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INTRODUCTION,

The problem of inversion of integrals of
the first kind for elliptic curves has been fully

discussed by many mathematicians (Abel, Jacobi,

Hermite, Weierstrass)gl) However, in the case of
hyperelliptic curees, they have on the whole mere=-
iy contented thenselves with affirming that the
integrals canmnot be regularly inverted. It is the
object of this paper to discuss, by means of in-
vestigations at the branch points of the integrals
considered as functions of x, some of thebr pe-
culiarities and thus to show why they cannot be
inverted. The methods here are the extension of
those used in the case of the élliptic curve by
Professor Lefschetz in the course, Theory of Alge-

braic Functions.
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(1)
Abel -~ Oeuvres Completes- I - 263,

Jacobhi -~ Gesammelte Werke - II - 7,
Hermite -~ Oeuvres de Ch. Fermite - I - 10,

VWeierstrasg =-- Mathematische Werke - IV - 403,



We shall first stuvdy the hyperelliptic in-
tegral u:;{%ﬁA,k(x) dx [%,L(x) a polynomial Tﬂ
-~ y

degree n.

where y*= (x -¢ ) (x-e;) « . . (x-ce,).
After determining the degree of the polynomial

A _ (x), we shall investigate the irregularities of
the integral by expressing u as a power series in
a pafameter t at regular points, at branch points,
and at the infinite point. 2By inverting these
series, t [éence (x,yi] will be expressed as a
function of u. Corresponding results will then'
be obtained for the hyperelliptic integral in
which y % is of order m|m even and Elé]. Finally,
certain definite integrals of the first kind will
be represented by conformal mapping of the x-plane

upon the u-plane.



I. INVERSION OF INTEGRALS FOR CURVE OF DEGREE 6

1) TLet us take the hyperelliptic curve
yie(x-e) (x-e,) v .. (x=-ce,)=¢¢x)
and the integral of the first kind as
u ;f&/}é_m%;)..dl EA.,,(x) a polynomial of degree rE!
and inve;%igate‘the problem.bf expressing the
coordinates (x,y) as functions of u.
The integral is finite everywhere at finite

distance, for the branch points alone offer doubt,

and there (say at e ), we have (1)

) : ’ ez
A (x) _ _ao cax-e)4ba,(x - e )fam-
y X-e'-’ h ’
4 %
Ay(x) dx _ c+ 22a,(x - e,) 4—,%a,(x - e;) me=-
y

which is finite for x = e,

It remains to find for what degree of the

(1) P. Appell ettGoursat: Théorie des Fonctions

Algébriques et de leurs Intégrales. p. 62.



polynomial A,(x), that u is finite o r x infinite.

At oo, let x = %. , and our integral becomes

-A( X
A(t)dt

t;“/(%'e.)(%’ez)-'0(%"30)‘

- -A(t) dt

t"\"[l’3 2z

which is finite at t = o, if (n - 1) T o, n 2 1.
< A, = polynomial of the first degree = A, x+B, .

Our integral is then of the form

:[(X'V) (A x+B) dx

oo (X - e‘) (X - ez) ® . . (X - e(j)
which is finite everywhere. ‘

2) LEMVA: u = at’- bty =--- can be invert-

. . L
ed as a power series in u’

Proof: (i) u= at™+ bt + =--m,

Then t "+ x(u) t° '+3 (u) t Fam=-tu(u) o
[Implicit Function Theoremy

where o.(u), 4 (u) -=--- are holomorphic for u near

U, .

As u repeatedly describes a small circle



in the u-~plane around uo,‘the t's will vary, and
t,will become one of the other t's |t,, t,---= t,
These n t's will be permuted in one cycle, for if
there were 2,3, -e= or (n - 1) cycles, each one

would necessitate a distinct power series:

78 i

(v) t:-=2aWW +b U ecene
) 2 /

(vv) t =amnm +bu =-=u-

Equation (v) would give h determinations
of the t's, equation (vv) k determinations, =----
50 that

h +k e«=- :n[?otal nunber of determinations

of tj

Y
From equation (v) we have t of order of magnitude u..

t finite value
Eﬁ%~—7 ]

But from our origimal equation (i), t is of order of
magnitude %.
&> h=n, and kK =--~ =0. {%ince h +k+ -—-:q].

The n values of the t's are fherefore-permuted in

one cycly amd are expressible in the equation :



. y ™,
t=pt{u=-u) ™+ 3 (u-=-mu) + --===

Q. E. D.

3) Let us investigate the problem of expressing

£ [hence (x,y)} as @ power series in u at regular

points, at branch points, and at infinity.

a) At eny point (x ,y ) not a branch point,

let x =x, + t, then

u- [_(Ax+B+At) dt
V(xo- e, + t) (x - e+1t). . . (x,~ e+ t)
f (A x.+ B+ At) dt

TF (t)

fli‘ (o) =Y(x,- e,) (x,-e,) « ¢« o (x,- ) #0

-

?:T%(T) = ¢(t) is holomorphic for % = 0, and
f(A x +B+ A t)y(t) dt :f(s. + bt + et -~-) dt
= at + bt rc tTm———— .
Investigating the coeffiéients of this series, we
have ' |

Cf(t) = (A xB+At) v (t) = a+bt + ot mnmn.
Then a = (A x,+ B) ¥ (o) which vanishes when

X:——%o

(=]

f1(t) = b +2¢c t + ==ene-



£1(t) = (A x,+3B +At) (1) +¢(t)A
Then b = P'(t) = (A x+B) ¢ (o) +¢(o) A
For A x+B=o Be. a = ﬂand A 7o, we have

b= A ¢ (o) # oy and

u="bt+ec t’H anmua- .

I
THEOREM: t is a power series in u A

— Sccm——

This follows directly from the lemma (2) where
n= 2.
(b) At a branch point (e,), let
(x - ed),/lrt; x=-e 4 t7; dx =2t dt; then

(A e, rB+At™) 2 dt

u = -
ﬁi- e,-e,) (tT+e-ea .. (t7we-ce,)
[Tet 1= 1]
1 . is holomorphic

V(t"-& g~ e.) « . (t7+ e < ey
for tz:—o, gince the branch points are distinct,
and
u= [(Ae+B+At") ¢ (£) at
:/(a + bt + ct*e--) dt

= at +b t7+ ¢, th mmnen



Investigating the coefficients of this series, we
have |
F) =(Ae + B+ AtY) ¢ (t?) =arbt™ + cthe-
a =(A e + B) ¥io)
If (A x + B) does not vanish at the branch points,
these points behave like ordinary points. If
Ae,+B=o,
a=0,Db#o0, for
b= (tz)t:o: 2A ¢ (o) # o, and
U=Dbt 4c themmm-m- .
Y

THEOREM: t is a power series in u 7.

~ Lemma (2).

¢) Atoo, let x=1 , then

u = (=(at' + B) tdt |
M=) (B -e) o o . (87 =€)

_(_=(A &+ Bt) dt

Y1 - e t) (1 -e,t) o .. (1=-e,t)
:[ (A 4+ Bt)  (t) dt:[(a # bt 4 ctia--) dt
= at + b tT+c t e,

Investigating the coefficients of this series, we



have 4
£(t) = (A + Bt) ¢ (t) = 2 + bt+ ===
R |
£1(t) = (A + Bt) Y'(t) + 4q(t) B
= £1(8) = Ayp(o) + B¥Y(o) # o if A o.
u = -At + b, %4 c, t7 +‘““f"“-“ |
But if A = o,
= Dbt + c,t3+ﬁ- ----- “mmm———

)
THEOREM: ¥ is a power series in u”,

Lerma (2).
4) Spreading the value (x,y) on the u-plane, we
have two values at« and a‘b/;} . Let us investi-

gate how these four values

are perrmuted. '
When u , and -uOE;he
t%o values corresponding to Z .

B
x = -'};]come together, let A

and B take on values, so

that _
U.: (x-e-)dx

V(x-e‘)(x-ez_)...(x-eb)
2ttdt
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= jt” (a +bt* ==mm ) dt

-3 values are permuted here, and we have at
and /3 permutations of the form
oL=1(12) 3 F=(13).
5) Assume none of the (e)'s equal to zero. EThis
can be obtained byma.k‘ing change of variables
X'= X ¢+ k._'J Then as a result of our discussion,

we have:

THEOREM: If A o, and A x + B does not vanish

at the branch points, there are two points on the

curve, (-% ,y T ), (-f‘-% , =y ) where u has a branch

point of order 2. If A x + B vanishes at one of

them, say e these two points coincide with

[ ]

(e,, o) which is then a branch point_of order 3

for the integral. If A= o (B # o) the two branch

points both go to infinity snd remain distinct.
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II. EXTENSION TO CURVES OF DEGREE > 6.

6) Extending our hyperelliptic curve to the ;
form y = (x-e ) (x=-2) ... . (x-c¢)d(X)
[m even and S 6], let us take the integral of
the first kind as

(¥,
u :/ 7)Au(x)“§“sg
co y

and investigate the inversion problem.
The integral is finite everywhere at finite
distance. (1). To find for what degree of the

polynomial A, (x) that u remains finite for x in-

finite, let x :4% at?and our integral becomes

. f A at
t V(£ - e,) (t7-2,) o v v . (t'- 6,)

- (=2A (t) dt - ,
£ 7T YL 4 Kt 4 =

which is finite at t = o, if (2 -n - F) % o,

Let m = 2nm!
n<n - 2.

. A(Mis a polynomial of degree<m' - 2, and our



integral bs of the form

. l3

()c,y)(A ™" 4B x t —amen k) dx

e ——

OOV(X- e,) (x - e:z_) e 8 o o (Xh“ em)
which is finite everywhere,

7) Let us investigate the problem of expressing

RN P TR AT Sy ~—

a) At any point x,, not a branch point,

let x - x, =t, then
1 . \\."-
U= [Alxod £) 7"  +B(Xe4 t)° % === ] dt

}\on- e, + t) (x,-e+t). ... (x-e+t)
:f-(a + bt + ctTy === ) dt :ff(t) at
= at + b tre-== .

Investigating this series, we have -

a - Ax :;:;_‘)_Fi?_xow+ - ‘: P(x) ¢ (x)

b o= £'(t), = Plx) ¢ (x) + ¢(x) P'(x)
If P(x) = o, P'(x) # o

u=bt"+ g thmmman- .

va.
THEOREM: t is a power series in u_ .

TR

Lemma (2).
If P(x) = P'(x) - o

u=c,t>+ d,‘t4+ ===
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‘ )
THEOREM: % is a power series in ;&_’5’.

Lemma (2).
. Y,

b) At a branch point e oo let (x - e.) "=t
then ,
[Ale, + +=V"" 4 Ble, + t)™ % -T2 at
(tT + e, -e,) (t* + ¢, - e )o..(t’r e~ o)
:/ (a + Dt* + o t%=~= ) dt =[F(t) at
= at + 11t ¢ c,t e o

- Investigating this series, we have

/

2(he,™ 4+ Be,” R aan ) _2P(e,). ¢ (o)
a = h
j/(e. ~e,) .. (e =-e)
f'(thz)t“, = 0 -
£r(t*)_ =b =2P'(e) y (o) #o
If P(e) = o,

u=11t" +c t% --== .

- THEQREM: t is a power series in _Ii_/_/?.
T Lemma (2).
c) Atoo,letx:%,and
w o= (et et gy

t” m- e, ) (t7= &) u.(t'= @)

= ( Z(A+ Bt+---) 4t
Y@ -et) (1 -et)ei(l-et)
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[(a 4 bt 4e== ) ¥ (%) at fi(t) at
= at +b,t o . P

Investigating this series, we have

a = =A

£1(5) = P(6)¥(6) + #(t) P'(5) [(A + Bta-- )-P(t)]
b = f'(o) # o0 if A = o0 and

u= bt +c, t74mmnnn .

: )
THEOREM: + is 2 power series in u 2%,

L is

T

8) COWCILUSION: For curves of order 2m' > 6

the behavior is in general the same as for the

degree 6, only there are 2(m' - 2) branch points

for the integral.

11T, CONFORMAL HAPPING.

9) The integral u = }/tAx *+ B) dx
(x - e ) (x=-e)eielx - e,)

may be represented by a two sheeted surface in the
x=-plane, sheet I for the value y and sheet II for

the valve -y. In each of these sheets, let us join
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the branch points

(e,, €,... e,) to any
regular point (say c)

and cut along these

lines. Superposing the

two sheets and matching

corresponding cuts, we
- have a point for point
representation of our

integral in the x-plane.

Let us map this x-plane

upon the u-plane. The
angles at ¢ will be preserved, for the integral is
holomorophic there. The angles of 360 at e, €,,
ess €, will become 180° on the u-plane, since e,,

«es-e are the branch points; thus the boundary

1,1 £1 Q of a cut in the x-plane Will
become one line in the u-plane,‘ Dur figure in
sheet I of the u=~plane will'then be composed of 6

lines, and it will be closed, since a path in the

x~plane starting at ¢ and following the cuts around
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all the branch points may be reduced to a point.
[?or a circuit around all the branch points is equal
to one around the one point at infinity, which has

been shown to be a regular point]

THEOREM:  The polygon of sheet II (in the u-plane)

=t

is obtained from that of sheet I by a translation

plus a rotation of 180 ° .

Proof: Tet the path 1, in the first sheet lead
to the value u ,and 1, in the second sheet to u,;

then u, =

£,

(Ax + B) dax

S lﬂ?- e,) (x - e,)...(x -e,)
L '

Now the path 1, can be de-

. formed into the loop ce,
plus the path lying under
. l' in the second sheet.
#4- The integral along the
loop is a constant, 333 §2(the value to which the
integral is returned at ¢ after describing the
loop). Aloﬁg the remaining path lying under 1 ,

the radical takes the negative value of that which
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it had along the previous path 1l,.

s, =K - u,.

To see how u, may be obtained from u,let
K=o0adu, =-=-u,
that isu,= u e’

. ‘ . 8, +)i
orBe? = pe (e )‘

O, = 6 +T [Since P, = 'P]

!

;. u,= K plus a rotation of 180° of u, .

Q. E. D.

10) As a preliminary study of our hyperelliptic

integrals, let us consider the integral
u = ( _98X - 4resin x.
l[a'z- xz

branch pointé in the x~-

Let us join the

rlane to the point ¢,

making cuts as described

(9). In mapping this x

plane on the u-plane,
let us staft at ¢, and

the boundary (a,b) of
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the first cut will be-
come the line (a + b)),
since the 360"angle at
e,becomes 180 °, The
angle between b and X
is preserved, since c¢ is
a regular point. The
boundary (X, 3) be-
comes the line (X + A4)
which brings us back to
the value ¢ at a dis-

tance .of 2 77 from the

point ¢ since u=args-
sin x is of period 27 .
Let us consider how sheets I and II of the
u~plane may be fitted to gether on one sheet. In
turning in the x-plane around e, fromm on a to n
on b we follow a clockwise direction. If at n we
go into the second sheet, the boundary b must be
Joined to a! in order that the clockwise direction

be continued. Similarly a must be joined to b' R
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o(to/Q',/gto X'.  We then have a point for point

representation of the x-plane on the u-plane.

11) Let us next consider the elliptic integral

fﬂ-e)(x- e,) « (x - e,)

Let us join the

brancii points (e, , e,

e,y e,) to c (as 9).

Mapping this x-plane

upon the u-planel:pethod

here for curve of order

4, same as that for order

6 in (Qi] , We obtain a

parallelogram I  ; simi-

larly the parallelogram

II., The parallelograms

n 2, may be
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fitted together by joining 1! to m,, and 1 to m,
(i=1,2,3,4,) as in (10), that is by rotating I
through an angle of 1800, we may obtain IIul@heorem

section (9{]. Thus we have a point for point rep=

resentation of the x-plane on the u-plane,

/// L2 ////14////
£

IV, A SPECIAT, CASE OF MAPPING.
12) The hyperelliptic integral

X dx
y x*= 1
has its six branch points (¥1 and the imaginary

6 th roots of unity) as the vertices of a regular

u =

hexagon in the x-plane. To map this upon the u~
plane, let us consider
the loop paths around

the branch
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points. The value of the integral along the loop
path A 1 is

[ X dx A 'x dx

éx-l /~Pz-l L)X~ 1

which may be mapped as a line (a) on the u-plane.
[:If'or' we may consider the loop A 1 a curve of such
a nature that it maps as a straight line on the u-
plane.] _

Having started with the positive determin-
ation of the radical, we return after following the
loop A 1 with the negative value. Therefore the
value of the integral along the 1oop A€ is

°x dx =2, .
/ Tt [Veo1 T yzr.—;r

Making the change of variable

‘ ~LTe
x=&x' jx'="x = e ° x,
we have
' £ I
-/ X dx . =2y x' dx!
. - aX
b
& ]
Obe- i m

0
so that the valve of the integral on the loop A=

ig uZ:K -gzu, Ez,: value on loop A IZI This is rep=
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resented first by the
line b, on the u-plane
at an angle of 120°to

the line al:Eor £*=
2mi

e

3
negative value b, is ro-

since we have the

tated to b,, end by the
constant K is trans-
lated to b.
This brings us back to the original point A.
Similarly the value u of the integral on
the loop A<= "is

£ X dx ‘ 2 4
o) = su“+ g u,

o Yx°-1

which gives us the line ¢ in the u-plane; axd this

a Al brings us back to the
° negative determination
' 5 I:A'J of the radical.
We thus see that two
.

consecutive loops rep=

resent a period and that



we have a regular hexagon in the u-plane with alter-
nating vertices representing the same point.

By a rotation of 180 °

of I we add the héxagon

of the second sheet.

By a translétion of a

period ﬁhe area r may

be replaced by its con=
A gruent area r' of I, or
by r'! of II,, end simi-

larly s by s' of I, or

g'' of II , . We have
thus formed in the u-
plane the parallelogran
A which is doubly cov=-
\\- ered since it may be ob-

\
> tained by translations
/

/’ from both hexagons

‘[;“,and II{]. We there-
fore have a point for

roint réprésentation‘of
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the x-pléne upon the u-plane;;.The'vertices[A] of
the parallelogram and also the point A' within it
are branch points, where the two sheets hang to-

gether,

13) This representation is possible not because
the hezxagons are regular but because of the con-

gruent points in the polygons due to the periods.
We are therefore able to say that this method may
be extended to the hyperelliptic integral

[fx-gx-gs [Y‘l(xz)-gx-gz

_which is that of the Weierstrass elliptic function

for (Xl; v). Its six branch points are of the form
Ve, , *Ye, , TVe, in the x-plane.

‘ We infer that they
will he mapped upon the
u-plane with slight de=-
formations by paralleloQ
grams as those in the

case of the integral
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though the effective construction will not be car-

ried out here,



