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INTRODUCTION.

The object of this thesis has been to prove certain

theoremsAQh suns of determinants by means of partial derivative
operators. ‘These,operators have greatly simplifiedﬁthe~proofs
of a numbet of known theorems and in many cases have shown that
these. theorems would perﬁit of more general statements. Also
_a féw new théorems‘have-been discovered,

The first publicatioh to suggest the derivation of relations
between sums of determinants by means of partial derivative
operators was by Stdufferf,in December 1928, This paper, typi;
fying the'advantage of these operatoers , presented a very simple
yet complete procf of "Kronecker's Theorem"‘in ﬁhe bfief space
of a page. FPrevious proofs had been rather long or difficult.

If we éxpand thie ¢eneral determinant A = larj|: of order
n, with respect to the eleménts of the r th row it will take the
form ahnArn+wﬂvrwarjArjffrrrﬂ§r2Af2+ arlAri = A where

A is the cofactor of the element a

rj It is immediately

rye

evident tliat the partial derivative of A with respect to the

element a,; 1s equal to the cofactor Apj - Tt follows that the

m ‘ : C
operator Ezl *ni E%I;i when applied to A gives A. That is,
2 2 cBg
S TS == Ap 5 =
»(aﬂm 0Cn + %n2Fa,, v A gag, A A.

Jacobi? used this operator as early as 184§ in connection
with s function defined similar to a determinant, and Rellavitis?
in 1687 published a text on determinants in which this operator

occurred .,



9
73 aang
on A will replace the elements of row r by the elenents:

Again it is evident that thc operator Zf b acting

c o w g . P " acti Wi
bfl:brg:fr?5brﬁ‘v’the Operdtor("'qﬂi1ﬂ§;§ dctlng on A will
replace the element a,.; bY a zero element ;' and the operator

- 9
( 2°wa'ﬁa;5)

arj .

acting on A will change the sign of the element

" Definition: If ¥ is a minor of order k of the determinant
A bf order n, then thé minor of order n-k formed by striking
out from A all the rows and columns represented in M is callgd
the oomtléﬁent;of ¥
Definition:; If ¥ is the minor of/ofder x of A in which.the
POWS‘r;;rQ)rrvgré.and columns j;;'rrvbj*_a:e represented, then
~the alvebrazc complement. of ¥ is defined by the eguation

o SRL kg ter

Alg. Tompl. of ¥ = (=1)°? "I (Compl. of ¥] .

‘This;algebraic‘complement will be repreéented throughout

this thesis by the notation Ar*r;*wvr; ij:'"“di‘”
. a7’ Tar2S1S2

In the expansion of the determinant A of order n the coef-

ficient of Ca e W K<n,- i i
By i1l rpia By in where k<n,- is the minor formed

‘from A by striking out rows r,;fitir‘;and columnS‘jQ;'vrbj*

* ] LN
the 519n being (_1)r PRI ey

. This coefficient is
1dentlcally AP;?HPTQJJ;P?PQQH as just dgfined.a It becomes

evident at once that

) U A Arnse e

Nlk



To coﬁdense~the writing of" successive operators we will
adopt a nes") symbol,: va y¢ is an operator then Ll}f"l(\yt)
lwill-represent-ihe repeated operator (wé)vrrrr(wa)(w;)(w;?* .
Where;tﬁerrder of operation is‘significant itwill be under—
stood:that the order is the same as the order of subscripts of

the operators y; .-



‘Theoremfl,?,Let,A =, Iarj{r beia determinant of order n
and D'be~a°ieterminanthof=theésame.ordcr,formed from 4 by sub—

stituting geryo edewents for. the k elenments “r;j?:""5°rb]k

no two of which are in the same: row or, column;othen

- - R U Wi NNt R S LT SLY S L E S
O_ A 2 dr 11AP171 2 dfq?i ”anAraraw7119 ;

— Bl Tieys e L - .o oy el ':l

*( 1) Bp _“"!d”h?bArq"’rk:71~”9k ()

- p ‘i A represents the sum of

where I a. ;o a,.’“mé,"“,,.m,h_,_.]m epre f

(§D t?rﬂs, each of which is formed by taking the: product of m of

the:k deleted elements into theQalgebrgiOvcomplement of the minor,

in which théim rows. and m columns containing these m elements
arg;rp#rgspﬁtcd.v

Py hypothesis the k indices r;,'rrgrk‘are all distinct, the
indices J,;'vv$gx are all dlstlnct “and k S n.

Pne operator( 0»;;5" )when applied to A replaces the
element a.”; by zeroj and the repeated operatorﬁ(‘

9
3M‘ 'Dd )

when applled to A replaces the elements: 8, J” e, A, ﬂ; oy zeros,-

Therefore, D =[R (1-Q, lfm'ﬁ—c—t: 3M):{,A\ (2)

Upon expanding the right hand member of (2) the equality

takes the\form

D [| Za"cn‘ ?d +. Z /7 1\ ahx.']z. 30,, % '. ’ ©

.y J )
] e LoL ...
+(.) a Osn },':v JA

(3)
which is equivalent to the equality (1) given in the theorem.:

4.



1t the k elements are chosen from the main diagdnal,'the
theorem beéome5~thé following corollary which was proved by
Stetson““"in 1804

Sorollary Iiy If D is: the determinant of order n fér,mcﬁ by
subs;ﬁjt_ut,ing zero elements: for the first k elements of the main
‘ diagondl: in 4, them
D= A=-3 331%13k+‘2 a;{a;gﬁ;g:;5~~ AR R

G Dl T R | (4):

If in addition to the above condition we assume k = n , a
second form results which is identical with the original theorem
on this type of expansion proved by ¥uir® in 1398.

Corollafy ITG IF D is the %nvertebrate. determinant of order,
n formed by substituting zero elements for thes main diadonal
elements: in‘ 4, then
D= A= 32anhiy + I assh,

2 1'2

-t ey . +(_1);‘K a;‘;hé.‘.’anvﬂ; .
)

(6)

en



Theoreu 2, Let 4 = la,.;| be a determinant of order =,

and D be a determinant of the same order formed from 4 by sub—

stituting zero eclements. or the k elements, a,.”, , %" . .
' SR TR for., : 2 Ures? Prein

no two of whichk are in the same row or columny: then

(8)

Dz.A:;—a’“ "_;—"l»')’t-—?

r’fliAr;j;;;“‘ ar;jélAr;i§J° rk]klArhik

wheref|4 ‘ ;reﬁrgsgnts.the'deiermanant formed from Armfmﬁ‘

r?m

the cofactor, of a by substituting zeros for the elements.

rj’

e

Ll 00 e a . “;.
‘ "'m+17m+1 ! ek

If we add to [R(| _L. )]A , which is the right
|.1L aa 1.11- D o
hand member of (2 he expressio - :
o Dp "0, 34 [R(‘ a"‘l':.-gafl;ic)JA

the result is[gzéf"'ahjifﬁaf i) f& . Prom x—l similar additions
240

will result (;._ A, - ,5{)_ )A which, if the term R g L 4
¢ A JK N ) .
K a kA thnxﬂﬁ

’I]K
be added will equal A, That is

tﬁ(' aﬂﬁM ]L” ,*z‘,[ M Qa,, i R (1-a ‘-1‘-—3’&;11.)—},4

L=m+1

+ a, xi\« 94 A = A (7):

Upon substltutlng D for the first ¢erm of the equallty and

transposing the rest of the left hand memuer we have

D=A- Z |4 DR (1-g, ;L VA

n'mw a/l 'l/m L=+ il &0\,,“._3L_
A KIK Ja "KJKA

(8):

which equation is eaquivalent to (&),



| We can at once state two important corollaries of this
iheoreme
| Cbrqilary,1§>'ff D be the: determinant of order n formed
from j»by-substitutinq zero élements for the first h elements
of the nain diégonal, then

D= A - 3§31Aﬁ;1ai* 3;blA§91b“- EEAL AR AR B aéﬁAéﬁ‘ 3 (9)

Corollary TII, If D bé'thé~determinant of order m formed
frpm 4 bj'&ﬁb&tituting-zerp elements: for the n eleﬁqnts.of'the
main:diagonal, fhen
D= A = ayalAralo = 2onlhanloim 1o 1o s o Ay o (10)

This last cé}ollary was stated as a theorem by Horta®

in 1880,



Theorem 3.;v58¢21-%v1arjj~ be. a determinant of order n gnd
Abe a determinaﬁtsformed from 4. by deleting k elements

a

R L PSP ‘ ' L C C 1 ' ' or, ¢ mn,
Grijar ngqu]k,, no two of which are in the same: row or, column,

and substttuttnv resﬁecitvely the elements b ta, b

s J 7 ”k?k
wkere b rj jarj“‘ rJ ,fthen
EE R R R w R S R R R R T
A= b+ 2 X" J1A*".1]3 ,Z ralv '".pJ’gA”'q":JJﬁ]'a r
+ xr1]1. : ‘xrk)éé‘rqw Q’O"orh):j:‘;":-"ojk : (11)
where 7. X, 171 ”’xrmjmﬂri.;urm,ja.uuj represents the sum of ( ¢y

terms;each consistinq of the groduct of m of the k elements

xr;jl ,‘rxrﬁyn s into the algebraic complement of the minor in

which thefrpwsfr,,'wﬂgrm and columns j,,"',;m are represented,
T'he: ellements Xpj are any k variables, which are mutually independ—

emt. and independent of*the;emememts'arfu

The single Operator(l ’\'X 3 Db ) applied to A will sub-
l

stltute the element a. . for b, roda o 4nd the repeated operator
R (l +)( 9 ) : applied to A will substitute "a"

. elements for the respective "o" elements hence:;

A = [_R(HX,, I 3,,” » )}A . (12)

Upon expanding, the rig ht bhand member of (12): takes the form

<' —t- ZX 31’ ¥ anliaxazjk_%—‘ -99.7;- toere

R 9 )
TRyt 9/; A

7, ek (13)
which is identically the right hand member of the equality (11),

A

8_05 . : . e



Theorem 4, If 4,4, and Arauhkfm;ja-;wjm are as defined

= -

. is, the deter—
ri"'rm:71°-07m .

in the preceeding. theorem, and D

T LTt by subs - ing f
FaeePms Fraeisdm y substituting zeros. for,

minant. formed from A

thegclementsybr J "y »fybrkj; st then
=\ 1) Y Lt § e a “a D A e R RLY LY R TN S B LY
A A'J e anifkgrdfi v r1]1 rmJn ryr 9:71]9
‘ PR T . ot : 14
M L LR S It , (14)

It should be noted that this definition of D is equivalent
1o the definition used in the first two theoress,
This theorem follows: at once if we consider the limiting

form of the preceeding theorem when the variables x approach

nmjﬁ
as limits the resoectlve elenents a. mim
Stetsou*, in proving a generalization of ¥uir's Lxpansion
Theorem((Th.i,;Cor.I.)», cbtained zeroc elements in his deter—
minants.b& employiﬁﬁga compound element similar to brj'”
Corollary I. If D~be,the;de¢crminantjof order;n formed

from 4 by subétitatinq~zer9 elememts. for, the first k elements. of

the: main diagonal, thenm ’ A=D+3 a13011%+ 2 844855040 1%

+ DT LR L T F O I | ,‘.! + .3.111‘.’.".1' 'akKA 119"- 1 &2;,.129?-#‘&‘. ‘!‘ ' (15’)t
Corollary IT.  If D be the: determinant of order m formed

from 4 by'sﬂbsijtuting‘zmrp edements,for‘theAﬁ elements of the

mgin diagonal, then

-« . he. - N (15‘)‘
A =D+ 3 ay Dy + 2 agh8504% 49 + 0 ttti ity it + A A,
e 0 . N . “ N .t . -
Corollary IT was first stated as a theorem by OJayley? in 1848
and is known as Cayley's Expansion Theorem. Jor.I: which is more

general than II was first stated as a theorem by Muir® in 1898.

9‘.1'



Theorem E£.: Let_44q-larji>be«a determingnt of order, n and
& be a determinant. of the same order, formed from 4 by changing

the: signs. of the k elements 'ar:f;,”vwga no two of which

relk
are in the samer row or, columny then

. : - OF g 'M“A .;.}, + ?’2,'.; a ~.,a A o ;- .y ;‘ spoey ey ey
b= A ol d"m]'l- rq471 2 rada r??? r 7'9)]1]9 .

C(SD)K a . epem ‘ 7Y
+ ( 2') a?‘\i’} ! a?‘h]bAr‘_.:u.‘r}a,j“.-.'.Jk (1/)

where the terms, in the expansion are as defined in the first

theorem,:

J_

The smgle opcrator(; —2 afl;; o7 “)when applied to A
VA

- .

changns'the sifn of 3r1fi 3t and the repeated operator

l : l . ) Whe” "‘,.p 1 .e i tc ve
n j . s p 1€q o} A Chan,ﬁ ] the

v

51gu5xof the x elements a_= .7, %%, Hence
- 141

“rkjé .

§ = [I?(! 20, . —2— ;)an e )__{A | 0o

Upon expanding the right hand menber of (18) the equality

takes the fornm

.. Fy N
[' 4,94, 4 3, L T A 24 4, Mng, Moz,

‘e o ¢ - :2—— ._,..:Q_
_ a +(z)a,,‘1, O3 T Ga 5, 1A

which is equivalent to the eguality of 17.

10.



Theorem &, I[f 4 is. a determinant of order n and B;C,fUV5L
are p otker;determ;nauts of tﬁe same order, Lhe sum of the
{(n){nfi)fﬁﬂ(maﬁ+i)]‘determinanis composed of n—p rows from 4
and one row from each of the p determinants B8,C,%""L is. equal
te tkat éf tﬁe.same‘number\of determinants composed of n—f
columné.frpm 4 and one column from eacﬁ bf the ¢ determinants
5,0, %%, L, The columns; and rows are to occupy the same places.
in the new dete}mi@ants as in the originals, ;nd b= nezr

The elements. of the determinants A,8,C, r=,L will be
designated by arj,brj,crj,*wrylrj-- Also in the formation of ahy
oﬁe of the new determinants let r;gr;,'nvgrp or j:,fwvgjp
designate the p rows or columus of A into which rows or columns
from the p given determinants are to be substitumed,

Case i. The elements arj,Jwvglrja are assumed to be
mutually independent.
| Since the order of partial differentiation-is immaterial it

is at once evident that

Mm m N m 9’ a
(22 T2 s A et A
= =l j':|/’l,='-" fr 132 = Aﬂr 1,3,
(20)
Beth members of the eguality sum the same [(n)(n;l)rawin—p+1)32
terms, egch term consisting of the product or;ji,cr;j;,‘"cglrﬁjp
~into the algebraic complement of the minor in which the rows

r,gﬁrrgrp and columns j,,'"vgjp are represented,

1.



Upon rewriting'the equality of (20): we obtain

[(% ~Z=‘ Mo 96\ )»<Z_‘§, N3, ao\“,)]A
.
= [(3%‘ %‘. ,an%%_;fi ) ’“(Z__mi_,b 203 d %, )]A (21)

n 9
The operator ( L . ‘) applied to A replaces the
%l 3 30/1 Ry

elements of PQZ rz‘by the elements b, J»br;g:’““ubr:ﬁ , and
the operator Z Z b —-é-' ) applied to A results in n
| =i5m M g,

distinct determlndnts each having one row deleted and the same
row of elements from R substituted.‘ m m
2 V2T b, A
Again the operatorc . . )( ’ .)
=t 911501,,231 R 13, 6(,,.3'

applied to A results in (n)(n~1)?distinct determinants each having
iwo rows deleted and the ééﬁe rows of elements, one from each
B and C, sudstituted for the deleted rows,

From this 1nterpretat10n it follows that the left hand member
of (21) ‘is the sum ot (n)(n—l)'vr(n—p+1)] dlstlnct determinants
each composed of n-p rows from A and one row from each of the p
determlnants-E,u;'w}vIA while the right hand member is the sum
of [(n)(n;l)fvr(n4p+1)l distinct determinants each c0mposéd of
n;pVCOIUmns from A and one column from each of the p determinants

E, C' MY ", ‘L,q'

Case T1. The elementslbrj,crj,'rrglrj are not assumed to be
mutually independent or independent of tie elements apje The

elements 3pj are assuned to be mutually independent.

12,



It is evident that the fundamental identity of (20) still
holds since the multipliers brjacrjf*“”hlrj occur after the
paftial;derivétiVEé have operated on A,
| In the preceeding case the.assumbtious as Lo ihdependence
permitted-any‘of the elements'brj,frvulrj to opcur before any
paftial derivative operation with réspect to Apj hence the
vélidity of equation (21).

To rewrite (20) in this instance we must lirst aroitrarily

decree that no partial derivative is to operate on any element

which has been substituted into the determinant by avpreviﬁus
operation, ¢lse the equality of (21)—will not be the fundamental
identity in a different form but pfobably some false statement,
After placing these restrictions on the operators the rest of .
the proof follows just as in theupregeeding case,

An.interesting example of the theorem occurs when p+1 = n
in which case one‘row is'taken from each of the n given deter—
minants for the construction of each new one,

Another example of interest is obtained if p = 1 in which
instance one row is taken from 2 and the remaining rows from A
in the construction of each new determinant, This example wws
stated as a theorem by Muir® in 188g,

If P=C=D=rrvee=L the theorem reduces at once to
Corollary I; If 4 and # are two determinants of order n, the

sum of the (z) determinants of the same order composed of n—p

13.



rows. from 4, and of $ rows from 5 is equal to that of the!(ﬁy
determinants,dbmbogcd of n—p columns from 4. and of $ columns
from Bg

This ¢orbllary was given as a lemma by J. Deruytsi® in
‘1883;

A‘seéond corollary is obtained if certain groups of the
deterninants ére>identical. Sﬁppose thét klgdetérminants are

jdentical with B, k, determinants are identiczl with C, and so

HA

on, where I Kj n.

Corollary TI. If 4,5,C,%%%L arc»¢+i determinants of

) (n=1) s m—pt1).
order n, the sum of the ( )<‘ .)ﬂ — {n—p 1? determinants.
’ Bl kol =svws kol
. : 18 Rl Pl p

each composed of ky rows from 3, ky, rows from C, 4 % % n-» %,

kﬁ rows: from L , and the remaining n — T ky rows from 4y 1is
equal to the sum of the same number, of determinants each composed
of kg columns. from 8, ko columns. from C, ===°, k¢ colunns. from

: . .

L, and the remaining n — 3 ky columns, from {4.: The columns and

rows are to occupy the same places. tn the new determinants. as in

the orivinals and 2 k¢~§[n.

[anY
s
.



Theorem 7. If 6Ri,% 3aghﬁ, ¢ = 1,2, 700,
ho= kg, kgtl, % oww, n, ntl, 1,2, novny k=2, and if
k:“, k;-, "pf{';r,}cf} are: p‘a'f‘iszt,inot numbd er,s,v different from’ unityy, then
the sum of theeﬁl(g cdeterminants of order, n, composed of n—p
rows;: ‘frkom 4. cm& one row from each of: the ¢ d.etc.rminanf;s‘ 6/.:;’6'2»';
,frrgékﬁ is.cqual to (-E)Zk ﬁ!aAn+¢+j_2k 5 whe}c».Ar
denotes. the: determinant obtained by deleting the r th column. 0§
the n by n+l array Hag, Il 5 g = Iynvtn o hos 1, ventl, If
the:numbcﬁkn+ﬁ+1+2k is. not between 1 and n+] then o convenient
‘multiple of n+i ts. to be aqdded to it,

If theorem & be applied to the conditions of this theorem
it is evident that all of the pl(g)fdeterminants so obtained are
zero due to duplicate coluéns except for those pi.deierminants

" whose columns upon substitution satisfy the conditions

fat ke = 1=t

Jo + ke — 1 = 4q 50+ 2 =k,

fa t k3’ =1 = jo=n+ 3 — ky — by
P AR .L, LR NI TR P R N ‘., o e e e,

ptky = 1= mAp =Tk o ofyomon k(4D = 3k .

Bach of these p!;determinants‘then is equzl to An+¢+i-2k
excebt for the si¢gn which is determined by (;1)zk .

If in the statement of the theorem we assume K,=K,=‘rr=k
a cobollary followé at once,
Corollary 1. The: sum of the (z) determinants of order m composed
of n~p rows. from 4 and of p rows. from &k is equal to
(=) 52 Boppyi—pre This theorem®®! and corollary't were theorems
of Deruyts published in 1883 and 18é1.- Le Paigel? proved the
corollary for the special case p=1, k=2 in 1880.



. Tnéorem 8. If 4 = ‘erj, is. a determinant of order n, and
if from A a new determinant be formed by alterin¢ the order of
the elements. in the first row, a second determinant by making

the same: alleration in the elements of thexsecond row, and so omn,
the sum of the n determinagnts thus derived -is. m times the
original, where m is the number, of elements. of a row that after,

the change of order, occupy the same positions as. before.:

Toe prove.this theorem first construct a new determinant B
from A by altering the order of the columns. Then the sum of .the
n determinants each composed of one row from B and the remaining
rows from A is egual to the sum of the n determinants each com—
posed of one column from B and the remaining columns from A. Rut
all the n determinants composed of one column from B and the re-
maining columns from & are zero due to duplicate columns except
for those w determinants in which the column taken ffom B is
identical with phe one it replaces iﬁ A.

This theorenm is eéuivaleut to a theorem given by Deruyts??

in 1885.

161,



Theorem 9. If’A,:,]arjl‘is;a determinant of order n and

Bo= | Magw Apagy Ahaxé""“’”ff‘“'“”Anaxhhx‘
Aiagnl sE iy wpeepey o) ey .
ey .y -g “f"",.?'.f'.ff.ﬁ".! e

Nynn Ag@ny Agfpy S0t b it ) Ap8ppiy

then the sum of"the~($):determinants, eacl ‘composed of p rows.
from & and n—p rows, from 4, is, equal to zero. The rows, are to
occupy the: same positions. in the new determinants as in the

oridinals, and p < n,

Applying the statement of theorem ¢ corollary T it is
evident that the determinants obtained by inserting columns
.from B into A are all zero due to duplicate columns.:

This theorem wasrstatedﬂas a theorem for the special case

of p=1, n=4 by Hammond®4 in 1881.
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