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IMTRODUCTIONo 

The problem of inversion of integrals of 

the first kind for elliptic curves has been fully 

discussed by many matr1ematic ians (Abel, Jacobi, 

Hermite, Weierstrass)~l) However, in the case of 

hyperelliptic curl!es, they have on the whole mere-

ly contented themselves with affirming that the 

integrals cannot be regularly inverted. It is the 

object of this paper to discuss, by means of in-

vestigations at the branch points of the integrals 

considered as functions of x, some of the~r pe-

culiarities and thus to show why they cannot be 

inverted. The methods here are the extension of 

those used in the case of the elliptic curve by 

Professor Lefschetz in the course, Theory of Alge-

braic Functions. 

------~-----------~~-----------------------~----

(l)" 
Abel -- Oeuvres Completes- I - 263. 

Jacobi -- Gesammelte Werke - II - 7. 

Hermite -- Oeuvres de Ch. Hermite - I - 10. 

Weierstrass -- Mathematische Werke - IV - 403. 
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We shall first study t.ne hyperelliptic in-

tegral u=[;!A,,_ (~) dx ~..,_ (x) a pol~~~~!:lnj 

where y '/...::. (x - e, ) (x - e ;7.) • • (x - e J. 
After determi:ning the degree of the polynomial 

A ?1,. (x), vrn shall investigate the irregularities of 

the integral by expressing u as a power series in 

a parameter t at regular points, a.t branch points, 

e.nd at the infinite point. By inverting these 

series, t (}ience (x,.YU will be expressed as a 

function of u. Corresponding results will then 

be obtained for the hyperelliptic integral in 

which y (1. is of order m § even and 2: _§] • Finally, 

certain definite integrals of the first kind will 

be represented by conformal mapping of the x-plane 

upon the u-plane. 
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I. I:NVERSION' OF nTTEGRALS FOR CURVE OF DEGREE 6 

1) Let us take the hyperelliptic curve 

y ~ = (x - e 1 ) (x - e 2 ) • • • (x - e 
6 

) ~ cf> ~x) 

and the integral of the first kind as 
u ~(i'o'i,..(x) dx ~71 (x) a polynomial of degree ~ 

)p<;) y 
and investigate the problem of expressing the 

coordinates (x,y) as functions of u. 

The integral is finite everywhere at finite 

distance, for the branch points alone offer doubt, 

and there (say at e J, we have (1) 

J 
A")\.(x) 

y = 
!rz. ao + a I (x - 8..:) +a 2. (x 

(x - e . )~1-
" 

112. 
e . )+---t. 

% 
- e.:.) ----

which is fj.ni te fb r x =- eL. 

It remains to find for what degree or the 

---------e-~---------------------~----------------

{ 1) P. Appell ett".Goursat: Th~orie des Fonctions 
/' / Algebriques et de leurs Integrales. p. 62. 
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polynomial A-,\.(x), that u is finite fb r x infinite. 

At oa, let x :::: t , and o-ar integral bee omes 

u ~ f-~~< __ t_>~d-t~~~~~--~~--~­
t~ -I ( ~ - e,) ( ~ - ez) ••• ( ~ - e,,) 

_::::: f -A~( t) dr-t _____ _ 

t ~..,. 2.-
3 -vl + at :z. -t- ------

Which is finite at t = o, if (n - 1) < o, n '< 1. 

:. A~= polynomial of the first degree ::::. A, x -1-B, • 

Our integral is then of the form 

u =- ( (x, i) (A x + J3) dx 

, ) 00 (x - e, ) (x - e 2) • • • (x - e J 
which is finite everywhere. 

2) U:::. at)-....-+ bt'A.T~ - - ~ be invert-

. . ~ 
~ ~ .! powe~ series lB_ .:!! • 

Proof: ( i) 
,..,_ "'k,-1 

u :::. at -+ bt + -- - - • 

Then t ~--t-LX(u) t"k-•+/3 (u) t"'i-~----btA(u) o 
(!mplic it Function Theorem;} 

where odu), /1 (u) ----= are holomorphic for u near 

u 0 • 

As u repeatedly describes a small circle 
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in the u-plane around u 0 , the t' s vri 11 vary, and 

t,vrill become one of the other t's [t.z.., t 3 ----. tJ. 
These n t's will be permuted in one cycle, for if 

there were 2,3, --- er (n - l) cycles, each one 

would necessitate a distinct power series: 
YA.. 27'~ 

( v) t ::: a u + b u +- .. - - -

(vv) t :!::" 
~ % a,n + b u -----'. 

Equation (v) would give h determinations 

of tbe t's, equation (vv) k determinations, -----

so that · 

h + k -- .. - ;: n @1otal number of determinations 

of tJ 
~ 

From equation (v) we have t of order of magnitude u.~ 

[
t -:; finite valuel 
u•11.. ) 

But from our original equation (i), t is of order of 

magnitude 1 • n 
:. h = n, and k = o. @ince h -+- k+ --- =rJ. 

Then values of the t's are therefore permuted ln 

one cycly and are expressible in the equation : 
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Q. Eo D. 

3) Let us investigate the problem .2f expressing 

i [hence (x,yD ~ a power series in~ at regular 

point,P, .e!._ branch po~.!}~, ~at infinity. 

a) At any point (x ,y ) not a branch point, 

let x =-x~ -rt, then 

U =f (A X 0 +J3 +-fo, .:ti dt 
1Cx0 - e, + t) (x0 - e~ + t) ••• (x 0 - ee:. + t) 

~f (A x 0 + B + At) dt 
. lF (t) 

•C l 
-?Frt) =- 'f ( t) is holomorphic for t = o, and 

f (A x
0
+B-1-A t)'j'(t) dt =!{a+ bt-+ ct'----) dt 

1- s ::::-. at+ b t + c t-t------. I I 

Investigating the coefficients of this series, we 

have 

f(t) :::- (A Xo-rB+ At) r (t) = a+ bt + ct 2+---. 
Then a = (A. x 0 -r B) 'f ( o) which vanisnes when 

B xo=--x . 
f' ( t) ~ b ...,. 2 c t + -----
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f' ( t) :::: (A Xe:>+ B + At) lf' I ( t) +- f ( t) A 

Then b == :P' ( t ~::. 
0 
~ (A x

0 
+ B) 'f / { o) -+ <p { o) A 

For A x 0+ B =- o fie. a ==- ~and A 7f- o, \Ve have 

b ::::: A lf1 ( o) -:j- O.s~ and 

- 2... 3 u - b t + c t _,_ ------. I I 

THEOEID[: I; i .!..[ .! power series _!!!. !L 2 • 

This follows directly from the lemma (2) where 

n =- 2. 

(b) At a branch point (ei), let 
1/-i. 2-

(x - ei:) ~ t; x =- e~ + t ; dx -=- 2t dt; then 

u =f (A e,-tB-rAt1...) 2 dt 

fc t ._ + e, - e ,_) ( t .._ t e, - e~ • • ( t .,_ + e , - e 6 ) 

[~et i = D 
l is holomorphic 

l ( t~-+ e, - e ~l • ·. ( t'- + e, .:.. e J 
2.. for t ==- o, since the branch points are distinct, 

and 

u ==- f (A e, _,.. B +At <- ) <f ( t (.) d t 

==- { (a +- bt i.. -+ c t-z+---- ) d t 

at -t- b, t:;> -t- CI t~ ----- • 
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Investigating the coefficients of this series, we 

have 

f! ( t 2 ) ~ (A e, + J3 + A t :z. ) ~ ( t 2. ) _ a -t- b t .t.. + ct~- -

a ::::- (A e, + B) ~ ( o) 

If (A x + B) does not vanish at the branch points, 

these points behave like ordinary points. If 

A ei; i- B = o, 

a = o, b -=f o, for 
:l 

b == ft • ' ( t ) = 2A 'f ( o ) ~ o , and -t = b I 
3 J.-

u =- b t i' c t -f- ------ • . 1 I 

V: ! is .! power s·eries in .!!... 3 • 

Lemma (2). 

c) At CX), let x::::. .~ , then 

u = fl-(At-' + B) t-'-dt 
if t-• - e ) ( t - ' - e .J • • . ( t-' - e J 

• I 

-r-(A + Bt) dt 

fc1 - e, t) (l - e.i...t) ••• (1 - e 6 t) 

= f (A -t Bt) \.fl (t) dt ={<a t bt -1 ct'"-1--) dt 

:::: at + b, ti... I- c, t 3 +--- • 
Investigating the coefficients of this series, we 
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have 

f ( t ) - (A + Bt ) tp ( t ) ::::. a + bt + - .. - -

f'(t):::. {A+ Et) ~'(t) ~ l{'(t) B 

b ;::: f'' ( 6) === A lf 1

( o) + B tt' ( o) f- o if A f o. 
2.. 3 . 

u ~-At~ h,t + c, t +----"---
But if A = o, 

1... 3 ~ 

u ~ b,t ~ c,t +---------~----
THEOREU: 

I ! l!_ ~ :EOwer series .!11 u ~ • 

Lemma (2). 

4) Spreading the value (x,y) on the u-plane, we 

have two values at.cX_ and at /3 . Let us investi-

gate how these four values 

are permuted. 

When u 0 and. -u0~he 
t~o values corresponding to 

x ::- -~)come together, let A 

and B take on values, so 

tha! ::- (ex - e, ) dx 

)Y<x - e 1 ) (x - eL) ••• (x - e 6) 

J 
2t2 dt 

::. l<~'--4'- e, - ~"-) ••• (t"-+ e, - eb) 
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= J t" (a +bt'+ ---- ) dt 
3 r = a t + b t +------. I I 

:. 3 values are permuted here, e.nd we have at ex.. 

and (3 permutation~ of the form 

ol= (12) jJ=-(13). 

5) Assume none of the (e)'s equal to zero. [This 

can be obtained by ma.king change of variables 

x' :::.- x + k.J Then as a result of our discussion, 

we have: 

THEOREM: If. ! =f o~ and A x + B ~ ~ vanish 

!_i ~ branch points, there !!!. two points .2.!! ~ 

( B ) ( .,::S ) h h b h curve, -X , y , ~x , -y w ere .1!. ...!:.! !: ranc 

:eoint oLorder 2.!. If' A x ± B vanishes & .Q.!ll!. !21.. 
~, say !.Lt these....!!!o points coincide m.h. 
(et., o) which .!!_ then .! branch ,EOint_.2,f order2 

!:Qr. the integral. If A = .Q. {:S =f:- o) ~ ill. branch 

point~ both gg_ to infini~,:y l!!..i !!L~ ~<;Lt• 
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II. EXTEMSIOJJ TO CURVES OF DEGREE > 6. 

6) Extending our hyperelliptic curve to the 

form y = (x - e,) (x - ez.) ~ ••• (x - e;i)-=~(i) 

[m even~ and ~ 6 J , let us take the integral of 

the first kind as 

i
('I,~) 

u :::: A ~( xj __ d,.~ 
Cl;) y 

and investigate the inversion problem. 

The integral is finite everywhere at finite 

distance. (1). To find for what degree o~ the 

polynomial A"'- (x) that u remains finite for x in-

finite, let x ::. ; at~ and our integral bee omes 

~ J ~2:1=:=:=~ -~d=-:=, =) =(==;==_=;~:-:::.:~e.::::-:~)~::::-::.::~=:-=· ::.:.~. ~(==t==_,=_=e=~=) 

= f-2A ( t >-~·----------.._.,_ 
t 2 

-t )\.-~ '( 1 + kt -+ - - ...... - -

which is finite at t .::: o, if (2 - n -

Let m = 2m' 

n -b m' - 2. 

m 2 ) -=- Oo 

. . A-0is a polynomial of degree~ m' - 2, m d our 
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integral DS of the form 
u ::: (x, J) (A x ).N

1
- "l... +13 x :1..:-:.::.:.:..._k) dx 

)
00 
~(x - e,) (x - e,_) •••• --(x-:,: e,,J 

which is finite everywhere. 

7) Let us investigate ~ E!.2,blem of e;xpressing 

i [hen9e (x,y~ ~ ~ function .Qf. .!:L• 

a) At any point x 0 , not a branch point, 

letu ~ f- e;.(:
0

: 't;~~1!_ +B(xo + d''"'+ --- J dt 

- i/i.x0 --:.+ t) (x0 - e,_ + t) • • • • (x
0 

- e,.,_T t) 

=(ca + bt + CtL4 --- ) dt ~ rf(t) dt 
l. 

== at + b, t-r---- • 

Investigating this series, we have 
"""'-'-. i- '~3 

A x o +- Bxc> + --- =- P{x) <fl (xJ 
a - VP (xJ 

b f ' ( t ) t: = 
0 

=- P ( x) 4' / ( xJ + l}1 ( x) P ' ( x) 

If P (Jeb) = o, P ' (x) i:- o 
"'2.. t3 u=-bt +c +------. - I I 

THEOREM: 

Lemma (2)o 

If P(x) =- P' (x) = o 
0 (> 



13 

THEOREM: • 1 i[ ~ :e_ower series in Y;;_~. 

b) 

Lemma (2). 
~2 At a branch point e . , let (x - e. ) ::: t 

L c... 

·then 

u 
_ (I!-< e, + t z_ )-,....'->.. + B( e, + t •) -....'-:-~ -:] 2 dt 

- )-(tot+ e,- e 2 ) (t%... + e, - e
3

) ••• (t.;:-; ;,- e~) 

= J (a + bt"- + c t\--- ) dt =ff(t) dt 

~ at + ~ t 3 + c,t 0 +--- o. 

Investigating this series, we have 
.,..... '- ;z_ ")4.-i ~ 1 

2 (Ae, + Be, +- --- ) 2P ( e) lf ( o) a-- = I - iJ ( e, - e 2. ) • • • ( e, - e ,. • .) 
f'(t'Z.) = 0 

t:. = v 

f ' ' ( t :L ~ = <> = b =- 2P ~ ( e, ) 'f ( o ) ~ o 
If P ( e

1
) :: o, 

'3 ~-

u =- b, t .,. c, t t ---- • 

TIIEOREM: . VJ> 1 ![ !!:, Rower series !£ .£_ • 

Lemma (2)o 

At co , let x ::: ~ , and 

I ( . -( ~ ~ .i.) - ( )/,1 !.. 3 ) 
= --=--~A~t;;,.__ ____ ~ __ B~t-----~---~---.:--d~t..,._.,.._ __ _._... __ 

ta. -{ ( t-' - e, ) ( t- '- e 2.) •• , ( t-' - e,j 

c) 

u 

= f -(A t_:§:t!° -~- ) dt 
j ( 1 - e 

1 
t) ( 1 - e z. t) ..... ( 1 - e~) 
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= f'<a + bt +--- ) '/' (t) dt = r f(t) dt 
. 2.. 

at + b,t +--- 0 

Investigating this series, we have 

8) 

a = -A 

f' (t) = P(t) f'(t) + 4'(t) pt (t) QA ~ Bt-t-- )-=-P(tD 

b = r 1 ( o) t ·o if A == o and 
2. .:; 

u = b It + c It +----- 0 

y. i ll !! ;eower series in !L '-. 

COHCLUSIOM: For curves of order 2m' > 6 

the behavior is in general the same as for the 

degree 6, only there are 2(m' - 2) branch points 

for the int.egral. 

III. COJ'fFORl:l.AL !l[APPIWG. 

9) The integral u = ((Ax "' B) dx 
(x - e,) (x - e,J ..• (x - e~) 

may be represented by a two sheeted surface in the 

x-plane, sheet I for the value y and sheet II for 

the value -y. In each of these sheets, let us join 
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the branch points 

( e , , e 1 • • • e ,, ) t o any 

regular point (say c) 

and cut along these 

lines. Superposing the 

two sheets and matching 

corresponding cuts, we 

have a point for point 

representation of our 

integral in the x-plane. 

Let us map this x-plane 

upon the u-plane. The 

angles at c will be preserved, for the integral is 
0 holomorophic there. The angles of 360 at e, , e 2 , 

••• eb will become 180° on the u-plane, since e,, 
e

2 
, •• .- • e b are the branch points; thus the boundary 

1.:· i: [1 .::. . 1, 2, • • • 9 of a· cut in the x-plane ·~fll 
become one line in the u-p;!.ane, Our figure in 

sheet I of the u-plane will then be composed of 6 

lines, and it will be closed, since a path in the 

x-plane startirig at c and following the cuts around 
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all the branch points may be reduced to a point. 

~or a circuit around all the branch points is equal 

to one around the one point at infinity> which has 

been shown to be a regular point~ 

THEOREM: 
-----=:=:...~ 

The J2...0lygou of _sheet 11. (in the u-plane) 

• 0 
Eln~ .?!. rotat~ of }-5<?. • 

Proof: Let the path 1 1 in the first sheet lead 

to the value u,and 1 2 in the second sheet to u~j 

then u, ::::. 

( (Ax..._ B) dx _ 

},i,~e,) (x - ·;-;; ... (x -e 6 ) 

Now the path l 2 can be de-

formed into the loop ce 1 

plus the path lying under 

1
1 

in the second sheet. 

·.1,- The integral along the 
R6 

loop is a constant, say K (the value to which the 

integral is returned at c after describing the . 

loop). Along the remaining path lying under 1
1 , 

the radical takes the negative value of that which 
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it had along the previous path 1 1 • 

:.ut.==-K - u,. 
To see how u, may be obtained from u:zlet 

K = o and u ;z = -u, . 
that is u = u • e tr t.. . 2- I 

--LJ ~ <- n ( e, + lT) i or q_ e = 'T e 

el.. ::: e, +Tr ~ince p 2-. == P,] 
:. ui.= K plus a rotation of 130° of u, • 

Q,. E. D. 

10) As a preliminary study of our hyperelliptic 

integrals, let us consider the integral 

u = ! . dx = arc1.sin x. 
'fai.- x2. 

Let us join the 

branch points in the x-

plane to the point c, 

making cuts as described 

(9). In mapping this x 

plane on the u-plane, 

let us start at c, a.nd 

the boundary (a,b) of 
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the first cut will be-

e ome the 1 ine (a + b) , 
0 since the 360 angle at 

e .z. bee omes 180 ° • The 

angle between b and °'-

is preserved, since c is 

a regular point. The 

boundary ( o< , /3) be-

comes the line (o<..+/3) 

which brings us back to 

the value c at ~ dis-

-tr, tance .of 2 Tr from the _lL-
L.<... 

point c since u=ar:cr~-

sin x is of period 2 Tl. 

Let us consider how sheets I an.d II of the 

u-plane way be fitted to gether on one sheet. In 

turning in the x-plane around e , from m on a to n 

on b we follow a clockwise direction. If at n we 

go into the second sheet, the boundary b must be 

joined to a' ·in order that the clockwise direction 

be continued. Similarly a must be joined to b' , 
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ol... to;;',~ to t<.'. - We then have a point for poi11t 

representation of the x-plane on the u-plane. 

li) Let us next consider the elliptic integraL 

£1.f 

u = r ~---(_x==_=e=,=)=dx-·~x-----_-e .z.-;-. -.-(~==_=-=e 4--,-

~~ ,£L j'-
',I, I 

j1 I I~ /. 
~'f ./'f' ""hf"L' .1-i- "1 z.. 

Let us join the 

branch points (e, , ez, 

e 
3 

, e tt-) to c ( as 9 ) • 

Mapping this x-plane 

upon the u-plane [method 

here for curve of order 

4, same as that for order 

6 in {9D , we obtain a 

parallelogram.· IL\.. ; simi-

larly the parallelogram 

II~, The parallelograms 

may be 
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I .fitted together by joining l~ to mL, and 1 <.tom~ 
(i:::: 1,2,3, 4,) as in (10), that is by rotating I "L 

through an angle of 180 <>, v;e may obtain IIu ~heorem 

section (9il. Thus we have a point for poin't rep-
resentation of the x-plane on the u-plane. 

I .R-1- I I I ~'f I I I 
Ml.f. I 1/1 I I 

ni
3 -"CL I 

~z.' ~ 1 '1;,' I I 

/(~ /; /l 
IV. A SPECIAL CASE OF !J:APPING. 

12) The hyperelliptic integral 

U = r lxD~~l 
has its six branch points (ot:J. and the imaginary 
6 th roots of unity) as the vertices of a regular 

hexagon in the x-plane. To map this upon the u-

plane, let us consider 

the loop paths around 

-t the branch 
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points. The value of the integral along the loop 
path A 1 is 

(' x dx 

)Dv; j0 x dx 

+ , -Yxr.- 1 

which may be mapped as a line (a) on the u-plane. 
[!or we may consider the loop A 1 a curve of such 
a nature that it maps as a straight line on the u-
iilane .J 

Having start~d with the positive determin-
ation of the radical, we return after following the 
loop A 1 with tne negative value. Therefore the 
value of the integral along the loop Ac- is 

[

£.. x dx 

0 -Yxb- 1 1°x dx :::: -2(c.x dx o 

-t- £ f x" - 1 )
0 

Y x~ - 1 

Making the change of variable 

x == £... x' ; x' ':::, e. -'x == 

we have 
-2 (£.. x dx 

;!yx0
- 1 0 . 

_zrr• 
e ----0 -x , 

so that t11e value of the integral on the loop A£. 

is u i.= K - l·u, ~,=-value on loop A l~ This is rep-
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resented first by the 

line b, on the u-plane 
0 

at an angle of 120 to 

the line a [For E i..::: 

2; 1 ;Jsince we have the 

negative value b 1 is ro-

tated to b 1 , and by the 

constant K is trans-

lated to b. 

This brings us back to ih e original point A. 

Similarly the value u of the integral on 

the loop A':i.. '2.is 

['-'- x dx 2 
~x6 - 1 

which gives us the line 

A' 

K l E't U - ~ u.,+ z.. 

c in the u-plane; al d this 

brings us back to the 

negative determination 

[A 1 ] of the radical. 

We thus see that two 

consecutive loops rep-

resent a period and that 
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we have a regular hexagon in the u-plane with alter-
nating vertices representing the same point. 

fl 
I 

I 
I 

I 
I 
\ 
\ 

\ 
\ 
\ 

fl' 

-----·--, 

fl 

\ 
\ 
\ 
\A - ----- ..... , 
I \ 

Ey a rotation of 180 ° 
of I~we add the hexagon 

of the second sheet. 

Ey a translation of a 

period the area r may 

be replaced by its con-

R gruent area r' of I~or 

by r ' ' of I I u. , an d s imi-

la.r ly s by s' of Iu.. or 

s " of I I ""- • We have 

thus formed in the u-

plane the parallelogram 

A which is doubly cov-
I \ / \ ered since it may be ob-

b'' \ ----..!:.'-< A- ) tained by transla.tions 
\ I 
\ I , / from both hexagons 

\ I . ______ / 
A ·[r~ and rrJ . We there-

fore have a point for 

point representation of 
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.. · 
the x-plane upQn the u-plane·. The· verticesU\] of 

the pa.rallelogra.r:n and also the point A' wt thin it 

are branch points, where the two sheets hang to-

gether. 

13) This representation is possible not because 

the hexagons are regular but because of the con-

gruent points in the polygons due to the periods. 

We are therefore able to say that this method may 

be extended to the hyperelliptic integral 

u = fi4xtg~'-- g3 

which is that of the Weierstrass elliptic function 

for (x~, y). Its six branch points are of the form 
-r-'\~ 
- Ve I J :r k , :.?:" f;; in the x-plane. 

We inf er that they 

will be mapped upon the 

u-plane with slight de-

forruationa by parallelo-

grams as those in the 

case of the integral 
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though the effective construction will not be car-

ried out here. 


