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Abstract

This research work presents development of ordered rate constitutive theories in Eule-
rian description for homogeneous, isotropic, compressible and incompressible matter
experiencing finite deformation using contravariant, covariant and Jaumann bases. The
constitutive theories presented here are applicable to thermoelastic solids, thermofluids
and thermoviscoelastic fluids. Due to the inability to monitor material point displace-
ments, and hence strain measures in Eulerian descriptions, the constitutive theories for
Cauchy stress tensor utilizing strain measures in Eulerian description are not useful,

hence the need for ordered rate constitutive theories presented in this work.

Covariant, contravariant and Jaumann bases identify deformed material lines in the
current configuration, thus these bases are possible choices for the development of
constitutive theories. Covariant Cauchy stress tensor, contravariant Cauchy stress ten-
sor and Jaumann stress tensor are measures of stress in these bases while Green’s
strain tensor, Almansi strain tensor and Jaumann strain tensor are conjugate measures
of finite strain. Even though strain measures are not defined in Eulerian description,
their convected time derivatives in their respective bases are defined. Thus, convected

time derivatives of various orders of the Green’s strain tensor in covariant basis ([y()]

:k=1,2,...,n), convected time derivatives of various orders of the Almansi strain
tensor in contravariant basis ([v(k)] ;k=1,2,...,n)and likewise, Jaumann strain ten-
sor in Jaumann basis ([(k)'y‘] |sk=1,2,...,n) are defined and measurable in Eulerian

description. These convected time derivatives in their respective bases are symmet-
ric tensors of rank two and are fundamental kinematic tensors, and hence they can

be utilized in the derivations of the constitutive theories for the Cauchy stress tensors
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in the chosen bases. In addition, we also have convected time derivatives of various
orders of the contravariant Cauchy stress tensor [¢(?)] in contravariant basis ([¢(*)] ;
k=1,2,...,m), convected time derivatives of various orders of the covariant Cauchy
stress tensor [0 ()] in covariant basis ([0(] ; & = 1,2,...,m) and convected time
derivatives of various orders of the Jaumann stress tensor [(”’5”] in Jaumann basis
([(k)ﬁ‘] |3 k= 1,2,...,m. These are also fundamental symmetric tensors of rank
two. The ordered rate constitutive theories presented in this work utilize convected
time derivatives of upto orders ‘n’ and ‘m’ of the strain and stress tensors (i.e. rates)
in their respective bases. Thus, there are many possibilities for various rate theories
depending upon the choices of the dependent variables in the constitutive theories and

their argument tensors. Specific choices of these are made to address specific physics.

In this work we consider homogeneous, isotropic, compressible and incompressible
matter with finite deformation, that is in thermodynamic equilibrium during evolution.
Thus, conservation laws and thermodynamic principles provide the basis for deriving
mathematical models and constitutive theories. Conservation of mass, balance of mo-
menta and the first law of thermodynamics yielding continuity equation, momentum
equations and energy equation hold regardless of the constitution of the matter, hence
naturally they provide no mechanism for deriving constitutive theories for the stress
tensor and the heat vector. Thus, the second law of thermodynamics (entropy inequal-
ity) must form the basis for deriving the constitutive theories for the stress tensor and
heat vector. The choices of dependent variables in the constitutive theories are made
using entropy inequality. The arguments (or eventually argument tensors) of the de-
pendent variables in the constitutive theories are chosen based on the desired physics
in conjunction with entropy inequality. When the convected time derivatives of the
strain tensor (in a chosen basis) are argument tensors of the dependent variables in the
constitutive theories, entropy inequality requires decomposition of the Cauchy stress

tensor into equilibrium stress tensor and deviatoric Cauchy stress tensor. Constitutive
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theories for the equilibrium stress tensor using entropy inequality result in thermody-
namic pressure for compressible matter and mechanical pressure for incompressible
matter. The conditions resulting from the entropy inequality require that the work
expanded due to the deviatoric Cauchy stress tensor be positive but provide no mech-
anism for deriving constitutive theories for the deviatoric Cauchy stress tensor. The
conditions resulting from the entropy inequality also require the scalar product of the
heat vector and temperature gradient to be negative which can be used for example to

derive the Fourier heat conduction law.

The work presented here utilizes theory of generators and invariants to derive the or-
dered rate constitutive theories for the deviatoric Cauchy stress tensor and heat vector
for homogeneous, isotropic, compressible and incompressible thermoelastic solids,
thermofluids and thermoviscoelastic fluids in contravariant, covariant and Jaumann
bases. General derivations of rate constitutive theories are specialized to show that (i)
generalized hypo-elastic solids, hypo-elastic solids with variable material coefficients
are a subset of the general ordered rate constitutive theories of order n for thermoelas-
tic solids (ii) constitutive theories for Newtonian fluids, generalized Newtonian fluids
with variable material coefficients such as power law, Carreau-Yasuda model for vis-
cosity, power law, Sutherland law etc. for temperature dependent material coefficients
are a subset of the general ordered rate constitutive theories of order n for thermoflu-
ids (iii) Maxwell model, Oldroyd-B model, Giesekus model etc with variable transport
properties are a subset of the general ordered rate constitutive theories for thermovis-
coelastic fluids of orders (m,n). The conditions resulting from entropy inequality,
leading to restrictions on the material coefficients, are presented to ensure that the
constitutive theories derived using the theory of generators and invariants ensure ther-
modynamic equilibrium during the evolution. All theories presented here consider

finite deformation as well as thermal effects.

A significant aspect of the general theories presented here and the simplifications used



to obtain commonly used constitutive theories is that we have clear understanding of
the many assumptions employed in obtaining them, hence the possibilities and oppor-
tunities for developing better constitutive theories for more precise behaviors of the

deforming matter experiencing finite deformation.
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List of symbols:

Tensors of rank zero

«

T =

== T~

: Mobility factor (polymers)

: Thermal modulus

: Coefficients in linear combination of combined generators (stress tensor)
: Coefficients in linear combination of combined generators (heat vector)
: Specific entropy (Lagrangian description) / First viscosity (fluids and polymers)
: Specific entropy (Eulerian description)

: Temperature in reference configuration

: Temperature (Lagrangian description)

: Temperature (Eulerian description)

: Bulk modulus (solids) / Second viscosity (fluids and polymers)

: Relaxation time (polymers)

: Shear modulus (solids)

: Density in reference configuration

: Density (Lagrangian description)

: Density (Eulerian description)

: Helmholtz free energy density (Lagrangian description)

: Helmholtz free energy density (Eulerian description)

: Specific internal energy (Lagrangian description)

: Specific internal energy (Eulerian description)

: First invariant of Jacobian of deformation

: Second invariant of Jacobian of deformation

: Third invariant of Jacobian of deformation
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: Combined invariants of the argument tensors
: Thermal conductivity
: Pressure (Eulerian description)

: Specific volume (Eulerian description)

Tensors of rank one

Q W

(0)q-7
(O)Q
v

v

{°¢"}

: Temperature gradient (Lagrangian description)
: Temperature gradient (Eulerian description)

: Heat vector (Lagrangian description)

: Heat vector in contravariant basis

: Heat vector in covariant basis

: Heat vector in Jaumann basis

: Heat vector (contra- or co-variant or Jaumann)
: Velocity (Lagrangian description)

: Velocity (Eulerian description)

: Combined generators of the argument tensors (heat vector)

Tensors of rank two

*

o

: First Piola-Kirchhoff stress tensor

: First Piola-Kirchhoff equilibrium stress tensor

: First Piola-Kirchhoff deviatoric stress tensor

: Second Piola-Kirchhoff stress tensor based on contravariant Cauchy stress tensor
: Second Piola-Kirchhoff stress tensor based on covariant Cauchy stress tensor

: Contravariant Cauchy stress tensor

: Covariant Cauchy stress tensor

: Jaumann stress tensor
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: Cauchy stress tensor (contra- or co-variant or Jaumann)

: Equilibrium Cauchy stress tensor (contra- or co-variant or Jaumann)

: Deviatoric Cauchy stress tensor (contra- or co-variant or Jaumann)

: Green’s strain

: Almansi strain

: Symmetric part of velocity gradient tensor (Lagrangian description)

: Symmetric part of velocity gradient tensor (Eulerian description)

: Velocity gradient tensor

: Anti-symmetric part of velocity gradient tensor - Spin tensor

: Convected time derivative of order j of Green’s strain tensor

: Convected time derivative of order j of Almansi strain tensor

: Convected time derivative of order j of Jaumann strain tensor

: Convected time derivative of order j of strain tensor (Green or Almansi or Jaumann)
: Convected time derivative of order k of contravariant deviatoric Cauchy stress tensor
: Convected time derivative of order £ of covariant deviatoric Cauchy stress tensor

: Convected time derivative of order k of covariant deviatoric Jaumann stress tensor

: Convected time derivative of order £ of Cauchy stress tensor (any basis)

: Combined generators of the argument tensors (stress tensor)

Non-tensor quantities

: Jacobian of deformation
: Inverse of Jacobian of deformation
: Material time derivative of Jacobian of deformation

: Second material time derivative of Jacobian of deformation
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Chapter 1

Introduction, Literature Review and Scope

of Work

1.1 Introduction

When mathematical models of deforming matter are derived in Eulerian description, the ma-
terial particle displacement and hence strain measures are not obtainable. Thus, the constitutive
theories for the Cauchy stress tensor in Eulerian description, though they can be derived using
strain measures, are not usable as the strains are not defined in Eulerian description. Hence, for
the development of constitutive theories in Eulerian descriptions, we must use measures of defor-
mation other than strain measures that are defined in Eulerian description [1-4]. In the derivations
of the constitutive theories, regardless of the type of description (i.e. Lagrangian or Eulerian), we
must consider deformed material lines in the current configuration. Thus, covariant basis, con-
travariant basis and Jaumann basis [1] are possible choices for the development of the constitutive
theories. For thermoelastic solids, thermofluids and thermoviscoelastic fluids considered in the
present work, the development of the constitute theories reduces to constitutive equations for the

stress tensor and heat vector.



Green’s strain tensor, Almansi strain tensor and Jaumann strain tensor are obvious choices of
strain measures in covariant, contravariant and Jaumann bases. Even though these strain mea-
sures are not defined in Eulerian description, their convected time derivatives are measurable in
their respective bases. We consider [Y®] ; k = 1,2,....n, [yw] s k = 1,2,...,n and [My7] ;
k =1,2,... n as the convected time derivatives of upto orders ‘n’ of the Almansi’s strain tensor,
Green strain tensor and Jaumann strain tensor in contravariant, covariant and Jaumann bases. These
are fundamental kinematic symmetric tensors. Likewise, we also have convected time derivatives
of contravariant Cauchy stress tensor [7?)], covariant Cauchy stress tensor (5] and Jaumann
stress tensor [(*)57] in their respective bases. These are also fundamental symmetric tensors of

rank two. The stress measures ( [7?)], [(g)] and [P57]), their convected time derivatives ( [7*)]

s k=1,2,....m,[6p]; k=1,2,...,mand [MW5/] ; k = 1,2,...,m ) and the convected time
derivatives of the strain measures ( [Y®] ; k = 1,2,....n, [ya] ;s £ = 1,2,...,n and [®/]
; k = 1,2,...,n ) in contravariant basis, covariant basis and Jaumann basis are used to derive

the rate constitutive theories for thermoelastic solids, thermofluids and thermoviscoelastic fluids in

Eulerian description.

We consider homogeneous, isotropic compressible and incompressible matter undergoing fi-
nite deformation. For thermodynamic equilibrium processes considered here, conservation laws
and thermodynamic principles must be satisfied. Since conservation of mass, balance of momenta
and the first law of thermodynamics must hold regardless of the constitution of the matter, these
assume existence of the stress field and heat vector but provide no mechanism for deriving con-
stitutive theories for them. Thus, the second law of thermodynamics i.e. entropy inequality, must
form the basis for deriving the constitutive theories. The entropy inequality is used to determine
the dependent variables in the constitutive theories. The arguments of the dependent variables
are determined based on the desired physics of the deforming matter. It is shown that when the
convected time derivatives of the strain tensors (in their respective bases) are argument tensors,

entropy inequality requires decomposition of the Cauchy stress tensor into the equilibrium stress



tensor and deviatoric Cauchy stress tensor. The constitutive theory for the equilibrium stress tensor
is derived using the conditions resulting from entropy inequality yielding equilibrium stress to be
thermodynamic pressure for compressible matter and mechanical pressure for incompressible mat-
ter. Additionally, the conditions resulting from the entropy inequality require the work expanded
due to the deviatoric Cauchy stress tensor to be positive and the scalar product of the heat vec-
tor and the temperature gradient to be negative. Using the inequality for the heat vector and the
temperature gradient we can derive the constitutive theory for the heat vector. This results in the
well known Fourier heat conduction law. However, constitutive theories for the deviatoric Cauchy

stress tensor can not be derived using the conditions of positive work expanded.

We utilize the theory of generators and invariants [1,3-21] to derive ordered rate constitutive
theories for the deviatoric Cauchy stress tensor in contravariant, covariant and Jaumann bases. In
this approach we must clearly identify the dependent variables in the constitutive theories and their
argument tensors. Details of this approach are given in reference [1], but a condensed summary is
presented in chapter 2. In the following, we first present a brief literature review of the pertinent

published work. This is followed by the scope of the research work.

1.2 Literature Review

The concepts of convected time derivatives, the objective rates of the stress and strain tensors
and their use in the constitutive models can be traced back to Jaumann (1905), Oldroyd B (1958),
Giesekus (1962) and others in references [22—28] in connection with solid matter as well as poly-
meric liquids. Hypo-elastic constitute laws [29-34] are a special form of the rate constitutive
equations for elastic solid matter. Upper convected, lower convected, Jaumann rate constitutive
equations have been used commonly in a large volume of published work on mathematical mod-
els [3,4,22,29, 30, 35] and numerical computations [36, 37] for solid matter. In many of these

works the emphasis is on the use of the constitute models as opposed to their origin and the details



of their derivations.

Broadly speaking, all materials can be classified into two categories: materials without mem-
ory and those with memory. A material without memory has no recollection of how the current
configuration is arrived at. For such materials the only correspondence of the current configuration
is to the reference configuration. On the other hand, materials with memory have recollection of
past events. If the recollection is limited to immediately preceding few events, then we say that
the material has fading memory. Materials with memory naturally exhibit relaxation phenomenon.
Such materials upon cessation of the disturbance require finite amount of time to resume relaxed
(unstressed) state dependent on the characteristic constant of the material. Incompressible and
compressible Newtonian fluids, generalized Newtonian fluids and many other fluids described by
higher order rate theories using convected time derivatives of the strain tensors are examples of

fluids without memory. Thermoviscoelastic fluids are fluids with memory.

Newton’s law of viscosity for incompressible and compressible fluids are well known and
widely used as constitutive equations for incompressible and compressible thermoviscous fluids
(Newtonian fluids) [38,39]. The constitutive models for generalized Newtonian fluids, such as
power law and Carreau-Yasuda model, are extensions of the constitutive models for Newtonian
fluids in which the medium viscosity is assumed to depend on the deformation field [22]. The de-
velopments in continuum mechanics in the last three decades have been overwhelming [2,40-42].
These have been largely initiated and focused on solid matter with applications to liquids and
gases. While the basic definitions and the measures such as kinematics of deformation, measures
of stresses, strains, their rates etc. do not distinguish between the specific nature of the matter and
hence are equally applicable to solids, liquids and gases, this is not the case in the development
of the constitutive theory due to the obvious fact that the constitutive equations are mathematical
descriptions that are specific for a given type of matter. Thus the developments in the constitu-

tive theory for solid matter can be useful when considering liquids and gases but these can not



be imported in their entirety and used for liquids and gases. This is primarily due to the fact that
the composition and behavior of liquids and gases are drastically different than solids, hence com-
pletely new considerations may be necessary in the development of the constitutive theory for such

matter compared to those for solid matter.

The thermoviscoelastic fluids or polymeric fluids are both viscous and elastic. Such fluids
consist of a solvent and a polymer. The solvent is a very dilute solution that may be primarily
viewed as Newtonian fluid. Its composition is due to short chain molecules. The polymer on the
other hand consists of long chain molecules. It has its own viscosity in addition to elasticity. In
thermoviscoelastic fluids, the elastic effects are primarily due to the polymer. When a polymeric
fluid is subjected to a disturbance, the motion of the polymer molecules is complex (Brownian
motion [43,44]). The polymeric fluids can be classified in two broad categories: dilute polymeric
fluids and dense polymeric fluids or polymer melts. Compressibility in polymeric fluids is only
important at very high pressures. Generally, polymeric fluids are treated as incompressible, hence
it is appropriate to say polymeric liquids. Dilute polymeric fluids are primarily much like New-
tonian fluids but with some elastic effects, i.e., the behavior is dominated by viscous effects. In
such fluids the solvent viscosity is dominant, i.e., much higher than the polymer viscosity. Polymer
melts on the other hand are dense polymeric fluids whose behavior is dominated by elastic effects.
In such fluids the polymer viscosity is much higher than the solvent viscosity. Polymeric fluids are

of significant industrial importance.

The first attempt to obtain constitutive equations for viscoelastic liquids appears to have been
due to Maxwell [45]. Later these were generalized to remove the small displacement assump-
tion [22]. Maxwell constitutive model is a ‘linear viscoelastic model’. Using Maxwell model as
a basis, the Jeffreys model is obtained by adding time derivative of the symmetric part of the ve-
locity gradient tensor [22,46]. Generalization of the Maxwell model is obtained by superposition

of a series of Maxwell models [22]. It is commonly accepted [22] that linear viscoelastic models



have many limitations: (1) They can not describe shear rate dependent viscosity (2) They can not
describe normal stress behavior (3) They fail to describe small-strain phenomena if it is accompa-
nied by large displacements due to rigid rotations. These lead to the development of ‘quasi-linear
differential models’. The Oldroyd-B [47] model falls into this category. Deficiencies of these
models in describing realistic physical flow phenomena in polymer melts lead to the development
of ‘non-linear differential constitutive models’ for polymeric fluids. Giesekus model [48] and PTT
model [49, 50] fall into this category. Many other constitutive models have been proposed for
polymeric fluids (see reference [22]). The fundamental driving principles behind these models
have been anisotropic drag due to Brownian motion of polymer molecules and their networks and

the kinetic theory [22,51].

Polymeric fluids at a macro scale are viewed as isotropic homogeneous continuous media.
Thus, in our view, the constitutive theory for such fluids must be derivable using principles and
axioms of continuum mechanics. In fact, Maxwell constitutive model has been derived by Eringen
in references [3, 4] using the theory of generators and invariants. Since the thermoviscoelastic flu-
ids have memory and hence exhibit relaxation phenomenon, it can be shown [1,22] that the very
least we must consider in the constitutive theory is the first convected time derivative of the chosen
strain tensor and the stress tensor itself as arguments of the first convected time derivative of the

stress tensor.

The first account of the phrase ‘ordered material’ seems to have been first introduced by
Bird [22] in connection with ‘retarded motion expansion’ defined as a deviation from Newto-
nian fluids. It was advocated that retarded motion expansion is the correct constitutive equation
for flows in which rate-of-strain tensor and its time derivatives are small. The works in refer-
ence [25-28] are the basis for the presentations of ordered fluids by Bird [22]. In these works,
the stress tensor is considered as a polynomial in the convected time derivatives of progressively

increasing orders of the strain rate tensors.



The ordered rate constitutive theories presented here are a generalization of the concept pre-
sented by Eringen in references [3, 4] using the theory of generators and invariants. To our knowl-
edge, derivations of other constitutive models in Eulerian description based on principles of contin-
uum mechanics are not reported in the published works. While in simplified cases, the polynomial
approach [22] may yield the same results as presented in the current work, in general, we ob-
serve three fundamental problems in this approach: (i) Lack of derivation based on the second law
of thermodynamics which necessitates decomposition of the Cauchy stress tensor into equilibrium
stress and deviatoric stress. While the equilibrium stress is deterministic from the Clausius-Duhem
inequality, the deviatoric stress is not. For the deviatoric stress one must use the theory of genera-
tors and invariants as opposed to the polynomial approach [22,25-28]. (ii) The constitutive theories
must also address the constitutive equation for the heat vector. (ii1) Co- and contra-variant bases
as well as Jaumann basis and the development of the constitutive theories in these bases and the
differences in the resulting constitutive equations must be addressed. It is instructive to examine
the derivations of the currently used models based on continuum mechanics axioms and principles
as a subset of ordered rate constitutive theories as it may suggest new possibilities for improved

constitutive models.

In references [52-54] various aspects of conjugate stress and strain measures, constitutive in-
equalities and stability expressed in terms of stress and strain rates are considered in the develop-
ment of the constitutive theories. The postulates of material behavior stating lower bounds to the
work expanded are reported to be in agreement with observed behaviors but are not supported by
thermodynamic considerations (as stated in reference [52]). The theories presented in the current
work consider condition(s) resulting from the second law of thermodynamics which only requires

that the work expanded must be positive.



1.3 Scope of Work

The present work focuses on the development of general rate constitutive theories for ordered
thermoelastic solids, ordered thermofluids and ordered thermoviscoelastic matter in Eulerian de-
scription. The research considers both compressible and incompressible in co- and contra-variant
bases as well as using Jaumann rates based on the principles and axioms of continuum mechanics.
At the onset of the development of the constitutive theory, the choice of stress tensor and heat
vector as dependent variables is rather obvious. We begin all developments with the second law
of thermodynamics (entropy inequality), an essential thermodynamic law for the development of
the constitutive theory if the deforming matter is to be in thermodynamic equilibrium. The Cauchy
stress tensor is decomposed into equilibrium stress and deviatoric stress as necessitated by the
entropy inequality. The constitute equation for the equilibrium stress for both compressible and
incompressible cases is established using entropy inequality. The constitutive equations for the de-
viatoric Cauchy stress can not be determined using entropy inequality as it provides no mechanism
for doing so except that it requires the work expanded due to the deviatoric Cauchy stress to be

positive.

In case of ordered thermoelastic solids, we use the theory of generators and invariants to (i) es-
tablish a most general form of rate constitutive theory in which the first convected time derivative
of the deviatoric Cauchy stress tensor and the heat vector can be a functions of the convected time
derivatives of up to order ‘n’ of the conjugate strain tensor, density, temperature and temperature
gradient, (i1) specialize the general theory presented in (i) to second order thermoelastic solids, and
(ii1) further specialize the theory presented in (ii) to first order thermoelastic solids and demon-
strate that the general constitutive theory of ordered thermoelastic solids of order one reduces to
the well known hypo-elasticity with further assumptions. All derivations and details for (i) - (iii)
are presented using contravariant and covariant bases as well as Jaumann rates for incompressible
and compressible thermoelastic solids. Discussion and arguments are presented for validity and

usefulness of contravariant, covariant and Jaumann rate constitutive equations.



In the case of ordered thermofluids, we also use the theory of generators and invariants to es-
tablish a general rate constitutive theory in which the deviatoric Cauchy stress tensor and the heat
vector can be a functions of the convected time derivatives of up to order ‘n’ of the conjugate strain
tensor, density, temperature and temperature gradient. The general theory is simplified to obtain
the constitutive equations for the well known generalized Newtonian and Newtonian fluids. The
developments of the constitutive theory are presented using co- and contra-variant bases as well
as Jaumann stress and strain rates for incompressible and compressible cases. The consequences
of the choice of basis are discussed and illustrated in the general derivation as well as specialized

cases.

The Maxwell, Giesekus and Oldroyd-B constitutive models used currently are derived as spe-
cial cases of the general rate theory for ordered thermoviscoelastic fluids. The theory of generators
and invariants provides the foundation for establishing the constitutive theories for the deviatoric
Cauchy stress tensor heat vector. In a chosen basis, the convected time derivative of order ‘m’ of
the deviatoric Cauchy stress tensor is expressed in terms of the density, temperature, temperature
gradient, convected time derivatives of the conjugate strain tensor (Almansi or Green or Jaumann)
of up to order ‘n’ and the convected time derivatives of the deviatoric Cauchy stress tensor of up to
order ‘m — 1’ as argument tensors. In case of the heat vector we also consider density, temperature,
temperature gradient, convected time derivatives of the strain tensor of up to order ‘n’ and con-
vected time derivatives of the deviatoric Cauchy stress tensor of up to order ‘m — 1’ as argument
tensors. The general derivation of the rate constitutive theory for the deviatoric Cauchy stress and
the heat vector are specialized to derive upper convected (contravariant basis), lower convected (co-
variant basis) and Jaumann rate constitutive equations commonly used for for Maxwell, Giesekus
and Oldroyd-B fluids. The derivation presented in this work shows that the deviatoric Cauchy
stress tensor (in either contra- or co-variant basis and using Jaumann rates) naturally results as a

dependent variable in the constitutive theory as opposed to deviatoric Cauchy stress tensor based



on polymer stress as used currently in the Giesekus constitutive model. Numerical studies are pre-
sented for a dense polymeric liquid using the Giesekus constitutive model derived in the present

work as well as currently used Giesekus constitutive model.

10



Chapter 2

Ordered Rate Constitutive Theories in

Eulerian Description

2.1 Introduction

The motivation for the development of the ordered rate constitutive theories in Eulerian de-
scription is multifold. First, we note that based on the constitutive theories for thermoelastic solids
in Eulerian description, these theories are not usable due to the fact that in Eulerian descriptions the
material point displacements are not measurable, hence the strain measures used in these theories
are not defined. Thus, for the development of the constitutive theories for all deforming matter
(solid, liquid or gas) in Eulerian description we must take a more fundamental approach. In the
developments considered in this chapter and chapters 3 to 5, we only consider homogeneous and

isotropic matter. We list some important considerations in the following [1,55-57]:

(i) For thermodynamic equilibrium during evolution of the deforming matter, entropy inequality

must form the basis for deriving the constitutive theories.

(i1) In Eulerian description we consider current configuration and a fixed position Z; in it. If we
consider orthogonal material lines (0A, 0B, oC) in the reference configuration at a point o

(with coordinates x;), then upon deformation the material lines in the current configuration
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(111)

@iv)

v)

(vi)

(vii)

become curvilinear at position o (with coordinates z;) shown in figure 2.1. The tangent

vectors to the deformed material lines 67; are called covariant base vectors 0 A, 6B, 6C.

If we consider an elementary tetrahedron in the reference configuration whose faces are
formed by the orthogonal material lines oA, 0B and oC', then upon deformation, this tetra-

hedron deforms into 6ABC whose faces are formed by the covariant base vectors.

The covariant basis defines tangent vectors to the deformed material lines in the current
configuration at a material point. We could also consider a basis formed by the vectors
orthogonal to the faces of the deformed tetrahedron that are formed by the covariant base
vectors. This basis is called contravariant basis. As shown in earlier chapter contravariant

basis is reciprocal to the covariant basis and hence identifies deformed material lines as well.

Thus, covariant and contravariant bases are natural choices for the development of the con-
stitutive theories in the Eulerian description due to the fact these bases identity deformed

material lines in the current configuration.

Next, we must identify the measures of stresses and finite strain in these two bases that are
conjugate in the sense of energy. The contravariant Cauchy stress tensor 6(°) and covariant
Cauchy stress tensor & () are the obvious choices for the measures of stresses in contravariant
and covariant bases. Almansi strain tensor [¢] and Green’s strain tensor [¢] are the conjugate

measures of finite strain in contravariant and covariant bases.

As mentioned earlier, the strain measures [€] and [¢] are not defined in the Eulerian descrip-
tion, hence we must consider convected time derivatives of strain tensors [£] and [] in contra-
and co-variant bases in the development of the constitutive theories as these are defined in
the Eulerian description. Likewise, we can also consider the convected time derivatives of
the stress tensor ¥ and O (o) in contra- and co-variant bases. The resulting constitutive the-
ories utilizing these are rate constitutive theories as these employ rates of stress and strain

tensors. The use of the term ordered will be clear when we discuss specific details of the
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development of these theories.

(viii) The choices of specific stress and strain convected time derivatives in various theories is of
course dependent on the desired physics and are discussed in a subsequent section as well as

in chapters 3 to 5.

(ix) We reiterate that the rate constitutive theories must satisfy all axioms or principles of con-
stitutive theory. The axiom of equipresence, axiom of admissibility, axiom of objectivity
(frame and form invariance) and the axiom of smooth neighborhood being some of the most

important once that are used directly in the development of the rate constitutive theories.

To 7: unitnormalto ABC

==

(a) Current configuration (b) Deformed tetrahedron with
co-variant base vectors

Figure 2.1: Deformed elementary tetrahedron in the current configuration

2.2 Preliminary considerations in the rate constitutive theories
[1,55-57]

Since conservation of mass, balance of momenta and conservation of energy are independent
of the constitution of the deforming matter, we must consider the fourth conservation law, the

second law of thermodynamics in the development of the rate constitutive theories. Even though
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we are only concerned with rate constitutive theories in Eulerian description, it is instructive to
consider entropy inequality in Lagrangian as well as Eulerian description. Some of the deductions
are more easily seen in Lagrangian description due to the simplicity of the material derivatives.

Recall entropy inequalities in Eulerian and Lagrangian descriptions.

D® DO g dv;

ﬁ(ﬁ + 775) + = 0_9 — 62(?) a;}j <0 Eulerian description 2.1)
o0 a0\ ey :

n <§ + na) % — 04 i <0 Lagrangian description (2.2)

in which all quantities have their usual meaning and J i s the material derivative of [J]. (2.1) has
been expressed using contravariant Cauchy stress tensor. We could have also used & (g, covariant
Cauchy stress tensor, or 0)g’, Jaumann stress tensor. o* in (2.2) is first Piola-Kirchhoff stress
tensor that can be easily expressed in terms of second Piola-Kirchhoff stress tensor &) or o).
In the following discussion it is immaterial whether we consider (2.1) or (2.2) due to the fact all

measures used in (2.1) are related to those used in (2.2) through [J] or [J].

2.2.1 Choice of independent variables in the constitutive theories

Based on the axiom of casualty we consider motion of the material points of a body and their
temperatures as self-evident observable effect in every thermomechanical behavior of matter, hence
these are the independent variables in the development of the constitutive theory. The remaining
quantities, other than those that can be derived using motion and temperature of material points
that enter the expression of entropy generation or production are the causes or dependent variables

in the development of the constitutive theory.

As an example, in case of thermomechanical behavior of deforming matter, based on this prin-

ciple, the constitutive independent variables are

z==x(xt) , x==x(x,1 : 0=0z,t) , 0=0(z,1 (2.3)



Now the velocity can be derived using time derivatives of &, density in the current configuration is
deterministic from the conservation of mass or continuity equation. Thus, in describing the entropy
production, the quantities that remain should be considered as constitute dependent variables and

must be expressed in terms of: & = &(x, 1), x = x(&,t) ;0 = 0(x,1), 0 = 0(z, 1).

2.2.2 Choice of dependent variables in the constitutive theories

From entropy inequality we note that it contains stress & (contra- or co-variant Cauchy stress
tensor), heat vector q (contra- or co-variant), specific Helmholtz free energy density ® and specific
entropy 7 in Eulerian description, and o (first Piola-Kirchhoff stress, or second Piola-Kirchhoff
stress tensor), g, ® and 7 in Lagrangian description. Choice of specific internal energy €, 7 or ®,
7 in Eulerian description is a matter of preference as they are related through ®. Likewise choice
of e, n or @, n in Lagrangian description is a matter of preference as well, as these are also related
through ®. We consider ®, 7j and ®, 7 in the details that follow. Regardless of which choice is
made, i.e., e, 7 or @, n, the constitutive theory is unaffected as ® and e are related. In the work
presented here we only consider homogeneous and isotropic matter in which a material point rep-
resents each material point in the entire volume of the matter. Thus, for homogeneous and isotropic

matter, the constitutive theory derived at a material point is valid for the entire volume of matter.

For simple materials such as elastic solids, thermoelastic solids, thermoviscoelastic solids,
Newtonian fluids, polymers etc. the objective of constitutive theories is to provide a mathemat-
ical foundation for quantitatively establishing the stress field and heat vector in the deforming
matter as functions of tensors that are measures of the physics of the deforming matter in the cur-
rent configuration. Thus the stress tensor and heat vector are undoubtedly the dependent variables
in the constitutive theory. Based on the comment made in the previous paragraph, we also choose
® and 1 (or ® and 7) as additional dependent variables in the constitutive theories i.e. in addition

to the stress tensor and heat vector.
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Thus the choice of dependent variables in the constitutive theories is o, q, ¢, 1 (or o, q, P,
7). The dependent variables o, q, ¢, 1 or (&, q, d, 7)) are functions of arguments describing the
physics of the deforming matter. At the onset we consider the principle or axiom of equipresence
and take into account all possible measures of deformation as arguments of o, g, ®, . Some of

these may be ruled out at a later stage due to other considerations.

2.2.3 Choice of arguments for the dependent variables in the constitutive

theories

For the specific matter under consideration, the choice of arguments for the dependent variables
o,q, d and 7 (or &, q, ® and 7)) in the constitutive theories consistent with the desired physics and
in agreement with the axioms of the constitutive theory, is obviously the most crucial and the most
important aspect of the development of the constitutive theory. For the rate constitutive theories
considered in this chapter, the details of the choices of these arguments are described here as well

as in the subsequent sections and chapters.

For simplicity, consider Lagrangian description i.e. (2.2). Based on the axiom of equipresence
we consider all possible measures of deformation as arguments of o, g, ® and 7). The Jacobian of
deformation [.J] is fundamental in the kinematics of deformation and hence must be an argument
in each of the four dependent variables. Since we need to consider convected time derivatives
of the strain tensors in the rate theories, [J ] (time or material derivative of [.J]) must also be an
argument of the dependent variables in the constitutive theory. We are also considering thermal
effects, hence temperature 6 is obviously an argument. In addition to these three, we also consider

g, the temperature gradient as an argument. Thus at the onset we have
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o =0o(J).[J].6.9)
a=a([J],[J],6.9)

® = o([J],[J],0,9)

n=n([J].[J].0.9)

(2.4)

If in (2.4) the independent variables are (x;, t), then (2.4) are Lagrangian or material description
in which case o0 may represent first Piola-Kirchhoff stress o, or second Piola-Kirchhoff stress
tensor o'” or o). On the other hand, if the independent variables are (Z;,t), then these are
Eulerian descriptions in which case & may represent contra- or co-variant Cauchy stress tensor

&% or & () or Jaumann stress tensor (V7.

2.2.4 Possible approaches to the development of constitutive theories [1]

For a specific matter under consideration, once the arguments for o, q, @, ) that are in agree-
ment with the axioms of the constitutive theories and physics of deforming matter are established,
we can consider the following two possible approaches depending upon the type of matter and the

type of description, i.e., Lagrangian or Eulerian.

Approach (1)

Due to the axiom of admissibility, all constitutive theories must satisfy conservation laws. Con-
servation of mass, balance of momenta and conservation of energy are independent of the consti-
tution of the matter. Their derivation assumes existence of the stress field and heat vector. Thus
what remains is the second law of thermodynamics or Clausius-Duhem inequality. That is, all
constitutive theories must satisfy entropy inequality. Said differently, if we use entropy inequality
to derive constitutive theories then they will naturally satisfy the second law of thermodynamics.

In continuum mechanics this is the fundamental approach for deriving constitutive theories for
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thermoelastic solids. Using this approach it is possible:

(a)

(b)

(©)

(d)

To derive simple constitutive theories for the heat vector such as Fourier heat conduction

law.

For elastic and thermoelastic solid matter, the stress field in a deforming matter can be es-

tablished in Lagrangian and Eulerian descriptions in terms of chosen strain measures.

When the mathematical models are derived for thermoelastic solid matter using Eulerian
descriptions, the entropy inequality also provides mechanism to derive constitutive theories
for stress tensor, but such constitutive theories are not usable due to the fact that in Eulerian
descriptions material point displacements are not known, hence the strain tensors used in
these constitutive theories are not measurable. Thus, the need for rate constitutive theories
in Eulerian description. At this stage it is not clear whether the conditions resulting from the

entropy inequality are sufficient for development of rate constitutive theories.

This approach of deriving constitutive theories strictly using conditions resulting from the
entropy inequality obviously has thermodynamic basis as the constitutive theories in this case
are derived using the conditions resulting from the second law of thermodynamics without

violating the other conservation laws.

Approach (2)

In deforming matter in which entropy inequality does not provide an explicit mechanism for

deriving constitutive theories, we use an alternate approach. By examining the constitutive equa-

tions for elastic and thermoelastic solid matter in Lagrangian description derived using entropy

inequality [1,55], we note that the expressions for the stress tensor are a linear combination of

the combined generators [3-21] of the argument tensors. This observation suggests an approach

for deriving constitutive theories in which the stress tensor is expressed as a linear combination

of its combined generators of the argument tensors. The coefficients in the linear combination

are functions of the combined invariants of the argument tensors (and others), and are determined
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using their Taylor series expansions about an immediately preceding known configuration (as in
approach (1)). Perhaps a simpler way to explain the same idea is to say that the stress tensor and
heat vector are in some spaces. These spaces have bases which can be established using the ar-
gument tensors of the stress tensor and the heat vector. Once we know the bases, we can express
the stress tensor and heat vector as a linear combination of the respective basis. The combined
generators of the argument tensors of the stress tensor and the heat vector indeed are the bases
of the spaces in which these can be defined by using their linear combinations. A basis i.e., the
collection of combined generators of the argument tensors for the stress tensor or heat vector, that

contains the smallest possible number of members is called minimal basis or integrity (section 2.8).

This approach of deriving constitutive theories uses principles and concepts of continuum me-
chanics and hence has continuum mechanics foundation but may lack thermodynamic basis if the

conditions resulting from the entropy inequality are not satisfied.

Remarks:

The two approaches listed above ((1) and (2)) provide a unified framework for the development

of the constitutive theories. We do remark that:

1 Approach (1) is strictly in accordance with entropy inequality and hence has thermodynamic

basis.

2 Approach (2) has continuum mechanics foundation in the sense that it utilizes continuum
mechanics concepts and axioms of the constitutive theories but can be viewed to lack ther-
modynamic basis due to the fact that the constitutive theories in this case are not derived

directly using the second law of thermodynamics or using the conditions resulting from it.

3 In approach (2) we do have to ensure that the conditions resulting from the entropy inequality

are not violated.
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4 The decision on whether approach (1) will provide a mechanism for rate constitutive theories
or whether we need to consider approach (2) can only be made by considering entropy

inequality, keeping in mind relations (2.4).

2.3 Entropy inequality: Lagrangian description [1,3,4,55-57]

Whether we consider entropy inequality in Lagrangian or Eulerian description is immaterial
due to the fact that all measures and their descriptions are transformable from one description to
the other using [.J] and [.J]. For the sake of simplicity and clarity we consider entropy inequality in

Lagrangian description (2.2). Using ®(-) with its arguments in (2.4). We can write

8(1) 6(1) 6(1) 0P - 8@
9 2.5
Substituting (2.5) in (2.2)
ob - 0% -«  9d. od. 90\ |Jagi :
iy T+ —0+ —3. — — — o Ji < 2.
°<8Jik‘]’k+ajik‘]m+ 0 +agig’+”at> — — i <0 (2.6)

2P 5 0P 0P - [Jgigi od .
or poajikJuH‘ ('Ooajik O'kz>Jk+p<80 )9—1——9 —l—poagigZ <0 2.7

In order for (2.7) to hold for arbitrary (but admissible) [ ] g, 9 the following must hold:

Po—a-q) =0 = —a.q) =0 (2.8)
) g;b, =0 = gj =0 (2.9)
0P 0P
%(%—i—n)—O > S tn=0 (2.10)
oD | J|qigi
g _ |
and (po—ajik o) i+ —— <0 @.11)

(2.8) - (2.11) are fundamental relations from second law of thermodynamics (entropy inequality).
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Remarks:

(1) Equation (2.8) implies that & is not a function of [.J].

(2) Equation (2.9) implies that ® is not a function of g either.

(3) Based on (2.10), n is not a dependent variable in the constitutive theories as 1 = —%—‘3, hence

7 is deterministic from ®.
(4) The inequality in the last equation (2.11) is essential in the form it is stated. For example

o | J1¢ig:
%E—O’kizo and <

are inappropriate due to the fact that these imply that [0*] is not a function of [.J] (as ® is not
a function of [J ]) which is contrary to (2.4). We note that (2.11) in its stated form is unable

to provide us further details regarding the derivation of the constitutive theory for [¢*| and q.

Stress decomposition

In order to alleviate the situation discussed in remark (4), we consider decomposition of [0*]

into equilibrium stress [.0*] and deviatoric stress [;0*], i.e.

[0"] = [e0™] + [a0™] (2.12)
in which we have the following:
[ea*] = [eg*([‘]}v [O]’ 079)] (2.13)
40" = a0 (17),17).0.9) (2.14)
and [40"] = [407([/],0,0,0)] =0 (2.15)
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That is, [.0*] is not a function of [/] and [;0*] vanishes when [J] and g are zero. Substituting (2.12)

into (2.11) gives

oo, \e g
(7 ot maois) T+ 5= <0 219
0 N Lo g
(%8_% _eo-ki> Jlk _do'kiJik + S 0 (217)

.

Since @ is not a function of [J] and neither is [.0*] (due to (2.13)), then [.0*] must be derivable

from

0P

eO’Zi = poﬁlk or [60'*]T = po— (218)

Using (2.18), the inequality (2.17) reduces to

. |<] | 4qigi
—q0p; ik + <0 (2.19)
If we assume (as done routinely to derive Fourier heat conduction law)
1 J1¢ig:
< (2.20)
then (2.19) is satisfied if the following holds:
00T > 0 2.21)

Equation (2.21) requires that the work expanded due to the deviatoric stress tensor must be

positive. Thus (2.12) can be written as

od .
+aoi;([J], 171,06, 9) (2.22)

*

ii — R a7
J Oajﬂ

Q
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Furthermore, based on (2.8) and (2.9) we can write

® = d([J],0) (2.23)

a=a(J].[J],0.9) (2.24)

Thus, we note that when [/] is an argument of the dependent variables in the constitutive theory:

(i) The entropy inequality requires stress decomposition into equilibrium and deviatoric stress

in order to proceed further with the development of the constitutive theories.

(i1) Based on the conditions resulting from the entropy inequality i.e. (2.22), equilibrium stress
is deterministic from the Helmholtz free energy density, but the constitutive theory for the

deviatoric stress is not.

Thus, in case of rate constitutive theories, the entropy inequality can only take as far as (2.22) -
(2.24). We consider details of the constitutive theory for equilibrium and deviatoric stress tensors
in the following. Derivation of the Fourier heat conduction law for the heat vector is straight
forward based on (2.20). A more general derivation of the constitutive theory for the heat vector
is considered in the subsequent sections. We consider further details of the arguments in (2.22) -

(2.24) in the following.

2.4 Further considerations regarding the arguments in equa-

tions (2.22) - (2.24) [1,55-57]

2.4.1 Lagrangian description

So far we have considered entropy inequality in Lagrangian description (for convenience) and
the conditions resulting from it. In Eulerian description we monitor the state of deforming matter

at a fixed location Z; in the current configuration. Thus, transformation of the reference frame by
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a unimodal (orthogonal) matrix can not be detected by the subsequent thermodynamical deforma-

tion. Consider Lagrangian description.

If x-frame changes to x’-frame via

{2} = [R{z} (2.25)
7] = [J)[R]" (2.26)

then, based on the principle of frame invariance

®([J],0) = ®([J'],0) = o([J][R]",0) (2.27)

must hold and likewise, the principle of frame invariance must also hold for the stress tensor and
heat vector. But this is only possible if Helmholtz free energy density @, the stress tensor and
heat vector depend upon the invariants /;, I;, I ; of [J] instead of [J]. Thus, dependence of the
dependent variables in the constitutive theories on [J] must be replaced with their dependence on

1y, Iy and Il ;. Furthermore, we note that

Thus, dependence on [.J] can be replaced by the dependence on I, I;, Il ;, [D] and [W]. But
[W1] is pure rotation and hence dependence on [I/] can be eliminated. Thus, we can conclude that
Helmholtz free energy density must have dependence on [, II;, Il ; and 6, and the stress tensor

and heat vector must have dependence on I, I;, Il ;, [D], f and g.
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2.4.2 Eulerian description

The dependence of Helmholtz free energy density, Cauchy stress tensor and heat vector on [,
I, IT;, though it satisfies the axiom of frame invariance, it is still not so useful due to the fact that
[J] and hence [, I ;, Il ; are not deterministic in the Eulerian description. Thus dependence on 7,
II;, IT; must be replaced by some related measures that are obtainable or defined in the Eulerian

description. We note the following from conservation of mass

p=p=MW o ;= (2.29)

aNIES)

in which p is density in the reference configuration (hence, constant). Thus dependence on ; can
be replaced with dependence on 1/p or simply p in the arguments of the Helmholtz free energy
density, Cauchy stress tensor and heat vector. /; and I ; still remain arguments of the Helmholtz

free energy density, deviatoric Cauchy stress tensor and heat vector. We note the following.

(1) In Eulerian description I ; must be replaced by p, and [, I; can not be considered in the
development of the constitutive theories for the deviatoric Cauchy stress tensor and heat
vector due to the fact that I; and I; are dependent on the components of [.J] which is not
deterministic (or obtainable) as the material particle displacements are not known in the
Eulerian description. Thus, we conclude that the deviatoric Cauchy stress tensor and heat
vector have density p, symmetric part of the velocity gradient tensor [D], temperature # and

temperature gradient g as their argument tensors in the Eulerian description.

(2) In the Eulerian description we have three choices: contravariant basis, covariant basis and
the Jaumann rates, and hence contravariant Cauchy stress tensor [7(*)], covariant Cauchy
stress tensor (7 (o)] and the Jaumann stress tensor [(©&7] are obvious choices for measures of

stress in the constitutive theory.

(3) Recalling the derivations of the convected time derivatives of the Green’s strain tensor in the

covariant basis, we note that [D] is the convected time derivative of order one of the Green’s
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strain in the covariant basis, 1.e.

[D] = [v)] (2.30)

[(1y] is a fundamental kinematic tensor in covariant basis based on Green’s strain tensor, a

covariant measure of finite strain.

(4) Likewise if we consider the convected time derivatives of the Almansi strain tensor in con-

travariant basis, we note that [D] is also the convected time derivative of order one of the

Almansi strain in contravariant basis, i.e.
D] = ) (231)

[y1] is a fundamental kinematic tensor in contravariant basis derived using the Almansi

strain tensor, a contravariant measure of finite strain.

(5) Thus

(D] =[] = [yw) = [D] (2.32)

holds. That is, the first convected time derivative of the Jaumann strain is also a fundamental

kinematic tensor.

(6) We have seen that the convected time derivatives of order higher than one of the Green’s
strain tensor, the Almansi strain tensor as well as higher order Jaumann rates of strain can be
derived in covariant, contravariant and the Jaumann bases which are fundamental symmetric

kinematic tensors of rank two of various orders in the respective bases. Thus we have

9T j=1,2,...,n (2.33)
7 I j=12....n (2.34)
D] j=1,2,...,n (2.35)

Hence, instead of considering [D] ([yV] or [y(1)] or [Vy”]) as argument tensor in the con-
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stitutive theories, we can generalize this choice of [D] by replacing [D] with [y)] ; j =
1,2,...,nor[yy):i=12,...,n0r [Wy7];j =12 ... n depending upon whether the

basis is contra- or co-variant or whether we are considering the Jaumann rates.

(7) In addition to the convected time derivatives of the Green’s strain tensor and Almansi strain
tensor in co- and contra- variant bases and Jaumann strain rates, we also have convected time
derivatives of the contravariant and covariant deviatoric Cauchy stress tensors and Jaumann

stress rates in the respective bases (for incompressible as well as compressible matter [1,55]).

Feai . k=0,1,....m (2.36)
[dﬁ(k)] X k = 0, 1, o.M (237)
(®haT] k=0,1,....m (2.38)

These are fundamental symmetric tensors of rank two.

(8) Thus, in the development of the rate constitutive theories, in addition to the stress tensors

[10©], [45(0)] and [°}57], we must also consider the conjugate pairs of the convected time

derivatives of the stress and strain tensors in contra- and co- variant and Jaumann bases.

a®] k=0,1,...,m and [Y9] j=1,2....,n (239
[40 )] : k=0,1,...,m and V)] : j=12,....,n (240)
(®57] k=0,1,...,m and [V47] j=1,2,....,n (241

This provides many choices and possibilities for developing various constitutive theories in
contra- and co- variant and Jaumann bases depending upon the choices of the conjugate

convected time derivatives of the stress and strain tensors.

(9) In addition, we also need to consider constitutive theories for g%, q) and ©g” in con-

travariant, covariant and Jaumann bases.
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(10)

(11)

In order to make the derivations and presentation of the details of rate constitutive theories

in various bases compact, we introduce the following notations:

Let [*)5] ; k= 0,1,...,mand [9]; j = 1,2,...,n be the convected time derivatives of
the deviatoric stress and strain tensors of orders k = 0,1,... ., mand j = 1,2,...,n in the
chosen basis. Likewise, we choose (0q as the heat vector which becomes q'°, q ) and O g’

in contravariant, covariant and Jaumann bases. Furthermore, we let
(V5] = [©)5] + [©)3] (2.42)

be the decomposition of the Cauchy stress tensor [(0)5] into equilibrium stress tensor [°)7]

and the deviatoric Cauchy stress tensor [()7].

Using [¥)5] ; k = 0,1,...,mand [V)4] ; j = 1,2,...,n as the convected time derivatives
of the deviatoric Cauchy stress and conjugate strain tensors and (*)q as the heat vector in a
chosen basis, and using (2.42), we consider development of the rate constitutive theories for
the deviatoric stress tensor, equilibrium stress tensor and heat vector. By choosing [*}5] ;
k=0,1,...,m,Ogand [D4];j=1,2,...,nas ([46W]; k=0,1,...,m, g and [y)]
i =12,...,n)or (40w : k=0,1,...,m,qg and [y;)] ; j = 1,2,...,n) or ([*he7] 5
k=0,1,...,m, g7 and [)97] ; j = 1,2,...,n) we can easily obtain various details of

rate theories in contravariant basis, covariant basis and using Jaumann rates.

Decomposition (2.42) is necessitated by the entropy inequality when [J] is an argument
tensor. It is only after (2.42) that the equilibrium stress becomes deterministic using the

conditions resulting from the entropy inequality.
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2.5 The choices of the dependent variables and their argument
tensors in the rate constitutive theories [1,55-57]

We consider some possible choices of the dependent variables in the rate constitutive theories as
well as their argument tensors using the new notation in (2.42) and thereby incorporating all three

bases. We consider homogeneous, isotropic and compressible matter unless stated otherwise.

2.5.1 Choicel

The simplest possible choice of the dependent variables in the constitutive theories is of course,
the deviatoric Cauchy stress tensor, heat vector and Helmholtz free energy density with their ar-
guments tensors as density p, convected time derivatives of the conjugate strain tensor upto order

‘n’, temperature # and temperature gradient g. Thus, we have the following:

d=2o(p(@,t), 0(@,t)) (2.43)
(5] = [ (plz,t), 0&,1))] + [©5] (2.44)
[(©e] = [De(p@,t), [(Py@.1)]: j=12,...,n, 0&,1t), g&.t))] (2.45)
Og="q(pz.t), [Vy@t)];i=12....,n, 0(@@1t), g&t)) (2.46)

(2.47)

[(026] in (2.44) needs to be derived using (2.47). Equations (2.43) - (2.47) hold for compressible
matter. If the matter is incompressible then p = p = p = constant and thus p and p drop out from
the arguments of quantities in (2.43) - (2.47). The choice of ‘n’ depends upon the desired physics
in the constitutive theory. The rate constitutive theories based on (2.43) - (2.47) are termed ordered

rate constitute theories of order ‘n’.
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2.5.2 Choice II

We could also consider convected derivative of order ‘m’ of the deviatoric Cauchy stress tensor
as a dependent variable in the constitutive theories in addition to the heat vector and Helmholtz
free energy density. We consider density p, convected time derivatives of the chosen strain tensor
upto order ‘n’, temperature 6, temperature gradient g and the convected time derivatives of the
deviatoric Cauchy stress tensor of upto order ‘m—1" as argument tensors of the dependent variables
in the constitutive theory. Thus we have the following for the dependent variables in the constitutive

theories and their argument tensors.

d=o(px,t), 6(z,1)) (2.48)
(V5] = [ (p@, 1), 0(,1))] + [“ha] (2.49)
(™5] = ("o (p@.t) , [Mho(@,t)]; k=0,1,....m—1,
(2.50)
(Dy@, )] j=1,2,....n, 0(,t), g(@,t))]
Og="g(p@t), Mo t)]; k=01... m-1,
(2.51)
(D@, t)]; j=1,2,....n, 0(Z,1), g(@,t))
[ea*]T = (m 6(1)( p(:l:,t) ) 9($,t> ) (252)

[(026] in (2.49) needs to be derived using (2.52). Equations (2.48) - (2.52) hold for compressible
matter. If the matter is incompressible then p = p = p = constant and thus p and p drop out from
the arguments of quantities in (2.48) - (2.52). Depending upon the choices of ‘m’ and ‘n’ in the
development of the constitutive theories, varieties of possibilities exist for incorporating diverse
physics. The rate constitutive theories based on (2.48) - (2.52) are termed ordered rate constitute

theories of orders (m,n).
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2.5.3 Choice III

In this choice of dependent variables in the rate constitutive theory, we consider the first con-
vected time derivative of the Cauchy stress tensor, the heat vector and Helmholtz free energy
density as dependent variables in the development of the constitutive theories. The argument ten-
sors of Helmholtz free energy density are density p and temperature §. The argument tensors of
the first convected time derivative of the deviatoric Cauchy stress tensor and the heat vector are
p, 0, temperature gradient g and the convected time derivatives of the conjugate strain tensor upto
orders ‘n’. Thus we have the following for the dependent variables in the constitutive theories and

their argument tensors:

d=o(p,t), 0(,1)) (2.53)
(5] = [Oa(plz,t), 0&,t))] + [©o] (2.54)
(Mio) = [Mo(p@,t), [Py@ 0] j=1,2,...,n, 0&,1), g(&,1))] (2.55)
Og="q(px.t), [Vy@t);i=12....,n, 0@@1t), g&t)) (2.56)
[co"]" = X )8(1)( pgf}g, te)](% " 227

[(02,5] in (2.54) needs to be derived using (2.57). Equations (2.53) - (2.57) hold for compressible
matter. If the matter is incompressible then p = p = p = constant and thus p and p drop out from
the arguments of quantities in (2.53) - (2.57). The choice of ‘n’ depends upon the desired physics
in the constitutive theory. The rate constitutive theories based on (2.53) - (2.57) are termed ordered

rate constitute theories of orders (1,n).

Remarks:

(1) The constitutive theories based on (2.43) - (2.47) will be referred to as ordered rate con-
stitutive theories due to the fact that they utilize strain rates of various orders. The highest

order (say ‘n’) of the convected time derivative of the strain tensor defines the order of the

31



2)

3)

“4)

)

rate theory. Thus, ‘n’ order rate constitutive theories based on (2.43) - (2.47) will contain
convected time derivatives of upto orders ‘n’ of the strain tensor as arguments of the depen-
dent variables in the constitutive theory. Using (2.43) - (2.47) it is possible to derive more
complete theories for thermofluids. Newtonian fluids and generalized Newtonian fluids such
as power law, Carreau-Yasuda fluids etc are a subset of the constitutive theories resulting

from this approach. These theories will be considered in chapter 4.

The constitutive theories based on (2.48) - (2.52) are also referred to as ordered rate constitu-
tive theories but these theories are of orders (m, n) in stress and strain rate tensors, in which
‘m’ and ‘n’ define the highest orders of the convected time derivatives of the conjugate stress
and strain tensors used in the development of the constitutive theory. Using (2.48) - (2.52), it
is possible the derive more complete rate constitutive theories for polymeric fluids. Maxwell
model, Oldroyd-B model, Giesekus model etc. for dilute and dense polymeric fluids (both
compressible and incompressible) are a subset of the constitutive theories resulting from this

approach. We consider derivations of these theories in chapter 5.

In choice 111, ordered rate constitutive theories can be derived using (2.53) - (2.57) for ther-
moelastic solids. Hypo-thermoelastic solids and generalized hypo-thermoelastic solids are
examples of the rate constitutive theories resulting as a subset of this approach. These rate

theories will be considered in chapter 3.

We note that equilibrium stress tensor (°)a is strictly deterministic from the Helmholtz free
energy density regardless of choice I, II or III for the dependent variables in the constitutive

theories and their argument tensors.

For the deviatoric Cauchy stress tensor, the entropy inequality does not provide means of es-
tablishing the constitutive theories but requires that the work expanded due to the deviatoric
Cauchy stress tensor be positive. We shall consider the theory of generators and invariants
for deriving rate constitutive theories for the deviatoric Cauchy stress tensor for all three

choices.
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(6) The theory of generators and invariants also provides a more comprehensive development
for the constitutive theories for the heat vector and will be considered in the present work.

Details are presented in the following chapters.

2.6 Constitutive theory for equilibrium stress tensor: compress-

ible matter [1,55,56]

We recall that from the entropy inequality in Lagrangian description, we have the following for

the first Piola-Kirchhoff equilibrium stress tensor [.o*].

(2.58)

Consider equilibrium stress tensor [,7(?)] in contravariant basis. For compressible matter

6] = I eo™ ] [J]" (2.59)

and we obtain the following by substituting from (2.58) into (2.59)

_ . 09(p,0)
O] =g g —=2 [T 2.60
[ea]||/g)am[] (2.60)
Further simplification of (2.60) requires determination of 88[—?]. We recall that we had considered

® = &([J],0) and then replaced [J] by I[; = |J| as & must be frame invariant (and neglected
dependence of ® on I;, I;). Since [J] is not deterministic in Eulerian description, /;, I; cannot
be considered as arguments of ® and we use continuity p = |J|p to express |J| = p/p. Thus,
® = ®(p /p,0) is fundamental in all further developments. Since g is the density in the reference

configuration (constant) we can write ® = ®(1/p, ) = ®(v,0), where ¥ is specific volume in the

0%

o] e have

current configuration. We can also consider ® = ®(p, #). Thus for deriving details of

two possible approaches. In the first approach we consider ® = ®(p, ) whereas in the second
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approach we consider ® = ® (7, #). Details are presented in the following.

First approach: Consider ® = ®(p, 0)

(2.69)

In this case we have
0% (p,0) _ 0%(p.0) dp d|J]
= 2.61
oL o5 9lJ| 0] 2.6D)
From conservation of mass
- ~_ R
n =plJ| or p= Tl (2.62)
op A p p
— == = - (2.63)
alJ| 2 I A
| _ ;o
and o [T || (2.64)
Substituting from (2.63) and (2.64) into (2.61)
02(p.0) _ 02(p.0) ¢ p*\; ;ayr
_ _ 2 2.
o0 5 ( , )1 (2.65)
Substituting from (2.65) into (2.60)
_ L (99(p.0) (P -
071 — 1 J P 1T T
7= 1 (55— (= ) r) (2.66)
or [0 = —52M[J—1JTU}T (2.67)
dp
Since [J YT [J)T = ([J][J]*l)T = [I]" = [I], we can write the following for [,&(*)]
_ _,00(p, 0)
0] = —p2 (T 2.
] = ") .68
and if we let
—( = N — 8&3(ﬁ, 9)
p(p,0) = —p*—1——
(P, 0) 9
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then

Second approach: Consider ® = & (7, /)
In this case
0®(v,0)  0®(v,0) v 0|J|
oJ)  ov  0|J|o[J]

- Y
Since /lj =7 = %, we have

o0v

L
oJl n

Substituting from (2.72) and (2.64) into (2.71)

0®(v,0) _ 9(v,0) 1

S = e
Using (2.73) in (2.60)
Lo = g (S
or 0] = 20Dy 2200
and if we let o
(5, 8) = 0 (v,0)

then

Both definitions of p(+) (equations (2.69) and (2.76)) are admissible.

(2.70)

(2.71)

(2.72)

(2.73)

(2.74)

(2.75)

(2.76)

2.77)



Remarks:

1. We note that (2.69) can be derived using (2.76) and vice-versa.

0> 9o 0d, 1
—=——=—(-= 2.
op  ovop o0 ( p2> (2.78)
0o _,0b
— =—p’—= 27
o0~ " op (2.79)
Substituting from (2.79) in (2.76)
- oD _
p(v,0) = —ﬁza—ﬁ = 5(p, 0) (2.80)

which is same as (2.69).

2. p(p,0) or p(v,0) is thermodynamic pressure. From (2.70) and (2.77), we clearly note that

[.5(9)] is independent of basis, i.e., [ .7()] = [.6V] = [ ©57].

3. Thus, for compressible matter regardless of the choice of basis we have the following for all

three choices of the dependent variables and their argument tensors.

(Vo] =p(p, O +[C] o [Pa]l=p(v, §)[1]+ [ 0] (2.81)

4. From (2.70) and (2.77), we clearly note that a rigid rotation of Z; coordinates to Z; does not

alter [.5(”)]. Obviously similar expressions hold true for [.7()] and [°)5”7] also.

5. The thermodynamic pressure p(p, #) or p(v,0) is completely deterministic from the defor-
mation field once the Helmholtz free energy density is defined and is known as equation of
state. Instead of p(p,0) or p(v,H), we can use —p(p, d) or —p(, ) in (2.81) if we define

compressive pressure to be positive.

6. From p(p, #) in (2.69) and p(v, #) in (2.76), we note that equation of state can be defined

either using p, # or v, § as one form can be transformed into the other using o = 1/p.
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2.7 Constitutive theory for equilibrium stress tensor: incom-

pressible matter [1,55,56]

We recall that from the entropy inequality in Lagrangian description, we have the following for

the first Piola-Kirchhoff equilibrium stress tensor [.o*].

(2.82)

For incompressible matter p = p = p which implies that |J| = 1, hence & = ®(¢) and

o0

o] = 0 (due to (2.61)). Consider | 66(0)], equilibrium stress in the contravariant basis.

therefore
In this case [ .”)] can not be determined using the derivation considered for the compressible
case in section 2.6. Instead, the incompressibility condition |J| = 1 must be enforced. We note

that p = p = p also implies that in Eulerian description tr([D]) = 0 must hold. Hence for

incompressible matter
(D)) = (L) = w([J]LT] ) = Jau(T s = 0 (2.83)
We enforce (2.83) through entropy inequality. If (2.83) holds then
p (T ki = p(0)Ji(J e = 0 (2.84)

must also hold, where p is a Lagrange multiplier. p cannot be a function of the Jacobian but can
depend upon temperature i.e. p(6) is valid. We add (2.84) to the left hand side of entropy inequality
(2.17) (since (2.84) is zero, it does not change the meaning of entropy inequality) and decompose
(0] into equilibrium and deviatoric parts.

| J1¢ig:
0

oP . . .
( x >Jik S 4 p(0) (T < 0 (2.85)

% ank “eOk;
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Regrouping the terms and substituting p %‘i = 01n (2.85) gives

1 <\ . ! |J|gjg¢
(p(Q)(J ki _eaik) Jik —a0p;Jik + 7 <0

Following the same reasoning as in section 2.3 (inequalities (2.19) and (2.20)), then

do-;;ijik >0

and .oy = p(0)(J )

Equation (2.88) can also be written as

o] = p(O)[J]7

(2.86)

(2.87)

(2.88)

(2.89)

but the contravariant Cauchy stress tensor and the first Piola-Kirchhoff stress tensor are related

(o] = 717 e T L)

and |.J| = 1 in this case due to incompressibility, hence

Post multiply (2.89) by [J]”
o™ T = p(O) [T )T = p(0)[1]

and by using (2.91) for the left side of (2.92) we obtain

o] = B(9)[1]
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(2.92)

(2.93)



Remarks:

1. p(0) is called mechanical pressure. 1t is obvious that p(f) is not deterministic from the

deformation field as it is an arbitrary Lagrange multiplier but can be a function of temperature

6.

2. Instead of p(#), we can use —p(6) in (2.93), if we define compressive pressure to be positive.

3. In this case also, as in compressible case, [,7(”)] is not affected by a rigid rotation of z;-

coordinates in the current configuration to z,. Thus, we have

.60] = o)) = [5] = p(A) 1] (2.94)

That is, mechanical pressure p(f) in all three bases is the same.

2.8 Theory of invariants and generators [1,3-21]

From the entropy inequality and the Cauchy stress decomposition and the derivations pre-
sented in section 2.6, we note that the equilibrium Cauchy stress tensor is deterministic from the
conditions resulting from the entropy inequality for compressible matter as well as incompressible
matter (by using incompressibility constraint) but the deviatoric Cauchy stress tensor is not. The
conditions resulting from the entropy inequality require that the work expanded due to the devia-
toric Cauchy stress tensor be positive but the entropy inequality provides no further mechanism for
developing constitutive theories for the deviatoric Cauchy stress tensor. The theory of invariants
and the generators can be utilized for establishing constitutive theories for the deviatoric Cauchy
stress tensor. Additionally this approach also provides more general constitutive theories for the

deviatoric Cauchy stress tensor as well as the heat vector.

When using the theory of generators and invariants [1, 3-21] to derive constitutive theories

for dependent variables in the constitutive theories we must follow certain rules and guidelines
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to ensure that axioms of the constitutive theories are not violated. See references [1, 55-57] for

complete details. A summary is presented in the following

)

2)

3)

The arguments of the dependent variables in the constitutive theories must be tensors. These

can be of the same rank as the dependent variables or of tanks higher as well as lower.

The argument list may contain symmetric as well as skew symmetric tensors (depending

upon the physics).

The combined generators of the argument tensors of the dependent variables must be of the
same rank and type as the dependent variables in the constitutive theory, then the combined
generators of its argument tensors must also be symmetric tensors of rank two. Likewise, if
q, a tensor of rank one, is a dependent variable in the constitutive theory, then the combined
generators of its argument tensors must also be tensors of rank one. Since the combined
generators of the argument tensors form integrity (i.e. minimal basis), we can express the
dependent variables in the constitutive theories as a linear combination of their combined
generators. Thus, the stress tensor o, a symmetric tensor of rank two, and heat vector q, a

tensor of rank one, can be expressed as

[0] = %a°[I] + f:;lw' iged (2.95)
{q} = —ﬁvj 0 {1G"} (2.96)

i=1
in which [7G"] are the combined generators of the argument tensors of [0], symmetric tensor
of rank two, and {?G"} are combined generators of the argument tensors of {q}, tensors
of rank one. The coefficients %o’ are functions of the combined invariants of the argument
tensors of [o]. Likewise, %’ are functions of the combined invariants of the argument tensors
of {q}. It is straight forward to show that (2.95) and (2.96) are form invariant and the
coefficients %’ and %’ are naturally frame invariant as they are functions of the invariants of

their argument tensors. To prove form invariance of (2.95) and (2.96) we consider change of
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4)

frame from x-frame to x’-frame according to
{2’} = [R{=} (2.97)
then (2.95) and (2.96) transform into (in 2’-frame)

[0_]/ — aao[l]/ 4 éaai[agi]/

5 (2.98)

{a} = =3 {'G"Y

i=1

in which [o]’ and [?G?]’ in 2’-frame are obtained from [¢] and [ G"] in z-frame using standard

transformation for tensors of rank two.
"G =[R[G)IRT ; i=12...,N (2.99)

Likewise {¢q}’ and {¢G"} in z-frame are obtained from {¢} and {/G'} in x-frame using

transformation for tensors of rank one.

{a} = [Rl{q}
{*G"}Y = [R{'G"}

(2.100)

Thus, (2.95) and (2.96) are form invariant in which the coefficients are frame invariant.
These are strict requirements for a valid constitutive theories based on the axioms of the

constitutive theory.

If [s] is a symmetric tensor of rank two, {v} is a tensor of rank one (i.e. a vector) and
[w] is a skew symmetric tensor of rank two, then based on Eringen and references [1,3-21]

we can obtain combined invariants and generators using these three, provided in appendix A.
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Table A.1 provides complete and irreducible sets of invariants of [s|, {v} and [w].

Table A.1 lists the generators of rank one.

Table A.3 gives symmetric generators of rank two.

The skew symmetric generators of rank two are listed in table A.4.

The ordered constitutive theories for thermoelastic solids, thermoviscous fluids and thermovis-
coelastic fluids in Eulerian description using the theory of invariants and generators are presented

in chapter 3 - 5.
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Chapter 3

Rate Constitutive Theories in Eulerian
Description for Ordered Thermoelastic

Solids

3.1 Introduction

When the mathematical models for the deforming solids are constructed using the Eulerian
description, the material particle displacements and hence the strain measures are not known. In
such cases the constitutive theory must utilize convected time derivatives of the strain measures.
The rate constitutive equations are generally derived using constitutive theories in which the stress
rates are functions of the strain rates [2, 22,29, 30,40, 42,55, 56]. The need for such constitutive
theories arises when the mathematical models for the deforming solid are constructed using the

Eulerian description in which material particles are not followed during the deformation.

The material presented in this chapter focuses on the development of rate constitutive theories
for ordered thermoelastic solids for which the mathematical models are in the Eulerian descrip-

tion. We begin all developments with entropy inequality, an essential conservation law for the
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development of constitutive theories. The Cauchy stress tensor is decomposed into equilibrium
stress and deviatoric stress as necessitated by the entropy inequality. The constitute equation for
the equilibrium stress for both compressible and incompressible cases is established using entropy
inequality [55,56]. For the deviatoric Cauchy stress tensor, the entropy inequality does not provide
any mechanism for establishing constitutive theories. For thermoelastic solids, the first convected
time derivative of the deviatoric Cauchy stress tensor and the heat vector are expressed as functions
of density, temperature, temperature gradient and convected time derivatives up to any desired or-
der ‘n’ of the conjugate strain tensor. The solids described by these constitutive theories will be
referred to as ordered thermoelastic solids in which the highest order of the convected time deriva-
tive of the strain tensor defines the order of the thermoelastic solid. We use the theory of generators
and invariants to (i) establish a most general form of the rate constitutive theories in which the first
convected time derivative of the chosen deviatoric Cauchy stress tensor can be a function of the
convected time derivatives up to any desired order of the conjugate strain tensor (and other argu-
ments), (ii) specialize the general theory presented in (i) to second order thermoelastic solids, and
(iii) further specialize the theory presented in (ii) to first order thermoelastic solids and demon-
strate that the general constitutive theory of ordered thermoelastic solids of order one reduces to
the well known hypo-elasticity with further assumptions. All derivations and details for (i) - (iii)
are presented using contravariant and covariant bases as well as Jaumann rates for incompressible
and compressible thermoelastic solids. Discussion and arguments are presented for the validity
and usefulness of the contravariant, covariant and well as the validity of Jaumann rate constitutive

equations.

3.2 Rate Constitutive Theories in Eulerian Description

In chapter 2 we had considered entropy inequality in Lagrangian description to conclude that @,
o*, q and 1 must be the dependent variables in the constitutive theories. We considered [J], [J ], 6

and g as arguments of the dependent variables in the constitutive theories. Using entropy inequality
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in Lagrangian description it was concluded that: (i) ® is not a function of [J] (ii) ® is not a

function of g either (iii) 7 is not a dependent variable in the constitutive theory (iv) consideration of

0P
R a7,r

—0; = 0and ¢;¢; < 01is inappropriate due to the fact that in this case ™ is not a function of
[J | as @ is not a function of [J ], which is contrary to the assumption that o* depends on [J ]. Thus,
entropy inequality does not provide any further means of determining the constitutive theories for
neither o* nor g. It was shown that by considering stress decomposition into equilibrium and

deviatoric stress i.e. * = .* + 40" in which .* is not a function of [J] and ;6" becomes
zero when [J | and g are zero, and using the conditions resulting from the entropy inequality, that
da}gijik > 0 and ¢;g; < 0 must hold, which gave us ® = ®([J],0), 0}; = p()%%—m%([ﬂ, [J}, 6,9)

and ¢ = q([J],[/],0,g). Due to frame invariance considerations, dependence on [J] must be
replaced by [;, II;, Il ; and [J] can be replaced by I;, I;, Il;, [D]. These arguments hold in
Lagrangian description. However, in Eulerian description, material point displacements are not
known, hence [J] is not deterministic but ; = det[J] = 0, /p i.e. dependence on II; can be

replaced by p, but dependence on I; and [ ; can not be considered. Thus, in Eulerian description

we consider the following in contravariant basis

© = 2(p,0)

0 = [0 ]+ [0, [D),0,8)] ;i [0 =por (3.1
q” =g (p,[D],0,9)

For compressible matter, equilibrium stress is a function ® and thus it is deterministic from the
deformation field. For incompressible matter, equilibrium stress is also derived from the entropy
inequality in conjunction with incompressibility constraint, however, equilibrium stress is not a
function of ® and thus it is not deterministic from the deformation field. It was shown that in both

cases, equilibrium stress is independent of the basis. We make the following remarks:

(1) The second law of thermodynamics only restricts the work expanded due to the deviatoric

stress to be positive but provides no mechanism for determining the constitutive theory for
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the deviatoric stress. In addition, ¢;¢g; < 0 must also hold.

(2) The theory of generators and invariants [3—21] provides a continuum mechanics foundation
to derive constitutive equations for the deviatoric Cauchy stress tensor and heat vector in
which we determine combined generators of the argument tensors that form integrity or
minimal basis. The dependent variables in the constitutive theories are expressed as linear
combinations of the combined generators of the argument tensors. The coefficients used in
the linear combinations are functions of p, 0, and the combined invariants of the argument
tensors in the current configuration which, using the axiom of smooth neighborhood, are

determined by using their Taylor series expansion about a previously known configuration.

3.3 Thermoelastic solids: dependent variables in the constitu-
tive theories and their argument tensors

Let [Y9], [y, [997] 5 5 = 1,2,...,n be the convected time derivatives of order 1,2,...,n
of the Almansi strain tensor [€], Green’s strain tensor [¢] and Jaumann strain rates. These are
fundamental kinematic symmetric tensors of rank two. Likewise, let [;6™], [40)] and [*)57]
; k= 0,1,...,m be convected time derivatives of orders 0,1, ..., m of the Cauchy stress ten-

sors in the three bases. These are fundamental symmetric tensors of rank two. We note that

(Y] = [yu)] = [V47] = [D]. Using the new notation introduced in chapter 2 we can generalize
(3.1) by replacing [D] with [)5] ; j = 1,2, ... n depending upon whether the basis is contra- or

co-variant or Jaumann basis.

Consider current configuration at time ¢ = ¢,,1. In the constitutive theories presented in this
chapter for thermoelastic solids, dependence of [ °j5 ] on [)4] ; j = 0,1,...,n (in addition to
p, 0, g) is through dependence of [ )5 | on [V)y] ; j = 0,1,...,n. Thus, we consider ®(-),

Helmholtz free energy density; [(*j7 ], first convected time derivative of the deviatoric Cauchy
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stress tensor, and (O)Q, the heat vector, as dependent variables in the constitutive theories. p, 0,
g, [9v];j =1,2,...,n appear (as appropriate) as their argument tensors. Hence, we have the

following for compressible and incompressible thermoelastic solids (see chapter 2, choice II).

Compressible thermoelastic solids:

= o(p(z,t), O(,1)) (3.2)
O] =[Oz (pz,t), 0&,1))] + [“o] (3.3)
(o) =[Ma(p@. 1), [Vy@0]; j=1,2,....,n, 0@1), g@&,1))] (3.4)
Vg =g (p@.1), [y@ )] j=12....,n, 0(@,1), g(x,1)) (3.5)

in which equilibrium stress [(°}&] is thermodynamic pressure p(p, #)[/] and it is independent of the

basis. If we assume compressive pressure to be positive, then p(p, f) can be replaced by —p(p, 6)

(see chapter 2, section 2.6 for derivation).

Incompressible thermoelastic solids:

d=2o(6(z,1)) (3.6)
0] = [z (0(x,1))] + [©o] (3.7)
(W] = [No([Dy@,t)];5=1,2,....n, 0(@,1t), g(z&,1))] (3.8)
Og=Ogq([Dy@,t)];j=1,2....n, 0(&,t), gx,t)) (3.9)

where equilibrium stress [(°}&] is mechanical pressure p(f)[I] and it also is independent of the ba-
sis. If we assume compressive pressure to be positive, then p(#) can be replaced by —p(f) (see

chapter 2, section 2.6 for derivation).

The rate constitutive theories of various orders for [(1216] and (O)Q derived using (3.4) and (3.5),
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or (3.8) and (3.9) for compressible and incompressible case can be converted to contravariant basis,
covariant basis or the Jaumann rates by choosing [*)5 ] ; k = 0,1, @gand [V)y];j=1,2,...,n

as ([4¢®™] ; k = 0,1, @ and [y9)] ; j = 1,2,...,n) or (ladw)] 5 kB = 0,1, g and [()] ;
j=12,...mor(*)e’]:k=0,1,0g" and [Vy7];j =1,2,... n).

In the following sections we consider details of the derivations of rate constitutive theories in
Eulerian description for the deviatoric Cauchy stress tensor and heat vector for both compressible

as well as incompressible thermoelastic solids.

3.4 Rate constitutive theory of order ‘n’: compressible ther-
moelastic solids

Consider a deforming volume of compressible thermoelastic solid at time ¢ = ¢, 1, the current
configuration. We derive the rate constitutive theory of order ‘n’ for deviatoric Cauchy stress [(°)y5]

and heat vector (*)q using ((3.4) and (3.5))

(o] =[Ma(s, (D9];5=1,2,...,n, 0, g)]

(3.10)
(O)q:(O)Q(ﬁ7 [(])7];]:1727"77?/7 67@)
3.4.1 Constitutive theory for the deviatoric Cauchy stress tensor
Let [°G'] ;i =1,2,..., N be the combined generators of [1}7] of the argument tensors [¢/)7]
:j =1,2,...,n and g that are symmetric tensors of rank two, and let °[7 ; j = 1,2,..., M be

the combined invariants of the same argument tensors. Then, we can express [;("] as a linear

combination of the generators 7G| ;i = 1,2,..., N and the identity tensor [I].

(W] = 1] + f}"ai["gi] (3.11)

i=1
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The coefficients %o’ ;i = 0, 1,..., N in (3.11) are functions of density p, temperature § and the
combined invariants [/ ; j = 1,2,..., M in the current configuration at time ¢ = t,,11 i.e., p,,.,,
0., and (7)., 57 =1,2,..., M. To determine the coefficients o’ ;i = 0,1,..., N in (3.11)
related to the configuration at time ¢ = t,,,;, we consider the Taylor series expansion of each %o ;
i =0,1,..., N about the configuration at time ¢t = ¢, in @ and °°[7 ; j = 1,2,..., M and retain

only up to linear terms in # and the invariants.

) ) M a(aai) ] ) a(aai) B B .
oi o i / a0 JJ —(°p — 0 —0 :3=0,1,... N (3.12
o =l Gy |, (L e =)+ g By =B) 3 =001 N G12)
', —ﬁ&i‘}% . 3J=12...,Mand a(;gi)hn ;i =0,1,..., N are functions of p;,, 6, and

(“9L9),, ;5 =1,2,...,M whereas in (3.12), %o’ = %' (py, , O, , (“L7)0,; 5 =1,2,..., M, 0,,.,,
(99 0), 50 =1,2,... 7M) ;1 =0,1,..., N. When (3.12) is substituted in (3.11), we obtain the
final expression for the most general rate constitutive theory of order n for [(})5] for compressible

thermoelastic solids. This theory uses integrity and hence is complete.

3.4.2 Constitutive theory for the heat vector

Let {9G'} ;i =1,2,..., N be the combined generators of ("’g of the argument tensors [()7] ;
7 =1,2,...,n and g that are tensors of rank one. The combined invariants of the argument tensors
obviously remain the same as for [(°}5] i.e., 717 ; j = 1,2,..., M. Then we can express ("'q as a

linear combination of the combined generators {G'} ;i =1,2,..., N.

N .
Og = -3 %' {1G"} (3.13)
=1

The absence of unit vector in (3.13) as a generator is due to the fact that uniform temperature
field does not contribute to ()q. The negative sign in (3.13) is because a positive Oq in the
direction of the exterior unit normal to the surface of the volume of matter results in heat removal

from the volume of matter. The coefficients %/ ;i = 1,2, ..., N are functions of p, 0 and © [; j =
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1,2,..., M in the current configuration at time ¢ = t,4; i.€., pt, ., Os,., and (919), ., ; j =

1,2,..., M. To determine the coefficients %' ; i = 1,2,..., N (in the current configuration at
time ¢ = t,,1) in (3.13), we consider Taylor series expansion of each %' ;i = 1,2, ... ,N about
the configuration at time ¢t = ¢, in @ and %7 ; j = 1,2, ..., M and retain only up to linear terms

in A and the invariants.

(L) — (L)) + 5 s —0) ;i =1,2,...,N (3.14)

Jj=1 2 Mty tn

qai|tn, 8%?2) . 37=12,...,Mand 8(q%i) .i=1,2,...,N are functions of 5, , 6, and

0

i

(“[9),, ;5 =1,2,..., M whereas in (3.14), ' = @' (py, , Or,,, (L),;5=1,2,.... M, 0y, ,
(L) i =1,2,...,M);i=1,2,..., N. When (3.14) is substituted in (3.13), we obtain the
final expression for the most general rate constitutive theory of order n for (°’g for compressible

thermoelastic solids. This rate theory uses integrity and hence it is also complete.

3.4.3 Remarks:

1. In sections 3.4.1 - 3.4.2 we have presented n'" order rate constitutive theories for the devi-
atoric Cauchy stress tensor and the heat vector using [(1)5] and ("’q as dependent variables
with [(j)y] ; 7 = 1,2,... n strain rate tensors as their argument tensors, in addition to p, 0,

g. Hence, these developments are independent of the basis.

2. By replacing [1)5], (®g and [V)4] ; j = 1,2, ...,n with the appropriate corresponding mea-
sures in the chosen basis, we can readily obtain the n'* order rate theories for the deviatoric
Cauchy stress tensor and heat vector in the desired basis. More specifically we use the fol-

lowing measures:

Contravariant basis: [;¢V] |, @ | Y] ;7i=12,....n
Covariant basis: o] ey 5 Dyl si=12,....n (3.15)
Jaumann: [Wa!] , Og’ | [D47] 5 i=1,2,...,n



3. Since the tensor g is independent of the basis, the combined generators and the combined
invariants used in sections 3.4.1 - 3.4.2 only need to be redefined using the convected rates
’]

Y =1,2,. .0 [yl i =1,2,...,nand [V47] ; j = 1,2,...,n for the contravari-

ant, covariant and the Jaumann n'" order rate theories.

4. In the final expression for [*}7] and (°’q containing sum of many group of terms, we consider

the following arrangement (in general).

(a) Ineach group, the terms that are defined in the configuration at time t = t,, are grouped

to define material coefficients.

(b) With choice (a), the expression for [(1,&5] and (Vg will now consist of the sum of the ma-
terial coefficients defined in the configuration at ¢ = ¢,, multiplied with the generators
and/or invariants in the current configuration at time ¢ = ¢,,; in which the deformation

is not known.

(c) The material coefficients defined in (a) will be functions of p;,, étn and (°17);, ;7 =

We follow this arrangement (as far as possible) in all subsequent derivations. These theories
use integrity and hence are complete but are too complicated and unpractical as they contain
too many material coefficients that must be determined experimentally and/or empirically.

Details of (a) - (c) are clearly shown in sections 3.7.1 and 3.7.2.

5. Dependence of the coefficients in the final form of the constitutive equations for the devia-
toric Cauchy stress tensor and heat vector on p;,, 6, and (“[7), ;j =1,2,..., M permits
variable material coefficients during the evolution. Thus material coefficients can be a func-
tion of density and temperature during the evolution for which experimental and/or empirical
relations such as power law, the Sutherland law, etc. are justified. Furthermore, dependence
of the coefficients on the invariants (*[7); ;j = 1,2,..., M permits complex description

of material coefficients on the deformation field. Behaviors similar to shear thinning, shear
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thickening described by power law, the Carreau-Yasuda model, etc., based on experiments
and/or empirical relations for fluids [55] are permissible within the framework of the theory

presented here.

6. An important point to note is that the material coefficients in the final form of the constitutive
equations are defined using the configuration at time t = t,, whereas the constitutive equa-
tions hold for the current configuration at time t = t, 1. This of course is a consequence
of the Taylor series expansion of the coefficients in the linear combination using genera-
tors about the configuration at time ¢ = ¢,,. In the currently used models in the published
works [22, 38, 39] for variable material coefficients, the coefficients are expressed as a func-
tion of the unknown deformation field in the current configuration at time ¢ = ¢,;. This
is obviously not supported by the derivations of the constitutive theories presented here in

sections 3.4.1 and 3.4.2.

3.5 Rate constitutive theory of order two (n=2): compressible
thermoelastic solids

If we limit the convected time derivatives of the strain tensor to just first and second as argument
tensors in the constitutive theory, i.e., if we only consider [(V)+] and [(?)7] as argument tensors, then
we can explicitly present specific forms and expressions for the combined generators and invariants

in the constitutive theory. This defines thermoelastic solids of order two.

[Yao] = Mo (p, (D], [PA], 0, )]

(3.16)
Vg="Yq(p, (V9] [*4]. 0. g)
3.5.1 Constitutive theory for the deviatoric Cauchy stress tensor
The combined generators [°G?] ; i = 1,2,...,12 of the argument tensors [(V7], [®4] and g

that are symmetric tensors of rank two are listed in table 3.1. The combined invariants %° [7; j =
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1,2,...,16 of the tensors [(V], [?)4] and g are listed in table 3.2 [3-21].

Table 3.1: Combined generators for [(*)5]

Arguments

Generators

(1) none

1]

(2) one at atime ( including (1) )

PG =My 5 G =[WA]

G=[®] 5 G = [

(3) twoata time ( including (1) and (2) )

R I

@] . g

"G =g Mg+ [MVg®g
"GV =g ®[M’g+[Vy]Pg®
G =g [@g+[Plgeg
G =g ®[@P)g+ [@)g®
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Table 3.2: Combined invariants for [(}}7]: Also valid for ("q

Arguments Invariants

(1) one at a time

(D] vt =w((M]) ;5  =u((Wa)?)
I =u([Vy])

(9] vt =u(P]) 5 L = ([P
“ 10 = (D))

g “['=g-g

(2) two at a time ( including (1) )

(9], [®] U =u((D[E]) 5 L = u (D)
10 = u((O3][Oa) 5 I = ([
@ | 7L = a (2] + (2] [P])
L = tr([(Vy][Br] — [F][V])
(], g v[P=g-[V]g ; “I®=g-["]g
9], g vt=g-[Pg ; “I¥ =g [D]g

[(1)’7] ) [(2)7] ’ g qUI}G = g . [(1)’}/] [(2)7] g

) ©W[—=g- [[(1)7][(2)7] + [(2)7] [(1)7]] g
vl =g- [P - [P][M]] g

Remarks:

(1) We note that the invariants listed in table 3.2 under (2) ( marked (a) ) need not be included

due to the fact that

tr([(V)[®] + [P][ ) + tr([(sl;v] (@] = [#9[M]) = 20 ([P4][*))



which is same as 97 [® (except the factor 2, which is of no consequence). In many published

works (a) are also included in addition to 9° I® which is redundant.

(ii) Likewise, in many published works the invariant %° /6 is replaced with the two invariants
listed under item (3) ( marked (b) ). Following (i), the sum of the invariants marked (b) is

two times %° /1%, Hence including these in place of 9° ['° is inappropriate as well.

Now we can express [(1}7] as a linear combination of [I] and the generators [°G] ; i =

1,2,...,12
(18] = (1] + Y- ' ["GY] (3.17)
=1

and the coefficients %o’ ;i = 0,1, ...,121in (3.17) are functions of density p, temperature ) and the
combined invariants %17 ; j = 1,2,...,16 in the current configuration at time ¢ = ¢, i.e., pt,,.,,
0., and (7)., ;7 =1,2,...,16. To determine the coefficients %o’ ;i = 0,1,...,12in (3.17)
related to the configuration at time ¢ = t,,,,, we consider the Taylor series expansion of each %o ;

i =0,1,...,12 about the configuration at time ¢t = ¢, in # and 9°]7 ; j = 1,2, ...,16 and retain

only up to linear terms in @ and the invariants.

16 9(%/) A 4 o) - = :
o1 __ 0.1 qo 1J _ (90 T7J _ . —
a = o ‘tn+j;1 8(qalj) tn(( A[, )tn+1 ( l )tn)+ 89_ tn(etn+1 etn) y 2 Oa L R 12 (318)
% 4 % b j=1,2,...,16 and a(;zi) {tn ;2 =0,1,...,12 are functions of p;,, étn and

(“9L9),, ;j =1,2,...,16 whereas in (3.18), %o’ = %o (py,, , 04, , (““L9)s,;5 =1,2,...,16, 0y, ,

(990,050 = 1,2,..., 16) ;0 =0,1,...,12. When (3.18) is substituted in (3.17), we obtain
the final form of the most general second order (n = 2) rate constitutive theory for [(1}5] for
compressible thermoelastic solids. This theory uses integrity and hence is complete. We follow
remarks in section 3.4.3 to define material coefficients in the final expression for [(1)] and to
obtain the corresponding rate theories in contravariant basis, covariant basis and using Jaumann

rates.
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3.5.2 Constitutive theory for the heat vector

The combined generators {¢G’} ;i = 1,2,...,7 of the argument tensors [V4], [?] and g

that are tensors of rank one are given in table 3.3 [3-21]. The combined invariants of the argument

tensors obviously remain the same as listen in table 3.2 i.e., [’/ ; j = 1,2,...,16. Using the
combined generators {¢G'} ;i =1,2,...,7 we can write
= —Z 0 {1G"} (3.19)

The rational for omitting the unit vector and using negative sign in (3.19) has already been
explained in section 3.4.2. The coefficients %’ ;i = 1,2, ..., 7 are functions of p, fand 9]7; j =
1,2,...,16 in the current configuration at time ¢ = ¢, i.e., py, ., O,,, and (©91%), . ; j =
1,2,...,16. To determine the coefficients %’ ;i = 1,2, ...,7 (in the current configuration at time
t = t,41) in (3.19), we consider Taylor series expansion of each % ; i = 1,2,...,7 about the
configuration at time ¢t = ¢, in @ and °17 ; j = 1,2, ..., 16 and retain only up to linear terms in

and the invariants.

il <5 0(%) o7 o7 o(%e’)| - iy
= ‘t +Z (qU]]) . ((q ;U)thrl_(q I,]>tn)+ 89— t(etn+1_0tn) ;L= 1727"'77 (320)
1003 qiap)) ;7 =1,2,...,16 and a(;zi) |tn ;i =1,2,...,7 are functions of p,,, 0, and

(“L7), 57 =1,2,...,16 whereas in (3.20), %' = @' (ps,, , Op, » (“L)1;5=1,2,...,16, 6, ., ,
(990,00 =1,2,..., 16) ;i =1,2,...,7. When (3.20) is substituted in (3.19), we obtain the
final expression for the most general second order (n = 2) rate constitutive theory for (¥’q for
compressible thermoelastic solids. In this case also, we follow remarks in section 3.4.3 to obtain

material coefficients and specific details of the theories in a desired basis.
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Table 3.3: Combined generators for (*)q

Arguments Generators

(1) one at a time

(D] none
(2] none
g {'G'} =g

(2) two at a time ( including (1) )

[(1)7] ) [(2)7] none

M4 . g {°G¢*} =["]g
(e =g

(4], g (¢} =[] g

{1c°t =" g

(3) three at a time ( including (1) and (2) )

5] . @3] . g (G5} = [[O71[®7] + [P4][D]
{1G"} = [[VA][P7] = [P4][WH]]

Q

3.6 Rate constitutive theory of order one (r=1): compressible
thermoelastic solids

In this theory we limit the convected time derivative of the strain tensor to just one i.e., we only

consider first convected time derivative of the strain tensor as argument of the dependent variables
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in the constitutive theory

[Ya0] = "o (p, [V, 0, g)]

©g="g(p, V], 0, g)

(3.21)

3.6.1 Constitutive theory for the deviatoric Cauchy stress tensor

The combined generators [°G"] of the argument tensors [(V)4] and g that are symmetric tensors

of rank two (obtained using table 3.1) are given by

(3.22)

—q
QD
_S
Il
Q
®
=
Do
QI
+
=
no
QI
&®
QI

G =g [Wylg+[Mgeg

Let us redefine [°G?] as [°G?], [°G°] as [°G*] and [°G'°] as [?G®]. Thus the combined gener-
ators are [°G’] ;i = 1,2,...,5. The combined invariants of the tensors [(!'4] and g are (obtained

using table 3.2)

vlt=u(My]) TP =u("?) s Ll =u(D])
(3.23)

“I'=g-g ; “I"=g-["Mg ; "I"=g-["]g

Let us redefine 99 [7 as 9° [*, 9° [12 a5 9 [% and 9° [ '3 as 9° ]S, Thus the combined invariants are

“[i;j=1,2,...,6. Therefore

5 . .
[1ha] = %a’[1] + 32’7 G] (3.24)
i=1
The coefficients %’ ;i = 0,1, ...,5 in (3.24) are functions of density p, temperature # and the
combined invariants %[’ ; j = 1,2,...,6 in the current configuration at time ¢ = ¢, i.e., o, s

0., and (“[7), .. ;j =1,2,...,6. To determine the coefficients %o’ ;i = 0,1,...,5in (3.24)
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related to the configuration at time ¢ = t,,,,, we consider the Taylor series expansion of each %o ;
i=0,1,...,5 about the configuration at time t = ¢, in# and °[7 ; j = 1,2, ..., 6 and retain only

up to linear terms in # and the invariants.

6 (9(”0/) q . . a(aai) _ _ )
‘ot =% : ) — (00 21 (0, ., —0,):i=0,1,...,5 (3.25
@ @ ‘tn_‘_];a(quj) tn(( ~ )tn+1 ( ~ )tn) + o0 tn( tnt1 tn) 3 2 ) ) ( )
%o | S| =12 6and 2020| 1i =0,1 5 are functions of 7, , 6, and
tn’ 0(9°09) Ity ° J Sty a0 lt, ° YLy Ptn> U,

(“9L9),, 5§ =1,2,...,6 whereas in (3.25), %o’ = %' (py,, , 01, , (1)1,55 =1,2,...,6, Oy, ,

(99140137 = 1,2,... ,6) ;1 = 0,1,...,5. When (3.25) is substituted in (3.24), we obtain
the final expression for the most general first (n = 1) order rate constitutive theory for [(*)7] for
compressible thermoelastic solids. This theory uses integrity and hence is complete. We follow

section 3.4.3 to obtain material coefficients and the rate constitutive theories in various bases.

3.6.2 Constitutive theory for the heat vector

The combined generators of the argument tensors [(V4] and g that are tensors of rank one

(obtained using table 3.3).

{('G'y=g ; {'G¢r1="g ; {G}=["g (3.26)

The combined invariants remain the same as defined by (3.23). Using the combined generators

(3.26) we can write

3 . .
Og = -3 %' {1G"} (3.27)
i=1
The coefficients %' ; i = 1,2, 3 are functions of p, 6 and 9°7;:j = 1,2,....6 in the current

configuration at time ¢ = t,,,1 i.e., p; 0, .. and (990, 57 = 1,2,...,6. To evaluate the

n+12 n+1

coefficients %' ; i = 1,2, 3 (in the current configuration at time ¢ = t,,,1) in (3.27), we consider

Taylor series expansion of each % ; i = 1,2, 3 about the configuration at time ¢ = ¢,, in § and %° [/
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;7 =1,2,...,6 and retain only up to linear terms in 6 and the invariants.

I(%t)

6 (%)
+ § :
tn = a(qoy)

((qalj)tn+1—(qal,j>tn)+ 5 (étn+1—§tn) ;o 1=1,2,3 (3.28)

tn tn

It = 9t

i (%)
@', )

. ;7=1,2,...,6and a(;zi) . 1 = 1,2, 3 are functions of p;, , étn and (“[7),, ;
j=1,2,...,6 whereasin (3.28), @’ = ' (py,, 04, , (“L)1,;5 = 1,2,...,6,0 (P L);,,,35 =
1,2,... ,6) ;¢ = 1,2,3. When (3.28) is substituted in (3.27), we obtain the final expression for
the most general first order (n = 1) rate constitutive theory for (°’q for compressible thermoelastic

solids. This theory uses integrity and hence is complete. We follow section 3.4.3 to obtain material

coefficients and the rate constitutive theories in various bases.

3.7 Constitutive theory for compressible generalized
hypo-thermoelastic and hypo-thermoelastic solids

The rate constitutive theory of order one presented in section 3.6 can be modified to obtain the
constitutive theory for generalized hypo-thermoelastic and hypo-thermoelastic solids. We consider
the first order rate theory presented in section 3.6 and assume that the deviatoric Cauchy stress
tensor does not depend upon g i.e., g is not an argument tensor of [(1}5], and that the heat vector

(©)g does not depend upon [V~] i.e., [(V4] is not an argument tensor of (*'q.

[Ma) =" (p, (V9] , 0)] (3.29)

0g="g(, 0, g) (3.30)

Using (3.29) and (3.30) we can derive a much simplified constitutive theory which obviously

has limitations due to limiting the argument tensors in (3.29) and (3.30).
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3.7.1 Constitutive theory for the deviatoric Cauchy stress tensor

In this case the generators and invariants are only due to [()4]. Thus we have
PG =1y 5 PG =) (3.31)

val = tl‘([(l)’y]) = Z'(1),Y ; GJVQ = tl‘([(l)’)/]Q) = ii(l),y ; 0£3 = tr([(1)7]3) = Z'Z'Z‘u)7 (3.32)
[(121/5] — Uao[[] + an[ogl] + UQQ[OQQ] (333)

The coefficients o’ ; i = 0,1,2 in (3.33) are functions of density p, temperature 0 and the
invariants °[7 ; j = 1,2,3 in the current configuration at time ¢t = ¢, i.e., p, s 0;, ., and
(L), 5 = 1,2,3. To determine the coefficients %’ ; i = 0,1,2 in (3.33) related to the
configuration at time ¢ = ¢,,,, we consider the Taylor series expansion of each %’ ; i = 0,1, 2
about the configuration at time ¢t = ¢,, in § and 7 ; j = 1,2, 3 and retain only up to linear terms

in 0 and the invariants.

) ) 3 8(¢Tai) ) ) 8(0047:) _ _ .
ot ="a’ - L )ty — (OF 2 (G, —0,) ; i=0,1,2 (3.34
@ « Ifn—+_]§:1 a(dl/]) tn( ( ~ )tn+1 ( ~ )t'n) + 00 t"( tnt1 tn) ) ? y 4y ( )
O'Oéi‘ a(o'ai_) . ] — 1 2 3 and a(Uai) ‘ . Z — 0 1 2 are functions Of ﬁ 8_ and (O'IJ) .
tn? 0(°L) 1ty 2 v 90 lt, ° » tn> Vtn L), 5

j =1,2,3 whereas in (3.34), %o’ = %0’ (p1,, , O, ("L)0,;5 =1,2,3, 041, (OL)s0035 =1,2,3).

8(‘70/.)
o)

If we let = "ai,j ; 7 = 1,2, 3 then (3.34) can be written as

, N A _ 0 _ _ .
‘of = Ua’}tn%-];l(galaj)tn( ")ty — L)1) + 90 (Orsr =0 5 1=0,1,2 (3.35)

tn

Substituting from (3.32) into (3.35) and then from (3.35) into (3.33) gives the following ex-

pression
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[(1215] :< ao’tn + (004071)% ((i(”’Y)tn-&-l - (7;“)7)%) + (00‘072)%((%(1)7)%“ - <ii“>7)tn)

o) | - -
57| B =0)) 4

+ (70 3)e, (00, ),y — (@000, ), ) +

ln

("alltn + (a0 () = (o)) + (Cat ), (), — (@),

a(;oeél) (e_tn+1 - e_tn)) [(1)7] +

1 (3.36)
+ (Tt ), (i), ) — (@000, )r,) +

in

("aZ\tn + (7 1)e, (i) ey — (i) + (T 2)e, (i )eey — (Fiw)e,)

a(aaz) (e_thrl - e_tn)) [(1)7]2

-+ (°a2,3)tn((iii<1)v)tn+1 - (iii(l)'y>tn) + 90

ln

In (3.36), we note that all quantities at time ¢,, are known as these correspond to a configu-

ration for which the deformation field is known. We collect terms in (3.36) and define material

coefficients and others. Let

a9, = 0’|, — ("’ 1)s, (i), — (" 2), (F0rs ), — (70 3)s, (id00), ),

b= (), 5 = (), ;0 b= (%),

by =t = (%t 1), ()i, — (0t 0), (E ), — (%t ), (di0)y ),
by = ("0t Thy= (Tatn),, 5 Thi= (Taly), (3.37)
b =0, = (0% 1), (w4 )6, — (0P 2)a, (s )e, — (%0 3)s, (00 s,

ab% = (0062,1)tn ; ab:%) = (004272)%

8(0’07[(]) . O'b3 — a(aojl) . a'b3 — _
0 |, 200 |, P00

; abi - (Ua273)tn

ab? —
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Using (3.37) we can write (3.36) as

[(11)16] - 6-0‘% [I] + by (i(l)’\/)thrl[]] + Ub?(ii<1>7)tn+1[l] + 0b3(iii(1)'y)tn+1 []]

+ 0[]+ 7b3(i001 )0 [P+ 703 (E00 ) [(D] + D4 () )10 [P]

(3.38)
T Ub%[(l)/ﬂ? + Ub%(i<1)7)tn+1 [(1)’7]2 + Ubiz’,(iul)v)tn-«-l [(1)'7]2 + Ub?l(iiiﬁ)v)tnﬂ [(1)7]2
+ Ub:f(étrﬁ—l - étn)[l] + Ubg(étn+1 - gtn)[(l)’}/] + Ubg(étn_H — étn)[(l)’y]z
in which |, , 7b; 5 j = 1,2,3, b}, “b? ;i = 1,2,... 4 and “b} ; k = 1,2,3 are functions of

pi,» 0y, and (©717), ;j = 1,2,3 as evident from (3.37). 50‘ . is the initial stress field associated
with the configuration at time ¢ = ¢,. b; ; j = 1,2,3, 7b;, °b? ; i = 1,2,...,4 and °b} ;
k =1, 2,3 are variable material coefficients that are deformation dependent during the evolution.
(3.38) are the constitutive equations for [(1)&] for compressible generalized hypo-thermoelastic
solids or compressible hypo-thermoelastic solids. This theory requires determination of variable
material coefficients “b; ; j = 1,2,3, 9b}, °b? ;i = 1,2,...,4 and 7b} ; k = 1,2, 3, a total of

fourteen.

(a) Further assumptions and simplifications

The constitutive theory described by (3.38) can be further simplified if we make the following

assumptions:

(i) We neglect the generators [(V)4]? all together in the development of the rate constitutive
theory. Thus the terms in (3.38) containing the coefficients 70? ;i = 1,2, ..., 4 and “b3 can

be deleted.

(i1) In (3.38), we neglect all product terms in the current configuration ¢ = ¢, i.e., the products
of generators [(1)7] and its invariants can be deleted from (3.38) including the products of

(étn-H — gtn> with [(1)")/]

(iii)) When using simplifications (i) and (ii), we ensure that the material coefficients defined in
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(3.37) are not affected. With these assumptions, (3.38) reduces to

[(1215] - 60‘% [I] + by (i(1>7)tn+1[l] + Ub?(ii(l)q/)tnﬂ[l] + 0b3(iii(1>v)tn+1[ﬂ (3.39)

+ b1 [0y + b3y, — 0]

Equations (3.39) is a much simplified constitutive theory for [1}5]. It only requires determi-

nation of five (“by, “by, “bs, 7bl, 7b?) material coefficients.

(iv) If we further assume the constitutive theory for [1}] to be linear in the components of [(V)],

then (iia),)1,,, and (i@, )1, terms in (3.39) can be deleted.

[%4a] = a0

]+ by )y 1]+ 703 (D] + 7638, — 6,,) ] (3.40)

We redefine the material coefficients to conform to commonly used notations

“by= k(e s O s (i )en s (i), > (i), ) = ke,
by =20(pr, , O, s (i0)e, s (e, (Tdiry ), ) = 20, (3.41)

ob?: —Qm (ﬁtn ) étn ) (i(1>7)tn ) (ii<1>7)tn ) (iii(l)'y)tn) = _(atm)tn

Based on the assumptions we can write

(Mo = 50’tn 1]+ ke (VD] + 2080, [ V] = (@)1, (Ory = O] (3.42)

(3.42) represent the most simplified constitutive theory for the deviatoric Cauchy stress ten-
sor for compressible generalized hypo-thermoelastic solids or compressible hypo-thermoelastic
solids with variable material coefficients. 1 and k are shear modulus and bulk modulus and v, is
thermal modulus. This constitutive model for [(!)5] only requires determination of three material

coefficients.
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Remarks:

1. We note that [1)7], tr([(V]) and [V~] in (3.42) are defined in the configuration at time
t = t,1 but the coefficients k;, , y;, and (o, ), are obviously defined in the configuration

attime t = ¢,,.
2. i and k are shear modulus and bulk modulus, and «y,, is the thermal modulus.

3. By replacing ([)5], tr([V4]) and [V4]) with ([;o™], tr([y]) and [yV]), (a7 ()], tr([vwy))
and [v1)]) and ((%a7], tr([Yy7]) and [V47]) in (3.42), we obtain forms of (3.42) in con-
travariant basis, covariant basis and Jaumann basis. Keeping in mind that the arguments of
tt, k and ay,, that are dependent on [(V4] are likewise replaced. In this particular case we
note that

71 =[D] (3.43)

(03] = 5o, (1] + ko, tw([DDIT] + 2010, [D] — (@ )on s — B, )] (344)

where [(1)7] is the first convected time derivative of the deviatoric Cauchy stress tensor and

must be replaced by [;6(1], [45(1)] or [1)57] .The coefficients k,, p, and (ay)s, become

ktn = k(ﬁtn ) étn ) (ZD)tn ) (“D)tn 9 (M’ZD)tn)
pie, = 1(Py s Oun s (ip)tn s (#8p)e, » (1ip)s, ) (3.45)

(Oétm)tn = Om (ﬁtn ) étn ) (iD)tn 9 (”D)tn 9 (”ZD>tn)

(b) Variable material coefficients

From (3.41), we note that i, k and a4, can be functions of density and temperature during the
evolution but their values must be evaluated based on p and 6 in the immediately preceding known

configuration (¢ = t,, in this case). (3.41) permit us to use experimentally and/or empirically de-
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termined relations for density and temperature dependent p, k& and ay,,. Thus models similar to
power law, the Sutherland law etc. for thermofluids or others [22] are valid here as well. This
permits us to have variable material coefficients during evolution with the exception that y, k& and
vy, must be determined in the configuration at ¢ = t,, whereas [(1)&] and [D] in (3.44) hold for the
current configuration at ¢ = ¢, ;. This of course is a consequence of Taylor series expansion of the
coefficients about the configuration at time ¢ = ¢,,. From (3.41) we also note that u, k and oy, can
be functions of (ip)s,, (iip)s, and (iiip),. This allows us to define p, k and «y,,, as functions of
the three principal invariants of [D] using experimental and/or empirical relations. Thus similar to
power law, Carreau-Yasuda, and other models for shear thinning and shear thickening thermoflu-
ids [55], the empirical and/or experimental relations for yu, k and o, dependent on invariants of

[D] are permissible for thermoelastic solids as well.

Definition: Compressible generalized hypo-thermoelastic solids: From (3.41), we note that
i, k and oy, can be functions of (ip);, , (iip)s, and (iiip);, . This allows us to determine y, k and
Qum, as functions of (ip)y, , (7ip)y, and (iiip)e, experimentally and/or empirically. When i, k and
vy show dependence on py,, 0., (ip).,, (iip)s, and (i7ip),, asin (3.41), we refer to such mate-

rials as compressible generalized hypo-thermoelastic solids with variable material coefficients.

Definition: Compressible hypo-thermoelastic solids: When i, k and «y,, in (3.44) only show

dependence on p;, and 6, , i.e. when

ktn (ptn ) etn)
pi, = (P, > On,) (3.46)

(atm)tn = Qim (516" ) e_tn)

then (3.44) and (3.46) describe compressible hypo-thermoelastic solids with variable material co-

efficients.
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Remarks:

1. The first term in (3.44) is due to the initial stress field in the configuration at time ¢,, and the
last term accounts for the stress field created in the current configuration due to the expansion

or contraction compared to the configuration at time ¢ = ¢,,.

2. It is important to emphasize that the constitutive equations such as (3.44) hold for the current
configuration at t = t,,;. Thus in (3.44) [)5], [D] are in the current configuration at
t = t,.1. However i, , k;, and (o), are evaluated based on the known deformation field
in the configuration corresponding to ¢ = ¢,. This is a consequence of the Taylor series
expansion about the configuration at time ¢t = ¢,, of the coefficients %’ in (3.33). In the
current published works ( [22, 38, 39]), this is not the case, but instead p, k£ and oy, are
treated as the functions of unknown deformation field in the current configuration at time

t = t,1 i.e., instead of iy, , k¢, and (ay )y, , these are replaced by

Mty = M(ﬁ%ﬂ ) e_thrl ) (iD)tn+1 ) (iiD)tn+1 ’ (iiiD>tn+1) =
ktn+1 - k(ﬁtn+1 ) étn+l ) (?:D)t'rkl»l ’ (iiD)th ) (iiiD>tn+1) =k (3.47)

(atm)tn+l - Oétm(ﬁth ) g_tn+1 ) (iD)tn+1 ) (iiD>tn+1 ) (iiiD)th) = Qim

In (3.47), we have redefined ki, ., and (aym )y, ., by i, k and oy, (their values in the

n+1? n+1 n+1

current configuration). With the new definitions of u, k£ and oy, in (3.47), (3.44) can be

written as (using 6 for 0, )

("ha] = a0

I} + ktr([D) 1] + 2u[D] — atm(8 — 0y, )[1] (3.48)

tn [

With the new definitions in (3.47), the material coefficients are now a function of the un-
known deformation field in the current configuration at time ¢t = t,,, as [(1)5] and [D]
are. The constitutive equation (3.48) with (3.47) are what is used currently in the published

works. When the two configurations at time ¢,, and ¢,,; are in close proximity of each other
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in terms of deformation field, using (3.48) with (3.47) may be justified but it is not supported

by the derivation of the constitutive theory presented here.

3.7.2 Constitutive theory for the heat vector

Based on (3.30), in this case the only generator is g, hence we can write the following for the
current configuration (t = t,,41):

Og = —% g (3.49)

Also, the only invariant is 2/ = g - g, hence the coefficient % in (3.49) is a function of p,

and “] in the current configuration at time ¢ = ¢, i.., py,,,» 04,., and (1) To determine

tn+1 °
the coefficient % in (3.49) related to the current configuration at time ¢ = ¢,,,1, we consider Taylor
series expansion of % about the configuration at time ¢ = t,, in # and 9/ and retain only up to linear

terms in # and the invariant 9],

(%)
o(11)

q ’ o)
(( Jv)tn.u - ( I,)tn) + 8@

o =", + (Grsy — 02) (3.50)

in

tn

qa| L HEZ)} . and % ., are functions of p, , 0, and (2[), whereas from equation (3.50) we

have %o = %(py, , 01, o (“D)t, » Oty s (1)1, )- Substituting from (3.50) into (3.49)

_ 0(% 0 (% _ _ -
Og =~ (bl + 5op (Do = (D) + G =0 6SY
(% (% _ _
o Og=—|, g 55 (@9~ (0°90) 8- 75| G -0)g G2
~/) tn in

If there is a uniform temperature change between the configurations at times ¢,, and ¢,,, 1, then
g = 0 and hence (”’q must be zero. This condition is satisfied by (3.52). In (3.52), we note that all

quantities at time ¢,, are known as these correspond to a configuration for which the deformation
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field is known. We collect terms in (3.52) and define material coefficients and others. Let

~ d(%)
IRRCINT())

(9-9).

tn

(3.53)

then (3.52) becomes (we drop the subscript ¢,,.; since it is understood it represents the current

configuration)

Og=—k,g— (k1).(@-9)g— (k). (0—0,) @ (3.54)

We nOte that ktn = k(ﬁtn ? H_tn ) (g .g)tn)’ (k1>tn = kl(ﬁtn ? Q_tn ) (g : g)tn) and (k2>tn =
ka(pe, , 01, , (@-@)s,). (3.54) is the most general form of the constitutive equation for the heat

vector (¥)q based on (3.30). If we neglect the last term in (3.54) then

Og=—k,g— (k). (G-9) g (3.55)

Og = —k, § (3.56)

oo Vg=-kg=—klllg=—[K|g (3.57)

in which k is thermal conductivity and K| is the diagonal thermal conductivity matrix. We note

k - ktn - ktn (ﬁtn 5 étn 5 (g : g)tn) (358)

Based on (3.58), the thermal conductivity can be a function of density, temperature and the first
invariant of g i.e., g-g. Thus, as in the case of the shear modulus, here also we can use experimental

and/or empirical relation for thermal conductivity a a function of p, § and g -g, keeping in mind that
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(3.57) holds for the current configuration at time ¢ = ¢,,.; whereas k in (3.57) is only defined for
the configuration at time ¢ = ¢,,. Thus, for example, power law, the Sutherland law for temperature

dependent k£ are justified.

0, \n
k= k%#) . Power law (3.59)
0, \3/2/0°+ s
_o(0n s .
ke = k ( 90 ) <0}n . §> . Sutherland law (3.60)

kY, 6°, n and s are constants for a specific solid. This permits us to have variable thermal
conductivity during the evolution. Similarly we can also consider & as a function of p; as well,

keeping in mind that based on (3.58), dependence of k;, on (g - g);, is permissible as well.

Remarks:

1. The constitutive theory for the heat vector (’’q based on the generator of the argument ten-
sor g given by (3.54) is much more complicated than the standard Fourier heat conduction
law defined by (3.57) which only considers first order terms in the components of g in the

constitutive theory for ("'q.

2. In (3.54) as well as (3.57), g is independent of the basis, hence (3.54) and (3.57) are valid in

contra- and co-variant basis as well as the Jaumann basis, i.e.

3. The constitutive equations (3.54) and (3.56) hold for the current configuration at time ¢ =
tnt1, thus (°)q and g correspond to time t = t,,,1, however, the coefficients &, 'k and 2k are
defined in the configuration at time ¢ = ¢,,. This is obviously a consequence of the Taylor
series expansion of °« about the configuration at ¢ = ¢,,. In the currently published works

this is not the case, but instead k, 'k and %k are treated as functions of the unknown field in
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the current configuration, that is k;,, 'k;, and %k;, are replaced by

ktnir = k(Ptors > Ornss » (@ 9)tns) =k (3.62)
Yetnr = 'k (Prnsr s Ot s (@ G)tnyy) = 'k (3.63)
2ktn+1 = 2k(ﬁtn+1 ) étn+l ) (g 'g)tn+1) = Qk (364)

In (3.62) - (3.64) we redefined k., 'k, .., *ki,,, by k, 'k, *k in the current configuration

at time ¢ = ¢, 1. With these new definitions (3.54) and (3.56) can be written as

Og=-kg—"k(@9 9.~ (@ 9):)8 (3.65)

Og——kg (3.66)

The power law and the Sutherland law ((3.59) and (3.60)) are accordingly modified

k=K <%>n : Power law (3.67)
6\3/2/0° + s
_ 1.0 = .
k=k (@ ( P ) : Sutherland law (3.68)

Equations (3.66) - (3.68) are what is used in the published works. When the two configura-
tions at times ¢,, and ¢, are in close proximity of each other in terms of the deformation
field, using (3.62) - (3.66) may be justified, but it is not supported by the derivation of the

constitutive theory presented here.

3.8 Incompressible ordered thermoelastic solids: of orders n, 2

and 1

All derivations presented so far for the constitutive theories of orders n, 2 and 1 for [(})5]

and (V'q assumed the thermoelastic solid to be compressible. In this section we consider ordered
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rate constitutive theories for [*}5] and (°)q for incompressible thermoelastic solids. In case of

incompressible matter

p = p = constant (3.69)
div(®) = 0 (3.70)
t([V9]) = (Y] = e(ly)) = we([Vy7]) = w([D]) = 0 (3.71)
det([J]) = 1 (3.72)

Thus for this case, density p can be eliminated from the argument tensors of the dependent
variables [(!}5] and (°)q in the rate constitutive theory for incompressible thermoelastic solids.

Thus, for incompressible thermoelastic solids

d=o(0(z,t)) (3.73)
5] =[Oz (0(z,1))] + [ (3.74)
(o] = [We((Vy(@.0)]: =1,2,....,n, 0(.1), g(@.1))] (3.75)
Og="Cg([Dy@,t)];j=1,2....n, 0(&,t), g@,t)) (3.76)
(%] = p(0(, )] (3.77)

The rate constitutive theories of orders n, 2 and 1 for compressible thermoelastic solids pre-
sented in earlier sections can be modified by: (i) eliminating p all together from the entire deriva-
tions and (ii) incorporating incompressibility conditions using (3.70) - (3.72) to obtain rate con-
stitutive theories of orders n, 2 and 1 for incompressible thermoelastic solids. Details are straight
forward, hence not presented here for the sake of brevity. By replacing [(*)5], (V'q and [W)4] ;
j = 1,2,...,n with the appropriate corresponding measures in the chosen basis, ([;oV], ¢\,
AT G = L2 ) () e Do) 2 J = L2, and ((Va0”), O, [947]
j = 1,2,...,n) we can easily obtain the rate theories of orders n, 2 and 1 in contravariant ba-

sis, covariant basis and Jaumann basis.
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3.9 Constitutive theories for incompressible generalized hypo-
thermoelastic and hypo-thermoelastic solids

Following the rate constitutive theories for compressible generalized hypo-thermoelastic and
hypo-thermoelastic solids presented in section 3.7 and eliminating p from the argument tensors,

(3.29) - (3.30) reduce to

(o] = [ ((M], 6)] (3.78)

(g ="gq(0, g) (3.79)

3.9.1 Constitutive theory for the deviatoric Cauchy stress tensor

Generators [°G'] = [V~] and [7G?] = [V4]? of the argument tensor [(V)+] allow us to write
[Mho] = "a’[1] + %0 [Vy] + [V’ (3.80)
and the invariants of [(V)7] are
=i, =t([V]))=0 ; L =i, =tu(V]?) ; L =idia,=u(Vy]*) (3.8

The coefficients %’ ; i = 0,1,2 in (3.80) are functions of temperature # and the invariants

]2 and °? in the current configuration at time ¢ = ¢, i.e., 0, ., and (L)t 57 = 2,3. To

n+1
determine the coefficients °a ; i = 0, 1,2 in (3.80) related to the configuration at time ¢t = t,,, 1,
we consider the Taylor series expansion of each %’ ; i = 0, 1,2 about the configuration at time

t=t,infand °[7 ; j = 2,3 and retain only up to linear terms in 0 and the invariants.

) ) 8 aai 8 ani
UO/: O-Oél‘tn + 8((0']2)) . ( (o-f[-/g)t'rH»l - (012)tn) + 8((0'13)) . ( (UI/S)tnle - (013)1571)
; = = i (3.82)
()| - ~ :
+ 3@ tn(ethA — Qtn) ) 1 = O, ]_7 2
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a(%a?)

Let us introduce the notation o) = "o/,j ;7 =2,3and ¢ = 0,1, 2. Substituting from (3.81)

into (3.82) and then from (3.82) into (3.80)

(] = (0], + (a®2)e, ((Fi0), )ony — (i),

9(%a’
+ (0a073)tn(<ZZZ(1)'y)tn+1 — (ZZZ(I),Y)tn> + ( — )

00
<aa1

(O = 00)) 1] +

tn

ot 0)e, ()t — ()1

o 1 8(0061> = = (1) (3.83)
_I_ ( «Q 73)tn ((ZZZ(l)’Y)tn+1 - (ZZZ(I)’Y)tn> + 86_ (etn+1 - 9tn)>[ ,y] _I_
tn
<Ua2‘tn + (Ua2’2)tn ((ii(l)’y)tnﬁ»l - (27’(1)’}/)7571)
(%> _ _
+ (Ja273)tn ((ZZZ(l)’Y)tn+1 - (ZZZ(I)’Y>tn> + (80_ ) (etn+1 - 9tn)> [(1)’}/]2
tn

In (3.83), we note that all quantities at time ¢,, are known as they correspond to a configuration
(t,,) for which the deformation field is known. We collect terms in (3.83) and define material

coefficients and others. Let

aol, = 0’|, — ("), (i, )i, — (70 3)s, (i), )1,

=
by = (%0’ ), ; by = (%’3)s,
Ubl_Ual _(aal ) ( (o1

1= |tn 2)tn Zl(l)fy)tn ( «Q 73)15“(”@(1)7)15”
o-bé = (Ual?Q)tn 7 Ub}l = (o.a173)tn 7 ab?’) = (Ua272)tn ’ Ub?l = (0&273)tn
Ub% = Ua2|tn - (004272)tn (Z‘fi(l)'}/)tn - (004273)1&” (iii(l)'y)tn

9(a®) 3 3
a . Th = _ . opd = 2 — 7
00 |, 200 ’ ’

Ubi{) —
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Using (3.84) we can write (3.83) as

(o] = aol, 1]+ 70a(is )ty (1] + Tb3(iti0) )1, 1]
+ Ub%[(l)’y] + Jbé (ii(l)w)tn-u [(1),7] + szll(i%(l)y)tn-o-l [(1)’7]
(3.85)
+ b [N + b3 (i) ) [V + 703 (EE 00 )y [P])

70 O = )]+ B3 Brs = 00D + 70 B,y — 01,)[V7)?

in which the coefficients “by, “bs, 7b1, 7bi, “bl, b2, “b2, 7b2 and “b3, “b3, “b3 are functions of 0,
(4i01),)e, and (iiiq)., )s, as evident from (3.84). These are the variable material coefficients that are
dependent of the deformation during the evolution. & . is the initial stress field associated with
the configuration at time ¢ = ¢,,. (3.85) are the constitutive equations for [(1215] for incompressible
generalized hypo-thermoelastic solids or incompressible hypo-thermoelastic solids with variable
material coefficients. This theory requires determination of a total of eleven variable material

coefficients.

(a) Further assumptions and simplifications

The constitutive theory described by (3.85) can be further simplified if we make the following

assumptions:

(i) We neglect the generators [(1)7]? all together in the development of the rate theory. Thus the

terms in (3.85) containing the coefficients “b?, 7b3, “b2 and 703 are deleted.

(i) We also neglect all product terms in the current configuration at ¢ = ¢, i.e., the products
of generators [(1)7] and its invariants can be deleted from (3.85) including the products of

(Q_th — G_tn) with [(1)”)/]

(iii)) When using simplifications (i) and (ii), we ensure that the material coefficients defined in

(3.84) are not affected. With these assumptions, (3.85) reduces to

(41 =0], 114+ 7Ba(i00, s 1B 01 Yo [+ 7] B =0, ) 1] (3.36)
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(3.86) is a much simplified constitutive theory for [(*}7]. It only requires determination of

four material coefficients.

(iv) If we further assume that the constitutive theory for [(°47] to be linear in the components of

(D], then (i81)4 )4, and (i7i), )y, ,, terms in (3.86) can be deleted.

[1a0) = o], [1] + 761 (V7] + b (8., — 00, )] (3.87)

We rename the material coefficients to conform to commonly used notations

by = 2u(0s, , (i), 5 (E0),)e,) = 2, (3.88)

Ub:% = _atm(e_tn ) (ii(l)y)t" ) (iii(l)w)tn) = —(aum)t,

then we can write

ool, 1] + 2411, [V = (@)1, (Or, 1, — 00, 1] (3.39)

Equations (3.89) is the most simplified constitutive theory for [(0216] for incompressible general-
ized hypo-thermoelastic solids or incompressible hypo-thermoelastic solids with variable material
coefficients. ji is the shear modulus and o, is the thermal modulus. This theory requires determi-

nation of only two material coefficients.

Remarks:

1. We note that (3.89) holds for the deformed configuration at time ¢ = ¢,,; 1.e., current config-
uration, thus [(°)&] and [(1)7] are defined at time ¢ = t,,,; but the coefficients 7, and (v, ),

are obviously defined in the configuration at time ¢ = ¢,,.

2. By replacing [(!)5] and [V4] with the appropriate corresponding measures in the chosen

basis, ([40M], (Y1), ([ao1)], [vw)]) and ([“257], [V47]) we can obtain forms of (3.89) in

76



contravariant basis, covariant basis and Jaumann basis, keeping in mind that the arguments
of yu and ay,,, dependent on [V5] are likewise replaced. In (3.89), i), and iii), need

changes in yi;, and (o, ), due to change of basis.

. As in case of compressible thermofluids, here also we note that

(D] = Y] = vyl = [P7] = (D] (3.90)

(Y30) = Gol, [1] + 240, [D] = (), (Br,.0r — 0, )] (.91

where [(1)7] is the first convected time derivative of the deviatoric Cauchy stress tensor for
incompressible case and the coefficients zi;, and (o, ), become

— (B, . i)y . (i
Mtn ILL( tn ( D)t" ( D)tn) (3'92)

(m)tn = V(01 5 (iip)e, , (idip)s,)

(b) Variable material coefficients

From (3.92), we note that p and oy, can be functions of temperature during the evolution

but their values must be evaluated based on 6 in the immediately preceding known configuration

(t = t, in this case). (3.92) permit us to use experimentally and/or empirically determined relations

for temperature dependent p and o,,,. For example in (3.91) and (3.92), power law and Sutherland

models for ji;, = yu, (6,,) remain valid for the incompressible thermoelastic solids as well.

Definition: Incompressible generalized hypo-thermoelastic solids and hypo-thermoelastic

solids: From (3.92), we note that shear modulus x can be a function of the principal invariants of

[D]i.e., iip and iiip. This allows us to express x a a function of ii 5 and iii 5 using experimental

and/or empirical relations between . and i 5 and 727 .
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Remarks:

1. When p and a,, in (3.91) show dependence on 0, , (iip),, and (iiip),,, we refer to the solid
described by (3.91) as incompressible generalized hypo-thermoelastic solid with variable

material properties.

2. When p and oy, only show dependence on H_tn i.e., when

pe, = 14(04,,)
(3.93)

(Oétm)tn = atm(e_tn)

Then, (3.91) and (3.93) describe incompressible hypo-thermoelastic solids with variable ma-

terial coefficients.

3. Constitutive relations (3.91) hold for the current configuration at time ¢ = ¢,,,1. In (3.91)
[(1}5] and [D] are in the current configuration at time ¢ = t,1, however j;, and (),
are evaluated based on the known deformation field in the configuration corresponding to
t = t,. This is a consequence of the Taylor series expansion about the configuration at time
t = t,, of the coefficients °’ used in the linear combination of the generators to define [1)7].
We remark that in the published works, this is not the case, but instead y and «,,, are treated
as the functions of unknown deformation field in the current configuration at time ¢t = ¢,,41

i.e., instead of 1, and (ay,):, , these are replaced by

lu’thrl = M(e_thrl ) (iiD)thrl) = :u (394)

(@ )tnir = Qtm (Ot y s (105)1,41) = Qm
with these new definitions of x and ay,,, (3.91) can be written as (no need for subscript ¢,, 1)

(Y4] = o, 1]+ 2u[D] = (8 — 6,,)11] (3.95)

(1], [D], i and au,, are in the current configuration at time ¢ = t,,,1. With (3.94), variable
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material coefficients and dependence of i and o, are expressed using unknown deformation
field in the current configuration attime ¢ = ¢,,, 1. (3.95) and (3.94) are what is used currently
in the published works. When the two configurations at times ¢ = ¢,, and ¢t = ¢,,1 are in
close proximity of each other in terms of deformation field, using (3.95) with (3.94) may be

justified but it is not supported by the derivation of the constitutive theory presented here.

3.9.2 Constitutive theory for the heat vector

Based on (3.30), it is obvious that the constitutive theory for (°’q for the incompressible case
remains the same as for the compressible case (section 3.7.2) except that p drops out in the entire
derivation as it is not an argument tensor in (3.79). Details can be readily obtained from the

derivation in section 3.7.2 and are not repeated here for the sake of brevity.

3.10 Conjugate stress-strain measures and validity of rate con-
stitutive theories in different bases

In the rate constitutive theories presented in this chapter we have considered deviatoric con-
travariant Cauchy stress tensor and Almansi strain tensor in contravariant basis and their convected
time derivatives in the contravariant basis as conjugate measures. Likewise, deviatoric covariant
Cauchy stress tensor and Green’s strain tensor in covariant basis and their convected time deriva-
tives in the covariant basis are used as conjugate measures in the covariant basis. Various aspects
of the conjugate stress and strain measures are considered in references [52-54]. It is now well
established [3, 4, 55, 56] that the choice of stress and strain measures must have a common basis
and be conjugate in the sense of energy. Based on this, the choices of stress and strain measures

and their convected time derivatives considered in the present work are consistent.

Based on thermodynamic considerations i.e., the conditions resulting from the entropy inequal-

ity require the work expanded due to the deviatoric Cauchy stress tensor to be positive. The consti-
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tutive theory for the deviatoric Cauchy stress tensor only needs to satisfy this condition for thermo-
dynamic equilibrium. The constitutive inequalities presented in references [52—54] are believed to
be supported by observed experimental behaviors and applications but do not have thermodynamic
basis as stated by the author in reference [52]. The constitutive theories presented in this chapter
for finite deformation utilize contravariant, covariant and Jaumann bases. The validity of one con-
stitutive theory over the others can be easily established by going back to the basic definitions of
the stress measures. In the definition of the contravariant deviatoric Cauchy stress tensor we utilize
actual deformed tetrahedron in the current configuration and the dyads in the contravariant basis
based on contravariant base vectors that are perpendicular to the faces of the deformed tetrahedron
but form non-orthogonal basis. Upon substituting the expressions for contravariant base vectors
(with basis in z-frame) we obtain contravariant deviatoric Cauchy stress tensor in z-frame. In
the definition of the covariant deviatoric Cauchy stress tensor we require a new configuration of
the deformed tetrahedron such that covariant base vectors are normal to its faces. This requires
that the true deformed tetrahedron in the current configuration be further deformed [55, 56] so that
covariant base vectors become perpendicular to this new configuration of the tetrahedron. This
of course is non-physical i.e., not in agreement with the physics of deformation. In case of finite
deformation, the differences between the configurations of actual deformed tetrahedron used in
contravariant description and the tetrahedron required for covariant description may be significant.
The contravariant description is in agreement with the kinematic of deformation whereas covari-
ant description using non-physical configuration of the tetrahedron in the current configuration is
not. With progressively increasing deformation, the contravariant descriptions remain physical and
valid whereas the covariant descriptions will become progressively more spurious as the tetrahe-
dron configuration used in their description begins to deviate from the true deformed tetrahedron
used in the contravariant descriptions. It is clear that for the same material coefficients, the contra-
and co- descriptions will produce different deformation behaviors when the deformation is finite.
Only in case of infinitesimal deformation, the two descriptions will yield the same measures of

stresses. Jaumann descriptions obviously suffer from the same problem as covariant descriptions,
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as they are average of co- and contra- descriptions. Thus, the constitutive theories in contra- and
co- bases will yield different responses for finite deformation. This issue of different deformation
response using contra- and co-variant descriptions for the same material coefficients has also be
discussed in references [58, 59]. In reference [30], model problems and numerical studies have

been presented to demonstrate and illustrate these various aspects discussed here.

For the deforming matter to be in thermodynamic equilibrium, we only need to satisfy the
conditions resulting from the entropy inequality, which requires that the work expanded due to
deviatoric Cauchy stress tensor must be positive. As pointed out in references [52—-54], there are
other constitutive inequalities associated with the stress and strain rates that may be in agreement
with what is observed experimentally or in applications but these may not have thermodynamic
basis [52]. For the rate constitutive theories presented in this chapter, these aspects need to be
further explored to possibly establish new constitutive inequalities that validate the rate theories.

This work is currently in progress.

3.11 Numerical studies using linear and non-linear heat con-
duction laws

In this section, we study the influence of non-linearity in terms of temperature gradient in
the constitutive equation for the heat vector, and present comparisons with the commonly used
Fourier heat conduction law. We consider heat transfer in an incompressible thermoelastic solid
under small motion and infinitesimal deformation, hence the distinction between Eulerian and La-
grangian description disappears and we drop over bar (7) on all quantities replacing them with hat
(") to emphasize that these quantities have dimensions. Quantities without hat are dimensionless.
In addition, the distinction between covariant and contravariant bases also disappears for infinites-
imal deformation. In this case, continuity and momentum equations are satisfied identically, hence

the mathematical model only consists of energy equation and the non-linear constitutive theory
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for the heat vector. We consider aluminum [60] with the following material coefficients (assumed

constant during evolution) corresponding to 300 Kelvin (26.85 °C)

p=2700kg/m®* ;  &,=903.0JkegK ; k=237 WatymK (3.96)

in which p, ¢, and k are density, specific heat and thermal conductivity. We consider a non-
linear constitutive equation for the heat vector (3.55). The mathematical model consists of energy

equation and the non-linear constitutive theory for the heat vector and are given in the following

o>

oT .
e, T divg =0 (3.97)

g-9)g (3.98)

>
I
|
5
o
|
=
©
©
Q

where 1%1 is the new coefficient associated with the non-linear term and has units of Watt/m.k>. We
consider an aluminum bar with of length L = 0.1 m and uniform initial temperature of Ty = 300 K.
We begin with all quantities with their usual dimensions (units) and then non-dimensionalize them

using the following. The quantities with the subscript zero are the reference quantities.

~

x:i s T:— s p:ﬁ s Cv:C— s k‘:— s t:— s k‘lz—l
Lo Ty o, Cug ko to k1, 3.99
) ) (3.99)
- LO POCvO - kO Lo
0 ko ) 1o T02

Substituting (3.98) into (3.97) and then nondimensionalizing the resulting equations gives the

following mathematical model.

or | O*T oT\*0°T

The left end of the bar is insulated and the right end of the bar is subjected to a temperature
distribution that increases from 73 to 15 over 0 < ¢ < At in continuous and differentiable manner

and remains 1" = T5, for ¢t > At (figure 3.1). Figure 3.1 also shows a schematic, boundary condi-
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tions and initial condition using dimensionless quantities.

BC: L —
it BC: T, 4 3T1 (3t2At —2%) ; t < At
el - IC: T(2,0) =T} T(L,t) = At
-~ [ T, ; t> At
Figure 3.1: Schematic of 1-D heat transfer in a thermoelastic solid
Solution of the IVP:

A theoretical solution (3.100) is not readily possible. We consider numerical solutions of
(3.100) using space-time least squares finite element processes based on residual functional with
space-time local approximations in H*P(Q¢,) spaces. The resulting non-linear algebraic equations
from the space-time least squares process are solved using Newton’s linear method. The compu-
tational processes in this approach are unconditionally stable throughout the evolution and permit
higher order global differentiability local approximations. See reference [61-63] for details of lo-
cal approximations and the least squares process for non-linear PDEs and higher order spaces. In

the computations of the numerical solutions we choose
Ly=L=01m : To =T, = 300K ; p = p = 2700 kg/m?

Cop = o = 903.0J/kgK  ; ko = k=237 Watt/m.K

which gives
L=1 ; T1y=1 ,; p=1 3 c=1; k=1 ; k1:39,974.68l;:1

A good discretization of the spatial domain 0 < z < 1 is important in ensuring satisfactory
convergence of the Newton’s linear method for the system of non-linear algebraic equations and
good accuracy of the computed solutions. A ten element uniform mesh with element length of

0.1 in space and time step of At = (.1 is used in the present study. The local approximations
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are p-version (9-node elements) in higher order spaces. Initial p-convergence studies with this
discretization suggest that p = 12 with k = 2, local approximations of class C1(€,), to be
sufficient for good accuracy of results. The residual or least squares functional values remain
O(1077) - O(10~) indicating that the PDEs are satisfied very accurately. Newton’s linear method

used for solving the non-linear algebraic equations converges in less than 7 iterations for all results.

A '/> a ‘nine-node’ p-version space-time element
t=At———— X
=0.1
X
t=0 L [ | NIV T
z=0 r=L=1

Figure 3.2: Uniform space-time discretization of the first space-time strip using ten ‘nine node’
p-version space-time elements

In the numerical studies we consider the following dimensionless temperature values

which corresponds to TQ values of 360 K (86.85 °C), 390 K (116.85 °C), 510 K (236.85 °C) and
600 K (326.85 °C). We choose the following values of the coefficient /2:1.

k, = 0.00W.m/K? ; k= 0.30W.m/K? ; k= 0.60W.m/K? (3.102)

When 1%1 = 0.00, (3.100) reduces to the standard Fourier heat conduction equation. The corre-

sponding values of k; are 0.00, 11392 and 22785.

The material coefficient 12:1 (or k4) in the heat conduction law in (3.98) needs to be determined
experimentally. The choice of the values of k1 is made so that with progressively increasing 75,
hence increasing temperature gradient, the Fourier heat conduction law remains valid up to some

maximum value of 75 i.e., for this range of 75, the choices of the numerical values of k; do not
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influence heat conduction. Beyond a certain value of 75, the numerical solutions obtained for
non-zero k; begin to differ from those obtained using Fourier heat conduction law. We present

numerical results in the following to demonstrate this.

Figures 3.3 - 3.6 show graphs of evolution of temperature 7' versus distance = for different
values of 75 and k;. For T, of 1.2 and 1.3, the results corresponding to all three values of k; are
in good agreement (figures 3.3 and 3.4) confirming that within this range of 75, the Fourier heat

conduction law holds as non-zero k; does not influence heat conduction.

1.2

1.175

1.15

1.125

1.1

Temperature, T

1.075

1.05

1.025

ky=11392 === k;=22785
0.30 Wa/K> 0.60 Wn/K®

1 T T T T T T T T T 1

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Distance, x

Figure 3.3: Temperature 7" versus distance x for a prescribed 75, = 1.2

For T, = 1.7, the temperature distribution along the rod begins to differ from Fourier heat
conduction law (figure 3.5). As expected, the larger the value of k4, the greater is the deviation of

the temperature distribution along the length of the rod from Fourier heat conduction law.
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Figure 3.4: Temperature 7" versus distance x for a prescribed 7T, = 1.3
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Figure 3.5: Temperature 7' versus distance x for a prescribed 75 = 1.7
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For 15 = 2.0 (figure 3.6), the temperature distribution along the length of the rod differs sig-
nificantly compared to Fourier heat conduction law. Larger value of k; results in greater deviation.
The study demonstrates that when temperature gradients are high, the non-linear constitutive the-
ory for the heat vector may be a more realistic representation of the physics as opposed to Fourier

heat conduction law.

2
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Figure 3.6: Temperature 7" versus distance x for a prescribed 7% = 2.0

3.12 Summary

The rate constitutive theories in the Eulerian description for incompressible as well as com-
pressible ordered thermoelastic solids have been presented in contravariant and covariant bases
as well as using the Jaumann rates. When the mathematical models for deforming solids are con-
structed using the Eulerian description, the displacements of the material particles, and hence strain
measures, are not readily obtainable. Thus the constitutive theories expressing chosen stress mea-

sures as a function of the conjugate strain measure is not usable. Hence, in this situation, one must
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consider a relationship between conjugate pairs of stress and strain rates, thus the need for rate

constitutive theories.

Based on the axiom of admissibility, all constitutive equations must satisfy conservation laws to
ensure thermodynamic equilibrium of the deforming matter. Since conservation of mass, balance
of momenta and energy equation only require existence of the stress field and heat vector, these
are independent of the constitution of the matter. Thus the second law of thermodynamics (the
Clausius-Duhem inequality) must provide the basis for the constitutive theory. The conditions re-
sulting from the Clausius-Duhem inequality show that 1), specific entropy is deterministic from the
Helmholtz free energy and hence should not be considered as a dependent variable in the consti-
tutive theory, thus the Cauchy stress tensor, heat vector and the Helmholtz free energy density are
the only dependent variables in the constitutive theory for the type of matter considered here. The
conditions resulting from the entropy inequality also provide a mechanism to determine the heat
vector as a function of the temperature gradient vector and conductivity, i.e., Fourier heat condition
law. However, these conditions do not provide a mechanism to determine the constitutive theory
for the total Cauchy stress tensor. If the total Cauchy stress tensor is decomposed into equilibrium
stress and deviatoric stress, then the equilibrium stress is deterministic from the entropy inequality
and leads to thermodynamic pressure for compressible matter and mechanical pressure in the case
of incompressible matter when incompressibility constraint is incorporated in the entropy inequal-
ity. These hold regardless of the order of the rate constitutive theory. But the deviatoric Cauchy
stress is not deterministic from the entropy inequality, however the entropy inequality does require
the work expanded due to the deviatoric Cauchy stress to be positive. Thus the rate constitutive
theory for ordered thermoelastic solids reduces to the deviatoric Cauchy stress tensor, heat vector
and the Helmholtz free energy density as dependent variables and determination of the theory for
them in contravariant, covariant bases and the Jaumann rates using the argument tensors describing

the physics of deformation.
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Details of the contra- and co-variant bases, stress and strain measures, convected time deriva-
tives of the stress and strain tensors in contra- and co-variant bases, the Jaumann stress and strain
rates, derivations of entropy inequality and the conditions resulting from it have been presented in
references [55,56]. It is shown that for compressible ordered thermoelastic solids, in contravariant
basis, the argument tensors of the first convected time derivative of the deviatoric Cauchy stress
(46, i.e., [;V)] and the heat vector g(*) are p, 0, g and [Y)] ; j = 1,2, ..., n, the convected time
derivatives of orders 1,2, . .., n in the contravariant basis and for ®, the argument tensors are p and
§. In covariant basis, the argument tensors of the first convected time derivative of the deviatoric
Cauchy stress [45(q)], i-€., [40(1)] and the heat vector g g, are p, 0,gand[y;)];j=12,...,n, the
convected time derivatives of orders 1,2, ..., n in the covariant basis. The argument tensors for ®
are p and §. When using the Jaumann rates, we consider [(°)5”] and (")’ as dependent variables
in the constitutive theory with p, 6, g and [)y”] ; 5 = 1,2,..., n as their argument tensors. For
®, the argument tensors are p and 6. For incompressible ordered thermoelastic solids, density p in
the current configuration is the same as in the reference configuration and hence it is no longer an

argument of the dependent variables in the constitutive theory. Other arguments remain the same

as for the compressible case.

The theory of generators and invariants is utilized to derive the general form of the constitutive
equations for an n'* order ‘ordered thermoelastic solid’ (both compressible and incompressible) in
contravariant and covariant bases as well as using the Jaumann rates. In this theory, both the first
convected time derivative of the deviatoric Cauchy stress tensor and heat vector are expressed as
a linear combination of the combined generators of the argument tensors. The coefficients in this
linear combination are functions of the combined invariants of the argument tensors in addition
to p and @ (in case of compressible solids) or & (in case of incompressible solids) in the current
configuration at time ¢ = ¢,,,1. The coefficients in the linear combinations are determined by using
their Taylor series expansion about a known configuration at time ¢ = ¢,, and retaining only up

to linear terms in the combined invariants and the temperature. Explicit details are presented for

89



second order ‘ordered thermoelastic solids’. The general form of the constitutive equations are
specialized and detailed derivations are presented for thermoelastic solids of order two and one as
well as generalized hypo-thermoelastic solids and hypo-thermoelastic solids, both with variable

material coefficients.

We note that the rate constitutive theories derived here for an ordered thermoelastic solid of
order ‘n’ expresses the first convected time derivative of the deviatoric Cauchy stress tensor as a
function of density p, temperature 0, temperature gradient g and the convected time derivatives
of the conjugate strain tensor of up to order ‘n’ in a chosen basis, i.e., contra- or co-variant or
the Jaumann. The contravariant basis yields upper convected rate constitutive equations whereas
covariant basis gives lower convected rate constitutive equations. Likewise, use of the Jaumann
rates yields the Jaumann rate constitutive equations. Surana et al. [30] have shown that in the
case of finite deformation, only upper convected rate constitutive theory is in conformity with the
physics of deformation. Based on the rate constitutive theories presented in this chapter for ordered

thermoelastic solids we make the following specific remarks.

1. For ordered thermoelastic solids of order greater than or equal to two (i.e., when [7(2)],
VO], .o [yl i) s - - oor [P47], [®47], ... as argument tensors in addition to first
convected time derivatives of the corresponding strain tensors), the contra- and co-variant
stress measures as well as the Jaumann stress tensor are not the same even though they all
are in x-frame with the same dyads. The same is true for the constitutive theory for the heat
vector when the convected derivatives of the strain tensor of orders higher than one are the

argument tensors.

2. Definition of [45V)], [46(1)] and [*}5] differ from each other. Furthermore, each of the three
convected time derivatives also has a different definition for compressible and incompress-
ible case. Thus, even in case of [y()] = [y(1y] = [Vy”/] = [D] as the only argument tensor
(in addition to p, #, @) of [1)5], the resulting rate constitutive theories in contra- and covari-

ant bases and using the Jaumann rates would be different. As shown [30], only contravariant
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basis is physical when the deformation is finite.

. When [D)] is the only argument tensor of (°’)q (in addition to p, 0, g), then of course g =

q) = g’ i.e., the constitutive theory for the heat vector is independent of the basis.

. The derivations of the constitutive theory for generalized compressible and incompressible
hypo-thermoelastic solids (a subset of the rate constitutive theory of order one (n = 1))
allow us to define more complex and variable behavior of material coefficients during the

evolution as they can be functions of p; , 0, , (i) tn> (Ti0), )1, and (4., )y, -

. When using the theory of generators and invariants, the constitutive equation for the heat
vector for an ordered thermoelastic solid is much more complex (even for thermoelastic
solids of order one due to the dependence of the heat vector on the combined generators of
(Y], g or [y)], g or [Vy7], g) compared to Fourier heat conduction law which requires
that the heat vector not be dependent on [y()] or [y(1)] or [V+”]. The constitutive equation
for the heat vector based on the combined generators of [yV)], g or [y)], g or [V~7], g is

perhaps more realistic for finite deformation of solids as it accounts for velocity gradients.

. When the first order rate constitutive equations (n = 1) are simplified to obtain constitutive
equations for what is commonly known as hypo-elastic material, the restriction of infinites-
imal deformation must be observed. To be more precise, in this case, second and higher
order terms in the components of the first convected time derivatives of the strain tensor are
assumed negligible. Thus, use of such constitutive relations [36, 37] for finite deformation

may be questionable.

. We point out that the Jaumann rate constitutive equations are probably most widely used for
deforming solid matter in the Eulerian description [36,37]. Surana et al. [30, 55, 56] have
shown that the Jaumann rate constitutive equations are average of the constitutive equations
in contra- and co-variant descriptions when the velocity field is the same in both bases. This

is only true if the deformation is not finite. Nonetheless, these have been used widely for
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10.

11.

12.

finite deformation [36,37].

. A significant point to note in the present work is that determination of coefficients used

in the linear combination of the generators to express the deviatoric stress tensor or heat
vector requires use of Taylor series about the configuration at ¢t = ¢,, when ¢ = ¢, is the
current configuration. This automatically forces the determination of the coefficients in the
configuration at time ¢ = ¢,, and not at t = ¢,,,, corresponding to the current configuration.
In the majority of the published works, this is not the case. Variable transport properties as
well as coefficients dependent on i are all expressed using the current configuration. This
may be justified when the configurations at t = ¢,, and ¢ = ¢, are in close proximity in

terms of deformation field but can not be supported by the derivations presented in this work.

. The condition of positive work expanded due to deviatoric Cauchy stress tensor resulting

from the entropy inequality must be satisfied by all rate constitutive equations. The work on

constitutive inequalities supporting this condition is currently in progress.

The constitutive theories in this chapter is based on combined generators and invariants of
the argument tensors of the dependent variables. These theories have continuum mechanics

foundation as they satisfy the axioms of constitutive theory.

Applications of the simple rate constitutive theories resulting from the present work, such
as constitutive theories for hypo-elastic solid have been presented in references [30, 64] for

model problems consisting of fluid-solid interactions.

Numerical studies are presented to determine the influence of non-linearity in terms of tem-
perature gradient in the constitutive equation for the heat vector and comparisons are made
with the commonly used Fourier heat conduction law. Heat transfer in an incompressible
thermoelastic solid (aluminum rod) under small motion and infinitesimal deformation was
considered. In this case, the distinction between covariant and contravariant basis disappears.

The new coefficient £, associated with the non-linear term must be determined experimen-
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tally.

13. The rod has an uniform initial temperature 77. The left end of the rod is insulated and the
right end of the rod is subjected to a temperature distribution that increases from 7} to 75
over 0 < t < At in continuous and differentiable manner and remains T' = T5 for ¢ > At.
The choice of the values of k; were made so that with progressively increasing 75, hence
increasing temperature gradient, the Fourier heat conduction law remains valid up to some
maximum value of 75 i.e., for this range of 75, the choices of the numerical values of k&, do
not influence heat conduction. Beyond a certain value of 75, the numerical solutions obtained
for non-zero k; begin to differ from those obtained using Fourier heat conduction law. The
study demonstrated that when temperature gradients are high, the non-linear constitutive
theory for the heat vector may be a more realistic representation of the physics as opposed

to Fourier heat conduction law.

The work presented in this chapter provides completely general and unified theories for ordered
thermoelastic solids from which specialized solid behaviors such as generalized hypo-thermoelastic
solids and hypo-thermoelastic solids with variable material coefficients can be easily derived as
shown in this chapter. It is demonstrated that the distinction between contra- and co-variant bases

and Jaumann rates is critical for ordered thermoelastic solids regardless of the order of the solid.
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Chapter 4

Rate Constitutive Theories in Eulerian

Description for Ordered Thermofluids

4.1 Introduction

In this chapter we consider developments of rate constitutive theories for compressible as
well as incompressible homogeneous and isotropic ordered thermofluids in Eulerian description
in which the chosen deviatoric Cauchy stress tensor and the heat vector are functions of density,
temperature, temperature gradient and the convected time derivatives of the conjugate strain ten-
sors of up to a desired order ‘n’. The fluids described by these constitutive theories will be referred
to as ordered thermofluids due to the fact that the constitutive theories for the deviatoric Cauchy
stress tensor and heat vector are dependent on the order ‘n’ of the convected time derivatives of
the conjugate strain tensor. The highest order of the convected time derivative of the strain tensor

defines the order of the thermofluid.
We have intentionally used the term ‘thermofluids’ as opposed to ‘thermoviscous fluids’ due

to the fact that the constitutive theories presented here describe a broader group of fluids than

Newtonian and generalized Newtonian fluids that are commonly referred as thermoviscous fluids.
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Newton’s law of viscosity for incompressible and compressible fluids are well known and widely
used as constitutive equations for incompressible and compressible thermoviscous fluids (New-
tonian fluids) [38,39]. The constitutive models for generalized Newtonian fluids, such as power
law and Carreau-Yasuda model, are extensions of the constitutive models for Newtonian fluids in

which the medium viscosity is assumed to depend on the deformation field [22].

The developments of general ordered rate constitutive theories are presented in contravariant
and covariant bases as well as using Jaumann rates based on the principles and axioms of con-
tinuum mechanics. The general ordered rate constitutive theories are also simplified to obtain the
constitutive equations for the well known generalized Newtonian and Newtonian fluids. The de-
velopments of rate constitutive theories using contravariant, covariant and Jaumann bases and the
consequences of the choice of basis are discussed and illustrated in the general derivation as well

as specialized cases.

4.2 Rate Constitutive Theories in Eulerian Description

In chapter 2, choices of the dependent variables for the constitutive theories in Eulerian de-
scription based on entropy inequality were considered. For these choices of dependent variables,
three possibilities were discussed for their argument tensors. In chapter 3, a summary of these
has been presented for rate constitutive theories for thermoelastic solids. In this section also, we
present a similar summary with appropriate modifications followed by the specific choices of the
dependent variables and their argument tensors for rate constitutive theories for thermofluids in
Eulerian description. In chapter 2 we had considered entropy inequality in Lagrangian description
to conclude that ¢, o*, g and 1 must be the dependent variables in the constitutive theories. We
considered [J], [J ], 0 and g as arguments of the dependent variables in the constitutive theories.

Using entropy inequality in Lagrangian description it was concluded that: (i) ¢ is not a function

of [J | (i1) @ is not a function of g either (iii) 7 is not a dependent variable in the constitutive theory
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(iv) consideration of n % — 07, = 0 and ¢;9; < 0 1is inappropriate due to the fact that in this case

o* is not a function of [J] as @ is not a function of [.J], which is contrary to the assumption that

o* depends on [J]. Thus, entropy inequality does not provide any further means of determining
the constitutive theories for neither * nor q. It was shown that by considering stress decompo-
sition into equilibrium and deviatoric stress i.e. ¢* = .0* + 40" in which .o* is not a function

of [J] and 40* becomes zero when [J] and g are zero, and using the conditions resulting from

the entropy inequality, that 407;J; > 0 and ¢;g; < 0 must hold, which gave us & = O([J]],0),

ol =, 8‘?;1;_ + a0 ([J], [J], 60,g) and q = q([J], [J], 6,g). Due to frame invariance considerations,

dependence on [J] must be replaced by I, I;, Il ; and [J] can be replaced by I, I, Il ;, [D].
These arguments hold in Lagrangian description. However, in Eulerian description, material point
displacements are not known, hence [J] is not deterministic but [l; = det[J] = p /pi.e. depen-
dence on I ; can be replaced by p, but dependence on I; and I; can not be considered. Thus, in

Eulerian description we consider the following in contravariant basis

0] =691+ [0, [D],0.9)] : o] =p7— (4.1)

For compressible matter, equilibrium stress is a function ® and thus it is deterministic from the
deformation field. For incompressible matter, equilibrium stress is also derived from the entropy
inequality in conjunction with incompressibility constraint, however, equilibrium stress is not a
function of ® and thus it is not deterministic from the deformation field. It was shown that in both

cases, equilibrium stress is independent of the basis. We make the following remarks:

(1) The second law of thermodynamics only restricts the work expanded due to the deviatoric
stress to be positive but provides no mechanism for determining the constitutive theory for

the deviatoric stress. In addition, ¢;g; < 0 must also hold.

(2) The theory of generators and invariants [3—-21] provides a continuum mechanics foundation
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to derive constitutive equations for the deviatoric Cauchy stress tensor and heat vector in
which we determine combined generators of the argument tensors that form integrity or
minimal basis. The dependent variables in the constitutive theories are expressed as linear
combinations of the combined generators of the argument tensors. The coefficients used in
the linear combinations are functions of p, 0, and the combined invariants of the argument
tensors in the current configuration which, using the axiom of smooth neighborhood, are

determined by using their Taylor series expansion about a previously known configuration.

4.3 Thermofluids: dependent variables in the constitutive the-
ories and their argument tensors

Let (9], [y)s [997] 55 = 1,2,...,n be the convected time derivatives of order 1,2,...,n
of the Almansi strain tensor [£], Green’s strain tensor [¢| and Jaumann strain rates. These are
fundamental kinematic symmetric tensors of rank two. Likewise, let [,6™)], [45()] and [*)57]
; k= 0,1,...,m be convected time derivatives of orders 0, 1, ..., m of the Cauchy stress ten-
sors in the three bases. These are fundamental symmetric tensors of rank two. We note that
Y] = [va)] = [V47] = [D]. Using the new notation introduced in chapter 2 we can generalize
(4.1) by replacing [D] with [V)5] ; j = 1,2,...,n depending upon whether the basis is contra- or

co-variant or Jaumann basis.

Consider current configuration at time ¢ = ¢,,.1. In the rate constitutive theories presented in
this chapter for thermofluids, we consider the deviatoric Cauchy stress tensor as dependent variable
in the constitutive theories. Thus, ®(-), Helmholtz free energy density; [(°j& ], deviatoric Cauchy
stress tensor, and (0)(], the heat vector, are dependent variables in the constitutive theories. p, 0,
g, [9v];j =1,2,...,n appear (as appropriate) as their argument tensors. Hence, we have the

following for compressible and incompressible thermofluids (see chapter 2, choice I).
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Compressible thermofluids:

d=2o(p(@,t), 6(2,1)) (4.2)
(V5] = [ (p@@,1), 6,1))] + 4] (4.3)
(O] = [ (p@.t), [Py(@,1)];j=1,2,....,n, O(,1), g@1))] (4.4)
Vg ="Cg(p@,t), (V@ 1)];j=12....n, 6@1), g,1)) (4.5)

in which equilibrium stress [(°}&] is thermodynamic pressure p(p, #)[I] and it is independent of the

basis. If we assume compressive pressure to be positive, then p(p, §) can be replaced by —p(p, 6)

(see chapter 2, section 2.6 for derivation).

Incompressible thermofluids:

d=o(0(z,t)) (4.6)
V5] = [ (0@,1)] + %] 4.7)
(@] =[O ([Dy@,t)];5=1,2,....,n, 0(@,1t), g(@&,1))] (4.8)
Og=0g([Vy@t);j=12....,n, 0(x,t), g1)) (4.9)

where equilibrium stress [(°}&] is mechanical pressure 5(f)[I] and it also is independent of the ba-
sis. If we assume compressive pressure to be positive, then p(f) can be replaced by —p(#) (see

chapter 2, section 2.6 for derivation).

The rate constitutive theories of various orders for [(0?16] and (Vq derived using (4.4) and (4.5),
or (4.8) and (4.9) for compressible and incompressible case can be converted to contravariant basis,

covariant basis or the Jaumann rates by choosing [*}7 |, g and [)y] ;5 =1,2,... nas ([46],
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q® and 9] ;5 =1,2,...,n)or ([a0(0)]» G0y and [y] 57 = 1,2,...,n) or ([©y57], ©q”’ and

(D] 5 =1,2,...,n).

In the following sections we consider details of the derivations of rate constitutive theories in
Eulerian description for the deviatoric Cauchy stress tensor and heat vector for both compressible

as well as incompressible thermofluids.

4.4 Rate constitutive theory of order ‘n’: compressible ther-
mofluids

Consider a deforming volume of compressible thermofluid at time ¢ = ¢,,;1, the current con-
figuration. We derive the rate constitutive theory of order ‘n’ for deviatoric Cauchy stress [(°)7]

and heat vector (V'q using ((4.4) and (4.5))

(©a) =[a(p, [Dq];5i=1,2,....,n, 0, g)]

(4.10)

4.4.1 Constitutive theory for the deviatoric Cauchy stress tensor
Let [’G?] ;i = 1,2,..., N be the combined generators of the argument tensors (/4] ; j =
1,2,...,n and g of [(0215] that are symmetric tensors of rank two, and let °[7 ; j = 1,2,... . M

be the combined invariants of the same argument tensors. Then, we can express [;7(”)] as a linear

combination of the generators 7G| ;i = 1,2,..., N and the identity tensor [I].
N . .
(5] = %a°[T] + Y% [° G (4.11)
i=1
The coefficients %o’ ;i = 0,1, ..., N in (4.11) are functions of density p, temperature  and the
combined invariants 9°[7 ; j = 1,2, ..., M in the current configuration at time t = ¢,,1 i.e., p,,,,
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O, and (“L);, ., 55 =1,2,..., M. To determine the coefficients %o’ ;i = 0,1,..., N in (4.11)
related to the configuration at time ¢ = ¢,,,; we consider the Taylor series expansion of each %o/ ;
i =0,1,..., N about the configuration at time ¢t = ¢, in @ and °]7 ; j = 1,2,..., M and retain

only up to linear terms in @ and the invariants.

} % (9( ) ((qa]j) _(qcr]j) )_l_@ (5 —é ) 01 N (412)
tn iz (qa]g) £ Jtnt1 47 )t, a— tntl i) N )

n t'fl

6(0 ’L)

L3 d = 1,2,..., M and %gi)hn :i=0,1,..., N are functions of g, §, and

(qaﬂ)tn s J = 1, 2,..., M whereas in (4.12), %o’ =’ (py,, , 0., (1)1 5 =1,2,...,M, b, ..,
(990 ) 0 =1,2,..., M) ;1 =20,1,..., N. When (4.12) is substituted in (4.11), we obtain the
final expression for the most general rate constitutive theory of order n for [(°}&] for compressible

thermofluids.

4.4.2 Constitutive theory for the heat vector

Let {G'} ;i = 1,2,..., N be the combined generators of the argument tensors [)4] ; j =

1,2,...,n and g of (¥)q that are tensors of rank one. The combined invariants of the argument
tensors obviously remain same as for [(°}7] i.e., %17 ; j = 1,2,..., M. Then we can express ('q
as a linear combination of {/G*} ;i =1,2,..., N.

g = Z G} (4.13)

The absence of unit vector in (4.13) as a generator is due to the fact that uniform temperature
field does not contribute to °)q. The negative sign in (4.13) is because a positive (Oq in the

direction of the exterior unit normal to the surface of the volume of matter results in heat removal

from the volume of matter. The coefficients %o’ ;i = 1,2, ..., N are functions of p,0and]7; j =
1,2,..., M in the current configuration at time ¢ = t,1 i.e., pi, ., Op,,, and (“919), , ;j =
1,2,..., M. To determine the coefficients %' ; i = 1,2,..., N (in the current configuration at
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time ¢ = t,,1) in (4.13), we consider Taylor series expansion of each %‘ ;i = 1,2, ..., N about
the configuration at time ¢ = ¢, in # and “° 7 ; j = 1,2,..., M and retain only up to linear terms

in A and the invariants.

- , M 9% , , ()| - = _ ~

4o — G, qo j (90 T7 _ C i

o ="a ‘tn—{_j;la(qgl,j) tn(( I/ )tn+l ( l )tn) + 89 tn(etn+1 gtn) 3 v 17 27 R N (414)
%t 4 aa(qu(iJ)) . ;7 =1,2,..., M and 8(;‘? ‘tn ;1 =1,2,.. .,N are functions of p;,,, étn and

(““L9),, ;5 =1,2,..., M whereas in (4.14), o' = @' (py, , Or,,, (L7),;5=1,2,..., M, 0y, ,
(*0);d = 1,2,...,M) ;i =1,2..., N. When (4.14) is substituted in (4.13), we obtain the
final expression for the most general rate constitutive theory of order n for (“'q for compressible

thermofluids.

4.4.3 Remarks:

1. In sections 4.4.1 - 4.4.2 we have presented n'" order rate constitutive theories for the devi-
atoric Cauchy stress tensor and the heat vector using [(°j5] and ("’q as dependent variables
with [W)4] ; j = 1,2,...,n strain rate tensors as their argument tensors, in addition to 5, §

and g. Hence, these developments are independent of the basis.

2. By replacing [(*)5], (®)g and [V)4] ; j = 1,2, ...,n with the appropriate corresponding mea-
sures in the chosen basis, we can readily obtain the nt" order rate theories for the deviatoric
Cauchy stress tensor and heat vector in the desired basis. More specifically we use the fol-

lowing measures:

Contravariant basis: [;@®] |, @© |, (Y] :j=12,...,n
Covariant basis: 0]+ ao - el 7=12,....n (4.15)
Jaumann: (©c7] , Og’ | [Dy] ;5=1,2,...,n

3. Since the tensor g is independent of the basis, the combined generators and the combined
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invariants used in sections 4.4.1 - 4.4.2 only need to be redefined using the convected rates
Y955 =12,...,n [yl ;i =1,2,...,nand [Wy7]; j = 1,2,... n for the contravari-

ant, covariant and Jaumann n** order rate theories.

. In the final expression for [(°y7] and (*’)q containing sum of many group of terms, we consider

the following arrangement (in general).

(a) In each group, the terms that are defined in the configuration at time t = t,, are grouped

to define material coefficients.

(b) With choice (a), the expression for [(0216] and (¥)q will now consist of the sum of the ma-
terial coefficients defined in the configuration at ¢ = ¢,, multiplied with the generators
and/or invariants in the current configuration at time ¢ = ¢,,, 1 in which the deformation

is not known.

(c) The material coefficients defined in (a) will be functions of p;, , étn and (19[7),, ;5 =

1,2,..., M.

We follow this arrangement (as far as possible) in all subsequent derivations. These theories
use integrity and hence are complete but are too complicated and unpractical as they contain
too many material coefficients that must be determined experimentally and/or empirically.

Details of (a) - (c) are clearly shown in sections 4.7.1 and 4.7.2.

. Dependence of the coefficients in the final form of the constitutive equations for deviatoric
Cauchy stress tensor and heat vector on py, , 6, and (“[7), ;7 =1,2,..., M permits vari-
able material coefficients during the evolution. Thus material coefficients can be a function
of density and temperature during the evolution for which experimental and/or empirical
relations such as power law, Sutherland law etc. are justified. Furthermore, dependence of
the coefficients on the invariants (7 [7), ; j = 1,2,..., M permits complex description of
material coefficients on the deformation field. Shear thinning, shear thickening behaviors
described by power law, Carreau-Yasuda models etc. based on experiments and/or empirical

relations are permissible within the framework of the theory presented here.
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6. An important point to note is that the material coefficients in the final form of the constitutive
equations are defined using the configuration at time t = t,, whereas the constitutive equa-
tions hold for the current configuration at time t = t,1. This of course is a consequence
of the Taylor series expansion of the coefficients in the linear combination using genera-
tors about the configuration at time ¢ = ¢,,. In the currently used models in the published
works [22, 38, 39] for variable material coefficients, the coefficients are expressed as a func-
tion of the unknown deformation field in the current configuration at time ¢ = ¢, ;. This
is obviously not supported by the derivations of the constitutive theories presented here in

sections 4.4.1 and 4.4.2.

4.5 Rate constitutive theory of order two (n=2): compressible
thermofluids

If we limit the convected time derivatives of the strain tensor to just first and second as argument
tensors in the constitutive theory, i.e., if we only consider [V)4] and [(?)4] as argument tensors, then
we can explicitly present specific forms and expressions for the combined generators and invariants

in the constitutive theory. This theory defines thermofluids of order two.

(5] = e (p, [VA], [PH], 6, g)]

(4.16)
Vg ="Yq(p, (V9] [*4]. 0. g)
4.5.1 Constitutive theory for the deviatoric Cauchy stress tensor
The combined generators [°G?] ;i = 1,2,...,12 of the argument tensors [(V7], [®] and g

that are symmetric tensors of rank two are listed in table 4.1. The combined invariants % [7; j =

1,2,...,16 of the tensors [(V], [2)~] and g are listed in table 4.2 [3-21].
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Remarks:

(i) We note that the invariants listed in table 4.2 under (2) ( marked (a) ) need not be included

due to the fact that

w([Dy][P] + [P][D]) + a([(D)[B] = [BA][P]) = 2u((Vr][*A])

which is same as 97 [® (except the factor 2, which is of no consequence). In many published

works (a) are also included in addition to 9° I® which is redundant [55].

(ii) Likewise, in many published works the invariant %° /6 is replaced with the two invariants
listed under item (3) ( marked (b) ). Following (i), the sum of the invariants marked (b) is

two times %° /1. Hence including these in place of 9° ['° is inappropriate as well.

Now we can express [(°47] as a linear combination of [I] and the generators [°G] ; i =

1,2,...,12
(4] = H+Z" e 4.17)
The coefficients %o’ ; i = 0,1,...,12 in (4.17) are functions of density p, temperature # and
the combined invariants 9°]7 ; j = 1,2,...,16 in the current configuration at time ¢t = ¢, i.e.,
Ptnsrs O,y and (©17), 55 = 1,2,...,16. To determine the coefficients %o’ ; i = 0,1,...,12

in (4.17) related to the configuration at time ¢ = ¢, 1, we consider the Taylor series expansion of
each %o’ ;i = 0,1, ..., 12 about the configuration at time ¢t = ¢, in f and 9°[7 ; j = 1,2,...,16

and retain only up to linear terms in # and the invariants.

%y 7 O’ 7 16 a( ) qo 17 qo 17 a(aai) n ) .
}tﬁ’z a(q(,[j) tn(( I/ )tn+1_( l )tn) + 89_ tn(etn-o-l _etn) y L= Ov 1a SR 12 (418)
\t,aa(;,; j:1,2,...,16andaae tn;2:0,1,...712arefunctionsofptn,étn and

(“9L9),, 3§ =1,2,...,16 whereas in (4.18), °a’ = %o’ (py,, , 04, , (““L9)s,;5=1,2,...,16, 0y, ,

(9900 =1,2,..., 16) ;1 =0,1,...,12. When (4.18) is substituted in (4.17), we obtain the
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Table 4.1: Combined generators for [(°)5]

Arguments Generators

(1) none 1]

(2) one atatime ( including (1) )

(V] G =[] ; [(G* =Dy
(@] PG =1y 5 G =[]
g Gl=g®g

(3) two atatime ( including (1) and (2) )

[WA] @] ["G6] = [D][@q] + [@4][D]

=
Qi
9
QD
_<
I
Qi
@ ®
=
Q
+
=
Qi
&

most general second order (n = 2) rate constitutive theory for [(*)&] for compressible thermofluids.
This theory uses integrity and hence is complete. We follow remarks in section 4.4.3 to define
material coefficients in the final expression for [(°j7] and to obtain the corresponding rate theories

in contravariant basis, covariant basis and using Jaumann rates.
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Table 4.2: Combined invariants for [(°}7]: Also valid for ("q

Arguments Invariants

(1) one at a time

(D] vt =u(M]) 5 L =[]
I =u((V9])

@] L= w([P)) L= ()
L0 = u([®))

g “['=g-g

(2) two ata time ( including (1) )

Ba]) L =u(((DP[P)

(W], [@] 9% = tr([DA][@
DaOF) 5 L = (OO

I = tw((Vy

[
]

(a) qi = tr([(VA][@4] — [@~][D]

qo

OI

Q Qi
| —
—
=
=
=,
—
—
[\&]
N
2
=2
|
—
—
(V)
S
=,
—
=1
=
=
=,

4.5.2 Constitutive theory for the heat vector

The combined generators {¢G’} ;i = 1,2,...,7 of the argument tensors V4], [?4] and g

that are tensors of rank one are given in table 4.3 [3-21]. The combined invariants of the argument
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tensors obviously remain the same as listed in table 3.2 i.e., ©“[7 ; j = 1,2,...,16. Using the

combined generators {?G'} ;i =1,2,...,7 we can write

T
Og = —3 %0t {1G"} (4.19)
=1

Table 4.3: Combined generators for (*)q

Arguments Generators

(1) one at a time

(D] none
[(2)7] none
g {'¢'} =g

(2) two atatime ( including (1) )

[(1)7] ) [(2)7] none

MWy, g {1G*} =[M1] g
{1G%} =[]’ g

@], g {1G*} =[P g

(G} = (g

(3) three at a time ( including (1) and (2) )

Wy, (@4, g {9G5} = [[Vy][Pq] + [D][W]]
{1G™} = [[V)[®4] = [@4][WA]]

Q

The rational for omitting the unit vector and using negative sign in (4.19) has already been
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explained in section 4.4.2. The coefficients °a’ ;i = 1,2, ..., 7 are functions of p, fand [’ j =

1,2,...,16 in the current configuration at time ¢ = ¢, i.e., pr,.,, O,,, and (L), ., ;] =
1,2,...,16. To determine the coefficients °a’ ; i = 1,2, ..., 7 (in the current configuration at time
t = t,41) in (4.19), we consider Taylor series expansion of each %a’ ; i = 1,2,...,7 about the
configuration at time ¢t = ¢, in @ and °17 ; j = 1,2, ..., 16 and retain only up to linear terms in
and the invariants.
o.1__ 0,1 O a(aaz> oTJ oT1J a(aaz) n n .
= }tn +j§10(q0,[,]) . ((q :lj)taﬂ—l_ (q l/])tn) +W t<9tn+1 _etn) ;L= ]-7 27 R 7 (420)
"o/‘ KUGCON P 16 and 8(d°‘i)‘ ;0 =1,2 7 are functions of p, , 6, and
tn’ O(9°17) tn’j YLy ey a0t ° P ) Ptn> Y,

(9L9),, 3§ =1,2,...,16 whereas in (4.20), °a’ = %o (py,, , 04, , (““L9)s,;5=1,2,...,16, 0y, ,
(990, 0 =1,2,..., 16) ;i =1,2,...,7. When (4.20) is substituted in (4.19), we obtain the
most general second order (n = 2) rate constitutive theory for (°’q for compressible thermofluids.
In this case also, we follow remarks in section 4.4.3 to define material coefficients in the final
expression for (°)q and to obtain the corresponding rate theories in contravariant basis, covariant

basis and using Jaumann rates.

4.6 Rate constitutive theory of order one (r=1): compressible
thermofluids

In this theory we limit the convected time derivative of the strain tensor to just one i.e., we only
consider first convected time derivative of the strain tensor as argument of the dependent variables
in the constitutive theory in addition to p, # and g. This constitutive theory forms the basis for

generalized Newtonian and Newtonian thermofluids.

(4.21)
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4.6.1 Constitutive theory for the deviatoric Cauchy stress tensor

The combined generators of the argument tensors [(V)4] and g that are symmetric tensors of

rank two (using table 4.1) are given by

G =" 5 =[] 0 [Cl=g®g

(4.22)

G =g [Wylg+[Mgeg ; [GV=g®[V’g+[V]geg

Let us redefine [7G®] as [7G?], [7G?] as [7G*] and [7G'°] as [7G®]. Thus the combined genera-

tors are [°G"] ;i = 1,2,...,5. The combined invariants of the tensors [(V'y] and g are (using table
3.2)
ol — tr (1)7 : w02 — tr (1)72 : w3 — tr (1),}/3
1= () £2 = () £ = ([P .
“I'=g-g ; “I®=g-["Mg ; "I[¥=g:["]g

Let us redefine 7] as 9 [4, 9° [12 a5 99 % and 9° ['3 as 99 J%. Thus the combined invariants are

©[i;j=1,2,...,6. Therefore

5 . .
(D] =[] + 3% [° G (4.24)
i=1
The coefficients °a’ ;i = 0,1, ..., 5 in (4.24) are functions of density p, temperature 6 and the
combined invariants 77 ; j = 1,2,...,6 in the current configuration at time ¢ = t,,;1 i.e., pt,.,,

0;,., and (“°17), ., ;j =1,2,...,6. To determine the coefficients %a’ ;i = 0,1,...,5 in (4.24)
related to the configuration at time ¢ = ¢,,,,, we consider the Taylor series expansion of each % ;
i=0,1,...,5 about the configuration at time t = ¢, in @ and °]7 ; j = 1,2, ..., 6 and retain only
up to linear terms in 6 and the invariants.

6, ()
tn+j§1 I

O'al — Ual

(0, —01,) ;i =0,1,...,5 (4.25)

(L)t = (L), )+

tn
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K& ‘t ’ 8(Uai))

;7 =1,2,...,6 and 8(;gi) . 30 =0,1,...,5are functions of p;,, étn and

tn

(“[9);, 54 =1,2,...,6 whereas in (4.25), %o’ = %' (py,, , O, , (1)e,55 =1,2,...,6, Oy, ,
(“9L9)y,..;5 = 1,2,...,6) ;i = 0,1,...,5. When (4.25) is substituted in (4.24), we obtain the
most general first (n = 1) order rate constitutive theory for [(°y7] for compressible thermofluids.
We follow section 4.4.3 to obtain material coefficients and the rate theories in contravariant basis,

covariant basis and using Jaumann rates.

4.6.2 Constitutive theory for the heat vector

The combined generators of the argument tensors [(V)7] and g that are tensors of rank one are

given in table 4.3.

{('G'y=g ; {'G¢1=1"g ; {G}t=["g (4.26)

The combined invariants remain the same as defined by (4.23). Using the combined generators

(4.26) we can write
3

= - %W {IG} (4.27)

The coefficients %' ; i = 1,2,3 are functions of p, § and °°[7;j = 1,2,...,6 in the current

configuration at time ¢t = ¢, 1 i.e., p; 0, .. and (q"ﬁlj)tn+1 ;7 =1,2,...,6. To determine the

n+1? n+1

coefficients %’ ; i = 1,2, 3 (in the current configuration at time ¢ = #,,,1) in (4.27), we consider

Taylor series expansion of each %’ ; i = 1,2, 3 about the configuration at time ¢ = ¢,, in # and %° [/

:j=1,2,...,6 and retain only up to linear terms in & and the invariants.
i) & D) - Lo o
' =%t + , 1[I —(), )+ —— O, —0 ;o 1=1,2,3 (4.28
@ @ ‘tn j;l(’)(qalj) tn<< ES )tn+1 ( ES) )tn) 00 tn( tnt1 tn) ¢ ( )
o, ;(qm . 3J=12... 6and & qa)}t ;i = 1,2, 3 are functions of p;, , §;, and (“7[7),, ;

j=1,2,...,6 whereasin (4.28), %' = qo/(ﬁtn, 0, ,(°0),:5=1,2,...,6, Q_th, (99 07) 10050 =
1,2,..., 6) ;1 =1,2,3. When (4.28) is substituted in (4.27), we obtain the most general first order
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(n = 1) rate constitutive theory for (°)q for compressible thermofluids. We use remarks in section

4.4.3 to obtain material coefficients and the rate theories in the three bases.

4.7 Constitutive theory for compressible generalized Newtonian
and Newtonian thermoviscous fluids

The rate constitutive theory of order one presented in section 4.6 can be modified to obtain
the constitutive theory for generalized Newtonian and Newtonian fluids. We consider first order
rate theory presented in section 4.6 and assume that the deviatoric Cauchy stress tensor does not
depend upon g i.e., g is not an argument tensor of [(°}7], and that the heat vector (”’)g does not

depend upon [M] i.e., [V4] is not an argument tensor of (Vq.

(] = ()

Qi
~~
heY
2
=,

S
—

(4.29)

0g="g(, 0, g) (4.30)

Using (4.29) and (4.30) we can derive a much simplified constitutive theory which obviously

has limitations due to limiting the argument tensors in (4.29) and (4.30).

4.7.1 Constitutive theory for the deviatoric Cauchy stress tensor

In this case the generators and invariants are only due to [()4]. Thus we have
"G =1 s PG =M (431)

I =u((V]) =i, 3 LP=u((D?) =din, ; L =u((V]?) =diin, (4.32)

[(0215'] _ aaom + O’al[agl] + aa2 [UQQ] (4‘33)

The coefficients %o’ ; i = 0,1,2 in (4.33) are functions of density p, temperature 6 and the

111



invariants 17 ; j = 1,2,3 in the current configuration at time ¢ = ¢, i.e., pt,.,, 0;, ., and
(°L)t,., 5 7 = 1,2,3. To determine the coefficients %o’ ; i = 0,1,2 in (4.33) related to the
configuration at time ¢ = t,,,, we consider the Taylor series expansion of each % ; i = 0,1, 2
about the configuration at time ¢ = ¢,, in § and 17 ; j = 1,2, 3 and retain only up to linear terms
in 6 and the invariants.

) ) a [ B _ .
(L )tper — (O ),) + %Z) O —0) 5 i=0,1,2 (4.34)

tn tn

o1 __ 0,1 3 a(aai>
o' = a‘fn—i_;a(”[j)

i‘tn, g((:zj)) ;7 =1,2,3and %‘tn ;i = 0,1,2 are functions of p;,, 6;, and (°7),, ;

(07 t

j =1,2,3 whereas in (4.34), %’ = ' (py,, , Or, , (“L)1,;5 =1,2,3, 04,1, L)1 5 =1,2,3)

;0 =20,1,2. If we let % =", ;j=1,2,3andi=0,1,2 then (4.34) can be written as
o1 .1 3cri oTj orj a(aai) n ~ .
o =« ‘tn + Z( «Q 7j>tn(( ,IV )tn+1 - ( Jv )tn) + 8@ (Qth - etn) S 07 17 2 (435)
J=1 tn

Substituting from (4.32) into (4.35) and then (4.35) into (4.33)

[%)a] =<0040!tn + (7010 (03 ) tns = 0y)e,) + (0 2)e, (T3 )0y — (E)s)1)
o) _

—=| (0t —01,) )] +
o0 |, >

(Ualltn + (Ua171)tn((i(1)’y)tn+1 - (i(l)«,)tn) + (gal,Q)t"((Z'Z’(l)v)th — (ii(l)'y)tn)

a(gal) 7] 7] 1

——= (0., —0,) ) [V +
o0 |, >

. T (Ua271)tn((i(1)7)tn+1 — (i(l)y)tn) + (Ja272)tn((ii(l)«,)tn+1 — (ii(l)y)tn)

9(a?) 0 ) (1) 12
00 tn<9tn+1—9tn)>[ 7]

+ (0&073)t'n ((iii(l)ﬁ/)tnﬂLl - (/L.ii(l)"{)tn) +

) (4.36)
+ (% 3)e, (@i, )y — (ii0)y)s,) +

(Ua2

+ (0&273)tn ((iii(l)’y)trrfl - (iii(l)v)t7L) +

In (4.36), we note that all quantities at time ¢,, are known as these correspond to a configu-

ration for which the deformation field is known. We collect terms in (4.36) and define material
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coefficients and others. Let

Gol, = "], — (0 1)u, (i )i, — (0°2)r, (i )i, — (70%,5)s, (i) ),
7by = (gaoal)tn ; 7by = (005072)tn ; 7bs = (004073)tn
a'b% = O—al{tn - (o—alﬂ)tn(i(l)’y)tn - (Ua172>tn (/L.i(l)’y)tn - (Ua1’3>tn (/M/Z(l)'y)tn

by = (@' 1), ) ”bzlg = (%), ) by = (a3, (4.37)

Ub% = Ja?‘tn - (Ua271)tn(i(1)’y)tn - (Ua2’2>tn (/L‘i(l)’y)tn - (UaQ’S)tn (iii(l)’y)tn

Ubg = (Jagvl)tn y Ubg, = (Ja272)tn ; Ub421 = (0a273)tn
abS _8(Ua0) . abS _ a(oal) . 0b3 _ 8(Ua2)
2 200 |, P00 |,

Using (4.37) we can write (4.36) as

[©4a] = o], 1]+ 761 (i)t ]+ Tba (i )iy [1] + b3 (Ei0) ), [1]
+ T+ b3 e [9] + OB s [P0+ Wi s [0
BN 7B Y (O] 7B 0 s D+ B0, e[V

+ Ubi)(e_tnﬁLl - Q_tn)[l] + Ubg(e_tn+1 - e_tn)[(l)’Y] + o—bg(e_tnle - H_tn)[(l)r}/]2

in which 50|tn’ b 55 = 1,2,3,9b, 702 50 = 1,2,...,4 and 7b} ; k = 1,2,3 are functions of
pi,» 0y, and (P°17), ;7 =1,2,3 as evident from (4.37). 60| . is the stress field associated with the
configuration at time ¢ = ¢,. °b; ; j = 1,2,3,70b;,7b7 ;i = 1,2,...,4and °b} ; k = 1,2,3 are
variable material coefficients that are deformation dependent during the evolution. (4.38) are the
constitutive equations for [(0216] for compressible generalized Newtonian thermofluids with variable
material coefficients. This theory requires determination of variable material coefficients “b; ;

J=1,2,3,70},0? ;i=1,2,...,4and °b} ; k = 1,2, 3, a total of fourteen.
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(a) Further assumptions and simplifications

The constitutive theory described by (4.38) can be further simplified if we make the following

assumptions:

(i) We neglect the generators [(V)4]? all together in the development of the rate constitutive
theory. Thus the terms in (4.38) containing the coefficients 707 ; i = 1,2,3 and °b3 can be

deleted.

(i1) In (4.38), we neglect all product terms in the current configuration ¢ = ¢,,.4 1.e., the products
of generator [(V)7] and its invariants can be deleted from (4.38) including the products of

(étn-H — étn> with [(1)"}/]

(iii)) When using simplifications (i) and (ii), we ensure that the material coefficients defined in

(4.37) are not affected. With these assumptions, (4.38) reduces to

[©43) = Gol, (1] + 7b1(ia )t [T) + “b2(ii0) i [T] + b3 (i1 )1, 1] 439)

+ Ub% [(1)7] + Ub?(étnﬂ - étn)[I]

(4.39) is a much simplified constitutive theory for [(°y7]. It only requires determination of

five (°by, “by, 7bs, b1, °b3) material coefficients.

(iv) If we further assume the constitutive theory for [(°}7] to be linear in the components of [(V)],

then (iia),)¢,,, and (#iq)., ), terms in (4.39) can be deleted.

[%40] = ol 1]+ "bu(is e (1] + 01 (D] + 763 (01,0 — O, 11] (4.40)

We redefine the material coefficients to conform to commonly used notations.

by = K(pr, » O s (i)t s (T )ty » (Hi), )0, ) = K,
b= 20(pu, + Ou s (i) s (T ) s (1880031, ) = 200, (4.41)

ob?: —Qm (ﬁtn ) étn ) (i(1>~,)tn ) (ii<1>7)tn ) (iii(l)'y)tn) = _(atm)tn
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[%ha] = Gol,, 1] + e, (DY U] + 206, (D] = (@)t Orn — 02,11 (4.42)

(4.42) is the most simplified constitutive theory for the deviatoric Cauchy stress tensor for com-
pressible generalized Newtonian thermofluids with variable material coefficients. This constitutive

model for [(°j] only requires determination of three material coefficients.

Remarks:

1. We note that [©)5], tr([(V]) and [V~] in (4.42) are defined in the configuration at time
t = t,.1 but the coefficients k;,, 1, and (o, ), are obviously defined in the configuration

attime t = ¢,,.
2. n and k are first and second viscosities, and oy, 1s the thermal modulus.

3. By replacing ([}7], tr([V7]) and [V7]) with ([40 @], tr([yV]) and [YV]), (a6 (0)]: tr([v)])
and [y(1)]) and ([45”7], t([V7]) and [V47]) in (4.42), we obtain forms of (4.42) in con-
travariant basis, covariant basis and in Jaumann rates. Keeping in mind that the arguments

of 1, k and a,, that are dependent on [(V] are likewise modified. We note that

(9] = Y] = )l =[] = (D] (4.43)

Hence, right side of (4.42) remains unaffected by the choice of the basis, thus [(0&5] =

[10©] = [46(0)] = [%h5”] = [4] holds and we can write

7] = 0|, (1] + ke, te((DD[I] + 204, [D] = (tm)r, (O, — Or,) 1] (4.44)

(b) Variable transport properties or material coefficients

From (4.41), we note that 1, x and a4, can be functions of density and temperature during
the evolution but their values must be determined based on p and @ in the immediately preceding

known configuration (¢ = ¢, in this case). (4.41) permit us to use experimentally and/or empirically
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determined relations for density and temperature dependent 7, x and «,,,. For example

0, \n

Nt = 770 (ﬁ) ; Power law (4.45)
0, \3/2/6°

Mt = n° (%) (étn%) : Sutherland law (4.46)

are valid for viscosity 1. The parameters 7", §°, s and n are known constants for a given fluid.
Similar relations could also be used for r;, and (), . Dependence of 7, k and oy, on p;, can
also be considered in a similar fashion. This permits us to incorporate variable transport properties
7, k and oy, dependent on density and temperature during the evolution with the exception that 7,
% and ay,,, must be determined in the configuration at ¢ = t,, whereas [;5] and [D] in (4.44) are for

the current configuration at time ¢ = ¢,,1, i.e., the constitutive equations (4.44) hold for the current

configuration att = t,, ;1.

Power law, Carreau-Yasuda etc. models for  and

From (4.41), we note that 7 and ~ can be functions of (ip);,, (iip), and (iiip), also. This
allows us to define 1 and ~ as functions of ip, 725 and i1 using experimentally and/or empir-
ically determined relations. Power law and Carreau-Yasuda models for shear thinning and shear
thickening fluids are examples and are obviously justified based on (4.41). Thus, power law and
Carreau-Yasuda models in fact have continuum mechanics basis. To relate to the published work

in polymer science for these models, we consider the following.

Power law [22]: Let

4] = [L] + [L]" (4.47)

iis = tr([7]?) (4.48)

a scalar v is defined as
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5 =] Ziis (4.49)

then we express 7 as a function of

n=m(y)"* (4.50)

We conduct experiments to determine a graph of 7 versus 7 (on log-log scale) from which the

power law index 7 is determined for a specific fluid of interest. We note that
[7] =2[D] (4.51)
Hence

= 4tr([D]?) = 4iip (4.52)

v = \/—zz = \/ (4iip) = /2iip (4.53)

Substituting from (4.53) into (4.50)
n=m(2iip)"T (4.54)

more specifically, we write

n—1

N, = m(2(iip)s,) 2 = W((iiD)tn) (4.55)

In (4.55), we have considered 7, as a function of (iip);, only and not a function of (ip)q,
and/or (iiip ), . m is a constant for the fluid. For compressible thermofluids, dependence of 7, on

(ip)t,» (iip)s, and (iiip),, is valid based on the derivation presented here.

Carreau-Yasuda [22]: Based on (4.41), we can also consider any other experimental and/or em-

pirical relationship expressing 7, as a function of (iip),,. Carreau-Yasuda model is an example.
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n

“ =n((iip).,) (4.56)

N, =n> + (n" — noo)(l + (A/2(iip)s, )“)

n’, n>, a, A and 7 are model constants [22]. This model obviously also has continuum mechanics

basis based on (4.41). In fact, any desired experimental and/or empirical relationship expressing

7y, as a function of (ip)y,, (iip), and (itip ), is permissible based on (4.41).

Remarks:

1. When 7, £ and ay,, in (4.44) show dependence on p,, 0;., (ip).,, (iip)s, and (iiip)e, as
in (4.41), we refer to the fluid described by (4.44) as compressible generalized Newtonian
thermoviscous fluid with variable transport properties. Thus, Power law and Carreau-Yasuda

models are special cases of a more broader category of fluids described by (4.41) and (4.44).

2. When 7, x and oy, in (4.44) only show dependence on p;,,, étn i.e., when

T]tn = n(ﬁtn Y Q_tn)
R, = li(ptn s gtn) (457)

(qttm)tn = (Pt » Or,)

Then, (4.44) and (4.57) describe compressible Newtonian thermoviscous fluids with variable

transport properties.

3. The first term in (4.44) is due to the initial stress field in the configuration at time ¢,, and the
last term accounts for the stress field created in the current configuration due to the expansion

or contraction compared to the configuration at time ¢ = ¢,,.

4. Itis important to emphasize that the constitutive equations such as (4.44) hold for the current
configuration at t = ¢,,;. Thus in (4.44) [4,5], [D] are in the current configuration at ¢ =
tni1. However 1, , Kk, and (ay,,);, are determined based on the known deformation field

in the configuration corresponding to ¢ = ¢,,. This is a consequence of the Taylor series
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expansion about the configuration at time ¢ = ¢, of the coefficients %’ in (4.33). In the
current published works ( [22, 38, 39]), this is not the case, but instead 7, x and oy, are
treated as the functions of unknown deformation field in the current configuration at time

t =ty i.e., instead of 1, K, and (cy,,)s,, these are replaced by

7(]tn+l = n(ﬁth»l ) e_t'rH»l Y (iD>t7L+1 ? (iiD)t7L+1 ? (iiiD)tn+1) = 77
Kt = H(ﬁt'rﬂ»l ) e_tn+1 ) (iD)th ) (iiD>tn+l ) (iiiD)tn+1> =R (4.58)

(atm)tn+l - atm(ﬁtn+1 ) e_tn+1 ) (iD)tn+1 ) (iiD)tn+1 ) (iiiD)th) = Qim

In (4.58), we have redefined 7, ,, y,,, and (Qm)s,,, by 7, & and oy, (their values in the

n+1 n+1

current configuration). With the new definitions of 7, x and ay,, in (4.58), (4.44) can be
written as

[47] = Gol, [I] + str([D])[I] + 20[D] — e (0 — 0, 1] (4.59)

With the new definitions in (4.58), power law, Sutherland law for temperature dependent
viscosity, and power and Carreau-Yasuda models (equations (4.45), (4.46) and (4.55), (4.56))

can be written as

0 \2
Mgy =1 = 770 <%> ;  Power law: temperature dependent viscosity  (4.60)

of ON\3/%0° + s _ o
Ntrsr =N=1 <@) <§—+s) ; Sutherland law: temperature dependent viscosity (4.61)

Nipyr = N = m(201 D)% ;  Power law: Generalized Newtonian fluids  (4.62)

-1 Carreau-Yasuda model:
@ (4.63)

Generalized Newtonian fluids

n

Ny =1 =n%+ (n° —noo)(l—i- (M/2iip )“)

(4.59) with (4.60) - (4.63) are what is used currently in the published works. When the two
configurations at time ¢,, and ¢, are in close proximity in terms of deformation field, using

(4.58) may be justified but it is not supported by the derivations presented here.
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4.7.2 Constitutive theory for the heat vector

Based on (4.30), in this case the only generator is g, hence we can write

Og=-%g (4.64)

Also, the only invariant is 9/ = g - g, hence the coefficient % in (4.64) is a function of p,

and ] in the current configuration at time ¢t = ¢, i.e., py, ., 0;, ., and (1) To determine

tn+1 °
the coefficient % in (4.64) related to the current configuration at time ¢ = ¢,, 1, we consider Taylor
series expansion of % about the configuration at time ¢ = ¢,, in f and 9] and retain only up to linear

terms in 6 and the invariant.

(%)
o(1L)

9(%)

( ("Dtir — (ql)tn) + —=

ae (éthrl - Q_tn) (465)

tn

qoz:qoz|tn+

tn

8(%) 3(%)
qa|tn’ (@D ‘tn and 00

have ‘o = @(pt, » Or, , (‘L) 01,11 5 (“L)s1,,,,)- Substituting from (4.65) into (4.64)

| . are functions of p,, 0,, and (1), whereas from equation (4.65) we

, A(%) o) - N
Ve = _<qo‘|tn + (1) tn( ("Dtyr = ("Dr) + o0 tn(eml - etn)> g (4.66)
(% ()| - _
or  g=—l g- agq ]; (9:-9)—(9-9))9 - % (01,0 = 01,) 9 (4.67)
~/ ltn tn

We note that if there is a uniform temperature change between the configurations at times ¢,,
and t,,q, then g = 0 and hence (”’q must be zero. This condition is satisfied by (4.67). We
note that all quantities at time ¢,, are known as these correspond to a configuration for which the

deformation field is known. We collect terms and define

o) = o o) )
a(41) tn(g “9)t, ) (k1)t, = (el . ; (k2)i, = W (4.68)

—q } _
ktn Oétn

then (4.67) becomes (we drop the subscript ¢,,+1 since it is understood it represents the current
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configuration)

Og=—k,g— (k). (@9 g— (k). (0—0,) @ (4.69)

We nOte that ktn = k(ﬁtn ? g_tn ) (g .g)tn)’ (k1>tn = kl(latn ? Q_tn ) (g : g)tn) and (k2>tn =
ky(pe, , 01, , (@-@)s,). (4.69) is the most general form of the constitutive equation for the heat

vector (¥)gq based on (4.30). If we neglect If we neglect the last term in (4.69) then

0g=—k,g— (k)G9 g (4.70)

Og=—k, g (4.71)

oo Vg=—-kg=—klllg=—[K|g (4.72)

in which k is thermal conductivity and [K| is the diagonal thermal conductivity matrix. We note

that

k =k, =k(p,, 0, (@ 9)t,) (4.73)

Based on 4.73, the thermal conductivity can be a function of density, temperature and the first
invariant of g i.e., g - g in the configuration at time ¢ = ¢,,. Thus, as in case of viscosity, here also
we can use experimental and/or empirical relation for thermal conductivity as a function of p, 6
and g - g, keeping in mind that (4.69) and (4.72) hold for the current configuration at time ¢ = ¢,

whereas material coefficients in (4.69) and (4.72) are only defined for the configuration at time

t = t,,. Thus, power law, Sutherland law for temperature dependent k [22,38,39] are justified.

g, \n

ke, = K° (ﬁ) : Power law 4.74)
8, \3/2 /6

I (#) (e_tn ii ) . Sutherland law (4.75)

k°, 6°, n and s are constants for a specific fluid. This permits us to have variable thermal
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conductivity during the evolution. Similarly we can also consider £ as a function of p;, as well,

keeping in mind that based on 4.73, dependence of k;, on (g - @);, is permissible as well.

Remarks:

1. The constitutive theory for the heat vector (°’q based on the generator of the argument tensor
g given by (4.69) is much more complicated than the standard Fourier heat conduction law
defined by (4.72) which only considers first degree terms in the components of g in the

constitutive theory for (*'q.

2. In (4.69) as well as (4.72), g is independent of the basis, hence (4.69) and (4.72) are valid in

contra- and co-variant basis as well as Jaumann i.e.

—q (4.76)

3. The constitutive equations (4.69) and (4.72) hold for the current configuration at time ¢ =
tni1, thus (Og and g correspond to time ¢t = t,.,1, however, the coefficients k, 'k and 2k
are defined in the configuration at time ¢ = ¢,,. This is obviously a consequence of the
Taylor series expansion of % about the configuration at ¢ = ¢,,. In the currently published
works [22,38,39] this is not the case, but instead k, 'k and k are treated as functions of the

unknown field in the current configuration, that is k;, , 'k, and %k;, are replaced by

ktn+1 = k(ﬁthrl ; Q_tn+1 ) (g 'g)tn+1) = k(ﬁ7 0_7 g g)
lktnﬂ = 1k(ﬁtn+1 ) H_tn+1 ) (g 'g)tn+1) = lk(ﬁv 9_7 g g) 4.77)

thn+1 = Qk(pth ) H_tn+1 ) (g 'g)tn+1) = Qk(ﬁv 9_7 g g)

In (4.77), we have redefined k, 'k and k by ki, ,,, 'k,,, and *k,, ., in the current config-

uration at time ¢t = t,,,. With the new definitions (4.77), (4.69) and (4.72) can be written
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as

a=-kg—"k((@ 9)t.. —(@-9).)g—k(0:,,, —0.,) 8 (4.78)

q=—-kg (4.79)

Power law (4.80)

9_ .
@ )
632 /6°

@) ( - :_r §> . Sutherland law 4.81)
(4.79) - (4.81) are what is used in the published works. When the two configurations at times

t, and t,,, 1 are in close proximity of each other in terms of the deformation field, using (4.77)

may be justified, but it is not supported by the derivation presented here.

4.8 Incompressible ordered thermofluids of orders n, 2, 1

All derivations presented so far for the constitutive theories of orders n, 2 and 1 for [(°)7]
and (g assumed the thermofluid to be compressible. In this section we consider ordered rate

constitutive theories for [(°j7] and (*)q for incompressible thermofluids. For incompressible matter

p = p = constant (4.82)
div(v) =0 (4.83)
tr([V]) = (YY) = () = w([(W47]) = w([D]) = 0 (4.84)
det([J]) =1 (4.85)

Thus, the density p can be eliminated from the argument tensors of the dependent variables [(°)y5]

and (¥)q in the rate constitutive theory for incompressible thermofluids.
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o =o(0(z,t)) (4.86)

05] =[5 (0(,t))] + [ ] (4.87)
(D] = [Qe((Dy@.1)]; j=1,2,...,n, 0@,t), g@.1))] (4.88)
Og=0Og([Dy@,t)];j=12...,n, (1), g,1)) (4.89)
[%2a] = p(0(, ) 1] (4.90)

The rate constitutive theories of orders n, 2 and 1 for compressible thermofluids presented in
earlier sections can be modified by: (i) eliminating p all together from the entire derivations and (ii)
incorporating incompressibility conditions using (4.83) - (4.85) to obtain rate constitutive theories
of orders n, 2 and 1 for incompressible thermofluids. Details are straight forward, hence not
presented here for the sake of brevity. By replacing [(°}7], (®)q and [V)] ; j = 1,2,...,n with the
appropriate corresponding measures in the chosen basis ,i.e., ([dﬁ(o)}, ", Y95 =12,... ,n),
(la©) @y 1) 37 = 1,2,...,n) and ([%a”], ©Og’, [V47] ;1 j = 1,2,...,n) we can easily
obtain the rate theories of orders n, 2 and 1 in contravariant basis, covariant basis and Jaumann

basis.

4.9 Constitutive theories for incompressible generalized New-
tonian and Newtonian fluids

Following the rate constitutive theories for compressible generalized Newtonian and Newto-

nian fluids presented in section 4.7 and eliminating p from the argument tensors, (4.29) - (4.30)
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reduces to

(93] = [©a((V], 0)] 4.91)

g =g, g) (4.92)

4.9.1 Constitutive theory for the deviatoric Cauchy stress tensor

(4.91) and (4.92) are exactly same as (4.29) and (4.30) used for compressible case, except that
p 1s eliminated in (4.91) and (4.92). Thus the derivation follows the compressible case except that
p is eliminated in the derivation. Generators [?G'] = [(V4] and [7G?] = [V4]? of the argument

tensor (V4] allow us to represent [(°)}5]
[(45] = 0[] + ' [V9] + @[]’ (4.93)
The invariants of [(1)] are
U'=in,=tuw([M]) =0 ; L=iin,=u((V]?) ; L=iiiq,=uw((D]*) @494

The coefficients %’ ; i = 0,1,2 in (4.93) are functions of temperature # and the invariants
1% and °I? in the current configuration at time ¢ = t,1 i.e., 0;,,, and (°19), ., ; j = 2,3. To
determine the coefficients o’ ; i = 0,1, 2 in (4.93) related to the configuration at time ¢ = ¢, 1,
we consider the Taylor series expansion of each %’ ; i = 0, 1,2 about the configuration at time

=t,infand °[’ ; j = 2,3 and retain only up to linear terms in # and the invariants.

o) o a(ffai) o o a(o&i) o o
o = t 8 O'[2 ( ( £2)tn+1 - ( ,‘Lz)tn) + a 0—[3 ( ( ,‘Lg)tn+1 - ( ,‘Lg)tn)
a(n ) ( 4 ) tn ( ~ ) tn (4 95)
Iyt B _ .
_ ) —0 ; =0,1,2
+ 89 tn( tn41 tn) ) 1 )
Let us introduce the notation g((:—‘}“;)) =%";;j=2,3andi = 0,1,2. Substituting from (4.94)
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into (4.95) and then (4.95) into (4.93)

[“ho] =

In (4.96),

( a®[, + (%), ((Hiey ey — (Fs)1,)

+ (%0 3)0, ((Fdr )by — (Fi0)4 )1, ) + 8(200_40) (7 étn)> 1] +
tn
(%], + (%0 ) (i, e — G, )
+ (% 3)e, ((dia) )iy — (Fi, ), ) + a(;(;_‘l> t B, — étn)> (Ma] + (4:50)
(“O‘Z\m + (0%,0) 0, ((F00 )iy — (00, )i
+ (%0 3) 0, (0 )y — (G004 ) ) + a(;(;) t ., — gtn>> (O

we note that all quantities at time ¢,, are known as they correspond to a configuration

(t,,) for which the deformation field is known. We collect terms in (4.96) and define material

coefficients and others. Let

50‘25”_ aa0|tn - (Ua072)tn (ii(1>7)tn - (Ua073)tn (iii(l)w)tn
“by= (), ;5 Tbs= (),
oy =, — (et 2)e, (G, )i, — (0 3)e, (G0, ),
3= ("alo), 5 b= (Tala), (4.97)
O.b% 0042|t - (Ua272)tn (2@(1),},>tn - (aa273)tn (le(l)’y)tn
Ub?’, = (Ua272)tn ) Ub?l = (Ua273)tn
O'b3 :a(ao_éo) O’b3 — a(UOfl) O'b3 — a<ao_é2)
Y ’ > 00 ’ 500
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Using (4.97) we can write (4.96) as

(5] = aol, 1]+ 70a(is )ty (1] + Tb3(iti0) )1, 1]
+ Ub%[(l)’y] + Jbé (ii(l)w)tn-u [(1),7] + szll(i%(l)y)tn-o-l [(1)’7]
(4.98)
+ b [N + b3 (i) ) [V + 703 (EE 00 )y [P])

70 O = )]+ B3 Brs = 00D + 70 B,y — 01,)[V7)?

in which the coefficients “by, “bs, 7b1, 7bi, “bl, b2, “b2, 7b2 and “b3, “b3, “b3 are functions of 0,
(4i01), )e, and (iiiq)., )s, as evident from (4.97). These are the variable material coefficients that are
dependent of the deformation during the evolution. & . is the initial stress field associated with
the configuration at time ¢ = ¢,. (4.98) are the constitutive equations for [(0215] for incompress-
ible generalized Newtonian thermofluids with variable material coefficients. This theory requires

determination of a total of eleven variable material coefficients.

(a) Further assumptions and simplifications

The constitutive theory described by (4.98) can be further simplified if we make the following

assumptions:

(i) We neglect the generator [(V7]2 all together in the development of the rate theory. Thus the

terms in (4.98) containing the coefficients 7b7, b3, “b3 and “b3 can be deleted.

(i) We also neglect all product terms in the current configuration at ¢t = ¢, i.e., the products
of generator [(V4] and its invariants can be removed from (4.98) including the products of

(e_thrl — G_tn) with [(1)”}/]

(iii)) When using simplifications (i) and (ii), we ensure that the material coefficients defined in

(4.97) are not affected. With these assumptions, (4.98) reduces to
(Oha)=0|, [I1-+7ba(iian )t 145 (600, )1, (1) +701 (DA 703 (Br, =00, 1] (4.99)
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(4.99) is a much simplified constitutive theory for [(°y7]. It only requires determination of

four material coefficients.

(iv) If we further assume that the constitutive theory for [(°47] to be linear in the components of

(D], then (i81) )y, and (@700, )y, ,, terms in (4.99) can be deleted.

(%4a) = a0, [T+ 761[ V] + 76} (Or,.,, — O[] (4.100)

We redefine the material coefficients to conform to commonly used notations.

bt =2n(pr, , b1, 5 (i1 e, 5 (tdicys)e,) = 2me, 4.101)

Ub?: —Qty (ﬁtn ’ H_t'n ) (ZZ(D'Y)tn ? (222(1)7)t7l) - _(atm)tn

then we can write
(4] = o, 1+ 2,7 = (), Bres = O1)1T] (4.102)

(4.102) is the most simplified constitutive theory for [(*)&| for incompressible generalized New-
tonian thermofluids with variable material coefficients. This theory requires determination of only
two material coefficients. We note that (4.102) could be obtained using (4.42) by eliminating p and

using the compressibility constraint tr([(1)]) = 0.

Remarks:

1. We note that (4.102) holds for the deformed configuration at time ¢ = ¢, 1.e., current
configuration, thus [(°j5] and [(V+] are defined at time ¢ = t,,,; but the coefficients 7, and

(g )¢, are obviously defined in the configuration at time t = ¢,,.
2. n is the viscosity of the fluid and ay,, is the thermal modulus.

3. By replacing [(°)5] and [V4] with the appropriate corresponding measures in the chosen
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basis, ([40V], [vV]), ([46(0))» [yn)]) and ([©47], [V47]) we can obtain forms of (4.102)
in contravariant basis, covariant basis and Jaumann, keeping in mind that the arguments of n
and oy, dependent on [(1)7] are likewise modified. In (4.102), iiq)., and iii@)., need changes
in 7, and (o, ), due to change of basis. As in case of compressible thermofluids, here also

we note that

(D] =[] = [y = [V47] = [D] (4.103)

Hence, the right side of (4.102) remains unaffected due to the change of basis, thus [(0?16] =

[16©] = [46(0)] = [(%h5”] = [46] holds and we can write
4] = 0o, 1] + 204, 1D] = (@om)r, (B, — 00, [1] (4.104)

where [,0] is the deviatoric Cauchy stress tensor and the coefficients 7;, and (o, ):, become

. =00, , (ip)e, , (iiip)s,) (4.105)

(m)tn = @ (01, 5 (iip)s, » (idip)s,)

(b) Variable transport properties or material coefficients

From (4.105), we note that 77 and «ay,,, can be functions of temperature during the evolution but
their values must be determined based on f in the immediately preceding known configuration (¢ =
t, in this case). (4.105) permit us to use experimentally and/or empirically determined relations
for density and temperature dependent 7, x and «y,,. For example, in (4.104) and (4.105), power
law and Sutherland models for 7,, = 7, (,,) remain valid for the incompressible thermofluids as

well.

Power law, Carreau-Yasuda models etc. for n

From (4.105), we note that viscosity 1 can be a function of the second and third principal

invariants of [D] i.e., iip and iii . This allows us to express 7 as a function of i and éiip using
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experimental and/or empirical relations between 1 and iip5 and i2¢p. Thus power law, Carreau-
Yasuda models (described for compressible case) etc. for shear thinning and shear thickening

fluids are justified and obviously have continuum mechanics basis.

Remarks:

1. When 7 and ay,, in (4.104) show dependence on 0,,, (iip):, and (iiip);,, we refer to the
fluid described by (4.104) as incompressible generalized Newtonian thermoviscous fluid with
variable transport properties. In addition to power law and Carreau-Yasuda models for 7,

as a function of (iip);, , the other empirical and/or experimental relations are valid as well.

2. When 7 and a4, only show dependence on étn 1.e., when

M, = n(étn)
(4.106)

()t = atm(étn)

Then, (4.104) and (4.106) describe incompressible Newtonian thermoviscous fluids with

variable transport properties.

3. Constitutive relations (4.104) hold for the current configuration at time ¢ = ¢,,1. In (4.104)
[45] and [D] are in the current configuration at time ¢ = t,;, however 7,, and (aun)s,
are determined based on the known deformation field in the configuration corresponding to
t = t,,. This is a consequence of the Taylor series expansion about the configuration at time
t = t,, of the coefficients o’ used in the linear combination of the generators to define [(°}5].
We remark that in the published works [22,38,39], this is not the case, but instead 7 and oy,

are treated as the functions of unknown deformation field in the current configuration at time

t = t,41 i.e., instead of 1, and (a4 )y, , these are replaced by

ntn+1 = T’(e_t'rrrl ) (iiD)tnﬂLl ? (,”/ZD>tn+1) =N (4.107)

(atm)tn+1 = atm(étnﬂ ) <iiD)tn+l > (iiiD)th) = Qi
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with the new definitions of 7 and oy, in (4.107), (4.104) can be written as (no need to use

the subscript ¢,,,1 for the coefficients)

40] = o, [1] +2n[D] — um(Br,, ., — 0u,) 1] (4.108)

in which [47], [D], n and o, are in the current configuration at time ¢ = ¢,,,1. With (4.107),
power law, Sutherland law for Newtonian case and power law, Carreau-Yasuda models for
generalized Newtonian case change to (4.60) - (4.63). (4.108) and (4.60) - (4.63) are what
is used currently in the published works. When the two configurations at times ¢ = ¢,, and
t = t,,41 are in close proximity of each other in terms of deformation field, using (4.108) and
(4.61) - (4.63) may be justified but it is not supported by the derivation of the constitutive

theory presented here.

4.9.2 Constitutive theory for the heat vector

Based on (4.92), it is obvious that the constitutive theory for (g for the incompressible case
remains the same as for the compressible case (section 4.7.2) except that p drops out in the entire
derivation as it is not an argument tensor in (4.92). Details can be readily obtained from the

derivation in section 4.7.2 and are not repeated here for the sake of brevity.

4.10 Numerical studies using non-linear constitutive equations
for the deviatoric Cauchy stress tensor

If we decompose the Cauchy stress tensor in equilibrium stress and deviatoric Cauchy stress
tensor, then the equilibrium stress is thermodynamic pressure (compressible case) or mechanical
pressure (incompressible case), and the deviatoric Cauchy stress tensor becomes a dependent vari-
able in the constitutive theory. In this section, we consider a subset of thermofluids of order n = 1.

For these fluids with n = 1, the first convected time derivative of the strain tensor is an argument
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tensor of the dependent variables in the constitutive theory. The distinction between covariant and
contravariant bases disappears in this case as the first convected time derivative of the stain tensor
in the two bases is the same. We consider a constitutive theory for the deviatoric Cauchy stress
tensor that is quadratic in ") or Y1) or D and present comparison with the constitutive theory

based on Newton’s law of viscosity.

Since the description is understood to be Eulerian, we drop over bar () on all quantities
for simplicity of notation. To conform to commonly used engineering notations we replace z; ;
i=1,23byz,y,zand v; ;i = 1,2,3 by u,v,w and O, ;4,5 = 1,2,3by 75; ;4,5 = 1,2,3
in the mathematical model. We consider the following non-linear constitutive equation for the

deviatoric Cauchy stress tensor 7:

[7] = wte([D)I] + 20[D] + katr([D*)[1] + m: [D]? (4.109)

We consider fully developed flow of a constant viscosity imcompressible fluid between parallel
plates as model problem. For this model problem the continuity equation is satisfied identically,
hence the mathematical model describing the flow physics only consists of z- and y-momentum
equations and the constitutive equation for the deviatoric Cauchy stress tensor if we assume isother-

mal flow.

% B 88? _ (4.110)
g_z_agzy 0 @.111)
= UZ_Z 4.113)

where x; and n; or § = o+ 774—1 are the new coefficients associated with the non-linear terms

with units of N.sec?/m?. Figure 4.1 shows a schematic and boundary conditions of the model
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problem using physical quantities. The plates are separated by a distance 2/ . The origin of the
xy-coordinate is located at the center of the plates and the positive x-direction is the direction of

the flow. The flow is pressure driven i.e. Op/0z (negative) is specified.

A
'B
BCsat B:
u= , p=20
—_— H=0.0lm
Flow direction
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, -
center line A BCsat A:
ou
w=0 , —=0
Ty By

Figure 4.1: Schematic of 1-D fully developed flow between parallel plates (half domain)

Solution of the BVP:

In the numerical studies, we consider solutions of (4.110) - (4.113). The pressure gradient
Op/0x is specified and assumed constant, hence a theoretical solution is possible. Solving for 7,

from (4.110) with the boundary condition 7., = 0 at y = 0 gives

dp

™ o

(4.114)

Substituting from (4.113) into (4.114), solving for v and using the boundary condition v = 0
aty = H give
L op

= — 2 _H? 4.11
u 2776,ag(y ) (4.115)
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Substituting from (4.115) into (4.112) yields
1 dp ’ 2
S = - 4.116

Tz and 7, are zero for the constitutive theory based on Newton’s law of viscosity. In the

numerical calculations of the solutions we consider air [60] at 15 °C with viscosity of
n = 0.0000179 N.sec/m?

The following pressure gradient values are chosen to present results

dp

—=-01 ; =02 ; —-03 ; —-04 ; —0.5Pa/m
ox

We consider the following values of the coefficient
£ =0.0 : 1.0 x 107° : 5.0 x 107° N.sec? /m?

When 8 = 0.0, (4.110) - (4.113) reduce to the mathematical model corresponding to fully
developed flow between parallel plates for Newtonian fluids. The non-linear term does not affect
the velocity profile or shear stress as expected based on (4.114) and (4.115), however with 3 # 0,

the normal stresses 7,, = 7, are produced.

The material coefficient 5 in the non-linear constitutive equation for the deviatoric Cauchy
stress tensor needs to be determined experimentally. The choice of the values of [ is made so that
with progressively increasing pressure gradient Op/Jx and as a consequence, increasing velocity
gradient Ou/0dy, the constitutive equation based on Newton’s law of viscosity remains valid up to
some maximum value of dp/0x i.e., for this range of Op/Ox, the choices of numerical values of

(3 have no significant influence on the stress field. Beyond certain value of dp/0z, the solutions
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obtained for non-zero 3 begin to differ from those obtained using the constitutive equation based

on Newton’s law of viscosity. We present numerical values in the following to demonstrate this.

Figures 4.2 - 4.4 show graphs of u, 7,,, 7., and 7, versus distance y obtained using (4.114) -
(4.116) with different values of pressure gradient dp/0x and coefficient . Figure 4.4 shows that
for Op/0z = —0.1 and —0.2 Pa/m, the normal stresses corresponding to all three values of [ are
in good agreement confirming that within this range of dp/dx, the constitutive equation based on
Newton’s law of viscosity holds as non-zero [ does not appreciably change 7., and 7,, from their

zero values corresponding to Newton’s law of viscosity.

0.01 - dp/dx values (Pa/m):
-0.1
0.009 ~ -8.2 E—
-0.3
0.008 ~ 04 ——
-0.5 —
0.007 A
E  0.006 -
-
8 0.005 A
g
2 0004 A
0.003 A
0.002 A
0.001 A~
0 T T T T T T T T T T T T T T 1

0 01 02 03 04 05 06 07 08 09 1 1.1 12 13 14 15
velocity, u (m/sec)

Figure 4.2: Velocity u versus distance y (for any value of 3)
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Distance, y (m)

Distance, y (m)

0.01 -

0.009 ~
0.008 A
0.007 +
0.006 o
0.005 o
dplox values (Pa/m):
0.004 - o
0.2 ——
0.003 ~ 0.3
04 ——
0.002 o 0.5 ——
0.001 -
0 T T T T T 1
-0.006 -0.005 -0.004 -0.003 -0.002 -0.001 0

Shear stress, Tey (Pa)

Figure 4.3: Shear stress versus distance y (for any value of /3)

0.01
0.009
0.008
0.007
0.006
0.005
dplox values (Pa/m):
0.004 0l
0.2 ——
0.003 0.3
04 ———
0.002 0.5 —
0.001 § B=0.0 B=1x10"N.sec*/m’ B=5x10"N.sec?/m? -+
zero normal stresses
0 T T T T T 1
0 1 2 3 4 5 6
Normal stress, T =Tyy (Pa)

Figure 4.4: Normal stresses versus distance y
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For Op/dx = —0.3 Pa/m, the normal stresses begin to differ from the predictions (zero normal
stresses) corresponding to Newtonian fluids. As expected, the larger the value of [, the greater
is the deviation of the normal stresses along the domain from the constitutive equation based on
Newton’s law of viscosity. For dp/0z = —0.4 Pa/m and —0.5 Pa/m, the normal stresses differ
significantly compared to Newtonian fluids for which they are zero. Larger value of [ results in
larger normal stresses. An important point to note is that both constitutive equations predict zero
normal stress differences. The study suggests that when flow rates and hence velocity gradients are
high, the non-linear constitutive equation for the deviatoric Cauchy stress tensor may be a more
realistic representation of the physics as opposed to the constitutive equation based on Newton’s

law of viscosity.

4.11 Summary

We have presented development of rate constitutive theories for incompressible as well as com-
pressible ordered thermofluids in contravariant and covariant bases as well as using Jaumann rates.
Based on the axiom of admissibility, all constitutive theories must satisfy conservation laws to en-
sure thermodynamic equilibrium of the deforming matter. Since conservation of mass, balance of
momenta and energy equation only require existence of the stress field and heat vector, these are
independent of the constitution of the matter. Thus the second law of thermodynamics (Clausius-

Duhem inequality) must provide the basis for the constitutive theory.

The conditions resulting from the Clausius-Duhem inequality: (i) Show that 7, specific en-
tropy is deterministic from the Helmholtz free energy density and hence should not be considered
as a dependent variable in the constitutive theory. Thus, the stress tensor, heat vector and the
Helmholtz free energy density are the only dependent variables in the constitutive theory for the

type of fluids considered here (ii) Provide a mechanism to determine the heat vector as a function
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of the temperature gradient vector and conductivity, i.e., Fourier heat condition law (iii) Do not
provide a mechanism to determine constitutive equations for the total stress tensor. However, if
the total Cauchy stress tensor is decomposed into equilibrium stress and deviatoric stress, then: (a)
The equilibrium stress is deterministic from the entropy inequality and leads to thermodynamic
pressure for compressible fluids and mechanical pressure in the case of incompressible fluids. The
derivations are presented in this chapter. These hold regardless of the order of the thermofluid. (b)
But the deviatoric Cauchy stress is not deterministic from the entropy inequality, however the en-
tropy inequality does require the work expanded due to the deviatoric Cauchy stress to be positive.
Thus the constitutive theory for ordered thermofluids reduces to deviatoric Cauchy stress tensor,
heat vector and Helmholtz free energy density as dependent variables and their determination in
terms of the argument tensors describing the flow physics in contravariant and covariant bases and

using Jaumann rates.

Details of the contra- and co-variant bases, stress and strain measures, convected time deriva-
tives of the stress and strain tensors in contra-, co-variant bases and using Jaumann rates, deriva-
tions of entropy inequality and the conditions resulting from it have been presented in refer-
ences [55,56]. It is shown that for compressible ordered thermofluids: (i) in contravariant basis,
the argument tensors of deviatoric Cauchy stress [;7(°)] and heat vector @ are p, 0, g and [yV)] ;
7 =1,2,...,n, the convected time derivatives of orders 1,2, ..., n in the contravariant basis and
for ®, the argument tensors are p and 0. (ii) in covariant basis, the argument tensors of the devia-
toric Cauchy stress [40()] and heat vector g g, are p, 0,g and [y;)];j =1,2,...,n, the convected
time derivatives of orders 1,2,...,n in the covariant basis and for ®, the argument tensors are
p and 0. (iii) Using Jaumann rates, the argument tensors of the deviatoric Jaumann stress tensor

[(©45”] and heat vector (g’ are p, 0, g and [V

71,5 =1,2,...,n. For incompressible ordered

thermofluids, density p in the current configuration is the same as in the reference configuration

and hence it is no longer an argument of the dependent variables in the constitutive theory. Other

arguments remain the same as for the compressible case.
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The theory of generators and invariants is utilized to derive the general form of the constitutive
theory for an n'" order ‘ordered thermofluid’ (both compressible and incompressible) in contravari-
ant and covariant bases as well as using Jaumann rates. In this theory both the deviatoric Cauchy
stress and the heat vectors are expressed as a linear combination of the combined generators of the
argument tensors. The coefficients in this linear combination are functions of the combined invari-
ants of the argument tensors in addition to 5 and @ (in case of compressible fluids) or & (in case
of incompressible fluids). The coefficients are determined by using their Taylor series expansion
about the configuration at time ¢ = ¢,, assuming that ¢ = ¢,,; corresponds to the current configura-
tion) and retaining only up to linear terms in the combined invariants and the temperature. Explicit

details are presented for second and first order ‘ordered thermofluids’.

The general form of the ordered rate constitutive equations of order one is specialized and
detailed derivations are presented for thermoviscous generalized Newtonian and Newtonian fluids
(both compressible and incompressible). For such fluids, only the first convected time derivative
of the strain tensor (Green or Almansi depending upon co- or contra-variant basis or Jaumann rate)
remains as argument tensor for the deviatoric stress (in addition to density and temperature). The
heat vector does not contain the first convected time derivative of the strain tensor as an argument.
Based on the theories presented in this chapter for ordered thermofluids we make the following

remarks.

1. For ordered thermofluids of order greater than or equal to two (i.e., when [y?)], [y®)] ,
cor [yl [y s ... oor [P97], [®47], ... are argument tensors), the contra- and co-
variant stress measures as well as Jaumann stress tensor are not the same, i.e., in this case
[46©] # [46(0)] # [57] even though they all are in z-frame with the same dyads. The
same is true for the constitutive theory for the heat vector when the convected derivatives

of the strain tensor of orders higher than one are the argument tensors i.e., for this case

40 #q # g’
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2. For ordered thermofluids of order one, i.e., when [y(V)] or [y(1)] or (V7] are argument ten-
sors, the contra- and co-variant stress measures are the same, i.e., in this case [;c(*)] =
[40(0)] = [°4”7]. For such fluids, the distinction between contra- and co-variant bases and
Jaumann rates disappears and we may simply say deviatoric Cauchy stress [;7] as opposed
to contra- and co-variant deviatoric Cauchy stress tensor or Jaumann stress tensor in the
x-frame. Thus, for generalized Newtonian and Newtonian fluids (both compressible and in-

compressible) the covariant and contravariant stress measures and Jaumann stress measure

are the same.

. Based on the theory of generators and invariants, the constitutive theory for heat vector for
an ordered thermofluid is much more complex (even for thermofluids of order one due to
the dependence of the heat vector on the combined generators of [yV], g or [yu)], g or
[((M~7], @) compared to Fourier heat conduction law which requires that the heat vector not
be dependent on [yV] or [y1)] or [My”]. The constitutive theory for the heat vector based
on the combined generators of [yV)], g or [y)], g or [V+7], g is perhaps more realistic
for fluids as it accounts for velocity gradients. However, their use will require experimental

determination of additional material coefficients.

. It is shown that the constitutive theory for the deviatoric Cauchy stress for generalized New-
tonian (compressible as well as incompressible) thermofluids has continuum mechanics ba-
sis and is derivable using rate constitutive theory of order one with further assumptions and
simplifications. The derivations support variable transport properties (i.e., functions of tem-
perature and density) a well as dependence of the transport properties on the invariants of
D that form the basis for power law and Carreau-Yasuda models (and others) for shear rate
dependent viscosity. Thus power law and Carreau-Yasuda models are not “useful empiri-

cism” [22] but have continuum mechanics foundation as shown here.

. A significant point to note in this chapter is that determination of coefficients used in the

linear combination of the generators to express the deviatoric stress tensor or heat vector
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requires use of Taylor series about the configuration at ¢ = ¢,, when ¢ = ¢,,,; is the current
configuration. This automatically forces the determination of the coefficients in the config-
uration at time ¢t = ¢,, and not at ¢ = ¢,,,1 corresponding to the current configuration. In all
presently used works, this is not the case. Variable transport properties as well as material
coefficients dependent on the invariants of D are all expressed using the current configu-
ration. This may be justified when the configurations at ¢ = ¢,, and ¢ = ¢,,.1 are in close
proximity in terms of deformation field but can not be supported by the derivations presented

in this work.

. All constitutive theories for ordered thermofluids in contra- or co-variant bases and using
Jaumann rates are in fact rate constitutive theories. In the case of the constitutive theory in
the contravariant basis, we express the convected time derivative of order zero of the con-
travariant deviatoric Cauchy stress tensor [;5()] in terms of the convected time derivatives
of various orders of the Almansi strain tensor in the contravariant basis. Likewise, for the
constitutive theory in the covariant basis, we express the convected time derivative of order
zero of the covariant deviatoric Cauchy stress tensor (47 ()] in terms of the convected time
derivatives of various orders of the Green’s strain tensor in the covariant basis. In the case of
d

Jaumann stress tensor [(°)57] we use Jaumann rates.

Thus, the constitutive equations for generalized Newtonian and Newtonian thermofluids are
indeed rate constitutive equations. The distinction between co- and contra-variant measures
and the measures based on Jaumann rates disappears for such fluids due to the fact that
the convected time derivative of order one of the Green’s strain tensor is the same as the
convected time derivative of order one of the Almansi strain tensor as well as the Jaumann

strain rate.

. It 1s significant to note that based on Surana et al. [30], when the deformation is finite, only
the constitutive theories derived using contravariant basis remain valid. As the magnitude

of the deformation increases, the constitutive theories in covariant basis and others become

141



10.

11.

progressively more spurious as these use stress measures that do not correspond to the true

deformed tetrahedron in the current configuration.

. The condition of positive work expanded resulting from the entropy inequality must be sat-

isfied by all rate constitutive equations presented here.

. Numerical studies are presented for a subset of thermofluids of order n = 1. We con-

sider a constitutive theory for the deviatoric Cauchy stress tensor that is quadratic in D and
present comparison with the constitutive theory based on Newton’s law of viscosity. We con-
sider fully developed flow of a constant viscosity imcompressible fluid (air) between parallel
plates as model problem. The new coefficient 3 associated with the non-linear terms must be
determined experimentally. The pressure gradient Op/Ox is specified and assumed constant,

hence a theoretical solution is possible.

The choice of the values of 3 is made so that with progressively increasing pressure gradient
Op/Ox and as a consequence, increasing velocity gradient du /0y, the constitutive equation
based on Newton’s law of viscosity remains valid up to some maximum value of dp/0x i.e.,
for this range of dp/0x, the choices of numerical values of 5 have no significant influence
on the normal stress field. Beyond certain value of dp/0x, the solutions obtained for non-
zero (3 begin to differ from those obtained using the constitutive equation based on Newton’s
law of viscosity. The study suggests that when flow rates and hence velocity gradients are
high, the non-linear constitutive equation for the deviatoric Cauchy stress tensor may be a
more realistic representation of the physics as opposed to the constitutive equation based on

Newton’s law of viscosity.

Since the constitutive theories in this chapter are based on combined generators and in-
variants of the argument tensors of the dependent variable, strictly speaking these might
be viewed to lack thermodynamic basis (as these are not derived using entropy inequality).
However, the theories do have continuum mechanics foundation as these satisfy the axioms

of the constitutive theory.
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The material presented in this chapter provides a completely general and unified theory for or-
dered thermofluids from which specialized fluid behaviors such as generalized Newtonian fluids,
Newtonian fluids etc. can be easily derived as shown in this chapter. It is demonstrated that the dis-
tinction between contra- and co-variant bases and Jaumann rates is critical for ordered thermofluids

of order greater than or equal to two.
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Chapter 5

Rate Constitutive Theories in Eulerian
Description for Ordered Thermoviscoelastic

Fluids - Polymers

5.1 Introduction

In this chapter we consider development of rate constitutive theories for compressible as well
as in incompressible homogeneous and isotropic ordered thermoviscoelastic fluids, i.e., polymeric
fluids, in Eulerian description. The polymeric fluids are considered as ordered thermoviscoelastic
fluids in which the stress rate of a desired order, i.e., the convected time derivative of a desired
order ‘m’ of the chosen deviatoric Cauchy stress tensor, and the heat vector are functions of den-
sity, temperature, temperature gradient, convected time derivatives of the chosen strain tensor up
to any desired order ‘n’ and the convected time derivative of up to orders ‘m — 1’ of the chosen
deviatoric Cauchy stress tensor. The polymeric fluids described by these constitutive theories will
be referred to as ordered thermoviscoelastic fluids due to the fact that the constitutive theories are
dependent on the orders ‘m’ and ‘n’ of the convected time derivatives of the deviatoric Cauchy

stress and conjugate strain tensors. The highest orders of the convected time derivative of the de-
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viatoric Cauchy stress and strain tensors define the orders of the polymeric fluid.

We consider general ordered rate constitutive theories for thermoviscoelastic fluids in co- and
contra-variant bases as well as using Jaumann rates based on the principles and axioms of con-
tinuum mechanics. The Maxwell, Giesekus and Oldroyd-B constitutive models used currently are
derived as special cases of the general ordered rate theories. The general derivation of the rate
constitutive theories for the deviatoric Cauchy stress and the heat vector are specialized to derive
upper convected (contravariant basis), lower convected (covariant basis) and Jaumann rate consti-

tutive equations commonly used for Maxwell, Giesekus and Oldroyd-B fluids.

5.2 Rate Constitutive Theories in Eulerian Description

In chapter 2 we had considered entropy inequality in Lagrangian description to conclude that @,
o*, g and 1) must be the dependent variables in the constitutive theories. We considered [.J], [J |, 0
and g as arguments of the dependent variables in the constitutive theories. Using entropy inequality

in Lagrangian description it was concluded that: (i) ¢ is not a function of [J] (ii) ® is not a

function of g either (iii) 7 is not a dependent variable in the constitutive theory (iv) consideration of

a%i —oy,; = 0and ¢;¢; < 01s inappropriate due to the fact that in this case &* is not a function of

R

[J

entropy inequality does not provide any further means of determining the constitutive theories for

as @ is not a function of [J], which is contrary to the assumption that * depends on [/]. Thus,

neither o* nor q. It was shown that by considering stress decomposition into equilibrium and

deviatoric stress i.e. * = .0* + ;0" in which .* is not a function of [J] and ;0" becomes

zero when [J] and g are zero, and using the conditions resulting from the entropy inequality, that

a0y J i > 0and ¢;g; < 0 must hold, which gave us ® = ®([J],0), o}; = 020 4 o], 7], 0,9)

1] 0 0Jj; ij

and ¢ = q([J],[J],0,g). Due to frame invariance considerations, dependence on [J] must be

replaced by I, I;, Il; and [J] can be replaced by I;, I;, Il;, [D]. These arguments hold in

Lagrangian description. However, in Eulerian description, material point displacements are not
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known, hence [J] is not deterministic but [, = det[.J] = p/p i.e. dependence on I; can be

replaced by p, but dependence on /; and I; can not be considered. Thus, in Eulerian description

we consider the following in contravariant basis

¢ = (i)(ﬁa 0)

60 =691+ 1090, [D],0.9)] : [0 =p7— (5.1)

q(O) = q(O)</67 [D]> é>g)

For compressible matter, equilibrium stress is a function ® and thus it is deterministic from the

deformation field. For incompressible matter, equilibrium stress is also derived from the entropy

inequality in conjunction with incompressibility constraint, however, equilibrium stress is not a

function of ® and thus it is not deterministic from the deformation field. It was shown that in both

cases, equilibrium stress is independent of the basis. We make the following remarks:

)

)

The second law of thermodynamics only restricts the work expanded due to the deviatoric
stress to be positive but provides no mechanism for determining the constitutive theory for

the deviatoric stress. In addition, ¢;g; < 0 must also hold.

The theory of generators and invariants [3—-21] provides a continuum mechanics foundation
to derive constitutive equations for the deviatoric Cauchy stress tensor and heat vector in
which we determine combined generators of the argument tensors that form integrity or
minimal basis. The dependent variables in the constitutive theories are expressed as linear
combinations of the combined generators of the argument tensors. The coefficients used in
the linear combinations are functions of p, 0, and the combined invariants of the argument
tensors in the current configuration which, using the axiom of smooth neighborhood, are

determined by using their Taylor series expansion about a previously known configuration.
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5.3 Thermoviscoelastic fluids: dependent variables in the con-
stitutive theories and their argument tensors

Let [Y9], [y, [997] 5 5 = 1,2,..., n be the convected time derivatives of order 1,2,...,n
of the Almansi strain tensor [£], Green’s strain tensor [¢] and Jaumann strain rates. These are
fundamental kinematic symmetric tensors of rank two. Likewise, let [;6™)], ;5] and [*)57]
; k= 0,1,...,m be convected time derivatives of orders 0,1, ..., m of the Cauchy stress ten-

sors in the three bases. These are fundamental symmetric tensors of rank two. We note that

(Y] = [yu)] = [V47] = [D]. Using the new notation introduced in chapter 2 we can generalize
(5.1) by replacing [D] with [)5] ; 5 = 1,2,...,n depending upon whether the basis is contra-
or co-variant or Jaumann basis. Consider current configuration at time ¢ = ¢, and let [("7215 ];
k=0,1,...,m,Ogand [“y];j=1,2,... nbe the convected time derivatives of the deviatoric
Cauchy stress tensor, heat vector and the corresponding convected time derivatives of the strain
tensor in the chosen basis. Let p, f and g be the density, temperature and temperature gradient in

the current configuration.

From the Maxwell model, Giesekus model, Oldroyd-B model etc. we note that these models
contain convected time derivatives of orders one and zero of the stress tensor. Thus these must be
derivable by considering the first convected time derivative of the deviatoric Cauchy stress tensor
as a dependent variable in the constitutive theory in which the convected time derivative of order
zero of the deviatoric Cauchy stress tensor is an argument tensor (see later sections). In the con-
stitutive theories presented in this chapter for thermoviscoelastic fluids, we generalize this concept
and consider the convected time derivative of order ‘m’ of the chosen deviatoric Cauchy stress
tensor (co- or contra-variant basis or Jaumann) as a dependent variable in the constitutive theories
with convected time derivatives of up to order ‘m — 1’ of the same deviatoric stress tensor as its

arguments in addition to the other argument tensors.
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Thus, in the rate constitutive theories presented in this chapter for thermoviscoelastic flu-
ids, we consider [™ 5], (¥’q, ® as dependent variables in the constitutive theories. [*)7 | ;
k=0,1,....m—1,[9y];j=1,2,...,n, p, 0 and g are argument tensors of [™)& | and "' q.
The argument tensors of ® for compressible case are  and @ and for incompressible case, only d is

the argument tensor of ®. Hence, we have the following for the compressible and incompressible

thermoviscoelastic fluids considered here (choice III, chapter 2).

Compressible thermoviscoelastic fluids:

= d(p(&,1), 0(2,1)) (5.2)
(V5] =% (p@,1), 0(,1))] + [0 ] (5.3)
(M ] =[5 (p@.t), ("o t)]; k=01,...,m—1,
5.4
[(j)’Y(m’t)] ;=12 AL é(mat) ) g(m,t))]
g =q(p@,t), M@ t)]; k=01...,m—1,
(5.5

in which equilibrium stress [(°}7] is thermodynamic pressure p(p, #)[/] and it is independent of the

basis. If we assume compressive pressure to be positive, then j(p, f) can be replaced by —p(p, 6)

(see chapter 2, section 2.6 for derivation).
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Incompressible thermoviscoelastic fluids:

d=o(0(z,t)) (5.6)
5] =[Oz (0(z,1))] + [ ] (5.7)
(& ] = [ ([*Fha(@,6)]; k=0,1,....,m—1,
(5.8)
(Dy(@, )] =1,2,...,n, 0(z,1), g(@.1))]
(O)Q = (O)Q( [(k215(m7 t)] ) k - 07 17 y T — 1 )
5.9

where equilibrium stress [(°)7] is mechanical pressure (6)[/] and it also is independent of the ba-
sis. If we assume compressive pressure to be positive, then p(f) can be replaced by —p(6) (see

chapter 2, section 2.6 for derivation).

The constitutive theories for [(mzlé] and (O)Q are derived using (5.4) and (5.5) or (5.8) and (5.9),
and can be converted to contravariant basis, covariant basis or Jaumann rate by replacing [(")7 ],
(045 ], ©q and [D)4] ; 5 = 1,2,...,n with the appropriate measures in the chosen basis. In the
following sections we consider details of development of rate constitutive theories for deviatoric

Cauchy stress and heat vector for both compressible and incompressible thermoviscoelastic fluids.

5.4 Rate constitutive theory of orders ‘m’ and ‘n’ for the devi-
atoric Cauchy stress tensor and the heat vector: compress-
ible thermoviscoelastic fluids

Consider a deforming volume of compressible thermoviscoelastic fluid at time ¢ = ¢,,,1, the

current configuration. We derive the rate constitutive theory of orders ‘m’ and ‘n’ for the deviatoric
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Cauchy stress tensor [(0()15] and heat vector (O)Q using ((5.4) and (5.5))

(5.10)

5.4.1 Constitutive theory of orders ‘m’ and ‘n’ for [(")7]

Let °G"] ;i = 1,2,..., N be the combined generators (of ["}5]) of the argument tensors
(&) k=0,1,...,m—1,[Wq] ;45 =1,2,...,n and g that are symmetric tensors of rank two,
andlet°]7 ; j = 1,2,..., M be the combined invariants of the same argument tensors. Then, we
can express [(™)&] as a linear combination of the generators [G?] ;i = 1,2, ..., N and the identity
tensor [/] in the current configuration at time ¢ = t,, 1.

(™ha] = %a®[1] + ﬁi”ai[“gi] (5.11)
The coefficients o’ ; i = 0,1,..., N in (5.11) are functions of density p, temperature 6 and the
combined invariants [/ ; j = 1,2, ..., M in the current configuration at time ¢ = t,,11 i.e., pt,, .,
0;, ., and (%°17), . ;j=1,2,..., M. To determine the coefficients °a’ ;i = 0,1,..., N in (5.11)
related to the configuration at time ¢ = ¢,,,1, we consider the Taylor series expansion of each %t
i =0,1,..., N about the configuration at time ¢t = ¢, in @ and °°]7 ; j = 1,2,..., M and retain

only up to linear terms in # and the invariants.

. _ M 8(”0/) ‘ A a(a@i) B B .
o i __ o i / 90 J3 —(ao — 0 —0 :3=0,1,... N (5.12
(6% (6] ‘tn +]§18(‘1‘7£]) tS( ~ )tn+1 ( ~ )tn>+ 80 tE tnt1 t'rL) G » ’ ( )
', | g(g?};)) . 3J=12...,Mand a(gji)hn ;i =0,1,..., N are functions of p,, 6, and

(“9L9),, ;5 =1,2,..., M whereas in (5.12), °o’ = %' (py, , O, , (“L7)0,; 5 =1,2,...,M, 0y, ,
(990), 50 =1,2,... 7M) ;1 =0,1,..., N. When (5.12) is substituted in (5.11), we obtain the
final form of the most general rate constitutive theory of orders (m, n) for [(™)5] for compressible

thermoviscoelastic fluids. This theory uses integrity and hence is complete.
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5.4.2 Constitutive theory of orders ‘m’ and ‘n’ for (Vg

Let {¢G'} ;i = 1,2,... ,N be the combined generators (of ©g) of the argument tensors
(k&) s k = 0,1,...,m — 1, [94] ; 5 = 1,2,...,n and g that are tensors of rank one. The
combined invariants of these argument tensors obviously remain the same as for [(")7] i.e., 917 ;

j=1,2,... M. Then we can express (©)g as a linear combination of {1G"} ;1 =1,2,...,Nin

the current configuration at time ¢t = ¢,,,1.

=

—> @ {1G"} (5.13)

The absence of unit vector in (5.13) as a generator is due to the fact that uniform temperature
field does not contribute to (°)q. The negative sign in (5.13) is because a positive Oq in the
direction of the exterior unit normal to the surface of the volume of matter results in heat removal
from the volume of matter. The coefficients %/ ;i = 1,2, ..., N are functions of p, § and © [J; j =
1,2,..., M in the current configuration at time ¢ = t,1 i.€., pt, ., O,., and (919), ., 5 j =
1,2,..., M. To determine the coefficients %' ; i = 1,2,..., N (in the current configuration at
time t = t,,1) in (5.13), we consider Taylor series expansion of each %‘ ;i = 1,2, ... ,]v about
the configuration at time ¢ = ¢, in # and %7 ; j = 1,2,..., M and retain only up to linear terms

in 6 and the invariants.

7 M ( Z) oT1) oT1] a(qal) n n . NT
o' = ‘ Z (qo]g) ((q l])tnﬂ_(q ij)tn)—i_ N t<0tn+1 _Qtn> y U= 1727 . ‘7N (5'14)
o, 2] i =12 Mand %52 i =12... N are functions of 4. 0,

and (*17),, 5 j = 1,2,..., M whereas o' = ' (p;, , 6, , (““1");j =1,2,.... M, 0., ,
(q"ﬂ)tnﬂ;j =1,2,..., M) 1 =1,2,... ,N in (5.14). When (5.14) is substituted in (5.13), we
obtain the final expression for the most general rate constitutive theory of orders (m, n) for (°q for

compressible thermoviscoelastic fluids. This theory uses integrity and hence is complete.
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5.4.3 Remarks:

1. In sections 5.4.1 - 5.4.2 we have presented rate constitutive theories of orders (m, n) for the
deviatoric Cauchy stress tensor and heat vector using [(™)&] and ("’q as dependent variables
with [(¥)5] ; k = 0,1,...,m — 1 stress rate tensors and [)4] ; j = 1,2,...,n strain rate
tensors as their argument tensors, in addition to p, § and g. Hence, these developments are

independent of the basis.

2. By replacing (%3] ; k = 0,1,...,m, ©g and [)7] ; j = 1,2,...,n with the appropriate
corresponding measures in the chosen basis, we can readily obtain the rate theories of orders
(m,n) for the deviatoric Cauchy stress tensor and the heat vector in the basis of choice.

More specifically we use the following measures:

Contravariant: [,¢®]; k=0,1,....m , @9 Y] ;ji=1,2,...,n
Covariant: 0] s k=0,1,....m , Qg ,[vp] ;7=12,...,n (5.15)
Jaumann: (&' k=0,1,....m , Og’ [Vy7]; j=1,2,...,n

3. Since the tensor g is independent of the choice of basis, the combined generators and the
combined invariants used in sections 5.4.1 - 5.4.2 only need to be redefined using the con-
vected rates [Y] 5 7 = 1,2,....n, [yy)) 55 = L,2,....n, [D97] ;5 = 1,2,...,n and
the corresponding convected rates of the Cauchy stress tensor and Jaumann stress tensor to
obtain the contravariant, covariant and Jaumann rate theories of orders ‘m’ and ‘n’ for the

deviatoric Cauchy stress tensor and heat vector.

4. In the final expression for [(™)&] and (°)g containing sum of many group of terms, we con-

sider the following arrangement (in general).

(a) In each group, the terms that are defined in the configuration at time t = t,, are grouped

to define material coefficients.

(b) With choice (a), the expression for [(m()jc?] and (U)Q will now consist of the sum of
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the material coefficients defined in the configuration at ¢ = ¢, multiplied with the
generators and/or invariants in the current configuration at time ¢ = ¢,,; for which the

deformation is not known.

(c) The material coefficients defined in (a) will be functions of p;,, 6, and (*17),, ;j =

1,2,..., M.

We follow this arrangement (as far as possible) in all subsequent derivations. These theories
use integrity and hence are complete but are too complicated and impractical as they contain
too many material coefficients that must be determined experimentally and/or empirically.

Details of (a) - (c) are clearly shown in sections 5.5 and 5.6.

. Dependence of the coefficients in the final form of the constitutive equations for the devia-
toric Cauchy stress tensor and heat vector on p;, , 6, and (“[7), ;7 =1,2,..., M permits
variable material coefficients during the evolution. Thus material coefficients can be func-
tions of density and temperature during the evolution for which experimental and/or empiri-
cal relations such as power law, Sutherland law etc. are justified. Furthermore, dependence
of the coefficients on the invariants (°[7); ; j = 1,2,..., M permits complex description
of material coefficients on the deformation field. Shear thinning, shear thickening behaviors
described by power law, Carreau-Yasuda models etc. based on experiments and/or empirical

relations are permissible within the framework of the theory presented here.

. An important point to note is that the material coefficients in the final form of the constitutive
equations are defined using the configuration at time t = t,, whereas the constitutive equa-
tions hold for the current configuration at time t = t, 1. This of course is a consequence
of the Taylor series expansion of the coefficients in the linear combination about the config-
uration at time ¢ = ¢,,. In the currently used models in the published works [22,38,39] for
variable material coefficients, the coefficients are expressed as functions of the unknown de-
formation field in the current configuration at time ¢ = ¢,,.1. This is obviously not supported

by the derivations of the constitutive theories presented here in sections 5.4.1 and 5.4.2.
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5.4.4 Special forms of rate constitutive theories for compressible thermovis-
coelastic fluids

The general theory presented in sections 5.4.1 and 5.4.2 are specialized in the following sec-
tions. In section 5.5 we consider rate constitutive equations of order one in deviatoric Cauchy stress
and strain rates, i.e., m = 1 and n = 1. This derivation forms the basis for Maxwell model and
Giesekus model. We also consider rate constitutive equations of order one in deviatoric Cauchy
stress and of order two in strain rate, i.e., m = 1 and n = 2. This derivation is presented in section
5.6 and forms the basis for Oldroyd-B model. We drop g from the argument tensors as commonly
done for the widely used constitutive models for polymeric fluids. However, inclusion of g as
argument tensor presents no special difficulty except that the number of combined generators and

invariants increase. We consider the fluid to be compressible and specialize the results for the

incompressible case in section 5.7.

5.5 Rate constitutive theory of orders m=1 and n=1 for the de-
viatoric stress tensor and heat vector: compressible ther-
moviscoelastic fluids

For the rate constitutive theory of orders one (m = 1, n = 1) we have

(0] = [We(p, (%], [V, 6, g)] (5.16)

Og="Cg(5, (%], V4], 6, g) (5.17)

Constitutive theory of orders m=1 and n=1 for [(})7]

Let [°G'];i=1,2,...,12 (see references [3-21]) be the combined generators of the argument

tensors [(°)5], (V7] and g that are symmetric tensors of rank two, and let “[7 ; j = 1,2,...,16
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(see references [3—-21]) be the combined invariants of the same argument tensors. Then, we can
express [4o(Y)] as a linear combination of the generators [°G?] ; i = 1,2,...,12 and the identity

tensor [/] in the current configuration at time ¢ = ¢, 1.

2
(&) = %a’[1] + 3.%'[° G’ (5.18)

i=1
in which the coefficients %o’ ; i = 0,1,...,12 in (5.18) are functions of density p, temperature
and the combined invariants % [7 ; j = 1,2, ..., 16 in the current configuration at time ¢ = ¢,,,;. To
determine the coefficients %’ ;i = 0,1,...,12 in (5.18) we consider the Taylor series expansion
of each%a’ ;i =0, 1,...,12 about the configuration at time ¢t = ¢,, inf and °°[7 ; j = 1,2,...,16

and retain only up to linear terms in @ and the invariants.

16 9(%") o 7 o 7] (%) | = 0 —
tn+zla(qay) tg(q e — (1)) + 5 tﬁet”“_et") i=0,1,...,12 (5.19)

a'ai — o‘ai’

We note that "o/‘ . a((W)

3 ) ;0 =1,2,...,16 and 8(;gi)}tn ;0 =20,1,...,12 are functions of

tn

ﬁtn’ étn and (qo‘ij)tn ’.] = 17 27 R 16 bUt Uai = Uai(ﬁtn ) gtn ) (qol,j)tn;j = 17 2a oty 16 ) étn+1 )

(1), ;7 =1,2,...,16) ;i =0,1,...,12in (5.19).

By substituting (5.19) in (5.18), we obtain the most general form of the rate constitutive theory
for [1)&] of orders 1 (m = 1, n = 1) for compressible thermoviscoelastic fluids. This theory
contains too many material coefficients. Its simplifications leading to Maxwell model and Giesekus
model are considered in the following sections. We follow remarks in section 5.4.3 to determine
material coefficients in the final expression for [(1)&] and to obtain rate theories in contravariant

basis, covariant basis and using Jaumann rates.
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Constitutive theory of orders m=1 and n=1 for "'q

Let {?G'} ;i = 1,2,...,7 (see references [3-21]) be the combined generators of argument
tensors [(°)&], [(V4] and g that are tensors of rank one. Let %7 ; j = 1,2,...,16 (see refer-
ences [3-21]) be the combined invariants of the same argument tensors. Then for the current

configuration at time ¢ = ¢,,

7 ‘
Vg = -y a'{'G") (5.20)

in which the coefficients %’ ;i = 1,2, ..., 7 are functions of p, f and °°[7: j = 1,2,...,16 in the
current configuration at time ¢t = t¢,,,,. To determine the coefficients % ; i = 1,2,...,7 (in the
current configuration at time ¢ = ¢,,,1) in (5.20), we consider Taylor series expansion of each %’
;0 =1,2,...,7 about the configuration at time ¢ = ¢,, in Gand °[7 ; j = 1,2,...,16 and retain

only up to linear terms in @ and the invariants.

b o)

q. i _ q.i qo 1Jj 90 3 8(%1)
o ="'l +E o(w i) S( Dt = (L)1) + =7

O, —0) 5 i=1,2,...,7 (521)

ln

We note that ‘10/‘ (%)

. a(%’t
oo wedsle i =1,2,..., 16 and Ce)

|, :i=1,2,...,7 are functions of

ﬁtn’ Q_tn and (qo.;\[,j)tn ; ] - 17 27 SR 16 but o = qal(ﬁtn ) H_tn ) (qa;\[,j)tn;j - ]-7 27 SR 16 ; 0_15

n+1 )

(L), =1,2,...,16) ; 1,2,...,Tin (5.21).

By substituting (5.21) in (5.20), , we obtain the general form of the rate constitutive theory for
the heat vector (Vg of orders 1 (m = 1, n = 1) for compressible thermoviscoelastic fluids. As in
the case of [(!;7], this theory also contains too many material coefficients. The simplifications of
this theory are considered in the following sections. In this case also, we follow remarks in section
5.4.3 to determine material coefficients and for obtaining specific forms of the rate theories in the

desired basis.
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5.5.1 Further assumptions and simplifications

In order to derive Maxwell model and Giesekus model from the rate constitutive theory of
orders m = 1 and n = 1 for the deviatoric Cauchy stress tensor and the constitutive theory for
the heat vector, we make further assumptions in (5.16) and (5.17). We assume that [(1216] does not
depend on g hence we can eliminate g as an argument tensor from (5.16). We also assume that the
heat vector only depend upon g, p and @ in (5.17), thus we can eliminate [°}5] and [V)5] from the

arguments of the heat vector in (5.17).

(o] = [Na(p, (%], (9], 0)] (5.22)
Vg="4(p, 0, g) (5.23)
(a) Constitutive theory for [(1216]

The development of the constitutive theory in this case requires: (1) combined generators of
[(©45] and [(V] (both symmetric tensors of rank two) that are also symmetric tensors of rank two
due to the fact that [(1&5] is a symmetric tensor of rank two (2) combined invariants of the tensors

[(©45] and [V]. These are listed in tables 5.1 and 5.2 [3-21].

Remarks:

1. We note that the invariants listed in table 5.2 under (2) marked (a) need not be included due

to the fact that
(4o + [1[%ho]) + ([l V3] = [9][%a1) = 2te([Cho][ )

which is same as 7 [7 (except for the factor 2 which is of no consequence).

2. In many published works (a) are also included in the list of invariants in addition to 97

157



Table 5.1: Combined generators for [(1)5] : m = 1, n = 1; first order rate theory

Arguments Generators

(1) none ]

(2) one atatime ( including (1) )
()] "G =[] 5 [G? = [“a)?

(V] G =[Mq]  [FGY = [My)?

(3) twoatatime ( including (1) and (2) )

(%] (V9] [7G%) = [Ua][ V9] + [V][ 5]

which is redundant.

Using the generators in table 5.1 we can express [(1)&] as a linear combination of [I] and the
combined generators [°G| ; i = 1,2,...,7. Thus, we can write the following in the current

configuration at time ¢ = ¢, .

[ ‘
[(1216] =% [I] + Y %' [°G"] (5.24)
i=1
The coefficients %a’ ; i = 0,1,...,7 are functions of the combined invariants °[7 ; j =
1,2,...,10, density p and temperature §. The coefficients %’ ; i = 0,1,...,7 are determined

by using Taylor series expansion for each °a’ about the configuration at time ¢ = ¢, and only
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retaining up to linear terms in the combined invariants “ /7 and temperature 6.

d(%at)
oL

) ) O ) _ _ .
((Jf)tnﬂ—(aﬁ)tn)"' (83) (thﬂ—etn) 1=0,1,...,7 (5.25)

tn tn

O'al — Ual

10
Wt 2
n j:l

~—

We note that %o/’ } " g((:—z;))

Ci a(°a’)
b3 =1,2,...,10 and =5

5 ;1 =0,1,...,7 are functions of

1
Pt gtn and (Ulj)tn 5 j = 1727 SRR 10 but %o’ = Uai(ﬁtn ) étn ) (Gl,j)tn;j = 17 2a SRR 10 ) étn-&-l )

("L )57 =1,2,...,10) ;i =0,1,...,7in (5.25).

By substituting (5.25) in (5.24), we obtain the rate constitutive theory for [*)5] based on the
argument tensors in (5.22). We note that this expression for [(})7] contains all the combined gen-
erators and invariants of the argument tensors listed in tables 5.1 and 5.2 and is a non-linear rela-

tionship in [(°}&] and [(V4] but it is a first order rate theory (m = 1 and n = 1).

This rate theory still contains many material coefficients but its further simplifications form the

basis for Maxwell and Giesekus constitutive models.

(b) Constitutive theory for (V'q

Consider (5.23) for the heat vector (V'q. In this case, the generators of (’q that are tensors of
rank one are given by g only. Also, in this case the only invariant is 9/ = g - g. Thus, we can write

the following in the current configuration at time ¢ = ¢,, ;.
Og=—%g (5.26)

The coefficient % in (5.26) is a function of p, § and ¢/ in the current configuration at time

t =tyy1i€. P, .. 0r,,, and (), . To determine the coefficient % in (5.26) related to the current

tn+1

configuration at time ¢ = ¢,,.1, we consider Taylor series expansion of % about the configuration
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Table 5.2: Combined invariants for [*y7] : m = 1, n = 1; first order rate theory

Arguments Invariants

(1) one at atime

[©)o] L= l) L = ()
oL = (o)
0] L=t 3 oL = ()

(2) two at a time ( including (1) )

], [®] T =u

) )
@17 = (O] V] — [V][©ho))

at time ¢ = t,, in f and ] and retain only up to linear terms in § and the invariant.

o) | (- - - a()| . i

o = @) — (@ 29\ @, —a 527

a‘tn + a(ql) tn( (g g)tn+1 (g g)tn) + 89 tn( tnt1 tn) ( )

o, . ggf])) . and —agg) | .. are functions of py,, 0, and (g - g@),, however % = qa(ﬁtn 0,

@-9), . 01\, (@-G),..)in (5.27). Substituting from (5.27) into (5.26)

_ 0(%)

d(%)
w9 7 9I)

((g 'g>tn+1 - (g g)tn) qg— —

55| O —0i)g (528

tn

(O)Q — 9

tn

We note that if there is a uniform temperature change between the configurations at times ¢,
and t,.1, then g = 0 and hence (g must be zero. This condition is satisfied by (5.28). We

note that all quantities at time ¢,, are known as these correspond to a configuration for which the
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deformation field is known. We collect terms and define material coefficients and others. Let

ki, =], = 25;’3 @9,
(k1)e, = gég . (5.29)
d(%)

(k2)e, = o7

in

then (5.28) becomes (we drop the subscript ¢, since it is understood it represents the current

configuration)

Og=—~k,g— (k)@ 9 g— (k). (0—0,)g (5.30)

We note that ki, = k(pe, . 0u, » (@ - @)i), (K1), = ki(pr, , Ou, . (- @)i,) and (K2)y, =
ka(pe, » O, , (@ - @)s,). BEquation (5.30) is the most general form of the constitutive equation

for the heat vector (V'q based on (5.23). If we neglect the last term in (5.30) then

Og=—k,g— (k). (@9 g (5.31)

Og=—-k,g (5.32)

o g=—kg=—k[l]lg=—-[K|g (5.33)

in which k is thermal conductivity and [K| is the diagonal thermal conductivity matrix. We note

that

k=k, = k(ﬁtn , O, (g 'g)tn) (5.34)

Equation (5.33) is the standard Fourier heat conduction law with variable thermal conductiv-
ity. Based on 5.34, the thermal conductivity can be a function of density, temperature and the first
invariant of g 1.e., g - g. Thus, we can use experimental and/or empirical data for thermal conduc-

tivity as a function of density, temperature and g - g during the evolution, keeping in mind that 5.34
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only holds for ¢ = ¢,, where as (O)Q and g in (5.33) are in the current configuration at time ¢ = ¢,,.
This is obviously a consequence of Taylor series expansion of (“’q about the configuration at time
t = t,. Power law, Sutherland law [22, 38, 39] are examples of temperature dependent thermal

conductivities.

In currently published works [22, 38, 39] the thermal conductivity is generally expressed as a
function of the unknown deformation or state in the configuration at time ¢t = ¢,,, i.e., instead of

k., defined by 5.34, it is replaced by

k - ktn+1 = k(ﬁtn+1 9 étn,+1 9 (g 'g>tn+1) (535)

This obviously makes k a function of unknown p, § and g -g in the current configuration. When
the two configurations at times ¢ = ¢,, and ¢t = ¢, are in close proximity of each other in terms of
deformation field, replacing k in (5.33) using 5.35 may be justified, but it is not supported by the

derivation of the constitutive theory presented here.

We note that this constitutive theory ((5.30) and (5.33)) for (°’q is independent of the basis i.e.

Vg=q" =g, ="q"=q (5.36)

Ql

5.5.2 Maxwell constitutive model for deviatoric Cauchy stress tensor

The simplified first order (m = 1, n = 1) rate constitutive theory presented in section 5.5.1
can be shown to yield Maxwell constitutive model used for dilute polymeric fluids upon further
assumptions and simplifications. We present details in this section. Maxwell constitutive model is

a linear viscoelastic model, hence [(*)&] must only be a function of the generators [(°)5] and [(V)4]
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in addition to p and 6. Therefore (5.24) reduces
(5] = %] + %at[©)5] + “%a?[VA] (5.37)

The coefficients %’ ; i = 0, 1,2 depend upon p, # and the combined invariants of [(°)&] and
[(D~] in the current configuration at time ¢ = t,,;. These are listed in table 5.2 ("7 ; j =
1,2,...,10). To determine the coefficients in %o’ ; i = 0, 1,2 in (5.37), we consider Taylor series
expansions of °a’ ; 7 = 0, 1, 2 about the configuration at time ¢ = ¢, in and°[7 ;5 =1,2,...,10
and retain only up to linear terms in @ and the invariants.

o 1__0,1 10 a(aai)
o' =" |tn+23(a]j

(04,., —0,,) ; i=0,1,2 (5.38)

tn

(LY — (P),) + 2

tn

~—

a,

(07

i‘tn, g((:—j}?)) ;7 =1,2,...,10 and 8%3”‘ ;i =0, 1,2 are functions of p,,, 0;, and (°[7),,

tn ’ tn

;j = 1,2,...,10, however %o’ = %' (py, , Op, , (“L)e57 = 1,2,...,10, b, (L),

j=1,2,...,10) ;i = 0,1,21in (5.38). If we let %a’,; = 200 . j — 1,2 .. 10, then (5.38) can

oeL) °
be written as
A , 0 . . (% _ _ .
Uaz:Jaz‘tn + Z(Uazaj )|tn( (Ulj)tn-H _ (Ul])tn> + (60_ ) (etn+1 _ Qtn) ;1= 0, 1, 2 (539)
Jj= b

Substituting from (5.39) in (5.37), we obtain the most general expression for the constitutive
theory for [(1&5] based on the choice of generators in (5.37) and invariants °[7 ; j = 1,2,...,10

listed in table 5.2.

10 , , o(°a0 _ _
(ol =], #2500 Pheem 0 2Ye)+ 2o @00, 1+
J= in
10 | | o)
(e, 3 b (P 20+ 2o @) e 540
J= tn
10 4 ‘ o(°?)| - ~
(2], #3202 (D)= L))+ gg ) @, 0:.)) (7]
j=1 tn
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(a) Further assumptions and simplifications

We make the following assumptions based on the fact that the Maxwell model is a linear vis-

coelastic model:

(i) We delete the terms containing products of the generators [(°y7] and [()7] with the invariants

°]7 ;5 =1,2,...,10 in the current configuration.

(ii) We also delete the terms containing the products of the generators [(°j5] and [(V4] with

(64,,, — 0y,) in the current configuration. This gives
10 a(aao)

1(0a0’j )‘tn( (Ulj)tm-l_ (Uij)tn) + 89_

+<aa1 _120((,&1 | D) ){(%} 5.41
th 0 g, N A e J L d (-41)

3 1), ) [0

n

(01— 00,) ) 11

tn

(0] =(7a"),,+
J

10

+ <0a2 ’t" _ Z (UOéQ,j )

=1

We collect terms and define material coefficients and others. Let

10 ‘
oW = ], - S, ), D
j:
b= (), 5 j=12...,10
) . oo _ (5.42)
b = ‘« |tn - ZI(UOA ,j)|tn(aﬂ)tn
j:
7 = ‘7042|tn - 2(004273‘ )|tn (L),
Then we can write
10 ,
(14a) =7°[1] + 705 (O ), ., (1] + 70 )a]
j=1
543
op37(1) 9(°%”) 7] ) ( )
+ 70 [+ =57 (O — 0[]
a0 |,
We note that the coefficients 7b°, 7b; ; j = 1,2,...,10, b, 7b* and %%ﬁ)‘t are material

coefficients defined in the configuration at time ¢ = t, and are functions of p; , 0, and
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(U:I,j)tn;j=1,2,...,10,

(iii) In (5.43) we can consider one more simplification. We only retain invariants ("/'),, ., =
(i0ys)tns: = tr([%a]) and (71*);,,, = (i)y)eny, = tr([(V7]). All other invariants in (5.43)
can be removed because the Maxwell model is a linear viscoelastic model. To be more pre-

cise, in this constitutive theory, [(1)&] is a linear function of the components of the generators

[(©45] and [M~]. Thus (5.43) reduces to the following:

(W] =*011] + “bhur([ o)) [T] + Bher( (D] 1] + B[] + 5[]

+ 20 =00 o
which can be written as
(%42] + (= 133)104) =(= )11+ (= )31+ (oY1
4 (= Yol (545)

We introduce mew notations for the material coefficients to conform to the standard notations

used in the literature. Let

- >\th>\

N

> ﬁtn ’ étn ) (Ul,j)tn;j = 172a s 71())
(= 7z) = ool =o0(pn . 0 CL)5 =12, 10)
(= 52) = 200 =20(pes Ouus CF)iji=1,2,...,10)
| . | (5.46)
( > = 'L{'tn:"{/<ﬁtn7 Qtna (Gl,])tn;j:1727"'710>
(= 52) = e ="5(Pu B s (CL)iij =1,2,...,10)

= (@m)n = om (P s B, (CL)135 = 1,2,...,10)
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then (5.45) can be written as

[%40] + A, [Mha] =ao|, 1] + 2, [V7] + e, e (V9] 1]

+ Y tr([O4a ) 1] = (wm)i, (61,1, — 60,)[1]

(5.47)

1)

in which [(1)7] is a linear function of the components of the generators [(°y7] and [(V~].

(iv) To derive the standard Maxwell model [22], we further assume that: (a) the initial stress field
09 | . [I] is zero (b) the stress field due to thermal expansion and contraction is neglected and

(c) we delete the term containing the material coefficient !, .
[%43] + A, [Ma] = 2, (V] + r, e (D) [T (5.48)

A, is called relaxation time, 1, is viscosity, Ky, i8 second viscosity and (o, ), i thermal
modulus. (5.48) is the standard form of the Maxwell constitutive model for compressible thermo-

viscoelastic fluids in which \;, , ;, and k;, are variable transport properties.

(b) Remarks:

1. First, we note that the coefficients X;, , m;,, ,, (Qum)s, are defined in the configuration
at time ¢t = t,, for which deformation is known, whereas all other quantities in (5.47) and
(5.48) are in the current configuration at time ¢t = ¢,,. This is a consequence of Taylor

series expansion of the coefficients about the configuration at time ¢ = ¢,,.

2. Based on (5.46), A\, , 1, and k;, can be deformation dependent during evolution (keeping 1.
in mind) permitting experimental and/or empirical description of \;,, 7;, and x;, using their
arguments given in (5.46). Thus, power law, Sutherland law etc. for \;, , 7;, and x;, depen-
dent on p;, and 0, are valid. Dependence of ), , 7, and &, on the combined invariants of
[(©45] and [] allows us to represent variable shear thinning and shear thickening behav-

iors during the evolution. Power law, Carreau-Yasuda models etc. are valid based on (5.46)
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(contrary to the belief that these models do not have continuum mechanics foundation [22]).

3. By replacing ([")a], ()], [V]) with ([a0™], [20@], [vV]), (a0 )]s [a0 ()]s [7r))) and
(a1, [©ha7], [V47]) in (5.47) and (5.48) (including coefficients), we obtain the Maxwell
model that correspond to contravariant basis (upper convected), covariant basis (lower con-
vected) and Jaumann rates. It is rather obvious that when the deformation is finite, all three
rate constitutive equations will represent different physics, upper convected case being in

most agreement with the physics of finite deformation [30].

4. If we assume that the configuration at times ¢, and ¢,,; are in close proximity of each
other, then in (5.46) all coefficients can be expressed in terms of their arguments at time
t = t,41 by using (5.46) and replacing ¢,, with ¢, ;. This is what is done in currently used
models for variable material coefficients [22,38,39]. This is obviously not supported by the
derivation presented here. In this case the material coefficients are functions of the unknown

deformation field in the current configuration.

5. The constitutive theories for the heat vector (°’’q have already been presented. Generally,
Fourier heat conduction law (section 5.5.1) is commonly used in the majority of the pub-

lished work.

5.5.3 Giesekus constitutive model for deviatoric Cauchy stress tensor

The general derivation presented for the constitutive theory of order one (m = 1, n = 1) for
deviatoric Cauchy stress in section 5.5.1 also forms the basis for deriving the Giesekus constitutive
model used for polymer melts (dense polymers). Giesekus constitutive model is a non-linear
viscoelastic model. In the derivation of the Giesekus constitutive model, we begin by considering

the combined generators of [(°)5] and (V4] only up to quadratics. Therefore (5.24) reduces

(5.49)



We further neglect the last two generators in (5.49)

(1] = %a°l1] + %! [%a] + “*[(V] + [ %a) (5.50)
The coefficients %’ ; i = 0,1,...,3 depend upon p, § and the combined invariants of [(°}7]
and [(1)7], ie, [’ ;7 =1,2,...,10, in the current configuration at time ¢t = ¢,,. 1. These are listed

in table 5.2. To determine the coefficients in o’ ; i = 0,1,...,3 in (5.50), we consider Taylor

series expansions of %o’ ; ¢ = 0,1,...,3 about the configuration at time ¢ = ¢, in 0 and °[7 ;
j =1,2,...,10 and retain only up to linear terms in @ and the invariants.
10 8(0’0[1) ] ) 8(0@1’) _ _
o1 o1 orJ _(o7J _ .5 —
of =, G|, (e =) 47557 (=) 3 120,13 (55D
Coefficients "o/]tn, % . 37 =12,...,10 and M;gfi) . 31 =0,1,...,3 are functions of

ﬁtn’ e_tn and (Ulj>tn ’j = ]-7 27 ER) 107 however Uai = aai (ﬁtn: étna (U;Lj)tna] = ]-) 27 LRI 107 e_thrl )

(L) = 1,2,...,10) 5 = 0,1,...,3in (5.51). If we let%i,; = 2090 . j — 1 2. 10,

o(°L7)
then (5.51) can be written as
. o100 . _ (% _ _ ,
ot =], 122, (CE)on = L)) + (5,5) (Oriy—01,) 5 i=0,1,...,3 (552)
J= tn

Substituting from (5.52) in (5.50), we obtain the most general expression for the constitutive
theory for [(1&5] based on the choice of generators in (5.50) and invariants °[7 ; j = 1,2,...,10

listed in table 5.2.

|
b _7> (5.53)
e
|
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(a) Further assumptions and simplifications

We make the following assumptions to derive the Giesekus model, which is a non-linear vis-

coelastic model:

(i) We delete the terms containing products of the generators [(V7], [®)&] and [°}5]? with the

invariants /7 ; j = 1,2, ..., 10 in the current configuration.

(ii) We also delete the terms containing the products of the generators [(V+], [(°}7] and [(®)7]?

with (6;,,, — 6;,) in the current configuration. This gives

o=’ tﬁ; DL D) + 2

<o l}t A ’J }t I] tn)

(5.54)
(U 2}15 , ’j)}tn ~ )
( 3}t , ’j )}t Up tn)
We collect terms and define material coefficients and others. Let
0 0 & 0 j
W= 0, — % (a)], (D),
"b}— ("ozo,j)tn ; j=12,...,10
) . oo . ; ) 0 . (5.55)
b = ‘« }tn - Z:l(UOé >j)|tn(g,[,j)tn ;7 =% }tn — > (%« >j)|tn(g,[,j)tn
j: =
10 ‘
opt — Ua?’}tn _ E(Uag’j )ltn(g’lj)t"
Then we can write
o1y 01 j 21(0 31(1
(o] =70°1] + ;"bj("ﬂ)tm 1] + 6*[©5] + 7b* (]
” 5(70) (5.56)
o _ _
+ 76O + === (Oy,.,, — Ou,)[I]
00 ¢
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We note that the coefficients 7Y, Ubjl ;7 = 1,2,...,10, °b%, °b, °b* and %%DL de-
fined in the configuration at time ¢ = ¢, and hence are functions of g, , 0, and (°17),, ;
j = 1,2,...,10. The constitutive model (5.56) is quite general based on (5.50) and the

assumptions (i) and (ii).

(iii) To derive the Giesekus constitutive model, we neglect all invariants in (5.56) except (based
on table 5.2) (“1");.,, = (i0ys)tn, = tr([°y7]) and (I = (i), = tr([MA]).

Thus (5.56) reduces to the following:

(W] =811+ “biee((Cha) 1] + By ((D])[T] + B[] + B[]

+ b 5] + 6%30) (Otner — 02, >
.
which can be written as
(o) + (= o) 0] =( = )1+ (= ) [P0+~ )P 11
+ (- %)tr([(%&])[l] + (- %) [(0)572 (5.58)
- (B, ) -t

We introduce mew notations for the material coefficients to conform to the standard notations

used in the literature. Let

1 ) -
(_ @) = Aw = >‘<ﬁtn s Oy (D)5 = 1,2, .,10>
obO - ‘ ‘
(—@> = 50‘tn:60<ﬁtn7 gtn, (Ul,])tn;J:172"”’10>
O'b3 ~ ‘ »
<_O'_2) = 277tn:277<15tn7 etn, (Uij)tn;]:1727...710>
70} . - (5.59)
(_@): K;t'n:/i<ﬁtn’9tn’ (Uﬂ)tn;j=1,2,...,10)
obl - .
(—ﬁ) — 1/{15”:1/{(575717 etn, (Ulj)tn7]:172,,10>
d(°a® 1 B A |
< (69 ) @) = (Oétm)tn = Q¢m (ﬁtn ) etn ; <U£]>tn;j — 1, 2, Cey 10)
tn
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then (5.58) can be written as

[%40] + A, [Mha] =a0 |, [1] + 2, [9] + ke, ([P ] + e, te([Cha]) 1]

bt (5.60)
+ ( — i) [(0216]2 _ (oztm)tn(e_tn+1 — 0, )[I]

We note that each term in (5.60) has dimension of stress, thus the coefficient of [(°)5]? must

have dimension of (1/stress) which is same as (time/dimension of viscosity) i.e., A, /m;,. We

choose
N
—— = 5.61
ab2 M, « ( )
a being a dimensionless parameter called mobility factor. Therefore
[%45] + Ao, [M4] =a0], 1] + 206, (D] + e, e (D)) + g, te([ 5] 1]
M (o) o - - (5.62)
+ n—"a[( 451> = (um)in (O, — Or,) 1]
t7L

(iv) In the derivation of the standard Giesekus model [22], we further assume that: (a) the initial
stress field associated with the configuration at time ¢t = t¢,, i.e., 50| . [I], is zero (b) the
stress field due to thermal expansion and contraction between the current configuration at
time ¢t = t,,+1 and the configuration at time ¢ = ¢, i.e., the last term in (5.62), is neglected

and (c) we further assume that ', tr([(°)&]) can be neglected. Thus we obtain

A
[©45] + e [M48] = 200, [D] + e, tr([DADT] + =2 5] (5.63)
in which \,, is called relaxation time, 1, is first viscosity, ky, is second viscosity and (o, ), is

thermal modulus. (5.63) is the Giesekus constitutive model for compressible thermoviscoelastic

fluids in which X, , 1, , K, and (o, ), are variable transport properties.
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(b) Remarks:

1. The coefficients X;,, 7, K¢, (Cum ), are defined in the configuration at time ¢ = ¢, for

which deformation is known, whereas all other quantities in (5.60) and (5.63) are in the
current configuration at time ¢ = ¢,,1. This is a consequence of Taylor series expansion of

the coefficients about the configuration at time t = t,,.

2. Based on (5.59), A, n:,, ki, etc. can be deformation dependent during evolution (keeping
1. in mind) permitting experimental and/or empirical description of \;,, 1, K¢, etc. using
their arguments given in (5.59). Thus, power law, Sutherland law etc. for A\ , 7., K¢,

etc. dependent on p,, and @, are valid. Dependence of ), , 7., Ky, etc. on (I7), ; j =

1,2,...,10 allows us to represent variable shear thinning and shear thickening behaviors

during the evolution. Power law, Carreau-Yasuda models etc. are valid based on (5.59)

(contrary to the belief that these models do not have continuum mechanics foundation [22]).

3. By replacing (()a], [%a], (V) with ([430™M], [46©], [YI), (6], [a0©)s [v(1)]) and
(a1, [©ha7], [M47]) in (5.60) and (5.63), we obtain the Giesekus model that correspond
to contravariant basis (upper convected), covariant basis (lower convected) and Jaumann
rates. It is rather obvious that when the deformation is finite, all three rate constitutive
equations will represent different physics, upper convected case being in most agreement

with the physics of finite deformation [30].

4. If we assume that the configurations at times ¢,, and ¢, are in close proximity of each
other, then in (5.59) all coefficients can be expressed in terms of their arguments at time
t = t,1 instead of at time ¢ = ¢,, (as shown in (5.59)). This is what is done in currently
used models for variable material coefficients [22,38,39]. This is obviously not supported by
the derivation presented here. By replacing ¢,, with ¢,,.1 in (5.59), the material coefficients

become functions of the unknown deformation field in the current configuration (at ¢ =

tn+1)-
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5. The constitutive theories for the heat vector (°’’q have already been presented. Generally,
Fourier heat conduction law (section 5.5.1) is commonly used in the majority of the pub-

lished work.

6. It is important to note that the constitutive model (5.63) uses the first convected time deriva-
tive of the deviatoric Cauchy stress tensor as a dependent variable in the development of
the constitutive theory, thus (5.63) are the constitutive equations in deviatoric Cauchy stress
tensor [(°)&] and its convected time derivative. This derivation is supported by the axioms
and principles of continuum mechanics and the constitutive theory. In the presently used

Giesekus constitutive model, this is not the case. We present details in the following.

(c) Discussion on Giesekus model presented in this chapter and model used currently

We note that the entropy inequality requires decomposition of the Cauchy stress tensor (in
contra- or co-variant or Jaumann basis) into equilibrium stress and deviatoric stress. The constitu-
tive theory for the equilibrium stress using entropy inequality results in thermodynamic pressure
p(p, 0) for compressible thermoviscoelastic fluids and mechanical pressure p(6) for incompressible
case. Since the entropy inequality only requires the conversion of mechanical energy due to the
deviatoric Cauchy stress to be positive but provides no mechanism for establishing the constitutive
theory for it, the theory of invariants and generators is used for deriving the constitutive theory for
it. The use of the deviatoric Cauchy stress tensor in the Giesekus constitutive model derived here
is necessitated due to the entropy inequality. In the currently used Giesekus constitutive model

for the stress tensor, the deviatoric Cauchy stress is further decomposed into solvent stress and

polymer stress. If we consider contravariant basis, then

6] = [26P)s + [0, (5.64)

in which s and p stand for solvent and polymer. The currently used Giesekus constitutive model

contains exactly the same form as presented here but uses [;5?)], instead of [;5(”)] and is derived
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using Brownian motion of polymer molecules and kinetic theory [25,51]. For the solvent stress

[45(?)],, Newton’s law of viscosity is assumed as a constitutive theory. We note the following:

1. If we use the decomposition shown above and substitute it in the conditions resulting from
the entropy inequality we still have the same restriction that the conversion of mechanical
energy due to both solvent and polymer deviatoric Cauchy stress tensors be positive, but we

have no mechanism for deriving constitutive theories for either one of them.

2. If we derive the Giesekus constitutive model using the theory of invariants and generators
using [45(?)], as a dependent variable in the constitutive theory and if we assume Newton’s
law of viscosity for [;7(?)],, then of course we would obtain exactly the same Giesekus
constitutive model as used currently. Of course, the question is “Is this permissible within the

framework of the axioms of the constitutive theory and principles of continuum mechanics?”.

3. Based on the axioms of the constitutive theory and the entropy inequality, [;5(”] is a fun-
damental dependent variable in the rate constitutive theory for thermoviscoelastic fluids and

hence must be used as dependent variable in the derivation of the rate theory.

4. If we follow 2. i.e., if we use [;5(?)], as a dependent variable in the rate theory for Giesekus
constitutive model, then the constitutive theory for [;5(*)], must be derivable as well from
the entropy inequality (and not assuming Newton’s law of viscosity for it). This is obviously

not possible.

5. Thus, based on the work presented here, we conclude that the use of the deviatoric Cauchy
stress tensor as a dependent variable is necessary in the derivation of the Giesekus constitu-
tive model. This is consistent with the conditions resulting from the entropy inequality and
the axioms of the constitutive theory based on continuum mechanics. Furthermore, there is
no justification based on the entropy inequality for the decomposition (5.64) as [;5)], is
not derivable using the conditions resulting from the entropy inequality. The use of New-

ton’s law of viscosity may be a good engineering assumption but it has no basis in view of
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the entropy inequality and the axioms and principles of the constitutive theory in continuum

mechanics.

6. It is rather obvious that the use of the Giesekus constitutive model presented in this chap-
ter and that used currently in the mathematical models derived using conservation laws of

deforming thermoviscoelastic fluids will undoubtedly produce different behaviors.

5.6 Rate constitutive theory of orders m=1 and n=2 for the de-
viatoric Cauchy stress tensor and heat vector: compress-
ible thermoviscoelastic fluids

We consider rate constitutive theory of order one in stress rate and of order two in strain rate
for the deviatoric Cauchy stress tensor and the heat vector. This derivation forms the basis for

Oldroyd-B constitutive model.

(Yao] = ["a(p, [Cha], (U], [P4], 0, )] (5.65)

Og =Og(5, (O], V4], [P4], 0, @) (5.66)

Constitutive theory of orders m=1 and n=2 for )]

The derivation of the general constitutive theory based on (5.65) requires combined generators
G ;i =1,2,..., N of the symmetric tensors [(*}7], [(V4], [#4] and g, a tensor of rank one,

that are of rank two and are also symmetric. Thus, in the current configuration at time ¢t = ¢,,,1 we

can write
N A
[1he] = 0"[1] + X' ["¢'] (5.67)
i=1
in which the coefficients °a’ ; i = 0,1,..., N in (5.67) are functions of density p, temperature
6 and the combined invariants 9 [7 ; j = 1,2,..., M of [%a], [V+], [®'+] and g in the current
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configuration at time ¢ = t,,,. Determination of the coefficients %« ; i = 0,1,..., N in (5.67)
using Taylor series expansion of each %o’ ;i = 0, 1, ..., N follows the standard procedure as used

for the general case for the rate constitutive theory of orders (m, n).

Constitutive theory of orders m=1 and n=2 for "'q

The constitutive theory for the heat vector (*’q based on (5.66) requires the combined genera-
tors {9G'} ;i = 1,2,..., N of the argument tensors [©)5], [V4], [?4] and § that are tensors of

rank one. Using these we can write the following in the current configuration at time ¢ = ¢,, ;.

N
0g = -3 %'{'G"} (5.68)
i=1
in which the coefficients %* ; i = 1,2,... Jv are functions of p, # and the combined invariants
9] ;5=1,2,..., M of the argument tensors of (°’q in the current configuration at time ¢ = t,,1.
Determination of the coefficients %' ; i = 1,2,..., N using Taylor series expansion about the

configuration at time ¢ = t,, follows the procedure described earlier for the general case of the rate

constitutive theory of orders (m,n).

5.6.1 Further assumptions and simplifications

We consider (5.65) and (5.66), and eliminate g as the argument tensor of [(1215]. We also

eliminate [°y], [(V] and [?)4] from the arguments of the heat vector (*'q.

(Ya0] = [Ma(p, [Cha], (D], [*A], )] (5.69)

©g="q(, 0, g) (5.70)

The constitutive theory for [*)7] based on (5.69) requires combined generators of the tensors
[©45], [(V] and [®)] that are symmetric tensors of rank two as well as the combined invariants

71,5 =1,2,..., M of the same argument tensors [(°y7], [(V7] and [?)~].
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5.6.2 Oldroyd-B constitutive model for deviatoric Cauchy stress tensor

The simplified rate constitutive theory of order m = 1 and n = 2 presented in section 5.6.1 can
be shown to yield Oldroyd-B constitutive model used for dilute polymeric fluids. The Oldroyd-
B constitutive model is a quasi-linear viscoelastic model, hence, in order to derive Oldroyd-B
constitutive model, we limit the combined generators of the argument tensors of [(1)7] to [(°}7],

[(D~] and [#)4]. The linear combination of the generators resulting from this choice gives us
(5] = %a°[I] + %0t [ Q5] + %a?[ V] + %a?[Pq] (5.71)

The coefficients °a’ ; i = 0,1, ..., 3 are functions of p; 0, .. and the combined invariants

n+1?% n+1

of [©5], V4] and [?4] in the current configuration at time ¢ = ¢,,.;. We consider Taylor series
expansions of %o’ ; i = 0,1,...,3 about the configuration at time ¢ = ¢, in §and °[7 ; j =
1,2, ..., M and retain only up to linear terms in # and the invariants.

=)+ L G 6y i-

(( £ )tn+1_( ES )tn)+ a— ( tpy1 ™ tn) L= 0717“'73 (5.72)

tn tn

I

o0 a(cai)
a ‘tn’ EIGIED)

Ci 9(7a’)
L= 1,2,...,M and =5;

5 ;1 =0,1,...,3 are functions of p,_, 0, and

in

(U:Lj)tn ’.] = ]-727 ey M’ however"ai = UQi(ptnvg_tnv (U,Ly)tymj = 17 27 cee 7M70_tn+17 (U,-lj)tn+1;j =
1,2,...,M);i=0,1,...,3in (5.72). If we let %a’,; = % :j=1,2,..., M, then (5.72) can

be written as

. . M . . . -_— — .
90 :Uaz’tn—{_;(Ual’j)‘tn((gl’])tn+1_(olj)tn)+ 5 (Qtn+1—6’tn) 1=20,1,...,3 (5.73)

tn

Substituting from (5.73) in (5.71), we obtain the most general expression for the constitutive
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theory for [( )G | based on the choice of generators in (5.71) and invariants °[7 ; j = 1,2,..., M.

M ) ) a a0
<Ua0 Z ’j )‘tn< (G»Ivj)tm—l_ (olvj)tn) + (6(; ) 9tn+1 et" )
M ) ) a o1
(v, 3 at )] (P () + 0 )| (B )
o 5.74
5.2 M o1 e a(o'a2) ( )
(o P L CBNe) + =557 | = 8)) (O
) ) a 0.3
(U 3‘15 +Z U 37j )‘ ( (Ul])thrl_ (Ul])tn) + (a% ) n+1 Qtn >

(a) Further assumptions and simplifications

We make the following assumptions to derive the Oldroyd-B model, which is a quasi-linear

viscoelastic model:

(i) We delete the terms containing products of the generators [(*)7], (V] and [?)5] with the

invariants °[7 ; j = 1,2,..., M in the current configuration.

(ii) We also delete the terms containing the products of the generators [°}7], [V4] and [?)~]

with (6;,,, — 6,,) in the current configuration. This gives

”O]Z(“aoltﬁi(“a% N CLYm D))+ 20 =)
+(JO‘ILsn a z::l( & |t (L), ) (o]

(5.75)

M
#(wl,, = el 02

)!
#(rw],, = 0], 2 (07
] )1

We collect terms and define material coefficients and others. Let

M
0= |, =3 (a;)|, CL), i by=(0%)|, si=12..M

M , M .
W=l - S, (T P =, - S, (D (576

M .
b=, - 2 at)], D),
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Then we can write

M )
(03] =010+ LB L) 1)+ 0[] + 70 (]
=1
(5.77)
(%’ - -
s+ 200 @, a0

tn

We note that the coefficients “1°, "bjl 17 =1,2,...,M,°b% °b3, °b* and 3(230) ‘t defined
in the configuration at time ¢ = t,, and hence are functions of p,, , étn and ("ﬂ ), 5 J =

1,2,..., M.

(ii1) (5.77) can be further simplified. In order to derive the Oldroyd-B constitutive model, we
retain the invariants <Ui1)tn+1 - (i<0215')tn+1 = '[1‘([(0215]), (JJVQ)th = (i(l)’y)tnﬂ = tr([(1)7]>
and (“L%);,., = (i@)tny, = tr([P7]) and discard all others. This reduces (5.77) to the

following:

(o] =76 (1] + biee([a)) 1] + bytr((VADI] + “bstr((PAD[I] + (o]

+70°[(Wq] + 76 [P + %Ogo) (Ot — O[] o
which can be written as
O+ (= 23) (%) =( — )l + (= )] + - o))
4 (= YD)l + (- )bl 5.79)
(- o) o1 (2557 )@ Bl

We introduce new notations for the material coefficients to conform to the standard notations

used in the literature. Let
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( )= O = Al(ﬁtn 0, (L)) = 1,2,...,M>

( ): 50\tn:5—0(ﬁtn,§tn, ("y)tn;jzl,z,...,M)

( > — 2 = zn(ptn O, (O = 1,2,...,M>

(‘ —3) = B = H(ﬁtn 2Oty (D)1 = 1,2,-..,M) (5.80)
( ) = g, = 1m<ﬁtn O (D) = 1,2,...,M)

( > = 2I{tn:2li<ﬁtn, 0, ("ﬂ)tn;jzl,Z,...,M>

)

= (atm)tn = @tm<ptn 9 gtn ) (alj)tn;j = 1727 o 7M>

then (5.79) can be written as

[%0] + (A)e, [M00] =0, (1] + 20, [V7] + s, e (VD] + e, (] 1]

2, (O] + (= ) [P] = @ (B B )

(5.81)

We note that [(V~] and [?)4] are first and second convected time derivatives of the strain tensor
(in a chosen basis), thus dimensionally (or in terms of units), if we multiply [(?)4] by time we
obtain units of [(Vy]. Since [V~] is already multiplied with 27,, , thus [?)y] can be multiplied with
21, (X2)s,,» where (A\2);, is a time constant. Therefore we can choose (—70*/7b%) = 2n;, (A2)s,, -

With this choice (5.81) can be written as

[%40)+ (Ao, [M0] =0, (1] + 20, [V7] + 200, (A2) e, [P7] + i, te([D]) 1]

e, e ([Cho]) ]+ 2k, e ((PD ] = () (O, 1= 01, )]

(5.82)

(iv) We further assume that: (a) the initial stress field associated with the configuration at time
t =t,, ie., 50‘ . [I], is zero (b) the stress field due to thermal expansion and contraction
between the current configuration at time ¢ = ¢,,.1 and the configuration at time ¢t = ¢,

i.e., the last term in (5.82), is neglected and (c) we further assume that 'r, tr([°}5]) and
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2ty tr([®4]) can be neglected. Thus we obtain the following from (5.82)

(4] + (M6 [Mh6) = 230, (V9] + 21, (A2)e, D] + s, e ((DAD ] (5.83)

(A1)y,, is called relaxation time, 1, is first viscosity, ky, is second viscosity, (A2),,, is retardation
time and (auy, )y, is thermal modulus. (5.83) is the Oldroyd-B constitutive model for compressible
thermoviscoelastic fluids in which (Ay)¢,, n¢,, Kt,,» (A2)s, and (auy, ), can be deformation depen-

dent during evolutions.

(b) Remarks:

1. The coefficients (A1), (A2)t,> Mt,» Kt,,» (Qem )1, €tc. are defined in the configuration at time
t = t, for which deformation is known, whereas all other quantities in (5.82) and (5.83)
are in the current configuration at time ¢ = ¢,,;. This is a consequence of Taylor series

expansion of the coefficients about the configuration at time ¢ = ¢,,.

2. Based on (5.80), (A\1)s,, (A2)s,.» Mt,» ki, etc. can be deformation dependent during evolution
(keeping 1. in mind) permitting experimental and/or empirical description of (\1)z,, (A2)4,,,
Nt,» K, etc. using their arguments given in (5.80). Thus, power law, Sutherland law etc.
for (A1)s,» (M2)¢,» M, ke, etc. dependent on p;, and 6, are valid. Dependence of (\;),,,
(A2)i,» i, Ky, etc. on the combined invariants of [(°}5], (V4] and [?)4] allows us to rep-
resent variable shear thinning and shear thickening behaviors during the evolution. Power
law, Carreau-Yasuda models etc. are valid based on (5.80) (contrary to the belief that these

models do not have continuum mechanics foundation [22]).

3. By replacing (["}a], [%ha], [V9], [P with (4], [.6©], [y, [y2), (o], [a7(0)]s
vyl [ and (Y], (@], [D~7], [P47]) in (5.82) and (5.83) (including coefficients),
we obtain the Oldroyd-B model that correspond to contravariant basis (upper convected),

covariant basis (lower convected) and Jaumann rates. It is rather obvious that when the
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deformation is finite, all three rate constitutive equations will represent different physics,

upper convected case being in most agreement with the physics of finite deformation [30].

4. If we assume that the configuration at times ¢,, and ¢,,; are in close proximity of each other,
then in (5.80) all material coefficients can be expressed in terms of their arguments at time
t = t,41 instead of at time ¢t = ¢,, (as shown in (5.80)). This is what is done in currently used
models for variable material coefficients [22,38,39]. This is obviously not supported by the
derivation presented here. When ¢,, in (5.80) is replaced by ¢,,.1, the material coefficients

become functions of the unknown deformation field in the current configuration.

5. The constitutive theories for the heat vector (°’’q have already been presented. Generally,
Fourier heat conduction law (section 5.5.1) is commonly used in the majority of the pub-

lished work.

5.7 Rate constitutive theories for incompressible thermovisco-
elastic fluids i.e. polymeric liquids

In all derivations of the rate constitutive theory presented so far for thermoviscoelastic fluids of
orders (m,n), (1,1) and (1, 2) we have considered the fluid to be compressible. In this section we

consider incompressible thermoviscoelastic fluids. For incompressible matter

p = n = constant (5.84)
div(v) =0 (5.85)
w([Vr]) = w((y]) = () = u([y’]) = u([D]) = 0 (5.86)
det([J]) =1 (5.87)

As in this case p = p, density p can be eliminated from the argument tensors of the dependent

variables [(1)&] and (*’q in the rate constitutive theory for incompressible thermoviscoelastic fluids.

182



The rate theories of orders (m,n), (1, 1) and (1, 2) and their simplifications can be easily modified
to hold for incompressible case by: (i) eliminating p all together from the entire derivations (ii)
by incorporating incompressibility condition ((5.84) - (5.87) as appropriate). Details are straight

forward and hence not presented here for the sake of brevity.

The simplifications of the rate constitutive theories of order (1, 1) and (1, 2) for compressible
thermoviscous fluids leading to Maxwell model, Giesekus model and Oldroyd-B model for com-
pressible thermoviscous fluids can also be modified accordingly by simply using (5.86) in (5.48),

(5.63) and (5.83).

Maxwell model:

(5] + A, [H7] = 2n,,. [V] (5.88)
Giesekus model:
A
[©5] 4+ A, [N7] = 2n,,, [Vy] + n—t”a[‘%]z (5.89)
tn
Oldroyd-B model:
(5] + (M)e, [M25] = 2070, (D] + 2070, (N2, [PA] (5.90)

The remarks presented for these models for compressible case regarding variable coefficients
(and others) hold for (5.88) - (5.90) as well except that the fact that p is eliminated all together
and the incompressibility condition (5.86) is enforced. By choosing compatible stress and strain
rate tensors in the basis of choice in (5.88) - (5.90), it is straight forward to obtain their forms in
contravariant basis (upper convected), covariant basis (lower convected) and those using Jaumann
rates. The Fourier heat conduction law is commonly used as a constitutive theory for heat vector.
However, the other rate theories of any desired order (m,n) for the heat vector can be easily
derived using the derivation presented for compressible case by eliminating p and by imposing

incompressibility constraint (5.86).
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5.8 Numerical studies using Giesekus constitutive model

In this section we consider fully developed flow of a incompressible Giesekus fluid between
parallel plates as model problem. We use contravariant Cauchy stress tensor and Almansi strain
tensors as conjugate measures of the stress and strain tensors in Eulerian description. If we de-
compose the contravariant Cauchy stress tensor in equilibrium stress and deviatoric contravariant
Cauchy stress tensor, then the equilibrium stress is mechanical pressure p and the deviatoric con-
travariant Cauchy stress tensor becomes a dependent variable in the constitutive theory. This yields
upper convected Giesekus (UCG1) constitutive model. Numerical results are presented using the
upper convected Giesekus constitutive model derived in previous section (UCG1) as well as using

the currently used constitutive model in deviatoric polymer stress (UCG2).

Since the description is understood to be Eulerian, we drop over bar (7) on all quantities for
simplicity of notation and replace it with hat (") to emphasize that these quantities have dimensions.
Quantities without hat (") are dimensionless. To conform to commonly used engineering notations
we replace x; ; ¢+ = 1,2,3 by x,y,zand v; ; ¢ = 1,2,3 by u,v,w and (02162-]- ;1,7 = 1,2,3
by 7i; 5 1,7 = 1,2,3 in the mathematical model. We consider an incompressible Giesekus fluid

PIB/C14 [65] with the following material coefficients (assumed constant).

p=800kg/m®> fs=0.002Pas  ; fl,=1.424 Pa's

~

N=1.426 Pa s ; A=0.06s ; a=0.15

in which p, 7, 1), 7, ) and « are density, solvent viscosity, polymer viscosity, total viscosity, re-

laxation time and mobility factor.

For a fixed configuration and a given fluid we can study the influence of the constitutive models

on the flow physics in at least two ways:
(i) For a fixed flow rate, the differences in the constitutive equation in the two models will
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produce different dp/Jx and other dependent variables in the two cases. As the flow rate
increases, the differences in dp/0z and the other dependent variables in the two cases are

expected to increase as well.

(ii) In the second approach, we could choose a value of Op/Ox that is the same in both cases
and compute results. Both models are bound to produce different velocity fields and hence
different flow rates. For very low values of dp/0z we expect the velocity field in the two
cases to be not drastically different from each other but as p/Ox increases, the differences

are expected to be significant.

Obviously, (ii) is easier as it merely requires specification of Op/0z as input and the rest of the
detail of the flow are computed. We use this approach to study the influence of the two constitutive
models (UCGI1 and UCG?2) on the flow physics of fully developed flow between parallel plates
(model problem 1) and fully developed flow between parallel plates using a two dimensional for-
mulation (model problem 2). It is obvious that both model problems will be in agreement when

the same constitutive model is used.

5.8.1 Model Problem 1: fully developed flow between parallel plates

Figure 5.1 shows a schematic using dimensionless quantities. The plates are separated by a
distance 2H. The origin of the xy-coordinate is located at the center of the plates and the positive
x-direction is the direction of the flow. The flow is pressure driven, i.e. dp/Jx (negative) is speci-
fied. The mathematical model describing the flow physics (for incompressible case with isothermal
flow assumption) consists of z- and y-momentum equations and the constitutive equations. The

continuity equation in this case is satisfied identically.
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dy

Ty =0 (UCG1)

™, =0 (UCG2)

Figure 5.1: Schematic of 1-D fully developed flow between parallel plates (half domain)

We begin with all quantities with their usual dimensions (units) in the development of the
mathematical model and then non-dimensionalize them using the following. The quantities with

the subscript zero are the reference quantities.

LO b LO b 770 ) S 770 b p 770 ) po b uo
2 . .
pous 5 Ch. kinetic energy
A A X 0 (5.91)
0 D T
V=— , pP=— , T=— y Po=To= or
Uog Do To
HoUo

Ch. viscous stress

Ly '’
in which 4, v are velocities in the z- and y-direction, p is mechanical pressure and 7T is deviatoric

stress tensor, all in the current configuration. We choose the larger of the two for p, (and 7p). This

results in dimensionless form of the mathematical model given in the following:
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Momentum equations:

In the absence of body forces

&%g)g_]; B (pzzgya%y =0 (5.92)
(ﬁlg)% - (&)% =0 (5.93)

Giesekus constitutive model:

We consider the upper convected Giesekus constitutive model derived in section 5.5.3 (UCGI)
and the upper convected Giesekus constitutive model used currently (UCG2) [22].
UCGI1:

In this model, the first convected time derivative of 7, deviatoric contravariant Cauchy stress

tensor, is a dependent variable in the constitutive theory and the dimensionless form is given by

n \ugTo
De /Lo
- (ﬁ) () + (72)%) = 0 (5.94)
ou De /Loty Upno \ Ou
Tﬁy — DeTyya—y — OJT (m)sz (Txx —+ Tyy) = T](E>a—y

Equations (5.92) - (5.94) constitute the complete mathematical model in dependent variables u, p,

Tzzs Tyy and 7, for fully developed flow between parallel plates when using UCGI.

UCG2:

In this model 7 is decomposed into solvent and polymer stresses.

T=17"+71° (5.95)
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The Newton’s law of viscosity is assumed as a constitutive model for 7°. 77, and 7, are zero

for this model problem and we only have 77, in the constitute model for solvent stress.

UpTo Ou
S o= —— |ns— 5.96
T:ry (L()To)n ay ( )

and hence, from (5.95)

. _ . . UoTlo Ou
Tex = Tgx ) Tyy = 7—5y ) Tay = Tgy + (E)nsa_y (5.97)

For polymer stress 77, the dimensionless form of the constitutive equations are given by (ob-

tained by replacing 7 with 77 and 7 by 7, in (5.94)) the following [22]:

7P —2Det? Ou a%<ﬂ) ((r2,)* + (12)?) =0

Yoy mp \uomo ! "
De L(ﬂ'(]) 9 2
P— a— P P =0 5.98
TR I (AR GAY (598)
ou De s Loty Upno \ Ou
P _ DerP _ ( ) p (P P — ( )
Tou = Ty~ gy Nagne ) T (4 m) = T 0y

Using (5.97) in the momentum equations (5.92) and (5.93), we can express the momentum

equations in terms of 7/, 77 and velocity gradients

orP 2
(pf_ftg)g_i - ( pOTZg) ;;y - ( LOZZUO)%?; =0 (5.99)
(,;ffbg)g_z N (pOTZg a%y =0 (5.100)

(5.98) - (5.100) constitute the complete mathematical model in dependent variables u, p, 77,

), and 72 for fully developed flow between parallel plates when using UCG2.

Solutions of the BVPs:

In this section we consider solutions of the BVPs described by (5.92) - (5.94) for UCG1 and
(5.98) - (5.100) for UCG2. Since dp/dz is constant (specified), from (5.92) we can determine

Tzy Dy integrating with respect to y and using the boundary condition 7, = 0 at y = 0 (due to
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symmetry)

Tay = (%)y (5.101)

A theoretical solution for the remaining dependent variables is not readily possible due to the
complexity of the constitutive equations in both boundary value problems (UCG1 and UCG?2),
hence we consider their numerical solutions using finite element processes based on the residual
functional (least squares finite element method). The local approximations are considered in higher
order spaces H*?(Q¢) in which Q¢ is the spatial domain of a typical element ‘e’ of the discretiza-
tion. The resulting non-linear algebraic equations from the least squares process are solved using
Newton’s linear method. The computational processes in this approach are unconditionally stable
and permit higher order global differentiability local approximations. See reference [61-63] for
details of local approximations and the least squares process for non-linear PDEs and higher order

spaces. In the computations of the numerical solutions we choose
H=Ly=3.175mm ; py=p=3800kg/m® ; ny=n=1.426Pas ; uo=0.5 m/s

which gives

L
H=1 ; po=m=pul=200Pa ;  Re="""_ 38906
Tlo
5\ 5\ max
De=2%_945 or  De=20me _ 18 89764u,,,,
L(] LO

A good discretization of the spatial domain 0 < y < 1 is important in ensuring satisfactory
convergence of the Newton’s linear method for the system of non-linear algebraic equations and
good accuracy of computed solutions. With progressively increasing dp/0z, we expect develop-
ment of a constant velocity core at the center of the flow. This suggests the use of a highly biased
finer discretization towards the walls. A two element graded mesh with element length of 0.2 and
0.8 starting from the wall (see figure 5.2) is used in and local approximations are p-version (3-node

elements) in higher order spaces.
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Figure 5.2: Graded mesh discretization using two 3-node p-version elements

Initial p-convergence studies with this discretization suggest p = 9 with £ = 2, local approx-
imations of class C*(Q¢), to be sufficient for good accuracy of results. For this choice of mesh,
p-level (p = 9) and order of the space (k = 2), the residual or least squares functional values
remain O(107%) - O(10~%°) indicating that the PDEs are satisfied very accurately (in the pointwise
sense for UCGI as the integrals are Riemann, and not strictly in the pointwise sense for UCG2
since the integrals are Lebesgue) when local approximations for u, p, T, T,y and 7, are of class
C*(Q¢). Newton’s linear method used for solving the non-linear algebraic equations converges in
less than 10 iterations for all numerical studies presented here. In the numerical studies we begin
with dp/0z = —0.1 for which a converged solution is obtained and then progressively increase
it up to dp/0dx = —0.275 using a continuation procedure in which converged solutions at lower
Op/Ox are used as initial (or starting) solution in the Newton’s linear method. Figure 5.3 shows
graphs of velocity u versus y for different values of dp/dx for both UCG1 and UCG2. Graphs of
velocity gradient du/Jy versus y for different values of dp/0x are shown in figure 5.4. For Op/0x
values up to —0.2, the results from both UCG1 and UCG?2 are in good agreement (figures 5.3 and
5.4). Beyond Op/0x values of —0.2, the results from the two BVPs begin to deviate. Higher values
of Op/0x result in larger deviations between the two models. At Op/dx = —0.275, Upaz aty =0
from UCGTI is more than twice of u,,,, at y = 0 from UCG2. This of course implies drastically

different flow rates resulting from the two models for the same pressure gradient.

Figures 5.5 - 5.7 show plots of 7,,, 7,, and 7, versus y for both UCG1 and UCG2. For dp/0x
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Figure 5.3: Velocity u versus distance y
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Figure 5.4: Velocity gradient du/dy versus distance y

values beyond —0.2 we observe progressively increasing deviations between solutions obtained
from the two BVPs for 7., and 7,,. For Op/0x = —0.275, 7, and T,y from UCGI are roughly
more than twice of those from UCG2. Computed 7, from the numerical solutions of both BVPs

are in perfect agreement with the theoretical solution (5.101) for all values of dp/0x as 7,, only
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depends upon dp/dx which is same in both models. The residual () values of O(10~®) or lower

and the use of C'(£2¢) ensure that the computed solutions satisfy the GDEs accurately.

cl@);p=9
dplox values:
~ UCGL: -0.1
g 0.2 =mmeeee
g -0.25
Z -0.265 -----e=
= -0.275 -weeeee
ucG2: -0.1
0.2 ——
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-0.265 ——
-0.275 ——
O T T T T T T T T T 1
0 1 2 3 4 5 6 7 8 9 10
Stress, T,
Figure 5.5: Stress component 7., versus distance y
038 - T
(@) p=9
dp/ox values:
~ 0671 ycar: 01
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g -0.25
2 -0.265 ===
0.4 -0.275 =-emenee
ucG2: -0.1
-0.2
-0.25
i 0.265 ——
02 -0.275 ——
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Stress, Tyy

Figure 5.6: Stress component 7, versus distance y
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Figure 5.7: Stress component 7, versus distance y

5.8.2 Model Problem 2: fully developed flow between parallel plates using

2D formulation

We consider the same model problem as considered for model problem 1, i.e. fully devel-
oped flow between parallel plates but we use 2D mathematical model. The purpose is to show
performance of full mathematical model and to demonstrate that for fully developed flow between
parallel plates, this full model produces precisely same results as degenerate model used in sec-
tion 5.8.1. Figure 5.8 shows a schematic using dimensionless quantities in which ABC'D is the
computational domain. Origin of the coordinate system x, y is located at A. Positive x-direction
is the direction of the flow. In this case, the mathematical model describing the flow physics (for
incompressible case with isothermal flow assumption) consists of continuity equation, x- and y-
momentum equations and the constitutive equations. We begin with all quantities with their usual
dimensions (units) in the development of the mathematical model and then non-dimensionalize
them using (5.91) in which #, © are velocities in the z- and y-direction, p is mechanical pressure
and T is deviatoric stress tensor, all in the current configuration. We choose the larger of the two

for py (and 7p). This results in the following dimensionless form of the mathematical model:
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Figure 5.8: Schematic of 2-D fully developed flow between parallel plates (half domain)

Continuity equation:

p<% %) —0 (5.102)
Momentum equations:
In the absence of body forces
(e
g rig) e ) (F 5

Giesekus constitutive model:

We consider the upper convected Giesekus constitutive model derived in section 5.5.3 (UCGI)

and the upper convected Giesekus constitutive model used currently (UCG2).
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UCG1:

In this model, the first convected time derivative of 7, the deviatoric contravariant Cauchy

stress tensor, 1s a dependent variable in the constitutive theory and dimensionless form is given by

OTpa +v07m 9 @ B 0u>
ox Jy oy

_oz%<LOTO> ((72e)?+ (7)) =20 50 >au

TeotDeE (u

1 \ g7 Loto/ 0z
Tyy+De (u% + vaaLZy — 27'19% — QTyyg—Z) 5,100
~a D () (1) (7)) 20 (1) |
Tay+De <u8(;—;y + vagzy — Txy(% + g—Z) — me% — Tyyg—z>
— a% (500—;(0)>sz (Tm + Tyy) = n(%) (g—z + g—;)

Equations (5.102) - (5.104) constitute the complete mathematical model in dependent variables w,

U, D, Tag» Tyy and 7., for two dimensional steady flow using the constitutive model UCGI.

UCG2:

This constitutive model is used currently [22]. As in model problem 1, here also, 7 is decom-

posed into solvent and polymer stresses.

T=17"4+71"° (5.105)

and the Newton’s law of viscosity is assumed as a constitutive theory for 7°.
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and hence, from (5.105)

ou upno\ Ov
P 2( 0770> . ) _p 2( 0 ) .
T Ta:ac L07'0 " 8.’13' ’ Tyy 7 LoTo g 8y

For polymer stress 77, the dimensionless form of the constitutive equations are given by (ob-

(5.107)

tained by replacing 7 with 77 and 7 by 7, in (5.104)) the following [22]:

Dol o aanx -2 @% ~ 272, 2)
B 0‘1;—:(5(?;2) ((72.)*+(72)?) :2%< %g_z
Tfywe(“aggy * “683?% 27, % — 2rh, §Z> (5.108)
s o [C AR AR R G oy |
r£y+De( a@fy + U&(;; _ rfgy(% + g—Z) — T’?xg:; yygz>

De LOTO) — o\ (uon())(au 81})
anp (U(ﬂ?o oy (78 7)< Loto/ \ Oy * Ox

Using (5.107) in the momentum equations (5.103), we can express the momentum equations

in terms of 77, 77 , 77 and velocity gradients

fogs +va) + g3~ Gog) (5 + )
~ Lopiuo) (255 + 5 * o) =0
(s +g) + o)~ o) (a+ 0)
(255 + 3+ 00 =

Equations (5.102), (5.108), (5.109) constitute the complete mathematical model in dependent

+

(5.109)

variables u, v, p, 72 , and Tp for two dimensional steady flow using the constitutive model

UCG?2, used currently for incompressible Giesekus fluids.
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Solutions of the BVPs:

In this section we consider solutions of the BVPs described by(5.102) - (5.104) for UCG1 and
(5.102), (5.108), (5.109) for UCG2. A theoretical solution for dependent variables is not possible
due to the complexity of the constitutive equations in both boundary value problems, hence we
consider their numerical solutions using finite element processes based on the residual functional
(least squares finite element method) in which the resulting non-linear algebraic equations from
the least squares process are solved using Newton’s linear method. The computational processes
in this approach are unconditionally stable and permit higher order global differentiability local
approximations. Details of the local approximations and the least squares finite element processes
for non-linear PDEs and higher order spaces can be found in references [61-63,66—68]. The local
approximations are considered in higher order spaces H kvp(ng) in which ng is the spatial domain

of a typical element ‘e’ of the discretization. In computations of numerical solutions we choose
H=1Ly=3.175mm ; py=p=2800kg/m®: ny=n=1.426Pas ; uy=0.5m/s

where H = 1, Py = 200 Pa, Re = 0.8906 and De = 9.45, same as model problem 1.

In this case, the rectangular domain ABC'D is discretized using two 9-node p-version ele-
ments of lengths 0.2 and 0.8 (figure 5.9) in the y-direction. Length AD is chosen as 1.0 (arbitrary).
The local approximations are considered to be of equal degree for all variables. We consider
p = (p1,p2) = (9,9) with k = (k,k2) = (2,2), i.e. local approximations of class ' (5, ).
For this choice of mesh, p-level and order of space, the residual functional values are of orders of
O(107%) - O(107'°) indicating that the PDEs are satisfied very accurately (in the pointwise sense
for UCGI as the integrals are Riemann, and not strictly in the pointwise sense for UCG2 since in-

tegrals are Lebesgue) when local approximations for u, v, p, T, 7, and 7., are of class C'! (Qiy)

In the numerical studies we begin with dp/dx = —0.1 for which a converged solution is ob-
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Figure 5.9: Graded mesh discretization using two 9-node p-version elements

tained and then progressively increase it up to dp/dx = —0.275 using a continuation procedure in
which converged solutions at lower dp/0z are used as initial (or starting) solution in the Newton’s
linear method. For all values of dp/dx, the computed numerical solutions confirm that u, du/0x,
Tz Tyy and 7., versus y are invariant of spatial location x along AD and are in perfect agreement
with those obtained in model problem 1 using fully developed flow 1D numerical studies, hence

are not repeated for sake of brevity.

5.9 Summary

We have presented development of rate constitutive theories for compressible and incompress-
ible ordered thermoviscoelastic fluids in contravariant and covariant bases as well as using Jau-
mann rates. The theories consider convected time derivatives of up to order ‘m’ of the deviatoric

Cauchy stress tensor and convected time derivatives of up to order ‘n’ of the strain tensor in the
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chosen basis. The convected time derivative of order ‘m’ of the deviatoric Cauchy stress tensor,
the heat vector and Helmholtz free energy density are considered as dependent variables in the
development of the rate constitutive theories. The argument tensors in the constitutive theories
for the deviatoric stress tensor and heat vector are considered to be [y)] ; 7 = 1,2,...,n, [;0®]
:k =0,1,...,m — 1, density p, temperature § and temperature gradient g in the contravariant
basis. In the case of covariant basis, [y)] and [45¥)] are replaced by [y(;)] and [46(x)] while the
other arguments remain the same. When using Jaumann rates, we use [V)47] ; j = 1,2,...,n and
[(kZﬁJ |;k=0,1,...,m—1,p, 6 and g as argument tensors. These rate constitutive theories define

ordered thermoviscoelastic fluids of orders (m,n).

Many remarks made in papers by Surana et al. [55-57] regarding the second law of thermo-
dynamics, conditions resulting from it, decomposition of the total stress tensor in equilibrium and
deviatoric stress tensors, rates of stress and strain tensors in various bases, determination of equilib-
rium stress for incompressible and compressible cases leading to mechanical and thermodynamic
pressure remain the same here as well and hence are not repeated for the sake of brevity. As in
references [55-57], here also, the second law of thermodynamics does not provide a mechanism
for determining the constitutive equations for the deviatoric stress tensor but only requires that
the work expanded due to the deviatoric stress tensor be positive. The development of the rate
constitutive theory presented in this chapter is based on the theory of generators and invariants.
In this approach [;5™] and §'*) or [40(m)] and q(g) or ["}5”] and (g’ are expressed as a lin-
ear combination of the combined generators of the argument tensors keeping in mind that [;&(™)],
[40 ()] and [(™)y5/] are symmetric tensors of rank two where as g%, q(o) and (©)g” are tensors of
rank one. Hence, the combined generators used in the linear combinations for [;™)], [45(,)] or
[(m)&7] must also be symmetric tensors of rank two. Whereas the combined generators used to
define g, q) and (©g’ must be tensors of rank one. Additionally we must also adhere to mini-

mal basis in these linear combinations. The coefficients in the linear combinations are functions of

density p, temperature # and the combined invariants of the argument tensors of rank one and two
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and are determined by considering their Taylor series expansion about the configuration at time
t = t, in the combined invariants and §. We make the following specific remarks based on the

work presented in this chapter.

1. The general theory of the rate constitutive equations for ordered thermoviscoelastic fluids
of orders (m, n) is presented for compressible as well as incompressible thermoviscoelastic

fluids.

2. The general theory of rate constitutive equations is specialized form = 1 and n = 1, i.e.,
thermoviscoelastic fluids of order one in deviatoric Cauchy stress and strain rates. In this
case [;0] or [46(1)] or [1)57] contain [4¢V], [vW], p, 6, g or [45 ()], [va))s P 0, g or
[©457], [Y~7], p, 0, g as argument tensors in contravariant and covariant bases as well as

using Jaumann rates. The same argument tensors also hold for the heat vector q(*) or q ) or

Og”.

3. The general theory is also specialized for m = 1 and n = 2, i.e., thermoviscoelastic fluids
of order one in deviatoric Cauchy stress rate but of order two in strain rate. In this case, the
dependent variables [;5V] or [45(1)] or [(1)7] contain [4;&(0], [yV], [v?)], p, 0, g or [45(0)]
v ls yls 2, 0, g or [©ha7], [V~7], p, 0, g as argument tensors in contravariant, covariant

and Jaumann bases. The same argument tensors also hold for the heat vector g(*) or q o) or

Og’.

4. The contravariant basis yields upper convected ordered rate constitutive theories. Likewise,
covariant basis yields lower convected ordered rate constitutive theories. Use of Jaumann
rates yield Jaumann rate constitutive equations. Surana et al. [30] have shown that only con-
travariant basis is in accordance with the physics of deforming matter when the deformation
is finite. As the deformation deviates from the infinitesimal assumption, the rate constitu-
tive equations based on covariant basis and others (such as Jaumann rate equations) become

progressively spurious with progressively increasing deformation.

200



. It is shown that Maxwell constitutive model and Giesekus constitutive model are a subset
of ordered thermoviscoelastic fluids (incompressible) of orders m = 1 and n = 1. Deriva-
tions presented in the chapter demonstrate many assumptions needed for the general case
of m = 1, n = 1 to derive these constitutive models. As well known, Maxwell model is
a linear viscoelastic model whereas Giesekus constitutive model is a non-linear viscoelastic

constitutive model.

. It is also shown that Oldroyd-B constitutive model is a subset of the rate constitutive equa-
tions of orders m = 1 and n = 2. The derivation presented in this chapter demonstrates
many assumptions that must be employed for the general case of m = 1 and n = 2 to derive
Oldroyd-B constitutive model. This constitutive model is referred to as quasi-linear vis-
coelastic constitutive model. The non-linearity in this model is due to [?4] (not considering

the nonlinearity due to the variable coefficients).

. The Maxwell, Oldroyd-B and Giesekus constitutive models as used in polymer science have
been derived using kinetic theory [22,51]. The reference to the Maxwell model based on
continuum mechanics can be found in [3,4]. However, the derivations of Oldroyd-B and
Giesekus constitutive models based on principles and axioms of continuum mechanics as
presented in this chapter are the first appearance of this work in the published literature to

our knowledge.

. The derivations of Maxwell, Oldroyd-B and Giesekus constitutive models presented here are

fundamental in understanding the assumptions employed in their derivations which eventu-

ally limit their range of applications. For example, all three constitutive models might have

limited range of validity for non-finite deformation. Giesekus model is superior in terms of
2

more realistic behavior of [;5(¥)] or [45(q)] or [(%5”] due to inclusion of [;7®]? or [45(0)]? or

[©457]% in the rate theory.

. In this chapter we have also presented constitutive theories for %, gy and (¥’g” that con-

tains same argument tensors as [;5™)], [45 ()] or [(™)&7]. This is essential for consistency
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10.

11.

12.

13.

of the constitutive theories between the stress tensor and heat vector.

All developments consider the fluid to be compressible as well as incompressible in both

contra- and co-variant bases as well as using Jaumann rates.

It is important to note that the Giesekus constitutive model derived here uses the deviatoric
Cauchy stress tensor in the development of the rate theory. This is supported by the entropy
inequality. The currently used Giesekus constitutive model in published works [22], though
similar in the form compared to the model derived here, it uses deviatoric polymer Cauchy
stress tensor in the constitutive model with the additional assumptions of (i) decomposition
of deviatoric Cauchy stress tensor in solvent and polymer stress tensors (i) Newton’s law
of viscosity to define the constitutive theory for the deviatoric solvent Cauchy stress tensor.

These are not supported by the derivation presented in this chapter.

In polymer science, it is argued [69, 70] that decomposition of the deviatoric Cauchy stress
in terms of viscous (both solvent and polymer) and elastic components and then expressing
viscous stress using Newton’s law of viscosity and thus obtaining constitutive equations
in terms of deviatoric elastic stress is meritorious (computationally). This approach has two
fundamental problems if viewed based on the principles and axioms of continuum mechanics
for the constitutive theory. First, the deviatoric Cauchy stress must be a dependent variable
in the constitutive theory and not the elastic stress as evident from entropy inequality. This
argument questions the decomposition. Secondly, use of Newton’s law of viscosity must be

derivable as opposed to simply using it as a constitutive theory for the viscous stress tensor.

Numerical studies are presented for fully developed flow between parallel plates, and fully
developed flow between parallel plates using a two dimensional formulation for a dense
polymeric liquid (PIB/C14) using Giesekus constitutive model derived in this chapter as
well as currently used Giesekus constitutive model. We use contravariant Cauchy stress
tensor and Almansi strain tensors as conjugate measures of stress and strain in Eulerian

description. This yields upper convected Giesekus constitutive models. Numerical results
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14.

15.

16.

are presented using the upper convected Giesekus constitutive model derived in this chapter
(UCG1) as well as using the currently used constitutive model in deviatoric polymer stress

(UCG2).

We choose a value of dp/Jx that is same in both constitutive models and compute results.
For very low values of Op/0x, velocity fields in the two cases are not drastically different but
as dp/0z increases, both models produced significantly different velocity fields and hence
different flow rates. Computed results from fully developed flow between parallel plates
using studies in R! and fully developed flow between parallel plates using two dimensional

formulation i.e. R? are in perfect agreement when the same constitutive model is used.

All rate theories presented here permit variable material coefficients during the deforma-
tion. Even though, the Maxwell, Oldroyd-B and Giesekus models can only be derived by
neglecting many terms (as shown in the derivations) but the dependence of the final material
coefficients can be maintained on any (or all) of the desired invariants. This feature permits
shear thinning, shear thickening and other behaviors of viscosity etc. to be incorporated in

the constitutive models derived here based on experimental and/or empirical relations.

A significant point to note in the present work is that determination of coefficients used in
the linear combination of the generators to express deviatoric stress tensor or heat vector
requires use of Taylor series expansion about the configuration at time ¢ = ¢,, whent = ¢,
is the current configuration. This automatically forces the determination of the coefficients
in the configuration at time ¢ = ¢,, and not in the current configuration at time ¢ = ¢, 1.
In all presently used works, this is not the case. Variable transport properties as well as the
dependence of the material coefficients on the invariants are all expressed using the current
configuration. This may be justified when the configuration at ¢ = ¢, and ¢t = ¢, are
in close proximity in terms of deformation field but cannot be supported by the derivation

presented in this chapter.
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Chapter 6

Summary and Conclusions

The rate constitutive theories in the Eulerian description for incompressible as well as com-
pressible ordered thermoelastic solids, thermofluids and thermoviscoelastic fluids have been pre-
sented in contravariant and covariant bases as well as using the Jaumann rates. When the mathe-
matical models for deforming matter are constructed using Eulerian description, the displacements
of the material particles, and hence strain measures, are not readily obtainable. Thus the constitu-
tive theories expressing chosen stress measures as a function of the conjugate strain measure is not
usable. Hence, in this situation, one must consider a relationship between conjugate pairs of stress

and strain rates, thus the need for rate constitutive theories.

Based on the axiom of admissibility, all constitutive equations must satisfy conservation laws to
ensure thermodynamic equilibrium of the deforming matter. Since conservation of mass, balance
of momenta and energy equation only require existence of the stress field and heat vector, these are
independent of the constitution of the matter. Thus the second law of thermodynamics (Clausius-
Duhem inequality) must provide the basis for the developments of the constitutive theories. The

conditions resulting from the Clausius-Duhem inequality show that:

(1) Specific entropy is deterministic from the Helmholtz free energy and hence should not be

considered as a dependent variable in the constitutive theory, thus the Cauchy stress tensor,
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heat vector and the Helmholtz free energy density are the only dependent variables in the

constitutive theory for the type of matter considered here.

(i1) The conditions resulting from the entropy inequality also provide a mechanism to determine
the heat vector as a function of the temperature gradient vector and conductivity, i.e. Fourier

heat condition law.

(ii1)) However, these conditions do not provide a mechanism to determine the constitutive theory
for the total Cauchy stress tensor. If the total Cauchy stress tensor is decomposed into equi-
librium stress and deviatoric stress, then: (a) The equilibrium stress tensor is deterministic
from the entropy inequality and leads to thermodynamic pressure for compressible matter
and mechanical pressure for incompressible matter (b) The deviatoric Cauchy stress tensor
is not deterministic from the entropy inequality, however the entropy inequality does require

the work expanded due to the deviatoric Cauchy stress to be positive.

Thus, rate constitutive theories for ordered thermoelastic solids, thermofluids and thermovis-
coelastic fluids reduce to the deviatoric Cauchy stress tensor, heat vector and the Helmholtz free en-
ergy density as dependent variables and determination of the theory for them in contra-, co-variant

bases and the Jaumann rates using the argument tensors describing the physics of deformation.

For compressible ordered thermoelastic solids, the argument tensors of the first convected
time derivative of the deviatoric Cauchy stress [(*j5] and heat vector (¥'q are p, 0, g and [V)~]
;7 =1,2,...,n, the convected time derivatives of orders 1,2, ..., n. These rate constitutive theo-

ries defined ordered thermoelastic solids of order n in the chosen basis.

In the case of compressible ordered thermofluids, the argument tensors of deviatoric Cauchy
stress [(°y&] and heat vector (“\q are p, 0, g and [)7] ; j = 1,2, ..., n, defining ordered thermoflu-

ids of order n in contra- and covariant bases, and using Jaumann rates.
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In the case of compressible thermoviscoelastic fluids, the argument tensors of the convected
time derivative of order ‘m’ of the deviatoric Cauchy stress tensor and the heat vector are consid-
eredtobe (4] ;5 =1,2,....,n, [*h5]; k =0,1,...,m — 1, p, 0 and g. These rate constitutive

theories define ordered thermoviscoelastic fluids of orders (m,n) in the chosen basis.

It is shown that the argument tensors for the Helmholtz free energy density ® are p and 6 re-
gardless of the choice of basis and the type of matter and that for incompressible matter, p in the
current configuration is same as in the reference configuration and hence it is no longer an argu-
ment of the dependent variables in the constitutive theories. Other arguments remain same as for

the compressible case.

The theory of generators and invariants is utilized to derive the general form of the constitu-
tive theories (both compressible and incompressible cases) in contravariant and covariant bases as
well as using Jaumann rates. In this approach, the dependent variables (deviatoric Cauchy stress
tensor or its convected time derivatives, and heat vector) are expressed as a linear combination of
the combined generators of their argument tensors. We keep in mind that the deviatoric Cauchy
stress tensor (and its convected time derivatives) in all three bases are symmetric tensors of rank
two, hence the combined generators must also be symmetric tensors of rank two, whereas the heat
vector is a tensor of rank one, thus the combined generators used to define the heat vector must be
tensors of rank one. Additionally we must also adhere to integrity or minimal basis in these linear
combinations. The coefficients in this linear combination are functions of the combined invariants
of the argument tensors of rank one and two, in addition to p and @ (in case of compressible mat-
ter) and 6 (in case of incompressible matter) in the current configuration at time ¢t = ¢, and are
determined by using their Taylor series expansions about a known configuration at time ¢t = ¢,, and

retaining only up to linear terms in the combined invariants and the temperature.

General forms of rate constitutive theories for thermoelastic solids, thermofluids and thermoe-
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lastic solids are presented. The general form of the rate constitutive theory for thermoelastic
solids of order one (n = 1) is specialized and derivations are presented for generalized hypo-
thermoelastic solids and hypo-thermoelastic solids (both subsets of the rate constitutive theory
of order one). It is shown that the constitutive theory for the deviatoric Cauchy stress tensor for
generalized Newtonian fluids and Newtonian fluids is derivable using rate constitutive theory for

thermofluids of order one (n = 1) with further assumptions and simplifications.

Specific details were presented for rate constitutive theories of orders m = 1 and n = 1, i.e.
thermoviscoelastic fluids of order one in deviatoric Cauchy stress and strain rates. In this case
[(1)7] and (g contain [(*)7], [V], p, 0, g as argument tensors in contravariant and covariant bases
as well as using Jaumann rates. It was shown that Maxwell constitutive model and Giesekus con-
stitutive model are a subset of ordered thermoviscoelastic fluids of orders m = 1 and n = 1. The
Maxwell model is a linear viscoelastic model whereas Giesekus constitutive model is a non-linear

viscoelastic constitutive model.

Specific details are also presented for rate constitutive theories of orders m = 1 and n = 2,
i.e. thermoviscoelastic fluids of order one in deviatoric Cauchy stress rate but of order two in
strain rate. In this case, the dependent variables [(1)&] and (”’q contain [©)}5], [V4], [P4], 5. 0, g
as argument tensors in contravariant, covariant and Jaumann bases. It was shown that Oldroyd-B
constitutive model is a subset of the rate constitutive equations of orders m = 1 and n = 2. This
constitutive model is referred to as quasi-linear viscoelastic constitutive model. The non-linearity

in this model is due to [?)y] (not considering the nonlinearity due to the variable coefficients).

In this work, constitutive theories for the heat vector that contains same argument tensors as
the deviatoric Cauchy stress tensor ([(°)&] for ordered thermofluids, [(})7] in case of ordered ther-
moelastic solids, and [(™)&] for ordered thermoviscoelastic fluids) have been presented. This is

essential for consistency of the constitutive theories between the stress tensor and heat vector.
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All derivations are presented for compressible as well as incompressible case with variable
material coefficients, which permit more complex and variable behavior of material coefficients
during the evolution as they can be functions of density, temperature and the combined invariants
of the argument tensors in the immediately preceding deformed configuration. Even though, the
commonly used constitutive models can only be derived by neglecting many terms (as shown in
the derivations) but the dependence of the final material coefficients or transport properties can
be maintained on any (or all) of the desired invariants. This feature permits shear thinning, shear
thickening and other behaviors of viscosity to be incorporated in the constitutive models derived
here based on experimental or empirical relations and hence, it forms the basis for power law and
Carreau- Yasuda models (and others) for shear rate dependent viscosity. In the following we draw

some conclusions from the work presented here.

(1) Definition of [;oV], [45(1)] and [()&”] differ from each other. Furthermore, each of the
three convected time derivatives have different definitions for compressible and incompress-
ible cases. Thus, in the case of thermoelastic solids and thermoviscoelastic fluids of any
orders, the resulting rate theories in contra- and co-variant bases and using the Jaumann rates
would be different. The derivations of commonly used constitutive theories presented here
for thermoelastic solids and thermoviscoelastic fluids are fundamental in understanding the

assumptions employed in their derivations which eventually limit their range of applications:

(a) When the first order rate constitutive equations (n = 1) for thermoelastic solids are
simplified to obtain constitutive equations for what is commonly known as hypo ther-
moelastic solid, the restriction of infinitesimal deformation must be observed. In this
case, second and higher order terms in the components of the first convected time
derivatives of the strain tensor are assumed negligible. Thus, use of such constitutive

relations [36,37] for finite deformation may be questionable.

(b) The assumptions used in deriving Maxwell, Oldroyd-B and Giesekus constitutive mod-
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2)

3)

4)

els are clearly stated. Giesekus model is superior in terms of more realistic behavior of

[©)5] due to inclusion of [°}5]? in the rate theory.

For ordered thermofluids of order one (n = 1) i.e. when [yV)] = [yy)] = [V+7] = [D] is the
only argument tensor (in addition to p, 0, g), the contra- and co-variant stress measures are
the same, i.e. in this case [;6V] = [4,6(0)] = [(%h5”]. For such fluids, the distinction between
contra- and co-variant bases and Jaumann rates disappears and we may simply say deviatoric
Cauchy stress [40] as opposed to contra- and co-variant deviatoric Cauchy stress tensors or
Jaumann stress tensor. Thus, for generalized Newtonian and Newtonian fluids (subsets of
ordered thermofluids of order one) the covariant, contravariant and Jaumann stress measures

are the same.

The contravariant basis yields upper convected rate constitutive theories whereas covariant
basis gives lower convected rate constitutive theories. Likewise, use of the Jaumann rates
yields the Jaumann rate constitutive theories. Jaumann rate constitutive equations are most
widely used for deforming solid matter in the Eulerian description [36,37]. Surana et al.
[30, 55, 56] have shown that the Jaumann stress rates are average of those in contra- and
co-variant descriptions when the velocity field is the same in both bases and that in the
case of finite deformation, only upper convected rate constitutive theory is in conformity
with the physics of deformation [30]. As the magnitude of the deformation increases, the
constitutive theories in covariant basis and others (such as Jaumann rate equations) become
progressively more spurious as these use stress measures that do not correspond to the true

deformed tetrahedron in the current configuration.

A significant point to note in the present work is that determination of coefficients used
in the linear combination of the generators to express the deviatoric stress tensor or heat
vector requires use of Taylor series about the configuration at ¢t = ¢,, when ¢ = ¢, is the
current configuration. This automatically forces the determination of the coefficients in the

configuration at time ¢ = ¢,, and not at £ = ¢,,,1. In the majority of the published works,
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®)

(6)

this is not the case. In the published works, dependence of the variable transport properties
i.e. material coefficients, on deformation field is expressed using the current configuration.
This may be justified when the configurations at t = ¢,, and ¢ = ¢,,,1 are in close proximity
in terms of deformation field but can not be supported by the derivations presented in this

work.

When using the theory of generators and invariants, the constitutive equation for the heat
vector is much more complex due to the presence of other argument tensors than just g
when compared to Fourier heat conduction law which assumes that the heat vector only
depends on g. When [D)] is the only argument tensor of (V’q (in addition to 5, 0, g), then
of course g0 = q) = (g’ i.e. the constitutive theory for the heat vector is independent
of the basis. However, the constitutive equation for the heat vector based on the combined

generators of [D] and g is perhaps more realistic for fluids and finite deformation of solids

as it accounts for velocity gradients.

The Giesekus constitutive model derived here uses the deviatoric Cauchy stress tensor in the
development of the rate theory. This is supported by the entropy inequality. The currently
used Giesekus constitutive model in published works [22], though similar in the form com-
pared to the constitutive model derived here, it uses deviatoric polymer Cauchy stress tensor
in the constitutive model with the additional assumptions of (i) decomposition of deviatoric
Cauchy stress tensor in solvent and polymer stress tensors (i1) Newton’s law of viscosity to
define the constitutive theory for the deviatoric solvent Cauchy stress tensor. In polymer
science, it is argued [69, 70] that this further decomposition of the deviatoric Cauchy stress
is meritorious (computationally). This approach has two fundamental problems if viewed
based on the principles and axioms of continuum mechanics for the constitutive theory.
First, the deviatoric Cauchy stress must be a dependent variable in the constitutive theory
and not the elastic stress as evident from entropy inequality. This argument questions the

decomposition. Secondly, use of Newton’s law of viscosity must be derivable as opposed to

210



(7)

8)

)

simply using it as a constitutive theory for the viscous stress tensor.

Numerical studies are presented using one dimensional studies for fully developed flow
between parallel plates as well as two dimensional studies for a dense polymeric liquid
(PIB/C14) using upper convected Giesekus constitutive model derived in this work (UCG1)
as well as using the currently used upper convected constitutive model in deviatoric polymer
stress (UCG?2). Pressure gradient dp/0z is chosen to be same in both constitutive models.
For very low values of Op/0z, velocity fields in the two cases are not drastically different but
as dp/0z increases, both models produced significantly different velocity fields and hence
different flow rates. Computed results from fully developed flow between parallel plates
using studies in R! and fully developed flow between parallel plates using two dimensional

formulation i.e. in R? are in perfect agreement when the same constitutive model is used.

Numerical studies are also presented to determine the influence of non-linearity in terms of
temperature gradient in the constitutive equation for the heat vector and comparisons are
made with the Fourier heat conduction law. Heat transfer in an incompressible thermoelas-
tic solid (aluminum rod) under small motion and infinitesimal deformation was considered.
In this case, the distinction between covariant and contravariant basis disappears. The new
coefficient associated with the non-linear term must be determined experimentally or em-
pirically. The study demonstrates that when temperature gradients are high, the non-linear
constitutive theory for the heat vector may be a more realistic representation of the physics

as opposed to Fourier heat conduction law.

Numerical studies are also presented for fully developed flow of a constant viscosity incom-
pressible fluid (air) between parallel plates as model problem for a subset of thermofluids of
order n = 1. The constitutive theory for the deviatoric Cauchy stress tensor that is quadratic
in [D] is considered for numerical studies and compared with the constitutive theory based

on Newton’s law of viscosity. For a known pressure gradient, a theoretical solution is pre-

sented. The study suggests that when flow rates and hence velocity gradients are high, the

211



non-linear constitutive equations for the deviatoric Cauchy stress tensor may be a more real-
istic representation of the physics as opposed to the constitutive equations based on Newton’s

law of viscosity.

(10) All constitutive theories in Eulerian description in all three bases are in fact rate constitutive
theories since they utilize convected time derivatives of the deviatoric Cauchy stress tensor

and convected time derivatives of the strain tensor in the chosen basis in their derivations.

(11) The condition of positive work expanded due to deviatoric Cauchy stress tensor resulting
from the entropy inequality must be satisfied by all rate constitutive equations. This work on

constitutive inequalities is currently in progress.

(12) The constitutive theories in this work are derived using combined generators and invariants
of the argument tensors of the dependent variables. Strictly speaking, these might be viewed
to lack thermodynamic basis (as these are not derived using entropy inequality) unless sup-
ported by constitutive inequalities. However, these theories do have continuum mechanics

foundation as they satisfy the axioms of the constitutive theory.

The work presented here provides completely general and unified constitutive theories for or-
dered thermoelastic solids, thermofluids and thermoviscoelastic fluids from which specialized be-
haviors such as (1) generalized hypo-thermoelastic solids and hypo-thermoelastic solids (ii) gener-
alized Newtonian and Newtonian fluids (iii) Oldroyd-B, Maxwell and Giesekus constitutive models

with variable material coefficients have been derived and presented.
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Appendix A

Combined generators and invariants

Table A.1: Complete set of irreducible invariants of symmetric tensor of rank two [s], vector (ten-
sor of rank one) {v} and skew symmetric tensor [w]

(1) Invariants depending upon one variable:

Variables Invariants

[s] trs], w[s?, tr[s?
v v-v

[w] trfw?]

(2) Invariants depending upon two variables when (1) is assumed to hold:

Variables Invariants
[s1] ,  [s2] tr([s1][s2]) , tr

(
tr([si][s3]) . tr(

[s], v v-[slv, v [sYv

[s], [w] tr([s][w?) . te([s?][w?]) . or([s?][w?][s][w])
v, [w] v - [wv

[wi] - [we] tr([wn][w2])
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Table A.1: (Contd.) Complete set of irreducible invariants of symmetric tensor of rank two [s],

3)

vector (tensor of rank one) {v} and skew symmetric tensor [w]

Invariants depending upon three variables when (1) and (2) are assumed to hold:

Variables Invariants

[s1], [sa] »  [s] tr([s1][s2][s3])

[s1], [sa], @ v - [s1][s2]v

[s], v, vy v [slvy, v [s%]vy

[s], ], [we] tr([s][wi][wa]) . tr([s)wi][wd]) ,  tr([s][w][ws])

[s1] ) [s2]  [w] tr([s1][se][w]) ,  r([sF][se][w]) ,
tr([s1][w?][so][w]) ,  tr([sa][s3][w])

[wi] ,  fwa],  [ws] tr([w][we][ws])

v, vy, [w] v - [wvy, v [wWv,

v, [wi], [w)] v [w]wv, v [wilfwv, v-[w][wiv

[s], v, [w] volslwv, v [we, v-[w]s|wv

4)

Invariants depending upon four variables when (1) to (3) are assumed to hold:

Variables Invariants

[s1]» [s2], v1, w2 vy - ([s1][s2] — [s2][s51])02
[s], v1, vy, [w] vy - ([s]w] — [w][s])va
v, vy, [w], [w] o1 ([w][ws] — [w]fwi])vo
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Table A.2: Generators of rank one (vector valued isotropic functions)

(1) Generators depending upon one variable:

Variables Generators

v v

(2) Generators depending upon two variables when (1) is assumed to hold:

Variables Generators
[s], v [slo, [s°]v
w], v wlv,  [wv

(3) Generators depending upon three variables when (1) and (2) are assumed to hold:

Variables Generators
[s1], [so], v ([s1][s2] + [s2l[si])v . ([s1][s2] — [s2][s1])v
[wi],  [we], w ([wi]ws] — [ws][w:])v

[s], v, [u] ([s][w] = [w][s])w
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Table A.3: Generators for symmetric tensor-valued isotropic functions

(1) Generators depending upon no variables: [/]

(2) Generators depending upon one variable:

Variables Generators
(] [s],  [s]
v VRV

[w] [w?]

(3) Generators depending upon two variables when (1) is assumed to hold:

Variables Generators

[s1],  [s2] [s1][s2] + [s2][s1] ,  [s7][s2] + [sa][s3] ,

[s1][s3] + [s3][s1]

s], v vR[slv+ sy, ve[s*lv+[Plvev
[s],  [w] [s][w] = [w]ls] ,  [w][s][w],

[s][w] = [w][s*] ,  [w][s][w?] = [w?][s][w]
v, vy v RV + v OV
v, [u] [wlo © [wlo, v wv+wvew,

[wlv @ [w?v + [w’]o @ [w]v
[wi] ,  [ws] [w1][wa] + [wa][w:] [wﬂ[wg] - [wg}[wl] )

[wi][wa] — [wa][w?]

(4) Generators depending upon three variables when (1) and (2) are assumed to hold:

Variables Generators
[s], v, w0 [s](v1 @V — V2 ® V1) — (V1 ® V2 —Vy QV1)][s]
[w} , V1, Do [w](’lh XV — V2 ®’U1)+(’U1 RV — V2 ®v1)[w]
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Table A.4: Generators for skew symmetric tensor-valued isotropic functions

(1) Generators depending upon one variable:
Variables Generators
[w] [w]
(2) Generators depending upon two variables when (1) is assumed to hold:
Variables Generators
[s1] 52 [s1][sa] = [s2][s1],  [s7][s2] — [s2][si]
[s1][s3) — [s3][s1] . [sullse][s7] — [s][s2][s1]
[s2][s1][s3] — [s3][s1][s2]
s], » vR[slv-[slvev, ve[P|v-[Plvev
[slv @ [s°]v — [s*Jv @ [s]v
s, [w] [s][w] + [w][s] ,  [s][w?] — [w?][s]
[w], VR wy—[wvev, Y W|v-—|[vvev
v v vV YV — V2 QU
[wi] ,  [ws] [wi][ws] — [wo][w:]
(3) Generators depending upon three variables when (1) and (2) are assumed to hold:

Variables Generators
[s1]  [s2] . [s3] [s1][s2][s3] + [s2][ss][s1] + [s3][s1][s2] -
[s3][sa][s1] — [s1][ss][s2] — [sa][s1][s3]
[s1] [s2] , [s1]v @ [s2]v — [s2]V ® [s1]0+
v ® ([s1][s2] — [s2][s1])v — ([s1][s2] — [so][s1])v @ v
s], v, v s|(V1 @V — V2 RV) + (V] QVy —Vy R V) []

[
[

w]('vl X V9 — Vo ®’Ul) — (’Ul X Vo — Vo ®’l’1)[ﬂ)]
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