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Abstract

In this dissertation we further develop the bilinear theory of vector valued
Calder6n-Zygmund operators, Littlewood-Paley square functions, and singu-
lar integral operators. These areas of harmonic analysis are motivated by po-
tential theory, boundary value problems in partial differential equations, har-
monic and analytic extension problems in complex analysis, and many other
classical problems in analysis. Multilinear operator theory addresses difficul-
ties that arise from product type operations in harmonic analysis. We first
introduce Banach valued Calderén-Zygmund operators in a bilinear setting,
and prove weak endpoint estimates and interpolation results for them. By
viewing Littlewood-Paley square functions as Calderén-Zygmund operators
taking values in a particular Banach space, we are able to obtain bounds of
the square functions on product Lebesgue spaces for a complete set of in-
dices. We give an in depth analysis of Littlewood-Paley square functions,
which includes estimates on some products of smooth function spaces as well
as the estimates on product Lebesgue spaces that are needed to apply the vec-
tor valued Calderén-Zygmund results. Finally, we prove boundedness criteria
for a certain class of bilinear singular integral operators on product Lebesgue
spaces using Littlewood-Paley square function techniques. We provide a new
proof of the bilinear T1 theorem that does not rely on the linear version of the

result. We also prove a bilinear Tb theorem, a result missing in the theory so

il



far. The Littlewood-Paley square function techniques developed in this work
are a powerful tool has potential to solve problems in areas like oscillatory
integral operator theory, multiparameter operator theory, Fourier restriction,

and non-linear partial differential equations.
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Introduction

The purpose of this work is to address the bilinear theory of vector valued Calderén-
Zygmund theory, Littlewood-Paley techniques, and bilinear singular integral operators.
Bilinear integral operators appear naturally in many contexts and have been a source of
many challenging problems in harmonic analysis. Often in analysis, a non-linear problem
can be analyzed or approximated by bilinear operators, much in the same way a Taylor
polynomial can be used to approximate a smooth function. Solving problems in this area
of harmonic analysis have led to the resolution of problems in other areas of analysis,
including partial differential equations, complex analysis, signal analysis, among others.

Much of harmonic analysis is concerned with proving the boundedness of integral op-
erators on appropriate functions spaces. That is, for given an operator T, the goal is often
to prove that ||T f||y < C||f||x for some normed function spaces X and Y. In many situa-
tions, problems of this type can be solved by decomposing the action of the operator into
basic components and controlling their interaction, which in the end implies boundedness
of T'. This is the the approach we take to analyze integral operators in this work.

During the 1950’s, Calderén and Zygmund made great strides in developing the foun-
dations for analyzing a large class singular integral operators (see e.g. [9, 11, 10]), which
came to be known as Calder6n-Zygmund operators. In subsequent years, the linear scalar

valued Calderén-Zygmund theory was developed by many mathematicians, see e.g. Pee-



tre [70], Spanne [75], Stein [77], Coifman-Meyer [20, 21], David-Journé [28], Christ
[16], David-Journé-Semmes [29], among many others. Motivated by the Littlewood-
Paley theory of Stein [76] (which will be briefly discussed later in this introduction),
Benedek-Calderén-Panzone [2] and Rubio de Francia-Ruiz-Torrea [53] defined vector val-
ued Calderén-Zygmund operators and developed the techniques of Calderén-Zygmund
in this setting. Even though Littlewood-Paley theory was originally developed by Stein
through different techniques, the vector valued Calderén-Zygmund theory of Benedek-
Calderon-Panzone and Rubio de Francia-Ruiz-Torrea is now the standard way to prove
many classical results in Littlewood-Paley theory.

In the last half of the 20 century, much of the work of Calderén-Zygmund was proved
in a multilinear setting by Coifman-Meyer [22, 23], Christ-Journé [17], Kenig-Stein [57],
Grafakos-Torres [45, 44], among others. In the work of Kenig-Stein and Grafakos-Torres,
the authors found and proved the multilinear counterparts of many properties of linear
Calder6n-Zygmund operators, which included weak endpoint estimates, BM O endpoint
estimates, and interpolation theory. More recently, the author of this work defined bilinear
Calderén-Zygmund operators in a vector valued setting [49] (see also [51]). This work
included a weak endpoint estimate and some interpolation results for bilinear vector valued
operators. Further results for these operators were given by the author of this work in a
collaboration with Grau de la Herran-Oliviera [47], which included certain BM O endpoint
estimates and more interpolation results.

The Littlewood-Paley theory developed by Stein [76] in the 1950’s formed a charac-
terization of L”(R") using various decompositions involving harmonic extension. In the
following years, there were many contributions to the study of Littlewood-Paley theory
in this context, see e.g. Besov [5, 6], Taibleson [81, 82, 83], Peetre [71, 72], Triebel

[85, 86], Lizorkin [61], Coifman-Meyer [21, 24], Kurtz [58], David-Journé [28], David-



Journé-Semmes [29], Duoandikoetxea-Rubio de Francia [31], Christ-Journé [17], Jones
[56], Semmes [74], among others. These works included Lebesgue space bounds for
the Littlewood-Paley square functions, as well as smooth function space estimates for
certain modifications of the square functions. Over the years, Littlewood-Paley theory
has developed into a very useful decomposition and estimation tool that can readily be
interpreted as a frequency decomposition. In particular, it has been used in the anal-
ysis of Calderén-Zygmund theory in what is commonly called P-Q methods based on
the works by Coifman-Meyer [21, 24], David-Journé [28], David-Journé-Semmes [29],
Christ-Journé [17], Semmes [74], among others. Even today, linear Littlewood-Paley the-
ory is still an active area of research, see e.g. Duoandikoetxea-Seijo [32], Cheng [15], Sato
[73], Cruz-Uribe-Martell-Pérez [27], Grau [46], and Duoandikoetxea [30].

It was not until recently that this Littlewood-Paley theory was extended to the bilinear
setting by, see e.g. Maldonado [62], Maldonado-Naibo [63], the current author [49, 51],
Grafakos-Oliviera [41], the current author in collaboration with Grau de 1la Herran-Oliviera
[47], and Grafakos-Liu-Maldonado-Yang [40]. The first works in this area by Maldon-
ado and Maldonado-Naibo achieved square function bounds on product Besov-Lebesgue
spaces and in some particular cases on product Lebesgue spaces. In [49, 51], we prove
bounds for the bilinear Littlewood-Paley square function on product Lebesgue spaces,
making use of vector valued Calderén-Zygmund theory. Some of these results were ob-
tained concurrently by Grafakos-Oliviera [41] and Grafakos-Liu-Maldonado-Yang [40].
In recent work, we have also proved Lebesgue space bounds for weaker local testing con-
ditions in [47].

Singular integral operator theory was developed at the same time as the work listed
above, and in fact, much of the work mention above was developed for the purpose of

studying singular integral operators. In particular, David-Journé [28] developed and used



Littlewood-Paley theory to prove the T1 theorem, which provides a characterization for
L? bounds of Calderén-Zygmund singular integral operators. The proof in [28] was later
simplifies by Coifman-Meyer [24], again using Littelwood-Paley square function theory.
Littlewood-Paley techniques were also used by David-Journé-Semmes [29] to prove a Tb
theorem, which is a perturbation of the T1 theorem. Another version of the Tb theorem
was proved by Christ [16], although his proof was not based on Littlewood-Paley theory.

A multilinear T1 theorem was proved by Christ-Journé [17] and Grafakos-Torres [45,
441, but their proofs do not rely directly on Littlewood-Paley theory in the same way as the
proofs in the linear setting, [28, 24]. Instead they argue by freezing all but one function,
and iteratively apply the a linear T1 theorem in some sense. A new proof of the bilinear
T1 theorem was provided by the author of this work in [50], which uses the Littlewood-
Paley theory constructed in [49, 51] to give a proof that parallels the ones of David-Journé
[28] and Coifman-Meyer [24]. In this work, we will present this proof of the bilinear T1
theorem, and prove a bilinear analog of the Tb theorem of David-Journé-Semmes [29] and
Christ [16]. Like the new proof of the bilinear T1 in [50], we argue using Littlewood-Paley
theory to conclude operator bounds for bilinear singular integral operators, but now with
perturbed cancellation conditions for Tb in place of T1.

The main results of this work are: (1) Weak endpoint estimates for bilinear vector val-
ued Calderén-Zygmund operators, (2) product Lebesgue space bounds for both perturbed
and unperturbed bilinear Littlewood-Paley square function operators, (3) a new proof of
the bilinear T1 theorem via Littlewood-Paley theory, and (4) a bilinear Tb theorem via
“para-accretive perturbed” Littlewood-Paley theory. Most of these results have been pub-
lished or accepted for publication in articles by the current author in [49, 51, 50], and in a
collaboration with Grau de la Herran-Oliviera [47]. some of the results are new, and will

be submitted for publication soon.



This work is organized in the following way: We provide some definitions, basic prop-
erties, and notation in Chapter 1. In Chapter 2, we define bilinear vector valued singular
integral operators, and extend some results from the scalar valued theory to the vector val-
ued setting. As mentioned above, the results in this section were originally proved in [49]
and [47]. In Chapter 3, we prove some interpolation theorems for vector valued operators,
most of which are natural extensions of scalar valued interpolation results. Again these
interpolation results were published in [49] and [47]. In Chapters 4 and 5, we prove al-
most orthogonality estimates and convergence results in both linear and bilinear settings.
Most of the convergence and linear almost orthogonality results presented are well estab-
lished, but some of the bilinear ones are new. A few of the bilinear results were proved
by Maldonado [62] and Maldonado-Naibo [63], others first appear in [49] (see also [51]),
and a few are currently unpublished results of the author. In Chapter 6, we prove a number
of square function bounds in what may be interpreted as vector valued T1 and Tb theo-
rems. The bilinear results in Chapter 6 are an accumulation of the work of many people:
Maldonado [62], Maldonado-Naibo [63], the author [49, 51], Grafakos-Oliviera [41], and
Grafakos-Liu-Maldonado-Yange [40]. In Chapter 7, the Littlewood-Paley square function
theory developed in Chapter 6 is applied to provide a new proof of the bilinear T1 theo-
rem and prove a bilinear Tb theorem. The bilinear T1 theorem was originally proved in
[17,57, 45, 44], and we provide a new proof that was originally done in [50]. The bilin-
ear Tb theorem is proved using similar Littlewood-Paley theory, and contains a slightly
different way to prove the linear Tb theorem.

This work was completed with the support from the NSF grant DMS 1069015 as well
as several graduate awards and scholarships from the University of Kansas Department of

Mathematics.



Chapter 1

Preliminaries

In this section, we set notation, introduce some mathematical objects, and classical results
that we use throughout the work. We will assume a background knowledge of real analysis,

measure theory, functional analysis, and some elements of Fourier analysis.

1.1 Geometric Notation

Fix an integer dimension n € N, and the Euclidean space R". For x € R", define the

n %
x| = (Z !xi|2> :
i=1

For a complex number x + iy € C, define the modulus |x+iy| = |(x,y)|. Given a Lebesgue

Euclidean distance

measurable set E C R", define |E| to be the Lebesgue measure of E. Forx € R* and R > 0



define the ball centered at x of radius R
B(x,R) ={yeR":|x—y| <R}.

A set O C R" is a cube with side length R > 0 (with sides parallel to the axes) if there
exists x € R" such that Q = {x+y:y € (0,R)"}. Also define the cube centered at x of side

length R
Q(va) = {y € Rn : max(|x1 _y1|7--~7 |xn—)7n|) < R/2}

Given a cube Q, we define ¢(Q) to be the side length of Q. For k € Z and j = (ji,...,ju) €
7', define the dyadic cube

Qjx={xeR": j2" <xi < (ji+1)2"},

the collection of dyadic cubes of scale 2 to be 7 = {Qjk:j€Z"}, and the collection of
all dyadic cubes Z = {Qx : j € Z", k € Z}. Given a dyadic cube Q;  for some k € Z and
J € Z", there exists a unique cube R € Z 1 such that Q; ; C R; we define this dyadic cube
R to be the dyadic father of Q; . Given a dyadic cube Q; for some k € Z and j € Z",
there exist Ry,...,Ry € Z_1 such that R; C Qj fori=1,...,2"; we define these dyadic

cubes Ry, ..., Ro» to be the dyadic children of Q) ;.



1.2 Function and Operator Notations

Forke Z,x,y e R", R >0, and f: R" — C, define

PO =y 2= () ana i) =24t

For any set E C R", define yg : R” — C tobe 1 on E and 0 on R"\E. For any set E with

positive measure and measurable function f, define the average of f over E,

1
Avgpf = E/Ef(x)dx.

For k€ Z, N > 0, and x € R”, define

2kn

) = Ty

For ty € R, define the Dirac delta measure concentrated at 7y as a measure on R by

1 nneFE
6t0(E): .
0 tp¢E

A function b is called para-accretive if b and b~ ! are uniformly bounded and there exists a

constant ¢y > 0 such that for every cube Q C R”, there exists a sub-cube R C Q such that
> Cp-

/R b(x)dx

A function a : R" — C is an H' atom if there exists a ball B C R” such that supp(a) C B,

1
0]

a has integral zero, and ||a||;~ < |B|~".



Given functions f,b : R" — C, define the pointwise multiplication operator My, f(x) =
b(x) f(x) for x € R". Define the Fourier transform f = .% [f] of a function f : R" — C for
EeR”

FINE) = &) = [ e ax
whenever the integral converges, and the inverse Fourier transform .% ~1[f] = f~for x € R"

FUD) =10 = (g [, FEE

whenever the integral converges. Given two functions f,g : R” — C, define for x € R"

fxglx /fxy

It follows that f/;g = fg, when f and g are nice enough for these integrals to exist. For a

measurable function f : R” — C, define the Hardy-Littlewood maximal function

1) =sup o [ 170y

B>x

where the supremum is taken over all balls B C R” that contain x. Variations of the Hardly-
Littlewood maximal function are formed by replacing the supremum over balls contain-
ing x with ball centered at x, cubes containing x, or cubes centered at x. There exists
constants ¢,C > 0 such that for all measurable functions f : R” — C, x € R", and any of
these variation . of .4 , the pointwise inequality c.Z' f (x) < .# f(x) < C.# f(x) holds.
Since these operators are pointwise comparable, we will use these variants interchangeably

throughout this work.

10



1.3 Function Spaces and Their Topologies

Given a topological vector space X, we define it’s continuous dual, denoted X', to be the
collection of all continuous linear functionals W : X — C. In this work, the only topo-
logical vector spaces we work with have topologies that are characterized by sequential
convergence. So for the purpose of this work, we say that a linear functional W : X — C

is continuous if for fi, f € X
lim f; = f in X implies lim W(f;) = W (f)
k—ro0 k—yo0

where the second limit is a limit of complex numbers. We endow the dual space X’ with

the weak* topology, i.e. for W, W, € X', we say that Wy — W in X’ if for all f € X,

lim W (f) = W(f),

k—ro0

as a limit of complex numbers. Given a para-accretive function b : R” — C and a topo-
logical vector space X made up of functions f : R" — C (or Lebesgue almost everywhere
equivalence classes of functions), define bX to be the collection of all functions f such
that b~ f € X. Define the topology of bX via f, f € bX satisfies f; — f in bX if and only
if b= f, - b~ finX.

Throughout this work, let % be a seperable Banach space with norm |- |4, and dual
pairing (-, ) g . i.e. for f € Band W € B', W(f) = (W, f) 5 5. We will write
(W, f) .2 = (W, f) when the meaning is clear by the context.

Define C* = C*(RR") to be the collection of all infinitely differentiable functions from

R"into C. Let Cj be the subspace of C* of compactly supported functions. We also define

11



Schwartz semi-norms p, g for o, § € Nj

Pap(9) = sup x“f p(x)],

xeR?

and the Schwartz class of rapidly decreasing smooth functions . = .(R") to be the
collection of all functions ¢ € C~ such that p, g(¢) < oo for all &, € Nj. We endow .7

with the topology induced by the metric

—j_Pi(f—¢)
do(f,8) = j;,\]z jm,
where {p;} jen is an enumeration of the countable collection {py p}q geny. Also define
subspace .y = S(R") C . of all functions with infinite vanishing moment, i.e. the
collection of functions f € . that satisfy 9% £(0) = 0 for all o € Ng- Define the class of
tempered distributions, .’ = ./(R"), the continuous dual of ..
Given a real number 0 < p < oo, define L (R",C) = LP(R") = LP to be the collection

of almost every equivalent classes of Lebesgue measurable functions f such that

i = ([ 1rpas) <o

with topology generated by || - ||z», which is a norm for 1 < p < o0 and a quasi-norm for
0 < p < 1. For p = o, define L (R",C) = L*(R") = L to be the collection of equivalence

classes of almost everywhere equivalent Lebesgue measurable functions such that
[|f]|z= = inf{C : |f(x)| < C fora.e. x € R"},
with topology generated by || - ||z~. For 0 < p < o, define the subspace L’ of L to be

12



the collection of all functions f € L” with compact support. For 0 < p < oo, define LP*
(which we call weak L?) to be the collection of equivalence classes of almost everywhere

equivalent Lebesgue measurable functions such that

[1fl]zpe= = sup Al{x s |£(x)] > A}|VP.
A>0

It follows that || - ||zr= is a quasi-norm on L”*. In the case p = oo, we define L™ = L*
with the same norm. Define L, =L (R") for 0 < p < e to the collection of all functions
f:R" — Csuchthat fyg € L for all compact sets K C R". Also for 0 < py, p» < oo, define
LV L2 ={fi+ fr: fi € LPi}.

Define the class of functions with bounded mean oscillation, BM O, to be the collection

ofall fe Lllo . such that

1
Ufllawo = sup o [ |£(x) ~ Avgofldx <o
cubes QCR”|Q| 0

Define H!(R") = H! to be the collection of all functions f € L! such that R;f € L! for

each j=1,..,n, where R; is the j'" Riesz transform. Also define the H' norm

1Al = 1A+ ) 1R f1]
=1

J

Later in this section we will state an atomic characterization of H', which will provide a
more tractable way (at least in this work) of working with the space H'.

For § > 0 and f : R" — C, define the §-Holder norm for 0 < § <1,

1flls = sup L =W

XF£y |x_y|5

Y

13



and the class of §-Holder continuous functions with compact support, written Cg (R*".C) =
CS(R") = Cg , to be the collection of compactly supported functions f : R* — C such
that || f||s < oo. Since we restrict to compactly supported functions, it follows that || - ||5
is a norm on Cg . Even though C! and Cé are typically used to represent the class of
continuously differentiable functions, we define C! and C(l) to be the Lipschitz continuous
spaces in order to keep consistent notation.

Let ¢ € .7 with integral 1. Define y(x) = 2"¢(2x) — ¢(x) and Orf = yi * f. Then
we define the homogeneous Triebel-Lizorkin space Fpa’q forl1 <p,g<eocand o € Rtobe

the completion of .7 with respect to its norm

1

£l = (Z 2“’“’|Qkf|")
keZ

Ly
Similarly define the homogeneous Besov space Bg’q for1 < p,g <o and a € R to be the
completion of .% with respect to its norm

1

1/l 5ea = <Z 2aquQkag,,> .

keZ

Given different ¢, ¢, € .7, each with integral 1, this construction defines the same col-
lections Fpa’q. Furthermore the norms generated by the two functions are equivalent up to

a multiple depending on ¢; and ¢,. Likewise for the Besov spaces Bg’q.

14



1.4 Operator Notations

Given topological vector spaces X, Y and a linear operator T : X — Y, we define the

transpose 7% : Y/ — X' in the following way: For W € Y' and x € X
<T*W,x>xl7x - <W7 T.x>yl7y .

Given topological vector spaces X, X2, Y and a bilinear operator 7 : X; X X, — Y, we
define the transposes T1* : Y’ x X, — X{ and T?* : X; x Y’ — X], in the following way: For

WeY andx; € X;fori=1,2

<T*1(W’x2)’xl>Xf,Xl - <T*2<x17W)7x2>X£7X2 = <W>T(x17x2)>Y’,Y :

For notation purposes, we will write 70 = T

Let T be a continuous operator from X into Y’ for some topological vector spaces X
and Y. Then T* is defined from Y” into X’, but one can also define T*|y : ¥ — X’ as the
restriction of T to Y via the embedding of Y into Y”. In this situation, it follows that T is
continuous from X into Y if and only if 7*|y is continuous from Y into X’. This situation
arises in Chapter 7. In Chapter 7, we will drop the notation 7*|y and simply write 7* for
the operator from Y into X’. We make a similar convention in the bilinear setting: For a
bilinear operator T from X; x X; into ¥, in Chapter 7 we identify T'* : Y x X, — X| with
the restriction to Y in the first spot and 72 : X; x ¥ — X; with the restriction to ¥ in the
second spot.

Let X and Y be normed spaces, and T be an operator with domain X taking values in

15



Y. We say that T is bounded from X into Y if

ITlxy = sup [|[Tflly <.
feX,HfHX:1

Let X1, X», and Y be normed spaces. An operator 7 is bounded from X; x X, into Y if

T ||x, X,y = sup T (fi,f2)lly < ee.
FiEX, Ifill=1

1.5 Integrating Banach Valued Functions

In this section, we give a very brief introduction to Banach space valued integrals. We will
state the results without proof, and refer the reader to Yoshida [90] for the details of the
proofs. Although this integration can be defined on more general measure spaces, we will
only define it for integration on R" with the Lebesgue measure, since that is all that is used
in this work.

Given a seperable Banach space %, a function F : R" — £ is a simple function if F
takes only a finite number of values vi,...,vy € %, and E; = F~!({v;}) has finite Lebesgue

measure for i = 1,...,N. In this case F' can be written for x € R"

N
F(x) = ;W%Ei(x) €A.

This simple function representation is not unique, but is consistent. Define the Banach

valued integral of a simple function F as

N
/F@M:ZMME%
R7 i=1

16



which is consistent for different representations of the simple function F. A function F :
R" — 2 is measurable (or strongly measurable) if there exist Z-valued simple functions
F such that F, — F in 2 as k — oo. If in addition |F — Fj|4 is a real valued integrable
function for all k € N and

lim | |F(x)— F(x)|zdx =0,
Rl‘l

k—>o0

then we say F is a #-valued integrable function. If F is Z-valued integrable, then there

exist simple functions F; that converge to F in % and v € # such that

lim
k—>o0

Fi(x)dx—v
Rl’l

B

where this limit exists in the topology of #. In this situation, we define

/HF(x)dx =

If F is an integrable function, it follows that |F| 5 is a real valued integrable function, and

/Wp(x)dx < /R IF ()| gl

If F: R" — % is an integrable function and G € &', then (F(x),G) 4 4 is a complex

valued integrable function satisfying

[ 6P = (6. [ o)

Re e

Given a Banach space 4, define LP(R", %) to be the collection of Lebesgue almost

everywhere equivalent classes of % valued measurable functions F : R” — 2 such that
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|F |5 € LP. Also define L7 (R", %) to be the collection of equivalence classes of Lebesgue

almost everywhere equivalent Z valued measurable functions F such that |F|4 € LP*™.

1.6 General Conventions and Classical Results

For 1 < p < e, we define p' = p%l to be the Holder conjugate of p, p’ = oo when p = 1, and
p' =1 when p = . A triple of indices 0 < p, p1, p» < o satisfies the Holder relationship
if

1 1 1
-—=—+—, (1.1)
2 U

where we use the convention that 1 = 0. Define the statement A < B to mean that A < CB
for some constant C. The constant C will typically depends on the ambient dimension n,
size and regularity parameters of operators, indices of functions spaces, etc. We specify
the dependence of the constant when it is not clear in context. We will also write A ~ B if

A <Band B <A.

Given a collection {ay }rcz C R and a real number ¢, we define

Y =) a
2k>¢ k=j
where j € Z such that 2/~ <t < 2/. We will use a similar interpretation with the obvious
adaptations for the conditions 2k >t, 2k < ¢, and 2% <t.

To conclude this chapter, we state some classical results of measure theory and har-
monic analysis that we will use throughout this work. The first result we will simply refer

to as the Fefferman-Stein vector-valued maximal function bound.
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Theorem 1.6.1 (Fefferman-Stein [33]) For all 1 < p,q < o and Lebesgue measurable

functions { fi Ykez

(Zu//fk)q) < (z w)q
keZ keZ

Ly Lp

The next result is the atomic decomposition of H! that was alluded to earlier in this
chapter. This characterization was proved by Coifman [18] for H 1 (R) and by Latter [60]
for H'(R").

Theorem 1.6.2 (Coifman [18], Latter [60]) Define H;t to be the collection of all func-

tions
f=Y Aja;
J

where Aj € C form an 0! sequence, a j are atoms, and this convergence holds pointwise

almost everywhere. Define the norm
g, = inf{ZMj] :Aj € C, aj are atoms, = Z?Ljaj} .
J J

Then Hy = H' and || || g1 = | ||,
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Chapter 2

Vector Valued Calderon-Zygmund

Theory

The purpose of this chapter is to define vector valued (Banach space valued) standard ker-
nels and singular integral operators, both linear and bilinear. Linear Calderén-Zygmund
singular integral theory has been well developed in the vector valued setting by the work
of Benedek-Calderén-Panzone [2], Rubio de Francia-Ruiz-Torrea [53], Marcinkiewicz-
Zygmund [66], Calderon-Zygmund [9, 11, 10], Coifmain-Meyer [24, 20], Stein [79, 77],
among others. Scalar valued binear Calderén-Zygmund theory was developed by Coifman-
Meyer [22], Christ-Journé [17], Kenig-Stein [57], Grafakos-Torres [45, 44], among others.
Bilinear vector valued theory was introduced in the work by H. [49] and used implicitly
in Grau de la Herran-H.-Oliveira [47]. In this chapter, we prove some analogues of clas-
sical Calderén-Zygmund theory in the bilinear vector-valued setting. These results are
analogues of results in [45] and [44], but some of the proofs introduce new techniques to

prove these results even in the scalar valued setting.
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2.1 Vector-Valued Kernels and Operators

Fix a seperable Banach space %, and we start by defining %-valued standard Calder6n-
Zygmund kernels and operators. Linear vector valued Calderén-Zygmund theory was
originally introduced by Benedek-Calderén-Panzone [2], and used to prove some results

in Littlewood-Paley theory involving square functions.

Definition 2.1.1 A function K : R\ {(x,x) : x € R"} — 2 is a standard JB-valued linear
Calderon-Zygmund kernel (or just standard kernel) of class CZK5(A,y) for A > 0 and
0 <y<lifforall x,y,x,y € R", K(x,-) and K(-,y) are % valued measurable functions,

and

|K(x,y)|2 < =y whenever |x —y| #0
— XY
|K(x,y) —K(x',y)| % gA% whenever |x —x'| < |x—y|/2

[K(x,y) = K(x,)) 2 < Ar— whenever |y —'| < |x—y|/2.

If K is a standard kernel of type CZK (A, y) for some A > 0 and 0 < y < 1, then we simply
write K € CZK . Assume for a moment that 8 + C. We say that T is a #B-valued linear
singular integral operator associated to a standard kernel K € CZK 3 if for all f1 € LY
and Fy € L7 (R", #") such that supp(f1) Nsupp(Fo) = 0, we have that (K (x,y), Fo(x)) 5

is a measurable function,

T 5= [ 1OV K(3),Fo() gyl
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and for x & supp(f1)
TA = [ AOKEy

In the case that 28 = C, we require that the above holds for f1,Fy € .7 instead of f| € LY
and Fy € L (R", '), and realize the dual pairing (w, z)C/@ = wz as the standard product

of complex numbers.

In this chapter, we will always make some continuity assumption on 7" in order to
define T f; for general f; € L". More precisely, we will always at least assume that 7 is
bounded from L? into L (R", %) for some p. In this case T f] is a #-valued measurable

function, and we are able to define the above quantities for more general f; and Fp.

Definition 2.1.2 A function K : R¥\{(x,x,x) € R¥ : x € R"} — & is a standard %-
valued bilinear Calderdn-Zygmund kernel (or just standard kernel) of class BCZK (A, )
forA>0and0 <y <Llifforall x,y\,y2,x,y],y, € R", we have that K (x,y1,-), K(x,-,y2),

and K(-,y1,y2) are B-valued measurable functions, and

A

h - — 2| #0
ol Ry e el el

K (x,y1,y2)| 2 < (

e ="
(e =yil+x =y )27

’K('xvylayZ) _K(xla)’lO’Z)’%’ <A

whenever |x —x'| < max(|x —y1|,[x—y2[)/2

v ="
(Jx = y1] =+ Jx = ya|)2nF7

’K(xayl ,yZ) _K(x7y/17y2)’,%’ <A

whenever |y —y’l\ <max(|x—y1],|x—y2[)/2

2 =y "
(e =il [x = yaf)2r 7

|K(xa)’1=)’2) _K(x7y17yl2)’@ SA

whenever |y, —ylz\ < max(|x—yi|,|x—y2[)/2
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If K is a standard kernel of type BCZK z(A,7) for some A > 0 and 0 < y < 1, then we
write K € BCZK 5. Assume for a moment that # #+ C. We say that T is a B-valued
bilinear singular integral operator associated to a standard kernel K € BCZK z if for all
f1,/» € LT and Fy € LY (R", B') such that supp(f1) N supp(f>) Nsupp(Fy) = 0, we have

that (Fo(x), K(x,y1,2)) 5 o is @ measurable function,

(T(f1,12):Fo) .9 = /Rsn Si01)2(v2) (Fo(x), K (x,31,32)) g 55 dy1 dy2 dx,
and for all x & supp(f1) Nsupp(f2)

T(fbfz)(x):/R2nfl()’1>f2()’2)K(xa)’17y2)dyld)/Z-

Like in the linear case, when %8 = C we require that the above holds for fi, f>,Fy € .7.

Remark 2.1.3 In the definition of 9-valued singular integral operator (both linear and
bilinear), the integral representation of (T (f1, f2),Fo) is absolutely convergent when

supp(f1) Nsupp(f2) Nsupp(Fy) = O (likewise for (T fi, Fy) under the appropriate support
conditions on f1,Fy). We verify this for the bilinear case here. The proof in the linear

setting is analogous.

Proof: Let fi, f> € L7 and Fy € L (R", %) with disjoint support. There exists §,R > 0
such that for all x € supp(Fp) and y; € supp(f;) for i = 1,2, |x —y;|+ |x —y2| > & and

supp(Fp) Usupp(f1) Usupp(f2) C B(O,R). By assumption (K(x,y1,y2),Fo(x)) g 5 is a
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measurable function. So it follows that

[ 1100 202) (K 31.32). o) s iy

< / |f11) 202)| [ Fo(x)| 2 |K (x,y1,y2)| |dxdy1 dy>
[x—y1|+]x—y2|>8
A
</
—y1 [+r—ya |28 (Jx —y1|+ [x —2)

< ASTVRY||Fol | o= o) || fi = | ol |2

5 |[10) f2(32)| [Fo(x) | zdxdyy dys

Then this integral representation is well defined, and by Fubini-Tonelli’s Theorem we may

switch the order of integration as we please. By a similar argument, it follows that for

x ¢ supp(f1) Nsupp(f2)
IT(f1,/2)(x)|2 < /IRZ” 1101 L202)| K (x,31,32)| 2dy1 dya < AS2R¥|| fil|=]| f2| | 1=

So in this situation T'(f1, f2) can be realized as an absolutely convergent integral. U

2.2 A Weak Endpoint Estimate

In the linear setting, weak endpoint estimates have been proved in both the scalar valued
setting by Calderén-Zygmund in [9] and the vector valued setting by Benedek-Calderon-

Panzone [2] and Rubio de Francia-Ruiz-Torrea [53].

Theorem 2.2.1 ([9], [2], [S3]) Suppose T is a B-valued Calderon-Zygmund operator with
kernel K € CZK . If T is bounded from LP into LP (R", %) for some 1 < p < oo, then T is

bounded from L' into L'**(R", A).
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The bilinear scalar version of this result was proved by Grafakos-Torres [45, 44] and
Maldonado-Naibo [64] from more general kernels. This proof of Theorem 2.2.4 is the
same argument that was presented in [45, 44, 64] with obvious adaptations to replace
modulus with Banach norm. We prove it here, but first we must state a result of Calderén-

Zygmund and prove a short lemma.

Theorem 2.2.2 (Calderén-Zygmund [9]) For f € L' and A > 0, there exists a collection

of disjoint dyadic cubes {Q;} such that

If@x)| <A, foralmosteveryx ¢ Q=|JQ; (2.1
J
A< L/ |f(x)|dx <2"A, forall Q; (2.2)
Q] Jo,
1
Q| < IHfHLl- (2.3)

This result is known as the Calderén-Zygmund decomposition originally proved in [9].

It is a well-known classical result, so we do not provide the proof here.

Lemma 2.2.3 [fN > n, then for allt >0

/ dx < 1
e (1 Y 7
where the constant depends only on n and N.

Proof: This is a direct computation using polar coordinates

dx dx dx 1
/ < / .y / @ 1
Re (E4 XDV T S iV Jigse [x N N
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Theorem 2.2.4 (Grafakos-Torres [45, 44], H. [49]) Suppose T is an bilinear #-valued
singular integral operator with kernel K € BCZK 5. If T is bounded from LP! X LP? into

LP(R", B) for some 1 < p1,pa < oo, then T is bounded from L' x L' into L'/>*(R", B).

Proof: Assume that T is as above, and let fi, f> € L! with norm 1 and A > 0. Let {0i;}
and €; be the disjoint dyadic cubes and their union as defined in the Calderén-Zygmund

decomposition at height A2 for fi»i=1,2 as in Theorem 2.2.2. Define

1
g = fixrma + ZXQi,j (!Q—,,I o 'f,-(x)dx)

bi _Zle_ZXQU(fz \Qu! Q”f,(x)dx).

Note that b; ; has mean zero for all i, j and ||g;||r= < 2"*'A1/2. Tt also follows that f; =

gi+b; for each i = 1,2 and so we can estimate

{x e R": |T(f1,f2)(¥)|z > A} < Q1]+ Q]+ {x € QLU : |T(f1, 2)(x)| % > A}
n+1

2 * *
<Tat L HrgQiues T, h) ()]s > 1/4}].
hic{gi,b;}

Here we use the notation Q = |J ;20; j and for a cube Q, 20 is the cube with the same

center and twice the side length. We first estimate when /; = g; for both i = 1,2:

2p
1 Q1003 T(g1,82) ()| > /41 < 7 / T (g1 82) @)y

1 N
/1_ (/ gi(yvi) [P dyz)

VA

1 2 1oy Pi
<l (/Rn@"/lz)”‘ 1Igi(yi)ldyi)
i=1
Lo 1
)L_ AP 1/2||f1‘|p/p1||f2||p/pz < 7



This completes the proof where h; = g; for i = 1,2. Now assume that #; = by and hy = g».

Let ¢; ; denote the center of Q; ;. Then

4
QU [T (b1 2)(0)lw > 2/} < 7 [ T(b1,82)(x)| d
8 Q005 1)l > /N < T [ (b))
1
<= K(x,1,y2)b1 dy,| dx.
ST \(Q*UQ*)Z L Ky2)br()g2(02) y| dx

Fix j, and for x ¢ Q7, it follows that x ¢ 20 ; and

/}RZW(K(X,M,)Q) —K(x,c1,j,y2))b1,j(y1)82(y2)dy1 dy>

B

y1—cj*
< » by . dvr d
N/]Rzn(’x_yl‘+|x_y2|)2n+y| 1,i(71)82(y2)ldy1dy>

£(04,;)7
< P »J b . d
< llg2lle / = y1|+|x—y2|)”+7| 1,; (1) ldy1

1 (Ql )
< 2 2/ SR 17 VA b d

—Cij;

Then it follows that

{x ¢ QU : [T (b, gz)(X)I% > A/4}]

Ql,]
/11/2 /R"\Q*UQ*Z/"|X cl, |n+}/|b1:j(yl)‘dyldx

(Ql J) )
———dx | |by; d
o Al/zz/n (/R”\ZQIJ ’x—Cl |n+7/ X | l,]()’l)’ 1

S 11/22/ b1,;(y1)ldy

IA
3=

1/2°
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When Ay = by and hy, = by, we have

. 2 1
{x & QLU [T (b1,b2)(x)| 5 > A [4} < 475 2/ [T (b1,b2)(x)| 5 dx
A2 Jrm\Qiugy

1/2
dx.
B

1
= Al/2 /]R"\Q* Z /]Rz (%, 51,¥2)b1,j, (1), (y2)dy1 dy>

Fix j1, j2, and without loss of generality assume that £(Q1 ;) < 4(Q> j,). Forx ¢ QUQ3,

it follows that x ¢ 2Q; ;, and that

/R2 (K(x,y1,y2) = K(x,c1,j,,¥2))b1,j, (V1)b2,, (y2)dy1 dy>
" 2

y1 i,
e /]Rz” (Fe—y1|+|x —hy2|)2n+y [b1,j1(Y1)b2,j, (y2)|dy1 dya

< / K(QlJl)WZ[(QZJz)Wz
~JR

m|x—y |n+y/2|x _ y2|n+y/2

161,y (y1)b2,j5 (v2)|dy1 dya.
Putting these together, we have that

{x & QTUQ [T (b1,b2)(x)| 2 > A /4}]

1 2 0Qij)" 2
ST ——=nle by ()| | dvid d
~AL2 /Rn\gﬂfugé /Rzn I;Izlx_cl |n+y/2| J;(y)' yiays X

1/2
_ ! - (i)
_m/"\Q*UQ* H(/nzm| l]z(yl)|dyl dx

1 2 0 1/2
< — i Ji b ; d l'd
- 11/2 H/R”\Q*UQ* Z/n <|X—C ’n+y/2| 7]z(y )|> y x]

Li=1

1/2
! Q)"
< —F B it ¥ L— | bi i (vi)|dy;
<z ( Lo o e | il

Li=1 j;

1/2 {
SJ)yl/z EHbt’HU) gm




By symmetry, this proves that 7 is is bounded from L' x L! into L'/>*(R", ). O

2.3 An L”-BMO Estimate

In the classical Calder6n-Zygmund theory, a bounded Calderén-Zygmund operator can be
defined on L™ and is bounded from L™ into BMO which was proved independently by
Peetre [70], Spanne [75], and Stein [77] in the linear setting and by Grafakos-Torres [45]
in the bilinear setting. When outside of the scalar value setting, it may be possible that T
to extended to a continuous operator, but it would involve defining a Banach space valued
BMO and verifying the use a variation of Fatou’s lemma for Banach valued functions. In
this work, we will not extend the definition of any Banach valued operators to a vector
valued BMO. Instead we only prove an estimate for functions in L7, which will still be
useful for interpolation.

We will state the linear and bilinear versions of this result, but only prove the bilinear

one. The proof of the linear version is easily extracted from the bilinear one.

Theorem 2.3.1 (Peetre [70], Spanne [75], Stein [77]) Suppose T is a $B-valued singular
integral operator with kernel K € CZK 5. If T is bounded from L? into LP (R", A) for some

1 < p <oo, then forall f € LY,

T flzllemo SIS,

where the constant is independent of f.

Theorem 2.3.2 (Grau de la Herran-H.-Oliveira [47]) Suppose T is a bilinear -valued

singular integral operator with standard kernel K € BCZK 5. If T is bounded from LP!' x
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LP2 into LP (R", B) for some 1 < p1,pr <ooand 1 < p < oo satisfying (1.1), then for all

fi,heLy,

1T (f1,2)|2llBmo S | fille=]] f2] |

where the constant is independent of f1, f>.

This theorem was proved in a particular case where % = L?(R ,dt/t) by Grau de la
Herrén-H.-Oliveira in [47]. The proof is the same here, replacing the L?>(R,dt/t) norm
with a general Banach space norm. Note that these estimates do not define T'f or T (f1, f>)
as elements of BMO for general f, f1, f» € L™, nor do we claim any sort of continuity on
L~ or L” x L™. In the scalar valued case, this was done using the linearity and bilinearity
of the operator and functional analysis results that rely on the operator being a complex
valued function. In the Banach valued case, it is impossible to use the same argument since
we can reduce the problem to a scalar valued sublinear or bi-sublinear operator, but not
a linear scalar valued operator. That is, T is linear (respectivley bilinear) Banach valued
operator, and |T|4 is a sublinear (respectively bi-sublinear) scalar valued operator. The
definition of the scalar valued version of this is given in Chapter 7.

Proof: Let f1, f, € LY and B = B(xg,R) C R". Define

cg =|T(f1, 2)(xB) — T (fiX2, f2X28)(xB)| 2
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and we estimate

L) @)= sl d
< [T @)+ T (2. fo2w) (55) = T f) (i) o
< [ IT(iom. foo0) () o
B
+/19|T(f1X(23)C7f2X2B)(x>_T(le(ZB)CafZXZB)(XB)L%’dx
+/B|T(f1?czB,sz(23)c)(x)—T(fl)CzB,sz(ZB)v)(XB)|,@dx
+ 1Tty Fotiony ) ) = T Zamye Fot ) (o) o

—I+1+1I+]1V,

We bound 7 using the assumed bound for 7

1
P
1<|B|'"1/P (/B|T(f1X237f2X23)(x)|%dX> < B2 fixasl i || foxzs | L

S Bl fillz=[] 2 -

To bound /1, we use the kernel representation of 7" for x € B

/B T (fi228)c f2228) (X) = T (fiX(2B)c f2X28) (xB)| 2dx

-,
lx —xp|”

< o o ¢ dy dy,d
Al [ [ e ey Ay (1) zan () dyi dysd

Rydyz
< = M// </ d )d dx
||f1||L ||f2||L 528 R (|x_y1|+|x_y2|)2n+y Y2 1

RY
< o o ————dy1dx S o ~|B|.

dx
B

/RZ,I(K(X,M,)Q) —K(xg,y1,52)) /1 (v1) X28)c 1) L2(02) 228 (y2)dy1 dy2
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By symmetry /11 is bounded as well, and IV is bounded in a similar way

/B T (fixes)c2X2)e)(X) =T (fiXep)f2X28)) (XB)| zdx

|x —xp|”
<A w w c c(y2)dy dy,d
< A[lfillz=112]lc /B/Rh (=l |x—y2\)2”+7x(23) (V1) X(2B)c (y2)dy1 dy> dx

R"dy, )
< o . dyy | dyydx
S Wl 121z /B/(zB)c (/]R” (= y1 [+ =y 272 ) 1

< |lAlle= (112l [B]-

This completes the proof. U
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Chapter 3

Interpolation

In this chapter, we prove a few interpolation results in the vector valued setting. Many
of these results are analogs of the scalar valued versions. Since not all results can be
directly extended to the vector valued setting, we reproduce the proofs even when they are

essentially the same arguments as their scalar valued counterparts.

3.1 Marcinkiewicz Interpolation

First we state the linear version of Marcinkiewicz interpolation theorem, which was proved
by Marcinkiewicz [65] in the scalar valued setting and can be extended to the Banach

valued setting.

Theorem 3.1.1 (Marcinkiewicz [65]) Let T be a linear operator that is bounded form
LPi into LP>(R", RB) for some 0 < p; < pp < eo. Then T is also bounded from L? into

LP(R", B) forall p1 < p < p».

The proof the vector valued proof is essentially contained in the proof of the bilinear

version Theorem 3.1.2, which we state and prove now.
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Theorem 3.1.2 (H. [49]) Suppose T is a bilinear operator that is bounded from LP'J x
LP2i into LPi**(R", 28) for some O < pj,p; ;j < oo satisfying (1.1) for each j =1,2,3,4.
Then T is bounded from L1 x L into L1(R", ) for any q,q1,q> that satisfy (1.1) and for

any U C {1,2}, there exists j € {1,2,3,4} with

qi > pijforiceU

qgi < piyjfori € {1,2}\U.

It should be noted that Theorem 3.1.2 is not a direct extension of the multilinear
Marcinkiewicz interpolation theorem proved by Strichartz in [80]. In [80], a bilinear in-
terpolation theorem is proved requiring that the operator is bounded on only three sets of
indices, whereas Theorem 3.1.2 requires four sets. So in the scalar valued setting, Theo-
rem 3.1.2 does not recover the interpolation theorem of Strichartz [80], but Theorem 3.1.2
holds in the Banach valued setting.

Proof: Let f; € L% for i = 1,2 with norm 1. Define for U C {1,2}

Hf](y])xjc]|>111/qj<y])> ( H f}()’])X|f]§;Lq/qJ()’j)> )

jeu je{12\U

J?/I,U()’hyz) = <

and it follows that

HoDAG) =), ]?),,U(ylaYZ)-

Uc{1,2}

We use the convention here that [[;cpA; = 1 in the definition of f; ;. It also follows that
f/LU € LP1i x LP2i for some j € {1,2,3,4}. By hypothesis, T is bounded from LP1.j x LP2.j

into LP7"*°, so in particular T]?A,U is a #-valued measurable function for each U C {1,2}.
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Therefore

T(fi.f)= Y T(friubiy)

uc{1,2}

is a #A-valued measurable function since it is a finite sum of A-valued measurable func-

tions. Then

171 ey = [ AR TG, )0 > 2315
<a ¥ [ A e R Tl > A4S

Uc{1,2}

S Y [ Aer THo)wle > T
Uc{l 2}
Now for each U C {1,2}, there exists j = jy such that g; > p; ; fori € U and ¢; < p;  for

i € {1,2}\U. Then we can estimate

[ A TG @l > 1150 5 [ a0 (H||ﬁxf|>m,\|Lp,,>

dA

X( H Hfl%f|<,14/q,||Lm,>7

ie{12)\U

) by (1-0)
S/ HHfiX|ﬁ‘>m/qiHL‘,’;[’J.)U’L,J 9
0 \iev

@i (1_70) dA
X( Il ”ﬁ%ﬁ|<m/m||im“”< H)T

ie{12\U

y _Piiy dA
< | I (/ ||fiX‘fl.|>)Lq/q,|| ’pl/])LQ(l ) )
U \/0 !

Pj

piy ya(1-7)dA s
/ ||ﬁ%|ﬁ|</1‘1/‘h||y’ljf’l< q’)T)

X

le{l 21\U (
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i) |9/ o(1-251) dA 7]
—H(/ oo [ 2 7@)

ieU
gy O\
_Pij ij
1 (Lo [ )
16{1 U |3 (vi)|9i/e A
P P
qi , Pij Pi,j
ST (o 2 o)™ T (ot [ i)™
icv \4(qi—pij) Jrr iefiahw \9(Pij
P
= f[ ( qi )”w'
i,je{1,2} Q|CIl_le‘
Therefore T is bounded from L7! x L% into LY(R", ). O

We also state a slightly different version of these two theorems that will be useful when

for interpolating with certain weak endpoints.

Theorem 3.1.3 (Marcinkiewicz [65]) Let T be a sublinear operator that such that

sup [T f]|rrirn ) < oo
ez, || fllpi=1

for some 0 < p1 < py < oo. Then

sup  [|Tfl|rp(re ) < oo
feLe, |Ifllr=1

forall py < p < pa.

Theorem 3.1.4 (H. [49]) Suppose T is a bi-sublinear operator that such that

sup T (frs P ri (e ) < o
FieLE | fill pij=1

36



Jor some O < pj, p; j < oo satisfying (1.1) for each j=1,2,3,4. Then

sup T (fr, f2)llLa(mn,22) < o
fieLe, || fillpai=1

for any q,q1,q> that satisfy (1.1) and for any U C {1,2}, there exists j € {1,2,3,4} with

qi > pijforiceU

gi < pijforie {1,2}\U.

There are a few crucial differences between Theorems 3.1.2 and 3.1.4. One difference
between the two is that in Theorem 3.1.4 the operator T need only be defined on L7
functions, and hence the conclusion only holds for L functions. Also Theorem 3.1.4 is
applicable for bi-sublinear operators, whereas Theorem 3.1.2 is only applicable for bilinear
operators.

Proof:  Let q1,q2,q satisfy the hypotheses of the theorem and fi, fo € LY such that
|| fil|z: = 1. Like in the proof of Theorem 3.1.2 define for U C {1,2}

frobny) = (Hfj(y/')xfwﬂq/qj(yj)) ( I1 fj(yj)xv,qq/qj(y/')),
Jjeu ! je{l2N\U =

and it follows that

AR =Y fubiy).

uc{1.2}

37



We also know that T'(fi,f>) and Tf;w are 9-measurable since T is well defined on

L7 x LY. Therefore

T(fi,fo)= Y, T(fubiy))

Uc{1,2}

is a Z-valued measurable function since it is a finite sum of % valued measurable func-

tions. Then

TG nn =4 [ AIHx € RS IT ()0 > AYS

SqZ/

o0 - dA
AT{x e R T (fa,0) )|z > A /4}
vc{1,2}”0

From this point, the computation is reduced exactly to the one in Theorem 3.1.2. U

3.2 Interpolating with Weak Endpoint Esitmates
In this section, Theorem 3.1.2 is applied to some vector valued singular integral operators.

Corollary 3.2.1 Let T be a bilinear operator taking values in a Banach space A. If
T is bounded from L' x L' into L'/>=(R", B) and from LP' x LP? into L'**(R", A) for
all 1 < py, py < o satisfying (1.1). Then T is bounded L1 x L% into L1(R", A) for all

1/2 < g <1<qy,q <o satisfying (1.1).

Proof: Define p11=pio=1,p1=1/2,pip= %‘, P2 = %2, and p, = 1. Also choose
p13such that 1 < p; 3 < min(q;,q5) and p; 4 such that 1 < p; 4 < min(g},q2). It follows
that p23 = p 3 > g2 and pr4 = p' 4 > g2. Then by Theorem 3.1.2, it follows that T is

bounded from L9 x L% into LI(R", ). O
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Corollary 3.2.2 Let T be an bilinear operator taking values in a Banach space B. If T
is bounded from L' x L into LV/2>=(R", %) and from LP' x LP? into LP(R", A) for all
1 < p,p1,p2 < o satisfying (1.1). Then T is bounded L1 x L% into L41(R", B) for all

1 < q1,q2 < oo satisfying (1.1) with 1/2 < g < eo.

. _ _ _ _ cn _ 29 2419
Proof: Define pyy = pia =1, p1 = 1/2, pro = TF pap = =2, and py = ;200
1+ ;lqj:éz Also choose p; 3 such that 1 < pj 3 < mm(q],qz) and p; 4 suchthat 1 < pj4 <

min(q},q2). It follows that py3 = p 3+ 1> g2 and pas = pl 4 +1 > qa. Also p3 =

P13P23 CE _ P14apP24 .
PLatpes > 1 and similar for ps = PLatpra > 1. Then by Theorem 3.1.2, it follows that T’
is bounded from L7! x L9 into L. O

3.3 Interpolation with a weak BM O Endpoint

As we mentioned before, the L7-BM O type estimates do not necessarily imply continuity
on L™, but they can be used as endpoints for interpolation. In this section, we state one
such result for linear operators and prove one for bilinear operators, but we first define the

sharp maximal function and state a result from Fefferman-Stein.

Definition 3.3.1 For f € L! , define the sharp maximal function

loc’

M F(x) = sup /!f — Avgofldy,
Q9x|Q|

where the supremum is taken over all cubes Q C R". Note that || f||pyo = ||-#* f]|1~.

Theorem 3.3.2 (Fefferman-Stein [34]) Let 0 < py < . Then for any p € [pg,) and

fELL suchthat #f € LP, it follows that || f||Lr < || 4% f||10.

loc
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Theorem 3.3.3 Let T be a linear %B-valued singular integral operator with standard ker-
nel K € CZKy. Assume there exists 1 < p < oo such that T is bounded from LP into
LP=(R", RB). Also assume that for any p < q < oo the following hold for f € L1: (1) Tf is

a % measurable function, and (2) if f; — f in LY where f; € LY, then
T f(x)] < liminf|T f;(x)|» a.e x€R".
Jreo

Then T is bounded from LP into LP (R", B) for all g < p < .

Property (2) here is a replacement Fatou’s lemma in the situation where Z = LP (2" ,C)
for some measure space (2",du). In this situation, if 7 = {7 }sc 2 is continuous from L9

into LP(%",C) and f; — f in L, then it follows from Fatou’s lemma that

701 = ( f, im 1 0Paus)) < imint ([ |10 Pduts))

< liminf |7 f;(x)| 5.
Jj—reo

We will apply this result in Chapter 6 where % = ¢>(Z) equipped with the counting mea-

sure. We now prove the bilinear version of this theorem.

Theorem 3.3.4 Let T be a bilinear AB-valued singular integral operator with standard
kernel K € BCZK 5. Assume there exists 1 < p < oo such that T is bounded from LP' x LP?
into LP*°(R", B) for all 1 < py, py < oo satisfying (1.1). Also assume that for any 1 <
q1,q2 < o0 and p < q < oo satisfying (1.1), the following hold for f; € LY: (1) T(f1, f2) is

a % measurable function, and (2) if f; j — fi in LY for f; ; € L7, then
T(f1,2)¥)|z <liminf|T(f1 ), f25)(¥)|s a.e. x €RT.
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Then T is bounded from LY x L into L4(R", B) for all 1 < q1,q2 < e and p < q < o

satisfying (1.1).

Proof: Let T be as in the hypothesis and 1 < p < e such that 7" is bounded from LP! x LP2
into LP(R",#). By Theorem 2.3.1, it follows that |||T(f1, f2)|2||smo < || f]|r= for all

f € L. Define S(f1, f») = #*(|T(f1, f>)| %), and we have that

ISCAs e < A2 (T (fr f2)12)l e S filleo | f2l ],
ISCs )= = T (fr, f2)| 2l lmo S | Alle=1]f2l |-

forall f1,f> € L and 1 < py, pa < oo satisfying (1.1). Fix 1 < ¢gj,g2 <o and p < g < o
satisfying (1.1). Then by Theorem 3.1.4, it follows that ||S(f1,/2)|lze S| f1llean || 2] e

for all f1, f> € LY. Finally, we also have the pointwise bound

T (i f2)lzlles S A*(T (1, £2)] ) s,

whenever f1, f> € L by Theorem 3.3.2 since |T(f1, f2)| % € L” and p < g < . Therefore,

when f1,fr € L7 and p < g < oo

T (fr, P)l|a@n. ) = | 1T (i f2)| 2lle S NSUs 22l S Ufllea || f2]] e -

Finally, for an arbitrary f; € LY with p < g < e and 1 < g1,q> < oo satisty (1.1), there

exists f; ; € Ly such that f; ; — f; in L9 for i = 1,2. Then by hypothesis (2) on T, Fatou’s
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lemma, and the bound of S on L7’ functions, we have that

T (f1, ) l|awr ) = | |IT (f1, 12)| ]l < 1ijfgglf|! T (f1,j,/2,)2l|Le

S Hminf([fy flla [ 2.l = [ Aillea ]l £ |-

Note that we used hypthesis (1) on T to conclude that T'(fj, f») is a measurable function.

Therefore T is bounded from L7! x L% into LY(R", ). O
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Chapter 4

Almost Orthogonality Estimates

In this chapter, we present a number of almost orthogonality results. Many of these
estimates are classical (see e.g. Frazier-Han-Jawerth-Weiss [38], Frazier-Jawerth [39],
Grafakos-Torres [43], or Maldonado-Naibo [63]), but we prove all estimates here for the
sake of completeness. We also define Littlewood-Paley square function kernels and asso-
ciated square functions in this chapter. Although we do not prove any results about square
function bounds in this chapter, it is natural to define the kernels here to prove the estimates

that we will use in the coming chapters.

4.1 Littlewood-Paley Square Function Kernels

Here we define linear and bilinear Littlewood-Paley square function kernels, which have
been studied by many people in the past half century including Stein [79, 77], Semmes

[74], Duoandikoetxea [30], Hofmann [52], Maldonado [62], Maldonado-Naibo [63],
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among others. Recall from Chapter 1 the definition for N > 0, k € Z, and x € R"

@Y (x) zz—kn,
(1+28x)Y

Definition 4.1.1 Let 6; be a function from R*" into C for each k € 7. We call {6 }xez,
a collection of Littlewood-Paley square function kernels of type LPK(A,N,v) for A > 0,

N>n and0<y<l1ifforallxyy e R"andk € 7

16k(x, )| <ADY Y (x—) (4.1)

8:(x.3) = 6 )| <A =) (@) =) + BT -y)) . @)
We also define fork € Z, x € R", and f € L' + L~

Ou(x) = [ 8(x3)f()dy.

We say that {6y }rez is a collection of smooth Littlewood-Paley square function kernels of
type SLPK(A,N,y) for A >0, N > n, and 0 < y < 1 if it satisfies (4.1), (4.2), and for all

x,xX,yeR"andk € Z
86r3) = O )| <A =7 (@) T - ) + 9T -y)) . (43)

If {6y} is a collection of Littlewood-Paley square function kernels of type LPK(A,N,7)
(respectively SLPK(A,N, 7)) for some A >0, N >n, and 0 < y < 1, then we write {6} } €

LPK (respectively {6;} € SLPK).

Definition 4.1.2 Let 6, be a function from R3" jnto C for each k € 7. We call {6y }rez a

collection of bilinear Littlewood-Paley square function kernels of type BLPK(A,N, ) for
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A>0,N>n and0<y<lifforall x,yi,y2,y|,y, € R" and k € Z

10 (x,y1,32)| < ADY T (x—y1) @Y T (x—y2) 4.4)
|6k (x,y1,y2) — B, ¥1,v2)] < AQ¥|y1 — ¥4 )70} (x— y2)

(0 Ty + @ T(x—y)))  @s)
|6(x,y1,52) — O (x,y1.55)| < AQ¥|y2 —y5])7®) T (x = y1)

(B v+ B ). @6
We also define fork € 7, x € R", and fi, f» € L' + L~

Ol £)0) = [ Blrn o) i) o)y dyo.

We say that {6y }rcz is a collection of smooth bilinear Littlewood-Paley square function
kernels of type SBLPK(A,N,y) for A >0, N > n, and 0 < y < 1 if it satisfies (4.1)-(4.3)

and for all x,x',yy,y» e R" and k € 7

2 2
10k (x,v1,72) — O (X', y1,32)| < AQRK|x —|)7 (HCDQJH(X—%) - HCPZV”(X’ _)’i)) :

If {6y} is a collection of bilinear Littlewood-Paley square function kernels of type
BLPK(A,N,7) (respectively of type SBLPK (A, N, y)) for some A >0, N >n, and 0 < y< 1,

then we write {6} € BLPK (respectively {6y} € SBLPK).

Remark 4.1.3 Let 6; be a function from R¥" to C for each k € 7. Then {6;} is a collection

of Littlewood-Paley square function kernels of type SBLPK(A1,Ny, Y1) if and only if there
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exists Ay > 0, Np > n, and 0 < y» < 1 such that for all x,y1,y2,y|,y2 € R" and k € Z

16 (x,y1,72)| < Ap @y (x = y1) DY (x — y2) (4.8)
|6 (x,1,32) = Ok(x, Y1, 32)| < A2 (28 |yy — i) (4.9)
16k (x,31,52) — O (x, y1,35) | < A22% (2K 2 — y5|) 2 (4.10)
|0 (x,y1,2) — (¥, y1,32)| < A2 (28 |x = X|)®. (4.11)

A similar equivalence holds for square function kernels of type BLPK(A,N,7),

LPK(A,N,7), and SLPK(A,N,7) with the obvious modifications.

In [49], we worked with Littlewood-Paley square function kernels of type LPK, SLPK,
BLPK, and SBLPK, but they were not names as such. In [49], there is a gap in the proof of
the equivalence of kernel conditions, which is rectified in the addendum [51]. The set of
kernel conditions (4.4)-(4.6) are slightly different than the ones in [51], but are equivalent
and simplify many of the computations in this work.

Proof:  Assume that {6;} € SBLPK(A|,Ny,y1). Define Ay = 2A|, N, = N; + 9, and

> = 1. It follows easily that (4.8) holds. Also

N
|9k(xa)’17)’2) - Gk(xvyllayZ)‘ < A1(2k|y1 _yll |)7/1CI)]¢1—H/1 (x_yZ)
< (@ ey + @) ()

<2412 2Ky —yi )2

A similar argument holds for regularity in the y, and x spots. Then 6y, satisfies (4.8)-(4.11).
Conversely we assume that (4.8)-(4.11) hold. Define n = %, A=Ay, N =

N>(1—m)—n7, and y; = N),. Estimate (4.1) easily follows since Nj +7¥; < N,. Estimate
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(4.2) also follows since

No(1—
106, 31,72) — B (x, ¥, v2)| < Aa (281 =y )1 0h T (x— yy)
No(1— No(1—
< (@ ey e )
<AL 2Ky = )Y (x— y2)

% (q)gl‘H/l (x_yl> +(I)§CV1+?’1 (x_y/l)> ‘

Note that this selection satisfies

N> — N-
2—n _ 2+n>n

Ny =N>— (N — N> —
1 h—N(Na+70)=N 5 >

Then (4.2) holds for this choice of Ay, Ny, and 7; as well. Estimates (4.3) and (4.7) follow
with a similar argument, and hence {6y} is a collection of Littlewood-Paley square func-
tion kernel of type BLPK(A1,N1,7;). The proofs of the other equivalences are contained

in the proof of this one. U

Remark 4.1.4 If {1/} € LPK for i = 1,2, then {6} € BLPK where 6 is defined for

X,91,2 € RY, O(x,y1,v2) = AL (x, 1) A2 (x,32).

Proof: 1t easily follows that for all x,y;,y, € R”
N N
16 (6, y1,32) | = 14 (e, y1)AE (6 3)| S @ T (x—y) @ T (x— ).
It is also easy to see that for x,y1,y},y2 € R"

16k (2, y1,y2) — 6 (X, ¥, y2)] = 1AL (e, 31) — A8 (e, ¥)) [ 1AZ (x,72))|

S (@ =y + @) M-y ) B (x - 3).
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By symmetry, the regularity in y, follows as well. Therefore {6;} € BLPK. O

4.2 Almost Orthogonality Estimate for Non-negative Ker-
nels

In this section, we prove some estimates for integrals with non-negative integrands. There
will be no mention of cancellation conditions for square function kernels here, but these

estimate will be used in conjuction with cancellation properties in later sections.

Proposition 4.2.1 If M,N > n, then for all j,k € Z

7 )P (1= y)du S P (x =)+ B (x =),

Proof: Fix x,y € R and j,k € Z, and it follows that |x —y| < |x —u| + |u — y| for all
u € R". Then either |x —u| > |x —y|/2 or |u —y| > |x —y|/2 (since otherwise |x —y| >

|x — u|+ |u—yl|), and so it follows that

- CIDJJu(x —u)®Y (u—y)du

§/ d)l}/l(x—u)d)g(u—y)du—}— CIDIJ‘-/I(x—u)CIDiv(u—y)du:I+II.
le—u|>|x—yl/2 u=y|=|x—yl/2

Then we estimate

2Jn 2kn p
1</ - u
= Jpeufzfeyl/2 (1427 1x —ul)M (14 2K|u— y|)N

0jn 2kn
< : du < dM(x —v).
< T3 o T a5 S )
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Similarly we estimate /7

2kn 2jn N
II < / . du < @) (x—y).
= 23172 Dtz (12— a1 S )
This completes the proof of the estimate. U

Proposition 4.2.2 If {6 }rcz € LPK, then for all j. k € Z, x,y € R"
N i
[ 1856.3) = 8|0} (u—y)du £ 27079 (@ (x—y) + @ (x =)
Proof: Since {6} }rcz is of type LPK(A,N, ), it follows that

1.,1655.)=8; .10 @ 7=y}
< [ @by (@) =)+ @) =) &) T —y)du
< 21U / (@) =)+ @ T ) ) B )
< 2=k <q>§”<x —y) /R DY (u—y)du+ s O (x — )@Y (u— y)du)

S22 (@ (x—y) + 0 (x— ).

This completes the proof of the proposition. U

Proposition 4.2.3 If {6y }rcz € BLPK, then for all j,k € Z, x,y1,y, € R"

/Rn|9j(x,y1 v2) = 05(x,u, )| T (1 —y1)du
S 20 (@ (x—yy) + @ (x— y1)) @Y (x—y2),
[ 181 1.32) = 655,31, @ T o)

<2 PN (x—yp) (@ (x —y2) + @Y (x—12))
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and

/R 160506yt 32) = 6 0x,un,u2) [ (wy — )@ (2 — y2)duy du

2
<27] kH N(x—y +<I>k(x y,))
=1

Proof: Since {6 }rcz is of type BLPK(A,N,7), it follows that

/Rn|9j(x’y1,)’2) — 0;(x,14,2)| @Y (w0 —y1)du
SO Te=y) [ @u=yi )7 (=) + @) =) &) Tu—y1)du
<20~ )<I>J Tx—y, )/]R <CI)]+7(x 1) +@; N (x — u)) O (u—yy)du

<2 (@Y (x—y1) + @ (x—y1)) @Y (x— y2).

By symmetry the second estimate holds as well. For the third estimate, we make a similar

argument,
2 N
/1%211 |6]<x7y17y2) - Gj(x7 Ml?”?,)l Hq)k y(ui _yi)dl/li

i=1

2
S I CTESTRSELTERTAI) ) CACESOIT
i=1

2
+/ (X, y1,12) 9'(X7u1,u2)’H‘I’ZH(Mi—Yi)dui
i=1
2
- N+ N+ N+ N
SR [ (x y)(CID "(x—y2) + @] Y(X_MZ))H(Dk+Y(ui_)’i)d”i

R2" i=1

2
+27<J—’<>/Rh (@) (=) + @) (x| B H @) 7 (w; — yi)du
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This completes the proof of the proposition.

4.3 Operator Almost Orthogonality

In this section we prove almost orthogonality estimates for operators that have certain

cancellation properties. We first note the following maximal average control properties for

N
@k-

Proposition 4.3.1 IfN > n, then forall f € L' + L and k € 7

(@7 f(x)| S A £ ().
Proof: This is verified by the computation.

2 £ (y)|dy

N* kn -
|¢k.ﬂw|s%;yq%z|f@ww+zgé

a0 ¥ 2£(3) dy

i1 iN
=0 |x—y|<2/+1-k 2J

o5}

SAMfE)+ ()Y 27N < f(x).
j=0

ik fu—y|<aiti=k (2K]x = y[)

(4.12)

0

Now we state and prove the Littlewood-Paley square function operator almost orthog-

onality properties that will be used throughout this work.

Proposition 4.3.2 If {A},{6,} € LPK and there exists a para-accretive function b such

that Ay (b) = O (b) = 0 for all k € 7, then for all f € L' +L* and j,k € 7.

©;MpALf(x)] S 27Kz ().
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Here A f(x) is defined by integrating f(y) against the kernel Ax(x,y) in the same way Oy
is defined through integration against 6. If {Ay} € LPK, {6} € SBLPK and there exists

a para-accretive functions b such that Ai(b) = 0 and
/R” Ok (x,y1,2)b(x)dx = 0
forall k € 7Z and y1,y, € R", then for all f1, f>» € L' + L= and j.k € Z
(AMyO;(f1, ) () S 271 (A f1 A o) (). (4.14)

If {1}, {A2} € LPK, {6} € BLPK and there exist para-accretive functions by,by such

that O(by,by) = AL(b1)-AZ(b2) =0 forallk € Z, thenforall fi, f> € L' +L™ and j,k € Z
1O (Mp, AL f1, My, AT f2) ()| S 275 f1.(x) A o). (4.15)

If {1}, {A2} € LPK, {6} € BLPK and there exist para-accretive functions by,b, such

that

/Rn Ok (x,y1,¥2)b1(y1)dy1 = /Rn O (x,y1,¥2)b2(y2)dy> = 0

and Al (by) = A(by) = 0 for all x,y1,y, € R" and k € Z, then for all f1, f> € L' + L and
Jj.k,LEZ

10 (My, AL fi, My, AF 1) ()] S min (27K 2700) gy (). fo ). 4.16)
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If {Ax} € LPK, {6} € BLPK and there exist para-accretive functions b such that
/Rn Ok (x, y1,y2)b(y1)dy1 = 0
and Ay (b) = 0 for all x,y, € R" and k € Z, then for all fi, f, € L' +L” and j k.0 € Z
©;(MpALf1, f) ()] S 27 HLA i (x). A o). (4.17)

In each of the statements above, we take Y to be the smallest of the smoothness parameters

guaranteed by the definitions of LPK, SLPK, BLPK and SBLPK.

Proof: We first prove (4.13). By Proposition 4.2.2 and the hypothesis that @, (b) = 0,

M) < [

1. (81(x.1) = 0,.3))b(u) a3 0)dn| £ ()l

n

S [, 16500w) = 6;(x,3) [ @ T (y—w)| £ (v)|dudy

S 217 (@ x| f](x) + @} * | £1(x))

SR £ ().

With a symmetric argument, the same estimate holds replacing 2Y/=%) with 2"*=/)_ There-

fore (4.13) holds. Now we prove (4.14). We first use that A;(b) = 0 and Proposition 4.2.3
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to estimate

|AMyO(f1, f2) (x))]
(0, u)b(u) (81, y1,y2) — 0j(x,y1,y2) )du

<)
 JRr2 | JRe
2
527’(]’*@ q)Nx u <HCI)N | fil( )+Hq>1]y*|ﬁ](x)>du
R~ i=1

SN g (A fr - o) ().

|f1(r1) f2(y2)|dy1 dy2

We also have using the cancellation assumed for O

| AML®;(f1, f2)(x)]

S/Rzn /n()L"(x’”)_’Ik(xm))b(”)ej(”aylan)d” A1) f2(v2)dyrdy2
2

< olk=i)y / (@ (=) + @ (e—y0) [T @ (= i) i) dyi
i=1

2
< 2(k=J)y . Cbﬁcv(x— M)HCIJIJY* | fil(u)du
i=1

2
_|_2(k—1)7/ CDN (x—y1 H (u—yi)| fiyi)|dyidu
lx—y1|=[x—ul/2 i=1
| 2
+2(k1)7/ DY (x—y1) [T @Y (w— i) | fi(yi) dyidu
eyt [< a2 i

=214 11+ 1),

Note that I S .4 (A fi - A f>)(x), so this term is fine. In /I, we may replace ®Y (x —y;)

with @ ((x —u)/2) since |x — y1| > |x — u[/2, and it follows that /I < I. So II is bounded
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appropriately as well. The final term, /1] is bounded by

27 f1 (1)
®Y (x — :
S I 0l T o

5/ <] |/2q)£]<x_yl)q)lfy(x_”)|f1(y1)’q)]]y*|f2!(u)dy1du
X=y1|<|x—u

Y x| fo| (u)dy1 du

< ([ @t emlnonlan ) ([ @)@}« plwd) $.a5 0.0

This verifies that (4.14) holds. We move on to prove (4.15). For the estimate when j < k,

we argue similar to the other cases: Using that A} (by) - AZ(b2) = 0 and Proposition 4.2.3

|®j(Mb1Ali*f1 >Mb2Al%*f2) (x)l

S/R4n|9j(%u1,u2) i (X, 1,2 |H|b 7Lk (yi,ui) fi(yi)|dy;du;

2
W [ TT@ )+ @ 0) @ o) 0y

=278 H/n (x—yi) + D (x = yi)) | i) ldyi S 27970t fi (x). 4 fo(x).

Finally using that ®;(b;,b,) = 0, it follows from Proposition 4.2.3 that

1©(Mp, A fi, My, AL f2) ()]
< /R 6] T

RZn < /RZn ;

2 2
ui) = [ TA i) | T T 10i(wi) fi (i) |y dus
i=1 i—1

T _)’i)d”i> [T17:Ga)ldy:
i=1

o

Hlk yi,u _H yla

i=1
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S 2@ 1 fil () + @ *[ il () (@) *| ol () + DY %] 2] ()
S 2D gt 1 (x) A 1o ().

Note that by Remark 4.1.4, {A/} € LPK fori = 1,2 implies {1 (x,y1)A2(x,y2)} € BLPK.
Then (4.15) holds as well. Now we prove (4.16). Using that A} (b;) = 0, it follows that

10 (M, A 1, M, A 2) ()]
2
< /R4n‘ej(x»ulaw)_ej(xayl7”2)”7%2()’17141);LEZ(YZW‘Z)H|bi(”)fi(yi)|d)’idui
i=1
2
S0 [ @ G = y) @ (a2 =32 [T (] (=) + @5 (= 3) )l v
i=1

_zm—k)H/n (x —yi) + @Y (x — i) + @Y (x —v)) | i (i) |

SV fi(x)A o).
By a symmetric argument, it follows that
1©; (M, AL i My, AT f2) ()| S 2070 f1 ()4 ().
Finally using that ®;(by,-) = 0, it follows that

1O (M, A" f1: My A f2) ()]

:]N

S/R4n|9j(x’u1’u2)|M‘kl(ylaul) A (1. %) | A7 2, u2) [T 1 (i) £:(vi) | i

o -

i

$ 21t /R‘m (@ (1 —ur) + D (31 —x)) DF (y2 — u2) [ T (x = i) | /i (i) |y du

I
—

i
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" /Rznn (2= yi) + P (x = yi) + P (x —yi)) 1 £i (i) |l

S216D) o fr(x)A ().
By symmetry, it follows that
10 (M, A" fi My, A7 f2) ()] S 2D 1 (x)A ().

Therefore estimate (4.16) holds as well. Finally (4.17) is a straight-forward argument:

Using that Ag(b) = 0, it follows that

0 (MpALf1, 12)(x)]
< /Rsn|9j(x,u,yz)—9j(x,y1,yz)| D) A (u, y1)dul fi(u) f2(v2)|dy1 dy2
S0 [ (@ (x )+ @ (e 0)) @ (= 32) B (e 1)l i () o 32y

S22V i (x) A o),
and using that ®;(b, ) = 0, it follows that

©;(MpALf1, f2) (X))
< /R3n 16 (x,,92)b(y1)] Ak (u, 31) — A (e, y1) |dul f1 (u) f2(32) [dyr dy>
< 21k=d) /R N (x — )@Y (x —y2) (@ (u — y1) + B (x—y1)) dul f1 (u) f2(2) dy1 dy

26D gt £ (x) A £ ().

This completes the proof. U
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Chapter 5

Convergence Results

There is a natural trade-off between continuity assumptions of operators and convergence
results necessary to approximate them. Namely, weaker continuity assumptions on an op-
erator T : X — Y require stronger convergence of the input functions fy, f € X in order
to decompose the operator. For example, the linear Littlewood-Paley square function op-
erators ®; are continuous from L? into L? for all 1 < p < oo, so one need only require
/v — f in L? to conclude that @ fy — @, f in L”. On the other hand, a scalar valued
Calder6n-Zygmund singular integral operator 7T is only assumed to be continuous from .%
into .. So in order to pass a limit, T fy — T f in ., we must have that fy — f in .7,
which is a much stronger type of convergence than only L”.

In this chapter, we prove convergence in various spaces to suit the various operators
that we work with. This chapter is organized in the following way: Approximation to
identity operators tested on the function 1, reproducing formulas for operators tested on
the function 1, approximation to identity operators tested on accretive functions, and re-

producing formulas tested on accretive functions.

58



5.1 Approximations to the Identity

An approximation to the identity operator P is essentially operator that averages at scale
27k Intuitively we expect P, f to approximate a function f well when averaged at very
small scales (when k >> 0 is very large) given that f is a nice enough function. On the
other hand averaging at very large scale (when k << 0 is very small), the operator P f
somehow indicates the assymptotic behavior of f. So if f has some sort of average decay
(for example f € L? for some p), it is reasonable to expect P f to tend to zero as k — —oo.
In this section, we make these concepts rigorous in the averaged L? sense and in a much
stronger .7 topology sense. These results are well known, but we provide a proof of them

anyways for the sake of completeness.

Proposition 5.1.1 Suppose py : R*" — C for k € 7 satisfy |pi(x,y)| < CI)IkV(x—y), N >n,
and define

ASW = [ peley)f )y

for f e L' +L~. If P(1) = 1 for all k € Z, then P.f — f in LP as k — o for all f € LP

when 1 < p<ocand P.f —0inLP ask — —ooforall f € LPNLY for 1 < g < p < oo.

Proof: For f e LP with1 < p < oo

ins sl = ( [,
(/e

P\
dx)

[ pelex =275 (e =2749) = )2y

L ) fo)dy = [ piley)fx)dy
R" R"

1

I4 »
dx)
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s [ @0 (/ flx—27y) - <>\de)ldy

S [ BOIFC=274) ~ fllurdy

Note that @) (y)||£(- —27%y) — fllz» < 2||f||r®P) (v) which is an L' (R") function inde-

pendent of k. So by dominated convergence and the continuity of translation in || - ||»,

lim [|Pf — f||zr 5/ &Y (v) lim || f(- =27*y) = fl|rrdy = 0.
k—so0 R~ k—yo0
Next we compute

[Pef (o) S 1B 1Mo = 2974 @F||] 20-

So P,.f — 0 almost everywhere as k — —oo. Also by Proposition 4.3.1

[Pef ()] S @ * [ £1(x) S A f(x).

Since f € L?, it follows that .Z f € LP(R") as well when 1 < p < . So by dominated

convergence
tim [|PLfIIf, = [ Jim [P f(o)fPdx 0.
k——oo R k—reo
This proves the proposition. U

Proposition 5.1.2 Let ¢ € . with (0) = 1, and define P f = @ f. Then for any f € .,
P.f — fin. andforany f € S, P.f — 0in. as k — —oo. Furthermore, for f1, f» € .7,

Pifi @ Pefr = fi ® fo in S (R*™) and for fi, f> € S, Pfi @ Pfs — 0 as k — —oo in
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S (R?).

Proof: Let o, B € NI, and since .% is an isometry on ., it is sufficient to show that

f’k? — ]?as k — . So we consider for k € N

EXM(9(2758) — 1)V f(&)|-

pa,ﬁ(ﬁlc?_f) < Z sup
p+v=BEER”

When u = 0, we estimate
9(27°8) — 1] =9(27°E) — 9(0)| < [|VOll=(27*IE]).
We also estimate for |u| > 1
9 (@(2758) — 1) =27K)(949) (27E)| < 27404 @ -

Then we have for any u € Nj

~

[E%0H(@(2748) — 100" F(§) S 27K (1 +1ED)IE*0Y F(&)] < 27 M (Pav (/) + Par v ()

where o' = ¢+ (1,..,1). Therefore P.f — f in . as k — oo when f € .. Now assume
that f € .#), and we look at

Pup(Pif) < Y sup |E%HH(2°E)aVF(E)].

u+v=pSER”
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With B, u, v € N fixed such that pt +v = B, we choose o’ € Nj} such that |a'| > |B] > |u|

and & > @; for each i = 1,...,n. Then

EUOMG(26)9" T(&)| = 2M|(94)(26)670" 7(&)
kPl @) gz

248
£99f(8)
e

< zk(lﬂ\—|0"|)pa,7“(9”(/ﬁ) (Po(f) +Pa’—oc7v<]?)>-

2k(lul=le 5 MCL)

Since we chose |o/| > |u|, it follows that Po.p (Pf) — 0as k — —oo. Now if f1, > € .7,

it follows that for all o, f € N2" where & = (041, @2) and B = (B, ) for o, B; € N2,

Pap(Pifi @ Pifa— i ® f2) < pap(Pfi — 1) @ Pufa) + P p(f1 @ (Prfa — f2))
< Py i Pif1t = f1)Pou o (Pef2) + P (1) P g (P2 — f2)
< Py B (Pref1 = f1)Poy p, (Pif2 — f2) + Poy g, (PiS1 — J1)P ey g, (f2)
+Pa,p(f1)Pap(Prfa — f2)-

Since P, fi — f1 and P, f, — f> in .7 (R") as k — oo, the above tends to zero as k — co. A

similar argument proves that P f; @ Pf> — 0 in .7 (R?") as k — —oo. O

5.2 Reproducing Formulas

Reproducing formulas are a decomposition technique that breaks a function into many
peices that “don’t see each other” in some sense, typically quantified in terms of orthog-

onality or almost orthogonality. The formulas in this section are readily interpretted as a
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decomposition in the frequency domain, where each term is the frequency content of the
function at scale 27 that do not interfere with each other. A little more precisely, these

formulas can be constructed by telescoping an approximation to identity operator

N—-1

Pvf—Pnf=Y (Py1—P)f,

k=—N

where the frequency content at scale 27 is given by the average at scale 2~ k+1) minus
the average at scale 2. This roughly summarizes the technique we use for all the results
in this section.

The first reproducing formula we present contains what is know as Calder6n’s repro-
ducing formula. The continuous version of this result is originally due to Calderén [8], but
we state a well known discrete version of the formula. Again both of these results are well

known, but we provide a quick proof for the convenience of the reader.

Proposition 5.2.1 There exist convolution operators Q. f = W x f for k € 7 such that

Y Oif=f 5.1)

keZ

in LP when f € LP N L1 for some 1 < g < p < oo. Furthermore, y € . (R") and there
exists Qrf = Wy * f where W € .% has mean zero and Qx = QxOy for all k € Z. Also if

{61} € BLPK, then for f; € LPiNL%, i =1,2with 1 < q; < p; <o, and all j € 7.

Z®jni(f1,f2)+®jni(f1,f2) = 0;(f1,/2) (5.2)

keZ
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where the convergence holds in LP(R") when p, py, p2 satisfy (1.1) and

Hli(flny) = Q1f1®Pi1 /2,
I (f1, /2) = Pofi @ Ok fo

Proof: Let ¢ € . (R") such that » = 1 on B(0,1/2) and supp(®) C B(0,1). Define

Pof = qux fo w(x) = 2"0(2x) — @(x), Qcf = Wi f, Y(x) = 279(2%x) — 279 (27%x),
and ékf =y f. Fix 1 < p < oo, and let f € L? N LA for some 1 < g < p. By Proposition

5.1.1, we have

N-1
szlli_rgoPNf—PNf:A;i_I&k;NPka—Pkf:kngkfa

where the convergence holds in L”. Note that
supp(Y) = supp(#(27*+)) = supp (§(2~**1-) = §(27%+)) € B(0,27)\B(0,27")
and f;AV/ =1 on B(0,2*F1)\B(0,2¥1) since
(2~ 3.y =1 and ¢(2-*2.) = 0 on B(0,2t1)\B(0,2¢71).

It easily follows that éka f = O«f whenever f € .. For f € L?, take a sequence f; € ./
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such that f; — fin L” as j — o. Then

10kQkf — Quf |y < 11OkQif — Oufiller + 1|Qefi — QufllLr
= |0cQk(f — F)ller + 10k (fj — )l
S (f = Fillr + 112 (f5 = 1) |10
S = fllee,

which tends to zero as j — co. Therefore éka f=0if in L? for any 1 < p < oo and
pointwise almost everywhere. Finally since W and l//N/; are supported away from the origin,
it follows that y; and Y have mean zero for all k € Z as well. Now assume that f; €
LPinN L% for i = 1,2 with 1 < g; < p; < o, and note that there exists a finite sum of
Schwartz semi-norms p such that | @ (x)| < p(@)®}*!(x) for all k € Z and x € R". Then
|Pf (x)| S A f(x) for all x € R", and for i = 1,2, we have the uniform bounds ||P, f||1ri <

[|f]|Lri < eo. Hence we have that

N-1
H( ) ®ij(f17f2)> —0;(f1,/2)

k=—N

Ly

k=

N—1
= ( O;(Orf1,Pis1f2) +®j<Pkfl;Qkf2)> —0;(f1,/2)
—N

Lr

N—1
= ( ) ®j(Pk+lf17Pk+1f2)_®j<Pkf1>Pkf2)> - 0;(f1,/2)
k=N

)7
<||®;(Bvf1,Pnf2) —O;(fi, 2)|ler +|1O;(P-nfi1,P-N12)||Lr

S Pvfi = fillen | f2llee2 + | fil e [|By f2 = folleee + | [P-n fillze: [|P-n f2|[Lr2 -

All three terms above tend to zero as N — oo by Proposition 5.1.1. This completes the

proof. U
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The next proposition is an extension of Calderén’s reproducing formula to the stronger
topology of the class of Schwartz functions. This was used in David-Journé [28] to prove
the original T1 theorem. They use the stronger convergence of the reproducing formula
work with the weak continuity assumptions on Calderén-Zygmund singular integral oper-
ators. The proof we present here is short, but the content of the proof was in Proposition

5.1.2.

Proposition 5.2.2 (David-Journé [28]) Ler Qi be as in Proposition 5.2.1. Then formula
(5.1) holds in the topology of ¥ whenever f € #y. Also formula (5.2) holds in the topology
of .7 (R?") whenever f1, > € .%.

Proof: For f € /), consider
Y or=Y (Py1—PR)f=Puf—P_n_1)f-

|k|<N |k|<N

It follows from Proposition 5.1.2 that the first term tends to f and the second to 0 in . as

N — oo, It also easily follows that for f1, > € %

Y Ofi@P1 it Pfi@Ofr =Y, (Pis1 —P)fi @ Pey1 fo+ Pefi @ (P — Po) fa
k|<N k| <N

= Y Pifi®Pq1fr—Pfi QPS>
|k|<N

=Pvi®Pnfo— P n-1) /1 ®P_(n-1) /2,

which goes to zero in .#(R?") as N — oo by Proposition 5.1.2. 0
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5.3 Approximation to the Identity with Respect to Para-
Accretive Functions

We also work with para-accretive perturbed versions of the convergence results we just
proved. The approximation to identity formula in L? follows immediately as a corollary
of Proposition 5.1.1 since the convergence is in L”, which “does not see” a pertubation
by a para-accretive function. That is the convergence in Proposition 5.1.1 relies only on
size estimate on the kernels py(x,y), not on regularity estimates. So there is no harm in

replacing py(x,y) by pi(x,y)b(y). We make this precise in Corollary 5.3.1.

Corollary 5.3.1 Let b be a para-accretive function. Suppose si. : R** — C for k € Z satisfy

sk (x,)| S PV (x—) for some N > n, and define Sy

S () = [ xS ()dy

for f € LY +-L>. If Sy(b) = 1 for all k € Z, then StMy,f — f in LP as k — o for all f € LP

when 1 < p <ooand SiMpf — 0inLP ask — —ooforall f € LPNLI when 1 < g < p < oo,

Proof: Define P, f = SyM,,f with kernel py. Itis obvious that |py(x,y)| < ||b]|1=®Y (x—),
and P(1) = Sx(b) = 1. So by Proposition 5.1.1, f € L? implies that P,f — f in L”? when
felPand 1 < p <oo. Alsowhen felPNLIfol < g < p < oo, it follows that P f — 0
as k — —oo. Therefore S;Mf = P.f — f as k — oo and Si.f = P.f — 0 as k — —oo for
appropriate f. 0

We make a special definition of approximation to the identity operators with respect
to a para-accretive function, which was defined David-Journé-Semes in [29] and further
developed by Han in [48]. The convergence results we prove about these approximation

to identity operators here (including Corollary 5.3.1) were first proved in [29] and [48].
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Definition 5.3.2 Let b € L™ be a para-accretive function. A collection of operators

{Sk }rez defined by
S0 = [ s ) f0)dy

for kernel functions s;, : R*" — C is an approximation to identity with respect to b if {sx} €

SLPK, Si(b) = S;(b) =1, and

s, 9) = 510, 9) = s, 5') + 5 (3] < A2 (24— ) (2K y — v )Y
$ (@ (=) + @ — )+ B =)+ T )

(5.3)

We say that an approximation to identity with respect to b has compactly supported kernel

if sk (x,y) = 0 whenever |x —y| > 27k

Remark 5.3.3 Given a para-accretive function b, we define a particular approximation
to the identity with respect to b. Let ¢ € C§ be radial with integral 1 and supp(@) C
B(0,1/8). Define St = PM pp)-1F. To define the operators, one needs to know that
Pb(x) # 0 for all x € R" and k € Z. In fact, it was shown in [29] that |P.f(x)| > ¢ >0
uniformly for x € R" and k € Z. It follows that the associated kernels {si} € SLPK, and it

also follows that s,lz satisfies (5.3)

\sk(x,y) _sk(xl7y) _Sk(xuyl) +Sk(x/7y/)‘

/n(<Pk(x— ) = Qc(x' —u)) (Peb (1))~ (@k(y — ) — @y —u))du

S =AY y -y )Y

X (@ (e —y) + @ = y) + B T y) + )T ).
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Hence S,’g is an approximation to identity with respect to b. Furthermore, Si is self-adjoint
and has compactly supported kernel. These operators were originally defined in [29] and

the condition (5.3) was verified in [48].

In the same way that we introduced stronger convergence results for singular integral
operators in the “unperturbed” (T1 type testing condition setting), we introduce a stronger
sense of convergence for the “perturbed” (Tb type testing condition setting) to work with
the weak continuity of singular integral operators in the Tb setting. These stronger conver-
gence results were used in the proof of the Tb theorem original by David-Journé-Semmes

in [29].

Proposition 5.3.4 (David-Journé-Semmes [29]) Let b be a para-accretive function, {S;}
be the approximation to identity with respect to b that has compactly supported kernel, and
0o > 0. Then M,SyM,, f — bf and M,S_yMy,f — 0 in bcg as N — o forall f € Cgo and
0 < 8 < &. In particular these convergence results hold for the operators defined in

Remark 5.3.3.

Proof: Let f € Cgo and 0 < & < &. Without loss of generality assume that y = &, where
v is the smoothness parameter of s;. We must check that ||[SyM,,f — f||s — 0 as N — oo.

So we start by estimating

[(SWMif (x) — () — (Sx My f(3) — F(3)
[ (on e () = F0)bwd— [ (sn(r.0)( ) = £))bla)

< bl [ 17 () = Fy ()l du
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where F{y(u) = sy (x,u)(f(u) — f(x)). Consider u € B(y,27") and it follows that

[Py (1) = FRy ()] = s (e, ) (f () = £ (x)) = s (3, 20) (f (1) = £ ()]
< s ()| 1F () = FO)| =+ [sw (e, ) = sn (v, ) || (F () = f ()]
SN 2™ e =1+ {1152 @V e = )Py — ™ (5.4

S 152" b=y

With a similar argument, it follows that for u € B(x,2™N), [F{ (1) — Fyy (u)| S || f]]5,2™ |x —

y|%. Now we may also estimate |F(u)| in the following way for u € B(x,27V),
F5 ()] S 2™ f () = FOl < [[£]]5,2" =2l < [ £]15,2"™27%. (5.5

Using the support properties of si, we have that supp(Fy — Fy) C B(x,27V)UB(y,27").
Then it follows from (5.4), (5.5) and & € (0,1) that

Ea _5
1F3i() = Fy ()] 5 (1F1162™ be—1%) ™ (I1fl1g272 V)%

S llg2"™ = y|o27 (@m0,

Therefore SyMy,f — fin||-||5 since

|(SvMpf(x) = f(x) = (SWMpf () = f)] _ 1

3 = e—l? Jen

< 2(606)N/ N
S Il s 2

[P (1) — Fy (u) | du

SIfllg2 0N,
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This proves that SyM,f — f in Cg as N — oo, Now we consider S_yM, f as N — co. We

also have

|S-nMpf(x) =S NMpf(y)] _ 1
e —y]° = e—y]0 Jre

S Hf””; (/ +/ )2_"N(2_N|x—y|)5du
= [0\ =<2V Jy—uj<2V

SNl=272N.

s (6, u) = s-n(y,u)| [b(u) f () |du

Note that || f||z~ < oo since f is continuous and compactly supported. Therefore SyM,, f —

fand S_yMf — 0 as N — oo in the topology of Cg. [

5.4 Reproducing Formulas with Respect to
Para-Accretive Functions

We will state a Calderén type reproducing formula for para-accretive functions, which
was proved in [48]. This formula can roughly be though of as a perturbed version of
Calder6n’s reproducing formula and may even seem intuitively obvious, but many non-
trivial, technical details arrise in the proof. So we do not prove it here, and instead refer

the reader to the work of Han [48].

Theorem 5.4.1 (Han [48]) Let b € L™ be a para-accretive function and Sy for k € Z be
approximation to the identity operators with respect to b. Define Dy = Si11 — Sk. There

exist operators Dy, such that

Y DiMyDM,f = f (5.6)
keZ
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in L? for all 1 < p < o whenever f € C(‘)S for some 8 > 0 and bf has mean zero. Further-

more, Dy(b) = D% (b) = 0 and Dy is defined by

Difx) = [ e ) fO)dy

where {c;’;f} € LPK, which is defined ch(x,y) = c};((y,x).

We will use this L? reproducing formula extensively for Littlewood-Paley square func-
tion operators, as the convergence in Theorem 5.4.1 is well suited for the continuity prop-
erties of these operators. Although we will avoid using this formula in the topology of Cg ,
and get by only using Proposition 5.3.4 to decompose the para-accretive perturbed singular
integral operators. We still need the perturbed reproducing formula in a slightly stronger
version than Theorem 5.4.1. Namely we need that the formula converges in H'. The
remainder of this section is dedicated to extending the convergence of the para-accretive
reproducing formula in Theorem 5.4.1 to convergence in H'. We start with a lemma about

H! functions.

Lemma 5.4.2 If f : R" — C has mean zero and

)] S ey (P (x) + 2 (x))

for some N >nand j,k € Z, then f € H' and || f||;p < ¢; 42V MN=") The constant here

is independent of j and k, but may depend on N.

The statement of this lemma is a bit counterintuitive in that given a function that satis-

fies the hypotheses for some N, the conclusion seems to be strengthened by taking N > n

J—k|(N—=n)

as small as possible. This will make the term 2l smaller, but there is an implicit
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constant hidden by the < symbol that blows up as N — n. That is, the conclusion can be
written of the form || f||;1 < Cnac j7k2‘j’k|(N =) where the constant Cy ,, — oo as N de-
creases to n. In fact, it can be shown that this constant satisfies Cy ,, < C,(N — n)~2 for
some C), depending only on the dimension.

The proof of this lemma is more or less a standard proof of other results for H!, but
precisely tracks a few more terms. The proof is essentially due to Uchiyama [87], but the
one presented is closer to the proofs of Lemmas 1 and 2 of Wilson [89]. In these lemmas,
Wilson proves that if | f(x)| < @Y (x) and f has mean zero, then f € H' where the estimate
for || f]|; is independent of k. We make a few modifications to account for replacing @Y
with CID?I + @Y. The estimate on ||f]|; in Lemma 5.4.2 recovers the estimate from [89]:
Assume that j ~ k so that CIDIJV (x) + DY (x) &~ @Y (x). Then we are in a situation where both
Lemma 5.4.2 and the result from [89] can be applied. It follows from Lemma 5.4.2 that
|| f]|g1 S ¢jx which is the same as when we apply Lemma 2 in [89].

The impact of this lemma is subtle, but important to this work. As was shown by

Wilson, if f has mean zero and | f(x)| < @Y (x), then f € H'. Then obviously if fi, f> both

have mean zero and satisfy |f (x)| < CIJIJV (x), | fa(x)| S DV (x), then fi + f> € H' with norm
independent of j and k. On the othe hand if f satisfied the hypotheses of Lemma 5.4.2, it
is not clear that f can be written f = f| 4+ f> where both f{, f> have mean zero and satisfy
i) < CD]}’ (x), |f2(x)| S @Y (x). In this situation one cannot directly apply the results
of Uchiyama [87] or Wilson [89], but Lemma 5.4.2 is still applicable. This is where the

content of Lemma 5.4.2 lies.
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Proof: Let j,k € Z and without loss of generality assume that j > k. Define the ball

Ag = B(0,3-27/), the annuli Ay = B(0,3-2/"7)\B(0,3-2¢7/~1), and the functions

ho(x) = Xaof — &0

he(x) = xa,f +8e—1— 8¢
for ¢ € Ny where

1
20 =2 [, JOM

Then it follows that

Y he=xa0f —80+ Y, Xa.f — 80+ 8-

leNy leN
= %Aof_g0+ Z XA(f—i_ Z 8v—1— 8¢
(eN (eN

=f+limg = f.
f—o0

This limit holds pointwise on R”": For x € R”, take ¢ € N large enough so that 3-2¢=7/~1 >
|x|. Then x ¢ Ay, x ¢ supp(gy), and gy(x) = 0. We check that hy are almost atoms (up to
a constant depending on j, k, ¢ multiple which we will specify later) for each ¢ € Ny: It is

obvious that supp(/;) C B(0,3-2¢7/). Also

[ owas= [ (f(x) R on= i (073.2j)f(y)dy) dx =0,
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and for ¢ > 1

[ e = [ Gta(0£(0)+ge-1() = go() d

= /A f(X)dx+ |Ag_1|g£_1(x) _ |A£|gg(x)dx
= Aéf(x)dx_{—/B(o,}sz‘)f(x)dx_/g(og,zkj)f(x)dx =0.

We also have for any x € R”

7o ()] S cja (@ (x) + Dp(x)) + W/B(O&Z—f) (Dj(x) + Dy (x)) dy

. Cik
< .. 2Jjn 2kn> Js .
~ Gk ( ) T B0,3-27)]

5 Cj’k2jn.
Also for > 1 and any x € R"

e ()| < [f(x)] %4, (x)

1
dy| + —— / d
/Y<3~2“jf(y) y‘ A1 ly|<3-2¢-i-1 f) y‘
R
|y|>3-2¢-
1
- J
+ z(é—J)n /}723‘2€j1f(y) y‘
2/" 2kn Cit 2jn 2kn
< : - i, . / . ]
Scik ((2J!x|)N + (2k|x|)1v> 24,0 + 7 5[>320 ((2J|y|)N + (2k|y|)1v> y
< .. 2]” an Cj,k 2]n an
~ ik \ RN TR ) i \ g W i

Cik i _ o _
< ik (=0 N=n) (i) , Ak(n=N)
S S (2 +2 )

L
A

1
S ¢k (B (x) + P () oa, () + A((—j)n
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Fix Cy > 0 such that the above inequalities holds for Ay, i.e.

’/’l() (x) | < C()Cj7k2jn

Cocjk i—0)(N=n) (~j(n—N) | ~k(n—N
|hg(x)|§m2(l ) )(2]( ) 4 k( )),

Now we modify &y to define our atoms to approximate f: Let a;(x) = )Lg_lhg for all £ € Ny

where

Ao = Cocjx2"|B(0,3-277)]

Ay = Coc; 200 =) (21'("*N )+ 2’<<"*N>> , when > 1.

It follows that for each ¢ € Ny, supp(as) = supp(h;) C B(0,3-2¢77), a; has mean zero

since hy does, and for all x € R”

1 1
= A Yh = . —|h <
bl =R ol = s 320 " = o329
(2 j(n=N) | pk(n—N) !
=21 — < > 1.
lag(x)| = A, |he(x)] Coc; 20 NTN7) lhe(x)] < B0.277)] when ¢ > 1
Then it follows that ay are atoms for ¢ € Ny, and furthermore
Y A =2+ ) 1A
leNy leN
- COCj,kzjn’B(Oﬁ 270 +Cocjx (2](’1—1\’) _|_2k("—N)> Z 2 (j=O)(N—n)
leN

— Coc;427|B(0,3-277)| +Coc (21‘(an> n 21«(an>> 2J(N=1) < ¢ Dli=HI(N=n),
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Note that in the last step we us that j > k to conclude that j—k = | j—k| and 1 < 2l/=KI(N—n)

since N > n. Then it follows that

M ) oo
Hf—zm < L Mladln S eju (207N +2070) 3 2l
(=0 Hl (=M+1 (=M+1
<Scix (y’(an) + 2k(an)> 2(i=M)(N—n),

which tends to zero as M — oo. Therefore (Ay,ay) is an H !"atomic decomposition for f, and
it follows from the atomic characterization of H' that f € H' and || f||; < ¢ 21/ =KIWNV="),
U

In the next result, we prove that one can extend certain reproducing formulas converg-
ing in L to convergence in H!. Theorem 5.4.3 is stated for a general class of reproducing
operator, and we apply this result in Corollary 5.4.4 to the operators DZ and 52MbD2 from
Theorem 5.4.1. This result will be used for the construction of an accretive paraproduct
operator, Theorem 7.3.3, which in turn is used to prove the bilinear Tb theorem, Theorem

7.5.2.

Theorem 5.4.3 Let b € L™ be a para-accretive function and {6y} € LPK such that ® b =

O;b =0 for all k and for any f € Cg such that bf has mean zero

Y MO M, f =bf
keZ

where the convergence holds in LP for some 1 < p < . Then for any 8§ > 0 and f € Cg

where b f has mean zero, it follows that bf € H' and

Y MyOM,f=bf
keZ
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in H'.

Proof: Let f € C for some 0 < § < 1 and {6;} € LPK with @ (b) = ©}(b) = 0 for all
k € Z. Without loss of generality, assume that Yy = 6 and N < n+ 7y/2. Define fi(x) =
Mp®, M, f for k € Z, and it easily follows that

Ji(x)dx = / My, f(x)®;b(x)dx = 0.
Rn R

Let R be large enough so that supp(f) C B(0,R), and we estimate f; using that bf has

mean zZero

) < 1ol | [ (Bly) - ek<x,o>>b<y>f<y>dy\

S DD (@ =)+ (0) 1)y
< QVkRY (CD;{V * DY "(x) + oY (x))

<2 (@ () + 2 (1)
We also estimate f; using that @ (b) =0

|fic(x)| < [1B] |-

L 8enb()(£0) = )y
S [ @l Tyl @ )+ 2 (0)dy
S22 B =) (@ () + B (x))dy

27 (@ (x) + @} (v)).
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So we have proved that |fi (x)| < 277 (Y (x) + @V (x)). It follows from Lemma 5.4.2

that
il [ S 27 VkIIKIIN=n) < o=7IKI/2
and so

< Y il S Y 272 <o,

gl k<M keZ

Y fi

|k|<M

Hence ). i< fi 1s a Cauchy sequence in H ! and there exists fe H' such that

=Y fi=Y M0, f.

keZ keZ

But since the reproducing formula holds for b f in L? for some 1 < p < oo, it follows that

f: bf and the reproducing formula holds for bf in H', which completes the proof.  [J

Corollary 5.4.4 Let b € L™ be a para-accretive function, S,l(’, Dz, and 52 be approximation
to identity and reproducing formula operator with respect to b as in Remark 5.3.3 and

Theorem 5.4.1. Then for all > 0 and f € Cg such that bf has mean zero,
Y M,D{MyDiM,f = Y MyD{M,f = bf
keZ keZ

in H'.
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Proof: By Theorem 5.4.1, it follows that the kernels of 5£MbD£ and Di are Littlewood-

Paley square function kernels of type LPK, that
D;M,D;(b) = (D;M,D})* (b) = D}(b) = DY *(b) = 0,
and finally that

Y. MyD{MyDiMyf = Y MyDiM,f = bf
ke keZ

in LP forall 1 < p <o when f € Cg when b f has mean zero. Therefore by Theorem 5.4.3

it follows that the formula holds in H'! as well. O
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Chapter 6

Square Function Estimates

Given a function y : R"” — C, the Littlewood-Paley-Stein type square function is defined

1

gy(f) = (Z!Wk*f|2> ,

keZ

which are also known as the Littlewood-Paley g-functions. These convolution type square
functions were introduced by Stein in the 1960’s, see e.g. [76], [77], [78] or [79], and have
since been studied extensively, including classical works Kurtz of [58], Duoandikoetxea-
Rubio de Francia [31], and more recently Duoandikoetxea-Seijo [32], Cheng [15], Sato
[73], Duoandikoetxea [30], Wilson [89], Lerner [59], and Cruz-Uribe-Martell-Perez [27].
Maybe the greatest impact of the Littlewood-Paley g-functions of Stein is for an appropri-
ate W € ., one can obtain the Littlewood-Paley characterization of L” for 1 < p < oo: For
f € LP,itfollows that ||gy (f)|[zr = || f||rr. A typical goal of Littlewood-Paley theory is to
find size, regularity, and cancellation conditions on a function ¥ : R” — C that guarantee
|lg5(F)lr S [|f|]Lr for appropriate p. In some situations, this corresponds to studying

truncations of some operator 7' f (x) = K  f(x) of the form W (x) = K * y;(x), and in some
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cases lead to L? bounds for T itself. This is the general outline of how we prove bounds
for the singular integral operators in Chapter 7.

Non-convolution variants of the kernels y; were studied by Carleson [12], David-
Journé-Semmes [29], Christ-Journé [17], Semmes [74], Hofmann [52], Auscher [1], and
many others, where they replaced the convolution y; * f(x) with operators @y f(x) which
were defined in chapter 4. We also replace the Littlewood-Paley g-function, gy, with a

non-convolution variant:

Definition 6.0.5 Given a collection of linear Littlewood-Paley square function kernels
{6k }rez of type LPK and associated integral operators {®y} ez, define the Littlewood-

Paley square function associated to {®y } ey,

S{ef(x) = (Z |®kf(x>|2) :

ke,

Likewise, given a collection of bilinear Littlewood-Paley square function kernels {6 }rcz,
of type BLPK and associated integral operators {Oy ez, define the Littlewood-Paley

square function associated to {®y }rez
S{®k}(f17f2)()€) = (Z |®k(f1,f2)(x)|2) .
keZ

In this chapter, we start proving bounds of the Littlewood-Paley gy and recap a histori-
cal development of the square function estimates for Syg,} in the linear, bilinear, perturbed,

and unperturbed situations.
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6.1 Classical Littlewood-Paley Square Function Bounds

Early in the study of Littlewood-Paley square functions Stein [76] proved L” bounds for
gy. Later Benedek-Calderon-Panzone [2] and Rubio de Francia-Ruiz-Torrea [53] devel-
oped Littlewood-Paley theory in terms of Calderén-Zygmund theory. The unifying insight
from [53] and [53] was to view the operator gy as a vector-valued operator in order to
apply the machinery of Calderén-Zygmund theory. In particular, instead of viewing gy, as
a sublinear operator mapping to scalar valued functions, he shifted to view it as a linear
operator {y;} : f +— { W * f} which maps to £>(Z) valued functions. The trade-off here is
obvious (non-linearity versus vector valued theory), but in certain situations it is preferable
to work in a Banach space setting as long as it “linearizes” the operator. We provide the
proof from [2] and [53] here for the sake of making this work self-contained as well as pre-
senting the historical development of square function bounds. We first prove a lemma that
demonstrates a fundamental connection between vector valued Calderén-Zygmund theory
and the square function kernels defined in Chapter 4. In particular, given a collection of
square function kernels {6} € SLPK, one can define an associated standard kernel of type

CZKyr for 1 < r < oo,
Lemma 6.1.1 Any {6} € SLPK is a standard kernel of type CZKr for all 1 < r < o,

Proof: For x #y, define d = |x —y|, and we estimate

k
{6 Hln S Y, 29+ ) 2kd N7
2k<g-1 2k>d-1

Sd4d WDy ) S g,
2k>d-1
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When |x —x'| < |x—y|/2, it follows that

[1{6c(x,3)} = {8l W[ S =" Y, 240

2k<d-1
2k(n+7) 2k(n+7)

_4|Y
P L et @

< = Yd= ) 4 |x — X |Yd~ VY Z yk(n—N)
2k>q-1

< = [Yd ),

A similar argument in the y variable proves that {6;} is a standard kernel of type CZK:.
Note that for any 1 < r < eo, we have || || <||-||;1. Therefore {6} is a standard kernel
of type CZKyr for any 1 < r < oo, O

In the next result, we use Fourier analysis to prove an L? bound and extend to L? for
p # 2 using the vector valued Calder6n-Zygmund theory and interpolation results from
Chapters 2 and 3. This result is originally due to Stein [76], but the proof presented here

is due to Benedek-Calderon-Panzone [2] and Rubio de Francia-Ruiz-Torrea [53].

Proposition 6.1.2 ([76], [2], [53]) Let Qirf = Wi * f where W € . has mean zero. Then
the square function Sy, associated to the kernels Yy (x—y) is bounded from L' into L',
Jrom L into BMO, and from L into L? for all 1 < p < ee. Note that in particular S;p,\

and S (0,197¢ bounded on L? forall 1 < p < o where Qy and ék are defined in Proposition

5.2.1.

Here we use the notation S¢p,, to be the square function associated to O, but this is

exactly the same definition as gy, i.e. S;p,1 = 8gy-

84



Proof: We first consider the case p = 2, and compute by Plancherel’s theorem

ISt00/1F: = s & [, 198/

keZ

= / Y, WP+ Y WP If(E)PdE =1+11.
H A\l 2> e
Since ¥ € . (R") and y(0) = 0, there exists a finite linear combination of Schwartz

seminorm, p, such that |y(&)| < p(w)min(|&|,|&|"). Then we estimate I by

r<p? [ | X @HED ) Ir@PaE S [ 1FE)PE S 71

R \2x<je|

Likewise, we estimate /1 by

<p(y) Y, @ED? | IFE)Pag 5 | 1F(E)PdE S IIfIIE-
Rn

26>(¢]

n

Therefore Sy, is bounded on L?>. By Lemma 6.1.1 the collection {yj(x —y)}rez is an
¢%(Z)-valued Calderén-Zygmund operator, so by Theorem 2.2.1, it follows that {Qy }rcz
is bounded from L' into L' (R", ¢*(Z)), that is S{0,} s bounded from L' into L', Then
by Theorem 3.1.1, it follows that S;p,, is bounded on L? for 1 < p < 2. By Theorem
2.3.1, S{Qk} is bounded from L7 into BMO. Also by Theorem 3.3.3, it follows that S{Qk}
is bounded from L? into L for all 2 < p < oo. It is not hard to see that {Qy }rcz as an
¢? Calderén-Zygmund operator satisfies the extra assumptions (1) and (2) from Theorem
3.3.3: (1) For f € L? with p > 2, {Qxf}rez is an £?> measurable function since Qi f is

measurable for each k € Z, and (2) if f; — f in L? where f; € L, then since Oy f; — Ok f
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pointwise and by Fatou’s lemma

1
2

{0/} ()] = <Z|Qkf<x>\2> = (Z}gg |Qkf,~<x>|2) < liminf [{O4f7}() |

keZ keZ

This completes the proof. OJ

This proof is slightly different than the one that you may find in [2], [53], or the many
other texted where this theory is developed. Typically one proves bounds for 1 < p <2 in
the way we did above, and then continue by a duality argument. We have not developed
some of the duality theory in the vector valued setting that is necessary for this argument.
Instead we use the weak BM O interpolation argument since we have already proved the

necessary BMO endpoint estimates in Chapter 2 and interpolation results in Chapter 3.

6.2 Square Function Bounds with T1 Type Testing Con-
ditions

In the situation above, if ¥ € .7, then gy is bounded on L? for all 1 < p < o if and only
if ¥ has mean zero. Much of the afore mentioned work is in finding weaker size and
regularity conditions than y € .#. For the more general convolution and non-convolution
type square functions Syg, ), this mean zero condition is sufficient, but not necessary for L”
bounds. In the 1980’s, mathematicians began to study these bounds of the square functions
S(e,)- There are Lebesgue space boundedness results for the square functions S¢g,}, but
they can be set in the more general context of Trieble-Lizorkin and Besov space bounds.
There is a rich history behind these results. Much of the theory was developed in the works
of Besov [5, 6], Taibleson [81, 82, 83], Peetre [70, 71, 72], Triebel [85, 86], Lizorkin [61],

among others that defined Triebel-Lizorkin and Besov spaces. Although Theorem 6.2.1 as
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stated here is closer to the results of David-Journé [28], Christ-Journé [17], and Semmes

[74].

Theorem 6.2.1 If {6} € LPK and ©,(1) = 0 for all k € 7, then for all f € F,;"!

(Z 2‘”"|®kf|9) Sl

keZ p

and f € Bg’q

1
q

(Z 2"‘""I|®kf||%p> S Sl gea

keZ

whenever 1 < p,q < o and |a| < Y. Here Yy is the regularity parameter guaranteed by

{6} € LPK.

In particular, for g =2, 1 < p < oo, and o = 0 the F19 2 bounds from Theorem 6.2.1
become L? bounds for S;g,;. We do not prove this result, but the proof can be easily
extracted from any of the next three results, Theorems 6.2.2-6.2.4.

A bilinear version of Theorem 6.2.1 were proved by Maldonado [62] and Maldonado-
Naibo [63]. In this work, we extend Theorem 6.2.1 in three different ways, Theorems
6.2.2-6.2.4. These theorems are presented from the weakest cancellation condition on
O in Theorem 6.2.2 to the strongest in Theorem 6.2.4. The results of Maldonado and
Maldonado-Naibo are the Besov space estimates in Theorem 6.2.3. Theorem 6.2.2 was
proved by the author in [49, 51], and proved by different techniques by Grafakos-Oliviera
in [41] and by Grafakos-Liu-Maldonado-Yang in [40].

Theorem 6.2.2 ([49], [41], [40]) If {6} € BLPK and ©(1,1)(x) =0 for all x € R" and
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k € Z, then for all f € Fpof:]q NLP'2 and f € LP>) ﬂFpO;:?

1
q
) 2“qu®k<f1,fz>|q> S Allgga Allras + 1 Aill s 1ol g

keZ
L

and f1 € By, NLP12 and f, € LP21 N By

q
k
(2 2 q||®k<f1,f2>||;{p> Sillggs 1ol + ILAallaz 12l gz
keZ ’ ’

whenever 1 < p,pi1,pi2,q <o, pll T forl— 1,2, « € R, and |a| < y. Here y is

p
the smoothness parameter for {6y} € BLPK.

Proof: Fix 1 < p,pi1,pi2,q < oo satisfying (1.1), o € R with |ot| < 7, f1 € L! ﬂFpoff,qﬂ

L2, fr € L'nrrinEyd, and {gk }rez such that

P22

1

/ !/ ?
(Z 2k |gk|q> <1.

kEZ /
Ly

Then we approximate the dual pairing

<)

keZ

L, T e f2) (gix)dx

ke,

L0 f2) gix)dx| =

where we take the last equality to be the definition of Q; = Qi (f1,f2,{gr}) to be the

quantity inside the absolute value in the expression before it. Let H}{ and H% be defined as
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in Proposition 5.2.1, that is

H}' (f1, 2)1,32) = Ok f1(31) Pres1 /2(32),
I (f1, £2) 01.52) = Pifi(01) Qi fa (32).-

Now for M € N

Qk—/ Y (OIj(f1,£2)(x) + O (fi, /) (x)) gx (x)dx

ljl<M

Olfi.f2) = Y, OILN(f1, £2) + OIL3(f1, f)

|jl<M

HngUJ"
Ly

By formula (5.2) in Proposition 5.2.1, the above tends to zero as M — oo, and hence we

reduce the proof to bounding

Y )

|k|<N jEZ

/ (OIT}(f1, £2)(x) + OIT3 (f1, f2) (%)) gk (x)dx

by the appropriate norms of f; and f, independent of N. By estimate (4.15) from Propo-

sition 4.3.2 and recalling that Q; = Qka, it follows that

O, (f1,/2) ()| = |OL(Q,;Q,f1,Pis1/2) ()| S 27t (0 1) (x)A fo (),
|©T1;(f1, £2)(x)| = |O2(Pif1,0;0,12) (x)| S 27 .t f1(x).4 (0} f2) (x).
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Since |a| < 7, there exists 0 < A < 1 such that Ay > |a|, for example we can take A =

la|+y

2y Then we can estimate for any N € N

Y 1< Y [ ¥ 1001 (1 ) (0gil) + OB (i, ) ()0

|k|<N |k|<N JEZL

S [ X 2 I ORI Q) f0) (6)-A Foll) - i (0 (Q, ) ()
R* jkez

X |gr(x)|dx
< ( Y 2%dkpm etk (//(ijl)///fz+///f1///(ij2))q>
J,kEZ y
X < ) z—aq”‘z—q’(l—l)ﬂj—kl‘gk‘q’>q/
JkEZ o
< ( Z 24(le|=Ay)|j=klojq (///(ijl)///fz+///f1//l(ij2))q>
J,kEZ L
x (Z 2‘“q’k|gk|q’)q
keZ ,
Lr
S (Z 20jq (///(ijl))q> ME|| + || A S (Z 2074 (///(ijz))q>
JEZ I JEZ L
</l X (///Qj@ajfl))q) |[A f2]| 2.
jez Lo
+ || fil| 12 (Z (///Q,(z“ffz))q)
JEZ 22

S WAillgga el + 1Al el Aol

In the last line, we use the Fefferman-Stein vector valued maximal function bound and

the L bounds of .# for 1 < p < co. Then by duality and density, the Trieble-Lizorkin
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estimate follows. Fix 1 < p,p;1,pi2,q < o satisfying (1.1), &« € R with || <7, fi €

L'NByNLP2 and fo € L' NLP2 ﬂBgz’Z, and {g }xez such that
1
kog' \!
y 2k g7, ) <
keZ

Take the same definition of A as before and approximate the dual pairing in the same way,

and it follows that

/n Y Oc(fi,.f2) (x)gu(x)dx

keZ

<y 2—Yl|j—k|2—7(1—l)j_k|/ MQjfi(x) A fr(x)|gr(x)|dx
jkez R

LY 2 Mk Ak /R M fi(x) A Q) f2(x)|gx(x) dx

J.keZ

. q
< ( Y 2k |y £, u/f/fznzpz,l)

JkeZ

»Q\‘,_

- ( X 2—‘1’““”“—"2—Q’“’<||gk||q”>
J.keZ o
1

n ( Z 2_‘177L|j_k‘2qakH.///flﬂzm,z H,///ijzu;ing)

J.keZ

»Q\‘ —_

—q'Y(1-A)| j—k|—q ak '

% ( Z 2= Y(1=A)|j—klr—q' @ HngZp/>
j.keZ

1

1 1

_ . . a . ,\ 7

< ( Y 2lle=rhalizkaaia || g |2, ||lelzp2.1> (Z 2 “"llgkll;{,,,>
JkEZ jkeZ

1

1 1
. . 1 / / ¢
+ ( Y, 2dei=rhaizkania) il HijzHZm,z> ( ) 2 ""‘Hgk||2/>

JkeZ jkeZ
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1

S <22qajHijlHZP1,l> HfZHL”zJ +Hf1HL”1,2 (Z zqajHij2| Zl’z.z)
I/

jez

= ||f1||Bg]7le [ f2llpr2n + [ f1ll o2 Hf2||3g;2-

Then by duality and density, the Besov estimate follows as well. U

Next we state another bilinear version of Theorem 6.2.1 with a stronger cancellation
condition imposed on ®y that proves a better estimate. In this version, we assume that
Ok(1,-) = 0 in place of @(1) = 0. Parts of this result have appeared in a number of
works: Maldonado [62], Maldonado-Naibo [63], Grafakos-Oliveira [41], and Grafakos-
Lui-Maldonado-Yang [40]. Even though this is not a result of the author, it is closely
related to the work in [49], and it fits naturally with Theorems 6.2.2 and 6.2.4 as natural

bilinear extensions of Theorem 6.2.1. So we prove it here as well.

Theorem 6.2.3 ([62], [63], [41], [40]) Suppose {6} € BLPK and

/Rn Ok (x,y1,¥2)dy1 =0

for all x,y; € R" and k € Z, then for all 1 < p,p1,p2,q < oo such that % = p% + piz, and

a € Rwith || < . Then for all fi € Ey? and f, € L

(Z Zakq|®k(f1,f2)|q> S ’|f1||F;“l*q||f2||Lp2

keZ
Ly

and for all f| € Bg;q and f> € LP?

1

(Z 2akq||®k(f1,fz)l|%p> S WAllggel1follere

keZ
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Proof: Fix 1 < p,p1,p2,q < oo such that ]lj = %—l—piz, a € Rwith |a| <y, fi € F,00N

L' NLY, f, € LP>N LY, and {gi }xez such that

(g2 )| =1

keZ

Then we approximate the dual pairing similar to above using the L”! convergence of
Y 0ifi=h
JEZ

and the continuity of ®;: For any N € N

Y | e @atoidx= ¥ [

k|<N k|<N

S/ Y 18u(Q)f1,./2)(x)gx(x)|dx.

R" ikez

Y Ou(Q)f1, f2) (x)gk(x)| dx

JEZ

Again, it is sufficient to prove a uniform estimate in N. It follows from estimate (4.17)

from Proposition 4.3.2 and the fact that Q; = é ;Q;j that for all x € R" and j,k € Z

10k(0; 1. 2)(x)| S 27K (i 11) (x)A fo(x).
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Fix 0 < A < 1 such that |@| < Ay < 7. Then it follows that

‘ L T ehwad < [ ¥ 20 (Qif) 00 f(x)gilx) dx

kEZ JkEZ
q
< ( Z 2*‘177L|j*k\2qock (%(Q]fl)%fﬁ)q>
JkeZ I
1
% ( y z—q’Y(l—l)j—klz—q’ak|gk|q’> !
J.keZ 174
1 5
q
< ( Y, 2t (///(ijl)///fz)q> (Z Zq’“"lgqu’>
JkeZ Ip keZ 1
1
q
< (Z 2a1q<///ij1)q) || fal| 12
JEL
LP1

S Willgga 1 2]z -

By duality and density, the Trieble-Lizorkin estimate follows. Now let f; € Bg;q NLP ALY,

fre LP2 0L, and g; such that

(521 <1

keZ

Then using the above argument, we estimate

‘ L Lo e < ¥ 27 | a(0,) (0400505

keZ JkeZ
1 1
. 4 ’ : ! / 7
< ( y z—mf—klzqakH//z(Q,-fl)///fm,‘{p) ( Y, 27 ar-Alimkya “"Hgknz,?/)
JkeZ JkeZ
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1

1 1
. _ q , s\ 7
< ( Y ollel=rdizkixaei| g, |9, IlszZ’;q) (Z 271 “kl\ngZ,,f>

J.keZ keZ

< llgge 153l

By duality and density, the Besov estimate follows. U
In the last bilinear version of Theorem 6.2.1, we require an even stronger cancellation

condition on @y, that ®(1,-) = O(-,1) =0 for all k € Z.

Theorem 6.2.4 (H. [49], Grafakos-Lui-Maldonado-Yang [40]) Suppose {6;} € BLPK

and

/Rn Ok (x,y1,y2)dy1 = /Rn Ok (x,y1,y2)dy2 =0

forallx,yy,y, € R"and k € Z, then forall 1 < p,p1, p2,9,91,q2 < such that%: le—i_plz’
1

g :q—ll+qi2, and o, a1, 0 € Rwith a = oy +0p and |oy |+ || < 7. Thenforallfiepp?iﬂi

1
q
(Z 2akq|®k(f1,f2)|q> S ||f1||pp°§l=ql HfZHF,f‘szqz

keZ 1

and for all f; € By

1

<Z 2°‘kq||®k(f17f2)||zp> S ||f1||3g%~41 ||f2||B;’,‘§"’2'

keZ
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Proof: Fix 1 < p,p1,p2.4,q1,q> < o such that 1 —p—l+p12 (1] +— o, 0,00 € R

with o) + 0p = o such that |a; |+ || < 7, fi € Fpof“q’ NLPINLY, and {gi }xcz such that

1
7

/ !/ gl
(ZZ_M’ \gk\q> <L

kEZ /
Lr

Then we approximate the dual pairing like in the proofs of Theorems 6.2.2 and 6.2.4: For
NeN

y / Oufi, ) (Wge)ldx < Y / ©L(Q;1,002) (x) i (x)|dx

|k|<N lk|<N 7 R" j, ZGZ

<[, ¥ 10Qif10if2) (gl ax

" k€T

Again, it is sufficient to bound this quantity uniformly in N by the appropriate norms of fi

and f,. It follows from estimate (4.16) from Proposition 4.3.2 that for all x € R"

101(Q;f1,002)(x)| = |O(Q;Q, 1, 0000 o) (x)| S 27 WKt (0 1) (x) 4 (Quf2) (x)
(6.1)

0k(Qf1,00/)(x)| = |O(QQ; 11,0000 2) (x)| S 27Kt (0 1) () (Qu 1) (x).
(6.2)

Fix A € (0,1) such that |0 |+ || < Ay < y which is possible since |a;| + |op| < 7. Also

choose n € (0,1) such that % <n< ﬂ;_)ILth\. Note that this is possible since |0 | <
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—|on| < Ay, it also follows that |0 | < Ayn and || < Ay(1 —n). Then we estimate

‘/ Y Ou(f1. f2) (x)gx(x)dx

ke

< [ X 2 ) (0, ) (). (00 for)r ()l
J,kLET

1
< ( Y oAk k) gtk (///(ijl)///(Qéﬁ))q)q
Jk LD Lr
1
% ( Y 2q’y(17t)(n|jk+(1n)lfk)zq’ak,gk,q’)q
jkLEZ /
LP
< ( Z A (|0 [=yAn)glj—K 5 (|0a|=YA(1=n))qlt—K|
jkLEL
1
. ’ g\
X (2"‘”/1(ij1) 2% //(Qéfz)> )
e
X
/ / 4
X <Z 279K gy |4
keZ 194
1
q
< ( y 2o [=vAn)qi|j—klp(loa|=vA(1-"))q: |0~ (zalj//(ijl))%) 1
Jk €L L1
| 2\ "
% Z 2(|a1|_yAn)q2|]—k|2(\062|—Y7L(1—77))‘]2|£_k‘ <2062€%(Q€f2)>
jokLeZ LP2
N 4
an q2
<22q1au (1)) ) <Z2q2°‘2£ (Qef2))? )
jGZ leZ
193 LP2

S Hf1||plfjl’41 Hf2”pp0;2‘qz-
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Then the estimate involving Trieble-Lizorkin spaces follows by duality and density. Now
let f; € By NLPiNL! and g; such that
1
k /
Y2t gl ] <.

keZ

Then using the above argument with the same definitions for A and 71, we estimate

‘/Rn Z O (1, f2) (x)gi(x)dx

keZ

< Z 2—)’(71j—k|+(1—n)|€—k|)/Rn///(ijl)(x)///(ngz)(x)gk(x)|dx

J.kLEL

1
q

JkALEL

1
><< Z 2q’7(1/l)(njk|+(1n)|gk|)2q/ak||gk”q,,>q
. .

Js

<< Y olloal-vAmaik el 1 (-m)ale-K g japants
Jk €L

X H% Q]fl HLP] H'// foz HLPZ)

(ZZ qangqu )
ke,

< (Z (e |=vAn)qilj—kly(loa|=yA(1=1))qi (=Kl y 0 jg) HQ lem)
1

0
><< Z (e [=YAn)qalj—k| 5 (loa[=yA(1-"))q2|— kzazéqungzHLpz)
E
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1

ar E o
Y 22%0 gl | = Hlegfjllvql Hszggg-fm-

LET

< (zwugjﬁuzzl)

jez

Then by density and duality the Besov type estimate holds as well. U

6.3 Carleson Measures and BMO

As discussed before, the ®;(1) = 0 type conditions are sufficient for square function
bounds, but not necessary. In this section, we develop some of the theory needed to quan-
tify size conditions on ®;(1) to replace this mean zero condition. This can be thought of
as a perturbation theory, and is crucial to proving square function bounds assuming testing
conditions on para-accretive function in place of the function 1. First we define a Carleson

measure.

Definition 6.3.1 Let R = {(x,1) : x € R", ¢ > 0} and du(x,t) be a non-negative mea-

sure on ]Rffq. Then du is a Carleson measure if

1 £(Q)
sup — [ [ auen 51,
ocre |9l Jo Jo

where this supremum is taken over all cubes Q C R".

We will state and prove a result from Fefferman-Stein [34], Varopoulos [88], and
Coifman-Meyer-Stein [26] which asserts that for appropriate operators ®; and any 3 €
BMO, we can generate a Carleson measure from O;f(x) in a particular way. In fact,
Fefferman-Stein [34] prove this only for @, f = y; x f as part of a full characterization of
BMO in terms of Carleson measures. The work in [88] and [26] extends this implication

to the non-convolution case involving the operators ®;, which we state now.
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Theorem 6.3.2 ([34], [88], [26]) Suppose 6; : R?* — C satisfies (4.1) and Oy (1) = 0 for
all k € Z. If Sy, is bounded on L?, then

du(x0) = Y 0B (x)Pdx6_y
keZ

is a Carleson measure for all B € BMO.
Note that we require no regularity on the kernels 6 here. In order to prove Theorem

6.3.2, we need a couple results about the space BMO. The first is a result of John-Nirenberg

[55], and we state without proof.

Theorem 6.3.3 (John-Nirenberg [55]) For 1 < p <coand B € L! , define

loc’

1 p
|BllBmo,p = Slép <@ /Q | f(x) —Angf|pdx)

ForBel] and1<p<o,

Bllamo < o= if and only if ||B||smo,p < eo. Furthermore,

|| - ||Bmo.p s an equivalent norm on BMO.

The next lemma contains a few classical estimates for BM O functions, but for the sake

of completeness we prove them.

Lemma 6.3.4 If B € BMO, then the following hold:

(i) For any cube Q C R" and k € N,

|AV8QB —Angka S kl1Bllsmos

where 2KQ is the cube with the same center as Q and side length 2k¢ (Q).
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(ii) For any cube Q C R" with center co and N > n

S |B(x) —AvgoB]|
Q] Jrr (1+£(Q) ! x = col)V

dx S ||Bllamo
Proof: To prove (i) we first consider the case k = 1:
1
— [3 (x) —AvgroB)dx
\Q|
Ang dx§2” ﬁ BMO-
< g L B) —Aveaolaz < 21|

|Avgo — AvgapB| =

Then it follows that for any k > 1, we apply this bound & times to

k—1 k—1
[Avgo — AngkQﬁ’ < Z ’AVgZJQﬁ AngHIQm < ZanﬁHBMO k||Blsmo-
Jj=0 j=0

This proves (i). Now for (ii) consider

|B(x) —AvgoBldx (x) —AvgoPB|dx

Jo T T gy < J, B Angﬁ’d”Z/ mg\zkg T oV
< + Y 2N —A d
<10l 11Bllsmo kgo Sy g B8 —Avs0Bl

1
|Q[2%

/2k+l 0 |Avgpir1pB — AvgoBldx

<101 1Bllawo+101 Y. 240 o [ 1B ()~ AvgyangBld
=0 2k+lQ

1
|02

<101 11Bllsmo + 10| 1Bllsmo ¥ 2N + 10| |IBlsmo Y 28N (k+1)
k=0 k=0

+ |Q| Z 2k(n—N)
k=0

S 121 1[Bl[smo-

This completes the proof of (ii) U
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Now we prove Theorem 6.3.2.

Proof: We first write

OB = Or(AvgoB) + O ((B — AveoB) x20) + O (B —AvgoB) X(20)) -

Since O (1) = 0 and Oy is linear, it follows that @ (AvgpB) = 0. The second term satisfies

the bound

o, Z

10408~ B o0) (< L, X 10((B ~AvgoB)20) (x) P
27k<t(Q keZ

S | 1B(x)~ AvggBPdx
20
< [ 1B —AvgaoB i+t [ \Avesoh ~ AvsoBPds

<101 1Bllzmo-

Note that we used Theorem 6.3.3 here. Let cp be the center of Q, and we bound the

integrand of the third term when x € Q

01 (B~ Av80B)a0r) () 5 [, @ (=11 0) —~AvoBlay

25| B (y) — AvgoP|
S/ dy
20)c (1+2*(ly —co| — |x—cg|))V

25| B (y) — Avg P |
= /(2Q)" 2N (£(Q) + |y — col)V @

n— n— 1 |B(y)_AVgQB|
<2 oy (agw Lo +€(Q)1\y—CQ!)Ndy>

< 207N e(0)"N||Blsmo-
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In the last line here, we have used Lemma 6.3.4. Then it follows that

/Q |@k (B~ AveoB)x(20)) () dx < |QI 1Bl [Fuot(@)**Y Y, 2%

2-k<¢(Q 2-k<¢(Q)

< 101 IBlIzvo-

Therefore du is a Carleson measure. U
Since Theorem 6.3.2 does not depend on any regularity of the kernel 6, like before we
can replace 6;(x,y) with 6;(x,y)b(y) for a para-accretive function b and expect the same

conclusion. More precisely we have the following:

Corollary 6.3.5 Suppose 6y : R*" — C satisfies (4.1) and there exists a para-accretive

function b such that ®(b) =0 for all k € Z. If S(e,, is bounded on L?, then

dp(x,t) =Y |©,MyB(x)2dx8, 5+
ke

is a Carleson measure for all B € BMO.

Proof: This follows immediately by applying Theorem 6.3.2 to ®;M,,. U

In the context of square functions Syg,}, we can use Carleson measure theory as a
way of quantifying cancellation conditions for . That is, instead of requiring @;(1) =0
for all k € Z, we use Carleson measure estimates to require (1) to be small in some
sense. The next theorem is a result from Carleson [12] and Jones [56] that demonstrates

the relationship between bounds for Syg,; and Carleson measures associated to @ (1).

Theorem 6.3.6 (Carleson [12], Jones [56]) A collection of non-negative measures d L (x)
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for k € Z form a Carleson measure

dp(x,t) =Y dp(x)8_p+
keZ

if and only if for all f € LP

I/p
( LX) *f<x>|Pduk<x>> S

" kez

whenever N > nand 1 < p < oo,

Early versions of this result were proved by Carleson [12], and the equivalence as
stated here was proved by Jones [56]. When du is a Carleson measure, Theorem 6.3.6
garauntees that S;g,) is bounded on L?, we cannot say the same for the L” bounds for

S¢e,) for any p # 2. These bounds must be addressed in a different way.

6.4 Accretive Type Square Functions

In this section, we address what we have called the perturbed cancellation conditions on
O, which are testing conditions on a para-accretive functions instead of 1. This theory is
closely related to Carleson measures and BM O, which we introduced in the last section.
The next two results are due to Semmes [74] for p = 2. We only cite Semmes in the first
result since we obtain the estimates for p # 2 in a familar way. More precisely, we use the
vector valued Calderén-Zygmund theory like in the proof of Proposition 6.1.2, which was

due to Benedek-Calderén-Panzone [2] and Rubio de Francia-Ruiz-Torrea [53].

Proposition 6.4.1 (Semmes [74]) If {6} € SLPK and there exists a para-accretive func-

tion b such that ®(b) = 0 for all k € Z, then Syg,) is bounded from L' into LY, from LY
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into BMO, and from L? into LP when 1 < p < oo,

Proof: Let P be a smooth approximation to identity operator with non-negative, com-
pactly supported convolution kernel. Consider Ry = ®; — Mg, P, whose kernels {ry}
form a collection of Littlewood-Paley square function kernels, i.e. {r;} € LPK. Also
Ri(1) = Ok(1) — Ok (1)Pc(1) = 0 for all k € Z, so it follows from Theorem 6.2.1 that

1SR} |r S 11 f]|er forall f € LP and 1 < p < 0. Since

1500112 < 1Ry 11z + 1Siate, 1 A2

by Theorem 6.3.6, it is sufficient for the L? bound to show that ¥; |®;1(x)|>dx5,_,—« is a

Carleson measure. Note first that since b is a para-accretive function, we have
c|Or1(x)| < |Pb(x)Or 1 (x)| < |[Peb(x)Op1(x) — OrPcb(x)| + |OrPrb(x) — Orb(x)|.

Here we have used a result from [29] that b is para-accretive implies |Pyb(x)| > ¢ > 0 uni-
formly in x € R” and k € Z. Now looking at R, f = Me, 1 Pi.f — OrPrf and R: f = O Pf —
O f, it easily follows that {r{} € LPK for i = 1,2. Furthermore R, (1) = Mg, P(1) —
OrPi(1) = 0 and RZ(1) = OyP(1) — O (1) = 0. Then the square functions S{Ri} and
S (R} associated to R}( and R,% are bounded, and hence by Theorem 6.3.2 it follows that
Y [RIb(x)[?dx8,_y -« and ¥ |R7b(x)|?dxS,_,« are both Carleson measures. Therefore

Y« |©i1(x)|?dx 8,_,—« is a Carleson measure, and by Theorem 6.3.6 we have

1

: (/R L) \®k1<x>|2dx6t_2k> < WAl

, >
L keZ

‘ ‘S{MG)klPk}f‘
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That is, S¢g,) is bounded on L?>. By Lemma 6.1.1 {6;} € CZK (7, and so it follows that
S{@k} is bounded from L! into L'*, from L7 into BMO. Also by Theorems 3.1.1 and 3.3.3,
using the argument from Proposition 6.1.2, it follows that S¢g,} is bounded on L? for all

I <p<oo. U

Theorem 6.4.2 (David-Journé-Semmes [29], Semmes [74]) If{6;} € LPK and there ex-
ists a para-accretive function b € L™ such that @y (b) = 0, then S(g,y is bounded from L!

into L', from L7 into BMO, and from LP into LP for 1 < p < oo,

The difference between Proposition 6.4.1 and Theorem 6.4.2 is that in Proposition
6.4.1 it is required that {6;} € SLPK and in Theorem 6.4.2 it is only require that {6; } €
LPK. In fact, Proposition 6.4.1 is used in the proof of Theorem 6.4.2 (at least in the proof
provided in this work). The proof of Theorem 6.4.2 is essentially contained in the proof
of the following bilinear version of this result, so we omit the details of the linear case and
refer the reader to the proof of Theorem 6.4.3.

The next result was proved by the author in [49], and for p = 2 it was proved by

Grafakos-Oliveira [41].

Theorem 6.4.3 (H. [49], Grafakos-Oliviera [41]) If {6} € BLPK and there exist para-
accretive functions by ,by € L such that @ (by,by) =0 for all k € Z, then S (0} I8 bounded

Sfrom LP' x LP2 jnto LP for all 1 < p,py1, pa < o satisfying (1.1).

Proof: Fix 1 < p,p1,pa2 < o satisfying (1.1), f1, /> € C(l) such that b; f; have mean zero

fori=1,2,and g; € LY satisfying

1/2
(Z |gk|2> <l
ke, ,

Lp
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Let S,?, DZ", and 52" be the approximation to identity from Remark 5.3.3 and reproducing

operators from Theorem 5.4.1 with respect to b; for i = 1,2. Define

I} (f1, f2) (61,52) = My, D5 My, £1(v1)Mp,S 72, M, f2(v2)

TG (fi. £2) (v1,32) = My, S My, 1 (y1)Mp, D> My, f5(2).

By Proposition 5.3.1, it follows that

O (b1 f1,b212)

. b b b b
= lim @ (My, S/ Mp, f1,Mp,Syi Mp, f2) = Or(Mp, "'\ M, f1, Mp,S”y M, )
N—-1
. b b b b
= lim Y Ou(My, S} My, f1,Mp,S %\ Mp, f2) — Or(Mp, S My, f1,Mp,S My, f>)

N%ooj:_N

=Y &1} (fi, f2) + OIL (i, f2),

JEL

where this limit holds in L? when 1 < p, p1, p2» < oo that satisfy the Holder relationship

(1.1). Then we estimate ||S;e,}(f1,/2)|[Lr by the dual pairing

=)

keZ

‘ L, T 0xlbifibaf) (g (x)dx

keZ

/ O (b1f1,b2f2)(x)gr(x)dx

:]\}im Y I,

= k| <N

where we take the last equality to be the definition of Q; = Qi (f1, f2,{gr}) to be the

quantity inside the absolute value in the previous expression. Now for M € N

Yl [ Y (@i 2)(0) + OdB(fi, f2) (00

\k|<N ljl<M
< Y |Obifi.bafa) = Y (OL(fi, f2) +OIT (f1, f2))|| gkl
<N il<m L,,
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which tends to zero as M — co. We make one final reduction before we prove the estimate:
Since d?" (x,-) € L” forallx e R" and f; € Cg where b; f; has mean zero, it follows that for

xeR”
DMy, fi(x)— Y, D’iMy,D] M, Dy'My, fi(x)
[¢| <M
N/ Idb (x,y)]

/ P/
s(lw¢7@—xW¢a

fi0)— Y. DMy, DY My, fi(y)|d
[0l <M

— Y D)m,D)My,f;
[o|<M

Y

Lr

which tends to zero as M — . This proves that the above convergence holds pointwise.

Furthermore by estimate (4.13) from Proposition 4.3.2 we have

Y D’ ’MbD leD "My, fi(x
[¢| <N

)< Y 2 (D) ) () S AP ().
[{|<N

Since (.#*f)P is an integrable function for f € Cé, by dominated convergence, we have

Y | [ L. ) w)skxds

Ll |k|<N

<

[ © n1< DY My, D' My, f, f2>( )ar(x)dx] .

JkLED

As was done in Theorems 6.2.2-6.2.4, it is sufficient to prove that the term above is
bounded uniformly in N. So we estimate @kH} (ﬁ?lenglel fi, f2> pointwise. Note

that O, D b‘ , and sz satisfy the hypotheses for estimate (4.15) of Proposition 4.3.2. So it
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follows that

‘®kn} (5§]Mb1D§]Mb1fl,f2) (x)’ <2 WK (D) My, DY) My, 1) (x) A fo(x)

S22 WK 22(D) My, 1) (). f2(x)  (6.3)
We also apply estimate (4.13) from Proposition 4.3.2 for Dlj)-l and DZ‘ to estimate

~b b b ~b b
’@kn} <D£le1D£le1f1,f2> (x)‘ S q)i\’ * ‘Dleleglenglelfl|(x>q)k*q)j * |f2](x)

S22 WL (DY My, 1) (x) A2 fi (). (6.4)

Note here that we choose ¥ to be the smallest of the regularity parameters guaranteed for
{6} € BLPK and {dj.’"}, {c?;”*} € LPK for i = 1,2. This is not of consequence in this
proof, since all we need is that ¥ > 0 and we are choosing the smallest of a finite number
of positive parameters. Taking the geometric mean of the two estimates (6.3) and (6.4), it

follows that for all x € R”
‘@k (Mle My, D2 My, 1. My, S M), f2> (x)‘ <2 K2 =002 2 (). a2 o (x).
Then it follows that

/Rn ‘®kn}(f17f2)(x)gk(X)|dx

< ¥ [ 1O4TI (0, Dy, B My, DM i, £2) ()
e

SY 22T [ DMy, )04 f(0) k()
(€T R
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The same estimate holds if we replace H}- with H? and switch the roles of D?‘ f1 and f>

with f] and ngz J> respectively. Finally for any N € N, we use this to estimate

IA

N

IN

Y |Qk|§/

|k|<N

Z 2_y\j*k\42r|j*4\

R™ ; klez

X (A (D) My, 1) (X) > o (x) + A f1 (x) > (D M, 1) (%)) | gi () | dx

1
2
lj—k| li—¢]
( Y, 27T 2T (PA(D) My, fi) M fr+ M =///2(D§2M”2f2))2>
J kLT,
Lp

1
2
lj—=k| li—¢l
" ( )3 2_YJ22_}/12|81<|2>

JkLED

/

hS]

L
1

(Z (A (D) My, f1). M fr + /ﬂzfl//lz(D?Zszfz))z) (Z |gk|2>
e

D=

keZ

/

Lr
1

(Z(zf/zwﬁ‘%lﬁ))z) |22 fo |12

(e, I

1

+ || il (Z (///Z(D?Zszfz))2>

leZ 1

S Al ]z

Note here that we’ve used that {d,f"} € SLPK to apply Proposition 6.4.1. Then it follows

that
‘/ Y Oubifi,bafa)gn(x)dx| < Tlim Y Q| S fillee | f2l|Lre2,
R ez “ k<N
and hence by duality and density, the estimate follows. U

Next we use this result to prove an accretive bilinear version of Theorem 6.3.6 when

du is generated by O (b), generalized to testing ®; on para-accretive functions. We state
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the linear and bilinear versions of this this result, but again just prove the bilinear one. The
proof of the linear version is easily extracted from the bilinear one. Parts of the bilinear

result can be found in the work of Grafakos-Oliviera [41].

Theorem 6.4.4 (Semmes [74]) Let {6} € LPK and b € L™ be para-accretive functions

and define the non-negative measures dy(x) = |®yb(x)|>dx 8, (t) for k € Z. Then

Z d‘le 52 k
keZ

is a Carleson measure if and only if Sgg, is bounded on L2

Theorem 6.4.5 (Grafakos-Oliviera [41], H.) Let {6} € BLPK and by,b, € L™ be para-
accretive functions. Define the non-negative measures d iy (x) = |®(by1,b) (x)|>dx 8, «(t)

for k € Z. Then the following are equivalent:

i. The measure dl define a Carleson measure, i.e. the following is a Carleson mea-

sure

Z d‘le 62 k (65)

keZ

ii. Foralll < py,py < oo such that % = le + plz, S(ey} is bounded from LP' x LP? into

L2

iii. There exist some 1 < p1,pa < oo such that % = % + piz and S;e,) is bounded from

LP' x LP2 into L2

Proof: Fix para-accretive functions by,b; € L™, and assume that (6.5) defines a Carleson

measure. Let SIZZ" be approximation to identity operators with respect to b; for i = 1,2. Also
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define R (f1, f2) = Or(f1, /2) —M®k(bl7b2)S,€1f1 -S,lzzfz and we approximate

HS{@)](}(f]?fz)HLZ

1

<[ISwg (i ] 2+ ( /R )} |silf1<x>s’;2fz<x>|2|®k<b1,bz><x>|2dx> = I+11.
keZ

The first term 7 is bounded appropriately by Theorem 6.4.3 since Ry (b1, b;) = 0 the kernels
r of Ry staisfy {r;} € BLPK. Using Holder’s inequality and Theorem 6.3.6, I1 is bounded
by

1 1

( /X rsf:ﬁ<x>rpf\@k<b1,bz><x>\2dx> <11 ( [ X 1ol *ﬁ-(x)v’fdukm)
keZ j

i=1 " keZ

2
i=1

S Al 12l -

Then S(g,; is bounded from L' x LP? into L? for appropriate py,p,. This proves that i

implies 7i. It is trivial that ii implies iii. So we assume iii, and prove i. Fix a cube Q C R"
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and we compute

Q)
/Q/O Zd.uk<x) 0, k(1) = Z(Q)/Q|®k(bl,b2)(x)|2dx

keZ 2-k<y

= ) /Q|®k(b1%2g,bzmg)(x)\2dx
Q)

2-k<y

+ ) /|®k(b1X(2Q)Cab27{2Q)(x)|2dx
2-k<0() @

+ ¥ /Q 1Ok(b1220- b2 X 20y ) (1) Pdx
(0)

2-k<y

+ Z( | /Q 1Ok (b1 220y b2 (20 ) () P
0

2-k<y

=I1+1+11+1V
Using hypothesis (iii), it follows that / is bounded

2
I <||S(e, (b1x20:02220)|1> S b1l 21 [1D2220] 2 S 10

We bound /7 using the kernel conditions of 6:

Oulbritzorbaog) (0 < Il oal [ @ x=yan ) [ @le—smiare)

2kn
S
=y |>0(0) (2K]x =y )V

< 2(n—N)k£(Q)N—n.
So it also follows that

ns Y [ 20k max 5 gl
2k<i(0) " @
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By symmetry, I11 < |Q| as well. Also itis clear that IV is bounded using the same argument
since we only use the support properties of X(;p)c, which is in the first spot of ® in IV as

well. O

6.5 Extending Square Function Bound for 1/2 < p <'1

Just like in the linear case, we can apply the vector valued Calderén-Zygmund theory
from Chapter 2 to the bilinear square functions S¢g,; when {6;} € SBLPK. We prove
the bilinear analogue of Lemma 6.1.1. This again demonstrates a connection between the
vector valued Calderén-Zygmund and Littlewood-Paley theory, this time in the bilinear

setting.

Lemma 6.5.1 If {6} € SLPK with size index N > 2n, then {6} }rcz is an {"(Z)-valued

Calderon-Zygmund operator for 1 < r < oo,

Proof: Consider first r = 1 and let x,y;,y» € R". To prove the size estimate, we take

= |x —y1| + |x —y2| # 0 and compute

22kn
O (x
{6, y1,32) ez ngi 14 2K — yi N7 (1 4+ 2K|x — yo [)NF7
o 22kn ’
n —Zn
S LY g sS4

2k<g1 2%k>q-1
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For the regularity in x, we take x,x’,y1,y> € R" with |x — x| < max(|x — yi|,|x —y2])/2

and define d' = |x’ — y;| + |x’ — y2|. Then

2k’x_x/’)y22kn
6 X1, -6, xla ’ S (

(2k’x — | )yzzkn

+
kgi 142K — y [JNFY (142K — yp| )N HY

=1+I1I.

We first bound / by |x —x'|” times

2k (2n+7y)

Ak NEY d*(2n+7’) _|_d*(N+Y) Z 2k(2an) < d7(2n+7),
(2kd)N+Y S ~

2k>q-1

Z pk(2n+y) | Z

2k<d—1 2k>g-1

By symmetry, it follows that 11 < [x—x'|Yd’~(2"+Y) but since |x — x'| < max(|x — yi], |x —

y2|)/2, without loss of generality say |x —y|| > |x — y»| it follows that

P e P e Y
S R R e e (e B e P A

With a similar computation for yy,ys, it follows that {6}z is a standard kernel of type
BCZK1. For any r > 1 (including r = o0), it follows that {6y },c7z is a standard kernel of
type BCZK,r as well since || - ||¢- < || - || for r > 1. O

Just like in the linear case, we can use the connection between square functions and
vector valued Calderén-Theory to extend the square function bounds to a larger range of

indices. This result was originally obtained in [49].

Corollary 6.5.2 (H. [49]) If {6} € SBLPK(A,N,7y) where N > 2n and there exists para-

accretive functions by,by such that ®(by,by) = 0 for all k € Z, then Sg is bounded from
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L' x L' into L1/2’°°,fr0m LY x LY into BMO, and from LP' x LP* into L? forall 1 < py,p; <

oo satisfying (1.1).

Proof: By Theorem 6.4.3, it follows that S¢g,} is bounded from LF! x LP? into L” when
1 < p,p1,p2 < oo satisfy (1.1). By Lemma 6.5.1, {6 }rez € BCZK2. Since Sg,) is
bounded for p > 1, it follows from Theorems 2.2.4 and 2.3.2 that S;g) is bounded from
L' x L' into L'/?* and from L x L% into BMO. Finally by Corollary 3.2.2, it follows that
S(e,} is bounded from LP! x LP? into L for all 1 < py,py < oo satistying (1.1) without

restriction on p. O

6.6 Estimates for Smooth Littlewood-Paley Operators
with Extra Cancellation

In this section we prove an estimate assuming additional cancellation and regularity as-
sumptions on the Littlewood-Paley square function kernels. This estimate will be partic-
ularly useful in the next chapter since the truncated singular integrals we will construct

satisfy the hypotheses of this theorem.

Theorem 6.6.1 If {6} € SLPK and there exist para-accretive functions bg,by,by such

that @(by,by) = 0 and

[, 8eteyr)bolx)dr =0

forall x,y1,y, € R" and k € 7, then

2
Y| ot ) sodx| < [T 11l (6.6)
0

=l

ke
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forall f; € LPi when 1 < p, p1, pa < oo satisfying (1.1) and po = p'.

Proof: Fix 1 < p,p1,p2 < oo satistying (1.1), fo, f1, /2 € Cé such that b; f; has mean zero
fori =0,1,2, and we will approximate (6.6) replacing the integrand with
Or (b1 f1,b212)(x)bo(x) fo(x). Since bg,b;,b;, are para-accretive functions, it follows that

[ fllr = |[Dif]|Lr:
16; 21 fl|2e < ||Bif e < |1Bille=1|f]] 0

for i=0,1,2. Furthermore, since { f € Cé : bif has mean zero} is dense in L? for 1 < p < o,

this is an acceptable reduction to prove the theorem. Define H} and H? as in Theorem

6.4.3,1.e.

b b
I (f1,2) (91,72) = My, D} My, f1(y1)Mp,S 7\ Mp, f2(32)

b b
H?(flafZ)()’la)’Z) = Mb1Sleb1f1 (yl)szDszbzf2<y2)

where Sl;." and D?i are as in Remark 5.3.3 and Theorem 5.4.1 respectively. Then we ap-
proximate (6.6) using the following in the same way as in the proof of Theorem 6.4.3: It

is sufficient to prove that

)y

|k|<N

/R O (bf1,b2f2) (x)bo(x) fo(x)dx| S || foll o 11l |1 2] 2
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uniformly for N € N. Since we have truncated to a finite sum it follows that

)3

|k|<N

)y

Jk el

/Rn®k(blf1,bzfz)(x)bo(x)fo(x)dx <

/R (I (BY My, D My f1, £3)()

O (f1, DMy, D} My, 2)(x) ) bo (x) fo )

These two terms are symmetric, so we only prove the estimates for the first one. So by
symmetry and the same reduction in the proof of Theorem 6.4.3, it is sufficient to prove

that

/®kn (D My, DY My, f1. ) (x)bo (x) fo (x)dix| <

S ol il lee [ 2] e

vk \kl |[l|<N

independent of N. Once again, since this is a finite sum, it follows from the continuity of

O and the convergence in Theorem 5.4.1 that

/ OIT( DY My, D My, f1, f2) (x)bo (x) fo(x)dx

ik Ik\ [t|<N

<

b
/ OLT (DL My, DY My, 1, £2) (x) My, DL My DO M o () dx
1715l \/\<NmeZ

S X[ 1D My O (D] My, DY My fi,£2) (DL M fo9)

J.kl.meZ

Note that estimates (6.3) and (6.4) hold for ®kH1( 1Mle "My, f1, f2), so we have

D% * M, ©, 11! (D blel ?le1f17f2>(x)| S P+

( blelD Mblflny)‘()

< min (2—7‘1—"' , 2—”1—“) M <///2(D§1M,,1 f1) -t f2> (x)
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In addition, by estiamte (4.14) from Proposition 4.3.2 we have

|5%} *Mb0®kH§<5?]Mle§]Mb1fl7f2)(x)‘
<2 VmH <,///(Df°Mb05§'Mb1D§'Mb1f1) '//(SjJrlesz)) (x)

<2 (MDY My, i) AP ().

Then it follows that for all N € N

/@kH (DY My, DY My, f1, 12) (x)bo fo(x)dx

il \k| jol<N
o |m—k| | lk—j| | |j—=¢]
<[y 2SS () 1) 1D o0
R”]kEmEZ
1
2

J.klmeZ

< ( ) Z_Y(M+M3j+GH)//<//2(D§1Mb1f1)//12f2>2)

Lr
1
y ( y (s >|Db0f|2>2
jkmeZ )
Ly
1 1
2\ ? - 2
S < //1(//12 blelfl)///ﬁ)) <Z|sz*f0|2>
(e, Ir mez 1
1
2
S (Z(«///Z(D?Mblfl)///zfﬁ) | foll
Vel o
1
2/ b A ) 2
< (Z(//f (De‘Mb,fl))> 122l llfollr < TTIAl
{eZ i=0
LP1

In the last line we use the Fefferman-Stein vector valued maximal inequality twice and the

square function bound S on LP! which holds by Theorem 6.4.2. By symmetry and

(D'}
density this completes the proof. U
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We do not state the linear version of this result, but it is not hard to extract the statement

and proof of the linear version from Theorem 6.6.1.
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Chapter 7

Singular Integral Operators

In this chapter, we prove some results for bilinear Calderén-Zygmund operators. We pro-
vide a new proof of the bilinear T1 theorem that was originally proved by Christ-Journé
[17] and Grafakos-Torres [45]. The proof we present was originally presented by the au-
thor of this work in [50]. We also prove the a natural extension of the Tb theorem of
David-Journé-Semmes to bilinear operators, which is a new result. This result will be
submitted for publication soon.

We start by introducing definitions, notation, and basic properties that will be used
throughout this chapter. From there, the proof for both theorems roughly follows the ap-
proach of the proof of the linear T1 theorem from [28]. We start by proving a reduced
theorem which assumes 71 = 0 and Th = 0 conditions. We then use the weak continuity
of the operator to form smooth truncations, and apply the square function theory we’ve
developed to bound these operators. Then we construct a para-product operator to verify
that we can write operators satisfying the 71 € BMO and Th € BM O conditions as a per-
turbation of the reduced T'1 = 0 and 75 = 0 conditions. The weak continuity of these two

types of singular integral operators are different, and hence require different defintiions
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and convergence results. So we will develop the pertinent definitions and prove the re-
duced T1 and Tb theorems separately. On the other hand, the para-product construction in
the accretive setting is more general that in the unpurterbed setting, so we only construct

the accretive version of the para-product and apply it to both T1 and Tb theorems.

7.1 A Reduced T1 Theorem

We now define the weak boundedness property for linear and bilinear singular integral
operators. We will not use the linear weak boundedness property in this work, but it is
worth stating to compare with the bilinear weak boundedness property, as there have been
a number of different definitions used. The linear version we state here is the one from
[28]. For examples of other definitions of the bilinear weak boundedness property in [17]

and [3].
Definition 7.1.1 A function ¢ € Cy is a normalized bump of order M € N if supp(¢) C

B(0,1) and

sup |[0%¢]|r= < 1.
la|<M

Let T be a linear operator from . into .#'. We say that T satisfies the weak boundedness
property (written T € WBP) if there exists an M € N such that for all normalized bumps

0,01 € C3 of order M, T satisfies for all x € R" and R > 0
$o, 91 € G

(ro o)
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Definition 7.1.2 Let T be a bilinear operator from . x .7 into .'. We say that T satisfies
the weak boundedness property (written T € WBP) if there exists an M € N such that for

all normalized bumps @o, @1, ¢ € Cy of order M, T satisfies for all x € R" and R > 0

(701", 057),05%)| < R"

The weak boundedness property essentially says that 7 behaves like a translation in-
variant bounded operator on normalized bumps. In the next lemma, we extend the weak
boundedness property to a slightly more general formulation. We verify that we can relax

the requirement that the bumps be centered at the same point.

Lemma 7.1.3 Assume that T is a bilinear singular integral operator that satisfies the
weak boundedness property for normalized bumps of order M. Then for all normalized

bumps ¢o, ¢1, 92, R > 0 of order M, and yo,y1,y> € R" such that |yo — yi| < tR
(701,030,900 )| < (1)
Proof: Letyg,y1,y> € R", R >0, and define D = 1 4 2¢. Then it follows that

R R R ~v0,.DR 5y0,.DR\ 7v0,DR
(707, 03%), 03 )| = | (T (6775, 637%). 6%

where o(u) = ¢o(Du) and ¢;(u) = ¢; (Du+222) for i = 1,2. If |u| > 1, then clearly

Dlu| > 1, and

‘DH% ZD|M’—|yOR+yi| > (14+28)|u| —t > 1.
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Therefore supp(¢;) C B(0,1). Also for o € Ny with |ot| < M
194 @o(u)| = DI*|9* ¢o(Du)| < DM.

Therefore DM 50 is a normalized bump. As similar argument proves that D~¥ 5, for

i = 1,2 are normalized bumps as well. Then it follows that
‘ <T(Ni}0’DR NngR) ago,DR> ) < D3M(DR>n < (1 —|—Z‘)3M+an.

This completes the proof. U

Definition 7.1.4 Let T be a bilinear singular integral operator and fi, f, € C°NL™. Also
fix a function ng € Cy for R > 0 such that g = 1 on B(0,R) and supp(ng) C B(0,2R).
We define

[\

I(fi,f2) = lim T(nrfi,nrf2) —/ K(0,y1,y2) [ [/ 0 nz(vi)dy, (7.1

[y1l,[y2|>1 i=1

where this limit is taken in the topology of (Cy'). Furthermore, when fu, f», fo € Ci where
fo has mean zero, the a priori definition of (T (f1, f2), fo) agrees with limit definition above.

We prove that his definition is well defined and agrees with T.

This is the same definition that was given by Torres [84] in the linear setting and by

Grafakos-Torres [45] in the multilinear setting.
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Proof: Let fy € Ci and take Ry > 1 large enough so that supp( fy) C B(0,Ry). Then

(T(Mrf1,MRS2), fo) = (T (MRof1, MRy S2), fo)
+ (T (Mro f1, (MR — NRy) f2), f0)
+ (T ((Nr = MRy f1, MR S2). JO)
+(T((M& — Ny /1. (Mr — MRy ) f2), fo)
= (T(Nro1, MRo f2), f0)

+ [ K12 fo(0 e (1) (Melv2) = Mgy (52)) [T i)y

i=1

:]N

+/ (6, y1,52) fo () (MR (1) — MRy (V1)) MRy (v2) | | fi(vi)dxdyr dyz

Il
—_

+(T((Mr — M&y) S1, (MR — MRy 12), fo)

=I1+10+1I+1V.

The first term [ is well defined since ng, f; € C;y for a fixed Ry (depending on fj). We
check that the first integral term /7 is absolutely convergent by bounding the integrand by

[l f1llz=|]f2| |2 times

MR, (Y1) (MR (Y2) — MR, (v2)) fo ()]
nRo(yZ))f0<x)| N (x—yi|+ |x_y2|)2n
MR, (1) (MR(¥2) — MR, (v2)) fo (%)
= (=1l +x=y2|/24+ (Ro—Ro/2)/2)*"
MRy (V1) fo ()|
~ (Ro+|x—ya|)>

K (%, y1,2) MRy (1) (MR (Y2) —

This is an L! (]R3”) function that is independent of R (as long as R > 4Ry),

IURO(Y1)fo(X)| / MR, (1) fo(x)]
d dy,dy> —d dy; < «R?.
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Since g — 1 pointwise, it follows by dominated convergence that the following limit

exists:

S}

dim K(x,y1,52) fo(x) MR, (y1) (& (v2) — N&y (v2)) [ [ fi(vi)dxdyy dy»
i1

2
= / (631, ¥2) fo () MRy (1) (1 = MRy (¥2) H (vi)dxdyydy.

By symmetry, /11 is well defined as well. Finally, we consider /V minus the extra integral

term from (7.1)

\S)

1V — </ K(0,y1,y2) [ T i) & (vi)dy1 d}/2,bof0>
yilily2[>1

i=1

2
= [ Ky1,32) =K(0,31,32)) folx) [ T (M= (i) = 1y () £ (vi)dyr dy .
: i=1

Again we bound the integrand by || f1||z=|| f2||~ times

|7 MR (v1) — MRy (1)
(‘x y1’_|_‘x y2’)2n+y|f (X)|

IK(x,y1,52) = K(0,y1,52)| |fo(x)|[(Mr(y1) = Mry (1) S

[x["|n& (1) — Ry (1))
~ (x=yi1l/2+Ro/4+ |x_y2|)2n+y|f0(x>|
RY| fo(x)]

™ (Ro+ |x —yi| 4 [x — y2[ )22+

which is an L! (R¥") function:

dyi dx

/ Rilfo)] dyydyydx < Rilfo)]
R (Ro + [x —y1]+ [x —ya )27 ™ Jren (Ro+ o=y )Y

S [ 1ol)ldx < 1ol R,
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Then it follows again by dominated convergence that

lim (7'((nr — nRo)fl , (MR — nRo>f2)7f0>

R—o0

[\

) </|y bl |>1K(O’yl’yz)Hf(yi)nR(yi)dY1dyz,bof0>

i=1

2
= RS”(K(JC»MJZ) _K<O )’1,)’2 fO H 1_77R0 yl (yi)dyldyde,
i=1

which is an absolutely convergent integral. Therefore T'(f1, f>) is well defined as an ele-
ment of (Cy’)'. Furthermore if f; € Cj has mean zero and fi, f> € Cf, then this definition

of T is consistent with the a priori definition of 7 since

2
lim / (0,y1,y2 H (vi)fi(yi)dy1dy2, fo
\y1|7\Y2|>1 i=1

R—o0
2
= / »)’Ia)’ZH (yi)dy1dy2 (/ folx a’x)—O
yilsy2[>1 i=1

since both of these integrals are absolutely convergent. Also, when fy has mean zero in
this way, the definition of (T'(f1, f2), fo) is independent of the choice of ng. We will also
use the notation T'(1,1) € BMO or T(1,1) = B for B € BMO to mean that for all fo € Ci’

such that fy has mean zero

(T(1,1), fo) = (B, fo) -

Note that the left hand side makes sense sine 7'(1,1) is defined in (C7’)’. Also the right
hand side makes sense since fy € H' for f; € Cy with mean zero. Whenever we write
T(1,1) =0, we mean that 7(1,1) = 0 as an element of BMO in the sense above, not the

zero element of (Cy)'. O
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Remark 7.1.5 The assumptions T/*(1,1) € BMO and T € WBP are symmetric for the
transposes of T in the following sense: T/*(1,1) € BMO and T € WBP if and only if
the same (T'*)7*(1,1) € BMO for j = 0,1,2 and T'* € WBP if and only if the same
(T*)7*(1,1) € BMO for j =0,1,2 and T** € WBP. Also by the discussion in Section 1.4
in Chapter 1, it follows that T is continuous from . x . into ." if and only if T'* is
continuous from ./ x . into . if and only if T** is continuous from .# x . into .¥".

So the assumptions of Theorem 7.1.7 are symmetric for the transposes of T.

The next proposition is a bilinear version of a result of David-Journé in [28], and is
important to the connection between the square function bounds of Chapter 6 and the
singular integral operator 7. It essentially states that the square functions we defined in
Proposition 7.1.6 are the type of square functions that serve as smooth truncations of our
Calderon-Zygmund operators. More precisely, it says that the smooth truncations satisfy

the hypotheses of Theorem 6.6.1.

Proposition 7.1.6 Suppose T is a bilinear singular integral operator with standard kernel
K of class BCZKc that satisfies the weak boundedness property, and y, ¢ € Cg’(R") where

W has mean zero. Then

Ok (x,y1,y2) = (T (@', 9), Wi\ )

is a collection of smooth bilinear Littlewood-Paley square function kernels, i.e. {6} €

SBLPK. Furthermore 6y satisfies

/Rn Ok (x,y1,y2)dx =0

forallyy,y, € R" and k € Z.
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Proof:  Without loss of generality, we assume that supp(¢) Usupp(y) C B(0,1). Fix
x,¥1,y2 € R" and k € Z. We split estimate (4.1) into two cases: |x — y; |+ |x — yo| < 237K
and |x — y; |+ |x — y2| > 237%. In the first case, we use that T € WBP and Lemma 7.1.3 to

estimate

‘ek(xvylayZ)’ = 23nk

<T(<p” 22, Vf,f’z_k>

5 22nk S CI)Z—H//Z(-X—yl)q)Z—H//z(x_yZ)-

which is sufficient to prove (4.1). Note that included in the constant of this estimate is a
normalizing factor to make ¢ and y normalized bumps. We disregard this factor since it
only depends on ¢, y, and the order of normalized bumps specified by 7 € WBP. Now
if we assume that |x — y1| + |x — ya| > 237K, then it follows that |x — y;,| > 227* for either

ip = 1 or ip = 2 and hence

supp(yy) Nsupp(@;') Nsupp(¢?) C B(x,27*) N B(y;y,27*) = 0.

Therefore, we can estimate 6 the kernel representation of 7 in the following way

6k (x,y1,y2)| = ‘/RS”(K(”OMIMZ) — K(x,u1,u2)) @ (ur) @ (u2) Wy (wo)duo duy duy

_ 7/23nkd
S/ / / |u0 x| u2 duodu1 du2
=gl <2~ Sy —uy| <2k Jyy —up) <2k (|x — un | + [x — up )+

2—7/k23nk
S 2—k _ _ 2n+y/ —k/ _k/ i, duodu1 duz
( + x—=y1[+[x—y2|) [x—uo| <27 Sy —u [<27K J |y, —up| <2
< 27}/](
~ Q2 =y 4 [ —ya )Y

2 2
§<I>Z+W (x—y1)<I>Z+W (x—y2).
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Here we have used the following: Let i € {1,2} such that |x—y;,| = max(|x—y1|, |x—y2]),

and it follows that |x — y; | > 227%. Then for u;, € B(y;,,2 %)
= ttig| > 1= Yig| = yig — hig| = 275 4 [x =iy | /2 2 275 + (e =y [ + [x = y2]) /4.

This proves that 6, satisfies (4.1). Now for (4.2), note that by the continuity of 7" from

S x & into " for o € N} with |at| = 1

2 0u(x,y1,v2) = (T(O2 (90", 0). wi) = =2 (T ((9%0)" . 0) i)

Then 6 satisfies (4.2) as well: By the weak continuity of 7 from ./ x .¥ into ./, we

have

10c(x,y1,2) — Ok (x,1,32)| < [y1 — ¥ sup Ve O(x,&,32)| S 22" (25 |y1 = 1)
cRn

So by Remark 4.1.3 and symmetric arguments for x,y,, it follows that {6;} € SBLPK.
Now we verify that 6; has integral O in the x spot: Again by the continuity of 7" from

< x < into .’

[ extrynalas = tim (70" ), [ vide) = lim (702 0. )

|x|<R

where we take this to be the definition of Az. Now if R > 2-27, then for |u| < R — 27K it

follows that

supp(Wr(u—-)) C B(u,Z_k) C B(0, |u| +2_k) C B(0,R),
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and hence for |u| < R —27% we have that

() = /|X|<R W (u)dx = / iy VLT =0

Also when |u| > R+ 27, it follows that supp(yy(u —-)) N B(0,R) = 0, and hence that
Ag(u) = 0. It is also easy to see that ||Ag||z~ < ||w]|;1 < 1. Then for R > 2(2 % + |yy]),

(p,f" and Ag have disjoint support for i = 1,2. So it follows that

(T ()", 9%), Ar)| < /nw K (o, ur,u2) @' (1) @ (u2) Ag (uo)|duo duy dus

</ |Ar (o) @' (1) @ (2)|
~ Jron (|uo — ur| + |uo — ua])*"
</ |Ar (o) ;' (1) @ (112))|
~ Jwen (Juo| — (lur —y1]+ [y1]))>
</ | Ar (u0) @y (u1) 9" (2) ]

~ Jron (R)24+ (21K 4 [y | = 27K) — 27k 4 [y1]))?

< % (/R |)LR(u0)|dM0> ,Ij </R |§Dki(ui)|d”i>

S 2 (R+279" = (R—274)")

duodulduz

dugduy dus

nduoduldug

The above tends to 0 as R — o, and so 6; has zero integral in the x variable. This completes
the proof. U

Now we are prepared to state and prove the reduced T1 theorem.

Theorem 7.1.7 (Christ-Journé [17], Grafakos-Torres [45]) Assume that T is a bilinear
singular integral operator with standard kernel of type CZKc and T € WBP. If T*(1,1) =
0fori=0,1,2, then T can be extended to a bounded operator from LP' x LP? into L for

all 1 < p, p1,p2 < o= satisfying (1.1).
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Proof: Let T be as in the hypothesis, 1 < p, p1, p2» < oo satisfy (1.1), and fy, f1, /2 €
Z. Also fix ¢ € C with integral 1 and supp(¢) C B(0,1), y(x) = 2"¢(2x) — ¢(x),
Bif = @ x f, and Qr = Pry1 — Py = i+ f. Then it follows from the continuity of 7 from
S x . into .’ and Proposition 5.1.2 that

|<T(f1,f2),f0>!ZI\%EILKT(PNfl,PNfz),PNf@ (T(P_nf1,P-Nf2),P-N10)]

< Y KT (Pes1fi, Pes1f2), Pis1 fo) = (T (Pefi Pef2) s Pifo)
k€Z

=Y KT (Qxf1,Pifa; Pifo) + (T (Pes1f1, Qrfas Pifo) + (T (Pes1 f1, ey 12, Qicfo) |

keZ

=Y QT (Pifo, Pefo) 1) + (QkT** (Pes 1 f1, Pefo), fo) + Qi T (Pifi, P fo) |

keZ

<)

keZ

/ O (fo, f2) (x) f1(x)dx| +

+| [ @it awas

+ ‘/Rn 0L (f1, /) (x) fo(x)dx

where we take the last inequality to give the definition of ®}'€ for i =0,1,2. Now we
simplify notation @ (f1, f2) = ®2(f1,f2) = Q;T(Pcs1f1,Pey1f2). By Proposition 7.1.6,

the kernel of ®, which is given by

ke (x,31.32) = (T (@ 1> D) Vi)
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is a collection Littlewood-Paley square function kernels of type SBLPK that has integral

zero in the x variable. Also

9x,,dd:1imT/ yld,/ y2d),x>
/RM (X, 31,y2)dy1 dy2 R_m< ( |y1‘<R(Pk+1 Vi |y2‘<R(Pk+1 2 ),V

= 1%5120 (T(nRJ?R)» ‘l’2> )

where the last line is taken to be the definition of nz. Now for R > 2>~% and |u| < R —27*

it follows that

)= [ o= [ gl (ay=1

Also, when |u| > R+27X, it follows that ng(u) = 0 and clearly ng € Cg for all R > 0.

Since y; € Cy has mean zero, it follows that from that assumption 7'(1,1) = O that

L, Oeiy2)dy = lim (T (i), va) = (T(1,1), i) =0.

Then by Theorem 6.6.1, it follows that

)}

ke,

S ol LAl fol |

/Rn O (f1, /2)(x) fo(x)dx

With a similar argument for the other terms, we have

)y

keZ

)y

keZ

S ol LAl ]| fal |r and

/R,, O (fo,/2)(x) fi (x)dx

/Rn % (f1../0) () f2()dx| S (1ol 1fillon 1 fol |2
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using the bound from Theorem 6.6.1 for indices 1 < p, p’, p1, p!, p2, Py < oo which satisfy

1 1 1 1 1 1
—+—=—ad —+—=—.
P P2 P PP 14)

Therefore

(T (f1:.12), fo) | S Mol 1l [ f21 |2,

and so by the density of Cj functions with mean zero in L? for 1 < g < o and the embed-
ding of L? into .’ for 1 < g < o, T can be extended to a bounded linear operator from

LP1 x LP2 into LP whenever 1 < p, p1, pp < oo satisfy (1.1). O

7.2 A Reduced Bilinear Tb Theorem

We now move on to the reduced Tb theorem. We will essentially reproduce the previous
section making the appropriate modifications for working in the accretive setting. We now

define the weak boundedness property for linear and bilinear singular integral operators.

Definition 7.2.1 Let by,b,b> € L™ be para-accretive functions. A bilinear operator T
that is continuous from blcg X szg into (bng ) for some & > 0 is called a bilinear singu-
lar integral operator associated to by, b1, b, if there exists a standard Calderon-Zygmund

kernel K of type BCZK¢ such that for f; € Cg with disjoint support

2

<T(Mb1f17Mb2f2)7Mb0f0>:/I;SnK(x7y17y2>Hﬁ(yi>bi(yi>dyi‘

i=0

Definition 7.2.2 Let by,b,by be para-accretive functions and T be a bilinear singular

integral operator associated to by,b1,by. We say that My, T (Mp, 7Mb2) satisfies the weak
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boundedness property (written My T (M, ,Mp,, ) € WBP) if there exists an M € N such
that for all normalized bumps ¢y, ¢1,¢> € C5 of order M, T satisfies for all x € R" and

R>0

(70197 52057). bog )| < R

Lemma 7.2.3 Assume that T is a bilinear singular integral operator associated to para-
accretive functions by, by,b; that satisfies My, T (M), 7Mh2) € WBP for normalized bumps
of order M. Then for all normalized bumps ¢y, @1, @2, R > 0 of order M, and yo,y1,y, € R"

such that |yg —yi| <tR
(701977 52035), bogi® )| S (140217
Proof: Letyg,y1,y2 € R", R > 0, and define D = 1 4 2¢. Then it follows that

(T 107 51627),506" )| = | (T (01977 £20377), bod™ )|

where ¢o(u) = @o(Du) and ¢;(u) = ¢; (Du+2221) for i = 1,2. Like in Lemma 7.1.3, it

follows that D~ 5, is a normalized bump for i = 0, 1,2, and hence

This completes the proof. U

Definition 7.2.4 Let by, b1,b, be para-accretive function, T be a bilinear singular integral
operator associated to bo,b1,b; that is continuous from bng X szg into (bocg ), and

fi,f2 € C*NL™. Also fix function N, € C for R> 0, i = 1,2 such that Ny, = 1 on B(0,R)
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and supp(n%) C B(0,2R). Then we define

T(b1f1,b2f2) = IgiigoT(néblfl,nngzfz)

2 .
_/|y " |>1K((),)’l,)’2)Hf()’i)n;g(yi)bi(yi)dyldyz, (7.2)

i=1

where this limit is taken in the weakx topology of (bocg ). Note that for this definition we
allow for two different functions 1111e and n,% to compute T (b f1,b2f2). We could have done
this in the unperturbed Definition 7.1.4 as well, but it was not necessary for the proof of
the reduced T1 theorem. It turns out that it is necessary for the reduced Tb theorem. For

fo € C, there exists Ry > 1 such that supp(fo) C B(0,Ro/2). When R > 2Ry, we have

(T(ngb1f1,Mkb2sf2),bofo) = (T (Ng,b1f1, MR, b2f2) bofo)
+ (T (Ng,b1f1, (Mg — Ny )b2s2), bo fo)
+(T((ng — N, ) b1 f1, Mk, b212) bofo)
+ (T (Mg — Mgy D111, (Mk — Ny )b2f2), bo o)

= (T (ng,b1f1,MF,b212), bofo)

:jm

+ [ K)ol folInk, (1) (M) = 0, 02) [T i)y

1

[ K132 fo O URO) = 1k ()18, 02) [T i) o

l:I“

+(T (g — Mg, )b1.f1, (Mg — Ny )b2S2), bofo)

=I1+I1T+1T+1V.

The first term I is well defined since nll.eobifi € b,'C(‘)S for a fixed Ry (depending on fy). We

check that the first integral term 11 is absolutely convergent: The integrand of 11 is bounded
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by

|Bol| 2= T2 |16l = || fil | L= times

M2, 1) (Mg (v2) — Nz, (v2)) fo(x)|
(|x =1l =+ [x = 2| )2
M, 1) (MZ(72) — Nz, (372)) fo ()]
= (x=wil+ P =y2l/2+ (Ro—Ro/2)/2)*"
Mg, (v1)fo(x)]
~ (Ro+[x—ya2[)>"

K (x,31,52) M, 1) (MR (52) — N, 02)) fo(x)| S

This is an L' (R3") function that is independent of R (as long as R > 4Ry),

/ Ink, (1) fox)]
R (

M4, ( yl fo )
—dxdy\d SN0 T dxdyy < R
[ P—T Vi 2N/ v1 S || fol|z=Ro-

Since Ng — 1 pointwise, by dominated convergence the following limit exists:

2

Jim | K(xyiv2)bo(x ) fo(X) Nz, 1) (M7 (32) — Nk, 2)) [ 1 2i (i) fi i) dxdyy dy,
=1

2

—/ (¢, y1,2)b0(x) fo (X)Ng, (1) (1 = N, (v2)) [ [ 2i(3i) £ (vi)dxdyy dys.
i=1

A symmetric argument holds for I11. Finally, we consider IV minus the integral term from

(7.2)

\S}

i=1

< il fyal> 1 ayla)’Z)Hf()’z)n;g(yl)b,(y,)dyl dy27b0f0>

2
/ K(x,y1,y2) — K(0,y1,2))bo(x) fo(x) [ T(nk(yi) — Ny (i) f (i) bi (vi)dy1 dys dx.

i=1
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Again we bound the integrand by ||bo||1= 171 ||bil = || ;]| = times

x|V [mg (y1) — g, 1)
v = y1| =+ [x — ya )20t
x| 0 (1) — Nk, (1)
N (|x_y]’/2+R0/4+|x_y2|)2n+7/’f0<x)’
R} fo(x)|
~ (Ro+ x—y1] +[x —ya )27

K (x,y1,52) = K(0,y1,52)[ | fo ()| (Me(v1) — Mg, (1) S ( [fo(x)]

which is an L' (R¥") function:

R Jo(x R’ Jfo(x
’3 (Ro + [x —y1] + |x —y2]) r2 (Ro +[x —y1])

S [, 1ol)ldx < 1ol R,

Then it follows again by dominated convergence that

lim (T ((ng — Ng,)b1f1, (Mg — Nz, )D2f2), Do fo)

R—o0
- / K(Q)’l:)’Z)
yiflily2[>1

- Rs,,(K(le,yz)—K(O’y“yZ))bO(x)fO(x).

:l\)

1

i

FOMEG)bi(vi)dy: dyz,bofo>

e

(1 =g, (0)).f (i) bi (vi)dy1 dy dx,

~
I
—_

which is an absolutely convergent integral. Therefore T (by,b;) is well defined as an ele-

ment of (bng ). Furthermore if fy, f1, f>» € Cg and by fo has mean zero, then this definition
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of T is consistent with the a priori definition of T since
2
lim /| . K(0,y1,y2) [ [nr (i) bi(yi) fi(vi)dy1 dy2, bo fo
)71 ) y2 l:l

R—o0
2
= / (0,1,y2 H (i) fi(vi)dy1 dy> (/ bo(x)fo(x)dx> =0,
|Y1|»b/2|>1 =1 R”

since both of these integrals are absolutely convergent. Also, when bgfo has mean zero
in this way, the definition of (T (by,b>),bo fo) is independent of the choice of N} and 3.
We will also use the notation My, T (b1,bs) € BMO or My, T (b1,b2) = B for B € BMO to

mean that for all fy € Cg such that bg fo has mean zero the following holds

(T (b1,b2),bofo) = (B, bofo) -

Note that the left hand side makes sense since T (by,by) is defined in (boCQ)'. The right
hand side also makes sense since by fo € H! for fy € Cg and by fo has mean zero. The con-
dition Mp,T (b1,b2) € BMO defined here is weaker than (possibly equivalent to) T (by,b;) €
BMO when we can make sense of T (by,by) as a locally integrable function. This is
because our definition of My, T (b1,b2) € BMO only requires this equality to hold when
paired with a subset of the predual space of BMO, namely we require this to hold for
{bof: f¢€ Cg and by f has mean zero} C H'. It is possible that this is equivalent through
some sort of density argument, but that is not of consequence here. So we do not pursue it
any further, and use the definition of My, T (b1,b>) € BMO that we have provided. Further-
more, if T is bounded then T can be defined on L™ x L™, and by Theorem 2.3.2 satisfies a
uniform BMO estimate. These two facts imply that if T is bounded, then T (by,b,) € BMO.
This is result is due to Peetre [70], Spanne [75], and Stein [77] in the linear case and

Grafakos-Torres [45] in the bilinear case.
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Remark 7.2.5 The assumptions of Theorem 7.2.7 are symmetric in the same sense as was

described in Remark 7.1.5 replacing . with the appropriate bng spaces.

Next we prove the analogue of Proposition 7.1.6. The proof is almost identical, but we

reproduce it in full to verify that it holds in the accretive setting.

Proposition 7.2.6 Let by,b1,by € L™ be para-accretive functions and suppose T is a bi-
linear singular integral operator associated to by, by,b that satisfies My, T (M, ,M), ) €
WBP. Also let Sii be approximations to the identity with respect to b; and Db = S/[Zirl — Sii

with compactly supported kernels szi and d,fi for k € Z. Then

Oc(x,y1,32) = <T (blsil (‘,yl),bzsiz(‘,yz)) ,bod;fo(% ')>

is a collection of Littlewood-Paley square function kernels of type SBLPK. Furthermore

O, satisfies

/Rn Ok (x,y1,¥2)bo(x)dx =0

for all x,x',y1,y> € R". In particular, this holds for si" defined in Remark 5.3.3 and a’,l:" =

bi b
Skr1 — Sk

Proof: Fix x,y1,y2 € R" and k € Z. We split estimate (4.1) into two cases: |x —y;| 4 |x —

ya| 237K and |x — y1 |+ |x — y2| > 237, Assume |x —y1| 4 |x — y2| < 2°7K, and note that

01(u) = 2_"”s£1 (Z_ku +y1,y1)

—k
is a normalized bump up to a constant multiple and si‘(-, yi) = 2kn¢? 127 Likewise

—k —k
szz(-7 V) = 2_"”(])2”’2 and d,f” (x,") = 2_""4)3’2 where @y and ¢ are normalize bumps
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up to a constant multiple. Then by Lemma 7.2.3

8¢ v2)| = | (T (b15]! (o30),b2s? (32) ) bod (5, )|

_ 3kn <T (blq)lyl@*", QVZ,Z*k) ’¢6c,2"‘>‘ < o2k

Now if we assume that [x — y1| + |x — y2| > 237X, then it follows that |x — y;,| > 227* for

either i) = 1 or iy = 2 and hence

supp(dy° (x,-)) Nsupp(si (-,y1)) Nsupp(se (-, ¥2)) € B(x,27%) N B(y;y,27%) = 0.

Therefore, we can estimate 6y via the kernel representation of 7 in the following way

|6k (x,y1,32)] = (K (uo,ut,u2) — K (x,u1,u2) )by (1) sy (1, y1)b2 (ua)sy? (u2,y2)
R3n

X bo(uo)d]lzo (X, uo)duodulduz

</ / / lug — x|¥ 23" dugduy dus
™ Jlx—ug| <27k J|yy =y |[<27K S|y, —up| <2k (Jx =y |+ |x — ua])2n+Y

< / / / 2Tk 23k dyoduy duy
™ Jix—ugl <27k Sy~ | <2k |yy—up| <2k (27K [x = yi| 4 [x — yo ) 2T
< 2

27K+ |x = y1| + [x — ya| )22 H7

SO (x—y) @ (x—yn).

To verity (4.5), note that by the continuity from bng X szg into (bng )', we have for

a € N2 with |a] = 1

1096, (x,y,2)| = ‘<T (blsfk’l(-,y1>,b2s§2(-,y2)) ,boaxa(d§0<x,-))>) < gko2kn,
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Estimate (4.5) easily follows. By symmetry, it follows that {6, } is a collection of smooth
bilinear Littlewood-Paley square function kernels. Now we verify that 6; has integral O in

the x spot: By the continuity of 7 from bng X szg into (bng )

/ O (x,y1,y2)bo(x)dx = lim <T(b1s,b<‘(.,y1)7bzsk “¥2) 7bo/ )dx>
R" R—peo |x|<R
:I%i_rgo<T(b1sZI (-,y1),b2s22 (-, y2) ,/IR>

where we take this to be the definition of Ag. Now if without loss of generality we take

R >2-27% then for |u| < R—27¥ it follows that
supp(dy’ (+,u)) € B(u,27) € B(0, Ju] +27°) € B(0,R),
and hence for |u| < R — 27 we have that

A (1) = bo(u) / d> (x, ) bo (x)dx = bo(u) DY * (1) = 0.

|x|<R

Also when |u| > R +27%, it follows that supp(d£°(~,u)) NB(0,R) = 0, and hence that
Ar(u) = 0. So we have Ag(x) = 0 for |x| < R—2% or |x| > R+27%. Finally ||Ag||~ <
sup, ||d,€°(-, u)|[1 S 1. Since supp(d,fo (x,-)) C B(0,R+2"%)\B(0,R—27K), it follows that

for R > 4(27% 4 |y1|), we may use the integral representation

(T 15y (1), basi? (132)), 2 |

< /R%‘K(%thz)bl(vl)sll:l (Vl,y1>b2(V2)S£2(Vz,yz)lR(u)|dudV1 dvy

22kn
<[ / / —dudv, dv,
va—yal<2 % J vy | <2 Jsupp(ag) (] = [vi —y1] = |y1])
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22kn
§/ / / dudvidvs
[va—ya|<27k J|vy—y|<27* Jsupp(Ag) (R—27F—|vy —yi| = |y1])*

22kn
S/ / / —Zdud\/l dV2
va—yal<27% J vy —y1|<2* Jsupp(Ag) R*"

< [supp(Ar)|R™*"

5 2—kR—(n+1).

This tends to zero as R — o. Hence 6y (x,y1,y>) has integral zero in the x variable. U
Now we prove the reduced Tb theorem, which again follows the same argument as the

proof of the T1 version Theorem 7.1.7.

Theorem 7.2.7 Let by,b1,by € L™ be para-accretive functions, and T be a bilinear sin-
gular integral operator associated to by,by,by such that My, T (M, .My, ) € WBP. If
My, T (by,b2) =My, T* (b, b2) = My, T**(b1,bo) =0, then T can be extended to a bounded

linear operator from LP' x LP? into L? for all 1 < p,p1, py < o satisfying (1.1).

Note that in the hypothesis of Theorem 7.2.7, we take My, T (b1,b>) = 0 in the sense of

Definition 7.2.4: For appropriate 13, n,% and all ¢ € Cg such that by¢ has mean zero

- | 2 B
1%520 (T (ngb1,Mgb2),bo¢) = 0.

The meaning of My, T*!(bo,b2) = My, T*?(by,by) = 0 are expressed in a similar way in-
terchanging the roles of by, by, b,.
Proof: Let T be as in the hypothesis, 1 < p, p1, p» < o satisty (1.1), and fo, f1, /> € C(l)

such that b; f; have mean zero. Then by Proposition 5.3.4 and the continuity of 7 from
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b1CS x byCY into (hoCY)', it follows that

‘ <T(b1f1 7b2f2)7b0f0> | = ]\%1*1;110 ‘ <T(Mb1S;bVlelf1 >Mb2S[b\72Mb2f2)7MhoS]b\?Mbof0>

b
- <T(MblSlilNMb1f1,szSlizNszfz)7MbOS_ONMb0f0>’
N—1

b b b
Y <T(Mb1Skilelfl7szSkilezfz)7Mb05k11Mbof0>
=N

= lim
N—roo

b b b
- <T(Mb]SklelflaMbZSkZMbeZ)aMbOSkOMbe0>

)

keZ

/Rn O} (b1.f1,b2f>)bo(x) fo(x)dx

+ ‘/ ®/]<(b0f07b2f2)b1()C)fl(x)dx
Rn

N ‘ [ 83 b1fi.bofo)ba() fow)d
Rl’l

where

b b b
O (f1,f2) = DMy, T (Mp, S, f1,Mp, P2, ),
OL(f1, /o) = D' My, T (My, S2° 1, My, S22 15),

O (f1. /o) = DiszzT*z(MbISﬁlfl,Mboszofz)-

We focus on @2 = O to simplify notation; the other terms are handled in the same way.
Since My, T (Mp, ,Mp, ) € WBP and T has a standard kernel, it follows by Proposition
7.2.6 that {6} € SBLPK and 6(x,y;,y2)bo(x) has mean zero in the x variable for all

y1,y2 € R". Now we show that @ (b,by) = 0, which follows from the assumption that
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MbOT(bl , bz) =0:

Ou(b1,b2)(x) = /R (M, T (My s (31001 (01), M2 (- 32)b2(32) ) P (x, )y dy

— 1im <T (bink, banB) bod (x, -)> —0,

R—se0

where

M) = | sty

It follows that s € C, Nk =1 on B(0,R), and supp(nk) C B(0,2R) for R sufficiently

large. Then by Theorem 6.6.1, it follows that

Y (O (Mp, 1, M, 2), Mo fo) | S || ol 1| i ll2en 12l 22-
keZ

A similar argument holds for @;C with i = 1,2 again taking advantage of the facts 1% + plz =

I% and % + 1% = 1%' Therefore T can be extended to a bounded operator from LP! x LP2
1 2
into L? for all 1 < p, p1, p2 < o satisfying (1.1). O

7.3 A Paraproduct Construction

In [28], David-Journé reduced the original T1 theorem by using a para-product opera-
tor. The construction of this operator goes back to the work of Bony [7] and was further
developed by Coifman-Meyer [21]. For a nice discussion of the Bony para product in
the context of Littlewood-Paley operators, see the work by Bényi-Maldonaado-Naibo [4].
In [29], David-Journé-Semmes extended this paraproduct to the perturbed, para-accretive

setting.
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Theorem 7.3.1 (Bony [7], Coifman-Meyer [21], David-Journé-Semmes [29]) Given
para-accretive functions by,by € L™ and B € BMO, there exists a bilinear Calderdn-
Zygmund operator L that is bounded from L into L? for all 1 < p < oo such that

Mb0L<bl) =B and My, T*by = 0.

A new proof of this results is easily extracted from the bilinear version, which we state
and prove here. First we prove a short lemma that emphasizes the connection between
Littlewood-Paley square function operators and singular integral operators with standard

kernels.

Lemma 7.3.2 Suppose {6y} € SBLPK with decay parameter N > 2n, and define K :
R¥\{(x,x,x) : x € R"} = C

K(x,y1,52) = Y, 6c(x,y1,72)-
keZ
Then K € BCZKc.

Proof: By Lemma 6.5.1 with r = 1, it follows that {6;} is an £'-valued standard kernel.

Then

1
=l =y

[K(xy1532) | < ({06, y1,32)H01(z) S (

Similarly when |x —x'| < max(|x—yi|,|x—y2|)/2

K (x,y1,52) = K(X,y1,32)| < [{0c(x,y1,52) = 0clx,y1,52)}H |0 2
X
< x— x| .
(b =yi]+ [x = ya])>H7
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A similar argument holds for the regularity in yy,y,, it follows that K is a standard kernel

of type BCZK¢. O

Theorem 7.3.3 Given para-accretive functions by,by,by € L and B € BMO, there exists
a bilinear Calderon-Zygmund operator L that is bounded from LP' x LP? into L? for all
1 < p1, p2 < oo satisfying (1.1) with p = 2 such that M, T (b1,b2) = B, MblT*l(b07b2) =
My, T*?(by,bg) = 0.

Proof: Let by, by, b, be para-accretive functions, and Si", Dz", and lNDi" be the approxima-
tion to identity and reproducing formula operators with respect to b; for i =0, 1,2 defined

in Remark 5.3.3 and Theorem 5.4.1. Define

L(fi.f2) = Y Li(fi,f2) = ¥ DMy, ((Ezo*Mboﬁ)(S/lzlfl)(sizfz»

keZ keZ
xy)= Y ley) = X [ d (b)Y My B(u)sy! (u.1)s;? (. y2)du
keZ keZ

It follows that L is bounded from LP! x LP2 into L? for all 1 < py, p» < o satisfying % =

14 1.
P1+P2'

‘/ L(f1, f2)(x) fo(x)dx| < ) / D" My, B(x)S;" f1(x)SP f2(x) D} fo (x)bo (x)dx
Rn ALY

1 1
2

2 2
Y My, ﬁ521f1522f2|2> (Z |Di°fo(x)|2>
kb keZ

keZ
1
2

Y [« |fil ()@ |fz\(X)}2|52°*MbB(x)\2> [1follz2

S

“

L2 L2

R ez
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1

S ( L X [0« 15100)" 15 My <x>|2> ,]1

keZ

(X @ Al B B P ) 11l
R kez

S ol [1fillze (12l 2 -

Note that in the last line we apply Theorem 6.3.6 with the operator 520 *Mbo. It is easy to
check that DiOM;,O generates a Carleson measure in the sense of Theorem 6.3.6: We apply
Corrollary 6.3.5 to 52"*. We know that 520*(190) =0, and by Theorem 6.4.3, {cf,zzo*} €

LPK and 520*190 = 0 implies that

1 1

2 2
(Z 152°*Mb0f12> = (Z |5’k’°*<bof>|2> < lboflliz <11A1lz2
kEZ 2 kEZ 2

for all f € L?. This proves that L is bounded from LP! x LP? into L? for all 1 < py,py < oo
satisfying (1.1) with p = 2. Tt is easy to check that {{;} € SLPK, so by Lemma 7.3.2,
we know that L has a standard Calderén-Zygmund kernel ¢ € KCZ¢. It follows from a
result of Grafakos-Torres [45, 44] that L is bounded from LP! x LP? into LP where 1 <
p1,p2 < oo satisfy (1.1). Next we compute My, L(b1,by): Let § >0, ¢ € Cg such that
supp(¢) C B(0,N) and bo¢ has mean zero. Let nNr(x) = n(x/R) where n € C satisfies
n =1onB(0,1), and supp(n) C B(0,2). Then

(L(b1,b2),bo¢)

= Jim Y [ D M B(x)S] Moy ()Mo, ()Mo D (09 ()
2-k<R/4

im0 [ D My B 3)S My, M) Mo M ()M, DI (o) (),
2-k>R/4
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where we may write this only if the two limits on the right hand side of the equation
exist. As we are taking R — oo and N is a fixed quantity determined by ¢, without loss of

generality assume that R > 2N. Note that for 2% < R/4 and |x| < N + 27k,
supp(sy (x,")) C B(x,27%) € B(O,N+2'"%) C B(0,R).

Since g = 1 on B(0,R), it follows that SiiMbi nr(x) = 1 for all |x| < N+2"¥ when 2% <

R/4. Therefore

lim ¥ [ D My BO)M D (o) w)dx = [ Y My DMy DMy, (0B (x)dx
Ry iRy R R kez

= <B,b0¢> :

Here we use the convergence of the accretive type reproducing formula in H'! from Corol-

lary 5.4.4. For any k € Z, we have the estimates

ISP My Mgl |1 S MRl [0 S R (7.3)

182 My, Mgl 1= S ||M&l 2= = 1, (7.4)

and for any x € R"

DM 9 (0] < [ 1d2(5,3) = d?(5,0)| o (3)9 )y

S /Rn(zklyl)7|¢(y)|dy5NY||¢||L12k(n+ )

Here we know that {d,fo} € LPK, so without loss of generality we take the corresponding

smoothness parameter ¥ < 8. Later we will use that y < & implies ¢ € Cg C Cg , SO we
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have that |@(x) — ¢ (y)| < |x—y|?. Therefore

1D M B(x)S} My e )My, )Mo, D (b0 ()
2-k>R/4

~bo* b b b
< Y DY My Bll=11Sy My, Ml 111172 M, M| 2= M, Dy (b0 9) || =
2-k>R/4

<SR Y oMM <R, (7.5)

2-k>R/4
Hence the second limit above exists and tends to 0 as R — oo. Then (L(by,b;),bod) =
(B,bo¢) for all ¢ € Cg such that bp¢ has mean zero and hence My L(b1,bp) = B as an
element of BMO. Again for any ¢ € Cg such that b;¢ has mean zero and supp(¢9) C

B(0,N), we have

(L7 (b0, b2), b19)

= lim
R—o0

y /R D} My, ()5 My, 9 (x)SL M, 1 () DMy, TR (x)bo (x)dx
kEZ

. ~b b b b
S gim Y 1D My, Bl ISy My, @1 11112 Mp, MRl | 1= 11D My R | 1~
keZ

. b b
S fim Y115 My, 011105 My |
kel

We will now show that HSi‘Mb] o1l ]DZOMbO Ng||z~ bounded by a in integrable function
in k (i.e. summable) independent of R, so that we can bring the limit in R inside the sum.

To do this we start by estimating

S0 My, 9 ()] < [ 1571 (e3) = 7! (2. 0) 16 ()1 )y

< N[22 [1b1][=27 (P (x) + D (x))
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and so HSileIQ)HLl < 27, We also have that ny,’Zlel¢\|L1 Sl S1,so

||S£1Mb1 0|1 <min(1,2%). Also

DMy ()| < [ 42 (53)] Ine(3) = M (0] [bo(y)

e N+ e
S2TRT [ @ =) (2 =)y S2TR T

It follows that HD?OM;,OT)RHL«: < |Imr||l= < 1, and hence ||D£°Mb0nR||Lw < min(1,277).

So when R > 1, we have
1D My M| |25, M, 9|1 S min(27 7R ™7, 27%) < min(277,27%),
and hence by dominated convergence

* . b b, . — —
|<L1 (b(),bz),b1¢>‘ S ZIggl’oloHSkthl(PHLlHDkOMbOnR||L°° ,S 21%5202 kVR Y=0
keZ keZ

Then My, L*! (by,b;) = 0 and a similar argument shows that M, L*?(by,bg) = 0, which

concludes the proof. U

7.4 Full Bilinear T1 Theorem

The linear T1 theorem of David-Journé provided a complete characterization of Lebesgue
space bounds for Calderén-Zygmund singular integral operators. Later Coifman-Meyer
[24] give a quick proof of the T1 theorem. These results highlight the the intrinsic connec-
tion between operator bounds and the cancellation of their kernels through the T1 testing

condition.
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Theorem 7.4.1 (David-Journé [28]) Assume that T is a linear singular integral operator
that is continuous from .7 into .'. Then T can be extended to a bounded operator on LP
forall 1 < p <o ifand only if T satisfies the weak boundedness property and T1,T*1 €
BMO.

In recent years, a multilinear version of this result was proved by Christ-Journé [17]
and Grafakos-Torres [45, 44]. The proofs presented in these two works somehow involved
iterative applications of linear version of the T1 theorem. Here we present an alternate
proof of the bilinear T1 theorem based on the results developed in this work that depend

on bilinear square function bounds.

Theorem 7.4.2 (Christ-Journé [17], Grafakos-Torres [45, 44]) Assume that T is a bi-
linear singular integral operator that is continuous from . x . into .'. Then T can be
extended to a bounded operator from LP' X LP? into L? for all 1 < py, pa < o satisfying
(1.1) if and only if T satisfies the weak boundedness property and T*'(1,1) € BMO for
i=0,1,2

Proof: Assume that T satisfies the weak boundedness property and 7% (1,1) € BMO for
i =0,1,2. By Theorem 7.3.3, there exist bounded bilinear Calderén-Zygmund operators

L; such that

LF(1,1) =T*(1,1) fori = 0,1,2

Li(1,1)=0for j#i
Now define the operator

2
S=T-Y L,
i=0
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which is continuous from . x . into .. Also S satisfies the weak boundedness property

since T and L; for i =0, 1,2 do. Also we have
. . 2 .
ST, =T"(1,1)= ) Lj'(1,1) = 0.
j=0

Then by Theorem 7.2.7, S can be extended to a bounded linear operator from LP! x LP2 into
LP forall 1 < p, p1, pa < oo satisfying (1.1). By Theorems 2.2.4, 2.3.2 and Corollary 3.2.2,
it follows that 7" can be extends to a bounded linear operator from LP! x LP2 into L? for all
1 < p1, p2 < o satisfying (1.1) without restriction on p. Conversely, if T is bounded from
LP1 x P2 into LP for 1 < pp, pr» < oo satisfying (1.1), then by Fatou’s lemma and Theorem

2.3.2, it follows that for all ¢ € Cy with mean zero and appropriate Ng

[(T(1,1),0) | = lim (7 (0, 71x),9) | < limsup |7 (1, 10) w0l 9]

R—o0

. 2
S limsup||nel|z= (|9 ||z < [|9][m-
R—yo0

therefore 7(1,1) € BMO. Also for any normalized bumps ¢g, ¢, ¢, x € R”, and R > 0 we

have

R xR R
(701", 057),05™ )| < 110811221191 141 19511 S R

So T € WBP as well. O

7.5 Full Bilinear Tb Theorem

In the 1980’s, David-Journé-Semmes [29] and McIntosh-Meyer [67] proved the linear Tb

theorem, which we state now.
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Theorem 7.5.1 (David-Journé-Semmes [29], McIntosh-Meyer [67]) Let by,b; € L™ be
para-accretive functions. Assume that T is a bilinear singular integral operator associated
to by,by. Then T can be extended to a bounded operator on LP for all 1 < p < o if and

only if My, T My, satisfies the weak boundedness property and My, Tby, My, T*by € BMO.

Although there are multilinear versions of the T1 theorem, up to this point there has
been no multilinear version of the Tb theorem for Calderén-Zygmund singular integral

operators, which we state and prove now.

Theorem 7.5.2 Let by,b1,by € L™ be para-accretive functions. Assume that T is a bi-
linear singular integral operator associated to by,by,by. Then T can be extended to
a bounded operator from LP' X LP? into LP for all 1 < pi,py < oo satisfying (1.1) if
and only if My, T (Mp, ,My,) satisfies the weak boundednes property and My, T (b1,by),

My, T*Y(bo, b2), My, T**(b1,bo) € BMO.

Proof: Assume that M}, T (M, , M), ) satisfies the weak boundedness property and
My, T (b1,b2), My, T* (bo,b2), My, T**(b1,bg) € BMO for i = 0,1,2. By Theorem 7.3.3,

there exist bounded bilinear Calderén-Zygmund operators L; such that

My, Lo(b1,b2) = My, T (by,b>) My, L' (bo,b2) = My, Li* (b1, bg) =0
My, L (bo,b2) = My, T* (bo,b2) ~ My,L1(b1,b2) = My, L (b1,bo) =0

szLEZ(bl,bo) = szT*z(bl,bo) MblLEI(bo,bz) = MbOLz(bl,bz) =0

Now define the operator
2
S=T-Y L,
i=0
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which is continuous from b1CS x b,C¢ into (boCJ)'. Also My, S(Mp, ,Mp,) satisfies the
weak boundedness property since My, T (Mp, ,M),) and My, L;(M}, ,M,,) for i =0,1,2 do.

Also we have

My, S(b1,b2) = My, T (b1,b2) ZMbo (b1,b2) =0
*1 . *1 *1 _
My, S* (bo,b2) = My, T (bo,bz)—ZMblLi (bo,b2) =0
z;O

My, 8™ (b1, bo) = My, T**(by,bo) — ZszL*Z by,by) =0

Then by Theorem 7.2.7, S can be extended to a bounded linear operator from LP! x LP2
into L? for all 1 < p, py, pa < oo satisfying (1.1). In exactly the same way as in the proof
of Theorem 7.4.2, Theorems 2.2.4, 2.3.2 and Corollary 3.2.2 imply that T can be extends
to a bounded linear operator from LP! x LP? into L? for all 1 < py, py < oo satisfying (1.1)
without restriction on p. The converse is almost exactly the same as in Theorem 7.4.2 as
well. If T is bounded from LP!' x LP2 into L? for 1 < py, p» < oo satisfying (1.1), then by
Fatou’s lemma and Theorem 2.3.2, it follows that for all ¢ € Cg such that bp¢ has mean

zero and appropriate Ng

[(T(b1,b2), b09) | S limsup|[bamellc[[b2n&lle- 101z S [161]le=[1b21le-11bo@ -
—>00

therefore My, T (b1,b2) € BMO. The proof that My, T (M, ,M),,) € WBP is exactly the

same as the one from the proof of Theorem 7.4.2. U
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Chapter 8

Closing Remarks

8.1 Conclusions

In Chapter 2, we presented a theory of vector-valued Calderon-Zygmund operators that
naturally parallels the linear vector-valued Calder6n-Zygmund theory developed in [2, 53].
Some of the proof techniques in this chapter are natural analogues in as the ones in scalar
setting in [17, 57, 45, 44, 63], but other results required new techniques that provide new
proof in the scalar valued case.

In Chapter 3, we presented a number of interpolation results for vector valued opera-
tors. The contributions we make here are to identify and address the difficulties that arise
in extending these results to Banach valued ones. The difficulties addressed are issues of
well-definedness, density, and the failure of certain measure theory results in more general
vector integration settings (e.g. Fatou’s lemma).

Chapter 4 was dedicated to prove a number of almost orthogonality results. These
almost orthogonality estimates strike a balance between oscillation, regularity, and decay

properties for functions and operators. The estimates in this chapter are are crucial to
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the square function estimates proved in Chapter 6, and hence to our approach to proving
singular integral bounds in Chapter 7. The linear version of all the results in this chapter
are well established (see e.g. [5, 6, 81, 82, 83, 70, 71, 72, 85, 86, 61]), and some of
the bilinear estimates had been proved in [62, 63]. Other estimates in this section were
developed in the work of the author, including [49] and work that will be submitted for
publication soon.

The convergence results in Chapter 5 are largely dealing with technical issues. In
practice, one can often prove an estimate on some convenient class of functions (like C
or bC(‘)S ) and pass to density arguments to prove operator bounds. The appropriate type of
convergence for the arguments are determined by the topologies involved in the continuity
assumptions of the operators. In our case, we needed to prove convergence results in many
settings due to the number of different operators that we worked with. We needed the
Lebesgue space convergence results to work with the continuity Littlewood-Paley square
function operators, the Schwartz space convergence results to work with the unperturbed
singular integral operators, and the perturbed Holder space convergence results to work
with the continuity of the perturbed singular integral operators. Most of these results are
well known, and have been used in [28, 29, 48, 50] among others. The main contribution
of Chapter 5 is the extension of certain reproducing formulas for L? to formulas for H'! in
the perturbed setting.

The square function theory presented in Chapter 6 reconstructs a particular section of
Littlewood-Paley theory from the ground up (which included results from [79, 77, 12, 56,
28, 38, 39, 29, 74] among others), and extends these results to many analogous ones in the
bilinear setting. Some of the first results in the bilinear settings were proved by Maldonado
[62] and Maldonado-Naibo [63], which are contained in Theorem 6.2.3. Many of the

bilinear results from this section were proved by the author in [49, 51], some of which
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were proved concurrently by Grafakos-Oliviera [41] and Grafakos-Liu-Maldonado-Yang
[40]. Theorem 6.6.1 is currently unpublished, and we developed with the intent to be
applied to truncations of singular integral operators as in Theorems 7.1.7 and 7.2.7, and is
part of a work that will be submitted for publication soon.

In Chapter 7, we applied the results from the previous chapters to prove estimates for
bilinear singular integral operators. The primary results of this section were Theorems
7.4.2,7.5.2, and 7.3.3. Much of Chapter 7 was dedicated to address the technical issues in
proving that singular integral operators can be decomposed into Littlewood-Paley smooth
truncation operators via weak continuity assumptions. These ideas were used in many
works including [28, 29, 24]. The bilinear T1 theorem (Theorem 7.4.2) was originally
proved in [17, 45, 44]. The proof we gave in Chapter 7 is the one that was proved by
the author in [50], which is a different proof of the theorem. In particular, we provide an
constructive bilinear proof through smooth truncation operators independent of the linear
T1 theorem, whereas the arguments in [17, 45, 44] depended in some way on iterative
applications of the linear version of the result. One benefit of developing this theory is
that we were able to extend the techniques to the perturbed singular integral operator for
a bilinear Tb theorem, which is a new result that will be submitted for publication soon.
In fact, this work provides a new proof of the linear Tb theorem that is in the same spirit
as the original proof by [29], but provides a slightly different argument. In particular, we
avoid the need for a Cotlar-Knapp-Stein lemma by directly approximating the operator
norms via the embedding of Lebesgue spaces in tempered distributions and concluding
bound by the density of the Schwartz class in Lebesgue spaces.

The main ideas of this work, vector-valued Calderén-Zygmund thoery, Littlewood-
Paley square functions, and singular integral with standard kernel, are related at a funda-

mental level. There is a sort of weak correspondence between these objects: Littlewood-
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Paley square functions form ¢" valued Calderén-Zygmund operators in the sense of Lemma
6.5.1, Littlewood-Paley square functions define singular integral operators in the sense of
Lemma 7.3.2, and singular integrals define ¢> valued Calderén-Zygmund operators in the
sense of Propositions 7.1.6 and 7.2.6. These relationships permit us to use the advantages
of each one when convenient. Ultimately, these topics are manifestations of the same

concepts of the interaction of oscillatory and regularity.

8.2 Future Work

There are number of directions that this work can lead. Much of this further research is

ongoing, and most of it is collaborative work.

Square Functions on Weighted Spaces

The pointwise estimates of the operators in terms of the Hardy-Littlewood maximal func-
tion from Chapter 4 lead to a natural application to estimate in Lebesgue spaces with
Muckenhoupt weights. These can be directly extended to the weighted version when one
assumes a ®(1) = 0, but this mean zero condition is not a necessary one. We have de-
veloped some of the Carleson measure theory introduced in Chapter 6 to obtain weaker
sufficient conditions for square function bounds in the multilinear weighted setting. There
has been a lot of work done in the area of linear, convolution type square function operators
along these lines, see e.g. the work of Kurtz [58], Duoandikoetxea [30], Duoandikoetxea-
Seijo [32], and Cruz-Uribe-Martell-Pérez[27], but there is little progress for the non-
convolution and mutilinear Littlewood-Paley square function operators. This project is

a joint work with Lucas Chaffee and Lucas Oliviera.
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Biparamater Square Functions and Singular Integrals

Many of the bilinear techniques developed in this work can be applied in a biparameter
setting. There is a natural analogy that can be drawn between these two types of problems,
and many of the technique used for bilinear problems can be readily adapted for bilinear
problems. In fact, Theorem 6.2.4 is essentially an estimate for biparameter operators on a
tensor product. Also many of the general strategies of proving singular integral bounds by
reducing to Littlewood-Paley square functions hold in the biparameter setting. Thus this
smooth truncation to singular integral approach through Littlewood-Paley theory may be
extended to the biparameter setting. Multiparameter harmonic analysis has been studied by
Jessen-Marcinkiewicz-Zygmund [54], R. Fefferman [35, 36], Chang [13], R. Fefferman-
Stein [37], Chang-Ciesielski [14], among others. More recently there has been interest in
this topic, see e.g. Muscalu-Pipher-Tao-Thiele [68, 69]. This is and ongoing joint work

with Rodolfo Torres.

Bilinear Fourier Integral Operators

Like in the last section, the smooth truncation techniques formed via the Littlewood-Paley
square function operators can be adapted in the situation of many bilinear Fourier inte-
grals. By adapting these Littelwood-Paley techniques to some types of Fourier integrals,
the analogous square function theory may apply to prove various estimates for the oper-
ators. Some bilinear Fourier integral operators were introduced by Grafakos-Peloso [42],
where they prove Fourier integral operator bounds using Littlewood-Paley smooth trunca-

tion techniques. This is an ongoing joint work with Rodolfo Torres.
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Non-Pointwise Square Function Estimates for a Local T(b) Theorem

In some work with Grau de la Hérran and Oliveira [47], we proved a multilinear version of
the local Tb theorem for square functions result of Hofmann [52]. The estimates assumed
for the square function kernels in [47] are the same as the ones listed in Chapter 4 for
kernels of type SBLPK. These pointwise estimate were relaxed to integral estimates by
Grau [46] in the linear setting. There are various complications that arise in the multilinear
case that we plan to address. This will be a joint work with Ana Grau de la Hérran and

Lucas Oliviera.
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