (Ω) dΩ denotes the number of asperity 
contacts NΩ in the interval represented by solid angles Ω and Ω + dΩ, that is 

 ( ) d .rN NΩ ξ Ω Ω=  (11) 

The density function in eq. (10) has the ability to model surfaces with va-
rying roughness. As discussed in Misra (1999), the asperity contacts for 
smooth surfaces have a greater tendency to concentrate in the direction nor-

Fig. 3.  Schematic depiction of 
asperity contact orientation dis-
tribution functions for smooth 
and rough interfaces. 
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mal to the rock joint than that for rough surfaces. It is noteworthy that, as pa-
rameter a increases, the contact distribution concentrates towards the direc-
tion normal to the interface. In particular, the density function, ξ(Ω),  
behaves like a delta function in the limit a → ∞ and yields an expectation 
E[θ] = 0, which represents a concentrated contact orientation, normal to the 
interface of a perfectly smooth joint. In general, the parameter a describes 
the extent of the asperity contacts in the meridional direction as well as the 
mean asperity contact orientation.   

2.3 Effective Stress-Deformation Relationship of Rock Joint 

Considering the equilibrium of forces at a rock joint surface, the overall trac-
tion Fi on the rock joint is obtained from the summation of the forces, fi

c, de-
veloped at asperities, which for a large number of asperity contacts may be 
written as the following integral equation: 

 ( ) ( ) d d ,c
i i

r

F N f H r r
Ω

ξ Ω Ω= ∫ ∫  (12) 

where the traction Fi is given as force per unit area since N is measured per 
unit area of a rock joint. Under a given loading condition, an asperity contact 
may be sliding, separated or in elastic contact. Appropriately accounting for 
the asperity contact forces given by eq. (7), and adopting the kinematic as-
sumption that relative motion at an asperity, δj

c, is same as the relative mo-
tion of the interface, δj, the relationship between the overall traction Fi and 
the relative motion δj may be written as 

 ,e p
i ij j ij ij jF C C Cδ δ⎡ ⎤= = −⎣ ⎦  (13) 

where the superscripts e and p refer to the elastic and inelastic part of the 
rock joint stiffness tensor, Cij. 

The domain of sliding and separated asperity contacts is not always 
known a priori (Misra 1997, 1999). Moreover, for non-constant asperity 
contact stiffness and changing surface roughness, the sliding domain evolves 
with loading. In addition, new asperity contacts are formed and existing con-
tacts lost as the rock joint is sheared. Numerically, the asperity separation 
may be detected by examining the total relative displacement in the normal 
direction of an asperity contact. Consequently, an incremental rock joint 
stress-displacement relationship is obtained by numerically integrating the 
following equations for each loading step: 

 ( ) ( )
2 /2

0 0 0

, sin d d d ,
r a

e c
ij ijC N K H r rξ ϕ θ θ θ ϕ

π π

= ∫ ∫ ∫  (14a) 
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( ) ( )

( ) ( )

0

0

, sin d d d

, sin d d d ,

s s

d d

r
p c c c c c

ij ik k nj m

r
c
ij

C N M K K q H r r

N K H r r

ϕ θ

ϕ θ

ζ ξ ϕ θ θ θ ϕ

ξ ϕ θ θ θ ϕ

=

+

∫ ∫ ∫

∫ ∫ ∫
 

(14b)

where ξ (φ,θ) is the asperity contact orientation distribution given by eq. (10), H(r) is 
the asperity height distribution given by eq. (7),  r = r0 + δ1, r0 is the initial closure 
at δ1 = 0 and the integration is performed over the domain of sliding asperity con-
tacts denoted by superscript  s  and separated asperity contacts denoted by super-
script  d.  

It is convenient to express the asperity stiffness tensor, c
ijK , in terms of 

asperity stiffness that describes the behavior along the direction of normal 
and tangent to an asperity contact, such that 

 ( ) ,c c c c c c c c c
ij n i j s i j i jK K n n K s s t t= + +  (15) 

where Kn and Ks denote asperity stiffness along the normal and tangential di-
rection of the asperity. The unit vector n is normal to the asperity contact 
surface, and vectors s and t are arbitrarily chosen on the plane tangential to 
the asperity contact surface, such that n s t forms a local Cartesian coordinate 
system. It is noted that the stiffness terms that cross-link normal and shear 
behavior are assumed to be negligible in accordance with the theories for 
contact of smooth non-conforming bodies. Furthermore, for modeling the 
rock joint behavior under general loading conditions, non-linear asperity 
contact stiffness, that depend upon contact forces or displacements are pre-
ferable. 

Considering the Hertzian contact theory of perfectly smooth elastic sur-
faces as well as other theories of elasto-plastic interfaces (see, Johnson 1985, 
Misra 1995), the normal asperity stiffness, Kn, may be taken to depend upon 
the normal asperity deformation, δn, according to the following power law: 

 ,n nK K ηλ δ=  (16) 

where K, λ and η are constants. The asperity stiffness, Kn, given by eq. (16), 
becomes identical with the Hertz stiffness for contact of perfectly smooth 
elastic spheres when 

 
( ) ( )
2 1 8, , and ,

2 1 2 3 2
G RKνλ η

ν ν
−

= = =
− −

 (17) 

where G is the shear modulus, ν is Poisson's ratio and R is asperity radius of 
curvature. It is noteworthy that the exponent η can vary from 0 for perfectly 
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plastic to ½ for perfectly elastic behavior at contact of perfectly smooth 
spherical asperities (Johnson 1985). The tangential asperity stiffness, Ks, has, 
in general, a complex dependence upon the asperity loading conditions in the 
tangential direction (Mindlin and Deresiewicz 1953). We use the following 
truncated series representation for the tangential asperity stiffness Ks (Misra 
1999): 

 
2 3

2 2

3 1 11 ,
2 4 24

n s s s
s

n n n

KK Oδ δ δ
λ µ λ δ δ δµ λ

⎡ ⎤⎛ ⎞ ⎛ ⎞= − − −⎢ ⎥⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎢ ⎥⎣ ⎦

 (18) 

which yields a variation from 3Kn /2λ, for vanishingly small asperity shear 
force, to 1.063Kn /λ, for asperity shear force at incipient sliding condition. 

The rock joint behavior under normal stress obtained from the present 
model is compared in Fig. 4 with the experimental data reported by Brown 
and Scholz (1985). Solid lines give the calculated curves while the experi-
mental data are indicated by symbols. The calculated curves were obtained 
using the following stiffness parameters: η = 0.5, K = 108 GPa·µm1/2, and 
λ = 1.14. These stiffness parameters are calculated using the Hertzian stiff-
ness parameters given in eq. (17) for a shear modulus G = 23 GPa, Poisson's 
ratio ν = 0.224, and asperity radius of curvature R = 9.9 µm. The asperity 
contact orientation parameter is taken as a = 4.4 for the mean slope of 12.9o, 
and the asperity height distributions parameters are taken to be α = 10.39, 
β = 3.32 for the mean and standard deviation of asperity height = 37.8 µm 
and 11.2 µm, respectively. These parameters are based upon the material and 
surface geometry information provided in Brown and Scholz (1985). The 
contact density is taken to be N = 66.7 per mm2, and the asperity friction 
coefficient 0.3. The behavior critically depends upon the initial closure. To 
determine the initial closure a parametric study was performed and the initial 
closure, r0, was found to be 11 µm.   
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As seen from Fig. 4, rock joint closure behavior under normal stresses is 
highly non-linear. The rock joint normal stiffness, C11, given by the slope of 
the stress-displacement curve also increases nonlinearly with the normal 
stress. There are two sources of this non-linearity; one due to the formation 
of new asperity contacts as the rock joint is loaded, and the other due to the 
non-linear nature of the asperity contact stiffness under oblique loading as 
given by eqs. (16) and (18). The micromechanical model accurately de-
scribes the non-linearity of the closure behavior.   

3. REVIEW  OF  WAVE  PROPAGATION  MODELING  THROUGH 
ROUGH  CONTACTS 

The micromechanical model described above is applied to investigate wave 
propagation through rock joints based upon the imperfectly bonded interface 
methodology, also known as linear slip or displacement discontinuity ap-
proach (Schoenberg 1980, Pyrak-Nolte et al. 1990, Gu et al. 1996, Pecorari 
2003). In the subsequent description we focus upon incident P waves only; 
however, we note that incident SV and SH waves may be treated in a similar 
manner. We also give a brief description of the imperfectly bonded interface 
methodology in order to define the appropriate quantities. 

In general, an incident P wave on an interface will produce reflected and 
transmitted P and SV waves. The displacements due to the incident, reflected 
and transmitted waves may be represented as (Achenbach 1973) 

 ( ) ( ) ( )exp i ( ) ,n n n
i n i i i n

n
u A d x p c t

c
ω⎛ ⎞= −⎜ ⎟

⎝ ⎠
 (19) 

where di is the unit vector defining the direction of motion, pi is the unit vec-
tor defining the direction of propagation, xi is the position vector, cn is the 
phase velocity, An is the amplitude of the n-th phase, and ω is the cyclic fre-
quency of the wave. Subscript n designate the different phases. For the inci-
dent wave, n = 0. The reflected P and SV waves are assigned the values n = 1 
and n = 2, respectively, while the transmitted P and S waves are assigned the 
values n = 3 and n = 4, respectively. Other subscripts follow the usual tensor 
notation. Now, using eq. (19), the n-th phase stress tensor in an elastic body 
may be written as 

( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )( ) i exp i ( ) ,n n n n n n n n
lm j j m m n i i nlm l l

n n
d p d p d p A x p c t

c c
ω ωτ λδ µ ⎛ ⎞⎡ ⎤= + + −⎜ ⎟⎣ ⎦ ⎝ ⎠

 (20) 

where λ and µ are the material Lame’s constants. 
For convenience, we choose a coordinate system, such that the direction 

of incident P-wave propagation is within the 1-2 plane shown in Fig. 3.  
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At an imperfect interface, the tractions in the upper medium, A, are equal to 
the tractions in the lower medium, B, as follows (see, Schoenberg 1980 
among others): 

 1 1 1 2 2 2and .A B A BF F F F F F= = = =  (21) 

The displacements at an imperfect interface are considered to be disconti-
nuous such that the force boundary conditions are given by  

 1 11 1 11 1 1( ) ,B AF C C u uδ= = −  (22a) 

 2 22 2 22 2 2( ) ,B AF C C u uδ= = −  (22b) 

where F1 = τ11, F2 = τ12, and C11 and C22 are the rock joint normal and shear 
stiffnesses, respectively, given by eq. (13).  

For same upper and lower media, eqs. (19) through (22) may be com-
bined to obtain the amplitudes of the reflected and transmitted P and SV 
waves for an asperity in contact as follows: 

 [ ]
2

cos
sin

T ,
cos 2
sin 2

P

SV

P

SV

R
R
T
T

θ
θ
θ
θ

−⎧ ⎫ ⎧ ⎫
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪=⎨ ⎬ ⎨ ⎬
⎪ ⎪ ⎪ ⎪
⎪ ⎪ ⎪ ⎪⎩ ⎭⎩ ⎭

 (23) 

where the matrix [T] is given as 

 

2 2 2 2
11 11

2

2 2 2
22 22

2 2 2 2

2 2

cos sin cos i cos2 sin i sin 2

sin cos sin i sin 2 cos i cos2

cos2 sin 2 cos2 sin 2

sin 2 cos2 sin 2 cos2

P SV

SV
SV

P

SV SV

P P

P P

SV SV

c c
C C

c c
C c C

c c
c c
c c
c c

ω ωθ θ θ ρ θ θ ρ θ

ω ωθ θ θ ρ θ θ ρ θ

θ θ θ θ

θ θ θ θ

⎡ ⎛ ⎞ ⎛ ⎞− − + − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

⎛ ⎞ ⎛ ⎞− − − − +⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

−

⎣

⎤
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥
⎢ ⎥⎦

 

  (24) 

where RP = A1 /A0 and  RSV = A2 /A0 are the P- and SV-wave reflection coeffi-
cients, TP = A3 /A0 and  TSV = A4 /A0 are the P- and SV-wave transmission 
coefficients, θ is the wave incidence angle, θ2 is obtained from Snell’s law, 
cP and cSV are the P- and SV-wave velocities in the rock, and ρ is the rock 
mass density. At normal incidence (θ = 0) an incident P wave on the rock 
joint will produce only a reflected and a transmitted P wave, for which the 
closed form solutions of normalized reflected and transmitted wave ampli-
tudes and phase angles, respectively, are obtained as (general expressions of 
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normalized reflected and transmitted wave amplitudes for oblique incidence 
are given in Gu et al. 1996). 

 
11

11

2 2 2 2

22 2 2

1 1,    ,
4 11

4

P P

P

P

R T
C c

Cc
ω ρ

ρ ω

= =

++

 (25) 

 111 1

11

2tan ,    tan .
2

P
R T

P

C c
c C

ω ρϕ ϕ
ω ρ

− −⎛ ⎞ ⎛ ⎞= − =⎜ ⎟ ⎜ ⎟
⎝ ⎠⎝ ⎠

 (26) 

Interestingly, the phase angles are a function of the frequency. Thus, for a 
wave packet transmitting through the rock joint, the group time delay may be 
obtained as the rate of change of phase angle with respect to frequency as 
follows: 

 
( )

11
22

11

2 .
4

P
g

P

c Ct
C c

ρ
ω ρ

=
+

 (27) 

4. PARAMETRIC  RESULTS  FOR  REFLECTION  AND   
TRANSMISSION  AT  ROCK  JOINT 

In order to evaluate the transmission and reflection coefficients and group 
time delay for a rock joint using eqs. (25) and (27), a numerical effort is re-
quired as the rock joint stiffness is non-linearly dependent upon the joint clo-
sure. Moreover, the joint closure, r, is a function of the rock joint normal 
stress. In the parametric study described below, we consider an incident  
P wave that is propagating in a direction normal to the rock joint. We calcu-
late the reflected and the transmitted P-wave amplitudes and group time de-
lay as a function of the incident wave frequency and existing normal stress 
conditions for the rock joint whose closure behavior is given in Fig. 4. The 
P-wave velocity for this rock is computed to be 4638 m/s and the density is 
taken to be 3 Mg/m3. The normal stiffness C11 is computed using the para-
meters given in Section 2.3. We also study the effect of rock joint initial clo-
sure on the wave transmission behavior. 

4.1 Effect of incident wave frequency and normal stress 

In Figure 5, we show the normalized amplitudes of the reflected and trans-
mitted P waves as a function of frequency for three different normal stress 
conditions. Classical reflection and transmission coefficient versus frequen-
cy curves are obtained. As expected the reflected P-wave amplitude increas-
es to an asymptotic value of 1 while the transmitted P-wave amplitude 
decreases to an asymptotic value of 0. However, the rate at which the curves 
reach the asymptote significantly depends upon the rock joint normal stress. 

 

Brought to you by | University of Kansas Libraries
Authenticated

Download Date | 11/16/15 5:01 PM



MICROMECHANICS  OF  ROUGH  CONTACT 

 
1121

Fig. 5.  Effect of wave frequency and normal stress upon reflected and transmitted 
wave amplitudes. 

At a given normal stress on the rock joint, only low frequency incident P 
waves transmit through, while the high frequency waves are mostly reflected 
back. Thus the rock joint acts as a low-pass filter, as observed by Pyrak-
Nolte and Nolte (1992). It is noteworthy that both the reflected and transmit-
ted P-wave amplitude has a nonlinear dependence upon the rock joint nor-
mal stress condition, which reflects the non-linear variation of rock joint 
normal stiffness C11 with normal stress. For a given frequency, say at 10 kHz, 
the transmitted P-wave amplitude initially increases rapidly at low stress-
levels, and subsequently increases slowly at higher stress-levels. The nonli-
near behavior is attributable to the formation of new contacts as the normal 
stress is increased. Furthermore, a majority of the new contact formation oc-
curs at relatively low normal stresses. Therefore, the nonlinearity of the ini-
tial normal stiffness with normal stress diminishes at higher normal stresses. 
Most of the gain in stiffness at higher stress is attributable to deformation 
hardening caused by non-linear asperity contact behavior. At frequencies 
above 100 kHz, the transmitted P-wave amplitude is typically less than 10% 
of the incident wave, while the reflected P-wave amplitude is typically high-
er than 90% of the incident wave for the rock joint considered in this paper. 
At higher frequencies, when wavelength and the asperity contact sizes be-
come comparable, the applicability of the present method is questionable. 
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Fig. 6.  Effect of wave frequency and normal stress upon group time delay of the 
transmitted wave packet. 

In Fig. 6, we show the group time delay of transmitted P-wave packets 
as a function of central frequency for three different normal stress condi-
tions. We also show the group time delay of transmitted P-wave packets as a 
function of normal stress for four different central frequencies. The group 
time delay generally decreases as the frequency increases. However, we ob-
serve that the group time delay behavior at different frequencies depends 
upon the rock joint normal stress. For very low frequencies, the group time 
delay is less at higher values of normal stress. For higher frequencies, the 
time group delay is less at lower values of normal stress. 

For a given frequency, the time group delay displays a maximum at spe-
cific value of normal stress. The magnitude of the maximum and the normal 
stress at which the maximum occurs depends upon the frequency. For low 
frequencies, the maximum value is higher and occurs at lower normal 
stresses. As the frequency increases, the magnitude of the maximum value 
decreases and the normal stress at which the maximum occurs shifts to high-
er values. Furthermore, at high normal stress, the group time delay is inde-
pendent of frequency and seems to converge to a constant.   

4.2 Effect of rock joint initial closure 

The rock joint initial closure, which may result from joint mismatch, has a 
significant influence on the reflected and transmitted wave amplitudes for 
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given joint normal stress condition and wave frequency. Since the number of 
asperity contacts increases non-linearly with initial closure, the joint normal 
stiffness, C11, and therefore the reflected and transmitted wave amplitudes 
also vary nonlinearly with initial closure. In Figs. 7 and 8 we show the nor-
malized amplitudes of the reflected and transmitted P waves as a function of 
initial joint closure for: (1) two frequencies at the normal stress of  
0.5 MPa, and (2) two normal stresses at the wave frequency of 0.01 MHz, 
respectively.   

As seen from Fig. 7, the rate of normalized amplitude variation with ini-
tial closure critically depends upon the wave frequency at a constant joint 
normal stress. For instance, the rate at which the reflected wave amplitude 
decreases becomes considerably slower at high frequencies. At a given nor-
mal stress, the joint stiffness is related to the contact stiffness, which, in turn, 
is proportional to the asperity contact size represented by the asperity radius 
of curvature. P waves with wavelengths comparable to the asperity contact 
size are likely to be scattered or reflected. Therefore, at frequencies higher 
than certain critical frequency, the reflection coefficients are high and 
change minimally with the number of contacts. The micromechanical model 
used to calculate the normal stiffness reasonably predicts this phenomenon. 

Fig. 7.  Effect of initial closure upon reflected and transmitted wave amplitudes for  
a joint normal stress of 0.5 MPa. 
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Fig. 8. Effect of initial closure upon reflected and transmitted wave amplitudes for 
wave frequency of 0.01 MHz. 

For a given frequency, on the other hand, the reflected and transmitted 
wave amplitudes variation with initial closure depends significantly upon the 
joint normal stress, as shown in Fig. 8. At low initial closure, the number of 
asperity contacts is smaller. Thus, for a higher rock joint normal stress, the 
same number of asperity contacts has to carry a higher contact force per as-
perity. Since the asperity stiffness has a non-linear dependence on contact 
force, higher contact force results in considerably higher asperity stiffness. 
As the initial closure becomes larger, the number of asperity contacts in-
creases, which has the propensity to increase the overall joint stiffness. 
However, for higher number of asperities, the asperity contact forces will 
tend to be relatively lower, and hence, the asperity stiffness is smaller. Thus, 
the increase in overall joint stiffness with initial closure at a given normal 
stress combines the two competing effects. The variation in the reflected and 
transmitted wave amplitudes with initial closure reflects the result of these 
competing effects on the overall joint stiffness. Moreover, as the overall joint 
stiffness becomes higher, the reflected and transmitted wave amplitudes ap-
proach their asymptotic values of 0 and 1, respectively, resulting in a sig-
moidal-like behavior with initial closure.   
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Fig. 9.  Effect of wave frequency and normal stress upon group time delay of the 
transmitted wave packet. 

In Fig. 9, we show the group time delay of transmitted P-wave packets 
as a function of initial closure for: (1) two frequencies at the normal stress of 
0.5 MPa, and (2) two normal stresses at the central frequency of 0.01 MHz. 
In general, the group time delay increases with joint stiffness, and conse-
quently, with the joint initial closure to a maximum value at a critical initial 
closure. Beyond the critical initial closure, the group time delay decreases. 
The group time delay and the critical initial closure depend upon the fre-
quency and the joint normal stress. For a given normal stress, the group time 
delay is lower and the critical initial closure higher at the higher frequencies. 
On the other hand, for a given frequency, higher group time delays are 
achieved at lower initial closure for higher joint normal stress. Thus, the 
maximum group time delay occurs at a lower critical initial closure at higher 
joint normal stress.   

5. CONCLUDING  REMARKS 

A kinematically driven micromechanical methodology for computing the 
overall rock joint stiffness is utilized along with the imperfectly bonded in-
terface model to investigate how the transmitted and reflected wave ampli-
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tudes are affected by the incident wave frequency, rock joint closure and the 
existing rock joint normal stress conditions. In the micromechanical metho-
dology, an effective stress-deformation behavior of a rock joint is obtained 
by considering the force-deformation behavior of the asperity contacts and 
the statistical description of rock joint surface topography. This microme-
chanical methodology incorporates: (1) a directional distribution function of 
asperity contact orientations recognizing that the asperity contacts are not 
equally likely in all directions, and (2) an iterative procedure to obtain the 
asperity contact forces at each load increment, recognizing that the asperity 
contact force distribution is not known a priori. The rock joint stiffness pre-
dicted by the micromechanical method is used to obtain the reflected and 
transmitted wave amplitudes as well as wave-packet group time delay for 
various frequency, joint normal stress and initial closure. 

The advantage of using a micromechanical model in this analysis is that 
it gives a physical explanation as to how the wave propagation through rock 
joints is affected by the interface geometry and mechanical properties of the 
rock. Since the micromechanical method explicitly incorporates the asperity 
heights and radii of curvature, it is possible to obtain scale-dependent overall 
rock joint stiffness. The micromechanical model may thus be used to further 
elucidate the frequency dependency of wave transmission in rock joints. 
Consequently, this type of model could potentially be used to solve the inverse 
problem of determining existing normal stress conditions, interface geometry 
and mechanical rock joint properties from acoustic wave propagation. 

Based upon the parametric study, we find that the frequency dependent 
amplitudes of the reflected and transmitted waves as well as group time de-
lay of the wave-packets are significantly influenced by the joint stress and 
initial closure conditions. The reflected and transmitted wave amplitudes and 
the group time delay of the wave-packets have a highly nonlinear depen-
dence upon the rock joint normal stress condition and initial closure. This 
nonlinearity is directly related to the nonlinear relationship between the joint 
normal stiffness and normal stress condition predicted by the micromechani-
cal model.  
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