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INTRODUCTION•' 

The object of this thesis has. been to prove certain 

theorems on sums of determinants by means of partial· derivative 

operator;S. These operators have greatly simplified, the proofs 

of a number of known theorems and in many cases have shown that 

these_ theorems would pefmit of more general statements. Also 

a few new theorems have been discovered. 

The first publication to suggest the derivation of relations· 

between sums of determinants by means of partial derivative 

operators was by Stouffer 1' in December 1925.· This paper, typi~ 

fyin~~ the ad vantage of these opera tors , presented a very simple 

yet complete proof of "Kronecker'~ Theorem" in the brief space 

of a. page.· {;revious proofs had been rather lonE5 or difficult.· 

If we expand the general dt:--terminan t A =, I ar.i I: of order 

n, with respect to the elements of the r th row it will take the 

f otm 

is lhe cofactor of the element 

where 

a .• It is immeiiately r,7 . 

evident tlia t .the ·partial deri va ti ve of A )'11i th respect to the 

element arj is equal to the cofactor Ar,f · I't follows that the 
~ cl ( 

operator ~' °"Jt'i od.Al when applied to A' gives A. 1 That is, 

(G\JJ/I\ ·io.Jtlh. + · · · · · · · · - -4- °'n:i. 'J~n?. -t o.,n '(1(;)~ 1 ) A ==A. 
Jacobi2.1 ·used this opera.tor as early as 184[~ in connection 

with a function defined similar to a determinant, and Bellavitisa· 

in 1857 published a text on determinants in which this operator 

occu.rred. 

l. 



Again it.· is evident that the operator Z b · .£_ acting 
;i: I "IJ o°'.11 l 

on A will replace the elements of row r by the elements: 

b,.j,b,.2 ,.·1·.r-.,b,.,n ·;t tile operator(1-o.111 .:Ja . ) · acting on A will 
. ~l . 

replace the element. arj by a zero element ;i and the operator 

(1-10.
11

:1 b . ) acting on A will clrnnge the sil~n of the element 
CV.Ill 

Definition : 1 Iif M is a minor of order k of the determinant 

A of order n,· then the minor of order n-k formed by striking 

out from A all the rows and columns represented in M is called 

Definition:. If M is the minor of order k of A in which tile 

: the al{febr.aic compie~nent. of M is defined· by the equation 
..... · . . r ~ !+ • •· r+·r ~,+d , 1 +~·1· t+J·'. · Alg. ·..,,ompl.: of M =. (-1); 1' x (8ompl. of i~n .· 
This algebraic complement will be represented throughout 

this thesis by the notation Ar ... r· · •, •, •r.. 1· .. J.. •, •1 •;.f ·~ ·1 ·? . •Iii> J . 1 ~ 'J • 

rn the expansion of the determinant A' of order n the coef-

where k<n,· is the minor formed 

from A by striking o~t rows r~·;,•1·1·t,r1(. and columns j·~:1 •1•1•1,jl(, 
· . r ~·· 1• 1r - +j; :+n• *j. -

the sign being (-1 )~ 1 
'K' 

1 
· 1<.+ •' This coefficient is 

identically as just defined.'· It becomes 

evident at once that 

( ~ ) , · , · · · (-f--a . )( ~ . ·A} =- A 1\ ..... " 1· ••••• l. • 
a~ltKJK U J1,l:.z. O"'ll,~1 ' ''KJ l K 



To condense the wri tin~ of" successive operators we will 
K 

ado pt: a new symbol~ If 'f't is au opera tor then R ( '\-'.) 
·a.=' &.. 

wiil represent the repeated operator (~.tl(}•t•1•1•;·1(qt~)1(q1$7):(q1~} •' 

Where the order of operation is significant itwill be under~ 

stood·: that the order is the same as the order of subscripts of 

the operators o/i •. 



Theorem l. · Let, .A. =1 I ar jl :· bet a de t er!ninant of or~er. n 

and D be a de:ter.1;1inant. of ther sa.me1 or.dor, for.med fr,om 1 by s.ub-

stJt.ut;in£! ;rnr.o ertements. for. the k eLements. a.r.~i~' •,•,•i•,Jar~j4 

no two of whic 1h ar.e in the~ same. r.ow or, co fumn.;; then. 

where r,epr,esents the su.m of 

(~) tar;ms, each of which is for!fled by takint! the~ pr,oduc·t of m of 

the: k deLe:ted elements into t.her aL!!ebr,aio· compLement of' the min.or. 

i.n whicJt the; 1n r,ows a1id m columns containing thes,e m elements 

ar.e; r,e·Pr.eiS.en.t cd. 

By hypothesis the k indices r:,·1·1·1,r,~, are all distinct, the 

indices j ~: 1 •1•1°i,j~;. are all distinct, and k ~: n.'. 

Tile .opera tor(l - a,, :i -k . )when applied to A replaces the 
' \ 11,-;t, )<' d 

element ar.~i~ by zero;! and· the repeated operatorR(t-a. . t)d . ) 
lfK~l "'9..'l~ 11""~ 

when applied to A replaces the elements ar ... 
1
.--,.·,·1·1,a,..· ·1

.- by zeros. 
. . ~ ~ k'~ 

Therefore, D =- [!,(I -ll11.,,.1.,. -j O.r,/IK'J,...)] A (2} 

Upon expanding the right hand member of (2): the equality 

takes the form 

• 

(3} 

v1hich is equivalent to the equality· (l)i given in the theorem.: 



II .the k elements are chosen from the main diagonal, the 

theorem become~ the following corollary which was proved by 

St.et.son 4 ' in lHOl.' 

8orollary I'.· If D·· is; the det.er.minant of orfi,er. n. for.med by 

subs.t,itut,im! z 1er,o eieiments. for t.'1e1 fir.st k elements of the main 

.. 
n A - i-: a·1'1A111' + ~ 81·1·8pp'A1t~ .11p' - .•1 •t , .• , .•1 •t ."! :•1 ., , 

( · -·)Kr -~·,-·. . - '"A· , · ···, ·· + -1 ~ a 1'1····f· i• ia.v...,. 1·. :. v: 1· ' ' 'K" • 
. . r"'r..· ., .• ·•n.\~ ~·· ! (4)• 

If in addition to the above condition we assume k n 1 a 

second form results which is identical with the ori~inal theorem 

on this type of expansion proved by Muir 5 in 1898 •' 

Gorollary IL II D is. the1 invertebrate. deter.minant of orr:Ler. 

n fonned by subs,titutinE! a•er,o e 1Lements for,. titer ma.in dia~onal 

e·?e:m.e11ts; in A, then 

D =. A - l: a 1 '1 A 1 ·1 · +'.·· l: a · a ~ · ·-· 
11 02 1 1? 1'p , 

c.; .• 
"-'. 

(5)l 



Theorem 2. Let A~ larjl be a determinant of orde~ n, 

a.n.d. D be a. dntc.rmina,11t, of the· sa.me: or.der for.med from A by sub-

no two of which ar.e· in the same: r,ow or, coiumn,•• then 

D =.A:_ a.r~f1 l-Ar.~j 1 fo; - ar~f?IAr·~.i~Jo' :_ •!•i·~· 1 
:_ ar.kittlAr.;ikl· (6} 

te.1here1 I Ar·· 1 ~ l "1 re.pr,es,ent s. th. c de it e~rm i11an t l ormed f r,om A.,..· 1· ,, 
.rn, m o · m rn · 

the: cofactor. of a,..;j~' by s.ubstitutinst 2 1er,os for the, eiemcnt.s. 

a ~- ',~ .. -- _ .. ··:,,.:~r• .. •,•t,ci.. ., . >. 
1"m+~1m+t · rkJk 

·1 f we add to [R (1- o.11 _.. _L . )]A , which is the ri~ht 
L:.l i.la.. a {)./liJi I{ . 

hand member of (.2), the expression(A . .1_ ~R(t- a11 .l· .~ . )lA 
111 ll o{;( . l.1=-1. L L c:1lAn •l "~ 

r 
K . d 11 11, 1, . ''" L 

the result is ;_~} ~ -0.11.:h a ttJI .JJ A From K:....1 similar additions 
'~~ d 

will.result (I - t\.JJ · L J A which, if the term (A • A 
K lK d{J 11 1( lt< ~ ~ l ~ d t( /7 l("_j ~ 

be added will equal A. That is 
K . JL . 1(- I d t( d I l 

f.~.(i-a11,1i oa".1.)JA +.2 [ ~~i,,.. da · ~-l+'-ll.ni1L aa.l! jL)JA 
L L '»f::. ~~th\ L-.,,. ' L 

~ +a · A A n .... 4t< ')a • -
" t\ (J /l "'-4 -~ 

.. (7): 

Upon substituting 0 for the first term of the equality and 

transposing the rest of the left hand member we have . 
~-I K . 

D =-A.-. Z: [o. · ~. R (1-a ·.1- )]A 
'm:: I 11

tttt ~ dc.tlltJM11M i=MH·I /1 L h O t.\;j i,lL 

(8 )~ 

which equation is equivalent to (6)i. 



W~ can at once state two important corollaries of this 

theorem.~ 

Corollary L lf D· be the: deter.minard. of or.der n for.med 

fr.om A by subs.titutinf! zer.o eLe:ttze.12.ts for. the fir.st. k demerits 

of tile main diag ona L, then 

(9)· 

Corollary IL lf D be· the determinant of or.der n formed. 

fr,O'ltl A. by. s.ubs.titutin~ zer.o eilements. for. the n elements. of the 

main dia~onaL, then 

0 A - a ~ ~-d A '~' 1 'I () • - a 11 ? I A ='·=<''I 0 1 - • t , • • • 1 • i • • • • • • ' - an 1n ·A., n · • 
This last corollary was stated as a theorem by Horta8 · 

in 1890 •' 



a .. ,...;, ••• ,.!,a· 
1 
. .. 1 . no ·two of whiC'lz ar,e' in thei same~ row or1 column,· · r~J1 rk k 

and subs:titut,in1r r,e.spective•ly t,ho.: e1iements br~f~' •r•,•1,brJ~h~ 

lr =.· /j +• /: ,... • - /'::.. - • "' + L X ··' ·"' X •' /j, "· ' • .. ; , + .. •' • I ·•I ,• ! ;•I •I • l • t .• l xr.1J1. ~ r,11 '1 r 1 J '1 · r,i:1J ·~ r,1 r ~, J ·1 J ·~ 

+ x . ··1•1•i)( .·'(j_ .~ ' • . ' • (11} r.1 J 1 ·· · r k 1 k- r.1 • ·~ '• '• r -k 1 .1 '1 • '• ·.1 ·~ 

ter,1Ui eac·h c·ons.istin!{ of the, pr.oduct ol m ·oft.he. k elements 

x :'. · i • 1 •1 • ~, x · · , · i n t o t h e a lg e b r .a i c • c om f> i e .11i c n t of t Ii e min or. in 
r~J 1 r"1" · 

~ ·' which the· r.ows. r 1 , •,.•,•t1 rm a11d c·otumns j 1 ., •,•,•,,j,,. are r,epresented. 

The sin!! le opera tor (I f XI/ :i "9b- . ) applied to ti will sub-
' l (} 711l1 

stitute the element .a,..- 1. for b,..'" 1·: ;1 and the· repeated operator 
1· 1 •1· 1 

R (1 +X . d ) 
'ht~• ~l'"' 0 b,, l. 

""' ""' 
applied to 6 will substitute "a" 

elements for the respective "b" elements hence:: 

A= [ft,Cr+Xn_:i4k f~"""~JJi6. (12) ,. 

Upon expanding, the right hand member of (12); takes the form 

( I t ' 0 

which is identically the right hand member of the equality (11)• 

' ,,, 

• 



·· ..... 1·1·1eorem 4·., If· A' Is and 6 ...... - ·, .... ·: are as defined ' ' r.,_:.~ •• r.m,11····.Jrn 

min.ant. for:med fr.om 6.r . ·r·· ..;.- , .'·. ,1·.- by s.ubstituting zer.os, for, 
. :1•·• • llSIJ 1• •·•, 11J 

thei eleiments1 br.;f;i •1•••'1,br~j; ;t ·then 

A =. D' +' '>~ a ,., . -' D - . ..;. +· l: a - .... a · . · · D ,J. "· • - • ·" + · • r • ~ • i • ' . • t • 1 • 1 • , ..., r,.,1·1 r,1J",, r.11'1 r,?.1''.1 r1r.~, 1'1J ~ 

• j· 

It should be no·t.ed that tllis definition of Dis equivalent 

to 'the definition used in the first two theorems. 

This theorem follows: at once· if we consider the limitin~ 

form of the preceeding theorem -~1hen the variables xr't)\j~ approach 

as limits the respective elements a,... 1. . . ~ ~ 

Stetson~, in proving a generalization of Muir'~ Expansion 

Theorem (Th.1.,Cor.L) , obtained zero elements in his deter-

minants by employin~ a compound element simila.r to brj• 

Corollary I. If D· be· the: de 1tcrptinan.t, of orfie.r. n formed 

-~· .... ,_.._ .._" - . ~ ' -- ' 

t.h e! ma in di af:! 011a l, t.he:n A =, D + l: a1'1D1~1' + >: a1:1ap~D1:P 1..?. 

. (15} 

Corollary IL If D be1 t;/i.e: de1ter.mina1it of on:ler n for.med 

fr.om A by s.ubs;t:itutinS z!er.o ei'Lements, for. t.he n el,ement.s of the· 

main dia~onal, then 
(lo} 

8orollary IT was first sta. ted as a theorem by 8ayley7 ' in 1848 · 

and is known as 8ay ley ';S Exp~nsion Theorem. 8or.T which is more 

general than II \Vas first stated as· a theorem by Mu.ire· in 18901• 

9.· 



o be: a de:t.er.minant. of .t.he1 same: order, for.mad fr.om J/ by chan~in!! 

+, (~'2.)K a " • •1•i•oa .... ·A " . .- . (l'i)1 
· r.1.11 · r ~ 1 k r 1 • :. 1

• r 4' 11 • ·• '• J '~ 

wher,e the; te;r.ms, in the1 expans,ion ar.e· as. defined in the. fir.s.t 

t.he:orp,111. · 

The single op.erator.(1 --;2. c:t . ~0. . ) when applied to A 
11,3, 0 llt:\• 

chan~es: the si!;n of ar_ f_ ;1 and the repeated operator K " 1 1 

R (1 - J. t\A ~ g,. . ) when applied to A chanff;es the 
"" ::. t '1K '"""""' "\A./} '1k :\th-\ 
signs, of the k elements a ··· .- , ., •.• ,,a . Hc:nce r.1.h rkJ'k 

8 ~ [ R ( 1 - ~ a11 • d . . )]A 111=' 1tt :\M1_ d d111tt.4~ (18): 

Upon expanding the right hand member of (18)' the equality· 

takes the form 

s =[1 -:i.Lo. . J 
/Jl ==l 1 Jctll, :i ' 

- " e 

(19)' 

which is equivalent to the equality of 17; 

10. 



Theorem 6·. If A is. a- deterµtinant of order n and 8 ,C, .,., •. , L 

are f> other; de·te.r.mi1ia.nts of the same or,d er., t lze, sum of the 

[ (:n) '.(11--l). •.•1 •:( in-p+i)] de term in ants composed of n-P r.ows. from A. 

and one· row from each of the· 'P deter.mina.nts B,C, -·····,L is. eq·uai 

to that of the same. number, o.f de·terminants composed of n--p 

oohtmns. fr,om A and one· coLunm fr.om e·aoh of the I> deter71tinants 

in thef new determiT,tants as. in the or,igi1tah, and P ~. n'7'"l·. 
1'.Jie ete.ments. of the1 determinants A,8,C,·1•;•1,L will be 

one of the new determinants let r :. r · 1• ·•• 1 r or J. · · • ,. , .• f J. 1 I ~ I · . ·1 p t I 'I • p 

designate the p rows or columns of A into which rows or columns 

from the p given determinants are to be substituted. 

Sase I. The elements a . .. ,• t• i l . r.p · · ., rJ are assumed to be 

mutually independent. 

Since the order of partial differentiation ·is immaterial it 

(20) 

Both members of the equality sum the same [ (n)(n-l)•;•!•i(n-p+1)]2 

terms, each term consisting of the proiuct 

into the algebraic complement of the minor in w~ich the rows 

11. 



Upon rewriting the equality of (20): we obtain 

[ 
()'\ ~ d . ""' "'}\ 

( L L J. · ~ )- -----(LL h . _:i J] A 
~,.= · :i,. ~I :it;lr J l\i~r '1,= I ~,:I l'l ,l, d °' 11,~ I 

[C~, ~. )nt~r d~11fl/-. ·( i. t. h~,j,-k,) ]A <21> 
The operator (i.. h , ~a , ) applied to A replaces the 

l ,:. ' 11, l 1 a 11, :l 1 

elements of row r -1 : by the elements b ·- .... b ··· · ·• ,. ' b - and r't.1' r.,_ 2 1 ' r 1 n ' 

(

" '>\ 0 
the operator L Z. h11 ;i dlf · } applied to A results in n 

111:: •:ta= 1 
1 I /\~:ta 

distinct determinants eHcb havinf,: one row deleted and the same 

row of elements from 8 substituted. ~ ~ 

Again the opera tor(i i (',, ~ ? <A • )(~ Z, '711,~ 1 So. • ) . ,..i=•.32.=-• 1J~t nfl.l~ 11,-•l,- JJ.~. 
applied to A results in (n)(n-1): distinct determinants each having 

two rows deleted and the same rows of elements, one from each 

Band G, substituted for the,deleted rows. 

From this interpretation it follows that the left hand member 

of (21): ·is the sum .of [ (n)(n-l)•t•1•,(n-p+l)] distinct determinants 

each composed of n-p rows from A and one row from each of the p 

determinants B,8,,•r•f•r,U, while the right hand member is the sum 

of [ (n );( n.:..1) · !. 1• 1( n-p+l }] dis tine t de term i nan ts each composed of 

n~p columns from A and one column from· each of the p de term in an ts 

B, S, . ,. ,· ,, L'. 

:ase Tl .. Tile elements brj,crji· 1·1· 1,1rj are not assumed to be 

mutually independent or independent of the elements arj·· The 

ele~ents arj are assumed to be mutually independent. 

1a.· 



It is evident that the fundamental identity of (20 1) still 

holds since the multipliers br,j,crj,~·h·•,lrj occur after the 

partial derivatives have operated on A~ 

I'n the preceeding case the assumptions as to independence 

permitted any of the elements brj,·!·1·~ .. 1rj to occur before any 

partial derivative operation with respect to arj~ hence the 

validity of equQ.tion (21). 

To rewrite (2,Ji)· in this instance we must first aroi trari ly 

decree that no partial derivative is to operate on any element 

which has. been substituted· into the determinant by a previous . 
operation, else the e~uality of (21)- will not be the fundamental 

identity in a different form but probably some false statement. 

After placin~ these restrictions on the operators the .rest of 

the proof follows just as in tile preceeding case. 

An interesting example o.f the theorem occurs when p+l =, n 

in which case one row is' taken from each of the n giv·en deter-

minants for the construction of each new on~. 

Another example of interest is obtained if p =. 1 in which 

instance one row is taken from 2 and the remaining rows f roru A 

in the construction of each new determinant. This example wws 

stated as a theorem by f/uir 9 ' in 1888. 

If P<:;=D=;· ;· t··.· =.L' the theorem reduces at once to 

Sorollary L If A and fJ ar.e, two deterpdnants of or.dcr. n, tile 

s.u:m of the (~) deter,minants or th.e same· or,der. composed of n-P 

13. 



rows. fr.om A. and of 1> r.ows. fr,om Ii is. equa.i to that of the· (~): 

de.t,er.m.ina.nts compos.ed of n-p co tumns from A. a 1d of p co iumns 

fr.om B.' 

This corollary was given as a lemma by J. Oeruyts 1 '01 in 

1883.1 

A second corollary is obtained if certain groups of the 

determinants are identical. Suppose that K'. 1 : determinants are 

identical with B, k:> determinants are identical with G, and· so 

< on, where ~ ki : n. 
-

0orollary IL If A.,H,C., •1····,L ar.e. f>+l de·termina11ts of 

order. n 1 the sum of the 
( n) ( 1t-l) ! •, •• •• •i ··( ·n-p+ l). 

de t er,minant s . 

... ~ ~·' 

each composed of k 1 r.ows. fr.om iJ, k~ r.ows from C., •1 • 1 •, • 1 · •, •., 

kp r,ows, fr,op1 L , and the: rema.inin~ n - ~ ki rows from A;• is 

eqttaL to the. smn of the same. nu.mber. of de.ter.minants each comf.;osed 

.. 
of }~1. columns. fr.om B, k~ columns. fr.0111 C, •,•,•1 •-, hp columns. fr.om 

L, and the. r.emaininf[ n - 2: kt, columns. from A .• ' 1'1he1 coLumn.s and 

r,ows ar,e. to oocuf>>' the same place·s. in the ne.w deter.minants. as in 

the ori~inaLs atid L kt ~. n. 

14. 



.. 
Theorem 'I. If OR;. -i laI!hL• ~ -, 1, 2, •1•r•,··, n, 

·- . ., -
h =) ki,' J?,,.+1, •,. •;, ·~ 

... n, n+l, 1, 2, .. .. ., kt-2 , and. if , , 
k~,k,~ 1 •1•;•r,kp ar,e. p dis:tjnc,t number,s. differ.ent from 11.nity,·~ then 

the, s.um of the, '(J/(q,) deter,mirrnnt.s of or.dcr, n, composed of n-p 

rows. from A. and one r.ow fr.om each of t/ze, p dete.rmin.ants ok- ,ok-
1 2 

,,•1•1-t,ok is. equa.L to (-i)Zk pl• tln+p+i-l.k , wher.e· ()r p 
denotes. thei de.te.rfn.inant obtained by de Lertin1! the ,. th co ittmn o/i 

·-
h =, 1 , ., •· •11 ti+1 • If 

.. 
the! number. n+P+l-i.~k is, not bet.wee-n 1 and n+l then a convenient 

·muit,ipLer of n+l is. to be: added to it. 

If theorem & be applied to the: conditions of this theorem 

it is evident that cdl of the p!.(g): determinants so obtained are 

zero due to duplicate columns except for those p~. deter:ninants 

whose co1umn.s upon substitution Sri tisfy the conditions 

i, + k,. - ~ ~ n_+ 1 . 
i2 + k2 - ~ ~ f 1 ~ ft + 2 - k1 
f' 3 + k r./ - 1 =, j ~ =, n + .1 .- k 1 - k 2 

Each of these p!~ determinants then is equal to 1.\n+P+i-rk 

except for the si~n which is determined by (-1):2..k • 

If in the statement of the theorem we assume 

a corollary follows Ht once. 

8orollary I. Thei s.um of' the, <;>. de:termina.nts: of or{l.er, n compos.ed 

of 11-p rows. fr.om A and of I> r,ows. fr.om bk is equal to 

( ') kp .~ . 
- : ~n+.f>+1-f>k• This theorem 1'01 and corollaryn· were theorems 

of Oeruyts published in 188~3 and 1881. L'e Pai~e 1·~· proved the 

corollary for the special case p=l, k=.2 in 1860'. 

l i.:: . 
'!...: • 



Theorem 8. II A. =1 far;.I· is. a dc1terminant of .order n, and 

1:f fr,om ,f, a new deter.minant be for.med b ·y aLtcr.im! the order of 

J;he e Lemcnts. in the. fir.st row, a second determinant by v:.aldni.! 

the1 same; aiterp,tion in the. eleme,nts. ol the· second r.ow, and so 01i, 

t.lze1·s.um of· _the: 11 de:tcrtnina.nts. thus de.r.ived ·is. m times· the 

or;iginai, wher.e m is. the, nu1nber, of e1Lc111e1its. of a r,ow tha·t aft.er, 

t.he chan(!e· of order; occupy the, same, fositions. as. befo·r.e.· 

To prove this theorem first construct a new determinant B 

from A by altering the order of the columns. Then the sum of, the 

n determinants each composed of one row from B and the rem<tining 

rows from A is equal to the sum of· the n determinants each com-

pose.cl of one column from B and- the remainin~ columns from A. But 

all the n determinants composed of one column from B and the re-

maining columns from A are zero due to duplicate columns except 

for those ·m determir1ants in which the ·column taken frorn E is 

identical with the one it replaces in A. 

This theorem is equivalent to a theorem given by Deruyts 1 '3 

in 1885. 



Theorem 9. If A.~ larjl is. a determinant of orde~ n and 

A ~-;a;·~; X ~a'~-:~ ~aa~:.> .h" a 
,_ - -lJ ==, • t . , ;•} • ! • t •I .• l 1'1!... 1 

A i:a Pn' .. ~ •I •• f • ! .• ! .. ! ·,. ~ • ! • t 

• t • t :• 1 •I •I :·I • f . t • t • ! :: • i 

x:attft' X1>a'1·1 ; A.~an2 .. ~ ·;•' :• I .• f • t ; . : . • I Xtiari•n:...1 

then the s.um of t.he up deter.min.ants., each 'composed of p rows. 

from S and . r:-p r.ows, fr.0111 A,, is. equal to z·eiro. 1'·h e rotvs. are to 

oc·cupy the; same positions. int.he new dett?r,i:zi1iants as. in the 

orjainats~ and P < n. 

Applyins:: the statement of theorem fr corollary I it is 

evident that the determinants obtained by· inserting columns 

from E into A are all zero due to duplicate columns.· 

1his theorem was stated· as a theorem for the special case 

of p=l, n=A by Hammond~4 in 1681. 

1'1. 
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