General fractional multiparameter white noise theory
and stochastic partial differential equations
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Abstract

We present a white noise calculus for d-parameter fractional Brownian motion
Br(z,w); z € R?, w € Q with general d-dimensional Hurst parameter H = (Hy, ..., Hy)
€ (0,1)%. As an illustration we solve the stochastic Poisson problem AU (z) = =Wy (z);

z € D, U =0 on dD, where the potential Wy (z) is d-parameter fractional white noise

. d
given by Wg(z) = ngHa(;Ec)i

solve the linear stochastic heat equation %—[{(t,w) = 2AU(t,z) + Wy (t,z). For each
equation we give sufficient conditions that the solutions U(z) and U (t, z), respectively,
are square integrable random variables for all ¢, z.

,and D C R? is a given bounded smooth domain. We also

1 Introduction

Recall that a I-parameter fractional Brownian motion (f Bm) with Hurst parameter H €
(0,1) is a Gaussian stochastic process By (t) = By (t,w); t € R, w € Q on a filtered proba-
bility space (€2, F, P) with the mean

(1.1) E[By(t)] = Bg(0)=0  forall teR
and covariance

(1.2) E[Bu(s)Bu(t)] = ${|s" + [t —|s—t[*"}  forall s,teR,

2

where E denotes expectation with respect to P. Note that if H = % then By (t) coincides
with the classical Brownian motion.

For any H € (0,1) the process By(t) is H-self-similar, in the sense that the law of
{By(at)}ier is the same as the law of {af By (t)}ier for all a > 0.

One of the reasons of the interest of fractional Brownian motion is that it can be used to
model random phenomena with memory.
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For example, if % < H < 1 then By(t) has a long range dependence, in the sense that
(1.3) > E[By(1)(Br(n+1) — By(n))] = oo .
n=1

In this case the process is persistent, in the sense that high values have a tendency to be
followed by an increase and low values by a decrease. This type of behavior is often observed
in the levels of rivers, the characters of solar activity, the widths of consecutive annual rings
and in the values of log returns in finance.

Similarly, if 0 < H < % then

(1.4) E[Br(1)(Br(n+1) — By(n))] <0

and the process is anti-persistent, in the sense that high values have a tendency to be fol-
lowed by a decrease and low values by an increase. This feature makes the process natural
for turbulence modeling. Indeed, fractional Brownian motion was first introduced by Kol-
mogorov in 1940 (see [Ko]), in connection with turbulence studies. In 1968 the process was
reintroduced by Mandelbrot and van Ness [MvN], who gave the process its current name
and suggested a number of applications.

For more information on l-parameter fractional Brownian motion we refer to the book
by Shiryaev [S] and the references therein.

There is a natural generalization of f Bm to the multi-parameter case:

Fix a parameter dimension d € N and a Hurst parameter H = (Hy, Hy, ..., Hy) € (0,1)%.
Then we define the d-parameter fractional Brownian motion (or fractional Brownian field)
By (z1,...,24); z = (21,...,24) € R? as the Gaussian process (field) with mean

(1.5) E[By(z)] = Bg(0) =0  forall z € R?

and covariance

d
(1.6)  E[Bu(2)Bu(y)] = (5)* [ [ (2 + sl — |zi —5i*™)  for all z,y € R%.

=1

These stochastic processes have been suggested in the modeling of the shape of mountain
ranges (d = 2), the density of clouds (d = 3) and many other quantities. We refer to [AF]
and [M] for more examples of modeling by multi-parameter fBm.

A stochastic calculus for 1-parameter fBm based on the Wick-It6 integral was con-
structed by [DHP] in the case 3 < H < 1. This was generalized to a fractional white noise
calculus in [HQ), still for the case % < H < 1. Subsequently this 1-dimensional theory was
extended (with certain restrictions) to be valid for all Hurst coefficients H € (0, 1) by [EvdH].

A multi-parameter fractional white noise calculus was developed in [H1], [H2] and subse-
quently in [HOZ1] and [DZ], where it was used to solve certain stochastic partial differential
equations driven by multi-parameter fractional white noise Wy (z). However, the presenta-
tion in all these papers was based on the assumption that H = (Hi,..., Hy) € (,1)%

The purpose of this paper is to present a multi-parameter fractional white noise theory
valid for all Hurst parameters H € (0,1)¢. This is achieved in Section 2 and Section 3
by making a synthesis of the l-parameter approach of [EvdH] and the multi-parameter



approach of [H1|, [H2], [HOZ1] and [@Z]. Then in Section 4 the theory is illustrated by
solving explicitly the stochastic fractional Poisson equation

(1.7) AU(z) = ~Wy(r); =x€DCR
(1.8) U(x)=0; x € 0D
where D is a given bounded domain in R? with smooth boundary 0D and Wy (z) = gf”éﬁ

is d-parameter fractional white noise.
In section 5 we solve the stochastic fractional heat equation

1
(1.9) %—Itj(t, r) = SAU(2) + Wilt,z);  t€(0,00),2€DCR
(1.10) U(0,z) =0; r €D
(1.11) Ut,z) =0 t>0,2€dD.

For both equations we find sufficient conditions that the solution is a square integrable
random variable.

2 Multiparameter fractional Brownian motion

We start by recalling the standard white noise construction of multiparameter classical Brow-
nian motion B(z); x € R¢. We refer to [HKPS], [HOUZ] and [Ku] for more details.

Let S = S(R?) be the Schwartz space of rapidly decreasing smooth functions on R?
and let Q := §'(R?) be its dual, usually called the space of tempered distributions. By the
Bochner-Minlos theorem there exists a probability measure p on the Borel o-algebra B(f2)
such that

(2.1) / ei<“”f>d,u(w) = e_%”fnz; feSMY
Q

where (w, f) = w(f) denotes the action of w € Q = S'(RY) applied to f € S(R?) and
If1I? = Jga |f(@)[Pdz = || fl|72(ga)- From (2.1) one can deduce that

(2.2) E,[{w, )] =0 for all f e S(R?)
where E, denotes the expectation with respect to 1. Moreover, we have the isometry

(2.3) E(w, Mw, ) = (f.9)re@ay;  f.g€ SERY).

Using this isometry we can extend the definition of (w, f) € L?(u) from S(R?) to L?(R?) as
follows:

(. ) = lim (w, £)  (limit in L2(4))

when f, € S(R?), f, — f € L*(R?) (limit in L*(R?)).
In particular, we can now define, for x = (z1,...,14) € R?,

(2.4) B(z) = B(z,w) = (w, Xjoq(*)) ; weN



where
d
(25) X[O,z] (y) = H X[O,wi] (yz) for Y= (y17 e ayd) € Rd
i=1
and

1 if 0<y; <z
(2.6) Xoag() = -1 if z; <y; <0, except z; =y; =0
0 otherwise

By Kolmogorov’s continuity theorem the process {E(x)} has a continuous version which we
will denote by {B(z)}. By (2.1)-(2.3) it follows that {B(z)} is a Gaussian process with
mean

(2.7) E[B(z)] = B(0) =0
and covariance (using (2.3))

d

[Tz Ay if x;,y; > 0 for all ¢
i=1
_ _ ) a
(2.8) E[B(z)B(y)] = (X[O,z}’ X[O,y})LQ(Rd) TYII(=2z:) A (=y:) if 24,9 <0 for all 4
i=1
0 otherwise

Therefore {B(x)},cre is a d-parameter Brownian motion.

We now use this Brownian motion to construct d-parameter fractional Brownian motion
By (x) for all Hurst parameters H = (Hy,...,H,) € (0,1)%. We do this by extending the
procedure of [EvdH] to the d-dimensional case, as explained in [H®Z2]. For completeness
we give the details.

For 0 < H; < 1 put

(29) K=k 2F(Hj—%)cos(g(Hj—%)>]_l, k; = sin(m H,)T(2H, + 1)

and if g € S(R?), = (21,...,7q4) € R, define m;g(-) : R? — R by

K |:Ez(]—)n o@) gy it 0<H; <!
(2.10) mig(z) = g(a:) if Hj=3
fg(mla Tj— 17t7z‘i-‘;}7 7md)dt if %< HJ < 1
\mJ—tP
where
(2.11) e¥) =(0,0,...,1,...,0), the j’th unit vector.
Then define

(2.12) My f(z) = mi(mal. .. (maei(maf)) .. (@) ;. feSERY.



Note that if f(z) = fi(z)... fa(zq) =: (f1 ® --- ® fq)(x) is a tensor product, then

d
(2.13) M f (@) = [[(Ma, £;) ()
j=1
where
ffJ Tj— t f](zj)dt ; 0<Hj <%
ME_ J
(2.14) My, fi(z;) = fj(fvj) ; Hj=3
Kjf fj(té)d,tH_, ; % <H; <1
R [t—a;|2 7

Therefore, if

Fo©):=3(6) = [ e gla)dn; €= (€ ) €X',

denotes the Fourier transform of g, we have by (2.13)

(2.15) M f(€ HMHf] &) = Hklfg (&)
and

— d 1 _lA
(2.16) My'f(€) = (H /fj|§j|5_Hj> f(€)

For more information about the operator My (for d = 1) see [EvdH, Appendix].

We now construct d-parameter fractional Brownian motion By (z) with Hurst parameter
H = (Hy,...,Hy) € (0,1)? as follows:

First define

(2.17) By (z) = Br(z,w) = (w, Mu(Xioz(-)))

with Xjo(-) as in (2.5)—(2.6). Then By () is a Gaussian process with mean
(2.18) E[Bg(z)] = Bg(0) =0

and covariance (using (2.13) and [EvdH, (1.13)])

ElBa(0) B ()] = | | Mar(Xo(2) M (o (2

/HMHl [0,x;] Zz HMH] Oyj](zj)dzl .dzq
R

d
i=1 j=1

—H ] M X0 M o 01

(2.19) =(3) dH{|x]|2HJ + ;1?7 = |z — )7} z,y € RY .
j=1



By Kolmogorov’s continuity theorem we get that { By (z)} has a continuous version, which we
denote by {By(z)}. From (2.18), (2.19) we conclude that By(z) is a d-parameter fractional
Brownian motion with Hurst parameter H = (Hy, ..., Hy) € (0,1)%

If f is a simple deterministic function of the form

N
fl@) = axpyun(z); = €R?
7j=1
for some a; € R, yU) € R* and N € N, then we define its integral with respect to By by
N
f(2)dBu(z) = a;Bu(y"?).
Rd =
Note that by (2.16) this coincides with < w, My f >, and we have the isometry

B / H(@)dBu(@))] = Bl< w, Mirf >*] = [Mu f|[3s(ze

We can extend the definition of this integral to all g € L% (R?), where

(2.20) Ly (RY) = {g: R" = R; |lgllz2, rey = | MugllL> ey < 00} -

by setting

(2.21) / 9(2)dBu(z) = (0, Myg)  forall g€ L2 (RY)
R4

Moreover, if f,g € L% (R?) then we have the isometry

B[( [, r@aBu@)( [ oe)aBa(e))] = Blw, Mas) (o, Mag)
(2.22) = (Muf, MHQ)H(Rd) = (f, g)L%{(Rd) .

We mention that the space L% (R?) is not complete for H > 3, see [H3], [PT] for more
details.

3 Multiparameter fractional white noise calculus

With the processes By (x) constructed in Section 2 as a starting point we proceed to develop
a d-parameter white noise theory as in [HOZ1] and [@Z], but modified according to the
1-parameter approach in [EvdH].

Let

2dr 2

hn(t):(—l)"eZ%(e 7); n=0,1,2,...; teR
be the Hermite polynomials and let

(3.1) f®) = 7 (0= D) S hy (V20e " ;. n=1,2,...; teR



be the Hermite functions.
If a=(ag,...,0q) € N (with N={1,2,...}) and z = (21, ...,74) € R? define

(3.2) No(x) = ha, (1) - hay(za) = (hay ® -+ ® ha,) (x)
and
(3.3) eq(z) = (Mﬁililal)(xl) ... (M;Iidﬁad)(xd) = (Mglna)(x) )

Let {a(®}%, be a fixed ordering of N* with the property that, with [o®| = o{? ... + o,
(3.4) i<j= a9 <],

Note that this implies that there exists a constant C' < oo such that

(3.5) la®| < Ck  forall k.

With a slight abuse of notation let us write

(36) Un(fﬂ) P Tgn) (.’L‘) = MHen(x)
and
(3.7) en(T) = ey (z) = Mg'n. () ; n=12,...

Now let J = (N}). denote the set of all finite sequences o = (a, ..., ay,) with a; € Ny =
NuU{0}, m=1,2,... Then if @ = (ay,..., ) € J we define

(3-8) Ha(w) = hay (W, M) -+ Py, ({5 7m))

In particular, note that by (2.21) we have
Heo) = (@) = o,m) = [ mi(a)dB)
R

(3.9) = [ Mpge;i(z)dB(z) = (w, Mye;) :/ ei(z)dBy(z) ; i=1,2,...

R4 Rd

We recall the following well-known result:

Theorem 3.1 (The chaos expansion theorem)
Every F € L*(u) can be written as the form

(310) F(w) = Z Ca%a(w)

acd

where ¢, € R. Moreover, we have the isometry

(3.11) IF|2: =) alc?
acJ

where o! = aqlag! .. o if o = (g, ..., Q).



Note that if f € S(R?) then My f € L?(R?). Moreover, if f,g € S(R?) then

(3.12) (gaMHf)L2(Rd) = (9, MHf)L2(Rd) = (MHg,f)m(Rd) .

Therefore, since the action of w € Q = §'(R?) extends to L?(R?), we can extend the definition
of the operator My from S(R?) to 2 = S'(R?) by setting

(3.13) (Mpw, f) ={w, Muf);  [€SR), weSR).

We now define

(3.14) L4(w) ={G:Q = R;G oMy € L*(u)}
and
(3.15) G172, = I1G © Mull72(,y  for G € L (p) -

Example 3.2 The chaos expansion of classical Brownian motion B(z) € L?(u) is

o o0

(B16) B = (0 Aow) = Y (Ko sz = 3 ([ mw)dy) - Moo

k=1 k=1 -

where in general we put

(3.17) / y)dy —/ / y)dy: - .. dyq ; = (x1,...,24) €ER?.

Hence by (2.17) the chaos expansion of fractional Brownian motion By (z) € L% (u) is

(3.18) BH(.’L‘) = (w, MHX[0,$]>
= Z(MHX[O ] ﬂk)L2 R4) {w, 7 Z [0,2): Mk L2(Rd)Hs(k)(w)
k=1 k=1
(3.19) = (/ Man(y)dy)HS(k)(w)'
k=1 ey
Similarly, if f € L% (R?) then by (2.21)
(3.20) /f(m)dBH(l“) = (w, Muf) = (Mpw, f) =Y _(Mang, f) 2@y How ().
R k=1

Next we define the d-parameter Hida test function and distribution spaces (S) and (S)*,
respectively:

Definition 3.3
a) For k =1,2,...let (S)® be the set of G € L?(u) with expansion

= an’H



such that

(3.21) G Fsyw =D ! AN < o0
where
(3.22) 2N/ = (2- 1) (2-2)%...2m)*  if B=(b,....0m) €T

The space of Hida test functions, (S), is defined by
(3.23) (S) = ﬂ(S)(k), equipped with the projective topology.
k=1

b) For ¢ =1,2,... let (S)(=@ be the set of all formal expansions
G = Z CaHa(w)

such that

(3.24) |G lsy-0 =D & 2 (2N) ™% < o0 .

The space of Hida distributions, (S)*, is defined by

(3.25) (8) = U(S)(_q), equipped with the inductive topology.

qg=1
Note that with this definition we have
(3.26) (S) C Lz(u) C(S)".

Example 3.4 Define fractional white noise, Wy (x), by

(3.27) Wa(z) =Y Mym(z)How(w); zeR'.
k=1

Then Wy (z) € (8)* because in this case, by (3.3) and (3.5),

(Mpmy)? (x) (2N) ="

NE

Z alc (2N) 71 =

(67

£
I
—

I
[M]8

(M g hy)*(21) - (Ma ila;m)z(:cd)(%)_q
1 1 ag

k=1
oo d , Ha§k) 9 oo 2

< ch( (ag.’“))rT) (261 <C Y (2k) 5 < oo
k=1 j=1 k=1

for ¢ > % 4+ 1 (C is a constant). Here we have used the estimate

H

(3.28) | M, o (t)] < C’gn%_Tj for all ¢ (Cy constant)



from Section 3 of [EvdH].
Note that from (3.27) and (3.19) we have that

ad

2 —_—

By (z) = Wy(x) (in (8)*) for allz € R¢ .

This justifies the name fractional white noise for the process Wy (x).

Choose g € S(R?) and let mjg be as in (2.10). We establish a useful formula for the
L*(R) norm of mjg .

Theorem 3.5 Let f and g be elements in S(R) (the space of rapidly decreasing functions).
If0<H; < 1 , then there is a constant k such that

(3.30) [ mst@mg@ds=r [ [ o= yP @) ()dody.

Proof. From (2.15) we have

F(myf)(€) = Kl f(€).

/ s (@)myg(a / €121 () (€)de
Iola /|t—x|1a ’

where 7, = 2I'(«) cos(anr/2). By [SKM], we have

F (I°¢) (€) = €] ™*(€).-

| r@rgaas = o [ e i©s
/ijf(x)mjg(x)dx:K;/Rf'(x)fo‘g'(x)dx

if 1 —2H; =2 — «. That is

Thus

For o > 0 define

Therefore,

Hence,

When the above identity is true, we have

/ F@) I (@)de = / & — 2P (2)g'(y) dady,
R R2

where
K= %K; .

Remark It is easy to extend the identity to more general functions.



4 The stochastic fractional Poisson equation

We now illustrate the use of the theory above by solving the Poisson equation with fractional
white noise heat source:

Let D C R? be a given bounded domain with smooth (C*) boundary. We want to find
U(-) : D — (8)* such that

(4.1) AU(z) = —Wg(x) for x € D
(4.2) U(x) =0 for x € 0D

d
(where A = % > & is the Laplacian operator) and such that U is continuous on the closure
i=1

83:22
D of D.
From classical potential theory we are led to the solution candidate

(4.3) Ulz) = /D G, )W (y)dy = /D G(x,y)dBy(y)

where G is the classical Green function for the Dirichlet Laplacian.
We first verify that U(x) € (S)* for all z. To this end, consider the expansion of U(z):

Ulz) = /D G(z,y) S Mums(y) o (w)dy

= Z ag(x)H.x (w), where
k=1

(4.4 nta) = [ Glay)Mam )iy
By the estimate (3.28) we have
(4.5) jax(2)] < ok * /D G, y)dy < Cuk*
and therefore - o
S @ (z)(2N) < 02 (2k) 7 (26) 77 < oo
k=1 k=1

for g > 43—d + 1. )

This proves that U(x) € (S)* and the same estimate gives that U : D — (S)* is contin-
uous.

The proof that AU(xz) = —Wpg(x) is identical to the proof given in [HOZ1, Section 3]
and is omitted. We conclude that U(z) given by (4.3) is indeed the solution of (4.1)—(4.2).

Thus we have:

Theorem 4.1 Let H = (Hy,...,Hy) € (0,1)4. The stochastic fractional Poisson equation
(4.1)—(4.2) has a unique solution U(x) € (S)* given by

(4.6) Ulz) = /D Gz, y)dBuy)

where G(z,y) is the classical Green function for the Laplacian.



Next we discuss when this solution U(z) belongs to L?(u). In [HQZ1] it is proved that if

(4.7) 1<Hi <1 forall i
and
d
(4.8) Y Hi>d-2
=1

then U(z) € L?(p) for all x.
We will show that condition (4.8) is sufficient to have U(z) € L?(u) also without condition
(4.7):

Theorem 4.2 Let H = (Hy,...,Hy) € (0,1)¢ and H := {i, H; < 1/2} . Suppose that
fH <1 and

(4.9) > Hi>d-2.
Then the solution U(zx) given by (4.6) belongs to L*(u) for all z.

Proof. By (4.3) and (2.22) we have
B[U*(2)] = (G(z,), G(=,))13,me)

(4.10) = (MyG(z, ), MyG(x,)) 1rgaay = /R (MyGa,y))dy

where the operator My acts on y, and we have extended the function G(z,-) and MyG(z,-)
to R¢ by defining it to be zero outside D
Without loss of generality we can assume that

(4.11) Hi<! and H;>1 fori>1.
Since 0D is smooth there exists a constant C such that
o

4.12 R

LY = z — g2

Recall that if % < H; <1,

[misras=c; [ [ e - ypn sy

Hence by (4.10) and Theorem 3.8

4.13 E[U?(z SC/ M , 2 ‘xl_zl‘d dz ,
(113) ven<c | [ Siow =

where

d
(4.14) o(y, z) = |y1 B Zl‘QHl H ‘yi B Zi‘QHFQ'
=2



Let 2/ =z — z and 4y = x — y. Since D is bounded there exists a positive constant R such
that, using (4.13),

R R
2 A EA
E[U*(z)] < c// Lo, ) g d
‘R R

2 |2 H lyi — 22T 7?

[ [ el
Yillz1|y1 —
(4.15) = C// dydz
A e EE

Next we are going to show that the integral above is finite.
For notational simplicity, we assume that R = 1. For any a > 0,b > 0,d > 0, we claim
that there is a constant ¢, independent of a and b such that

yllz|ly — 2™ a't 4+ b™
(4.16) / / (y2 + a)¥2(22 + b)d/2dydz s € an—1pd/2—1

Indeed,

P ellelly e
2+ a)i2(22 1+ o)™
1 2H, 2H,
/dy/ \yHZ| Y| + |2 )dz}

(y2 + a)¥2(22 + b)?/2

IN
.—M\

2H1+1 ' Z 1 L2H1+1 1 y
< { y + a)d/2 / (22 + b)d/2dz +/0 dz (2% + b)d/2 /0 2+ a)d/2 dy}
< C/ VT mal (1 )2y + c/l _E A (g ),
) o W) d/2 o (22 +b)i?
< ob'” d/2/ Y et /1 P
o (¥?+a)i/2-H o (22 b)d2—H
< bl P2 L glmd/2pld/2r aflt + pt

ad/2—1pd/2—1 °

Applying (4.16) for a = ZZ NE ZZ , 27, we have

d . —
/ L /1 il = 2P T s = w7
_1 _1

|yl 2]

:/ / H|yz~—zi|2H¢_2dy2"'dyddZ2"'dZd/ / |y1||Z1||yd1 dZ1| dy, dz,
0 S 1 [yl¢]2]

z—zwz L)t 4 (B, )
/ / Hz 2|y | )Ef/?;(;;) )d/(gzlz 2 z) ]dyg"‘dyddz2"'dzd
>ie 2yz i= 2Z

/ / 15, [ — = dys - - dyadzy - - - dzg
d _
S y2) 2= (0 p2yd/2




’L 2 |y’L - Zi|2Hi_2 d d d d
2y d/2 1(2422,)(1/21}1 Ya - aYdtzg - a2
=:1+1I.

We now prove both I and I are finite. By symmetry, we only look at I.
For any choice of positive numbers «; > 0 with ZLQ «; = 1 and positive numbers 8; > 0

with Zfﬁ B; = 1, we have

|2Hi—2

dys ...dygdzs . ..dzg

d
(4.17) I</ [Tis |y

1 T, lylosa=2-2m) i)

So, I is finite if the following conditions are met:

Oéz(d—Q—QHl) < 1, 1=2,---.,d
Bid-2) < 1, i=2,---,d
Adding these inequalities in (4.18), we see that it is sufficient to have

d

2(d—2) - 2H; < Y 2H;,
=2
namely,
d
Y Hi>d—-2
=1

This completes the proof.
O

Remark It is natural to ask if condition (4.9) is also necessary to have U(x) € L?(u1). Now
we give a discussion.

We need the following: For any a > 0,b > 0,d > 0 (a and b bounded), there is a constant
¢, independent of a and b such that

lyll=|ly — =™ o™
(419) / / y n a d/2 ZQ + b)d/Q dy dz > Cad/Q—lbd/2—1

and

lyll=lly — = o™
(4.20) / / y T a d/2 ZQ n b)d/Q dydz > Cad/2_1bd/2_1




In fact,

Ul
(Y% + a)¥/? (2% + b)d/? Y

ylzlly - o2
= /0 / (2 + a)4/? 22+b)d/2dydz
y|z[2H1H1
= /0 / (y? + a)?/? zQ-I—b)d/Qdydz
1 1 Z2H1+1
> C/O dy W +ad/2/ (22+b)d/2dz

— ca—%“/ﬁi2 “ dub—%+1+H1/f v _ dy
o (W +1)42 21 1) 2 1 1\d/2

=z cad/Z—lbd/Q—l :

This proves (4.20). In a similar way we can prove (4.19).
Let us consider (4.15) in the case when d = k = 2, namely,

1 1
llzllyr — 217 3ol |22 [y — 22>
(4.21) / / [ E dydz ,

where 0 < Hy, Hy < 1/2. Applying (4.20) for a = y3,b = 23, we have

1 1
// yallz1[lyr — 27" |y2||7«2||y2—z2|2H2d dz> ¢ // 2 [yal |Z2||?/2—~7«2|2H2dy2dz2
1 _

|y|@+2 |2[4+2 Y523
-1-1

which is divergent. Thus we conjecture that U(¢, ) is in L? only if one or less Hurst exponent
is less than 1/2.

5 The linear heat equation driven by fractional white
noise

In this section we consider the linear stochastic fractional heat equation

ou

5 —(t,z) = 3AU(t,z) + Wg(t, z) ; te (0,00), z€DCR

(5.1)

(5.2) U(0,z) =0; x €D

(5.3) Ult,z)=0; t>0, ze€dD



Here Wy (t, ) is the fractional white noise with Hurst parameter H = (Hy, Hy,...,Hy) €
d

0,1) A =Y % is the Laplace operator, D C R? is a bounded open set with smooth
i=1

boundary dD. We are looking for a solution U : [0,00) x D — (8)* which is continuously
differentiable in (¢, ) and twice continuously differentiable in z, i.e. belongs to C'?((0, co) X
D; (8)*), and which satisfies (5.1) in the strong sense (as an (S)*-valued function).

Based on the corresponding solution in the deterministic case (with Wy (¢, x) replaced
by a bounded deterministic function) it is natural to guess that the solution will be

t

(5.4) Ut z) = / / Wi (s,9)Grs(x, y)dy ds

0

where Gy_s(z,y) is the Green function for the heat operator % — %A. It is well-known [D]
that G is smooth in (0,00) x D and that

2
(5.5) |Gu<x,y>|~u‘d/2€xp(‘|xauy|) i (0,00)x D,

and

0G,(z,y)

6o 17

2
= ylew (- 2500 i 000 <D,
u

where the notation X ~ Y means that
1
5X§Y§CX in (0,00) x D,

for some positive constant C' < oo depending only on D. B
We use this to verify that U(t,z) € (S)* for all (t,z) € [0,00) x D:
Using (3.27) we see that the expansion of U(t, z) is

Utte) = [ [ Goslo.n) X Mum(o.s)an (@)ayds

(5.7) = ibk(t,x)ﬂg(k)(u}),

where

t

(58) bk(ta .Z') = bg(k)(ta ‘,L') = // ths(may)Man(S:y)dyds

In the following C' denotes a generic constant, not necessarily the same from place to
place. From (3.28) we obtain that

t
betz)] < Ok / / Gy (z, y)dy ds
0 D

2(d+1)
3

(5.9) = Ck



1/

Therefore
(5.10) Y RN Y <o) Y kST (2k) 7 < oo
k=1 k=1

for ¢ > @ + 1.

Hence U(t,z) € (S§)~7 for all ¢ > 4(d+1 + 1, for all £, z.

In fact, this estimate also shows that Ul(t, 3:) is uniformly continuous as a function from
[0,T] x D into (S)* for any T < oo . Moreover, by the properties of Gy ,(x,y) we get from
(5.4) that

%—[i(t, ) = AU(tz) = / / Wi (s, ) <_ _ A) Goy(w,y)dy ds + Wit )

(5.11) = Wg(t )

So U(t,z) satisfies (5.1).

Next we study the L?-integrability of U(¢,z). In the standard white noise case (H; = %
for all 4) the same solution formula (5.4) holds. In this case we see that the solution U(t, z)
belongs to L?(u) (p being the standard white noise measure) iff

(5.12) B U7t )] = /O t /D G2z, y)dy ds < o .

Now, if D C (—%R, %R)d and we put F = [-R, R]¢,

t t
2 —d 2y
Gi_ (z,y)dsdy ~ s™exp | ——— dy ds
0 D 0 D
t 0,2
N/( / s %% exp (—%) dz)ds.

0 F/ys
Hence, if H; = £ for all i = 0,1, ...,d we have
(5.13) EU*(t, 7)) <oco+=d=1.

Now, consider the fractional case. Assume 5 < Hy<1and because of (5.13) We may assume
that at most one of the indices: H;, Ho, ... Hd is less than = say, 0 < Hy < 5 (see also the
remark at the end of Section 4). Then

E[U2(t, 2)] = / (MuGi—.(z, )(s,9))%ds dy

< C/t/t// |8ths(x:y)”athr(xaz)‘
B o Jo JpnJp Ay 0z1

2Ho—2

d
2H 2H;—2
Jr— s ly1 — 21| 1H|yi—zi| dyy ...dygdz, ...dzqdrds .

— ]2 ]2
//// —d/2-1 g~d/2~ 1|m1—y1||x1—zl|exp< |z y| )exp(_h}dz\)
s

2Ho—2 2H 2H;—2
(5.14) -jr — 8|7 Ty — 21| 11_[|y,~—z,-| dyy ... dygdz, ...dzqdrds .



Note that

1 1
2 raf =y |-l
|$1—y1||3?1—21|exp - -
~irJ-1r or ds

(5.15) |y — zl|2H1dy1 dzy < Crs(r' + s™)
Using (see [MMV], Inequality (2.1))

(5.16) /R/R [f@)gW)lx = y[*~?dzdy < C|| || ayullgllLyn

d 1R ,lR | 2 2
2 2 Ti — Yil |z — i 2H;—
H/_ R/_lReXp< or s ) = sl dy:

d 1p |.T'— 2 H; ir e 12 H;
2 i yz| 2 pz|$z Zz|
<oT{[ [y o0 (Fr) ] [0 (7557 ) ]
i—2 —3R g -3k ¢
1 .

(6.17)  ~ (rs)?

we have

Substituting (5.17) into (5.14) we have

1 d .
(5.18) EU*(t,z)] < C//(7‘8)_g+2Z"—ZILL(TH1 + M) |r — s/ dr ds < o0
1 d
(5.19) if d/2— 5E;H <1
@ 41
(5.20) 2—2Hy +2(; - ;5111 —H, <2

We obtain from this that

E[U%(t,z)] < oo if [(2Ho + H)) /\2]+in- >d.

=2

Now let 1/2 < H; < 1 for all 1 <4 < d. Then

HW@M=/Wﬂhuﬁ@wwwy

gff//mmuwaxam

|r—s|2H° H| Z—ZZ\ dy, . ..dyedz, ... dzqdrds .

T e

(5.21) Jr— s)?07? H lyi — 2" 2 dyy . dyadz .. dzgdrds .



By (5.16), we have

d 3R 3R | 2 2
2 2 T — yz| |.TZ — Zz| 2H,—2
H/—lR/lRexp <_ or o Ss ‘yZ_ZZ| dyzdzz

3R |96z - yi|2 i 3h pi|$z‘ - Zz'|2 i
< = A ; 0 bt A .
<cI{| [, () ] [, (Pm) ]

2
(5.22) ~ (rs)z T i

Substituting (5.22) into (5.21) we have

t
(5.23) E[U%(t,2)] < C / / (rs) PRI 202 0 o
0 0
d
(5.24) if 2Ho+ Y H;>d.
=1

We summarize what we have proved:

Theorem 5.1 a) For any space dimension d there is a unique strong solution U(t,z) :
[0,00) X D — (8)* of the fractional heat equation (5.1)-(5.3). The solution is given by

t

(5.25) Ut,z) = // Ww(s,y)Gy s(z,y)dyds .

It belongs to CH2((0,00) x D — (S8)*) N C([0,00) x D — (9)*).

b) If0< H, <% l<H; <1 fori=0,23,..dand

27 2
d
(5.26) [(2Ho+ Hi) A2+ H; > d
i=2
then U(t,x) € L?(p) for allt >0, z € D.
c) If% <H;<1 fori=0,1,...,d and
d
i=1

then U(t,x) € L?(p) for allt >0, z € D.
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