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I. INTRODUCTION

1 .
The idea of number dates back to the earliest forms

‘of socisty. It s such an elementary idea that it is aifficuls
. to define scientifically, The oral language of number arithme«
tic or numeration was developed first as the savége, whose
" livelihood was made by the art of fishing or hunting, was eager
on his return home to count his possessions., Likewise, the
leader of a troop was obliged to reckon up the slain and eap-
tives afﬁer a conflict, As long as the nmnbérs were small, they
could eésily be represented by varioim emblems :auoh as pebbles,
shells, grains, knots in a string, notches on a stick, or by the
fingars, To express the larger mimbers it became necessary to
placge the objects or counters in groups or rows: From this group-
ing of counters developed the written language or notation of
arithmetic: It is the purpose of this paper to determine, so far
as possibls from available literature, the notations which have
actually been used, and some of the relations of one scale to

another.

II. GENERAL METHOD OF NOTATIGN

2
1, Place Value System, = The general method of writing numbers,

now adopted by sll civilized nations, is the Hindu notation, most

often spoken of as the Arabic notation. The fundamentsl principlke

1, Throughout this paper "number" refers to positive integers onl,
unless otherwise specifically stated.
8, Leslle, page 13.
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of this system is the idea of place vélue, Seve:al characters
are ehcsen to ?epresent the émaller numbers and then thaj are
employed to number the grouwps, tﬁa groups being numbered by the
posltion of the character, Each character has a definite value
when 1t stands alone; and & relative value when used in con-

~ neation wit& the nther characters,

2, Number of Gharaoters. The number of characters is deter=~

mined by the pumber of unité'in the group, The earliagt_system
‘“ 6fkﬁdmer£tiqn used ﬁy the savages was the Binary,Scale, which
had only‘two characters. The system that is universally used a¥
the’praaent time is the grouping by tené; hence, the number of
characters is ten., The character known as naught’or zero is
necessary and used in the combination of gharacters to denote
the absence of & group, The characteral are called digits, from
tha Latin "digi tua", a finger, the name commemorating thavaﬁoient
custom of counting by Pingers,

2
3. Origin of our Notation: The origin of our common notation

is quite uncertain., The symbols are gencrally believed to have
originated in India,a'to have been carried in an astronomical
tabls to Bagdad in the 8th oéntury, and from there found their
way into Europe.4‘ Thie is not qertain; for various authors be-
lleve that these numerals did not originate in India at all,sbut

the evidenoce still seems much more favorable to the Hindu origih.

1. Tylor, page 247.

2. Smith. page 84,

3. Smith and Karpinski,state in & footnote (page 2) that "Maximus
Planudes. (¢ 1330) states that ?'the nine symbols come from the
Indisnstn,

4, Smith and Farpineki, Pp. 63 and 99,

5. Cajori, yuge 438,
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The decimal basis of our scale of notation is not essential
but merely secidental, Various numbers hawve been used as bases

of systems of notation,

III, SYSTEMS OF NOTATION

, ' ' 1
1. Binary Besle. The earliest and simplest method of numera-

tion was by pairs designated as the Binary Soele. It is &1l
familiar among sgortsmen vho reckon by bracea and couples. Some
tmces of the hinary scale are found in the early monuments in
china. Two centuries ago L?eibni‘cz? the celebrated philosopher,
highly recommended the birlzary) seale becausé 1t enables us to per-
form ell the operations in syfaholic arithmetic by addition and
subtraction. Another reason for advocating this systam was the
theelogioal 1dea assoeiated with 1%, as unity was conaidered

the symbol of Biety and all numbers were formed out of zero and
uniﬁi?. This scheme of notation was found at that time to be
used by the tribes of Ausuralia, which are claased among the low-
est and the leaat intelligent of aboriginal races of the world.
Traces of the binary scals are also present among the negro 'cribes
of Africa, the Indian tribes of America, and ths nat;ives of South
America. The binary scale inevitably auggests a low degree of
mental development and is more pronounca;i among the Australians
than any other extensive number of kindred races. |

2., Ternary Scale. Another atép in counting was by threes, This

has been preserved by sportsmen under the term f'leeuah,,",:5 meaning

1. Leslle, Pags 2.
2. Conant, ppe 108105,
3. Leslie, page 2.
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8 string_h by which three dogs and uo more ean bs held at once in
the hend, The Bemga;' and Kamilaroia scales are examplas of
the ternary scals. The latter 1s usually given as an example
of & binary fommation, but 1s partly ternary; for inatance; the
word for six, "guliba gulibe”, 3 - 3, is purely ternary. An
occasional térﬁary trace is also found in number systems other-
wiéa decimael or quinaxry vigasixﬁal as found ainong the Haida In-
- diens of British Columbia, In the Wakka dialact,s Tound on

the Burnett River, Australla, a single fernary numeral is found.

 B. _Quaternary Scale.,  Numbering by fours was evidently sug-
ge:ssted‘by taking a psir of objects in each hsnd. The English |
rishemen used this mathod of coumzing their fish and spoke of
every double pair of herring, for instance, s a "throw'; or
moast", The tern "warp," which originally meant to throw,

is employed to denote four in variéué articles of trade., 1%
is élleged that two of the lowast races of savages, the Guaranis
and 'bhé Sulma,,5 inhebiting the forests of South America, count
only ‘by fours; that is, they axpi*ess five by four and one, six
by four snd two, ete, It has been inferred, from the passeges |
of Aristotle, that a certain tribe of Thraciens were accustomed
%o use only the quatemry scala, Instances of qmternary numera-

tion are léss rare than thoss of ternary, Q,uaternary 1‘,::'&1:3&56 are

1. Consnt, page 112, refers to Brinton, "Studies in South Ameri-
can Native Languages,™ page 67.

2. Tylor, pepe 243,

3. Curr, page 108.

4- Leﬂlie, page :3.91

B Tylﬂr, yege 266,

8. Conant, pages 1l3~-114,

1



5.

' repeatedly to be i‘dumi among fhé Indien lanénsiges oi’ Bﬂtish
Colunbia, The pre‘:t‘erenca for four'. is sald 1:0 have ;axisted in
primitive times in the langunges of Qentral Asia, |
In the Hawaiian and & few other langusges of the
islands of the central Pacifie, wk;ere in general the number
systems employed ars decimal, we find a most Interesting case
off the development, within mnnbgr scales already well established,
of both binar,;r and quaternary systems. In Tahitian, Rarotongan,
B Mangarevan, and other dialects found in neighboring islands, cer-
tain of the higher units which originally signified 10, 100, 1000,
have become doubled in value gnd now stand for 20, 200, 2000, In
Havalian and other dlalects they have egain doubled, end there
' t}zéy aténd for 40, 400, 4000. | '.The. dacimal-binéry Bjstem appears
| more regularly on the southern iaiands, while the decimal-quater-
nary system is more Iy:mmlent' on the northern or Nukuhivan island
of the A.x;ahipelago_f.. The deci#@lnqmtarnary system, such as devel~
~oped in Hawallaen dialéct, 15,1’0‘1111&‘ nowhere else in the world ex-
cept in neighboring regions, These Pacific island scales have
been developed %o a very high limit--in some cases; into the mill ons,
The Luld or Paraguayl show a decided preference for base .
four, which r:lvea way only when they mach tens, All numbers abow
that point belong rather to decimal than to guaternary notation,

4. Ouinary Seale‘ The quinary syatem has as 1ts foundation the

praotice of counting the fingers of one hend. I% has been found

by travelera that this system hes been adapt;ed by various nations,

“le Conant, 118, refers to Peacock, "Arithmetie," Enclyclopedia
Metropolitana, paga 479,
2, Conant, pages 113-114,
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Gertain tribes reckon ‘byvﬁ.fés,‘ vwhich they 'eall hends. Mungo
Farkl found this system prasticed ‘emong the Zolofs “and‘Foulaha. '
tribes of Africa , which designated ten by two hands, fifteen
by three hands, etc. Some of the natives of Persis seemed to
have used this system and it is avexi pariially usadk in Fnglend
among vholesale tmders, :

| I the quinary x'mmber:a gystem is extended, it ususlly
nerges into either‘the. deéimal or the vigeaimal systém, the
 result being’ a,c.tmpauna of two, and sometimes of three, systems
in one écale* A pure quinsry o& vigesimal is exceedingly rars.
The Eskimos of Point Barrow, though their systems may properly
be classed as mixed systm, ~exhibit a declided preference for
five as a base, One of the purest examples of guinary numera-
ti&ms iz that furnished by one of the Betoga dialaects of South
America, making no use of elither "man" or "foot", but rackoning
golely by fives or hands, |

4
Ss _Senary Seale. The senary secale is said to have been adopted

at one time yin China by the order of 'a eapricious tyrant, who,
having conceived an aéﬁrolo{;ical fanay for the number six, com-
manded its saverai conbinations to be used in all concerns of
business or learning thmughont his Vaai; empire, Pott reﬁarkss
that the Bolans, of western Africa, appear to make some use of

slx as their number base, but their system teken as a vhole is

L BI'OOKB, rage iza,
2. Oonant, page 137.
3. Conant, page 57.
4, Leslie, page 21.
5. Conant, page 120,
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rea],iy a 'quinarwﬁadimal. The languege of the Sundas,l oxr
mountainesrs of Java, contains traces of senary counting,

8. Septenary Scals, The number seven, aceording to Brooks,

has been ’regardéa as & kind of magle number., Its fraquent
use in the Bibdle has caused 1t to bo regarded as & sacred
number, the basis of & celestial aystem,

7, Qotery Seale. The ocotary aaalea is said to have been

used by the anclent Saxons, but how, or for what purpose, is

not ataﬁ;ed. “In the histo;:v of f:he Aryan race, this scale was
regarded as the predecessor of ﬁhe decimal scale, The use and
importance of the number eight as a base in China, India, central
Asia, among some of the ‘islax‘xds of the Pacific, and in central
Amsrica, has led Conant to beliéve that there was & time long
before the beginning of recorded hiatory, when eight was the
common number base of the world. ‘

8., Nonary Scals., The Senary, Saptenary, Octary, and Nonary

Scalas {formed on the numbere eix, seven, eight, and nine, re-
spectively) so far as can be learned have never been used ¢x-
ceassively by any nation or triblé. o matural reason exists for
tha cholce of any of thase numbers as a basis,

Many years ago a statement‘& appearsed which at once

attracted mush attention and curiosity. It was to the effect

l. Conant, 120, refers to Crawford, History of Indian Archipelago,
Vol. l, page 256.

8. lappenberg, page 82,

3. Conant, page 119; Brooks, page 123.

4, Conant, page 123. Footnote--Information upon which above state~
ments are based was obtalned from Mr, U, L, Williams of Gisborns,
Nl
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‘bnaﬁ the zvmmber‘ elsven was used as the basis oi" the numeral |
system of %he Mao‘ris, thé aboriginal inhabitants of New Zealend.
For a long time the Maori scale was looked upon as something
quite exceptional and outside all ordinary rules of number sys-
tem formetion, " Upon a closer invaétigation of their language
and customs 1t was found that the system was a simple deoimal
sf;ﬁtem, and thet the error arose from the rollo\&ing habit. Vhen
counting, thg Mmﬁ.s would put aside one to represent each ten,
and then those so set aside would be afterward counted to ascer-
tain the number in the ’haap‘, Farly observers emong this péopla,
sesing them count ten and then set one eside, at the same time
pronouncing a word, imegined that the word meant eleven. This
misconce'ption found its way into the early New Zealand dictionary,

but was later corrected.

9. Duodecimal Scale, The s@ale based on ﬁwelvel may be supposed
tc; have héd its origin from celestial phenomena, there being twelve
lunar months in a solar yesr. This scale sppeared 1in the adoptim
of subdivisions of units of measure and weight and is employed in
whaleéale business to agnief extents An example of the use of the
duodesimal was long sought Tor in vain among the primitive races,
Humboldt, in comnenting on the number systems of various peoples

he had visited during his travels, remarks that no race had ever

used exclusively the best of bases, twelve. But, it was announsced®

1. Leslie, page 25.

2. Conant, pege 133, where reference is made to Schubert, H., quo-
~ting Robert Flegel, In Neumayerts Anleitung zu Wisaenschaftlim en
‘Beobashtuug cuf Reisen, Vol. 11, page 280,
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that ’*'meh disqovery df jsuch a tri‘bbe had kaetually been made, and
that the Aphos of Benus, an foidan tribe, count to twelve by

- gimple wnf&s, and then for thirteen say 12 and 1, for fourteen,
larand‘ 2y étc. |

10. Vigesimal System. The vigesimal éya tem based on twenty,

like the "quinéyy and decimel scules, probably was formed by
counting the tdes in addition to the fingers, The language of
meny tribes indicates that this method has been used, It is be-
lievéd to have ﬁéen usg& by the inhidbitants of the peninsula of
_ Kamsahatka,l the natives of Barbadoes, and by tribes on other
isglands of the Garihbéan Sea, Some of the Eurppean countries
have made use of this ayzstém. Reckoning by scqresz seems to
have prevalled among the Secandavien nations, anb. the descendants
of the ancient Colts. The inhabltents of Biscay and of Armorica
are said to reckon 1ike the Mexicans, b:f powers of twenty, or
the terms of pfogreaaive 8COTES,

1l. Densry Seale, The denary scele is the system which has pre-

vailed among all oivilized netions. Its universal use and adoption
manifest the existence of some common principle of n@nbering |
familiar in earlier periods of society, nanely, the practice of
rackoning by counting the fingers of both hands., Among the varims
tribes and nat 101:33 whieh employed this system wers the Muysca In-

dians of Bogota end othax tribes of Bouth America, The Peruvian

1. Brooks, page 125,
2, Lusile, pags 27.
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system wae & pure decimal systen,

The universal edoption end use of the decimal sys-
pem' amcng all eivilized nations might lead some persons to re=-
gard this basis as the perfection of simplicity snd utility. It
has besn“shuwn that this base is entirely arbitrary. If a new
basis were %o be selected by mathematicians, familiar with the
properties of nuinbera, several considerations would undoubtedly
lead them %o adop_t some scale othey than the qeoimal system,
Some of the disadvantagesz of the decimal basiie are the foilow«
ing:

First, the decimal seale is unnatural., It has been
urged that it is the most natural that could have been chasen.
However, thaere is nothing natural about it except the fingers
and they are grouped by fours instead of fives., In nature and
art things seldom if ever are seen to exist in tens., Nature
usuau.y groups in pairs, in t&reas, in fours, in fives, and in
aixes, Man, doubles, triples, and quedruples his units; he
divides them ix;to helves, thirds, and quarters, but where does
he estimate hy:teﬁs,‘ or tenthe? o

Beuond, the decimal method is unseientific, The con-
fused idea of the relation of the base of the scals to the mode

of notation hes lod soms to suppose that the decimal system is

l. Conant, page 208,
2. Brooks, pages ll4-115,
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scientific. The decimsl scale originated by mere chance and
has no relation whatsoever to the Hindu notation of place |
value by tens, hundreds, eta,

Third, the decimal scale is inconvenient. One of
the essentials for a baa§ is the property of being divisible
into & number of smaller numbers, and the other is that the

number be neither too large nor too small, The nurber ten per-

‘mits only two such divisions, the half and the fifth, The

- %hird, fourth, esnd sixth are not exsct parts of the denary base;

‘in consequence of which it is inconvenient to express fractions
in the seale, If twelve were th; basis, the half, third, fourth,
and sixth eould all be expressed in a single place; whereas the
fourth now requires two places (.25), and the third and sixth

cannot be expressed exactly in the decimal scale.

- IV. PROPOSALS FOR CHANGE OF BASIS

1~ 2, . Binary and Octary SoéleS. Several other bases have been

recommended as preferable to the ﬂécimal; the most important of

which are the Binary,kthe Octary; and the Duodecimal. The binery
1 ) o : ‘
scale was advocated by Leibnitz. He even constructed an arith-

metie upon this basis, called the Binary Arithmetic., The objection
to this base is that it requires too many nemes and becomes very
cumbersome in writing lerge numbers. The octary scale haé also

been strongly upheld,

1. Conant, 102-103,
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3, bmgdacimai Secals,  When éverything is éoneidered, it is
probable that ﬁha duodecimal scale would be the most sultable,
The humber twelvé compliescwith both essentials oif a base, Its
susceptibility of division S.nto’hélveks_,, thirds, fourths, and
sixths, is en especie.l reconmeﬁdatiun and' is also one of the
advantages over the deciixzal scale. The folloﬁing, tablelwill

help to note the ndvantages of the latter system:

DECIMAL SCALE | DUOCECIMAL SCALE
1/2 =5 If& s 68t 1/2 = .6 1/6 = .2
1/3 = 333+ ° 1/7 = .142857+  1/3 = .4 1/7 = .186135 +
1/4 = .26 1/8 = 125 = 1/4 = 33 1/8 = .16
/5 = .2 1/9 = J1114 1/5 = ,2457+1/9 = .14

It is seen that in the decimal seale all the simple fractions
used in practice except 1/2 and 1/5 give' oirc;ulates or require
three places while in' the duodecimal sasle the most common frace
tions used in business transactions are expressed in & single
place, and even 1/8 and 1/9 require only two places. A'ver'y in-
teresting phenomenon which shows hers is that 1/6 =and 1/7 are
‘perfect repetends in the duoaééimal scale, |

A natural tendency seems to be to lean tomard the duo-
decimal scale since large numbers are reckoned by the dozen, the
gross and great gross, that ls, by powers of twelve. The mil-
tiplication tubles inplude twelve times, the \aivision of the year
intol ?mntha, the cirele into twelve signs, the foot into twelve
inehe%r:dthe pound into twelve ounces are other attracting factors

to the duodeoimal scale.

1, Brooks, page 117.
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The _vmjiou's ob jections Vo the deciml soale hgve led
seientific men %o advocate a change in our scale of numeration
and notation, Such a ’chéknge would be of great advantage %o
seience and art, yeﬁ practical diffiaulﬁies are so great that
é. revision seems almost impossible, Two systems would be necess-
ary but sush was the situation in Europe when the transition from
the Roman to the Arabic system was made, The ﬁiatory of several
different nations hes teken in the changes of notation, some
naﬁvior;s"having changed two or thxfae times, . The Greeks changed
thaixé‘, Pirst for the alp!iabetic.; and af’cafwards, witﬁ the rest
of the c;mn'zed world, for the Arablc system. The Arabs first
adopted the Greek and maé anangéa it for the Hindo method. The
people of Europe chaizged fron the Roman tok the Arabic system even
a8 ’la‘sg as thé fourteenth aentury, though 1t took one or two cenw
tﬁriea to make the tranéition. A wﬂtérl for one of the Americen
parioﬁieals says, whe;x speaking of a change in ’notai‘;ion, ‘"The
 probability is that it will be done. The question is one of
time rathey then of fact, and there is pléﬁty of time, The
diffusion of education vill ultimately csuse ﬁ; to bs demanded.”

A short : tiiiie:‘oefore his death, Charles XII of Sweden,z
while lying in the ﬁrénchea before a Norwegian foi'ti'ess, seriously
, dalibara‘bed on a scheme of introducing the duodecimal system of
numam-bion 1nto his domain.

1. Brooks, page 119,
2. Conant, page 132.
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V. RELATIONS WHICH EXIST BETWEEN SCALES

Theorem I. Any positive intezer N can be expressed in a

number seale of glven radix s as

Nary+ T * rgsz t evivonce + rnsn

where r,, T, TpreessssoX, 18 8 complete residue ‘syatem rnodulo 8.

Proof;

4

If 8 = 1, the theorem is obvious.

H

If 8 = 2, there exists an n such that
R SN 5 8%
where n could be zero if N = 1 (Axiom of Archimedes).
Then
N

(24

r8" + o, where o, < st

o0 = Ty g™l 4 ¢, where 0 <™t
B [

=3

<8

02:2‘ 5

_ P ¢y Where o

BELLINABBISCOBRIRIRNIBODNELETORNOLNRY
SERABLUIESIINISQEOLBOPPBBADBIVUGOLS

Op =T858 t0o, whexre 8,4 8

As thers exists a finite number of remainders e;< sn-i-rl this
process must come to a close; that is, finally
On = I’o
o N:I‘O’P?ls L) 2282'9' inesetd I'nsn (1)

1. In Chrystal's Algebma, Part I, page 163, a more general theg;eml
i_s proved from which Theorem I may be-obtained as a corollary.
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Corollary 1., The representation in (:_L) above ig unique,

Corollory 2., The number of places necessary to express a

number in & system of given radix is n 4 1 where n is the high-
est power of the base less then or equal to the given numbor,
» lea:
l. Express 221 of the decimal somle in the binary, ternary
and dnodecimal soales,
‘l‘he highest power of 2 contathed in 221 18 7, ,°. the number
of digits requirad t0o axpress 221 in the binary secale is 8,

?+13 +0254-12 1-13 4122-}021&1

221 1 8
Hence,

221 (decimal scals) = 11011101 (binary scale)

The highesi: power of 3 contained in 221 is 4, and the number
of places necessary to expross 221 in the ternary scale i1s 5,

321 (de‘cimal scale) « 22012 {ternary svale)

Sinee 12° 1a the highest power of 12 contalned in 321, it tokes
8 places to express 221 in the duodecimal scale.

221 (deoimsl sosle) = 165 (duodecimal scele)

2, Express 40 of the duodecimsl scale in the ternary and

quinary secales.

1]

40 (duodecimal soale) = 2020 (ternary scale)
40 (duodecimal scals) = 220 (quinaxy scale)

t

Theorem IX,  Any number
Ne f(Sl 2 Py + 1‘15 A § 1’232 + ssecnve + rnsn

is divisible by s-k, where k<s, if £{k) is dlvisible by s-k.
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Pxpand s as (s-k+k).
Henae,

N bod f(S) ﬁ‘ro + rl(B—-k-(-k) + 1‘2{64&?&1{)2 + senss *
n 2 n
rn(s-lﬁ-k). = r;rlk + rak + oceees t rnk +
1y {8=k) +‘2r k{a~k) + T (s--k)a +T (s-k)5 '
2 2 3
srgk(s-k)? + ark%(s-k) + v,(s-)* + v k(sk)” 4

5 ,
6r§k2{5~k)3 t+ argk (8=k) + coene r,(s=k)® +

nr fe(s=k)™™ 4+ sovress # nlned)reee2ed TR Hauk),
in-1)

Taking the derivative of £(s) we hava

. - S 2 .
P (s) z Ty 2r43~k} + argk + 3r3(5~k) # Shﬁrsk(s~k) o+
2 3 ) 2 2 '
3?3k + éxé(snk} + 3 4rgk(s~k) + 2+321 K (s~k) +

3 eyl - 1 =2
érék R grn(s k) + (n l)nrng(s k) ¥

ivess 4+ nrhkn“l,

" 2
£ (8) = ara + E-Brg(s»k} + 2~5r3k +'5-4r4(a~k) + 2-5'4r4k(a~k) *

2-2-87, £ ¥+ seeer + (a-L)ury(s-)™2 4 (n-2) (n-1)+
nrnk(S"‘k)n"ﬁ ¥ sesennncos
£"(s) = 2305 + a-a-érg(s-k) * 3-5'4r4k + esses + (n=2)(n-1}e

ﬂrn"B“‘k)nﬁz + (n“:‘;)(n"g)(n"l)nrnk(ﬂ"k)n.é + esveners .

M A N RN R R N R N AN A N R N R S RS A A RN NN Y
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AURIBABOPRISENER B ROUU P HECNINABIRBINeORAREtENOOEION

: fn(é) - nrhkn
Consider 8 = k, thenm -
Nz £(s) = £(k) + (ry ¢ arglk + Srakg + 4T,ks 4 eeens #)(8K) +
(2r, + z,-sz?gk + z‘a‘-rsréz;z Foevend) (ak)? ¢ (2-3r; +
2-3-4x,k + cevee)(8-k)P + ..Qu; #owuan)(8=k)2

~ VWie have, when substituting the derivatives for the polynomials,
the foilowing: o
W= f{e) = £lk) + £/ (k) (e=k) + £700) (s-k)® + i’”gk)(s-.k)a Fere
13

|

=]

e ¢ 27 M0 (800" 4 2P l) (50
oL

g

which is Tayvlor's series,

Thus, ¥ is divisible by s~k if £(k) is divisible by s-k.

Theorem ITI, Any number

’ P - 2 n
N -d f(s) 1 1"0 + rls + 3:'28 * sevne % rns

LA

is divisible by sik, vhera k s, if £(«k) is divisible by s+k.

, 2
o f(8) 2N =T+ 2.5 4 T8 4 aaees 4 rnsn

Expand s as (s+k-k).

£(s) = T, + rl(s+lc~k) + rz(s+k~kf2 + rs(s+k~k)3 A
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e R AL
=T, x‘lk + rak rﬁk toaeree t rn( k)© ¢ rl(s-rk) +
r (opk)2 = 22 Klork) 4 ra(o#k)® = Bz k({sik)® +
a a av ! )
op k2(ssk) ¢ T (sﬂ:}4 - 3r k(s+k)5 + 61 k3(a+k)2 -
3 4 4 4
31’4!53{8“'1:) # soens P rn(ka)n - ﬁrnk(s“k)n“l + ssonne .

Then

£(8) = N = £(~k) + £ (=k)(s4k) + £ (k) (8ek)® ¢ £7(-K) (pk)® #

wnaan b ﬁ%}(g‘”{)n
Lwni /

Hence,

¥ is divisible by 8 4 k if £(~k) is divisible by s + k.

Divisibility. The laws of divisibility of any number N in our

syatem, (that is where B = 10) by integers arve special cases
of the above theorems.
Examples considering s -~ ke
le If k=1,
N is divisible by 9 if Ty # Ty + 05 & enves t T
is divisibls by 9, Hence, a number is divisible
by 9 if the sum of its digits is divisible by 9.
2, Itk =« 8,
| N is atvieible by 6 if KT, + ke, 4 7_ or the lost
three:ﬁigits to the right express a number which is

divisible by 8 or are allkzeroa.



5. IT k = 5,
¥ is divisible by 5 1f the last digit to the xight
(x,) is divisible by 5, that is, if it is zero or 5.
4, IT k = 6,
N is divisible by 4 if rk 4 ¥ or tho last two
""" digits to the right are divisible by 4 or are both
Zeyos.
5. I k = 8,
N is divisible by 2 ;r rb or the lest digit to the

»ight iz zero or an even number,

Exampled considering s + k:
1, If k = 1, | |
‘ n. nel
N is divisidble by 11, if (-1) r + {-1) rn 1 * e
Tanese + (*1)3332 + (f;)rl tr, or the difference
between the digits in the odd places and dven places
is dfvisible by 11,

Thaorem IV, vThe deaizﬁal value of a fmo‘tion k/s is .k, where
8 i8 the radix, (k - 1, 2,a§-«uq«, 5“1}-

Proof:

Sinse 1 = o1
8

Then

1

2

2‘03

‘ wja oo

I XA R R R
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and _8‘__‘:3;: «{8=1)
. 5

In generel k/s = Jk

Theorem V. The deoimsl velus of & frmction k/s - 1 is Xk
b= et g

where s 1s the radix.i (k2 1, 2yesesessy 8=B),

Proof:

Since 7 1 = sl “}_“ W1l 1 = J11lleaese = «1
~ Be] g-1 gel

123

Then _2 = «222 = 48
g=-1 '

fECIBAGANBRDESOD

‘&Bﬁl‘ﬂi!‘ﬂi&’i.ﬁ

8“8 et 1{3‘2)
8=l

In general k/s - 1 = .k
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8 9 10 1 12

Decimal 0 1 2 3 4 , ,

Binary 0 1 10 11 100 101 110 111 1000 1001 1010 - 1011 1100
Ternary - 0 1 2 10 11 12 - 20 21 22 100 101 102 110
Quatermary 0 1 2 3 10 11 12 13 20 21 22 23 30
quinary 0 1 2 3 4 10 11 1z 13 14 20 21 22
Senary ¢ 1 2 3 4 B 10 11 1z 13 14 i5 20
' Septenary 0o 1 2. 3 4 5 8 10 11 12 3 . 14 15
Octary 0 1 2 3 4 5 6 7 10 11 iz 13 14
Nonary 0 1 2 3 4 5 8 7 8 10 1 12 13
Un decimal 0 1 2 3 7 5 8 7 8 9 e 10 11
Duodecimal 0 1 2 3 4 5 8 7 8 9 G ¢ 10
Decimal 13 14 15 16 17 18 19 20 21 22 .23 24 25
Binary 1101 1130 1111 10000 10001 10010 10011 10100 10101 10110 . 10111 11000 13001
Termary 111 112 120 121 122 200 201 202 210 211 212 220 221
Quaternary 31 32 33 100 101 102 103 10 n1& 12 | 113 120 . 121
Guinary 23 24 30 31 33 33 34 40 41 42 43 44 100
Separy 21 22 23 24 25 30 31 32 33 3% 35 40 a
Septenary 16 20 21 22 23 24 25 26 30 31 32 33 - 34
Qctary 15 16 17 20 21 22 23 24 25 26 27 30 31
Nonary 14 15 16 17 18 20 21 22 23 24 25 26 27
Unodecimal 12 13 14 15 16 17 18 ig 16 20 21 22 23
Duodeeimsl 11 12 13 14 15 16 17 18 19 16 ¢ 20 21

Table which shows the numbers from O to 25 in 11 systems of notation with the numbers from 2 to 12 as
bases. (@ and ;5 are characters introduced to represent 10 and 1l, respectively).

th
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