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Abstract
We find the chaos expansion of local time Z(TH) (z,-) of fractional Brownian motion
with Hurst coefficient H € (0,1) at a point z € R?. As an application we show

that when Hyd < 1 then éng) (z,-) € L?>(u). Here pu denotes the probability law of
BWH) and Hy = max{H;,---,Hy}. In particular, we show that when d = 1 then

E(TH)(:E, ) € L?(p) for all H € (0,1).
1 Introduction

Let H = (Hy,Hy,...,Hy) with 0 < H; <1,j=1,2,...,d. Let BH)(t) =
(B§H) ®,..., BCSH) (t)), t € R, be a d-dimensional fractional Brownian motion, i.e. B4 (t) is
a Gaussian process in R? such that

B™(0) =0=E[B"(t)]

for all t € R and

E (BB () = § {|sP™ 4167 = s =P} 65, 1<jk<d  (1D)
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where .
5.k:{0 when ]#k (1.2)
J 1 when j =k
Here E = E, denotes the expectation with respect to the probability law ;1 = pugy for BWH) (),
This means that we are considering d independent fractional Brownian motions with Hurst
parameters Hq, Hy, ..., H; respectively.
In this paper we study the local time of fractional Brownian motion B“*?)(t), heuristically
described by:

tr(z) = 60 (2) = [ 8(B™(t) - z)at,

where ¢ is the Dirac delta function, which is approximated by

P.(z) 1 _|§\2 1
€ r) = ——— € e —
(2me)4/? (2m)d

/de”g_%g‘?d&, r € R?Y, (1.3)
R

where 7 = +/—1. This means that formally

5(z) = lim Px(z) = (2;)01 /R el

We shall use the above formal expression for §. The justification of this is similar to those in
[AHZ], [Hul] etc. Below we will give another rigorous justification based on fractional white
noise analysis.

The purpose of this paper is to find the chaos expansion of local time E(TH) (x) of fractional
Brownian motion at a point z € R¢ (see Theorem 5.1). As an application of this we show that
when Hyd < 1 then K(TH) (x,-) € L*(p) (see Theorem 5.3). Here u denotes the probability

law of B) and Hy, = max{H,,---,H;}. In particular, we show that when d = 1 then
& (z,.) € L2(p) for all H € (0,1).
If we compare with the standard Brownian motion case with H; = % forallj =1,2,...,d,

Theorem 5.3 is sharp, because in this case it is well-known that the local time exists as an
element of L?() only for d = 1.

2 Fractional Calculus and FBM

First let us recall some results from [Hu4] and [SKM]. We refer to the above mentioned
references for more details.
Fractional integrals of order a € (0, 1) (of Riemann-Liouville type) of a function f on R

are defined as 1 o
12f(z) = m/() 191 f(z £ t)dt, (2.1)



where I'(«) is the gamma function of . They are also called fractional integral of Weyl
type in [MvN]. When a = —f € (—1,0) is negative I§ will be the fractional derivatives (of
Marchaud type):

19 f(z) = D2 f(a) = mﬁ_ 1 JO Iz, (2.2)

Denote the Fourier transform of a function f by

fO=FNE© = [ éf@)da, €er.
The Fourier transform of /¢ f is given by

FULF)E) = (i€)Ff(€), Eer, (2.3)

where '
(1) = |g|oew s ©

The following equation holds
| s@12f@)dz = [ f@)12g(x)da. (2.4)

First let us define stochastic integral for one fractional Brownian motion (FBM) of arbi-
trary Hurst parameter H € (0,1).
Assume that B(H) = (BU)(¢),t € R) is an FBM with Hurst parameter H € (0,1). It is

well-known that B“?) is also given by

P90 = ] [ [0 o anto

+/0t(t — s)H‘l/QdB(s)} , LER, (2.5)

where B = (B(s), s € R) is a Wiener process on some probability space (€2, F, P) and

_ wH(1-2H)
n = ['(2—2H)cos(rH) "

Using the notation of fractional calculus and white noise calculus, we may write

B0 = waem

= e [LIPB)0) - L(B)0)]

/t (=) B(s)ds — | U (—s)E12 B (s)ds

-0




where B(s) = ‘“ng) is white noise. Thus

B () .= th< )(t)
d

= e B0

= el (B)(), (2.6)

using that —I%f(t) = I f(t). Thus we see that BW) s the fractional integral of order

—1/2 of the white noise B when H > 1/2 and B s the fractional derivative of order
1/2 — H of the white noise B when H < 1/2 up to a constant multiple.

Using the adjoint operator of I% 2 and (2.6), we may write for nice (deterministic)

functions f

[ 1®aBD@) = [ fBO@dt = e [ JO1I(B) @)t
— ¢u /R 2 () () Bt dt
- cH/RIf{_l/Q(f)(t)dB(t).

This identity motivates our definition of stochastic integral, and we shall use this as our

definition of stochastic integral for FBM (of any Hurst parameter H € (0,1)).
For all o € R, introduce the following Hilbert space

L2®) = {f: R REf(O) € I*(®)}]
= {f:rRoR; FUI*f) e ()}

= {f:rRoR; FUIf) e P(®)} (2.7)
with the Hilbert norm
1912 = 2 [ fepol e 2:5)
" or Jr ' '
Denote the Hilbert space
On = L_1/(R). (2.9)

H— 1/2f

It is easy to see that a function f is such that I~ is well-defined as an element in

L*(R) if and only if f € © and moreover,
_ _ 1
=yt 1/29>L2(R) = CT(faQ)@H: V f,g€06pg.
H

Now we may define



Definition 2.1 Let f € Op. Then we say that f is integrable with respect to BH) and we
define

F)dBE (&) = ¢y [ T"7V2(F)(t)dB(2). (2.10)
A i

The moments of [, f(¢)dBY(t) are computed as follows. For the first moment it is easy to

see that
E (/Rf(t)dB(H)(t)) =0. (2.11)

The second moment is
B ([ £@aBD @) [ 90dBOW) = (1, 5)e,

Since [, f(t)dB™)(t) is a Gaussian random variable, we have

o [(f o) -

To see that our definition coincides with the conventional stochastic integral defined by

when n is an odd positive integer

WHJC“@H when n is an even positive integer

the limit Riemannian sums, we cite

Proposition 2.2 Let 0 < a < b < oo and let f(t) = Xjap)(t) be the indicator function of the
interval [a,b]. Then I%(f) is well-defined and I®(f) € L*(R). Moreover,

/R F(H)dBI @) = B (p) — BUD(g).

Proof See [Hu4]. O
From this proposition, we see by linearity that the simple (step) functions are integrable
and their stochastic integral coincides with the usual expression:

Corollary 2.3 Let f(t) = Ejy:’ll CiX[t; ti+1)(t) D€ @ step function, where t; <ty < --- <ty
and c¢; € R. Then f is integrable with respect to BH)(t) and

N-1

[ r®dB ™ 2k (B0 (ty:1) — B (t,)) -

3 Multiple stochastic integrals and Wiener chaos

As in previous sections let B(#) = (B#)(t) t € R) be a 1-dimensional fractional Brownian
motion on the probability space (2, F, P). We assume that F is the o-algebra generated by
B®)_ Let P be the set of polynomial functionals of BH) on (9, F, P) of the following form

P=p(B™(ty), -, BM(t,))



for some t;,---,t, € R and some polynomial p. Let P, be the set of polynomials of above
form such that p is a polynomial of degree less than or equal to n. It is well-known that
P is a dense subset of L*(Q), F, P). Let H, be the L*(Q, F, P) closure of P, and H, be
the orthogonal complement of H,,_; in H,. Then it is well-known that any element F' of
L*(Q, F, P) can be written as

F=YF,,
n=0

where F,, € H,. This expansion relates F' to an element in the Fock space I'(H) over H,
which we will also use in what follows. Generally these results are called chaos expansions.
We refer to [Ne| and [J] for more details. In this section we shall correspond F}, to a multiple
It0 type integral that we are going to introduce.

Define the Hermite polynomials H,(z) by

ho(z) =1, hi(z) ==, ho(z)=2"—1,
hy(z) = 2° — 3z, hy(x) =2" —62°+3,---. (3.1)
The generating function is

ootn

1}2
el — ZﬁHn(x), Vit x€R.

n=0

Let H = Oy be the Hilbert space introduced in Section 2. The symmetric tensor product
H®" of H can be defined in a standard way. If f € H, then f®" is in H®". We define for
f € H with || f|la = 1 the multiple integral I,,(f®") by the following:

L.(f®™) = H, ( /R f(t)dB(H)(t)) .

When f =N, e, f&", we define

L(f) = ];ckfn( )

We can then define I, (fi ® fo®---® f,) by polarization. Finally a limiting argument
enables us to define I,,(f) for all f € H®" and moreover, we have

E (L(£))" = || fz - (3.2)

The following theorem can be shown exactly the same way as in [DHP], [Hu2], [HQ].
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Theorem 3.1 Let F € L%(p). Then there is f, € H*", n=1,2,--- such that

§|n—t

Moreover,

E(F?) = Z ||fn||H®n-

Using the Fourier transform we may identify the symmetric Hilbert space H®" as
" = {f :R" = R, f is symmetric and D7 f € LZ(R")}
- {f B SR [ issymmetric and [ (6 P&, €0 P dy < oo} ,
R’n

where v = 1/2 — H. Denote
[ fltr-e ta)dBl - 4B = L(f)
if f(t1,-,tn),t1,--,t, € Risin H,. It is easy to check that
Anf(tl,---,tn)ng---ng — /R DY T f(ty, - 42)dBy - -dBy,,  (3.3)

where the last multiple stochastic integral is standard multiple It0 integral with respect to
classical Brownian motion and

2
]E(/ f(tl,---,tn)ng---ng)
R’I’L
= CnH/ DY f (b, tn) Pty - - - diy,

B (27r) / €1 £n|27|f(§17'",fn)|2d§1...d§

Example 3.2 Let f € H. Then it is well-known that f®" € H,. It is easy to check that

L = 5 SRR (] swanmw) ™ 6.4

k<n/2

Example 3.3 Let f € H. Let F(t) = f(t)I,(f®"), t € R. It is easy to see that
[ F@BO) = L (50)
(=1)* (n+ 1)! ntl
> 2kkN(n — </ f@)dB™ ¢ )) ' (3:5)

k<n/2



4 Local time for fractional Brownian motion

In this section we give an introduction to local time £r(x) of fractional Brownian motion
BW#)(¢) = (BY(¢),..., BH4(t)) at points z € R? up to time T > 0. Our presentation is
based on the (Donsker) delta function dpun gy (x) = 6(BH)(t) — z) of BH)(t) at = € RY, a
concept we will make precise using the fractional white noise theory introduced in [HQ].
We will use the results and notation from [HQ| and [HOUZ]. For the convenience of the
reader we briefly review the material we need.
Fix a d-dimensional Hurst parameter

H = (Hy, H,,...,Hy) € (0,1)%. (4.1)

Denote ©; = Op,. Let S(R) be the Schwartz space of rapidly decreasing smooth functions
on R. The dual is the space S'(R) of tempered distributions. For j = 1,2,...,d let u; = pg,
be the fractional white noise probability measure on S'(R) defined by the property
. —Lurn2
/ D dpi(w) = e sllfle, for all f e S(R), (4.2)
§'(R)

where (w, f) denotes the action of w € §'(R) on f € S(R). Then we get the isometries

1 oy = W1y 5 G=1,--+.d (4.3)

and using this we may define, for each t € R,

B (1) = B (1,0) = (w,xeq() i L(wy).-

where
1 if 0<z<t
X[o,q(z) = { -1 ift<z<0
0 otherwise
It is easy to check that
By [BU () B (s)| = ${|s[*™ + [t — |s — ¢} (4.4)

and that B#3)(t) is a Gaussian process. Therefore B#i)(t) has a continuous version BH:)(t),
which by (4.4) is a fractional Brownian motion with Hurst parameter H;. Define

B (t) .= (BHV(¢),..., BHI(t)) e &Y | (4.5)

Then BY(t) is a d-dimensional fractional Brownian motion with Hurst parameter H =
(Hy,...,Hy) € (0,1)* with respect to the probability measure p = pf) defined on Q :=
(S'(R) by

Bo=py X s X g

8



This is the (version of the) fractional Brownian motion we will work with from now on.
Put

Ly (R) ={f=(fi, -~ fa); 1; € Ly 1p(R) V j}
(see (2.9)) The stochastic integral of f € 12,(R) is defined by (see Def. 2.1)

); f=f,..., f1) €% (R). (4.6)

||P1;=~

T
(1)
O/f s)dB

Multiple stochastic integrals and the chaos expansion etc can be extended to the d-dimensional
fractional Brownian motion B easily.

We can now follow the approach in [HQ| (see also [HOZ] and [DZ]) and define the space
(8)m C L?(u) of fractional stochastic test functions and the space (S)3 D L?(u) of fractional
stochastic (Hida) distributions. We can also define the Wick product ¢ : (8)3, x (8)} —
(8)3. As before the Wick product is a commutative and associative binary operation on
(8)3 % (8)3, distributive over addition. We refer to [HOUZ] for the general theory of white
noise in the standard case. Most of the theory carries over to the fractional case and will be
used without further proofs.

We now proceed as in [AQU] and define the Donsker delta function as follows:

Definition 4.1 Let Y : Q — R? be a random variable which also belongs to (S)%,. Then a

continuous function
Sy () R = (S)x
15 called a Donsker delta function of Y if it has the property that

[9worway = g(v)  as (4.7)

for all (measurable) g : R® — R such that the integral converges in (S)%.
As in [AQU, Prop. 4.2] we can now prove

Proposition 4.2 Suppose Y : Q — R? is normally distributed with mean m = E, ) [Y] and
covariance matriz C = [Cjkl1<jr<d- Suppose C is invertible with inverse

A=0C" = ajkh<jr<a -

Then dy (y) exists, is unique and given by

Oy (y) = (27r)*d/2\/\j | exp® [— s > ap(Y;+my—y;) o (Vi +my — yk)] (4.8)

Jk=1

where |A| is the determinant of A.



Proof  The proof of Proposition 4.2 in [AQU] applies, if we replace the standard Hida
distribution space (S)* and its corresponding (standard) Wick product by the fractional
distribution space (S)% and the fractional Wick product. We omit the details. O

Proposition 4.3 Let Y,C = [cj], A= C~" = [a;i] be as in Proposition 2.2. Then

5y = @n) ¢ [ (3605 +m—y) =3 3 cugalee (49
Rd j=1 k=1
where i = \/—1 is the imaginary unit.
Proof Recall the well-known formula
/ exp [b7¢ — L67C¢] de = (2m)?| A"/ exp |67 Ab] (4.10)

Rd

valid for all b € 2.
Using the fractional Hermite transform (see [HOUZ] for the standard case), we obtain
the following Wick analogue of (4.10)

/exp[ ¢ — 167CE] dé = (2m) | A exp® [17 0 Ao b] (4.11)

R4

valid for all b € L?(u®)). In particular, if we apply (4.10) with b = i(Y + m — y) we get
from (4.8) that

Oy (y) = (2m) 2| A| "2 exp® [16T o Ao b] = (2m)~ / exp® [b¢ — 167 C¢] de

R4
which is (4.9). O
From this we deduce the Hu formula for the Donsker delta function:

Theorem 4.4 ([Hul])

o (1) = (2™ fLexp (15 600+ mj =) (4.12)

R4

where the integral exists in (S)}.
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Proof Recall the following connection between the Wick exponential and the ordinary
exponential of a Gaussian random variable Z with values in R and with E[Z] = 0: (See
[HQ, (3.35)] for a proof)

exp®(b" Z) = exp(b"Z — Lb"E[ZZ"b) (4.13)

for all (deterministic) b € C¢.
If we apply this to (4.9) with Z =Y —m and b = i we get (4.12). O

We now specialize to the case when Y = BU)(¢):

Corollary 4.5  The Donsker delta function dgun (x) of fractional Brownian
B (t) € R? is given by

j=1

S gy (x) = (2m) 42 (H tfﬁ) exp® | - %erﬂfi (B (t) — 2)7] . (4.14)

Proof The random variable Y := B (¢) is normally distributed with mean 0 and with
covariance matrix C' = [¢;;] given by (see (4.4))

ek =By BB ()] =05 ; 1<, k<d. (4.15)

Thus C is diagonal with inverse A = [a;x] given by

ajp =t gy . (4.16)

Then J
Al =Tt . (4.17)

j=1
Hence the result follows from Proposition 2.2. O

Corollary 4.6 The Donsker delta function is also given by

6B(H)(t) (m) (418)
d d
= (m) * [ exp® [ 32 GBIV (1) — 25) — 3 0 BB 1) - )7 de
Rd j=1 j=1
Proof  This follows from Proposition 2.3 and (4.15). O

11



Remark. Note that this integral converges in the fractional distribution space (S)3;. This
follows by considering the fractional Hermite transforms. See [HOUZ].

Corollary 4.7
d
Spun () = (2m)~ /exp[ Z —:C])]df, (4.19)
R4 j=1

where the integral converges in (S)};.
Proof 'This is a direct consequence of Theorem 2.4. O
We now proceed to define fractional local time:

Definition 4.8 Fiz T > 0 and a point © € R¢. The local time of B/ (t) up to time T at
the point x us defined by

40 (@) = i oM (s € 0TS B(s) € D e))) (4.20

(limit in (S)3), where
D(z,e) ={y e’ |y —z < e},

|D(z,€)| = M(D(z,¢)) is the volume of D(z,€) and \ denotes the Lebesgue measure in R?.

Remark. This definition is natural from the point of view that local time at x is the
amount of time spent at the point.

Proposition 4.9 a) The local time of B()(t) € R? at the point x € R exists in (S)% and
s given by

T
= /6B(H)(S)($)d$ . (421)
0

b) Hence, for d-dimensional B (t) we have

T

& () = (2m)~4? / ( 11 =) exp® [ - 1 > =285 (B (1) — ;)% dt (4.22)
and .
A4 (z ~d / / exp Zgj(B“f)(t) — ;)| dé)dt (4.23)

12



c) In particular, for d =1 this gives
T
E(TH) (z) = (2%)_1/2/15_}[ exp® [—%t_H(B(H) (t) — x)°2] dt

and

60() = (2m)~" [ ([ explig(B™(¢) — x))de) at

R
Proof  If we apply (4.7) to the function

1 if ye D(z,¢)

ge(y) = XD(ze) (y) - {0 otherwise

we get
M{s € [0,T]; B (s) € D(z,¢)})
/XD(;UE ))dS
=/ /XD(“ )0 ey (s ()dy)ds
= / (/6B(H)(s)(y)ds)dy .
D(z,e) O
Hence
) () = lim s - BH) (g x, €
40 ) = lim oM € 0,71 B¥(5) € Dl )

T
= ll—%m / (/5B(H)(8)(y)ds)dy = 0/53(3)(5)(m)ds.

’ D(x,e) O

Formulas (4.22) and (4.23) now follow from Corollary 2.5 and Corollary 2.7.

(4.24)

(4.25)

|

The generalized expectation operator E can be defined on (8)% in exactly the same way
as in the standard case (see [HOUZ]): If X € (S)} then E[X] is the zero order element in

the chaos expansion of X. In particular, E has the properties
EY ¢ Z] = E[Y]E[Z] for Y, Z € (8)%

and
Elexp®Y] =expE[Y] ifexp’Y € (S)} .

Therefore we obtain the following directly from (4.22) and (4.24):

13
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Corollary 4.10 a) The generalized expectation of fractional local time of BH)(t); 0 < t <
T at x € R? is

Ty d
B (0)] = (2m) 2 [ (TLe™ ) exp (= 430472002 db (4.28)
0o J=L j=1
b) In particular, for d =1 we have
T
B[l (@) = (2m) V2 [+ 7 exp(—Lt ?a?)dt (4.29)
0

In the next section we find the whole chaos expansion of E(TH) (). Then we will find
conditions which ensure that £ (z,-) € L2(u™). If this is the case then (4.28), (4.29) give
: (H) (.. .
the usual expectation of £/ (x, ).
It is well-known that L2(u(®) is a dense subset of (S)%. Thus £ (z) can be approxi-
mated by elements in L?(u(H)). It is easy to verify that

Proposition 4.11 Let P. be defined as in (1.3) and let

T
gg?(x) — /0 P.(BM(t) — 2)dt = [ B W) )3 ge gy
Then
lim (D (2) = 680 (x)  in (S)y- (4.30)

5 The chaos expansion of fractional local time

In this section we will use the following formula for the Donsker delta function,

Spun (@) = (2m) ¢ | exp[zfj (t) — ;)] d¢ € (S)i , (5.1)

Rd

obtained in Corollary 4.7, to find the chaos expansion of the fractional local time

T
M (z) = / oy (@) dt - (5.2)
0

For simplicity we will first assume that z = 0 (the case z # 0 is similar) and we will put

§(BM (1)) = dpan () (0) . (5.3)

14



Let f(s) = (fi(s),---, fa(s)) be a (complex) deterministic function, f = 0 outside [0, 7.

Define .
ELANE) = exp ([ 1(5) ~ S xmal)-
0

Then it is easy to see that

el =1+ [ B e).

By iteration of this identity it follows that

T
exp ([ 1(5) - 3I£12)
0
D> [ ) £ (s)dB (1) - dBYD (s0).
n=11<j1,+,jn<d 0<81< - <sp<T

Note that

B(H) —zZ@/ Xo0,4( dB )( ) for all £enr
and

X[0,4(51) - - - X[0,(5n) = X[max{s1,-sn},00)(t) -
Thus for any & € R?,

U

exp (sz(H) (t)) = exp (sz )+ = Z t2Hi 52) exp ( - % tijé“?)

j=1 j=1
00 d
= Z 1" exp ( — % ZtZHf§J2-)
n=0 j=1
> G Guxpals) - Xpg(sn)dBy (s1) .. dBJ (s,)
<5y <y <T LS00 min<d

00 d
= E:Oi" exp ( — % thQHfff-)
n= j=

H H
Z g]l . gan[max{sl ..... Sn },00) (t)dB;l )(51) . dB§n )(sn)
0<s1< L8 <T 1ST15esin<d
Therefore by Proposition 4.9 b)

60 Zz > [ Frinln o 5)dBI (s1) - dBI(s,),

- 1<g15000n <d 0<81<<5n<T

15
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where, for n > 1,

Fivyein (8155 8n) (5.5)

T
1 d
= @) //exp ( = tQHk§£)§jl o+ & X[max{s1 s }00) (£)dE A€y - - - dEq.
5 k=1

Rd

To compute fj, . (s1,--., ), let us introduce

j: (j17j27---7jn)
and
v(j k) :=#{le{1,2,...,n};5, =k}

for k =1,2,...,d. Thus v(j,1)+---+v(j,d) =n for j =1,---,n. With this notation, we
obtain

nd k=1
d . .
_ /exp ( . % Z tQka,%)fll/(J’l) N _gg(J,d)dgl o dgy
nd k=1
— tiK(J) /67%‘7”2771”(]’1) . ng(]’d)d/rll “ .. d/rld
Rd
=17 0 2m)'C(),
where
ol 0 ' when one of v(j, k) is odd -
(7) = (2m) 42 % when all v(j, k) are even. (5-6)
and J
K(j) =Y He(1+v(j k). (5.7)
k=1
Thus
T
fven(stses) =CG) [ ¢ *Oa
max{s1,...,8n }
_ C(y) 1—K(j) 1-K(j)
_1—7K(j)<T 1 —max{si,...,sn} )
Consequently
o= ¥ / gn(T,max {s1,..., s, })dB}" (s1) - -dB{ (s,),

n even 15]1,,]n§d 0<s1< - <sn<T

16



where

@) 1-K(j 1-K(j
Gn(Tyu) = (=1 ——2L— (T KG) 41— KG) for n>1. 5.8
(When n = 0, we assume that max {si,...,s,} =0.) Thus we obtain

Theorem 5.1 The chaos ezpansion of the fractional local time €57 (0) = J 8(B(t))dt at
x =0 is given by

A1 (0) = / 5(B(t))dt (5.9)

=y ¥ | oTmax{si,....5.)aB (s1).. dB(s),

n even 1<j,....jn<d 0<81< <8 <T

where g(T,u) is given by (5.8).

Remark 5.2 If the series in (5.9) converges in L?(u) then the expectation is the zero order
term in the chaos expansion. Thus by choosing n = 0 in (5.8) we have, for d = 1, (see

Corollary 4.10)
E (/5(B(t))dt> - %_H)

Now we compute the L? norm of the local time of the fractional Brownian motions. We still
use the expression (5.1)-(5.2) for the Donsker delta function. It suffices to show that e,ff? (0)
is a bounded sequence in L?(u{f)) as ¢ — 0+. To simplify the writing, we let ¢ = 0. Thus

we need to estimate
T
/ -z dt}
0

e{[6"@)]'} -

_ / emietineg o=i€ B O+inBN) ge g ds it
) [0 T]2 R2d

2

1 1
_ o3 Var(-fB(H)( )— WB(H)(S))df d77 dsdt

[0,77> r2d

|
—
V]
N
~—

2

(27)2d
0<s<t<T R2d

. ¢ 3 V(6B -nBUS)) ge g s it

since for any Gaussian random variable X,

EeiX _ eszar( )
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Using the nondeterminism property of fractional Brownian motions we have that when 0 <
s <t <T, there is a positive constant k > 0 such that

Var (6BU(t) — nB™(s)) = Var (B (t) — B™(s)) + (¢ — n) BU(s))
> k[t — s+ (n — §)%5*] (5.10)

where
HO :maX(Hl,...,Hd). (511)

See e.g. [Bel], [Be2], [Be3], [Bed], [Be5], [Hu3], [Ro] for the use of this property.
Therefore, we have when Hyd < 1,

E{[E%H)(x)]z} < 2 [ [ e B ) ge s ay

(2m)2
0<s<t<T R2d
2 1
= @m) ki _ </t<T SHod(t_s)HoddS dt
T/t
2 1
= (QW)dkd/Qb/ (0/ sHod(t — S)Hodds> dt
_ 2I'(1 — Hod)? /Tt1—2H0ddt
(@) kT2 — 2Hyd) )
_ 2T'(1 — Hod)? T2-2Hod

(27) k42T (2 — 2Hod) (2 — 2H,d)
2F(1 - HOd)2 T2-2Hod
(27) k421 (3 — 2Hod)

Summarizing the above, we obtain

Theorem 5.3 Assume that Hyd < 1. Then the local time 6% (z) = fJ(B(t) —x)dt is square
integrable and for any x € R we have ’
- 2
5 /5(B(t) B x)dt] < 2I'(1 — H, d)2T2—2Hod
/ (2m)VkT'(3 — 2Hod)

where k is a constant depending on Hy and is defined by (5.11).
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