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I. INTRODUCTION

A, HISTORY

Among the works of Archimedes is the "Book of
Lemmas" which contains five propositions concerning a figure
known, because of its shape, as the Arbelos «psmnA os ) or
Shoemaker's Knife. Although the Greek text seems to have
been lost, there is an Arsbic version made in the ninth
century by the geometrician Thabit-Ben-Corrah and annotated
by Almochtasso-abil-Hasan. This version was translated into
Latin by Graeves and published in London in 1657 with the
notes of Samuel Forster and again, by Abraham Ecchellensis,
in Florence in 1661, with the notes of Borelli.

The absence of all preliminary propositions, a
style different from that of other works of Archimedes, and
the fact that Archimedes! name 1s quoted in it more than
once, lead some to believe that "The Lemmas" is not entirely
his work but a collection of scattered propositions. It is,
however, regarded as possible, if not probable, that the
theorems among them relating to the Arbelos may be due to
Archimedes.

Other theorems occur in the fourth book of
Pappus's "Mathematical Collection." In this work the
figure similar to the Arbelos and the principle propositions

respecting it are said by Pappus to be "ancient."



The principle propositions of the book of "The
Lemmas" are concerned with properties of certain figures
limited by semi-circles similar to the "lunules" of
Hippocrates of Chio. One figure is in the shape of a
knife of a thin piece of metal, called the Arbelos and
another is a variation of this figure called the Salinon.
These figures are in many of the geometries and famous
names of history such as Vieta, Descartes, Fermat, and
Newton are attached. Very little was added to the original
works until recent geometers - applied the method of inversion
to these figures.

The problem was not entirely forgotten in the
meantime. During the first half of the nineteenth century
several articles appeared in "The Lady's and Gentleman's Diary"
concerning the properties of the Arbelos. In Leybourn's
"Mathematical Repository" in 1831 question 531 by N.Y. was
as follows: "If on the
segments AB, Ba of the e —
diameter of a semi- ]
circle, the semi-circle ]

ASB, asB be constructed,

and the ordinate BQ

drawn; it is required, first, to inscribe a circle in each
of the spaces AQBSA, aQBsa; secondly, to show that these two

circles are equal; and thirdly, to prove that the least



circle circumscribing the two equal circles, is equal to
the space included between the arcs of the three semi-
circles. /Solutions to these questions must come to hand
(post paid) by the first day of December, 1331./" A
solution of question 531 by John Baines, Thornhill, near
Wakefield is printed. At the end of the solution is the
statement, "solutions were also received from Messrs.
Godward, Laws and Thompson.” Mr. Godward's address is
given as Wakeflield and Mr. T. Thompson's as Newcastle-on-
Tyne. The printed solution consists of constructing the
two circles in the Arbelos and proving they are equal.

Thomas Stephens Davies of Bath also contributed
an article to Leybourn's Mathematical Repository conecern-
ing the Arbelos which he introduces thus:

"Some years ago my attention was directed to the
figure which the ancient Greek geometers denominiated the
Arbelos, or 'Cobbler'!s Knife;! and I was led to observe
many curious properties of it, which, though they were
probably known to the Greeks, are not yet recorded in any
of their writings which are now known to exist. I had
thought of making a distinct little treatise on the figure
and the very little that 1s known of its history;
including not only the properties I had already obtained,
but such other as a renewed study of the figure might

disclose to me. On this account, I allowed the time of



furnishing a solution to the Respository Question to pass
by. However, as other occupations have compelled me to
defer it so long, that there would not be time to enter
upon investigations in time for the present number, I have
thought it better to furnish a few extracts from my

notes, that bear a more immedi ate reference to the class
of questions amongst which the proposer seems to have
amused himself, If the Editor of the Respository can find
me room at the end of the solution sheet for these, he will
confer one little addition to the many great obligations
which his kindness had laid me under.

It is possible I may resume the subject more in
detail at a time of more leisure than I can now command."

He then gives some of the theorems which appear
later in this thesis., He concludes his article with:

"The reader, who is familiar with the works of
the ancient geometers, will recognize in this latter part,
the substance of the 1ll;-18 th propositions of the fourth
book of Pappus. The subject 1s also treated very elegantly
by the late lamented Professor Leslie, in the second book
of his Geometrical Analysis. The method here pursued
differs in some respects from both of these authors; whilst
in others there is an almost perfect identity between all
three.

In a future paper I pnrpose to give a more

general theorem which shall contain this as a particular



case, and which at the same time opens the road to a
totally new series of properties of the figure."

J. S. Mackay presented an article on "The
Shoemaker's Knife" which was published in the "Proceedings
of the Edinburgh Mathematical Society"™ in 183dl. The
purpose of his paper was "to collect together the principle
and simplest properties of the figure, and to demonstrate
them in a uniform manner."

Thomas Muir also published a paper in "The
Proceedings of the Edinburgh Mathematical Society" in 1885
concerning "Theorems Connected with Three Mutually Tangent
Circles."

Inversion was first applied to the Arbelos by a
Frenchman, Cochez, in an article published in 1877 in the
"Journal de Bourget." M. d'Ocagne in an article in
"ltEnseigment Mathesis" in 193l brings out several new
properties of the figure by inversion. R. Goormaghtigh, a con-
temporary Belgian mathematician, contributed some work on
variations of the problem.

Most of the work of recent times has been contri-
buted by another Frenchman, M. V. Thebault. He has done a
great deal of work on the figure with inversion. Most of his

theorems are in another section of this thesis.



B. PURPOSE

It is the purpose of this paper, first, to review
the properties of the arbelos which were discovered by
earlier workers who used the method of proof by demonstration
second, to present the work of recent French and Belgian
mathematicians who have used a more powerful tool, the method
of inversion; and third, to present some properties of the
geometrical figure formed by drawing on one side of a line
all possible half-circles whose diameters are the segments
formed by the four points of an harmonic set, and of the
volume and surface of the solid obtained by revolving this

area one-half revolution about its bounding diameter.
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II. THEOREMS KNOWN TO ANCIENT GEOMETERS

A. LENGTH OF THE PERIMETER. (Figure 1)

In the arbelos CTBJAM, that is the curvilinear

figure contained by the three semi-circumferences CTB, BJA,

and AMC, the perimeter, p, is equal to the circumference of

the circle on CB.
Proof: m+ﬁ S‘C—TB
= T
=“2-(:‘?_C+A_B + CB)

1

Il CB

B. AREA. (Figure 1)

The area of the arbelos CTBJAM 1s equal to that of

the clircle whose diameter 1s AT, the common tangent at A to

BJA and AMC.
Proof: Let a = radius of circle CTB,

b

radius of circle AMC, and

c radius of circle AJB.

PR —



= (A +AB +2CA-AB
but AT =CA- AB
=CA +7B +2 AT
Area =-sich +HB +2AT ~TA —AB)
2 AT

C. INSCRIBED CIRCLES. (Figure 1)

1. The two circles inscribed in the arbelos and tangent

to AT are egual

Proof: Let Z,X,M and X.Y. J be the two circles. Draw
diameters Z,¥, and Y, 2, parallel to CB. X, is the external
homothetic center of circle CB and circle Z,X, M; for O,

the line of centers, goes through the point of tangency X,.

Since Y,c>, and CO, are pasrsllel radii, Y6 - E0 .
Therefore X, divides the line of centers into the ratio of
the radii and is therefore the external homothetic center.
Then since CY, joins the ends of parallel radiil, 1t passes
through the homothetic center X,. Similarly, B, 4, and X, are
collinear.

M, the point of tangency of circle CA and circle
Z2, XM, lies on the line of centers and is the internal

homothetic center since it divides the line of centers into

Archimedes, Lemma 5.



the ratio of the radii. The points C and Z, are the opposite
ends of parallel diameters; therefore, C, M and Z, are
collinear. Similarly Y,, M and A are collinear.
Let CX, meet AT produced at E, and let CZ, meet
circle CB at R. Draw BR.
Consider triangle ECB:
EALCB by construction, and
since angles inscribed in a
semi-circle are right angles. Therefore 2, is the
orthocenter of triangle ECB. Hence CZ, produced will be
perpendicular to BR. But CR is perpendicular to BR since
they form an angle inscribed in a semi-circle. Hence B, R,
E are on a line. Since angle CMA and angle CRB are
inscribed in a semi-circle, they are right angles and MA is

parallel to RB,

cB _ CE

Hence V. E

From ACAE and AY,Z,E
Ce - CA

From this equation Y.Z

CB

Consider the circle .
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The point X5 1s the external homothetic center of
the circles w, and CTB, and J is the internal homothetic
center of the circles o) and ATB. Therefore B, Z5, X, and
B, J, Y, are collinear.

Extendi BX, to F.

4 CR|B is a right angle.

FAl CB

CX, Ll FB

Y, = orthocenter of A CFB.

Y,B is the altitude from B and CFR, is a straight
line.

L CR;B and £ AJB are right angles.
Az, Il cF,

CB_ FB _ AB
CA~ Fz, Ti2,

Y, Z, - Y,Z,.

2. Equality of inscribed circles when the small
semi-circles intersect. (Figure 2)

If the circles CMA and BJA intersect, the circles

Z,X,M and X,Y,J are equal, provided AT is the radical axis

of circle CMA, and circle BJA,.

Proof: (Use the same reasoning as in the last proof.)



11

The point X, is the external homothetic center of

circles CX,B and X,Y,2,. Therefore C, ¥,, X, and B, 2,, X,

I
are collinear for they are on the lines joining the ends of
parallel radii. The point M is the internal homothetic
center of circles CMA, and X,Y,Z,. Therefore C, M, 4, and
A, M, Y, are collinear for, again, they are on the lines
Joining the ends of parallel radii. Let CX, produced meet
AT produced at E, and CZ, meet circle CTB at R. Join B and
R.
Consider triangle CEB.

1 CB hence 1s the altitude from E, and

L CE  hence is the altitude from B.
They meet in 4, which is therefore the orthocenter of
triangle CEB. Hence the altitude from C goes through Z,.
But CR is perpendicular to BR since they form an angle

inscribed 1n a semi-circle, so R lies on BE.

LCMA, = LCRB = 90° . MAa,IRB.
cB CE

—

Hence AB “VE
AN CEA~ A EVY Z

.

CE _ CA
YE
Hence CB - CA
AB Y, 2,
oV
= CA(BA—AA,)
CB

- CA-BA - CA-AA,
CB cB
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Consider the circlecw,.

The point J is the internal homothetic center of
circles A,JB and X,Y,Z,. Therefore Y,, J, B and Z,, J, A
are on a line. X, is the external homothetic center of
circles CTB and X,Y,Z,. Therefore C, ¥,, X, and

Z,, B are collinear. Extend X;Z,B to meet AT in F and

BY, to meet circle CTB in R,. Join C and R,.

Consider triangle CFB.

FA is the altitude from F, and CX, is the altitude
from C. Therefore Y, is the orthocenter of triangle CFB.
Hence the altitude from B goes through Y,. But BR, is

perpendicular to CR,, so R, 1lies on CF.

JZ. Il CR,F

nence

BF
But A BFA v A

V.2, = (CA=A.A)AB _ _ _ — AB<AA
CB - CD

Since AF is the radical axis of circles CM, A,

and A,JB, CA-AA, = BA-AA,.






!(

F
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Hence by substitution £,= CA-BA _ BA 'L

and .. VZ =V.Z,.

3. Equality of inscribed circles when the small semi-
circles do not touch each other. (Figure 3)

If the circles CMA and BJA have no point in common,

the circles Z,X,M and X,Y,J are equal, provided AT is the

radical axis of circle CMA, and circle BJA,.

The argument is exactly the same as that in
article C 2. of this section, except A;B = AB+AA;, and
CA, = CA+aA,.

This extension of the theorem of article C, due to
an Arablan mathematician, Alkasuhi, 1s given in Borelli's
"Apollonii Pergasei Conicorum." Lib. V, VI, VII and

Archimedes Assumptorum Liber (Florentiae, 1661), pp. 393-5.

D. COMMON TANGENTS. (Figure l)

1. Position.

The common tangent to the two circles CMA and

X, MZ, at M passes through B, and the common tangent to the

two circles AJB and X.Y.J at J passes through C.

Proof: LCAZ, =LCX,E, =90°.

Therefore points C, A, Z,, X, are concyclic; and
BC+BA 1s equal to BX,;-BZ,, that i1s, B has equal powers with

respect to the two circles CMA and X, MZ, and is therefore on



1.

the radical axis. M 1is also on the radical axis. Therefore

BM 1s the radical axis or common tangent at M. Similarly

for CJ.
2. Length.
BM = BT and CJ = CT.
Proof:

—_—2 —

BM = BC/BA for the tangent is the mean proportional
between the whole secant and the external segment.

2

AT = CA-AB since "the half chord drawn perpendicular
to the diameter of a circle is the mean proportional between
the segments into which it divides the diameter."

In triangle ATB

2 2
AT+AB = TB
CA-AB+aAB = TB
2
AB-CB = TB
b

.BM = TB or BM = TB.

Similarly for CJ = CT.

3. Common tangents and radical axis.

The line BM bisects AZ, at V, and CJ bisects AY,
at G.

Proof:

The radical axis of two circles bisects their
common tangent. The line BM is the radical axis of circles
CMA and X,Z2,M, and AT is their common tangent; the line CJ is
the radical axis of circles AJB and X,Y;Z,and AT is their

common tangent.






