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Background

What is a nematic liquid crystal?
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Full Ericksen - Leslie Model

Oseen-Frank energy:
W (n,Vn) = Ki(divn)? + Ka(n - curl n)® + Kz|n x curl n|?

Notation: f = f; +v - Vf.

. ow
pv—I—VP—V-cr—V-(avn@Vn) (1)
V-v=0 (2)

. ow ow
n-n=1, (4)

o =ai(n"Dn)n@n+asN@n+azn® N+asD+as(Dn)@n+agn®(Dn)

G=mh—mwn+yDn  D=4Vv+VTv) w=LVv-VTv)
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As in Jiao, K. Huang, and W. Liu, 2022 for Poiseuille flow we have

n = (cos¢(y, t),siné(y, t),0)
(v(y,t),0,0)

where ¢ is the angle of the director from the x-axis.

\'
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Model for Poiseuille Flow of Nematics

ov 0 v ¢
055 =5 (€05 +ma)5E ).

02 B 926  10f 2 B
Vo e =055+ 5750 (52 - e

With boundary conditions,

¢(0;t) =¢o  d(dit) = ¢g
v(0;t)=wvo  v(dit) = vy

Where f, g and h are periodic functions with period 7 and are given by
f(¢) =K cos® ¢ + Kssin® ¢,
g(¢) =aysin® g cos® ¢ + w sin? ¢ + Qg —; as 2 ot %7

71 + 72 cos(29)

h(¢) =as cos® ¢ — aasin® ¢ = 5
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Characteristics have been studied in a variety of cases in works by Wu, Xu,
and C. Liu, 2013, Chen, T. Huang, and W. Liu, 2020, and many more

@ (mid 90's-2015) Nonlinear Variational wave equation: Works on finite
time singularity, global existence, uniqueness:
J. Hunter, RT Glassey, A. Bressan, Y. Zheng, G. Chen, and Q. Zhang

@ (2020 G. Chen, T. Huang, and W. Liu) Full Ericksen-Leslie (special
case): Singularity formation and existence beyond singularity.
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Set-Up

For y € (0,d),

,%:ai’y( (@) + o) e )

02 a¢> a2¢ 10f(¢) 2 v

With boundary conditions,

PO t)=¢o  ¢(d;t) = da
v(0;t)=w  v(d;t) = vy
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Set-Up

For y € (0,d),

ov

9 v ¢
"ot~ oy (ﬂd’)@ + h(¢)ﬁ> ;

¢ . [ Po  19f(4) (9o\? v
Ng = (¢)8—y2 2 00 (@) —h(¢)8—y,

With boundary conditions,

P(0;t) =¢o  ¢(d;t) =g
v(0;t) =w  v(d;t) = vy
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Stationary System

We look for stationary shear flow of form v(y,t) = v(y), ¢(y,t) = é(y),
where from Ericksen-Leslie system (8), it satisfies, for 0 <y < d,

iy (595;) =

26 v
(O 16 (2) ) =
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Stationary System

We may rewrite as a system of first-order equations. From the first
equation in the system given by (9)

_ a
vy = —=

g(p)

where a is a constant to be determined later
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Stationary System

We may rewrite as a system of first-order equations. From the first
equation in the system given by (9)

where a is a constant to be determined later

From the second equation in the system given by (9) and introducing
n(y, t) with stationary representation 7(y)

Q_sy_ 77_
f4) . (11)
(9) o, ,h(@)

) (%)
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Hamiltonian Structure

(11) is a Hamiltonian System

H
¢ = a—n(éf)ﬂ?) and n = _8_¢(¢’n)

with

H(6.1) = 57057~ 56(9)

9 2h(s
where G(¢) ::/¢> Z]((S)) ds
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Phase Portrait for v1 = |

n
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Multiple Solutions & Parameter d 1 = |72

140 —

120 —

* ok ok %

d-value

HH KK

Katheryn Beck - University of Kansas JoiSteady state solutions of the Ericksen-Les



1 - 1 Correspondence for Stationary Solutions to ¢

Denoting
¢ s .
6= [ F s 5=
And setting
1 r1/2 / 1 r1/2 /
o) 7 [ PLGULE) [ IO

There is a one-to-one correspondence between the solutions 3 of

D(B) = M and the set of steady states of the BVP given in (9)
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Spectral Stability

Now consider a perturbation of the stationary shear flow,
v(y,t) = v(y) +ew(y, t), oy, t) = d(y) + ey, ).
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Spectral Stability

Now consider a perturbation of the stationary shear flow,

v(y,t) = 7(y) +ew(y, t), d(y, t) = y) + ev(y, ).
At order of O(e), w(y,t), ¥(y,t) satisfies

pwy = 0y [g¢(<l_5)‘7y¢ —+ g(ég)Wy + h(¢)y ]
Nyt = f(d_’)@byy + fd)(ﬁf_))(gyy@b + f¢( )d_’ Yy + 5 f¢¢(§g)¢_’}2ﬂ/1 (12)
- h(Q_S)Wy - h¢(€5)‘7y¢-
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Spectral Stability

Now consider a perturbation of the stationary shear flow,

v(y,t) = 7(y) +ew(y, t), d(y, t) = y) + ev(y, ).
At order of O(e), w(y,t), ¥(y,t) satisfies

pWe = [g¢(¢ vy + g( )Wy + h( ) ]
MY = f( ) yy + f¢(¢)¢yy¢ + f¢( )d_’ y+ 35 f¢¢(¢)¢_’}2ﬂ/1 (12)
— h(@)wy — hy(9)7y .

with w(y, t) = eMWw(y) and (y, t) = e*i(y), we find the spectral

stability satisfies

pAW = 0y [g¢(q_$)Vy1Z + (@) + )\h(gz_ﬁ)i,/;],
WA = F@)yy + D + BDF Ty + SFBFET (13)
- h(ﬁg)VN"y - h¢(¢_5)‘7y72-
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Eigenvalue Problem

Letting V = [W 1Z]T

MV =RV (14)
with
s [p ~(ho(8)By + h(®)y)
0 7 ’
R = |:g¢(¢_>)$y8yj'g¢(<5)a}% _ _ _(gqb((i_’)‘_/yzyj' g¢(¢_’)‘7yay_ B B
—h($)dy F($)02 + f5(D) by + f5(B)ByOy + 3fs5(0)2 — ho (D)W
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Comments on Spectrum for Case 71 = |72

For the case where the solution ¢ is constant we see

e if ¢ is an equilibrium point (7n for —y2 =71 or 5 + 7n for 42 = 1)

then A\ = 0, A\ = s —
"o T Ay (2(n+1)>
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Comments on Spectrum for Case 71 = |72

For the case where the solution ¢ is constant we see

e if ¢ is an equilibrium point (7n for —y2 =71 or 5 + 7n for 42 = 1)

hen A\g =0, A\ = =
then A\g = 0, A« Ay sin (2(n+ 1)>

8s(®)

()e(@)ha) ~ e

@ If ¢ is not an equilibrium solution and

| —angs(9) — ah*(¢)
718(9)h(¢)
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Comments on Spectrum for Case 71 = |72

For the case where the solution ¢ is constant we see

e if ¢ is an equilibrium point (7n for —y2 =1 or 5 + 7n for 72 = 71)

then A\ = 0, A\ =
o0 = S ()

8s(®)

(@)e(@)hig) ~ e

@ If ¢ is not an equilibrium solution and

| —angs(9) — ah*(¢)
18(6)h()

@ If ¢ is not an equilibrium solution and

_ amegp(9) — ah*(¢)
718(¢)h(¢)

85(9)
f(#)g(¢)h(o)

> 0 then
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Spectrum for minimal d-value 8.6
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Figure: The spectrum associated to minimal d - value that can be found in the
range of ¢ values between —7 and 0.
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Leading Eigenvalue
B g
.
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Figure: ¢ values versus the leading eigenvalue. We can see as we cross ¢ that we
go from positive to negative

Katheryn Beck - University of Kansas JoiSteady state solutions of the Ericksen-Le: September 14, 2024 20 /34



01116

01114

01112

o111

01108

01106

01104

-0.1103

0.11035

Leading EigenValue

-0.1104

0.11045

0.1105

-0.11085

-0.1108

-0.11065
85

01102
85

d - value

L
10

105

d - value

105

Figure: The leading eigenvalues as we vary the parameter

positive eigenvalue for one stationary solution and a negative for the other.
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Perturbation of d

Stationary Solutions
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Time Evolution

Residual

residual

Figure: The two-norm measuring the difference between the time evolution of the
unstable solution and the stable solution.
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Residual between stable and unstable.

2
time steps.

Figure: The two-norm measuring the difference between the time evolution of the
unstable solution and the stable solution with the perturbation in the opposing
direction.
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Phase Portrait for y1 > |7
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Continuation

Recall we started with the case

1 = |2l

and then moved to the case
7 > |72l
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Continuation

Recall we started with the case

1 = |2l

and then moved to the case
71 > 72|

The way we move between cases is through a continuation over the
parameters y1 and 2
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Continuation

Continuation of Unstable Solutions
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Time Evolution

o5 Residual between stable and unstable

residual
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16 Residual between stable and unstable
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Phase Portrait for |y2| > 7
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Thank you for your attention
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Thank you for your attention
Any questions?
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