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Abstract

In this dissertation, we investigate various problems in the analysis of stochastic
(partial) differential equations. A part of the dissertation introduces several
notions of nonlinear integrations. Some differential equations associated with
nonlinear integrations are investigated. Examples include transport differential
equations in space-time random fields and parabolic equations with potentials
of the type d;W, where W is continuous in time variable and smooth in the
spatial variables. Another part of the dissertation studies nonlinear stochastic
convolution equations driven by a multiplicative Gaussian noise which is
white in time and which has the covariance of a fractional Brownian motion
with Hurst parameter H € (1/4,1/2) in the spatial variable. The other part
of the dissertation gives rigorous meaning to the Brox differential equation
X(t) = B(t) - %fOt W(X(s))ds where B and W are independent Brownian
motions. Furthermore, it is shown that the Brox differential equation has a
unique strong solution which is a time-changed spatial transformation of a
Brownian motion. Along the way, some appropriate tools are developed in
order to solve these problems. In particular, we establish a multiparameter
version of Garsia-Rodemich-Rumsey inequality which allows one to control
rectangular increments in any dimensions of multivariate functions, definitions
and compact criteria for some new functions spaces are developed. The
methodologies employed form a combination of stochastic analysis, Malliavin
calculus and functional analytic tools. Several parts of the dissertation are joint
work of the author with Yaozhong Hu, Jingyu Huang, David Nualart, Leonid
Mytnik and Samy Tindel.
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Chapter 1

Introduction

The dissertation collects some joint work of the author with others. Many parts of the

dissertation are taken from the following manuscripts and papers:

[54] Stochastic differential equation for Brox diffusion, with Yaozhong Hu and Leonid Mytnik,

manuscript;

[56] Stochastic heat equation with rough dependence in space, with Yaozhong Hu, Jingyu

Huang, David Nualart and Samy Tindel, manuscript;

[58] A multiparameter Garsia-Rodemich-Rumsey inequality and some applications, with Yaozhong

Hu, Stochastic Process. Appl. 123 (2013);

[59] Nonlinear Young integrals and differential systems in Hélder media, with Yaozhong Hu,

arXiv preprint;

[60] Nonlinear Young integrals via fractional calculus, with Yaozhong Hu, accepted to CAS
SEFE Proceeding.

More precisely, Chapter 2 is from the paper [58]. Chapters 3, 4, 5 and 6 are from the
preprints [60] and [59]. Chapter 7 is an original work of the author and will be published in
the near future. Chapter 8 is part of the manuscript [56]. Chapter 9 is from the manuscript

[54]. The content of each chapter is described as following.
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Chapter 2 shows a multiparameter Garsia-Rodemich-Rumsey (GRR) inequality which
allows one to control rectangular increments of a multivariate function. The Garsia-
Rodemich-Rumsey inequality originated from [40] is a well-known tool in probability
theory. A specific case of GRR inequality yields Sobolev-Morrey inequality and the
Kolmogorov continuity criteria which is usually applied to obtain almost sure Holder
continuity for stochastic processes. To prove the multiparameter GRR inequality, we
induct on the dimension and apply the classical GRR inequality. A special case of the
two-parameter GRR inequality has been obtained earlier in [86] by a different method. We
then apply the multiparameter GRR inequality to obtain sharp joint Holder continuity for
some Gaussian random fields.

Chapter 3 investigates nonlinear integrals of the form [ ab W(ds, ¢), where W is a joint
Holder continuous function and ¢ is a Holder continuous function. We discuss several
ways to define the nonlinear integrals. More precisely, we provide three types of nonlinear
integrations: Young type, which extends the Young integrals [98], It6-Skorohod type, which
extends the It6-Skorohod integrals, and symmetric type, following the work of Russo and
Vallois in [88]. We also study the relationship between these three types on nonlinear
integrations.

In Chapter 4, we discuss some differential equations associated with the nonlinear
Young integration. In particular, we study well-posedness of the differential equation
¢ =x+ fot W(ds, ¢s) and the transport differential equation du(t, x) + Vu - W(dt, x) = 0.
These equations describe the motion of a particle in the space-time vector field W(dt, x). In
the context of analysis, when W (dt, x) takes the form b(x)dt, b is Lipschitz, these equations
have been studied in details by the classical work [29] of DiPerna and Lions. The seminal
work of Ambrosia [3] extends this situation to bounded variation vector fields b. The
equations considered in this chapter do not fall under these treatments because of the

irregularity and nonlinearity in the temporal variable.



In Chapter 5, we study the validity of Feynman-Kac formulae to some second order
parabolic equation. An example is the equation d;u + Au + udiW = 0 with terminal
condition u(T, x) = ur(x). Two separate conditions on W are considered. One condition
is that W is function continuous in time and regular in the spatial variables, the other
condition is that W is joint Holder continuous. We show that in both sets of conditions,
this equation has a continuous solution given by the Feynman-Kac formula. Our approach
relies on a scale transformation and an It6-Tanaka formula originated from [37].

Chapter 6 can be considered as a continuation of Chapter 2. We study the asymptotic
growth of the sample paths of Gaussian random fields. Our goal is to understand the
growth of the rectangular increments of a random field as the domain of parameters
expands to infinity. These asymptotic growths are the assumed conditions in Chapter 4
and Chapter 5. The multiparameter GRR inequality considered Chapter 2 is no longer
appropriate on unbounded domains. Thus, we employ a different method, majorizing
measures. The results obtained are specifically for Gaussian random fields.

In Chapter 7, we consider the linear stochastic convolution equation (SCE) of the type

t
u(t,x)=w(t, x) +/O Gi—s(x —y)u(s, y)W(ds, dy)

where G is a Green kernel, w is given a priori and W is a centered Gaussian process with
covariance

E[W (s, )W (t, )] = = (IxP + |y PP =[x — yP) (s A 1) (1.1)

N[~

The Hurst parameter H is assumed to be inside the region (1/4,1/2). The above equation
is the mild formulation of several stochastic differential equations with multiplicative noise.
Three main examples considered in the chapter are the stochastic heat equation (SHE),
the stochastic wave equation (SWE) and the stochastic fractional heat equation (SFHE).
It is shown that if the Green kernel belongs to some functions spaces, the above linear

stochastic convolution equation has a unique random field solution with initial conditions



including bounded functions and Dirac delta masses. The methods used in this chapter
are functional analytic, which are developed further in Chapter 8.

Chapter 8 investigates the nonlinear stochastic heat equation

t
u(t,x) =ps*up(x) +/0 /Rpt-s(x —y)o(u(s,y)W(ds,dy)

where u is the initial function, p;(x) is the Gaussian density, W is a centered Gaussian
process with covariance asin 1.1, and o is a regular function. If H > 1/2, the above equation
has been studied extensively (for instance, by Peszat and Zabcyk [82], and Dalang [22]). In
the case considered here, the existing methods in literature can not be applied because the
noise W is so irregular that the map f +— fot JrPe-s(x=1)a(f (s, y))W(ds, dy) is no longer
Lipschitz. Existence and uniqueness of the above equation are not transparent. Here, we
develop some new functions spaces and study them in details, particularly compact criteria
on these spaces. Once the functional framework is set, existence and uniqueness results for
the above equation are obtained following the method originated from [47]. Comparing
with Chapter 7, the assumptions on the initial condition in this chapter are more restrictive.

Chapter 9 studies the Brox diffusion and its stochastic differential equation. The
Brox diffusion, after [13], is a continuum analog of Sinai’s random walk in random
environment first appeared in [92]. It is described by the stochastic differential equation
X(t) =8B(t) - % fot W(X(s))ds, where B is a free Brownian motion modeling the diffusion
and W is a white noise modeling the random environment, 8 and W are independent. Due
to its singular structure, the Brox equation has not been well-understood. In this chapter,
we provide a rigorous meaning to this equation. We also show that the Brox stochastic
differential equation has a unique strong solution given by the It6-McKean representation,
a time-changed spatial transformation of a Brownian motion. Our method relies on some
estimates on the joint increments of local time of Brownian motions. We also obtain an Itd

formula for the Brox diffusion.



Chapter 2

Multiparameter

Garsia-Rodemich-Rumsey inequality

Let the function W : [0, 00) — [0, o) be non decreasing with lim W(u) = co and let the
U—>00

function p : [0, 1] — [0, 1] be continuous and non decreasing with p(0) = 0. Set

Wl (1) = supyyy<, © if W(0) <u<oo

The celebrated Garsia-Rodemich-Rumsey inequality [40] takes the following form:

Lemma 2.0.1. Let f be a continuous function on [0, 1] and suppose that

|f(x) = f(y)l
// ( S )dxdy§B< )

Then for all s, t € [0, 1] we have

|s—t]

fO-fwiss [ w (53) dp . 2.1)

This Garsia-Rodemich-Rumsey Lemma 2.0.1 is very powerful in the study of the sample

path Holder continuity of a stochastic process and in other occasions. For example if
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W(u) = |ulP and p(u) = |u|**1/P, where pa > 1, the inequality (2.1) implies the following

Sobolev imbedding inequality

1,1 _ 1/p
| f (x) f(y)lpdxdy '

0 |x _ y|ap+1

1f(8) = f(D)] < Caplt —s|*HP ( /0 (2.2)

The Garsia-Rodemich-Rumsey lemma has been extended to several parameter or infinite
many parameters. But the parameter space are assumed to have a distance (metric space)
and the Garsia-Rodemich-Rumsey lemma is with respect to that distance. This method
immediately yields the following result for a fractional Brownian field WH (x) of Hurst

parameter H = (Hy,--- ,Hy), then for any g; with §; < H;,i=1,---,d, one has

d
W(y) =Wl <L) Ny —xil, (23)
i=1

where L is an integrable random variable. One can improve this result (see Remark 2.3.3) by
our version of multiparameter Garsia-Rodemich-Rumsey inequality. We do not seek for a
suitable metric but rather deal directly with the multidimensional nature of the parameter
space.

Let us explain our motivation by considering the two parameter fractional Brownian
field {W(x1, x2), (x1, x2) € [0, 1]?} of Hurst parameter H = (Hy, H). Given two points x
and y in R?, we consider the increment of W along with the rectangle determined by

x = (x1,x2) and ¥ = (y1, y2):
OW = W(y1, y2) = W(x1, y2) = W(x2, y1) + W(x1, x2) . (2.4)

In [86], using a two-parameter version (2.2), the author showed that for any 1, f> with

p1 < Hy and B> < Hy, there is an integrable random constant Lg, g, such that

IOW| < Lg, g, ly1 — x11P' ly2 — x21P>. (2.5)



The above result was also obtained in [5] based on a two-parameter version of Kolmogorov
continuity theorem. Along the chapter (in Corollary 2.3.4), we shall see that the following

sharper inequality than (2.5) holds

(OWI < izl — x11™1y2 — xal"llog (1y1 — x1lly2 — xal)] (2.6)

Consequently, this estimate implies

W1, %2) = W, 92| < i (11 = 312l Jliog(1 = yallaaD)

Hra 1| = ol fllog(x2 - wallxa )

which improves (2.3). To our best knowledge, the estimate (2.6) is the first of its kind in
literature. We shall call such property as in (2.6) or (2.5) joint Holder continuity. It turns out
that a large class of Gaussian fields enjoys sample path joint Holder continuity (Theorem
2.3.1)

Our method is first formulate and prove a multiparameter version of the classical
Garsia-Rodemich-Rumsey inequality (2.1). The generalized inequality is then applied to
obtain sample path joint Holder continuity for random fields. Our result generalizes the
results in [40], [86] and provides a different approach for sample path continuity problem
of random fields (compare to the approach in [5], [6] and [96].)

The chapter is structured as follows. In Section 2.1, we shall state and prove our
multiparameter version of the Garsia-Rodemich-Rumsey lemma. The idea is to use
induction on the dimension of the parameter space after some observations of the property
of operator [] defined by (2.4). Some part of the proof is similar to the original proof
of Garsia-Rodemich-Rumsey [40] with some modification. However, we feel it is more
appropriate to give a detailed proof.

In Section 2.2, we introduce a multiparameter version of Kolmogorov continuity criteria



(Theorem 2.2.1). To our best knowledge, a two-parameter of Theorem 2.2.1 first appeared
in [5].

Section 2.3 is devoted for the study of sample path continuity for Gaussian fields. We
give a sufficient condition for a Gaussian field to possess sample path continuity (Theorem
2.3.1). We also derive the estimate (2.6) for fractional Gaussian field. In Section 2.4, we shall
study the joint Holder continuity of solution of a stochastic heat equation with additive

space-time white noise.

2.1 The result

We state the following technical lemma which generalizes a crucial argument used in [40]

in the proof of Lemma 2.0.1.

Lemma 2.1.1. Let (QQ, F) be a measurable space and let u be a positive measure on (3, F). Let

g : Qx[0,1] = R™ be a measurable function such that

b |9(Z,t)—g(z,s)|)
A /0 LW( p(|t —s]) [J(dZ)dsdtSB< }

Then there exist two decreasing sequences {tx ,k =0,1,---}and {dy ,k=0,1,---} with

1 (1
te <dg1=p~" (Ep(tk—l)) , k=1,2,-- (2.7)

such that the following inequality holds

lg(z,tr) — g(z, tk-1)|) 4B
W d - 2.
/Q ( plti—ta )49 =52 (2.8)

Proof. We follow the argument in [40]. Let

! Ig(z,t)—g(z,S)l)
I(t) = Y} dz)ds.
o= ], ( pli—sp ) MR




From the assumption fol I(t)dt < B it follows that there is some ty € (0, 1) such that
I(tg) < B.

Now we can describe how to obtain the sequences dy and t; recursively fork =1,2,---.

Given ty_1, define

de1=p~! (%P(tk—l)) :

Then we choose t; < di_1 such that

I() < =2 2.9)
dr-1
and
lg(z, tx) — g(z, tk—1) 21(tr-1)
W . .
/Q ( PET) )“(dz)s i (2.10)

It is always possible to find t; such that the inequalities (2.9) and (2.10) hold simultaneously,
since each of the two inequalities can be violated only on a set of t;’s of measure strictly

less than %dk_l. Now (2.9) and (2.10) gives

21(tx_1) < 4B < 4B
dpy T deadi2 T2

/ w (Ig(z, te) — g(z, te-1)|
Q

(e = B )”(dz) <

This is (2.8). O

Letx = (x1,...,x,) and y = (y1, ..., yn) be in R". We denote x’ = (x1,...,x,-1) and

v =(y1,...,Yn-1). Foreachinteger k =1,2,--- ,n, we define

Vk,yx = (xll ey Xk=1, Yksy Xkt1r -+« s xn)-

Let f be a function from R" to R™. We define the operator Vy , acting on f in the following



way:

Vk,yf(x) = f(Vk,yx)

or Vi,yf = f o Vg in short. It is straight forward to verify that
ViyViy = Vi,y

and

Vk,yVl/y = Vl/]/vk/y

for k # 1. Next, we define the joint increment or rectangular increment of a function f on

an n-dimensional rectangle, namely

Oy f(x) = 1—[(1 = Vi) f(x)
k=1

where I denotes the identity operator.

Example 2.1.2. If n = 2, then it is easy to see that [} f(x) = f(y1,¥2) — f(x1,42) -
f(y1,x2) + f(x1,y2), which is the increment of f over the rectangle containing the two
points x and y with all sides parallel to the axis. In particular, if f(x1,x2) = x1x2, then
D?/ f(x) = (x1 = y1)(x2 — y2), which is the area of the rectangle. In a more general case,

when f has the form f(x) = H7=1 fi(xj), then

dnfeo = Ui - fiwpl.
j=1

The following simple identity enable us to show our theorem by induction and plays

10



an essential role in our approach:

n-1 n—1
pfe) = [ [d=Vipfe) =Vay | |[d=Viypfx)
k=1 k=1

O (7, x0) = O F (X, ). (2.11)

We are now in the position to state our general version of Lemma 2.0.1.

Theorem 2.1.1. Let f(x) be a continuous function on [0, 1]" and suppose that

|05 f ()
/ / V| —; dxdy < B < oo. (2.12)
o1 Jioar  \ITp—q PeClxx — ykl)

Then for all s, t € [0, 1]" we have

[s1—t1] [sn—tnl 1 4" B

uln.. n

Proof. We proceed by induction on n. For n = 1, it coincides with the original Garsia-
Rodemich-Rumsey inequality (2.1). Suppose (2.13) holds for n — 1. Let f be a continuous

function on [0, 1]". For any x’, y’ € R"! and any s € [0,1], put

O (e, 8)
gy, 8) = —— —.
l—[]r(lzll Pk(|xk - ]/k|)

Let Q=1[0,1]""'x[0,1]"!, z = («/, y’). By (2.11) we can rewrite (2.12) as

e |9(Z,S)—g(z,t)|)
/0/0/0\11( (s =ty ) 4248t < B <co.

Applying Lemma 2.1.1, we can find sequences {tx} and {dx} such that

1
te < dt = pit (3P 214

11



and

t) — g(z, b
/\y(lg(z, W9 hol), 4B 2.15)
0 Pu(tk — tr-1) ;.

For each k € N and x” € [0,1]"7}, let

f(x// tk) - f(x// tk—l)

he(x') =

Pu(lte = te-1l)
Again from (2.11) it follows
D;/_lhk(x,) D’;Tlf(X', te) — D’ylflf(x', tr-1)
15 pilx; = yi) P pix, = yIDpa (1t — teal)
f](x// }//; tk) - g(x,/ ]/// tk—l)
Pu(lte = te-1l) '

Thus, the inequality (2.15) becomes

O he(x)
/ / \y( — )dx’dy’ <25
11 Joap-t \ [T pilxl = yil) de_

Now, by our induction hypothesis, for every k > 1,a,b € [0, 11", a=(a1,...,a,-1) and

b= (bll‘ . -/bi’l—l)/

T < gl la1—b1] [an-1=by-1l w1 4"B
O N 7
1 n-1"k-1

dp1(ur) -+ -dpp-1(uy-1) .

Denoting A = [0, |a1—b1]]X- - -X[0, |ap_1=bn1lland dp(u1, -+ , up—1) = dp1(u1) - dpp-1(un-1),

the above inequality can be rewritten as

5 )dp(u1,--- s Un-1)Pn(t-1—=tk).
R L

n
O (b 8- G, i) <87 \1/'1( 5
A Teeeus
! (2.16)

12



On the other hand, by (2.14), we have

Pr(te-1 = tk) < pu(ti-1) = 2p(dx-1) < 4 [p(dk-1) —p(di)] -
Combining this inequality with (2.16) yields

IO £ (b, to) = O£ (b, 0)]

Z O2 £ (b, 1) = D57 £ (B, i)
4”B
8" 4 [P - p@v] | T — |dp(ur, -+, un1)
us--- s

sz// (e

8" 14 p-! 4"B dp(uq, -, up_1)dv, (i)
o Ja Mz"'l/l% pluq, yUn-1)aAPu Uy ).

1

IA

IN

IA

)dp(ul, Tty un—l)dpn(un)

IA

With f(x’,1 - x,) replaced f(x’, x,) we can obtain the same bound for

0 F (b, to) = O F (b, 1)

Hence, for every a, b € [0,1]"!

4"B

”n

01 f(b,1) — O£ (b,0)] <8n/ /\y— ( )dp(ul, ,Un—1)dpy(uy). (2.17)

To obtain (2.13) for general s, t in [0, 1], we set

f(t',t)=f(t', sy +1(ty, —s,)) for T € [0,1]

and

ﬁn(u) = pn(ulsn — tul).

13



Upon restricting the range of the integration in (2.12) and carrying out a change of variables

0% f(x)]
[ \y( I/ )dxdys%_
a1 Jioar  \TTi5 pe(xk = yeDpn(1xn = yal) |sn = tal

Thus, by (2.17), we deduce

we get

07 ()| =105 F(, 1) - O, 0))

1 plsi—t] [sp-1—tu-1l . 4"B
< 8n/ / / v > 5 > dP(Ml,"' /un—l)dpn(un|5n_tn|)-
0o Jo 0 Uy uylsy — tyl

1

Another change of variables yields (2.13). O

2.2 Sample path Holder continuity of random fields

In this section, given a random field W, we study sample path continuity property. The first
application of Theorem 2.1.1 is the following criteria for joint continuity of sample paths
which is similar to Kolmogorov continuity theorem, which we shall call joint Kolmogorov

continuity theorem.

Theorem 2.2.1. Let W be a random field on R". Suppose there exist positive constants «, By

(1 < k < n) and K such that for every x, y in [0, 1]",
o n
E[|mwe)| | < k] [lxe - yel™.

k=1

Then, for every € = (€1,...,€,) with0 < exa < Br (1 < k < n), there exist a random variable n

with En® < K, such that the following inequality holds almost surely

n
OFW ()] < Cr(w) | [ 1t = selfee” =
k=1
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foralls,tin[0,1]", where C is a constant defined by

n
2
C=grle (1 ; —) |

k=1

Proof. Let W(u) = |u|®, px(u) = |u|” where yi € (2 %), 1 <k < n. A direct application

a’ «a

of Theorem 2.1.1 gives that for all s, ¢ in [0, 1]"

1
Vkltk—Skly" . Iy W)l ¢
MW < 8 / dxdy| .
1_[ —-2 0,17 [T /

Vi rop 1%k = Yl
(2.18)

Let

|0y W ()]
B = v dxdy.
(@) //[0,1]2" (HZ=1 Pk(xk—yk)) ey

From our assumption and Fubini-Tonelli’s theorem,

EB // E[OyW ()" e
= X
0,120 [Ty lxx — vl Y

n
K// n |k — y| PPk dxdy < oo.
011" 4

Hence, the event QO = {w : B(w) < oo} has probability one. Therefore for each w in Q% the

IA

inequality (2.18) gives

n _2
te — Si|V%a
W) <8 ] Vb = ST (g )
k=1 Yk~ &
for every s, t in [0, 1]". For each k, the power yy — 3 can be made arbitrarily close to P ".
This completes the proof with n = B/4, m]

Remark 2.2.1. The result obtained by Ral’chenko [86] was the inequality (2.18) in the case
n=2.
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2.3 Sample path continuity of Gaussian fields

We now focus on sample path continuity of Gaussian random fields. In case of Gaussian
processes (n = 1), one of the first sufficient and necessary conditions for sample path
continuity was given by Fernique [33]. Namely, let p (1) be an increasing positive function
such that

E|W(x) - W()|* < p*(Ix — y])

for any pair (x, y) in [O, 1]%2. Then Fernique [33] showed that a sufficient condition for

almost sure continuity of the process (W(x),0 < x <1)is

Vopuw)
0 u,flogl

In the original paper of Garsia-Rodemich-Rumsey [40], the authors also observed that the

du < oo,

above condition is equivalent to the condition (by integration by part)

L A
/ log —dp(u) < co.
0 u

Later, it was shown that the above condition is also necessary [34,75]. In case of Gaussian
tields, recent progress on modulus of continuity of Gaussian random fields has been
reported in [6,78,96].

Let W be a centered Gaussian random field with covariance function

E[W@W ()] =Q(x, y). (2.19)

We will always assume that Q is a continuous function of x and y. For any fixed x, y, the
random variable [J; W (x) is also Gaussian with mean zero. In the following proposition,

we compute its variance.
Proposition 2.3.1. Let W be a centered Gaussian random field with covariance function given by

16



(2.19). Then

E [|D;W(x)|2] =0 Q(x, x).

Furthermore, if the covariance function Q has the following product form

Qex,y) = | | Qelxe, yo)
k=1

then (2.20) is simplified as

n

E[|OW ()P = 1_[ [Qu (i, xi) = Qi (e, i) — Que(k, xi) + Qi (Wi, yi) | -

k=1

Proof. We calculate the variance directly as follows

E [|D;W(x)|2] E [D;W(x) : D;W(x)]

B[, Weow )

D%;,y)]E [W(x)W (x)]

D%’;Iy)Q(x, x).

(2.20)

(2.21)

(2.22)

The identity (2.20) follows. To prove (2.22), we notice that the pair of operators (I —

Vi,(y, ) = Virsk,(y,y)) transforms the k-th factor of Q in (2.21) to

Qr(xx, xk) = Qr(xk, Vi) — Qr (Y, xi) + Qr Yk, Yi)-

Since the operators I — Vj (4, (1 < k < 2n) are commutative, we can write

n

D%;,y)Q(x’ x) = H(I - Vk,(}/,y))(l - Vn+k,(y,y))Q(x/ X)
k=1
n

k=1

17

1_[ [Qr(xk, xx) — Qr (X, yi) — Qr (Y, xx) + Qi (Y, yi)] -



Hence, the identity (2.22) follows. O

Definition 2.3.2. Let f be a continuous function on R". We call a set of non-negative even

functions {p1, ..., px} joint modulus of continuity of f if

(i) Foreach 1 < k < n, pr(0) =0, and py is non-decreasing and continuous.

(ii) For every pair (s, t) in R?", the following inequality holds
yp g mneq y

n
02Ol < [ [pedite = skl
k=1
In view of Theorem 2.1.1 and Theorem 2.2.1, the continuity of sample paths is governed
by the joint modulus of continuity of D%; y)Q(x, x). Such modulus of continuity always
exists. For instance, we can define a joint modulus of continuity for D%; ) Q(x, x) as follows.

We set

NI

p1(u) = sup o2, Q0]

x,y€[0,1]":|x1—y1|<u

Given py, ..., px-1, define

[DZ" )Q(x,x)]%

v,y

pr(u) = sup | ,
xyelormin-y<u [T pilx; =yl

in which we have adopted the convention 0/0 = 0. It follows immediately that py’s are

non-decreasing and continuous. Furthermore, we have p;(0) = 0 and
n
D%;,wQ(xf x) < 1_[ prClxe = yxl)- (2.23)
k=1

Namely, {p1, p1,p2, P2, .-, Pn, Pn} is a modulus of continuity for D%;’y)Q(x, x). We also
call {p1,- -, pn} a modulus of continuity for D%;l y)Q(x, X).
In the following theorem, we give a sufficient condition for almost sure continuity of a

Gaussian random field.

18



Theorem 2.3.1. Let W be a centered Gaussian random field with covariance function given by

(2.19), and py (1 < k < n) be a modulus of continuity for D%;,y)Q(x, x), namely the inequality

(2.23) is satisfied. Suppose that

n 1 1 %
Z/o (log;) dpi(u) < oo.
k=1

(2.24)

Then, with probability one W has continuous sample path. Furthermore, we have almost surely

. |0y W ()|
im su —F < (g
6—>O+O<|x 5'<6 h(x y)

where h(x, y) is the function

n n 1
h(x,y) = l_[pk(|xk - ykl)Jlogn X — vl
k=1 j=1 " /

and c,, is some constant depends on n.

Proof. We set W(x) = ¢*"/* and

W ()P
B(w) = // exp PR dxdy.
0,12 41T piClxk — ykl)

Theorem 2.1.1 immediately gives us

|x1_y1| |xn_yn| 1 %
|D;W(x)| < 2. 8”/ / log 2 T dp1(up) -

n

+Jlog(4"B(w)) ]_[ p(lxk = vkl

for w such that B(w) is finite. It is elementary to see that

lim
|x— y|—>0h(x y) 1T Uy

19
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|xn— yn 1 2
log R dp1(u1) - dpn(un) = ¢y

(2.25)

(2.26)

(2.27)



for some constant ¢, and

n —
lim [Ty PrClxk = yil) o
lx—y|—0 h(x,y)

Thus (2.25) follows by passing through a limit in (2.27). To see (2.27) indeed holds for

almost every w, it is sufficient to show that B has finite expectation. We notice that the

random variable
D’yl W(x)

T, pelxe = vl

is Gaussian, has mean zero and variance less than or equal to one. Thus, an application of

Stirling’s formula gives

N2 o0 ]ENzk
EeXp(T) =2, 4kE!

k=0
i I
_1 +Z (2k)-2(]EN2)k
= 8k (k)
1w, 15
<1l+-= = —,
<1+ > 8 7
k=1

Hence

and the proof is complete.

O

Remark 2.3.3. The inequality (2.25) implies the following estimate which usually appears in

literature

WE) - W) _
, —_ n
00+ |1 _yi<s o(x,y)

where o(x, y) is the function

2

logn | ]

j#k

o(x,y) = Zn: (]—[ pj(lle))

k=1 \ j#k

20
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Indeed, fix w such that (2.25) holds and 6 sufficiently small, for every x, y in [0, 6]", with
x and (0,0,...,0, y,), the estimate (2.25) gives the followinig estimate for the increment

along an edge of the n-dimensional rectangle [x1, y1] X - - - X [xy, ¥4 ]

W, x) = WH G, X, ya)

n-1
<cy (H Pk(lxkl))
k=1

Similarly, we can obtain analogue estimates along any edge of the n-dimensional rectangle

-1 1/2

log | | xk
k=1

pn(lxn - ynl) |1Og lx, — ynHl/z .

[x1, y1]1X- - -X[x4, y»]. The increment along the diagonal is majorized by the total increments

along all the edges connecting x and y. Hence, this argument yields the following estimate
[W(x) = W(y)| < cnolx, y) (2.30)

which implies (2.28).

As an application of the above theorem, we obtain joint continuity for sample paths of

fractional Brownian field, as mentioned in (2.6).

Corollary 2.3.4. Let WH be a fractional Brownian field on R" with Hurst parameter H =

(H1,...,Hy). Then, the following inequality holds almost surely

DIWH ()
lim sup

T < 2.31
O0—0+ |X—y|§6 hH(x, y) - CT’I ( )

where hH(x, y) is the function

1
2 n

H

| | 1xi = il™

=1

hH(x, y) =

n
log 1_[ Xk = Yxl
k=1

for some constant c,, depending on n.
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Proof. The covariance function of a fractional Brownian field is given by

E [WH(x)WH(y)] = 1_[ Ry (X, i),
k=1
where

Ri(s,t) = [|s|2Hk+|t|2Hk—|s—t|2Hk], Vs, teR.

N =

By Proposition 2.3.1, we obtain the second moment for D;WH (x)
n
BIOyWH R = | | e -yl
k=1

This means that p;(u) = utli 1=1,2,---,n are the modulus of continuity of D%; y)Q(x, X).

Now the corollary is a direct consequence of Theorem 2.3.1. |

Remark 2.3.5. As in Remark 2.3.3, the previous result implies the following

H _ TwH
WH @) - Wiy) _

lim su <c (2.32)
5—0+ |x_y|126 o (x,y) "
where o(x, y) is the function
n-1 n-1 1/2
o(x,y) = ( sllj") log | |sk| Isu—tal™ |logls, — tn||1/2. (2.33)
k=1 k=1

2.4 Stochasticheatequations with additive space time white
noise

In this section let us consider the following one dimensional stochastic differential equation

a—uzlAu+W 0<t<T,yeR
ot 2 (2.34)
u0,y)=0 y€eR,
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where Au = aa_;zu’ W is space time standard Brownian sheet, and W = %W. Let
2
e~ . Then the (mild) solution of the above equation is given by

pi(y) =

27t

t
u(t,y)=/0 /Rpt-r(y—Z)W(dr,dZ),

where the above integral is the usual (Itd) stochastic integral (however, the integrand is
simple. It is a deterministic function). The solution u(t, y) is a Gaussian random field. It is
known that u(t, y) is Holder continuous of exponent ;- for time parameter and 3— for
space parameter. Namely, for any a < 1/4 and any < 1/2, there is a random constant
Ca,p such that

|u(t, y) = u(s, )| < Cap (It —s|*+|x - yIF) . (2.35)

We are interested in the joint Holder continuity of the solution u(t, y). We need the

following simple technical lemma.

Lemma 2.4.1. Let a, b, 6 be some positive numbers, where a < b, and let I, | be the integrations

b
1 52
I:/ —(1—6_?)011/,
a \/?

Then for every a € [0,1/2],
2(Vb - Va) (1 —e-%) <1<2(Vb - o) (1 —e-§)

and
J < Ca62aa1/2—a'

2 2 2
Proof. On the intervala < r < b, we have 1 - e% <1-¢ % <1—¢ %. The estimate for I

is then a straightforward consequence. To estimate |, we first use integration by part to
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obtain

r=0 dr
2 2
= 2Va (1 - e‘ﬂ) + 62/ e 324y,
0

i =0
By a change of variable x = 7o We see that

2 (ee]
J=2va (1 - e‘g_a) +2V26 /5 e dx.
Va2a

ftm e dx

If m

> 1, since lim; ;00 =0, | is majorized by

O
V2a
52

]Scx/ﬁ(l—e‘ﬂ).

If % < 1, the integration [ e~ dx is bounded by v/7/2, thus ] is majorized by
a V22

2

]SZ\/E(l—e_g_a)+c6.

Therefore, for any 0 < a < 1/2, employing the elementary inequality 1 —e™ < c,x%, we
obtain

] < Ca(SZaal/Z—a
and the lemma follows. O

Theorem 2.4.2. For every « in [0, 1/4], there is a constant ¢, depending on o such that

lim sup lu(t,y) —u(t,x) —u(s,y)+u(s,x)| <c, (2.36)

1
020+ |1 |5 lx—yl<o |t — 5|34 x — y|2[log (|t — s||x — y])|?

u(t,y) —ult,x) —u(s,y) +u(s, x)| < Colt —s|[i|x - yIZ“\/IIOg(If —sllx —yl)|. (2.37)
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Proof. u(t,y) is a mean zero Gaussian field. The covariance of u(t, y) and u(s, x) is given

by

Efu(s, x)u(t, y)]

| K000 = 2prer(y = 2)drdz

/11{2 f(s,x)f(t,y)drdz,

where f(s, %) = x{0,5)(F)ps—r (x = 2).

We calculate the second moment of D%S ol (t, y) as follows

]ED%S x)u(t’ y)D%s,x)u(tl y)
EO( v g0 (1)Ut y)
T B LHE put, )l
(s x5 x)/ f(t, y)2drdz
(s wsn LFE ()] drdz
02, o fE | [OF o f(t )] drdz

(sx)f(t y) drdz

E|CF, ,u(t, y)]

\\

]RZ

I
\

R2

where

(22 f] = [fG0 - £t s, )+ f(t, )
= f(s, 02+ f(t, 0>+ f(s,y)* + f (£, y)?

“2f (s, 2) f(t, %) = 2f (s, %) f(5, ) + 2f (5, ) f (£, )

V2F () f(s,y) =2 (6, ) f (£, y) =2 (5, F(E, ).
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Taking the integration with respect to z and using the following identity

/R Pa(z = )Py (2 = Y)dz = Pasy(x — 1)

we obtain

E|[Of, ,ut, 1/)]
[R [2X[0,S](r)p25—27(0) + ZX[O,t](r)PZt—zr(O)] dr

+/l; [_ZX[O,sAt]PsH—Zr(O) — 2X[0,s]P2s—2r (X = Y) + 2X[0,sAt|Ps+t-2r (X — ]/)] dr

+/]R [2X[O,5At]Ps+t—2r (x — y) - ZX[O,t]pZt—Zr(x - ]/) - 2X[O,sAt]ps+t—2r(0)] dr

§ t
= 2/ [p25-2/(0) — pas—ar(x — y) ] dr + 2/ [p2:-2,(0) = pas—ar(x — y)] dr
0 0
SAt
_4/ [Ps+t—2r(0) - Ps+t—27(x - y)] dr
0

By change of variables u = 25 —2r, v = 2t —2r and w = s+t —2r in the above corresponding

integrals respectively and noticing that s + t —2(s A t) = |t — 5|, we get

2s 2t
E[2 uct,y)] /O (72 (0) = pulx = )] du+/0 [75(0) = polx — )] do

s+t
- w — Pw - d
2/| [p(0) = polx — y)] dw

s—t|
2(sVt) S+t |s—t|
(/ —/ +2/ ) [pr(0) — pr(x —y)] dr
S+t 2(sAt) 0

By Lemma 2.4.1, we see that

2V H 1 (x-p)?
(/ ‘/ )[Pr(o)—lﬂr(x—y)]drs—(1—6‘W)(\/Z+\/2_—2\/s+t)go
S+t 2(sAt) \/ﬁ

and

|s—t|
/0 [p(0) = pr(x — y)] dr < calx — y[*¥|s — t[1/2®
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for every a in [0, 1/2]. Thus
2 2 2a 1/2-a
E |02 u(t, )] < calx = yIls — ¢1/20

An application of Theorem 2.3.1 immediately gives the desired result. m|

Remark 2.4.3. Using the method in Remark 2.3.3, the above result implies the following

estimate

’ - t/
lim sup (s, x) —utt, )l <c (2.38)

0—0+ |4 _ _ 1/4 1 1/2 1 B
|t=s|<6,|x—y|<d |S - tl / ,[logm + Ix — yl / logm

which is sharper than (2.35).

Remark 2.4.4. Compare to the current result of M. Meerschaert, W. Wang and Y. Xiao in
[78], our result is less precise, due to the lack of lower bounds in the inequalities (2.28) and
(2.38). However, lower bounds for (2.28) and (2.36) seem to be unknown. On the other

hand, while in [78], the authors obtain the law of iterated logarithm of the type

: WH (x) - WH(y)
lim sup T =
60—0+ Ix—ylsé o (x, y)

(2.39)

for some constant «. It is still a chalenging problem to determine the exact value of the

constant «.

27



Chapter 3

Nonlinear integrals

This chapter studies the nonlinear integrations of the form [ W(ds, ¢5). This nonlinear
integration appears in stochastic analysis as well as in the study of Feynman-Kac formulas.
We introduce three type of nonlinear integrations:

1. Nonlinear Young integration treats the case when W is jointly Hélder continuous and
@ is Holder continuous (conditions (W) and (¢) below). This type of integration extends
the classical Young integrals (cf. [98]) of the form [ f(t)dg(t) where f and g are Holder
continuous functions such that the total of their Holder exponents is greater than 1. We
use the sewing lemma originated by Gubinelli in [44]. We will show that nonlinear Young
integrals form compact mappings. An alternative representation of the nonlinear Young
integrals is given using fractional calculus. This integration is described in Section 3.1.

2. The nonlinear It6-Skorohod integration is described in Section 3.2. This type of
integration assumes that W is a Gaussian process and relies on the covariance structure of
W. It extends the classical Skorohod integral in stochastic analysis.

3. The nonlinear symmetric integration is described in Section 3.3. Here, we follow
the work of Russo and Vallois in [88] where they introduce the symmetric integrals in
stochastic analysis. We take another step forward and define symmetric integrals for

nonlinear integration.
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Finally, Section 3.4 connects the above three types of nonlinear integration by showing some
identities between different types of nonlinear integration are valid in some situations.
Notations: We collect here some notations that we will use throughout the entire
chapter. A < B means there is a constant C such A < CB. We represent a vector x in R as
a matrix of dimension d X 1, AT represents the transpose of a matrix A. Sometimes we
write x, for column vector xT and x* for the row vector x. We use the Einstein convention

on summation over repeated indices. For instance, b;c; abbreviates for Zle bic;

3.1 Nonlinear Young integral

Let W and ¢ be R?-valued functions defined on R x R? and R? respectively. We define in
the current section the nonlinear Young integration [ W (ds, ¢5).

We make the following assumption on the regularity of W

(W) There are constants 7, A € (0,1], B > 0 such that for all a < b, the seminorm

”W”ﬁ,T,A;a,b
|W(S,X) - W(t/ X) - W(S/ y) + W(t/ y)l
L= sup 8 . 1
et (L IyDPIE=s[lx - y] -
x,y€RY;x#y .
+ Sup |W(S/x)_w(t/x)| |W(tl ]/)_W(t/x)|
a<s<t<h (1+[xDPAE —s| a<tey L+ |x[+yDPlx -yt '
x€R? x,yeR%;x 2y
is finite.

About the function ¢, we assume

(¢) @ islocally Holder continuous of order y € (0, 1]. That is the seminorm

Poay = SUD lp(t) — @ (s)]
v a<s<t<b |t - 5|)/ ’

is finite for every a < b.
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Throughout the current section, we assume that 7 + Ay > 1. Among three terms appearing

in (3.1), we will pay special attention to the first term. Thus, we denote

[W(s,x) —W(t,x)—W(s,y)+W(t,y)|

[Wlg,c, 000 = sup

a<s<t<b (1+ |x| + |y DPIt = s|T]x — y|?
x,yeR%x#y
When g = 0, then we denote ||[W||; 1.0.6 := IWllo,7,1.0,6- If a, b are clear in the context, we

frequently omit the dependence on a,b. For instance, [[W]||g 1 is an abbreviation for
IWIllg, <, 1,6, l@lly is an abbreviation for ||¢@ll,,,,» and so on. We shall assume that a and b

are finite. It is easy to see that for any ¢ € [a, b]

sup |@(t)| = sup |p(c) +@(t) — ()| < @)+ llell, b —al]” <co.

a<t<b a<t<b

Thus assumption (¢p) also implies that

”(P”oo;a,b ‘= sup |(P(t)| < 00,

a<t<b
For the results presented in this section, the condition (W) can be relaxed to

(W’) There are constants 7, A € (0, 1], such that for all 2 < b and compact set K in RY, the

seminorm
[W(s,x) = W(t,x) = W(s,y) + W(t, y)|
sup - 3
a<s<t<b |t —s|T[x — yl
x,yeK;x+y
[W(s,x) - W(t, %) W(t, y) - W(t, %)
+ sup . + su p ,
a<s<t<b It —s] a<t<b lx =yl
xeK x,yeK;x+y
is finite.

However, the polynomial growth rate is needed in the following chapters to solve differential

equations.
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For later purpose, we denote CET’A) (Rx R?Y) (respectively Cl(géA) (R x R?)) the collection
of all functions W satisfying condition (W) (respectively (W’)). x denotes a universal
generic constant depending only on A, 7, @ and independent of W, ¢ and a, b. The value

of ¥ may vary from one occurrence to another.

3.1.1 Definition

We define the nonlinear integral [ W (ds, ¢5) as follows.

Definition 3.1.1. Let a, b be two fixed real numbers,a < b. Letn={a =t <t; <--- <
tm = b} be a partition of [a, b] with mesh size || = maxo<i<m-1 |ti+1 — ti|. The Riemann
sum corresponding to 7t is

m—1

Ja= ) Wtia, @) = Wk, 1) (32)
i=1
If the sequence of Riemann sums J’s is convergent when |rt| shrinks to 0, we denote the

limit as the nonlinear integral [ ab W(ds, s).

We observe that in the particular case when W(t,x) = g(t)x for some functions
g : R - R, the nonlinear integral | ab W(ds, ;) defined above, if exists, coincides with
the Riemann-Stieltjes integral [ ab psdg(s). It is well known that if ¢ and g are Holder
continuous with exponents a, § respectively and a + > 1, then the Riemann-Stieltjes
integral [ ab @psdg(s) exists and is called Young integral ([98]).

More generally, for each partition 7 of an interval [a, b], one can consider the (abstract)

Riemann sum

m—1
Ja(p) = ) ki, tis) (33)

i=1
where p is a function defined on [a, b]? with values in a Banach space. A sufficient condition
for convergence of the limit lim,|0 J (1) is obtained by Gubinelli in [44] via the so-called

sewing map. This point of view has important contributions to Lyons” theory of rough
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paths ([73,74]). Since we will apply Gubinelli’s sewing lemma, we restate the result as

follows.

Lemma 3.1.2 (Sewing lemma). Let p be a continuous function on [a, b]? with values in a Banach

space (B, || - ||) and let € > 0. Suppose that u satisfies
(s, t) —u(s, ) —ule, Ol < K[t —s|™*® Va<s<c<t<b.
Then there exists a function J u(t) unique up to an additive constant such that
1T p(t) = Tu(s) —us, HIl < KA =27t -5 Va<s<t<b. (3.4)

In addition, when |mt| shrinks to 0, the Riemann sums (3.3) converge to J u(b) — J p(a).

In what follows, we adopt the notation j,;b pu=Jub)—Ju(a). Themap u+— Ju
is called the sewing map. The setting of Lemma 3.1.2 is adopted from [35]. In several
occasions, one needs to prove a relation between two or more integrals. The following

result provides a simple method for this problem.

Lemma 3.1.3. Suppose 1 and iy are two functions as in Lemma 3.1.2. In addition, assume that
lu1(s, 1) — pa(s, D] < Clt —s|™ Va<s<t<b

for some positive constant ’. Then J uy and J uy are different by an absolute constant. That is

Jtr = JLug forall s, t.

Proof. From Lemma 3.1.2, J (u1 — p2) = J p1 — J 42 and

T (1 = p2)] S lpals, t) = pals, O] + [t =] S|t = 5| + |t — 5]

for all s, t. This implies j;t(yl — u2) =0foralls,t. O
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Returning to our main objective of the current section, we consider

us, t) = W(t, s) = W(s, @s).

Then the condition in Lemma 3.1.2 is guaranteed by (W), and (¢). Indeed, for every

s<c<t,

(s, ) — u(s, ) — (e, )|
= |W(t, 905) - W(C/ (Ps) - W(t/ (Pc) + W(C/ (PC)l
< Wl a1+ 11@l5) (t = $)7lps — el

< [Wlg a1+ @l Il (£ = 5)7+7

Hence, by combining the sewing lemma and the previous estimate, we obtain

Proposition 3.1.4. Assuming the conditions (W), (¢p) with T+ Ay > 1, the sequence of Riemann
sums (3.2) is convergent when |1t| goes to 0. In other words, the nonlinear integral | ab W(ds, ps)

is well-defined.

In addition, the following estimate holds

t
/ W(dr, @r) = W(t, pc) + W(s, )| < kWil ap @+ @l I@ll2, (=) (35)

foralla <s <c<t<b.

Remark 3.1.5. After the completion of this work, we are brought to the attention of the
work [15] (and also [18,19,45]), where a similar nonlinear Young integral is studied. The
objective of that paper is to define the averaging of the form fot f(Xy)du for some process
X, and for some irregular function f. The sewing lemma that we follow is from [35] ,

which is after the work of [44].

Remark 3.1.6. (i) In the particular case when W (¢, x) = g(t)x, Proposition 3.1.4 reduces to
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the existence of the Young integral [ ¢sdg(s). Hence, from now on we refer the integral
[ W(ds, ¢s) as nonlinear Young integral.

(ii) In Proposition 3.1.4, we can also consider the Riemann sums with right-end points

m—1

J7 = Z[W(tiﬂl Ptin) = W(ti, 91,01
i=0

Then the corresponding limit exists and equals to [ ab W(ds, @s). This is a straightforward

consequence of Lemma 3.1.3.

It is evident that

t c t
/ W(dr, ;) :/ W(dr, ;) +/ W(dr, ;) Vs<c<t.

This together with (3.5) imply easily the following.

Proposition 3.1.7. Assume that (W) and (¢) hold with Ay + t > 1. As a function of t, the

indefinite integral { [ ; W(ds,ps), a<t< b} is Holder continuous of exponent t.

Fractional calculus is very useful in the study of (linear) Young integral. It leads to some
detailed properties of the integral and solution of a differential equation (see [62], [63],
and the references therein). It is interesting to extend this approach to nonlinear Young
integral. In fact, the authors obtain in [60] the following presentation for the nonlinear
Young integral by using fractional calculus. Since this method is not pursued in the current

chapter, we refer the readers to [60] for further details.

Theorem 3.1.8. Assume the conditions (W) and (¢p) are satisfied. In addition, we suppose that
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Ay +t>1 Let a € (1 -1, At). Then the following identity holds

/ab W(dt, )

_ 1 b Wb—(tl (Pt)
- T(oT1-a) {/11 (b —t)l-a(t - a)adt

bt Wy (t, o) — Wu—(t, @)
+a/ / b = D (f = r)arl drdt (3.6)

Wt 1) = W(s, pr)
+(1_a)// (s —t)2a(t —a)o dsdt

b _ _
fal- a)/ // W(t, 00) =W(s,p0) =Wt @) + W(s, (pr)dsdrdt},

S _ t)2 “(t _ r)m—l

where Wy_ (t,x) =W (t,x) — W (b, x).

3.1.2 Mapping properties

Let u be a function as in Lemma 3.1.2. Let us define the quality

leer = sup HEDTHE D Zple DI

s,c tel:s<c<t |t — Sll-hg

In several occasions, given two functions p1 and up such that [u1]14¢ and [uz]14¢ are finite,
one would like to compare the integrals J u1 and J u». The following result answers this

question.
Lemma 3.1.9. Let ujy and o be two continuous functions on [a, b]? such that [t1]a and [u2]q are

finite for some a > 1. Then for every s, t € [a, D]

T = Fual < \pa(s, t) — pa(s, )+ A =27y — polags qlt —sl®

Proof. The proof is rather trivial thanks to the linearity nature of Lemma 3.1.2. Put
p = 1 — po. Notice that [u]s < [p1]a + [g2]a < 0. Thus we can apply Lemma 3.1.2 to p.
The claim follows after observing that Ju = J u1 — J po. O
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As an application, we study the dependence of the nonlinear Young integration

[ W(ds, ¢s) with respect to the medium W and the integrand ¢.

Proposition 3.1.10. Let Wy and W, be real valued functions on R x R satisfying the condition
(W). Let ¢ be a function in C? (R; R?) and let T + Ay > 1. Then

b b
|/ wl(ds,(ps)—/ Wads, )] < [Wi(b, @a) = Wi(a, a) = Wa(b, 00) + Wa(a, go)|
a a

+ c(ll@lle) Wi = Walg o allll, 1b = a4

Proof. Leta < c < b. Put

Hl(alb) = Wl(b/ (PIZ) - Wl(al (Pa) s
HZ(a/ b) = WZ(b/ (Pﬂ) - WZ([Z/ (Pa) ’

b= 1 .

The argument before Proposition 3.1.4 shows that

[tlesny < [Wh = Walgoa(1+ i@l el -

The proposition follows from Lemma 3.1.9. m|

Proposition 3.1.11. Let W be a function on R x RY satisfying the condition (W). Let ' and ¢
be two functions in C7(RR; R?) and let T + Ay > 1. Let 0 € (0,1) such that Tt + OAy > 1. Then

foranyu <o

| / W(ds, ) - / W(ds, 92|

AA=0) ., _1e+0Ay

< CilWs o allp! = @*lo = ul™ + Ca[Wig e allp" — @7l v -

where C1 = 1+ |9 15 + 2% and C2 = 21-0C1 (I I} + Nl 114)°.
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Proof. We put pi(a,b) = W(b, p})y — W(a, pl), ua(a, b) = W(b, p2) — W(a, ¢?) and u =

p1 — p2. Applying Lemma 3.1.9, we obtain, for any 0 € (0,1) such that t + 04y > 1

| / W(ds, o) - / W(ds, 92|

< W, @i) = W, L) = W, 92) + W, 2)| + [lerony o — ul 04
Notice that
W (v, pi) = W, @i) = W(o, 93) + W, 93| < C1[Wlgealu — 0|"lle" — 9?14, .
It remains to estimate [p]:191,. It is obvious that for i = 1,2
[ileny < Wlsoa L+ 1@ IEN@ ] < CLIWIg Al I}

and hence

2
[H]’H—Ay < [Hl]’c#\y + [HZ]T+/\)/ < Cl[w]ﬁ,’[,/\ Z ”(Pl”)/} .
i=1

On the other hand

“,l(ﬂ, b) - [.l(ﬂ, C) - #(C/ b)l
< Wb, 0q) = Wb, 1) = W(e, pa) + W(e, 97
+IW (b, @) = Wb, 92) = W(c, ) + W(c, )|
< 2Ci[Wlgzalb = cl®llg! = @1 -
Combining the two bounds for p we get for any 0 € (0,1) such that 7+ OAy > 1,
A(1-0)

[ulerory < ColWlg,oall@ — @2l
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This completes the proof. |

Corollary 3.1.12. Let I be a nonempty closed, bounded and connected interval. Let to be in I.

Assuming condition (W) with Tt + Ay > 1. Then the map

M:CV(I) —» C*(])
t
Mx(t) = W(ds, xs)

is continuous and compact.

Proof. Continuity follows immediately from Proposition 3.1.11. For compactness, suppose
B is a bounded subset of C” (I). The estimate in Proposition 3.1.11 implies that {Mx},p is
bounded in C*(I). By the Arzela-Ascoli theorem, the set {Mx},p is relatively compact
in C7(I) for every v/ < 7. We show that {Mx},cp is indeed relatively compact in C*(I).
More precisely, suppose {Mx"} is a convergent sequence in M(B) in the norm of C% (I),
by taking further subsequence, we can assume that the sequence {x"} converges to x in
C”'(I), for some 3’ < y (this is possible since B is bounded). It is sufficient to show that
Mx" converges to Mx in C*(I). To prove this, we choose 0 € (0,1) and )’ < y such that

T+ OAy’ > 1, and then we apply Proposition 3.1.11 to obtain

A(1-6
IMx — Mx™|lz < cliWllg,ea(llx = x" 12 + [1x — x" 1519 .

The constant ¢ depends only on ||x ||, [| X, and [|x" ||oo, [|x™ ||, which is uniformly bounded

with respect to n. This shows Mx" converges to Mx in C*(I) and completes the proof. O

3.2 Nonlinear It6-Skorohod integral

LetH € (%, 1) and denote by Ry (s, t) = % (SZH + 120 | — s|2H> the covariance function

of a fractional Brownian motion of Hurst parameter H. Let q(x, y) be a continuous and
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positive definite function, namely, for any x; € RY, i=1,2,--- ,mand complex numbers

&,i=1,2---,m,not all 0, we have

m

Z q(xi, x))&&; =0,

i,j=1
where &; is the conjugate number of &;. Foreverys,t >0and x, y € RY, we denote

2

_ d“Ru 2H-2

(s,t)g(x,y) = apls - q(x,y),

where ag = H(2H —1). Let S be the set of all smooth functions f : [0, T] X R? — R such
that f (¢, -) has compact support for every t € [0, T]. We introduce a scalar product on § in

the following way:

(@) = / (s, )P, b ¥, y)dxdydsdt . (3.7)

[0, T]2xR’

We denote by H the Hilbert space of the closure of S with respect to this inner product.
Let T be a bijective Hilbert-Schmidt operator on H. Define the Banach space (in fact, it is a
Hilbert space) Q as the completion of H with respect to the norm ||x||q := \/m
Then, it follows from the Bochner-Minlos theorem (see [51], Theorem 3.1) that there is a
probability measure P on (Q, ) such that (h, w) is a centered Gaussian random variable
with covariance E [{h, -){h’, )] = (h, h')q¢, ¥ h, h" € (', where () is the Banach space of all
continuous linear functionals on (); ¥ is the Borel o-algebra generated by the open sets
of Q, and (h, w) the pairing between h € Q' ¢ H and Q. We identity H’ = H so that the
embeddings () ¢ H’ = H c Q are continuous. We can define Gaussian random variable
(h, w) for all h € H by limiting argument.

First we give some specific elements in . For any x € RY. we denote by 6, the Dirac
function on RY. Namely, 6, is defined by [« 6x(y) f(y)dy = f(x) for any smooth function

of compact support on RY.
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Proposition 3.2.1. Forany s > 0 and x € R?, [0y is an element in H and

(I0,510x, 110,10y )y, = Rer(s, )q(x, y) (3:8)

and

1 (0,510x — Lio,110y 15, = s*q(x, x) + t*q(y, y) = 2Ru (s, )q(x, y). (3.9)

Proof. For every ¢ > 0 and x € RY, we denote the elementary function
& _ —d
0y = (26) I (x—¢ x1e]-

If ¢ tends to 0, the function 64 converges in H to the generalized function 6,. Indeed, fix

(s,x)and (t,y)in [0, T] x R?. For any positive numbers ¢ and ¢’, we have

] , y+e’ px+e
<I(o,s]5§,1(o,t]5§ >¢{ = Ru(s, t)(4ee’)_d/ / q(x’, y")dx'dy’ .
X

y—¢’ —€

Since 4 (-, -) is continuous, the above right hand side converges to q(x, y) as ¢ and ¢’ tend
to 0. This shows easily that I (g 10 is a Cauchy sequence in H when ¢ — 0. The limit of

L0,5105 in H as € = 0is I(g,510x. The equations (3.8) and (3.9) are immediate. O

Since I(,s10x € H, we can define
W(s, x,w) = 00, ), @ €Q (3.10)

Thus {W(s,x),t > 0,x € R} isa multiparameter centered Gaussian process with the

following covariance

E [W(s, )Wt )] = (Los10x L0010y )y, = Ru(s, H(x, y) .
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We also denote

T
W(¢p) ::/0 /]Rd O(s, x)W(ds,x)dx :={(p,w)y Y¢peH.

The It6 integral is a fundamental concept in stochastic analysis. This integral can be defined
under less condition than the Stratonovich one and has a completely different feature such
as the famous It6 formula. From the modeling point of view, Ito type stochastic differential
equations are more popular since all terms in the It6 equation dx; = b(x;)dt + o(x:)0B;
(see also (5.6)) have clear meaning: b(x;) represents the mean rate of change and o(x;)0B;
represents the fluctuation (it has zero mean contribution).

In this section, we will introduce nonlinear It6-Skorohod integral. This integral is
a probabilistic one and is defined for almost every sample path while nonlinear Young
integral is defined for every sample path. The relation between these two integral is
through the nonlinear symmetric (Stratonovich) integral.

We denote by P the set of smooth and cylindrical random variables of the following

form

F=f(W($1),...,W(pn)), (3.11)

$i € H, f € C;7(R") (f and all its partial derivatives have polynomial growth). D denotes
the Malliavin derivative. That is, if F is of the form (3.11), then DF is the H-valued random

variable defined by
DF = le] FRULCORRACILE

The operator D is closable from L%(Q) into L%(Q; H) and we define the Sobolev space D!2

as the closure of £ under the norm

IFlhz = \E(F2) + E(IDFIZ,).

D can be extended uniquely to an operator from D' into L2(Q; H). The divergence operator
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0 is the adjoint of the Malliavin derivative operator D. We say that a random variable u in
L%(Q; H) belongs to the domain of the divergence operator, denoted by Dom 6, if there is

a constant ¢, € (0, 00) such that
[E((DE, u)30)| < cullFllizq) ¥ F € D2
In this case 6(u) is defined by the duality relationship
E(5(u)F) = E((DF, u)g) Y FeD2. (3.12)

The following are two basic properties of the divergence operator 6.

(i) D'2(H) c Dom 6 and for any u € DY2(H)

E (6(w)?) = E (Ilull3,) + E ((Du, (D) Vgrap) , (3.13)

where (Du)* is the adjoint of Du in the Hilbert space H ® H.
(ii) Forany F in D2(H) and any u in the domain of 6 such that Fu and Fo(u) —(DF, u)¢

are square integrable, then Fu is in the domain of 6 and

5(Fu) = F6(u) — (DF, )¢y . (3.14)

The operator 6 is also called the Skorohod integral because in the case of Brownian
motion, it coincides with the generalization of the It6 stochastic integral to anticipating
integrands introduced by Skorohod [93]. On the relation between 6 and D, we have the
identity

Dé(u)=u+6(Du). (3.15)

We refer to Nualart’s book [80] for a detailed account of the Malliavin calculus with
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respect to a Gaussian process. Using the specific definition of our H, we also denote

S(u) = fOT Jre u(t, x)W(6t, x)dx. In addition, we can write the identity (3.13) as

l/ / u(t, x)W(ot, x)dxl

= E [u(t,x)u(s,y)] Q(s, t,x,y)dsdtdxdy

[0, T]2xR24

+/[O . W]E [ Dty yti (t1, 21) Dy o1 (51, y1) | Q(t1, 52, X2, y1)Q (b2, 51, X1, y2)dsdtdxdy ,
X

(3.16)

where in the rest of the chapter we shall use ds = dsy ---dsy, dx = dx; ---dx,, and so on,
the k and m being clear in the context.
Let {W(t,x),t > 0,x € R?} be the Gaussian field introduced in Section 3.2, whose

mean is 0 and whose covariance is

EW(s,x)W(t,y)) = Ry(s,t)g(x,y).

Let ¢ = {¢:,t € [0,T]} be a R?-valued stochastic process. Our aim in this section is to
introduce and study the nonlinear stochastic integral fOT W (6t, p1).

This stochastic integral was studied earlier in order to establish the Feynman-Kac
formula when ¢; is a Brownian motion, independent of W. The case H > 1/2 is discussed
in [65] and the case H < 1/2is discussed in [61]. When {W (¢, x) ,t > 0} is a semimartingale
with respect to t (for fixed x € R?), this type of stochastic integral has been studied
extensively and generalized It6 formulas have been established. It has been applied to
solve some stochastic partial differential equations. See for instance Kunita’s book [71] and
the references therein.

In this section, we will define the stochastic integral | W (6t, ¢;) based on the covariance
structure of W. This method is closely tied to the nature of W as a Gaussian process. In

particular, we introduce here two types of stochastic integrals, namely, the divergence

43



type and symmetric type. We also study their properties and relation. The divergence
type integral turns out to have zero mean, thus one can think of it as a generalization of
It6-Skorohod integral. The symmetric integral does not have vanishing mean and differs
from the divergence type integral by a correction term, related to the Malliavin derivative
of some random variable. One can also view the symmetric integral as a generalization of
Stratonovich integral.

We shall define the (nonlinear) It6-Skorohod (divergence) type integral fOT W(6t, p¢)
by the (linear) multi-parameter integral fOT Jre 6(@r — Y)W (6t, y)dy. Here and in the
remaining part of the chapter, the symbol 6 carries two meanings: the It6-Skorohod
integral and the Dirac delta function. Difference between the two meanings will be clear
from the context.

Since 6(¢p; — y) is a distribution valued random process, to define its stochastic integral
we need to approximate the Dirac delta function by smooth functions. Namely, we shall
define fOT Jra 6(@r — Y)W (St, y)dy as the limit 151?01 /OT /]Rd ne (@t — y)W(St, y)dy, where
1¢ is an approximation of the Dirac delta function 6. To define such sequence 7., we denote

by 7 the following bump function
n(x) = caexp{(|x* = 1) Hjxj<1, x € RY,
where |x| is the Euclidean distance in R? and ¢, is the positive constant so that

/Rd n(x)dx =1.

The function 1 is smooth and compactly supported. Its corresponding mollifier is

ne(x) = e™n (g) . (3.17)
Here is our definition.
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Definition 3.2.2. Let ¢ : [0, T] X Q — R? be a measurable stochastic process. If I, =
fOT Jra e (e — Y)W (6t, y)dy is well-defined and it has a limit in L*(Q, ¥, P) as ¢ — 0,

then we define fOT W(6t, @) as the aforementioned limit.

Next, we shall give condition to ensure the existence of the stochastic integral
fOT W (6t, ¢;), namely, to ensure the existence of the limit of I, in L*(Q, F,P). To ex-

press the conditions in a more concise way we introduce the following notations.

T /T
qo(x,y) :a/ / ]Eq(x+(ps,y+q0t)|s—tle_stdt
0o Jo

and

Ape(x, ) = az; / EDs, vq(x + @s,, Y ) D1y, q(x", y + ¢1,)

[0, T]¢xR24

|s1 — t1|2H_2|52 - t2|2H_2d51d52dt1dt2dx’dy,

whenever the integrals on the right hand side make sense. We make the following

assumptions on the process ¢;.

(A1) ¢; belongs to D!? for all ¢, and for almost every w € (, the sample path ¢; is

continuous in t € [0, T].

(A2) |glp is integrable on a neighborhood of (0, 0), that is there exists an open set U in R24

containing (0, 0) such that
T /T

// / E|Q(s,t,x + @s, y + @¢)|dsdtdxdy < oo.
uJo Jo

(A3) gqy(x,y) is well-define in neighborhood of (0, 0) and it is continuous at (0, 0).
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(A4) There exists an open set U in R?? containing (0, 0) such that

/ / E |Ds1,x'f](x + sy, Y )Dpyyrq(x', y + (Pt1)|
U [0,T]4xR24

|s1 — t1|2H_2|52 — tz|2H_2d51dszdtldtzdx'dy’dxdy < 00,

(A5) qB(P (x, y) is well-defined in neighborhood of (0, 0) and it is continuous at (0, 0).

Theorem 3.2.3. We assume the conditions (A1)-(A5) are satisfied. Then fOTW(ét, @) is well-
defined and

T 2
E [/0 W(ot, @t)l = py(0,0) +4,(0,0)
=/ / EDs,, xQ(51, t1, Psy, Y) D1y, yQ(82, t2, X, @1, )dxdydsidsydt  dt,
[0,T]4 R24

T /T
+/ / EQ(s, t, s, pt)dsdt . (3.18)
0 Jo

Before proceeding to the proof, let us make the following remark which we will use

several times in the future.

Remark 3.2.4. Suppose that f and g are smooth functions, f has compact support, and ¢ is
random variable in ID!2. Then the following integration by parts formula holds almost

surely

[ pfe-ogdx=- [ feopger g, (3.19)
R4 R4

Indeed, the integration on the left hand side is

/]Rd Vf(x—¢) Dpg(x)dx.
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Integrating by parts yields

_/]Rd f(x=@)De -Vg(x)dx.

With the change of the variable x = x + ¢,

—/ f)Dg -Vg(x + @)dx = —/ f(x)Dg(x + @)dx.
R4 R4

Proof of Theorem 3.2.3. For any ¢ > 0, the H-valued random variable 7. (- — ¢.) belongs to
D!2(H), hence belongs to Dom 6. Thus, applying (3.13), for every positive numbers ¢ and

&’, we obtain

E0(n:(- =)o (- — @) = E{n:(- — @), (- = 9.))gy

+E(Dn:(:- = @), (DNe' (- = ©.)) Yoy = E1+E2. (3.20)

Using a change of variable, we have

T T
Ei1= ozHlE/O /0 /]Rmns(x — Q)N (Y — e (x, Y)It — s|*2dxdydsdt
T T
=aH]E/ / / ng(x)ng/(y)q(x+(ps,y+(pt)|t—sle"zdxdydsdt
0o Jo Jo2rd

T /T
=0¢H/ / / dng(x)ngf(y)]Eq(x+(ps,y+(pt)|t—SIZH_dedydsdt.
0 Jo JR2

When ¢ and ¢’ tend to 0, using the conditons (A2), (A3), this quality converges to

T ,T
aH/O /0 Eq(ps, po)lt — P12 dsdt = 4,(0,0),

Hence, when ¢ tends to zero, 1.(- — ¢.) converges in L%(Q;H) to a H-valued random

variable, denoted by 6, = 6(¢: — ).
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For the second expectation in (3.20), we use (3.16) to obtain

E;=a3E /Dsl,xlns(XZ — @s,) Dty yoNer (Y1 — @1,)q(x1, y1)q(x2, Y2)
[0, T]4xR4d

s1 — 1127255 — 1| 2dsdtdxdy .

An application of (3.19) yields

E2 = a%{]E / ﬂe‘(xz)Dsl,xﬂ(xz + (P52/ yZ)né"(yl)th,yzq(xll yl + §0t1)
[0, T]*xR4

s1 — 111277255 — 15| 2dsdtdxdy .

When ¢ and ¢’ tend to 0, this converges to q*D(p(O, 0) by using conditions (A4), (A5).
Therefore, 6(1. (- — ¢.)) is a Cauchy sequence in L%(Q). Since 6 is a closed operator and

1e(- — @.) converges to 6, we obtain that 6, belongs to the domain of 6. As a consequence,

0(ne(- — ¢.)) converges to 6(6,) when ¢ tends to zero. Thus the integration fOT W (6t, Pt)

is well-defined. The equation (3.18) is immediate. O

Remark 3.2.5. Under the hypothesis of the above theorem, the H-valued random variable
Ne (- — ¢@.) converges in L2(Q; H) to 0o = 6(pt — y) as ¢ tends to zero. Moreover, 6, also
belongs to the domain of the divergence operator and the convergence also holds under the
divergence 6. Hence, in this case, the stochastic integral in Definition 3.2.2 can be viewed

as 6(6y), the divergence of 0.

3.3 Nonlinear symmetric stochastic integral

We introduce and study symmetric type stochastic integral by using appropriate approx-
imation. This stochastic integral will be different than the Itd6-Skorohod type integral

introduced in the previous section.
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Recall that W = {W(s, x, w), w € Q} is the Gaussian random field (indexed by (s, x))
defined in the previous section. Throughout this subsection, we assume that W is almost
surely continuous with respect to s > 0 and x € RY. We define the composition of the

random field W and a R%-valued process ¢ = {ps,s € [0, T]} by

W(s,ps):Q—> R
(3.21)

w > W(s, ps(w), w).

By convention, we will assume that all processes and functions vanish outside the interval

[0, T].

Definition 3.3.1. The nonlinear symmetric integral | ab W@™s, @;) is defined as the limit

as ¢ tends to zero of

b
(25)—1/ (W(s+¢e,@s)—W(s —¢,95)) ds, (3.22)

provided this limit exists in probability.

Example 3.3.2. In the particular case, when W (s, x) = B, f (x), where f is a nice deterministic
function and {Bs,s > 0} is a Brownian motion, the symmetric integral defined above

coincides with Stratonovich integral. That is fOTW(dSYms, Ps) = fOT f(ps)d°Bs.

In the following proposition we will see that for a suitable class of R?-valued processes
{¢t}, the symmetric stochastic integral fOTW(dsyms, @s) exists almost surely. This result is

an extension of [2, Proposition 3].

Proposition 3.3.3. Let ¢ be a R*-valued process satisfying assumptions (A1)-(A5). In addition,

suppose that ¢ satisfies

T
/ / [Eq(x + @5, x + gos)]l/2 dxds < oo, (3.23)
0 Jlx|<1
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T d ' 1/2
E D}, Do X+ @s, X+ dxds < oo 3.24
/0 /|x|<1 ;::1< ¥s (P5>fH q(x + @s, X + @) (3.24)
and the function
T (T
X - / / / |Dt,yq(x + (Ps,y)| s — t12H2dtdsdy (3.25)
0 Jo JR

is a.s. well-defined and continuous on a neighborhood of 0. Assume also that the Gaussian field W
has continuous sample path. Then the symmetric integral (3.22) exists and the following formula

holds almost surely

T T T /T
/ W@»™s, ¢s) = / W(bs, ps) + aH/ / / Dy,yq(ps, y)|s — tle_zdtdsdy. (3.26)
0 0 o Jo JRH

Proof. We shall show the convergence in L? of (3.22). For every positive ¢, since W has

continuous sample path, we can write

W(s+e,ps)—W(s—¢,¢5) = lin}]/ [W(s+e,x)=W(s —¢,x)]ne(x —@s)dx
&'—0 JRd

= lim O(I[s—e,54¢102)Mer (X — s) dx, (3.27)
&’—0 JRd

almost surely, where we have used (3.10) in the last equality. We notice 1./ (x — @) belongs
to D12 for every s and x. Using (3.14), we see that the integrand on the right hand side of

(3.27) can be written as

o (I(s—e,s+e]5xns’(x - (Ps)) + <Dns’(x - (Ps)/ I(s—e,s+e]5x>(H .
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Taking integration with respect to x and s, we obtain

T
-1 _ _ , —
(2¢) /0/]Rd[W(s+e,x) W(s —¢,x)]ne(x — @s) dxds
T
=@yt [ [ 6 (Hemaseadano e = ) dds

T
+ (28)_1/0 /IRd<Dng’(x - @s), I(s—e,s+e]6x>(H dxds

=L+1. (328)

The proof is now decomposed into several steps.
Step 1. Let us show that the integration with respect to dxds in I; can be interchanged

with the divergence operator to obtain

T
11=6(<2e>‘1 I 1<s_g,s+e]6xng'<x—<ps>dxds).
0 JR4

In fact, one can view the integral in I; in Bochner sense, that is integration with 12-valued

integrand. In this setting, we have

/OT /]Rd o(u(s,x))dxds =0 (/OT /]Rd u(s,x)dxds)

provided that
T
/O /Rd lu(s, X)|lpr2dxds < oo (3.29)

and 6 is a bounded operator from D'? to L2. The later fact is automatically guaranteed by

(3.13). It remains to check that 1 (s, x) = I(s-¢ s1¢]0x e (X — @) satisfies (3.29).

luts, 0= [ [ SRt s g e, B 0]

< Ry ([0, TI)q(x, x)E[n? (x — @s)].
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Thus by a change of variable, we obtain

T T
1/2 2 ) B 172
/0 /Rd llu(s, x)llgdxds < Ry;~([0, T] )/0 /]Rd(lEq(x,x)nS,(x ®s)) ' “dxds
T
= Ry ([0, TP) / / (Eq(x + @s, x + @)% (x))dxds
0 JRr

T
< c(s’,T)/ / (]Eq(x+(ps,x+(ps))1/2dxds.
0 |x|<1

The last integral is finite thanks to the condition (3.23). Similarly

IDu(s, 112,
_E/ / 25 8tRH(S F)ds'dt’ q(x, )dine (x = po)djne (x = )DL, Dpllg

< R (0, TP)q(x, )E| D diner(x = 95)djner (x = @s){D@L, Dplyl
ij

Thus, by a change of variable and by using the condition (3.24), we obtain

T
//”DM(S,X)”q{@«deds
0o JRr

T .
<em [ [ IBqex) 25 = 902y = 9D, Dl s
0 R4 i

< c(¢, T)/ / ]Eq(x+g05,x+gos)IZ(DgoS,DQS)q{I]l/zdxds < 00,
|x]<1 0]

Step 2. We show that

T T
0 ((25)_1 /O /]Rdl(s—e,s+e]6x77€’(x — @s) dxds) =0 ((25)_1/0 I(s—¢,s+e1Me (- = @s) dS) .

It suffices to show for every smooth function ¢ with compact support

¢ = / o (y)oydy (3.30)
IRd
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is in H, since with the choice ¢ = 1., (3.30) will yield the desired identity. Recall that S is

the space defined in Section 3.2 and is dense in H. Thus to show (3.30), we verify

(b 0m = [ By, PIn

for every ¢ € S. Indeed, we have

<AﬁWWﬂ%ﬂﬂ=éﬁwN%¢%ﬂy

:/ /T/T/ (P(]/)IP(JC)Q(S,t,y,x)dxdsdtdy:<¢,I(0/S](‘jx>ﬂ,
RiJo Jo JRa

by Fubini’s theorem.

Step 3. Combining the previous two steps, we obtain

T
I1=06 ((23)_1/0 I(s—e,s+e]7]£’(' - (Ps) ds) .

It is straightforward to check that when ¢” and ¢ tend to zero, I; converges to fOTW((SS, ©s)
in L2.

Step 4. We now show the convergence of I. A direct computation shows that

T e prT
/ / / / / Dy yne(x — @s)q(x, y)|t —r — SIZH_zdydtdrdxds
0 JRIS-eJO JRA

T T
< dH/ / / / |Dt,yﬂg'(x - @s)q(x, y)| |t —s|*12dydtdxds,
0o JriJo JRA

| = (2¢)7!

where we have used the following inequality
&
(28)_1/ It —r —s|?H2dr < dy|t —s|?H2
—&

for some constant dy, independent ¢ € (0,1) and s,t € R. By a change of variable
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X — @s — x, we obtain

T pT
sl [
o Jo JRA

Hence, by the dominated convergence theorem, when ¢” and ¢ tend to zero, I; goes to

Ne (X)Dyyq(x + s, y)| It = s 2dydxdsdt.

I fd Deyg(x + s, )1t — s12-2dydsdt. Therefore, passing through the limits in (3.28),

we obtain (3.26) O

3.4 Relationships of various nonlinear integrals

If the limit in Definition 3.3.1 exists for almost every sample path of W, then the symmetric

integral can also be defined pathwise for a function (W(¢t,x),t >0,x € R?). We also call

such integral the symmetric integral and denoted by the same symbol fOT W@d™s, @s).
The following proposition establishes the relation between symmetric integral and

nonlinear Young integral introduced in Section 3.1.

Proposition 3.4.1. Assume the hypothesis of Proposition 3.1.4. Then the symmetric integral exists

and the following relation holds

T T
| wasms oo = [ was, e,
0 0
Proof. Fix € > 0, we put
€
We(s, x) = (2e)-1/ W(s +1,x)dn.
—€
We recall that fOT Wd™s, @s) = lime_y fOT dtWe(s, p)ds. We put

#k(a/ b) = Wek(b/ (Pa) - Wek(ll, (Pa) ’
pla, by =W(b,pq) - W, @a) .
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Since W¢ is continuously differentiable in time, the integral f We(ds, s) is understood
in classical sense and is equal to [ J;We(s, ¢s)ds. Hence, applying Proposition 3.1.10 we

obtain, for any 0 € (0,1) such that 0t + Ay > 1

T T
|/O W(dS,(Ps)—/O W (s, o)ds|

< [W(T, o) = W(O, 9o) = We(T, 9o) + We(0, 9o)| + c(@)[W — Welg,ralb —aloT7 .

It remains to estimate the terms on the right side and show that they all converge to 0 when

€ goes to 0. For the first term

IW(T, o) = W(O, o) — We(T, o) + We(0, @o)|

< 2e)7! /_ IW(T, po) = W(O, po) — W(T + 1, po) + W(1n, po)ldn

€
< (2e)7! / In|"dn < €°.
—€
For the second term, we put F = W — W, and notice that

|[We(s, x) = We(s, y) — We(t, x) + We(t, y)
< (26)_1 /E IW(s+n,x)=W(s+n,y)-W(Ht+n,x)+W({t+n,y)ldn
< W1+ Ix1P + |ylF)(2e) ™ /_ s — t"]x — y|*dn

< [WIA + [x 1P+ 1ylP)ls — ¢ |x — y|* .
Thus

IF(s,x) = F(s, y) = F(t,x) + F(t, )| < 2AW](1+ [xIP +|yIP)ls — t]"|x = y|* .
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On the other hand,

[We(s, x) = We(s, y) = We(t, x) + We(t, )|
< (2¢)7 /ide(s +1,%) = W(s,x) = W(s +1,y) + W(s, y)|

+[W(t,x)=W(t+n,x)—W(t,y)+W(t+n,y)l
< 2AWIA + [x1P + [ylP)lx — yI' 2e) ! / Inl*dn

<21+ ) YW1 + x P + |y|P)|x — y|te".
Hence, combining these two bounds, we get
IF(s,x) = F(s,y) = F(t, ) + F(t, )| S IWIA + |xlf + [y1P)ls = ¢1°7|x = y| 1™

Thus [W — Welg,0r,1 S €709 which converges to 0 as € — 0.
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Chapter 4

Differential equations associated with

nonlinear Young integral operators

Let W : Rx R? — R satisfy the condition (W) stated at the beginning of Section 3.1 with

7(1+ A) > 1. In this chapter we consider the following differential equation

t
Pt = Py +/t W(ds, ¢s), (4.1)
0

where [, tg W(ds, @) is a Young integral describe in Section 3.1. We are concerned with the
existence, uniqueness, boundedness and the flow property of the solution. We shall also
study the dependence of the solution on the initial conditions. Some related results on this
direction are also obtained independently by Catellier and Gubinelli [15]. Applications of
the results obtained are represented in Sections 4.3 and 4.4 where we consider a transport

differential equation of the type
u(dt,x) =Vu(t,x)W(dt, x) .

Literature on transport equations is vast and mostly focuses on irregularity of the spatial

variables of the vector field (see for instance [29] for Sobolev vector fields, [3] for BV
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vector fields and [7] for Besov vector fields). In the case W being a semi-martingale, the
above equation is treated in [71]. It appears to be new in the context of nonlinear Young

integration.

4.1 Existence and uniqueness

Theorem 4.1.1 (Existence). Suppose that W satisfies the assumption (W) with t(1+ A) > 1 and
B+ A < 1. Then the equation (4.1) has a solution in the space of Holder continuous functions

C*([to=T,to+T]) forany T > 0. Moreover, if ¢ is a solution in C* ([to — T, to + T]), then

1-747A

TA
< Conre™ W™ (v, (42)

_ _ |t —s|T
te[to—T,to+T] to—T<s<t<tg+T
where the constant k. y T and C. ) depend onlyon A, T and T.

Proof. Fix T > 0, we denote ||W|| = [[W||g,7,A;1t,-T,to+T]- We define a mapping M acting on
C™([to =T, to + T]) as follows

Mx=xo+ | W(ds,xs), VxeC'(to—T,tg+T]).

to

We shall verify that M satisfies the hypothesis of Leray-Schauder theorem (see [41, Theorem
11.3]).

Step 1. M is well-defined, continuous and compact. This immediately follows from
Corollary 3.1.12.

Step 2. Now we explain that the set {x € C*([to = T,to+T]) : x =0Mux,0 <0 <1} is
bounded. Let x satisfy x = o Mx for some ¢ € [0, 1]. By definition of M, we see x = cMx

can be written as

b
Xp— X = o/ W(ds, xs) .
a
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From (3.5), it follows that for any a, b € [to — T, to + T], we have

/ab W(ds, xs)

< W+ 11l DlIxIL, (6 = @) + oxlIWIA+ 2l Dlxl2, ,1b - al™7.

T;

|Xp —xal =0

Since 0 < 1, this yields
Iellesas < IWICL+ 121 Dl + < IWIE 1 D2, 10— alT,

for every a, b in [tg, to + T] with a < b. We emphasize that the constant x appears in the

previous inequality is independent of 0. An application of Young inequality gives

p+A
o0;a,b

p+A

B A
el Il , < Nl -

A< +lxl

Thus

p+A

_ 4IAT
oo,-a,blb al

A +A
1xXlleap < IWIAIXIL,, , + 1)+ Wl

00;a,b

A
FRIWIL, , + 1l )10~ ale.
Applying the inequality z% <1V z (6 € [0,1] and z > 0), we obtain
IxXllcap < IWNQR+ %16 = al*) AV [Xllooa,p) + KIWIAV [[X]lga,6) 1 = al 7.

We further use

IXlloosa,p < |%al + [1xllc;a,61b — al®

to obtain

1xllcap < AIWIAV [xg]) + AWV (1x]le0,5)10 = al*™, (4.3)
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where A is a constant depending only on 7, A and T. Let A be a positive number such that

1

A|[W|A™ = > (4.4)
If |b —a| < A, then from (4.3)
1xllz;a, < 2AIWII(LV |xa]) . (4.5)
Hence, we obtain
1V lIxlloo,a,b) < CAIWIAT+ 1)LV [xal) . (4.6)

Divide the interval [to, to + T] into n = [T/A] + 1 subintervals of length less or equal than A.
Applying the inequality (4.6) on the intervals [to, to+A], [fo+A]..., [to+(n=1)A, to+nAAT],

recursively, we obtain
(LV llxlloo g, to+7) < RAIWIAT+1)" (A V [x4]) - (4.7)

We can also assume that A < T. Thus n < 2T/A. We use the bound 2A||[W||A" + 1 <
exp(2A||W]|A"). Then (4.7) yields

2T
LV 1 lloo to,0+7) < expAIWIAT==) LV |x1]) -

Using (4.4), namely,
A= QAIW|) T,

we have

1-7+7A
TA
(1V [[xlloosto,to7) < €T GAIWID 1V Ixgl)

where C; 1 and x,, are uniformly bounded in o € [0, 1]. The argument goes similarly on
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the other interval [tg — T, tg]. Thus
1-1+7A
LV xllossto-gvr) < "D (@ ) (4.8)
Together with the estimate (4.5), this inequality (4.8) implies that the set
{x e C"([to =T, to+T]): x=0Lx,0< 0 <1}

isbounded in C*([to =T, to + T]).

Step 3. Applying Leray-Schauder theorem, we see that the equation (4.1) has a solution
{pr,t€lto—T,to+T]} in C™([to — T, to + T]) for every T. The estimate (4.2) comes from
(4.8) together with (4.5). O

Next, we study some stability result. In particular, we want to know how the solution

depends on the initial condition xy,.

Theorem 4.1.2. Let the condition (W) be satisfied with T + tA > 1. In addition, we assume that
W(t, x) is differentiable with respect to x for every t and the spatial gradient matrix of W is denoted

by VIW(t, x) = (Wg—gj’x) . Suppose

)1si,j§d

IVW(t,x) — VIN(s, x)|
VWl Ailto-T, to+TIXK = sup (&) )

—_ T
to—T<s<t<to+T |t Sl
xeK

IVW(t,x) = VW(s,x) = VW(t,y) + VIW(s, v)|
+ sup

to-T<s<t<to+T |t —s|7|x — y|*
x,yeK ,x+y

is finite for all compact set K in R?. Let x; and y; be two solutions in C*([to — T, to + T]) to the
integral equation (4.1) with initial conditions xo and yo respectively. Then the following estimate

holds

1
sup  |x; — yi| < 25747 xo — yol, (4.9)
te[to—T,to+T]

where A is a constant depending on VW, x, y and T (precise formula is given in (4.10) below).

61



Proof. We put R = max{l|x|leo;to-T,to+T]s |V llosfto-T t0+11}, K = {x € R? : |x| < R} and
IVWII = [IVWIle Afty-T 1o+ Tixk- We also denote z; = x¢ =y, pr = (llxll- + llyll-)* and
Nt = nx¢ + (1 = n)y; for each n € (0,1). For every s,t and x, we use the notation
W([s,t],x) = W(t,x) —W(s,x).

We shall obtain estimate for z in C([to — T, to+ T]). Fixa < bin[tg—T, to + T]. We then

write

b b
zb—za=/ wois,xs)—/ Wds, ys) = Tu,

where y is the function

1
u(s, ) = W(s, ], x5) = W(ls, £, ys) = /0 VW([s, ], ne)zedn

For every s < ¢ <t in [a, b], we can write

‘Ll(sl t) - (Ll(sl C) - (Ll(cl t)

1
= /0 ([VW (e, t], ns) = VW([c, t], ne)] zs + VW([c, t], nc) (z¢ = zc)) dn.
We note that |1; — nsl)\ =|n(xy —xs) + (L =) (y: — ys)IA < pelu— v|™. It follows that
[de@saytap < IVWI(pellzlloo,b + 16 = al™ iz lle0,0) -

On the other hand, it is obvious that | (a, b)| < [[VWI||b — a|"||z]le;a,5- Hence, the estimate

(3.4) implies
126 — Zal < IVWIID = a|"l|zlleoza,p + KIVWIID = al ™ (pellzllooza,p + b = al™ M lizlla,p) -

In other words,

”Z”T;a,b < A”Z”oo;a,b +A||Z||T;u,b(b - a)T ’
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where

A = k||[VWII[1 + p.T"]. (4.10)

Therefore, using the bound ||z|lco;a,p < |Zal + ||Z]l7;0,5 ONeE gets
”Z”T;a,b < Alzal + ZA”Z”T;a,b(b - a)T . (411)

Now we shall use the above inequality to show our theorem. Choose 4, b such that

1 \~7
|b—a|§A—(H)

Then inequality (4.11) implies ||z]|;4,p < 2A|z,|foralla < b. By the definition of the Holder

norm, we see thatif |b —a| < A, then

1zllco,a,b < |Zal + 1Zll7,0,0(b —a)®
< |za| +2A]z,4|AT

< 2|zq4].

Divide the interval [tg, to + T] into n = [T/A]+1 subintervals of length less or equal than A.
Applying the previous inequality on the intervals [to, to + A, [to + A, to+2A], ..., [to+ (n -

1A, to + nA A T], recursively, we obtain
||Z||00,t0,t0+T < znlztol .
We can assume A < T. Thus

2T
n=[T/Al+1 < K:zT(zLA)% .
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This implies

21+2/'[ TA%

||Z||00,t0,f0+T < 2 |Zt0| .

which yields the bound (4.9) on the interval [to, to + T]. Estimates on [ty — T, to] are

analogous. m|
An immediate consequence of the theorem is the following uniqueness result.

Corollary 4.1.3. Under the hypothesis of Theorem 4.1.2 the equation (4.1) has a unique solution.

4.2 Compositions

Given a function G : R?> — R, we may define the Riemann-Stieltjes integral [ ab G(ds,s) as

the limit of Riemann sums
Z G(ti, tic1) — G(ti-1, ti-1) .
i

The sewing lemma (Lemma 3.1.2) gives a sufficient condition so that the aforementioned

limit exists, namely G satisfies
G(s,8) = G(s, 1) = G(t,5) + G(t, )] < |t —s|™**

for some ¢ > 0. In such case, Lemma 3.1.3 also allows one to choose Riemann sums with

right-end points. In other words, the Riemann sums with right-end points
D Gt t) = Gltioa, 1)
i

also converges to the Riemann-Stieltjes integral | ab G(ds, s). In what follows, all integrals
are understood as Riemann-Stieltjes integration, except for a few occasions, which we will

indicate. The following result can be regarded as It6 formula or chain rule for compositions
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of functions in the context of nonlinear Young integration.

Theorem 4.2.1. Let F be a function in Cl(gf A (R xRY) (ie. F satisfies the condition (W') with
Tr and Af), g and x be Holder continuous functions with exponents t, and t respectively. We

suppose that Tr + ApT > 1 and T, + T > 1. The following integration by parts formula holds

T T T
| awdrcxo= [ g@rana+ [ gwFedx. (@.12)
0 0 0

In particular, suppose that F belongs to C;" (R; CLHF(RY)), x is of the form x; = f; W(ds, ¢s),

loc

where W satisfy the condition (W’) with T and A, ¢ satisfy (¢p) withy, t+Ay > land tAp+7t > 1.
Then (4.12) becomes

T T T
/ g(t)dF(t,xt):/ g(t)F(dt,xt)+/ g(t)(VE)(t, x))W(dt, dy) . (4.13)
0 0 0
An important consequence of (4.13) is when g is a constant function
b b
P(b,xb)—F(a,xu):/ F(dt,xt)+/ (VE)(t, x)W(dt, ) . (4.14)

Proof. We choose a compact set K such that K contains {x;,0 < t < T} and denote

IEIl = [IFllzg, Ap;00,T1xk- We put

p(a,b) = g(b)F(b,xp) — g(b)F(a, xp),
v(a,b) = g(a)F(a,xp) — g(a)F(a,x,),

I(a,b) =g(a)F(b,xp) —g(a)F(a,x,) .
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For every a < ¢ < b, we have

|u(a,b) —u(a,c) — u(c,a)l
=|—-g(b)F(a,xp) —g(c)F(c,xc) +g(c)F(a,x.) + g(b)F(c, xp)|

<lg(c)lF(a, xp) — F(c,xc) + F(a, x.) + F(c, xp)]

+1g(c) —gD)I||IF(c,xc) — F(a, x¢)]

A A
< gl lIF Xl 16 = al™* " + gl IF b — al "™,
and

lv(a,b) —v(a,c)—v(c,a)l

=|g(a)F(a,xp) —g(a)F(a,x:) — g(c)F(c,xp) + g(c)F(c, xc)]

< lg(o)llF(a, xp) — F(a,x.) — F(c,xp) + F(c, x¢)]

+g(a) —g(c)||F(a, xp) — F(a, x.)|

A A 1
S g llolIFNG = al ™7 + liglle, NI 110 — a7

Hence, from Lemmas 3.1.2 and 3.1.3, jOTy = fOT g(t)F(dt, x¢) and jOTV = g(t)F(t,dx;).
On the other hand,

19(a, b) — u(a,b) —v(a,b)]

=1lg(a) — g(OIE (b, xp) = F(a, xp)]l < llglle, IFIlIb — al™*7F .

This together with Lemma 3.1.3 implies (4.12).

To prove (4.13), it suffices to show

T T
/O g(OF(t, dx;) = /0 g VE)(E, x)W(dE, ) . (4.15)
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We put
V(a,b) = g(a)VF(a,x,)[W(b, ¢as) —W(a, p,)].

Then we write

1
v(a,b) = g(a) /O VE(a, 1% + (1= )x5)dn(xa — xp)

1 b
= g(a)/0 VF(a,nx, + (1 - n)xb)dn/ W(ds, ¢s) .
a
Using the estimate (3.5), we obtain

|V(a/ b) - 17(a/ b)l
1 b
< 1g(a) /0 [VF(a, o + (1= n)xp) — VE(a, x)ld1 / W(ds, bs)]

b
+ Ig(a)VF(a,xa)[/ W(ds, ¢s) = W(b, pp) + W(a, pa)ll

S |b _ al/\pT+T + |b _ al”H—/\y )

Identity (4.15) follows from Lemma 3.1.3 and the previous estimate. O

4.3 Regularity of flow

Throughout the current section, we assume the hypothesis of Theorem 4.1.2. This

assumption guarantees that ¢ (¢, x), the solution to

t
(p(t,x):x+/0 W(ds, p(s,x))

is unique. Moreover, by the result in Section 4.1, for fixed t, ¢(t,-) is an automorphism
on RY, its inverse is Q(t, )= @(—t,-). Hence, the family {¢(¢,-) : t € R} forms a flow of

homeomorphism, i.e. it satisfies the following properties:
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* p(t+s,)=q¢(t,¢(s,-)) holds foralls, ¢,

* ¢(0,-) is the identity map,

e themap ¢(t,-): R > Réisa homeomorphism for all ¢.
Moreover, one can show that ¢(t, -) is indeed a diffeomorphism.

Theorem 4.3.1. Assume the hypothesis of Theorem 4.1.2. For any t in R, the map @(t,-) isa

diffeomorphism. The following conclusions hold

(i) The gradient of gy at x, denoted by Vo (t, x) = {0;@'(t, x)}i ; satisfies the equation
t .
S (1,3 = bui+ | AW (s, (5,25, ) (4.16)
0
where 6;j is the Kronecker symbol. Equation (4.16) can be written in short

t
V(p(t,x):ld+/0 VW(ds, (s, x))Ve(s, x).

(ii) For every t and x, the matrix V(t, x) is invertible and its inverse M(t, x) = [Vo(t, x)]!

satisfies the equation
. t .
M(t,x)/® = e —/ M(s, x)* Wk (ds, ¢ (s, x)) (4.17)
0

or in short

t
M(t,x) =1, —/0 M(s, x)VW(ds, p(s,x).

(iii) @ is jointly Holder continuous of order (t,1). That is

lp(s,x) = (s, y) —@t,x)+ e, Y| S|t —s|"|x =yl (4.18)
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(iv) Let J(t, x) denote the determinant of Vo(t, x). Then | satisfies the following scalar linear
equation

t
J(t,x)=1 +/0 J(s, x)Div (W (ds, (s, x))) . (4.19)

(v) The flow @(t,x) is a Lagrangian flow, namely there exists a constant L such that
Ld((p(t, ) HA)) < LLYA) for every Borel set A C R? (4.20)

where L% is the Lebesgue measure on RY.

Proof. Let e be a unit vector in RY. For each  in R, we denote

1
M =5 (@t x +he) = (1, x).

To prove (i), it is sufficient to show that for every sequence h, converging to 0, there is a

subsequence h,,, such that /" converges to the solution of the following equation

t
ne=e +/0 VW(ds, (s, x))1s. (4.21)

We remark that the equation (4.21) is linear and the existence and uniqueness of solution in

C™(R) follows from our method discussed in Section 4.1. From Theorem 4.1.2 we see that

h
7" llex < xk

uniformly in & for every compact interval K in R. Hence, by the Arzela-Ascoli theorem,
there is a subsequence, still denoted by h,, such that n/» converges to n in C* (K) for any

arbitrary 7’ < 7. On the other hand, we notice that 1" satisfies

1 t
n=e +/ d’l’/ VW(ds, (s, x + he) — (1 - 1)@(s, x))n. (4.22)
0 0
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Passing through the limit /1, — 0, we see that 1) satisfies the equation (4.21) and then (i)

follows. Assertion (iii) is a consequence of the estimate (4.9) in Theorem 4.1.2. In fact,

lp(s,x) = @(s,y) —pt,x)+ o, Y| < ¢, x) =@, Yllgs,glt —s1”

St=s|lx—yl.

Assertion (iv) follows from the It6 formula (4.14) applied to J(t, x) = det(V(t, x)) and
the Jacobi’s formula

d det(M) = det(M)tr(M~1dM).
To prove (v), we notice that the equation (4.19) can be solved explicitly thanks to (4.14)

J(t, x) = exp /Ot Div (W (dt, p(t, x))). (4.23)
Therefore, from (3.5), we obtain
(¢, x)7H < erlf,
Together with the area formula

Lp(t, ) (A)) = /

dx:/ | det(Vop)(—t, x)|dx
P(-1,A) A

this estimate implies (4.20). O

4.4 Transport differential equation

As an application of the above Itd6 formula (4.13) and flow property (Theorem 4.3.1),
we study the following transport differential equation in Hélder media. Specifically, let

W: R, xR? - R? satisfy the conditions in Theorem 4.1.2. Consider the following first
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order partial differential equations (transport equation in Holder media W)

% %
Eu(t,x) + (EW(t,x)) -Vu(t,x)=0. (4.24)

Here V is the gradient operator (with respect to spatial variables). Since W is only Holder
continuous in time, the equation (4.24) is only formal. We can however define solutions in
integral form. More precisely, a continuous function u : R, X R? — R s called a solution
to (4.24) with the initial condition u(0, x) = h(x) if it is differentiable with respect to x € R?

and the following equation holds.
t
u(t,x) = h(x) —/ Vu(s,x)W(ds,x) Yt>0, xeR?. (4.25)
0

Theorem 4.4.1. Assuming W satisfies the conditions in Theorem 4.1.2. Let h be a function in

Cll(;)\o (RY) where g satisfies (1+ Ag)T > 1. Let @(t, x) be the unique solution to

t
p(t,x)=x +/ W(ds,p(s,x)), Yt 2 0.
0

Let {(t, x) be the inverse of ¢ as a function x € RY to R%. Namely, (t, {(t,x)) = x for all
t >0, x € RY. Then the function u defined by

u(t,x) =h((t, x))

is a solution to the above transport equation.

Proof. From Theorem 4.3.1 such (¢, x) exists and both ¢ (¢, x) and ¢ (¢, x) are differentiable

with respect to x. Differentiate ¢ (¢, (¢, x)) = x with respect to x and we see that

Vo) (t, (t, x)V(t, x) =1,

71



or

(V(t, )7 = (Vo) (¢, P(t, x)).

Let p(r) = @(r,(r,x)), 0 < r < co. Thanks to Theorem 4.3.1(iii), It6 formula (4.13) is

applicable. More precisely, for any C*-function g(r), we have

t t t
/ g (R dp(r) = / g(pdr, v(r, X)) + / g (V@) (r, b (r, ) (dr, x)
0 0 0

Since p(r) = x, we have dp(r) = 0. Thus

t t
/0 g(rY(Vo)(r, Y(r,x))p(dr,x) = _/o g(rye(dr, P(r,x)). (4.26)

Now the It6 formula (4.14) applied to h(i(t, x)) yields

t
u(t,x)=h@p(t, x)) =h(x) +/0 (Vh)(¢(r, x))y(dr, x)
t
= h(x) +/O V [h(p(r, x)] (Vi (r, ) ¢(dr, x)
t
= h(x) +/ Vu(r, x) (Vip(r, x)) 7 ¢(dr, x)
0

t
=h(x) +/O Vu(r,x) (Vo) (r, p(r, x))(dr, x) .

Using the equation (4.26) for g(r) = Vu(r, x), we have

t
u(t,x) = h(x) - /0 Vu(r, )pdr, y(r, x))
t
:h(x)—/O Vu(r, x)W(dr, (r, (1, x)))

t
=h(x) —/O Vu(r, x)W(dr, x) .

This completes the proof of the theorem. m|
We also have the following uniqueness result.

72



Theorem 4.4.2. Assuming W satisfies the conditions in Theorem 4.1.2. Let Ag be in (0, 1] such
that (Ao + 1)t > 1. Equation (4.25) has unique solution in the class Cl(géAO)(]R x R?). More
precisely, suppose u belongs to Cl(géAO)(]R x R?) and satisfies (4.25), then u is uniquely defined by
the relation u(t, x) = h((t, x)), where @ and  are the functions defined in Theorem 4.4.1.

Proof. Let u be a solution to (4.25). Applying It6 formula (4.14) for the function u(t, ¢ (¢, x))

we have

t t
u(t,q)(t,X))—h(x)=/O u(ds,@(s,X))+/O Vu(s, p(s, x))W(ds, p(s, x)) .

It suffices to show the right hand side vanishes. In other words the following relation

between the two nonlinear Young integrals holds
t t
| s 05,00 == [ Vuts, g, pWds, (s, ). (427)
0 0
For clarity, we will omit x in the notations. We put

pi(a, b) =u(b, ps) —ula, pa),
u2(a,b) =Vu(a, p)IW(b, pa) — W(a, pa)l.

Since u satisfies the equation (4.25), we can write

b
pi(a, b) = —/ Vu(s, pa)W(ds, @,) .

Thus

b
wi(a,b) + pa(a, b) = - / Vu(s, ) W(ds, pa) + Vii(a, p)IW (b, ga) — W(a, 90)].
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The estimate (3.4) (or (3.5)) implies

|u1(a, b) + ua(a,b)| < b —al*.

Since 27 > 1, Lemma 3.1.3 yields [} 1 = = it2. This completes the proof after observing

that the aforementioned identity is exactly the same as (4.27). O

Remark 4.4.3. In the context of ordinary differential equation of the type

dX
— (5,0 =b(t, X (¢, %)),

withnon-regular vector field b, existence and uniqueness and stability of regular Lagrangian
flows were proved by R.J. DiPerna and P.--L. Lions ([29]) for Sobolev vector fields with
bounded divergence. This result has been extended by L. Ambrosio ([3]) to BV coefficients
with bounded divergence. In [20], it is shown that under slightly relaxed assumptions
many of the ODE results of DiPerna-Lions theory can be recovered, from a priory estimates,
similar to (4.20). The current chapter proposes another extension of this theory, where the
vector field is distribution (rough) in time (derivative of a Holder continuous function) and
smooth in space. It is also interesting to extend the results presented here for vector fields
which are rougher in time (see e.g. [63] for the linear case) or which are both rough in time

and in space.
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Chapter 5

Feynman-Kac formula, a pathwise

approach

In this chapter we shall study the stochastic parabolic equation with Holder continuous
noise in a Holder random media (see equation (5.4) below). A feature of this problem is
that for the noise we don’t assume any Holder continuity in time variable. To make up for
lack of regularity in time, we assume some regularity on spatial variables. In this case, the
method presented in this chapter works for each sample path of the noise.

Throughout the current chapter, T is a fixed positive time. To describe the noise, we
introduce the following space. Let  be a fixed non-negative number. We say that f is in

cg'“"‘([o, T] x R?) if it belongs to C([0, T], Cllgc"‘ (R%)) and satisfies the following condition

VSt x) = Vit y)l

reo,r; 1% = y1¢( + x1P +[y|P)
x,yeRYx 2y

[Vflga = 5.1)

We notice that the condition (5.1) implies the growth conditions on Vf and f. More

precisely, one has
IVF(t, 0l

00, (5.2)
t€[0,T],xeR4 1+ |x|a+ﬁ

[Vf]a+[3,oo =
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and

t,x
[flatpi1,00 = sup |f(—)| < 00, (5.3)
te[0,T],xeR? 1+ |x|a+ﬁ+1

It is easy to see that ||f||-o1+a = [flatp+1,00 + [Vflasp,e0 +[Vf]lga forms a norm on
B

cg'““([o, T] x R%). In the rest of this chapter, we denote

cyr =[] CpM 0, TIXRY).

O<a’<a
Similar to the classical Holder spaces, the space of smooth functions is not dense in

C%““([O, T] x R%). However, we can still approximate a function in C%““([O, T] x R%)

by smooth functions with a little trade off in spatial regularity. More precisely, let 1 be
function in C®(R¥*!) supported in (-1,1)4*! and [[ n(t, x)dtdx = 1. For € > 0, we put

ne(t,x) = e~ 1n(e7 (£, x)). Let f bein C; " ([0, TIXR?), we define fe(t, x) = (f*ne) (¢, %).

It is clear that f. belongs to C2°(R%*!). In addition, we have the following result.
Lemma 5.0.4. For every o’ < a, [V fe =V flg,c0 and [V fe =V f1p o converge to 0 as € goes to 0.

Proof. We have

[Vfe(t,x) = Vf(t, x)| < //IVf(t,Z)—Vf(t,x)lne(t,x—Z)dtdz
< [Vf]ﬁ,a/ lx — z|%(1 + |x|P + |z|P)ne(t, x — z)dtdz

S[Vflpae®d+xlF),

which implied [V fe — V f]g,0 — 0. This also implies

IVfelt, ) = Velt, y) =Vf(t,x) + Vf(t, I S [Vflpae® A+ IxIF +1ylF).
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On the other hand

[V fe(t,x) = Vfe(t, y)l S/ IVF(t,x —z)=Vf(t,y—2)Ine(t, z)dtdz
< [Vflﬁ,alx—yla/ (1 +|x —z|P + |y — z|P)ne(t, z)dtdz

SIVflgalx — yl*@ + IxIF +1ylF),

thus

IVfe(t,x) = Vfe(t,y) =Vt x) + VI, I SV flgalx = y1* (L + IxIF +1ylF).

Interpolating these two bounds, we get

IVfe(t,x) = Vfe(t,y) = VI, )+ VI, I STV Flpa€™ x = y17 (1 + [x]P + [yIF)

for every a’ < a. This implies [V fe =V f]g o — 0. |

In Chapter 6 we shall give conditions on the covariance of a Gaussian field W (¢, x) such
that it is in cgf““([o, T] x RY).

Assume that W belongs to the space Cg’lm([O, T] x R%), throughout this chapter, we
denote W,, = W = 11/,. We consider the following parabolic equation with multiplicative
noise:

oiu+Lu+udiW =0, u(T,x) =ur(x), (5.4)

where the terminal function ut is assumed to be measurable with polynomial growth and

L is a second order differential operator of the form

d d
1 ’ :
L= 5 Z a'l(t, x)0x;0x; + Z b'(t, x)0y; . (5.5)
i,j=1 i=1

Here the novelty is that we allow the coefficients all(t,x) = a'l(t,x, W) and bi(t,x) =
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bi(t,x, W) depend on W. Since we are going to solve the equation and to establish a
Feynman-Kac type formula for every sample paths of W, we omit the explicit dependence
of a7 and b on W. Notice that with a time reversal t — T — f, we can solve the stochastic

parabolic equation with initial condition:
oy =Lu —udiW, u(0,x) = up(x).

The stochastic differential equations with random coefficients have been studied in a
large amount of papers. For example, it has been used in the modeling of the pressure
in an oil reservoir with a log normal random permeability in [53] (see in particular
the references therein). Recently, there have been great amount of research work on
uncertainty quantization from the numerical computation community. Many different
types of stochastic partial differential equations with random coefficients have been studied.
Let us only mention the books [43], [97], and the references therein. Since the classical
Feynman-Kac formula has already experienced many applications including the so-called
Monte-Carlos particle approximation (see [26,27]), we expect that the Feynman-Kac
formula we obtained will be a significant addition to this literature particularly in the use
of Monte-Carlo method for the computations.

We assume the following conditions on the operator L appearing in the equation (5.4).

(L1) L is uniformly elliptic, that is there exist positive numbers A and A such that

d
MR <Y allt, 0&el < AlgP?, VEeR?.

i,j=1

(L2) For every t, the coefficients a(t,-) belong to Ci*“ (R?) with bounded derivatives

uniformly in ¢. That is

sup |la(t, -)||C§+a(IRd) <AL
t
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(L3) b is Lipschitz continuous and has linear growth, that is, there exists a positive constant

x(b) such that

sup |b'(t,x)| < k(b)(1+|x]), VEeRY,
t

suplbi(t, y) — bi(t,x)| < kb)|ly—-x|, VY x,ye€ R? .
t

Under our conditions on W, it turns out that we can define the Feynman-Kac solution

to equation (5.4), namely,

T
u(r,x) =EB luT(X;’x) exp {/ W(ds,Xg’x)}l ,

where {X{", s > r} is the diffusion process generated by L starting from x at time r. More

precisely, for every r < t < T and x € R, let X]”* be the diffusion process given by the

stochastic differential equation
dXI7* = Gli(e, XIF)SB! + bi(t, XIF)dt, X7 =x, (5.6)

where o is the square root matrix of a, namely, all = Z,‘le aikgik and 6B; denotes the
It6 differential. We will occasionally omit the index r, x and write X, for X*. Under
conditions (L1)-(L3), it is well-known that the diffusion process X;"* exists and has finite
moments of all orders.

Equation (5.4) with W replaced by W), is classic and one can obtain a smooth solution
uy (see for instance [70] where a more general situation is studied). The main result of the
current chapter is to show that u,, converges to the Feynman-Kac solution u defined above.

There are three main tasks to be accomplished:

(i) One needs to define the nonlinear integration [ W(ds, X;). Since here W is only
continuous in time, this integration is different from the Young integration considered

in Section 3.1.
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(ii) One needs to show exponential integrability of [ W(ds, X;). In particular, the

function u defined by Feynman-Kac formula is well-defined.

(iii) One needs to show that the exponential functional of this integration is stable under

approximations by smooth functions.

The outline of this chapter is as follows. In Section 5.1, we define the nonlinear stochastic
integration [ W(ds, X;) and show that it has finite moment of all orders. Exponential
integrability is obtained if W has strictly sub-quadratic growth, namely, if @ and 8 in
(5.1)-(5.3) satisty f+ a < 1. In Section 5.2, we show that the Feynman-Kac solution is
indeed a solution in certain sense. When W has more regularity in time such as in the case
of Brownian sheets or fractional Brownian sheets, one can use this regularity to reduce the
regularity requirement in space. This case is considered in Section 5.3 when W satisfies the
conditions in Section 3.1. Along the way, we will make use of some fundamental estimates
for exponential moment of various norms of the diffusion X on finite intervals. These
estimates are stated and proved in Section 5.4.

In what follows, [E denotes the expectation with respect to a Brownian motion B, || - ||,

denotes the L norm corresponding to E.

5.1 Nonlinear Stochastic integral with diffusive integrand

Let X;* satisfy (5.6) and let W be in cg'““([o, T] x R%). We shall define a new nonlinear
integration | rT W(ds, X™). If W is differentiable in time, the natural definition for this
type of integration is | rT W (s, X )ds. If W satisfies (W) then we can define it as in
Section 3.1. However, in this chapter, Holder continuity of W on t is not assumed. On the
other hand, we shall use the crucial fact that {Xt” . r} is a semimartingale. We first

give the following definition.
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Definition 5.1.1. Let W, be a sequence of smooth functions with compact support con-

verging to W in Cg’lm([o, T]x RY). We define

T T
/ W(ds, X)) = lim/ dsW,, (s, X )ds (5.7)
7 noJr

if the above limit exists in probability.

Of course, at the first glance, there is no reason for the limit in (5.7) to converge. We
will show, however, that the above definition is well-defined, thanks to smoothing effect
of the diffusion process X_*. Our first task is to find an appropriate representation for
the integration f rT W, (s, Xsr’x)ds. To accomplish this, we consider the partial differential
equation

(at-l'L())Un(T’,x) = _8twn(r/x)/ U(T,X) = _Wﬂ(Tlx)/
where we recall that L is defined by (5.5) and

d
1 3
Lo=L- bV = E Z al](t/ x)axiaxj .

i,j=1

We could have chosen Ly = L but the above choice of Ly will allow us to show exponential
integrability later. Since W), is a smooth function, the solution v, is a strong solution which
is at least twice differentiable in space and once differentiable in time. We then apply It6

formula to obtain

Yn(S, X;/x) = (dy + L)v,(s, X;'x)ds + Gij(S, X;,x)axivn(sf X;'x)(SBg
= _atwn(S,X:'x)dS - b(slxglx) : VZ)H(S, Xg,x)ds

+0'(s, XYy v (s, X¥)OBL.
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Thus, it follows that

T T
/ W (s, Xg)ds = Wy (T, X7°) + v, (1, x) - / b(s, X)) - Vo, (s, X ")ds
r r
T ‘
+ / a'l(s, X0y, 0a(s, XI)OBL. (5.8)
r
Notice that the time derivative in W, is transferred to the spatial derivative in v,. The
next task is to show that v,, and its derivative Vv, converge. This is accomplished by some

estimates which are in the same spirit of the well-known Schauder estimates for parabolic

equations in Holder spaces. More precisely, we have

Lemma 5.1.2. Suppose that W belongs to ClzOC (RY+1) and satisfies

VW (t,
[Wlg,,c0 := sup sup YW, )l < o
0<t<T yerd 1+ [x|P

and

IVW(t, x) = VIW(t, y)|
[W]ﬁz,a = sup sup - 5 5
0<t<T x#y X — Y[ (1 + |x[P2 + |y|P?2)

for some non-negative numbers 1, B2. Let v be a strong solution with polynomial growth to the

partial differential equation
@y +Lp)vo=-W, o(T,x)=-W(T,x). (5.9)
Let t +— ¢y be the diffusion process generated by Ly, that is
t
o =x +/ o(s, s )0Bs, t=>r. (5.10)
Then v is uniquely defined and verifies

T
(v+W)(r,x) = —]E/ LoW(s, o™ )ds . (5.11)
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In addition, the following estimates hold

[(0+ W)(r, x)|

1+ leﬁl < C(,Bl, A, N[(T - r)l/Z + (T - r)][VW]ﬁLoo , (5.12)
x€R4

V(v +W)(r,x)|
x€R4 1+ |x|ﬁ2

< cla,Bo, A, (T = 1)+ (T = )12 [VW]g, 0, (5.13)
and for every a’ € (0, o),

V(v +W)(r,x) = V(v +W)(r,y)l
sup -
xeR? (1 + [x|P2 + [y |P2)|x — y|@

<c(a,a,Ba, A, N(T = ) @2 4 (T — 1)@= YW, . (5.14)

The proof of this result, even though lengthy, is straight forward and is provided in

details in Appendix 5.5.

Proposition 5.1.3. Suppose that W belongs Co’lm([O, T]xR?). Then there exists a C1-generalized
p pp 8544 &g

solution v to the parabolic partial differential equation
(dr+Lo)v=-0W, o(T,x)=-W(T,x), (5.15)

such that for every 0 < o’ < a, the following estimates hold

[v + W](x+ﬁ+1,oo < c(a, ﬁ/ A, A)[Vw]a+ﬁ,oo ’ (5-16)
[V(v+ W)]ﬁ,oo < c(a, BA, A)[VW]lg/a , (5.17)
[V(v+ W)]‘glaf < c(a, B, A, A)[VW]ﬁ,a . (5.18)

As a consequence, v belongs to the space Cg’lm_ ([0, T] x RY).

Proof. We recall that ) is the bump function defined at the beginning of this section and

Wy = W * 111/,. Lemma 5.0.4 yields [W,, — W]g e and [W;, — W]g o converge to 0 as n — oo.
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Thanks to linearity of the equation (5.15), v,, — v, is a strong solution to
(0t + Lo)(vn = vm) = =0 (Wy = Wi),  (0n = 0n)(T, x) = Wy = Wy )(T, x) .
The results in Lemma 5.1.2 (with 1 = 2 = ) imply
[(0n + Wi) = (O + Widlgeo S [VWi = VIWi]geo,

[V(on + Wy) = V(0p + Wm)]ﬁ,oo SIVW, - Vwm]ﬁ,a ,

and for every a’ € (0, a),

[V(vu + Wy) = V(op + Wm)]ﬁ,a’ S[VW, - VWm]ﬁ,a .

Y

As a consequence, v, is a Cauchy sequence in C([0, T], CY(K)) for every compact set K
in R?. Thus v, converges to v in C([0,T], CY(K)) for every compact set K. It is then
straightforward to verify that v is a weak solution to (5.15). The estimates (5.16), (5.17) and

(5.18) follow from a limiting argument. O

Theorem 5.1.4. Suppose that W belongs to Cg’lm([o, T] x RY). Let v be the Cg’lm’—genemlized
solution to (5.15) constructed in Proposition 5.1.3. Then for every t € [r,T], the integration
[ W(ds, XI*) is well-defined (in the sense of Definition 5.1.1). Moreover, it has moment of all

positive orders and satisfies

t
/ W(ds, X)) =v(r,x) —v(t, X;™)
.

t t .
—/ b(s,Xg’x)-Vv(s,X;’x)ds+/ o'l(s, XI)ayv(s, XI¥)OBL. (5.19)

Proof. We consider W, = W * 111/, as in the proof of the previous proposition. It follows
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from It6 formula that (see (5.8))

t
/ Wy (s, X5 )ds
.

t t )
= 0 (r, X) — On (£, X! - / b(s, XY - Von(s, XoF)ds + / o (s, X) 9, 0n(s, XI)SB
r 3

Lemma 5.1.2 and Proposition 5.1.3 say that v, (and its derivatives) has polynomial growth

1+a’
C10(:

and converges in C([0, T']; (R%)) to v for every a’ < a. Hence, the right hand side of
the above formula is convergent in L7 (Q)) for every p > 1. Passing through the limit in n

yields the equation (5.19). |

Remark 5.1.5. To define | rt W(ds, Xy™"), usually one needs some regularity of W on the
temporal variable ¢t. The equation (5.19) states that the requirement of the regularity on ¢
can be transformed to the one on spatial variable x of another function v (defined by (5.9)).
The use of v appears in many situations. If L is replaced by L in the definition of v (e.g.
equation (5.9)) and the terminal condition is replaced v(0, x) = 6(x — y) for any fixed v,
then v corresponds to the transition density of the process X;. This transition density is a
fundamental concept in Markov processes and some other fields. It has also been used
to simplify the proofs of a number of inequalities (see e.g. [30], [55]). The reason to use
Ly instead of L is that we don’t need to assume condition on b to define v and that d;v
will appear in (5.19) even we use L. The removal of temporal regularity also appears in
other context. For example, to study the equation dX; = b(X;) + dB;, the transformation
Y; = X — By will satisfy Y; = b(Y; + B;). The map (t,x) — fot b(x + Bs)ds, averaging along
the trajectories of a Brownian motion, then has better regularity than that of b. In the field
of stochastic differential equations, this phenomena has been observed by A. M. Davie in

[25] and is recently studied in more depth in [15].

As a direct consequence, we obtain

Corollary 5.1.6. Let W be in Cg’lm([O, T] x RY). Then for every o’ < a, p > 2 and K compact
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subset of R?,

T T T T
I / W(ds, XI™) - / W(ds, X¥) / Wi (ds, XI7) + / Wa(ds, X',
r r r v

< C(a/ a/l ﬁ/ /\/A/ K/ T/ P)([V(W - Wn)]ﬁ,oo + [V(W - Wn)]ﬁ,a)lx - yla’

Proof. Fix a’ < o, p > 2 and K compact subset of R?. We put g(r,x) = [/ W(ds, X™),
gn(r,x) = fTT Wy (ds, X)) and h = v — v,,. From (5.19),

Ng(r,x)—g(r,y) —gn(r,x) + gu(r,PDlp <h + L+ 3+ 14,
where

Il = |h(rl x) - h(T‘, ]/)|

I = |h(T, X7*) = h(T, X79)ly
T
I = / 1B - Vh)(s, X0 — (b - V) (s, X lpds
2

Iy =1 /rT(GVh)(S,XQ’x) ~ (0Vh)(s, X{") - 6Bslly -
Proposition 5.1.3 implies
IVE(@)] S (VW = W)l + [VIW = Wi)]g,a) (1 + 21)
and

Vi (x) = VE()| S IVW = W)lg,a(L+ [xIF + [y 1F)x — y|*
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where ’ =  + @ — a’. Therefore we can estimate

1
I = |/0 Vh(tx+ (1= Dp)de(x = 1) < IW = Walllx = 1,
1 r r
b= /O VR(X + (1= X)X~ X1, < W = Walllx - g1,

T
I < / I[b(s, X7) = b(s, XY IVI(s, XI5l ds
v

T
. / 1b(s, XY [Vh(s, XY = (s, X" ll,ds

SIW = Walllx = y1v,

where we have used Holder inequality. Similarly, we can estimate I4 using Burkholder-

Davis-Gundy inequality to get I < |x — y|*. From these bounds, the result follows. O

Proposition 5.1.7. Suppose W belongs to CE’““([O, T] x RY) with a + B < 1. Then

Il rt W (ds, X") is exponentially integrable uniformly over compact sets. More precisely, for every

y > 0, K compact subset of R

t
sup Eexp {7// W(ds,Xg’x)} < o0 (5.20)
x€K 7

forall y > 0.

Proof. From (5.19) it suffices to show for every y > 0,

t .
sup Eexp {y/ oij(s,Xg’x)aiv(s,Xg’x)ng} < o0, (5.21)
xekK r

t
sup Eexp {y/ b(s, X) - Vv(s,Xg’x)ds} <00, (5.22)
xeK r
sup Eexp {ylv(t,X:’x)l} < 0. (5.23)
xekK
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Let 0 < 6 < 2. We claim that

t
sup E exp {y/ |X;’x|9ds} <o, Vy>0. (5.24)
r

xeK

In fact, by Jensen inequality

f T
Eexp {V/ |X;’x|6ds} < (T—r)-l/ Ee?T-NIXI gg
r

r

The quality on the right hand side is finite thanks to (5.41).

For any martingale M; with Ee>™” < co we have

EeMt = EeMi= (M) o (M)

< {]Eeth—2<M>,}1/2 {E62<M>f}1/2 _ {]E62<M>t}1/2 .

Thus we have

1/2

t . £
Eexp {y/ aij(S,Xg’x)in(s,Xg’x)éBi} < {]Eexp [2)/2/ (al]8iv8jv)(s,X£’x)ds]}

Taking into account the growth property of Vo (see (5.17)) and a, we have

t o
sup Eexp [2)/2/ (a1 9;vdjv) (s, X" )ds
r

xeK

t
< sup Eexp lc/ |X£'x|2(”‘+/3)dsl ,
r

xeK

which together with the previous claim shows (5.21) since 2(a + ) < 2. Similarly, since b

has linear growth

t
sup Eexp ly/ b(s, X)) -Vo(s, X )ds
T

xeK

t
< supEexp [c/ |X§’x|1+“+ﬁl ,
r

xeK

which shows (5.22) since 1 + a + < 2.
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Using the growth property of v, i.e. the estimate (5.16),
Eexp [ylv(t,Xtr’x)l] < Eexp [CIX:’XIH‘Hﬁ] ,

which shows (5.23). O

Lemma5.1.8. Let W be in Cg’“a([O, T]xR%). Suppose o+ < 1. Foreveryy > 0andr € [0, T],
we put u(r,x) = Eexp [7/ frT W(ds,Xg’x)] and u, (r,x) = Eexp [)/ frT Wn(ds,Xg’x)]. Then

u, converges to u in C% ([0, T] x K) for every &’ < a and K compact in R?,

Proof. For a smooth function f, using fundamental theorem of calculus, we obtain

1 1
FOO) = F@) = f(y) + F(b) = /O /O FrEOT = y) + (1 = 1)@ - D)ldnd(x - a)

1
+/0 f'(@)dt(x—a—-y-Db),

where

E=tmx+A-tna+t1-nNy+A-1)1-1n)b,
O=1y+(1-1)b.

Thus, for every x, y in K, with f(w) = exp(yw), we have

u(r,x) —un(r,x) —u(r,y) +u,(r,y)

1 1 1
—)?E / / FEOTAG, 1) + (1= DA (x, 1)]dnd By (x) + VE / FO)ATCa(x, y),
0 0 0

(5.25)
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where

T T
Alx, y) = / W(ds, XI%) / W(ds, X,
' T ’ T
An(x,y):/ wn(ds,xg"‘)—/ W, (ds, XY,
Tr T ’
Bn(x)=/ W(dS,X;’x)—/ Wn(dS,Xg’x),
v r

Culx,y) =A(x,y) —Au(x,y).

The random variables & and 7 are linear combinations of these terms. From Proposition

5.1.7, we know that moments of f (&) and f(0) are bounded uniformly in x and 7, 7. On

the other hand, from Corollary 5.1.6, for every a’ < a and p > 2

IAG, DIl S 1x—ylv,

sup |4, (x, Iy S 1x =yl
n

lim sup ||B,(x)|| =0,
n—0

—Y yeK
and

ICh(x, Py S AVWV = W) g0 + [VIW = Wi)]g,a)lx =y

From (5.25), applying Hoélder inequality and the above estimates for A, B, C we obtain

lu(r, x) —up(r,x) —u(r,y) + uy(r, y)|

< [sup 1Bu ()l + [VW = W) g0 + [VIW = W) g ally — x|

xeK

forall x, y in K and o’ < a. This completes the proof. m|
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5.2 Feynman-Kac formula I

If W is a smooth function, then the classical Feynman-Kac formula asserts that

T
u(r,x) =EP luT(X;") exp ( / W(ds, X;"‘))] (5.26)

is the unique strong solution to (5.4). Indeed, suppose W is smooth and u is a strong

solution to (5.4). Applying Itd formula to the process

t
teu(t,X;") exp {/ 8tW(s,Xsr’x)ds}
r

we obtain

t
ou(t, X:,x) exp {/ atW(S,X;’x)ds}
t
- {/ AW, Xs”>ds} (D¢ +L+Wyu(t, X' dt

t .
+exp {/ 9 W(s, X;IX)ds} all(t, XI™)dgu(t, X *)6B!
r

Taking into account that (d; + L)u + d:Wu = 0 and integrating over [r, T], we have

t
ur (X" exp {/ 8tW(s,X§’x)ds} —u(r,x)

T t .
:/ exp{/ 8tW(s,X§’x)ds}al](t,Xtr'x)axiu(t,Xtr'x)(SB{
r r

Formula (5.26) is deduced by taking expectation on both sides.

Theorem 5.2.1. Assume W belongs to CE'”“([O, T] x RY) with a + B < 1. Let Wy, = W * n1/y.

Let u, be the solution to the parabolic equation
Oty + Ly + u,dtWy, =0,  un(T,x) =ur(x).
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Let u be the function defined in (5.26). Then u, converges to u in C%¥ ([0, T] x K) for every

a’ < a and K compact set in R?. As a consequence, u belongs to cﬁ;f'([o, T1x R?) forall &’ < a.

Proof. We notice that

T T
uy(r,x) —u(r,x)=E {uT(X;’x) [exp (/ W, (ds,X;’x)) —exp (/ W(ds,Xg’x))]} )

This together with Lemma 5.1.8 yield the theorem. |

We notice that if f and g are locally Holder continuous functions on R with exponents
a and y respectively. Suppose that f has compact support and a + y > 1. Then we can

define the Young integral

/f(x)g(djx):/ f)g(xt, ..., xj-1,dxj, X1, ..., Xn)d%;
R¢ R¢

where Rj=(X1, 0, Xj-1,Xjs1, -, Xn)-

We now show that if W is sufficiently regular in space, the Feynman-Kac solution u in
(5.26) satisfies an equation derived from (5.4) by a change of variable. To better explain our
procedure, let us first assume that W is smooth in space and time and ur is also smooth.

In such case, the equation (5.4) has unique smooth solution u such that
oru(t,x)+Lu(t,x)+udiW(t,x)=0

for every t > 0 and x € R?. We would like to obtain an equation of u such that the time

derivative of W does not appear. To this end, we notice that

o+ udiW = e Vo (ue™).
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Hence, multiply the equation with e" and integrate in time, we obtain
T
up = eV Wiy, +/ e™Ws WiLuyds . (5.27)
t

In contrast with (5.4), the equation (5.27) does not contain the time derivative of W. One

can also interpret (5.27) in weak sense. More precisely, the following result holds.

Theorem 5.2.2. Assume W belongs to cg'““([o, T] x RY) with o + B < 1. Let u be the function
defined in (5.26). Then there is a sequence of smooth functions W, with compact supports convergent

to W in Cg’lm([O, T]x R?) and a sequence of u, such that u, converges to u uniformly over all

compact sets. Moreover, for every test function ¢ € C=(RY) the sequence
T ..
/t ” 9;[er &= Walt:2) 5 () ]a"i (s, x)djuy (s, x)dxds
is convergent. If a > 1/2, then we can identify the limit as
T .. .
/ 9;(eVEOWED o (x))a'l (s, x)u(s, d x)ds .
t JR

In such case, u verifies the equation

/]Rd u(t, x)(P(x)dx = /Rd eW(T,x)—W(t,x)uT(x)qD(x)dx
T
+ %/ 9; (e EIWED o (x))a'l (s, x)u(s, d x)ds
t JRA
T
—/ / d; (ew(s’x)"w(t"‘)(p(x) bi(s,x)—%8jaij(s,x)])u(s,x)dxds. (5.28)
t JIRA

Proof. We recall that W,, = W = 111/,, defined at the beginning of this section. Let u, be the

solution to the parabolic equation

atun+Lun+unath :O, Mn(T,X) :_Wn(T,x).
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Then it is easily verified that

/]Rd u,(t, x)(P(x)dx = /]Rd eW”(T’x)_W"(t'X)un(T, x)q)(x)dx

T ..
+ % / 9;[eWn &)= Walb0) o (x)]a'l (s, x)djuy (s, x)dxds
t JRA

T
+/ / eW”(S'x)_W”(t'x)(p(x) bl(s,x)—%é?jal](s,x) diuy (s, x)dxds .
t JRA

In other words,

T
% / 8i[ew"(s'x)_w"(t'x)(p(x)]aij(s, x)djuy (s, x)dxds
R4

t
= / uy(t, x)p(x)dx —/ eW”(T’x)_W”(t'x)un(T,x)go(x)dx
R? RY
T .o
+/ /]Rd 0; (eW”(s’x)"W"(t’x)(p(x) [bi(s,x) — %@a”(s,x)]) U, (s, x)dxds .
t

Since ¢ has compact support, it is clear that all the terms on the right hand side are

convergent. This implies that
T ..
/ 9;[e™r &= Walt:2) 5 () ]a'i (s, x)djuy (s, x)dxds
t JR
is convergent. In case a > 1/2, by Theorem 5.2.1, this limit is convergent in the context of

Young integrations. Hence, taking the limit yields (5.28). O

Remark 5.2.3. (i) The use of It6 formula in Section 5.1 is inspired from the work [37]. In that
work, an Itd-Tanaka trick is applied to obtain some estimates to the commutator related to
DiPerna-Lions’ theory ([29]).

(ii) In the case W belongs to Cﬁf( [0, T] x R?), the It6-Tanaka formula (5.8) is negligible.

In fact, using integration by part, one has
T T
/ Wi (s, Xg’x)ds = Wy (T, X;"'x) = Wi (r, x) - / VW, (s, Xg’x)dX£'x
r r
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where the last integral is in Stratonovich sense. By passing through the limit n — oo, we
obtain

T T
/ W (s, X" )ds = W(T, X37) = W(r, x) - / VW (s, X:)aXl™ .
r r

Assuming VW has linear growth in the spatial variable and V2W is globally bounded, one

can also show exponential integrability

< 0.

T
E? exp l / W (s, X[ )ds
r

We consider u as in (5.26). Using the approximation as in the proof of Theorem 5.2.2, we

can show that u verifies

/u(t,x)(p(x)dxz/ eW(T’x)_W(t'x)u(T,x)(p(x)dx
RY Rd

T
" /t /Rd L[eW e WED o () u(s, x)dxds

for all test functions ¢ in C;° (RY), where L* is the adjoint of L.

5.3 Feynman-Kac formula II

In previous sections, to obtain the Feynman-Kac solution (5.26) (See Theorem 5.2.2) we
assume that W is only continuous in time but satisfies (5.1)-(5.3) for f = W. This means
that we suppose the the first spatial derivatives of W exist and are Holder continuous in
order to compensate the lack of regularity in time. For many other stochastic processes
(such as Brownian sheet or fractional Brownian sheets), W is Holder continuous in time.
In this case, we may use this time regularity to relax the regularity requirement on space
variable. In this section we obtain a Feynman-Kac formula for the solution to (5.4) when W
satisfies the conditions of the type given in Section 3.1. For example, we do not require W

to possess first derivatives. More precisely, we assume W : [0, T] x R? — R satisfies the
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following condition.

(FK) There are constants 7, A € (0,1] and g > 0 such that
1
T+§A>1, B+A<2 (5.29)

and such that the seminorm

IWlg,z,A
= sup [W(s,x) —W(t,x)—W(s,y)+ W(t,y)|
0<s<t<T 1+ [x]+ lyDFIt = s|7|x — y|* (5.30)
x,yeRY;x#y .
|W(S/x)_w(t/x)| |W(tl y)_W(t/x)|
+ sup ) —+ su ; -
0<s<t<T (1+[x[)PH|t — 5] o<t<t (14 [x|+|yDP|x -yl
xeR? x,ye]Rd;x;ty
is finite.

We continue to use the same notations introduced in previous sections. For example,
X; = X{”* denotes the solution to the equation (5.6). The objectives of this section are to
show that the expression defined by (5.26) is well-defined under the above condition (FK)
and is the solution to (5.4).

From 7 + %/\ > 1, it follows that there is a y € (0,1/2) such that 7 + yA > 1. Since X; is
Holder continuous of exponent y, from Proposition 3.1.4, we known that [ W(ds, X[*) is
well-defined and

T
/ W(ds, Xo)| < CL+ IXIE) A+ 1XI3) - (531)

Since f + A < 2, Lemma 5.4.2 yields that

T
Eexp {c/ W(ds,Xs)} < 00

for all ¢ € R. Thus we have
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Proposition 5.3.1. Assume the conditions (L1)-(L3) are satisfied. Let (5.29)-(5.30) be satisfied.
If there is an ag € (0,2) such that |ur(x)| < C2e“¥1™, then u(r, x) defined by (5.26) is finite.
Namely,
u(r,x) =EP luT(X;x) exp (/T W(ds, Xg"‘))] (5.32)
r

is well-defined.

Now, let Wy (t, x) be a sequence of functions in C;’([0, T] X R%) convergent to W(t, x)
under the norm [[W]lw + [[W]lg,.,2. Denote v, (r,x) = frT Wy (ds, XI™) and o(r,x) =

frT W(ds, X;") and 3, (r, x) = v,(r,x) —v(r,x). Thus, forany 0 < r < t < T, we have

T T
15, (t, x) — T, (7, x)| = / W, (ds, X)) — / W, (ds, XI'™)
t r

t T
< / W, (ds, X) +/ [Wn(ds,ngx)—Wn(ds,XQ"‘)]
r t

= Ii(r,t) +I2(r,t).

Applying the estimate in Proposition 3.1.4 to W,, = W,, — W, we obtain

Li(r, t)
(t—1)"

< el Walle (1 + IX5¥ o) [T+ 1X7ly (£ = 1) ]

< ClIWallea (1 + 1X7[loo) [1+ 11X ] -

Lemma 5.4.2 states that || X”"*||. is bounded in L? for any p > 1. Thus

Il(r/ t) P

- B
lim E { sup G—1)r

=00 0<r<t<T

} =0 (5.33)

forany p > 1.
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From Proposition 3.1.11 we have with 7 + 01y > 1,

I(r, t) < CIlWyllg e a lIX!* = XPF(T = £)°
+ ClIWallg, e A I1X5* = XA (T — gy T4y

< ClIWallp e 1X5F = XPF I [14+ 11X = x7*)149] (5.34)

Notice that X" = X;X’ . We have for any p > 1 and y’ < 1, by using the Markov property

of the process X;"*,

X"
E sup IXE* = XI5, up X — X,
0<r<t<T (t - r))/'P/Z 0<r<t<T (t - 1’)7/,p/2
X" = x|IP
<CE <C,

sup ———
verater (E—1)IP2

where the last inequality follows from a similar argument as the proof of (5.42). Combining

this with (5.34) implies
IZ (1", t) :

<
(t _ r)y’)\(l—@)/z C.

sup
0<r<t<T

Assume A/2+7—1>0. Forany 7’ € (0,A/2+ t — 1) it is possible to find 0 € (0,1) and
0<y<1/2suchthatt+ 0Ay >1and 7’ < y’A(1 - 0)/2. We see that v(-, x) is Holder

continuous of exponent 7’ and
lim o, (-, x) —0C, )l =0
uniformly in compact set K of R?. From (5.32) it is easy to see that
Tim litn (-, ) = 1, )l = 0

uniformly in compact set K of R?. Thus we have

Proposition 5.3.2. Let W,, be a sequence of smooth functions such that W,, converges to W in
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the norm ||Wlleo + [|Wllg,c,2 and u,, is the solution to (5.4) and u is given by (5.32). Then for
any v < A2+ 1 =1, u(t,x) is Holder continuous of exponent t’ in time variable t and on any
compact set K of RY,

lim uy (-, %) = u(, )|l =0 (5.35)
n—00
uniformly on x € K.

If t+ 7" > 1, then forany ¢ € Cy (]Rd>, we have

t
J
/0 /]Rd Uy (s, x)(s,x) (P(x)gwn(S, xX)dsdx

converges to the Young integral

t
// u(s,x) (s, x) p(x)W(ds, x)dx .
0 JRA

It is obvious that the existence of 7/ > Osuch that t+ 7 > land 7/ < A/J2+ 71— 1is
equivalent to A +47 > 4. The above argument means that u (¢, x) is a weak solution to (5.4),

in the sense of next theorem.

Theorem 5.3.3. Assume the conditions (L1)-(L3) are satisfied and assume there is an a € (0,2)
such that |ut (x)| < CpeC1I¥I%, Let IW |, z,a defined by (5.30) be finite, where the Holder exponents

A and T and the growth exponent 3 satisfy
T>1/2, B+A<2, A+41>4. (5.36)

Then u defined by (5.32) is a weak solution to (5.4) in the sense that u satisfies

t
/}Rd u(t,x)p(x)dx = /]Rd uo(x)p(x)dx +/0 /}Rd u(s,x)L*p(x)dxds

t
+/0 /]Rdu (s,x) p(x)W(ds, x)dx, (5.37)
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where @ is any smooth function with compact support and where the last integral is a Young

integral.

Remark 5.3.4. Equation (5.37) is the definition of the weak solution used in [61], [63] and
[65].

5.4 Estimates for diffusion process

In this section, we prove the exponential integrability of the Holder norm and the supremum
norm of a diffusion process which is needed in proving the existence of the Feynman-Kac
solution in Chapter 5. The results obtained here are known in literature (see for instance
[16], [36], [80]). However, it is difficult to find a single-source treatment that suits our
purpose. Besides, our method is straightforward and unified. We present them here.

We recall that X;"* satisfies the equation (5.6). We denote
d ot .
M= / o'l (s, X™)sBL . (5.38)
=1

Since ¢ is bounded (by condition (L1)), (Mtr’x ;t > r) is a continuous L? martingale. In

addition, we have the following properties.

Lemma 5.4.1. Let a be a number in (0,1/2). There exist some positive constants yo and y, such

that
E exp {7/0 sup IM:’XIZ} <C(T-rA) < (5.39)
r<t<T
and
|Mr,x . Mr,xl 2
Eexp {va| sup t—as <C(T-r,A a) <. (5.40)
r<s,t<T |t —s|

Proof. (5.39) is well-known and is a direct application of Doob’s maximal inequality and
Burkholder-Davis-Gundy inequality. (5.40) is proved in [10, Lemma 2]. However, for

readers’ convenience, we present a proof of (5.40) in the following. We will omit the
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upper indices 7, x. Applying the Garsia-Rodemich-Rumsey theorem (See [40] and [58],
specifically [94, Theorem 2.1.3]) with W(x) = x” and p(x) = x%*2/P we have

1/p
2 1/p |Mu ZJ
IM; = Mol < 81+ )8t - {/ /( T Cduav)

Dividing both sides by |t — s|* and taking the suponr < s <t < T, we see that there is a
constant C = C(a), independent of p > 1, such that

E 14
]E( sup |A|/f‘t—s|“) CP/ / M. l{iﬁil dudv .
- lu—o

r<s<t<T

An application of the Burkholder-Davis-Gundy inequality gives
”Mu _MUHP 2p1/2||/ ZZ(S Xi’x)dslll/Z < 2A1/2p1/2(t—7’)1/2.

It follows that there is a constant C, which may be different than the above one, such that

|Mt_Ms|
[t—s|@

the p-moments of sup, . _, .1 is at most CPPP/Z(T - r)(%‘“)” forallp > (% -a)7,

which yields (5.40). O

Lemma 5.4.2. Fix a € (0,1/2). There exist positive constants Co, yo and y such that

Eexp {yo sup IX["‘IZ} < eColF (5.41)
r<t<T
and )
X T
Eexp{ya| sup XX L eColx” (5.42)
resi<r  |E—5S]% ~

Proof. We denote X; = sup, .., |X;"| and M} = sup,_,, IMg”|. We first prove (5.41).

Since b has linear growth (by (L3)), from equation (5.6), we see that

t
| X¢| < M| + [x] +K(b)/ |X|ds .
r
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An application of Gronwall’s inequality yields
t
Xi1 < Myl + 31+ x(8) [ (M.]+ )P0
r
Hence, for all p > 0, applying Jensen’s inequality,

T
expipXr} < expip(Mr + |x|)}eXp{P1<(b)/ (IMs] + |x])e*®=9)gs)

exp{p(M7y + [x])}
ex(b)(T-r) — 1

T
/ exp{p(e*®E _ 1) (M| + [x])e* @ T=9)1 45
r

T
< explp(M: + |x|)}/ exp{Cp (M| + [x]))ds

for some constant C depending on T — r and x(b). We then apply Cauchy-Schwartz

inequality

T
EePXr < [Ee2P Mi+lx) / Ee2CP(IMsltlx) g5 < Eo2CP(Mi+ixD)
r
where the constants (including the implied constant) are independent of p. Now we choose
p according to the distribution [N (0, a)| with a sufficient small, where N (0, 2) is a normal
a2
distribution independent of B. Using (5.39), the elementary estimate %eTAz < ENerA <
a2
2T (with A > 0), and the previous estimate, we obtain (5.41).

From (5.6), we have

X —Xs fst b(u, X,)du N M; — M;
(t—s)*  (t—s)@ (t—s)a

=:Il+12.

Since b has linear growth, sup, ., 1 |I1] < c(x(b), T, a)(1+ X7). (5.42) follows from (5.41)
and (5.40). O
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5.5 Schauder estimates

We present the proof of Lemma 5.1.2. The estimates (5.12)-(5.14) are similar to Schauder
estimates in the classical theory of parabolic equations. Beside the results obtained in
Appendix 5.4, the method adopted here also makes use of Malliavin calculus. For this
purpose, we need some preparations.

It is well-known (see e.g. [80]) that X:’x is differentiable (in Malliavin sense) with
respect to the Brownian motion B;. We denote the Malliavin derivative of X with respect
to B/ by DiX. It is shown in [80, Theorem 2.2.1] that DX = (DX, --- , D?X)T has finite

moments of all orders and satisfies
dD X" = 6 (D XF"* 8B + bi(HD X" dt,  DIXY* = o'l (z, X¥)
fort > 1>r,D:X;* =0if t < 7 < T. In the above equation, we have used the notations
o} (1) = O 0"l (8, XY, bi(t) = Bu b, XI™) .

The matrix DX is understood as [DX]" = D/ X', Following the proof of [80, Theorem
2.2.1], one can show that the map x +— X, is differentiable. We denote Y (¢;r,x) = %X:’x,
the Jacobian of x - X"*. The matrix Y is understood as [Y]7 = Y; = 8]-Xi. It follows that

the d x d-matrix valued process t — Y (t;r, x) satisfies

dYi(t;r,x) = o)) (DYE(E 7, x)0B] + bL()YE(E 1, x)dt (5.43)

Y(r;r,x) = laxa -
Let Z(t) be the d X d matrix-valued process defined by

dZ;(t) = -Zg(t)o?' 5B} — Zg (1) [bI (1) — o (e (D] dt,  Z(r;7,%) = Loxa .
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By means of It6’s formula, we have

d(Z]Y}) =~ YiZ{o{ 0By — Y[ Zgbldt + Z Y oo dt

+ Z5YPolloB) + 28y Pbidt - ZEY¥aloldt =0

and similarly for Y;Z;. Thus we obtain Y;Z; = Y;Z; = 1. As a consequence, for every t > r,
the matrix Y (¢; r, x) is invertible and its inverse is Z(t; r, x). It is a standard fact that Y and

Z have finite moments of all orders. More precisely, one has

sup  E[IY(r 0P + 1Y 0P| <cp, T). (5.44)
te[r,T],xeR4

Since the coefficients of L are twice differentiable with bounded derivatives, DY exists and

has finite moment of all orders and

sup  E sup [ID:Y(tr,x) + DY (00| <ep, T). (5.45)
te[r,T],xeR?  7€[r,T]

Moreover, it is well-known that the following representation holds (see, for instance [80, pg.

126])
D X{" =Y(t;r,x)Z(t;r,x)0(T, X)), Vtel[rt]. (5.46)

As a consequence, if f is a smooth function, we have
Def (s, X¢)T =V (s, XP)Y (s;m,0Y (T, x)0(T, X7, (5.47)

where and in what follows we denote V£ (s, X.*) = (Vf) (s, X.'*). Later on, we occasionally

make use of its variant

Vi, XUOTY(s;7,x) = Do f(s, X0 o™ Nt XP)Y (t;1,x), VT e[rt]. (5.48)

104



Lemma 5.5.1 (Bismut formula). Suppose f belongs to C2(R%*1) and suppose f and its derivatives

have polynomial growth. Then

E[(d;f) (s, XV)] = 5]E [f(s, X5 /S[a_l('c, XYY (15 r,x)Y—l(s,-r,x)]ﬁ(sBil
(5.49)

and
1

ai]Ef(S, X;’x) = :

E [f (s, X{™) / S[a*(n XYY (; nx)]fiéBi] : (5.50)

Proof. Fix t € [r, s]. The identity (5.47) yields
VF(s, X" = [Def (s, X901 0 (MY (DY (s).
Integrating with respect to 7 from r to s and taking the expectation give

EVf(s,X)" = S%FE [ / C[Def (s, X010 (DY (DY (s)d

Formula (5.49) is then followed from the dual relationship (3.12) between the divergence
operator 6 and the Malliavin derivative D.
To show (5.50), we use (5.48). We integrate with respect to 7 from r to s and then take

the expectation to obtain

VEf(s, Xs) = %}E [/ [D.f(s,Xs)]" o (0)Y(1)dT

Formula (5.50) follows from the dual relationship (3.12) between 6 and D. O

Lemma 5.5.2. Suppose that f is differentiable and satisfies

ORI

se[0,T],xeRd 1+ |x|P
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for some nonnegative constants « and B. Then we have
IE (V) (s, X{)] < e(T, A, D+ |x|P)[1 + (s — )72 (5.51)

and

IVEf (s, X[ < (T, A, D1+ |x|F)(s — )12, (5.52)

Proof. We only provide details for the proof of (5.51). The estimate (5.52) is proved similarly,
perhaps in an easier manner. Motivated by the formula (5.49), we first estimate the moment
of [*[o~} (7)Y (T)Y! (s)]j"(SBi. From (3.14), we see that
S B . S . . .
/ [0 (DY (D)Y ™ (5)]/'0Bz = / [0 (DY (D) 8B[Y ™ ()]
r r

S . . .
- / [0~ (D) YOV DY (s)]dr
r
From (5.44) and (5.45), it follows that

sup E| S[o—l(z)ymy—l(s)]ﬁaBiv’ <c(p,D(s =)+ -1)].

s€[r,T],xeR4 r

Hence, applying Holder inequality in (5.49),
[EVf (s, XyOIS (14 (s =) HIEQ + |XTTH)TH2.

Together with (5.41), this completes the proof of (5.51). O

Proof of Lemma 5.1.2. Throughout the proof, we denote k1 = [VW]g, 0, k2 = [VIW]g, 4,
Y =Vo.

Uniqueness: Suppose v is a solution in C1([0, T; C2(R%)). We apply Itd formula to the
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process s - (v + W)(s, i), taking into account the fact that Ly is the generator of ¢¢”.

d(v+W)(s,ps) =(¢ + Lo) (v + W)(s, o™ )ds
(5.53)

+ 6 (s, L )x, (v + W)(s, pl*)OBL.

Since v is a strong solution, we see that v + W satisfies
@t +Lo)(v+W)=LoW, (v+W)(T,x)=0.
Thus, integrating (5.53) from r to T yields
T T .
—(v+W)(r,x) = / LoW(s, X )ds + / o'l (s, XYy, (v + W) (s, XI)0B. .
r r

Taking expectation in the above identity, we obtain (5.11), which also shows the uniqueness
of v.
C-estimate: To prove the estimate (5.12), we write LoW = 9; (%aij &jW) +c/ djW where
¢/ = -1/29;a". Then
]E/T LoW(s, Xy )ds =T + I
r

where

T
h=E [ 0 (a7, X00,W(s, X)) ds

and

T
I, = ]E/ c/(s, X M)9iW(s, X )ds .
r
It follows from our conditions on Ly and W that

e/ (t, x)9;W (¢, x)|

ij .
up la(t, X)IW Oy g sup

< AK1 .
te[0,T], xeRd 1+ |x|fr telo, T xerd L+ [xIP
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Applying Lemma 5.5.2, we obtain
T
LK / (s =12+ Dds(L+ |xIP) S 1al(T =2+ (T = )]+ |x1) .
r
For the second term, we use (4.7)
T
b [ BA+IP s S T -+,
r

These inequalities altogether imply (5.12).
Cl-estimate: To show (5.13), we first apply (5.50)

VELoW (s, o) = (s — r) 'E[LoW(s, i) H (s, x)]
where

H(s,x) = /S[G_l(T, )Y (t;1,x)]" 6B, .

We denote

A(t,x) =0 N1, XYY (T;7, %)

From (5.47), we see that
W (s, i) = DEIIW (s, oI OHAY (I, VT elr,s].
Thus

1 ..
LoW(s, o) = Ea”(s,Xsr’x)(??jW(s,(p;’x)

= S DHAW (s, ) IADY ™ (5)] a5, X27)

= %(S — 1")_1 /rs D];[ajw(s’(pg,x)][A(T)Y_l(S)a(S,X;,x)]kjd"[ .
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Hence, applying (3.12),

81]ELOW(S, (p;'x)

= %(s - r)_Z]E/rS DX[9;W (s, ol HA(T)YH(s)a(s, XU H (s, x)dt

= %(s — 1) 2E9;W (s, o) /rS[A(T)Y—l(s)a(s,Xg'x)]ka’(s,x)éB’;.

Furthermore, since the random variable
. s .
G (sir, )= [ LAY (©)as, XIITH!Gs, )08
T
has mean zero, we can write
1 .
AELyW (s, o) = E(S — 1) 2E[;W (s, pi™) — 9;W(s, )]G (s;r, x). (5.54)

We now estimate the moment G(s; 7, x). Applying (3.14), we have

Gll(s;r,x) = / S[A(T)]km[y-l(s)a(s,Xg'x)]mel (s, x)0Bk
=YY (s)a(s, X[ H! (s, x) / S[A(T)]’“"éB’;

- / s DE(IY L (s)a(s, XY™ H (s, ) [A(T)]*"d .

r

Using properties of Malliavin derivative, we have

DE(Y~Y(s)a(s, XF)]™H' (s, x))

= DY Y (s)a(s, XI)]™H (s, x) + [Y (s)a(s, XI)]™ DEH' (s, x) .
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Hence

Gl(s;r,x) =YV (s)a(s, XM H! (s, x) /S[A(T)]kméB’T‘
—~ /S DY (s)a(s, XU H (s, x)[A(T)]F"d (5.55)

— /S[Y_l(s)a(s, ng")]me’;Hl(s, O[AD]™dr .

Since a belongs to C2, estimate (5.45) is valid, the moments of A(7) is also uniformly
bounded (because 4 is strictly elliptic), and all the terms appear in G/! has finite moments

of all orders. In addition, observe that

S
DiH!(s,x) = 1{,<A(1)" +/ DiAu)X Bk

r

Thus, the LP-norm of H(s, x) and DH (s, x) will contribute a factor (r — s)/2. Therefore, it

follows from Burkholder-Davis-Gundy inequality and Holder inequality that
sup IG(s;7,)lly < c(p, A, M5 =7) + (s = 1)*?] ,Vp > 1. (5.56)
xeR?
Using the Holder continuity of W, for every p > 1, we have
IVW (s, i) = VW (s, 0)llp < reall 1+ 198" 1P2 + x1P2) | g™ — x|l -
Taking into account the moment estimate (5.41) and Holder inequality, this gives
IVW (s, @5*) = VW (s, )llp < c(a, B2, p, A)ka(1 + |x]) (s = r)*/2. (5.57)

Thus, applying Cauchy-Schwartz inequality in (5.54) yields

|ELoW (s, p5™)| < ¢ (A, A)(s = 1) IV (s, o) = VW (s, ) G (s; 7, ) la -
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Applying the moment estimate for G and (5.57), we obtain
IOELOW (s, i)l < (A, M5 = N2 4 (s = )22l (1 + [xl2)

which together with (5.11) implies (5.13)
Cl%-estimate: This is the only place where we use the fact that the second derivatives
of a are Holder continuous. Each term appeared on the right hand side (5.55) is either

differentiable or Holder continuous in the x-variable. Thus, we obtain easily the estimate
IG(s;7,x) = G(s; 7, Py < c(p, A, MI(s = 1) + (s = r)*]lx — y|*. (5.58)
From (5.57), we see that

IVW (s, pi™) = VW (s, x) = VIW(s, @57) + VW (s, )l
< [IVW (s, &™) = VIW(s, 0)llp + IVW (s, 9 7) = VW (s, )l

< cla,p, ka1 + x| + [yP2) (s = )2,
On the other hand, we also have

IVW(s, ™) = VW (s, x) = VW(s, ) + VW (s, )l
< IVW (s, i) = VI (s, o D)Ily + IVW (s, x) = VIV (s, I,

< (W)L + [l 1P + 1@ 1P|l - qoi’yl"‘llp
+12(W)(A + [x[P2 + |y|P2)|x — y|°

< cla,p, Mka(1+|xIP2 + [yP2)|x — y|*,

where the last estimate comes from (5.41) and that fact that the derivative of the map
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x — @¢" has finite moments uniformly in x. Interpolating these two inequalities we obtain

IVW (s, pi™) = VW (s, x) = VIN (s, ) + VIN (s, )l

< c(a,p, Ara(1+ 212 + |y IP)lx = y1 7 (s = )70 (5.59)
for any 9 € [0, 1]. Thus, from (5.54), applying Cauchy-Schwartz inequality we see that

IVELoW (s, @l") — VELoW (s, p5¥)|
< (s = 1) 2|[VW (s, @) = VIW(s, x) = VIW (s, i¥) + VW (s, 1) IIG(s; 7, X) |l

+ (s = 1) 2IVW(s, i) = VW (s, »IIIG(s; 7, x) — G(s; 7, Y2 -
Using (5.59), (6.57), (5.56) and (5.58), we obtain

IVELoW (s, %) — VELoW (s, pi¥)|
< C(Oé, A, A)K2(1 " |x|52 + |]/|'82)|x _ y|3a[(s _ r)(l—S)a/Z—l + (S _ r)(l—S)a/2—1/2]

+o(a, A, Nia(1+ [ylP)]x = yI*[(s = r)¥* g (s — r)/21/2]

Therefore, choosing 9 < 1, this estimate together with (5.11) implies (5.14). O
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Chapter 6

Asymptotic growth of Gaussian sample

paths

In Chapters 3, 4 and 5, we assume the pathwise Holder continuity and pathwise growth
conditions on W in order to define and to solve (partial) differential equations related to
the nonlinear integral [ W (ds, ;). For instance, the conditions (3.1), (5.1), (5.2), (5.3) are
essential in various parts of the dissertation. In probability theory, it is usually hard to obtain
properties for (almost) every sample path of a stochastic process from its average properties
(from its probability law). In this section, we investigate these pathwise Holder continuity
and pathwise growth problems for a stochastic process. We shall focus on Gaussian random
tields. However, our method works well for other processes provided they satisfy some
suitable normal concentration inequalities (for instance, see the assumptions in Theorem
6.2.2).

Let W be a stochastic process on [0, T] x R?. An application of our results yields the

asymptotic growth of the quantity

W(t,O[x,
I1(6,R) = sup sup | (A x. yDI 5
te[0,T] Ixl,lyl<Rix—yl<s 1X1 = Y|t -+~ [xq = yalte

as R — oo, where W(t,O[x, y]) denotes the d-increment of W(t, ) over the rectangle
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[x, y]. More precise definition is given in Section 6.2. If R is fixed, the quality I(6, R) is
the objective in our previous work [58] via a multiparameter version of Garsia-Rodemich-
Rumsey inequality.

Let us mention some historical remarks. (Pathwise) boundedness and continuity for
stochastic processes have been studied thoroughly in literature. One of the central ideas is
originated in an important early paper by Garsia, Rodemich and Rumsey (1970) [40]. This
was developed further by Preston (1971,1972) [84,85], Dudley (1973) [31] and Fernique
(1975) [32]. In these considerations, the parameter space T is bounded and treated as a

“single-dimension" object. For instance, the well-known Dudley bound

dw (s,t)
E sup [W(t) - W(s)| < / JIog N(T, dyy, e)de
0

s, teT

yields modulus of continuity in terms of the entropy number N(T, d, ¢). This is extended
to a more precise bound in terms of majorizing measure
0 1
E sup |W(t)-W(s)| Ssup logl/2

—du.
s,teT teT J0O M(Bdw(t/u))
dw (s, t)<d

The majorizing-measure bound turns out to be necessary for processes which satisty
normal concentration inequalities. This result by M. Talagrand is the milestone in theory
of Gaussian processes. We refer the readers to [76, Chapter 6] and references therein for
details and more historical facts. See also Talagrand’s monograph [95] in which the role of
majorizing measure is replaced by a variational quality called y»(T, dw).

Estimates for the d-increment of W over a rectangle are quite different. Difficulties arise
since W(U[s, t]) does not behave nicely as increments. In particular, the corresponding
entropic “metric"

(EW([s, t))»H?

does not satisfy the triangle inequality, but rather behaves like a volume metric. To elaborate
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this point, let us consider the two dimensional case:

W({ls,t]) = W(sa, t2) = W(sp, t1) = W(s1, t2) + W(s1, t1)

Ay, W (52) = Al 5]W (1) = Asy 51115, ]W

where W(s) := Art,,1]W(s) = W(s; t2) — W(s; t1). This product-like property is essential in
our current approach (see for instance inequality (6.5) below). Alternatively, to obtain a
sharp bound for the difference, one can repeatedly apply the Garsia-Rodemich-Rumsey
inequality first Afs,s;]W and then to A, s,]Aq,,nW. Indeed, for bounded parameter
domains equipped with Lebesgue measure, this direction was developed by the authors
in [58]. This idea, while might be feasible, seems to be more complicated in our current
setting with general (unbounded) parameter domains equipped with a general measure.

In Section 6.1, we will prove a deterministic inequality, which is more precise than
the multiparameter Garsia-Rodemich-Rumsey inequality obtained in [58]. We then apply
it to obtain a majorizing-measure bound on the d-increments of stochastic processes in
Section 6.2. Our formulations are benefited from the treatment in [76]. We however did not
consider the necessary conditions for these bounds (i.e. lower bounds). Results in these
two subsections are applicable to general stochastic processes.

Given a well-developed toolbox to treat the case when T is bounded (or for example,
R is fixed in I(6, R)), the asymptotic growth for I(6, R) as R — oo can be obtained using
concentration inequalities for Gaussian processes. More precise results are given for

fractional Brownian fields. This is done in Section 6.3.
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6.1 A deterministic inequality

Throughout the current subsection, we put W(u) = exp(u?) — 1. Suppose p is a nonnegative

measure on T and X is a measurable function on T. We define

[X]w, (T, = inf {a >0: /F\I’ (%) u(dt) < 1} .

When the parameter space T and the measure u are clear from the context, we often
suppress them and write [X]y instead. The following result, whose proof is given in

[76, pg. 256-258], is an application of the Young inequality

a b
ab S/ g(x)dx+/ g_l(x)dx,
0 0

where g is a real-valued, continuous and strictly increasing function.

Lemma 6.1.1. Let X and f be measurable functions on T, p be a nonnegative measure on T.

Assume that [X]w (1, is finiteand 0 < [ | f|du < co. Then

(D]

- dt) .
] If(s)lu(ds))” (@)

/lX(t)f(t)lu(dt) SB[X]W,(T/H)/ f (£)]log! 2 (1+
T T

We consider the case when T has the form T =Ty X --- X T;. A parameter ¢t in T has ¢
components, t = (t1,...,t¢). Foreachi=1,...,¢{, the space T; is equipped with a metric
d;. We also denote d*(s, t) = d1(s1,t1)...d¢(s¢, te) forevery s, t in T. Let X be a function

on T. We define the {-increment of X over a “rectangle” [s, t] as

¢
X(@ls, th = | 0= V;)x(®).

=1

In the above expression, I is the identity operator, Vs is the substitution operator which
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substitutes the j-th component of a function on T by s;, more precisely,
V],SX(t) = X(tll sy tj—ll Sj/ tj+1/ sy tf) .

We refer to [58] for a more detailed description on this £-increment.

For each i, Bi(t;, u) denotes the open ball with radius u in the metric space (T;, d;)
centered at t;. For each t in T, we denote B(t,u) = BY(t1,u) x --- x B{(t¢, u). For each j,
put Dj =supy, . cr, d;(5;, t))-

Foreachi=1,...,¢, let u; be a probability measure on T;. Let k = (k1,...,k¢) be a

multi-index in N¢. We define

i i/ni —k; _ 1
[Jk(ti) =u (B'(ti, D;2 k ), Pki(ti, )= mlgi(th[)iz—h)(')
4
et = [ it pr(t,) = | [ et
i=1
and
Mt = [ putt, X ou(dw). (6.1)

We use thenotations k+1 = (k1 +1,..., ke+1), k+1; = (k1,..., kj-1,kj+1,kj1,..., ko),

fi=(tl,...,ti_1,ti+1,...,tg)andT,-=T1><---><Ti_1><T1~+1><---><Tg.

Theorem 6.1.2. Let {X(t),t € T} be a measurable function on T. We put = u' x - x u’ and

X({O[u,v))
Z = 1nf{oz>0 //TXT ( 2 (1.0) ) pu(du)u(do) Sl} .

Assume that Dj, j =1,...,d, and Z are finite. Then, for every s, t in T such that the integral

/dl(sl,tl)d /df’(sf'”) J (1 1/2 1 lool/2 1 )
U ue(log” ————< +log"" ————<
; 1 . ¢ 108 1(B(s,u)) & u(B(t, u))

is finite, M (O[s, t]) converges to a limit, denoted by X' (O[s, t]), as ki, ..., k¢ go to infinity. In
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addition, X'(O[s, t]) satisfies

d1(s1,t1) de(se,te)
|X"(s, t])] < cfz/ dul---/ dug
0 0

1
log? —— 4 1og1/?
( & UBG,u)) B

1
—y(B(t,u))) . (6.2)

Proof. Fix s, t in T. We choose the multi-index n such that D]'2"”f_1 <dj(sj, tj) < D;27"

foreach j =1,...,¢. It suffices to show that the following series satisfies the bound in (6.2)

My (O, £D]+ > 1M1 (Ofs, 1) = M(Ofs, 1)1 (63)

k>n

We estimate the first term. Notice that we can write

Mo (Cls, £]) = //r X(Oln,oDpas,1)pa(t, )u(d)u(do).

We consider the function {Y (u, v), (u,v) € T X T} defined by

X([u, v])

0 0) when d*(u,v) #0,

Y(u,v) =
0 otherwise.

It is clear that

|M, (s, tD)] S//T TIY(M,v)ld*(u,v)pn(s,u)pn(t,v)u(du)#(dv)

< (D12"“)---(DfZ‘”")//T TIY(u,v)Ipn(s,u)pn(t,v)u(du)y(dv),

since the support of p,(s,-)pu(t,-), d(u,v) < (D127M)---(D,27"). We now apply

Lemma 6.1.1 to the functions Y and p,(s,-) ® p, (¢, -) on the product space (TX T, u ® u),
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observing that Z = [Y]w, [[ pu(s, )pu(t,") =1and p,(s, u)pn(t,v) < (un(s, u)un(t,0))7t,

|M, (Qs, tD

iSZ(EMZ'”Q---(EM2‘m39/;VTfuds,u)pn(tzologuz(1+-pn(s,u)pnuyv))u(du)u(dv)

1
< Z(D27"Yy ... (D27") log? |1 4 ——— .
e (o),

Since d*(s, t) < (D127™) - -- (D¢27"¢), this shows

< d1(51,t1) d d[(S(,tg’) d 1 1/2 1 1
M, (Cs, t NZ/ u/ uslo ( + ) 6.4
|M, (s, t]] ; LA 708 w(B(s,u))  p(B(t, u)) (4

We now estimate each term in the sum appear in (6.3). We denote 1ok = k and recursively
Tik = Tj-1k +1; foreach j =1,..., (. For example, 11k = (k1 +1,kz, ..., k¢) and ¢k =k +1.

We then write

{
IMea@ls, 1) = M@ls, 1D < D IMyi(ls, 1) = M Ols, D] (6.5)
j=1

Note that the multi-indices 7;k and 7;-1k differs by exactly 1 unit at the j-th component.

Without loss of generality, we consider the case
|M]E(|:|[Sl t]) - Mk(D[SI t])l ’

wherek =k +1;= (ky,..., ki1, ke +1). We adopt the notations w = (w’, w¢) for every w
inT,

pr(s’,u’") = pi,(s1,u1) - -+ P,y (Se-1, te-1)

and similarly for p; (¢, v"). We then write

My (T[s, t]) = M@, ], 5¢) = MO s, '], te)
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and similarly for My (O[s, t]). Thus

IM(Os, t]) = M (Ols, tD] < [Myy1, (O, ], 5¢) = M@/, ], 50)]
+ [Miy1, (O s, #], ) = M(QEYs", ]t (6.6)

= 11 + 12 .
We only need to estimate I; since I» is analogous. We have

MO s, 1], s¢)

://T TX(Df—l[u',vl],vf)Pi(s',u')pi(t',vf)pm(s{), ue)pe(se, ve) p(du) u(do)

and similarly

M (O s, ], s0)

= //T " X, o], W)P;((s’, u')p;((t’, ") pes1(Se, ue) pe(se, ve) u(du)u(do) .

Note how the dummy variables v, and u, have been switched between the two formulas.

Hence

MO s, ], s0) — Mg (O, ], 50

< //TXT |X(|:|5[u, U])|P;((S’, u’)p;((t’, v’)p€+1(sg, ueg)pe(se, ve)u(du)u(do) .
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Similarly to the term M,, (s, t]) one can obtain

IMp (O s, ], s0) — M (O Ys7, ], 50)]

1
< —kiy ... —k¢ 1/2 — Y
< Z(D127M) -+ (D27¥) log (1 * #;}(S)Hk(s))

< Z(D127M) - (Dg27%) log!/? (1 + ﬁ) .
k

Therefore, combining altogether (6.5), (6.6) and the previous estimate, we get

|Mps1(@s, t]) — M (O[s, tD] < Z€(D12751) -+ - (D275) log!/? (1 N ; 1(5)) ’
k

and hence,

D IMea(@ls, 1) = Me(Ofs, D)

k>n

< ZE6(D127M) -+ (Dg27") log!/? (1 e 1(5))
n

<7y dl(slxtl)d dé’(S[/t{’)d | 12 1 1
<Z / u / uelo ( + )
0 M £08 G, w) " uBE, w)

Together with the bound for M, (O[s, t]) (inequality (6.4)) and (6.3), this completes the

proof. O

Remark 6.1.3. In Theorem 6.1.2, X’ may not be defined as a function on T, that is for each
t in T, there is no a priory reason for X’(t) to be defined. However, in order to keep the
representation compact, we have abused of notations and denote the limit as X"(([s, t]).

This object is well-defined for every fixed s, t in T.
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6.2 Majorizing measure

We now suppose that X is a stochastic process with the probability space (Q, ¥, P). We

introduce the ¢-fold volumetric
d'(s,t) = (EIX s, D)

Assume that sup, ;. d (s, t) is finite. In addition, for each i, there exists a metric d; on T;
such that

dl(s,t) < di(s1,t1)---de(se, te) .

This is not a restriction since such collection of metrics always exists. For instance, one can
choose

di(s1,t1) = sup di(s,t)

§1,f1€T1

and recursively

dl(s,t
di(sk, tx) = sup (s, 1)
Si, treTy H d (Sl/t )

with the convention 0/0 = 0.

We denote Z as in Theorem 6.1.2, that is

X(O[u, v])
Z = mf{oz >0: //TXT ( () ) u(du)u(do) < 1} . 6.7)

We assume that Z is finite almost surely.

Example 6.2.1. Suppose X is a centered Gaussian process. Then Z has exponential tail.
More precisely P(Z > u) < (elog2)2u2-"*/2 for all u > (2 +1/log2)!/2. This comes from
a standard argument by Chebyshev inequality and Holder inequality, see [76, pg. 256-258]

for details.

As an application of Theorem 6.1.2, we have
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Theorem 6.2.2. Let {X(t),t € T} be a stochastic process such that Z, defined in (6.7), is finite a.s.

Then X has a version X’ such that for all © € Qand s, t in T

di(s1,t1) de(se,te)
| X' (w,O[s, t]] < C"Z(a))/0 dul.../o dig

1 1
1 1/2 1 1/2 .
(Og u(B(s,u)) 8 M(B(t,u)))

In particular, if EZ is finite, then

01 O¢ 1
E  su X (s, t])| < CY(EZ) su duy--- | duglog'? ————.
di(si/ti)ﬁ(g,lﬁiﬁf se’lP 0 0 & u(B(s,u))
Proof. First note that for every t,vin T
¢
(EIX(t) - X(@)) < > di(ti, v1). (68)
i=1

We recall the notation M (t) in (6.1). We have

EIX(f) - My(b)] < /T EIX(t) - X(0)|pi(t, 0)u(do)
£ £
< [ D it vputt oo < Y D2
T3 =1

Together with Borel-Cantelli lemma, this shows for all ¢t € T, M (t) converges to X(t)
almost surely. On the other hand, Theorem 6.1.2 shows for all s,t € T, My(O[s, t])
converges to a limit, denoted by X’(C[s, t]). This implies X(O[s, t]) = X"(O[s, t]) almost

surely. The result is now followed from Theorem 6.1.2. ]
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6.3 Asymptotic growth

Let W(t, x) be a continuous Gaussian process on [0, T] X R? with mean 0. As in the

previous subsection, we define the d-fold volumetric

d(x,y) = sup (EIW(t,OLx, yDP)" .
te[0,T]

Without loss of generality, we assume there are metrics dy, ..., d; on Rsuch that 4*(x, y) =
di(x1,y1) ...dq(x4, yq) satisfies d(x, y) < d*(x, y).

Let 6 = (61, ...,0¢) be in (0, 0)!. The notation d*(x, y) < 0 means d;(x;, y;) < 0; for
alli=1,2,...,¢. We denote |x|* = max;<i<q d;(0, x;) for every x € R?. We are interested

in the asymptotic growth of the process

W*(5,R)= sup sup |W(t,O[x,y]|
te[0,T] d*(x,y)<0
x| |yl <R

as R gets large and 6 can range freely in a bounded neighborhood of 0. W* also depends on
T. However since T will always be fixed in our consideration, we suppress the dependence

on T in our notations. We put
Sg={xeR?: x| <R},

m(5,R) = EBW*(5,R),

and
a(6,R) = sup sup (E[W(t,Olx, yDHY2.
£<[0,T] d*(x,y) <6
x,yESR

We first prove the following concentration inequality
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Lemma 6.3.1. Foranyr > 0,

1 % _1,2/2
P(G((S’R)|W((S,R)—m(6,R)|>r)§26 . (6.9)

Asa consequence,

IW*(5, R) — m(5, R)|
Ey, ( B ) < ¢y < oo (6.10)

for every p < 1/2, where ¥, = exp(px?).

Proof. 1t suffices to show (6.9). Let {X(u), u € T} be a Gaussian process. Assume that T is

finite. The following concentration inequality is standard

p(5
o

forevery o > supueT(EXz(u))l/z. We refer to [72] or [76, Theorem 5.4.3] for a proof of (6.11).

sup | X(u)| - E lsup IX(u)I]

ueT ueT

> r) <272, (6.11)

We now fix (t1,x1), ..., (tm, xm) in [0, T] X R? such that d*(x}, xx) < 6 and |x;|*, |x|* < R
for all j, k. We denote x; LU xy the collection of points z in R? such that each component of
z is the corresponding component of either x; or x;. We consider the centered Gaussian
random process X (t;, x; W xx) := W(¢;, O[x;, x¢]) indexed by the parameters {t;}1<;<» and

{xj Wxrh<jk<m- Itis clear that
EX?(t;, xj W xx) < 0(5,R).

Thus, the inequality (6.11) becomes

sup |W(t;, O[xj, x¢kDI —E | sup |W(ti/D[xj/xk])|]

i,jk<m i,jk<m

1 2
P <2772,
(G((S,R) >r>_ e

An approximation procedure yields (6.9). m|
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Theorem 6.3.2. With probability one,

up limsup VORI Zm@02R) 5
601 Ro% 525, 2R)\/log(5 1. 571 og R)

(6.12)

Proof. We put p(6,R) = 61_1 e 6g1 (log R)? and consider the random variable

1 1
®= su ( IW* (5, R) — m(26,2R)|) .
seon) ro1 PO, R ¥ 525, 28)

For each multi-index j = (j1,...,j¢) in N¢, we denote 27/ = (2771, ...,27J¢). The notation
5 <2/ means §; <2 Jiforalli=1,2,...,¢. Then using the monotonicity of p, ,, W*
and ¢, and (6.10) we have

1 1
E su ( W (8, R) = m(26,2R)])
ke]NZ'eINE 277 1<f<2 i P(6,R) V,bp 0(26,2R)
/ 2k-1<R <2k
1 1 . ,
ke]l\IZ]GN[ p(z_]lzk—l) “7010 (0(2_]’2k)
1
=< Z p(277,2k-1)

Hence, with probability one, ® is finite and

1 .
Uy (mw (6,R) - m(26,2R)|) <Op(25,R), VY6>0,YR=>1.

In particular,

[W*(8,R) = m(28,2R)] _ \/log[®p(25’R)] V6 >0, YR >1

0(26,2R) P
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We then use the trivial estimate

\/log(®p) < \/l log ©] + \/I log p|

to get

W'o,R) - m26,2R) | llogel J log(67" -+ 5,1 (log R)?)
= -1 -1 ’
G(25,2R)\/10g((51_1 521 IOgR) P|log10gR| plOg(61 65 IOgR)

forall 6 > 0and R > 1. Since p can be chosen to be any constant less than 1/2, we can choose

a sequence p, convergent to 1/2. Since countable unions of events with probability zero

still have probability zero, we can pass through the limit n — oo to get, with probability

W*(6,R) - m(26,2R)| __ [ 2/10g0) ) J 2log(571 -5~ (log R)?)
= 1. 51 ’
a (26, ZR)\/IOg((Sl_l .. 621 IOg R) | log lOgRl log(él ce 6[ log R)

for all 6 > 0 and R > 1. Finally, let R — oo to complete the proof. O

one,

In general, it is hard to say anything about the growth of m (9, R) as R gets large. In what
follows, we restrict ourselves to a particular (but still sufficiently large) class of Gaussian
random fields. To be more precise, foreach i =1,..., ¢, let ¢; be a majorant for d;, that is,

¢; is strictly increasing with ¢;(0) = 0 and

di(xi, yi) < ¢i(lyi — xil) . (6.13)

Define

o7 )  ghi(u)
),

@i(6;) = 06;lo 1/2 —du
(0:) & ulogl/z(l/u)

1
$71(0)

We will always presume @;’s are finite wherever they appear.
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Proposition 6.3.3. Denote 0; = [] j#i 0. Then we have

m(8,R) < 61 6glog1/2(l_[2qb (R)) > b (6.14)

i=1
where the implied constant is independent of R and 6.

Proof. We take for the majorizing measure y; = A /(2qi)l._1 (R)), where A is the Lebesgue
measure. By (6.13), the ball Bi(x;, u;) contains the interval (x; — (pi_l(ui), Xi+ (pi_l(ui)) N{z; :

di(z;,0) < R}, thus,
¢ (1)
271 (R)

wi(B (xi, ui)) >

Hence, for all x in Sg,

d -1
1 2¢;(R)
0g ———— | | =
u(B(x, u)) S(up)
Therefore, for 6 sufficiently small,

o e 1/2 1
duqy--- duyslo _—
0 ! 0 £08 u(B(x,u))

01

Z 4 2¢71(R)
1/2 L
< ; duq /0 duglog (11:1[ qb.‘l(ui))

4 61 O¢ d 1
< 61+ 0plogl/? 2 i‘l(R) + du1-~-/ duelo 1/2( .
5[ [20 : o e\ o=

i=1
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The last integral in the above formula can be estimated as following

01 O¢ d 1
duq--- duslool/?
o /o Heos (1_[ ¢;1(ui>)

i=1

¢7'(61) 071 (50) 4
= [ dortn - dcpg(ug)logl/z(]_[;

i=1 !

()
< Zeji/ log'?(1/u)d¢;(u;) .
-1 /0

-1 .
Using integration by parts, f0<i>,- o) log!?(1/u;)d¢i(u;) < @(5;), which completes the

proof. O

Example 6.3.4. Let W = (W(x), x € R?) be a factional Brownian sheet with Hurst parameter

H=(H,...,H;) €(0,1)%. In particular, the covariance of W is given by

d
EWOW(y) = | Ren (i, i)
i=1
where

1 ) _ _
Ry, (s, t) = §(|s|2Hz + |tPH — |5 — t2y

We see that
d
EIWOLx, yDDY2 = | |12 - yil™,

i=1

thus ¢;(0;) = 16;|"i and 6(5,R) = 61 ---64. We put
m (6, R) = Esup [W([x, y]|.

where the supremium is taken over the domain {x, y : |oe; |Fi, IinHi < Rand |x; — inHi <
0;¥1 < i < d}. Note that
1

@i(67) 5 ilog'? Ton
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The bound (6.14) yields

m(5,R) < 61+ dayflog(Ro;! -+ 57

Theorem 6.2.2 yields

sup WL, y])| £ 61+~ 6ay/log(Ra7! - 571, 6.15)
|xi |, |yi|Mi <R;d* (x,y) <6

when R gets large. This implies the inequality of the form (3.1) for W.
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Chapter 7

Linear stochastic convolution equation

with rough dependence in space

Stochastic partial differential equation with multiplicative noise has become an attractive
subject in recent years. In the current chapter, we consider the stochastic convolution

equation of the type

t
u(t,x)=w(t,x) +/O /]RGt_s(x —y)o(u(s,y))W(dy,ds) (7.1)

where w is given a priory, o is an affine function, i.e. 0(z) = az + b for some constants a, b.

G is referred to as Green function. W is a centered Gaussian process with covariance

E[W(s, YW (t, )] = 5 (Ix* +[y* = |x = y#) (s A 1) (7.2)

N~

with 1/4 < H < 1/2. That is, W is a standard Brownian motion in time and a fractional
Brownian motion with Hurst parameter in space.

Many stochastic partial differential equations can be formulated into the form (7.1). In
the following, we describe three main examples.

Stochastic heat equation (SHE): In differential form, it reads (J; — $A)u = o(u)W.
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9 > 0is a fixed viscosity parameter. The Green function for the heat equation with viscosity

constant 9 is the Gaussian density,

1 x?
Gi(x) =ps(t,x) = ex (——) (7.3)
t y V29mt P\72s1
If an initial condition is specified at 1, the mild formulation of the stochastic heat equation
is a special case of (7.1) with w(t, x) = p; * ug(x)

Stochastic wave equation (SWE): In differential from (02, — %ZA)M = o(u)W. The

Green function of wave equation in dimension one is
1
G(t,x) = El(lxl < 9t).

If initial conditions are specified as u(0,x) = uo(x) and J;u(0,x) = ui(x), then the

stochastic wave equation with multiplicative is a special case of (7.1) with

1 1 x+9t
w(t,x) = E[uo(x + 9t) + ug(x — dt)] + E/ N ui1(y)dy .

Stochastic fractional heat equation (SFHE): (d; — %A“)u = o(u)W. The Green function
is specified by its Fourier transform G(t,&) = e~ 21" The mild formulation of this
equation is also a variation of (7.1) with w(t,x) = G¢ * up(x), where ug is the initial
condition 1 (0, x) = uy(x).

Strictly speaking, the stochastic heat equation is a special case of the stochastic fractional
heat equation, however, since this equation attracts much more attention than others, we
consider it separately. Further, in Chapter 8, we will consider the stochastic heat equation
with general coefficient o.

Since the pioneering work by Peszat-Zabczyk [82] and Dalang (see [22]), there has been
a lot of interest in stochastic partial differential equations driven by a Brownian motion in

time with spatial homogeneous covariance. After more than a decade of investigations, the
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standard assumptions on W under which existence and uniqueness hold take the following
form:
(i) BIW (s, x)W(t, y)] = A(x — y) (s A t), where A is a positive distribution of positive type.

(ii) The Fourier transform of the spatial covariance A is a tempered measure u that satisfies

u(dé)
1+[&?

the integrability condition [ < co.

In case of the covariance (7.2) under consideration, one can easily compute the measure
1, whose explicit expression is u(d<&) = c1,u|& |12Hg & where c1,H is a constant depending
on H (see expression (8.3) below). In addition, it is readily checked that u fulfills the
condition [ % < oo for all H € (0,1). However, the corresponding covariance A is a
distribution which fails to be positive when H < %, and the covariance of two stochastic
integrals with respect to W is expressed in terms of fractional derivatives. For this
reason, the standard methodology used in the classical references [22,24, 82] to handle
homogeneous spatial covariances does not apply to our case of interest.

In a recent paper, Balan, Jolis and Quer-Sardanyons [8] proved the existence of a unique
mild solution for equation (8.1) in the case o(u) = au + b, using techniques of Fourier
analysis. The method used in [8] cannot be extended to general nonlinear coefficients while

the functional settings described here can, as we will see in Chapter 8.

Notations: Often the case, we will see a function of several variables. For this reason,

we will write || f (s, X)llr,x, for [[Il f (s, ¥)lIr,[|x.-

7.1 Preliminaries

7.1.1 The noise

Let S be the space of Schwartz functions on R. The Fourier transform is defined with the

normalization

(&) = /}R e b(x)dx,
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so that the inverse Fourier transform is given by

7 _ 1 iéx
60 =5 [ o,

We denote R, = [0, ) and let & be the collection of functions on R, X R of the form
(t,x) = 1a(t)p(x), where A is Borel setin R, and ¢ is in S. On &, we equip the following

scalar inner product

(L1, 151} = clA N Bl /}R PEPE)|E[Hdg

where H is a fixed constantin (0,1/2), cy = T'(2H+1) sin(ntH)/(27) is a normalize constant,
|C| denotes the Lebesgue measure of a set C, ¢ denotes the Fourier transform of ¢ and f is
the complex conjugate of f. Let H be the Hilbert space obtained by completing & with
respect to the above inner product.

For B € R, the homogeneous Sobolev space HP(R) is the space of tempered distributions

u over R, the Fourier transform of which belongs to LllOC (R) and satisfies

1 2
lletllps = (E/Rlﬁ(é)lzlélzﬁdé) < co.

If B € (0,1) and f belongs to HP, then there exists a constant Cg such that

191y = Co [ [ 1) = FeoPIyIPaxdy. (7.4)

We refer to Proposition 1.37 in [7] for the proof of this identity. It is well known that HF is
a Hilbert space if and only if B < 1/2 ([7, pg.26,27]). Moreover if 0 < f < 1/2, then S is
dense in HP. Tt is not hard to check that in this case, H? contains indicator functions of
finite intervals. With these notations, one realizes that the Hilbert space H is indeed the

space-time space L?(R; H/?7H(RR)).
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Let us now describe the noise and the stochastic integrations associated with it. There
are several ways to construct it so that the identity (7.2) is satisfied. Here, we follow the
approach from Nualart’s book [80]. Let W be the isonormal Gaussian process with respect
to the Hilbert space H. That is, W is a centered Gaussian process indexed by H with
covariance structure

E[W)W )] = (b, k), Vh keH. (7.5)

For every (t, x) in Ry X R, we denote W (¢, x) = W(Ijp,1] X I[0,x])- It is elementary to check
that the process (W(t,x);t € Ry, x € R) satisfies (7.2). For each t € R, let #; be the
o-algebra generated by the random variables {W(1jp s)¢),s < t, ¢ € S}. For a function h

in H, we define the stochastic integral

/00/ h(t,x)W(dx,dt) = W(h).
0o JR

We say that a random process {u(t, x), (t,x) € R?} is adapted if for every t, u(t,x) is
Fi-measurable for every x € R. The process u is said to be adapted and elementary if u

has the following form

n
u(t,x) = Z Fi(x)It;,,,11(F)
i=1

where F; is ¥;,-measurable and F; belongs to S almost surely. One can define stochastic

integration of processes of the above form as following

J[ e oW, an = Y WE©I0).
i=1

For two stochastic processes which are adapted and elementary, the following It6 isometry

follows from (7.5)

E (// u(t, x)Wi(dx,dt) //v(s,y)W(dy, ds)) =E(u, v)g . (7.6)
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By an approximation procedure (see [80]), the above formula holds true for all adapted
stochastic processes 1, v such that the right hand side is finite.

We conclude this subsection with the following moment estimate for stochastic integrals.

Proposition 7.1.1. Let p > 2, f be an adapted random field. Then

H/ot /]Rf (s, y)W(dy, ds)

Proof. Applying Burkholder inequality, we have

S NEPUFG P lgeny 2 (7.7)
Lo )

H/Ot/kf(s,y)w(dy,ds)

The claim is then followed from Minkowski inequality. O

1/2
L

t
< ‘/@H/ ”f(sz ]/)||§-{1/2—H ds
Ll 0 y

7.1.2 Space-time function spaces

We introduce here the function spaces which form the underlying framework of our
treatments.
Let (B, || - ||) be a Banach space equipped with the norm || - ||. Let § € (0, 1) be a fixed

number. For every function f : R — B, we introduce the function V;ﬁ ). R [0, ]
1

v () = ( / If G+ 1) = f(x)||2|h|-1—2ﬁmz)E .
R

When the value of g is clear from the context, we will write V; instead of V;ﬁ ) As we
will see later along the development of the chapter, V((x) plays a role analogous to the

modulus of continuity of f at x. It follows from Minkowski inequality that V' satisfies
[Vi(x) = Vy ()| < Vi_g(x) (7.8)

for every functions f, g and every x in R. Thus, V is a seminorm.
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Suppose for instance that a bounded function f has modulus of continuity around
x as |h|Pw(h). Then V?(x) is majorized by the sum of fol w?(h)h~'dh and sup,, ||f(x)||2.
Thus, in order for V¢(x) to be finite, it is sufficient that w?*(h)h™1is integrable near 0. Vice
versa, if Vf is bounded over a domain, then f is necessary Holder continuous as seen in

the following result.

Proposition 7.1.2. Let I be a non-empty open interval of R. Let f be a function on R such that

Sup, .. V;ﬁ)(x) is finite. Then

up If e+ y) = FWIl_ c(pysup VP (x) (7.9)

xel;|ly|<dist(x,dI) |y|‘8 xel

for some finite constant c(B) depends only on p.

Proof. For every x € I and positive R, we denote fy r = 5 f_RR f(y+x)dy. We first estimate

Il f(x) = fx rll as following

1 R
1760 = furll < 5 [ 1FG) = e+ wlldy

1 R 12, R

R

1/2

RP sup Vs (t). (7.10)

1
S -
2\/(1 +ﬁ) tel

Let us now fix x € I and y € R such that |y| < dist(x, dI). We also choose R = |y|. It

follows from triangle inequality that

IfCe+y) = fFON<Nfx+y) = frry R+ frryr = frrll + () = fxrll. (7.10)
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For the second term, we first use Minkowski inequality, then Cauchy-Schwartz inequality

1 R R
fernk = forll < 7 /_R /_R If(x+y+2) — f(x +w)|ldzdew

NI—=

1 R R
SE (/ ||f(x+y+z)—f(x+w)||2|y+z—w|_2ﬁ_1dz
-R \J-R
R 3
(/ |y+z—w|2‘8+1dz) dw .
-R

Because of the restrictions on the variables, |y + z — w| < 3R and x + w € I. Hence

||fx+y,R - fx,R” SJ,B SUP Vf(t)Rﬁ .
tel

The first and third terms in the right hand side of (7.11) are estimated in (7.10). Combining

these estimates with (7.11) yields (7.9). O

Let 0 be a nonnegative number. f{g(B) is the space of all continuous functions
f :[0,00) X R — B such that
(i) (t,x) V;ﬁ)(t, x) is finite and bounded on [0, ) X R;
(i) [flgn g, = sup e ”lF(E, 0]+ sup e"etV;ﬁ)(t,x) is finite.
0 t>0; xeR t>0; xeR

We equip %g (B) with the norm || - || defined as above. Then %g (B) is a normed vector

X{(B)
space.

%?(B ) the space of all continuous functions f : [0, T] X R — B such that

(i) (t,x) — V;ﬁ)(t, x) is finite and bounded on [0, T] X R;

) Il g = sup IFE 0+ sup VP (t,x) is finite.
T t<T;xeR t>0; xeR

We equip %?(B) with the norm || - || defined as above. Then %?(B) is a normed vector

X}.(B)

space. In fact, these spaces are complete.
Proposition 7.1.3. %g(B ) and %g (B) are Banach spaces.
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Proof. We present the proof only for %?(B), one can show XZ(B) is a Banach space
with analogous arguments. Let {f,} be a Cauchy sequence in %?(B). Since the space
Cy([0, T] X R; B) is complete, there exists a bounded continuous function f : [0, T| xR — B

such that

lim  sup |[fu(t,x) = f(t,x)||=0

=% 1€[0,T]; xR

Fix € > 0, there exists nyp > 0 such that

sup Vi, . (t,x) <€
x€R

for all m, n > ng. It follows from Fatou’s lemma that
an_f(t, x) < llnI}Llol;lf an_fm(t, x)<e

forevery t € [0,T], x € Rand n > ng. This implies sup; 1...g |Vf,-f(t, x)| = 0as n goes

to infinity, which means f, converges to f in %?(B ). m|

When B = LP(Q) with p € [1, o), we use the notations %?’p = %?(LP (Q)) and %g’p =
%g (LP(€)). A function f in :{g’,p can be considered as a stochastic process indexed by (¢, x)
in [0, T] X R such that

1

sup e || f (¢, x)||Lp(Q)+supe ot (/ ILf(t,x+y) = f( 0N gyl ldy) < 0.

t,x

Likewise for %g’p .
Finally, a useful feature of the operator sup,.,e~%" in (7.13) which makes it appealing
for white time noise is that it provides a good control on convolution of two functions.

More precisely for every non-negative functions f and g,

t
supe_et/ f(t=s)g(s)ds < (supe etf(t))/ e %g(s)ds . (7.12)
0

t>0 t>0
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In the current article, in most of the cases we choose f =1/2 — H. Thus, when f =1/2 - H,

we will write %Z instead of %é/ 2-Hp.

7.1.3 Mismatch of dimensions and equivalence of norms

Careful readers may notice the two qualities appearing in the norm of f{g’p are not of the
same dimension: the first term measures the amplitude while the second term measures
oscillation in the spatial variable. More precisely, suppose that the amplitude of f has
unit L, the spatial variable x has unit S, while the randomness w is dimensionless. Then
the first term in || - || % has unit L while the second term has unit L/SP. A fundamental
principle in physics says that only qualities of the same dimension can be totaled. Hence,
in order for the two terms to have the same dimension, we multiply the second term with a

constant € having unit of SP. This leads to the following norm on f{g’p

— -0t
lullgpr = sup e 7 lult, x)llr
o t>0;xeR

1
3
+e sup e Y (/]R lu(t,x +y) - u(t,x)llip Iyl"zﬁ‘ldy) . (7.13)

t>0;xeR

From mathematical perspective, the second term in the norm in (7.13) is not invariant

by scaling while the first term is. Indeed, denote u, (t, x) = u(t, Ax), then

1/2
sup e Y (/ Nua(t, x +h) —up(t, %) |h|2H—2dh)
R

Lr
t>0;xeR @

1/2
= AVZH sup 70 (/ ||u(t,x+h)—u(t,x)lliplhIZH‘zdh) :
t>0;xeR R @

This is the very reason why various orders of (¢ —s) appear in Lemma 7.2.1 below. Obviously,

[ -l by 18 equivalent to the usual norm of %g’p defined previously, thus does not alter the
6 7

topology of the original space.

The same analysis can be carried out to %?’p .
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7.2 Linear stochastic convolution equation

7.2.1 An estimate for stochastic convolutions

The stochastic convolution of the type fot fR Gi—s(x —y)o(u(s,y))W(dy,ds) appears on
the right hand side of (7.1). Thus understanding this stochastic convolution is an important
part in the study of (7.1). We first introduce some qualities that qualify the interplay
between regularity of the Green kernel and the noise.

For every g € (0,1), we define

it = /R 1Gi(y) Py, (7.14)

yap(t) = /R /R IGi(y +2) = Ge(y) Iz dzdy (7.15)

and

yap(yi= [ [ 16w =241) = Guly 1) = oty =)+ Gy Plzl 2P 2dydza.

(7.16)
When g = 1/2 — H (so that -1 — 2 = 2H - 2), we omit the dependence of § in y, and
73. In frequency mode, y;’s take simpler forms. Indeed, we apply Fourier transform and

Plancherel identity in the y variable, and make change of variables in z and / to get

1 n
Ji(t) = E/Rmf@nzde,

_ 1 A 2,izE _ 112(01-1-28
yap(h =5 [ [ 1GHOPIE™ 1Pz P dza

=i/|ét(é)|2lélzﬁd5/ le? — 1|z dz,
27 R R
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and

yap =50 [ [ [ 1GUEPIEM ~ 1P APz P 2z
’ 21t JRJR JR
-1 / G () P1ERGHB g ( / |eih—1|2|h|2H—2dh) ( / |e"2—1|2|z|—1—zﬁdz).
21 JR R R

Since H < 1/2 and € (0,1), it follows that the integrals f]R leth — 1)2|h|*-2dh and
f]R le’z — 1|2|z|"1"2Pdz are finite. Therefore, modulo some finite constants, the yi’s can be

replaced by 7;’s defined as following

Pi(t) = /}R Gi(©)Pde, (7.17)
Pap(t) = cs /}R G PR de (7.18)
P3,8(t) = C1/2-HCp /}R 1G(E)PIERPEHP g (7.19)

where cg = Ir ety —1P |y dy = 4(1+2B)T(~1-2p) cos(Bm) is finite provided 0 < f < 1.
The following result gives a qualitative estimate for stochastic convolution of a random
tield against a deterministic Green kernel. It also qualifies the smoothing effect of the

Green kernel.

Proposition 7.2.1. Let g € (0,1), p > 2, f bean adapted random field and G (x) be a deterministic

kernel. We denote
t
A= [ [ Gustr= s, Wy, ds),
We assume that y1, y2,5 and y3 g are finite and integrable near 0. Then the following inequality hold

1

0 2
1Al s o < CovPll fllgz-r . (/0 [€2y1(s) + ya(s) + y2,8(s) + 527/3,,8(5)]3_265618) ,
(7.20)

where Cg is a universal constant.
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Proof. In what follows, we denote
2
Nppe(f) = sup [l f ()l +esup ( /}R If e+ k) = F0)I, |h|—1—25dh) .

xeR x€R

We observe that

supe ¥ Ngp e(f(t,) < Ifllyn, -
£20 o

Applying inequality (7.7), we have

1A, Oy, < VAP IGe=s(x = ) f (s, Pllgonyyp o -

Using (7.4), we have

1Gi—s(x —y) f (s, y)||127,ll/2_H
Yy
< /]R/]R |Gi—s(x =y —=2)f(s5,y+2) = Ge—s(x — ]/)f(sry)|2|2|2H_2dydz
& /R/R Grs(x = y = 2) = Gros(x = PPIf (s, y + 2P|z P 2dydz

' / / Gros (x = PPIFGs,y +2) — £ (5, y)PlzPH2dydz
RJR

We then apply Minkowski inequality to obtain

1/2
[|Gis(x — y)f(S, y)||H11//27HL€) = H”Gt—s (x = y)f(S, ]/)”127-[1/241
! v

/2
L}

S DY+ ()2

where

h= /R/R Gims(x =y = 2) = Gis(x =PI f s,y + DI, 12177 dydz
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and

]2:/]1{/]RIGt—s(x—y)Izllf(S,y+z)—f(s,y)||iZ|Z|ZH—2dde

To estimate J;, we first bound || f (s, y + Z)”Lf’, < N1j2-H,p,e(f(5,-)), to get

]1 1/2 Hpe(f(s ))y2(t_5)

J> can be estimated as following. Obviously

IIf(S y+z) - f(s, }/)IlszZIZH 2dz < €Njy_py, (f(5,9),
/2=H,p,

thus

Jo < €2N7y yp, (f(, Dyilt =s).

Hence, we combine altogether the estimates (7.23), (7.24), (7.25) and (7.27) to get

xeR

sup 1A, )1, < p / N2, (PG5 DL€yt = )+ yat - )]ds

(7.25)

(7.26)

(7.27)

(7.28)

Next, we estimate the second term in the norm Nj , .(A(t,-)). For every h € R, we

apply inequality (7.7) to get

A, x + 1) = At 0, < VAP ([Ges (41t = ) = Goes(x = IF G5, Pl 2 (7:29)

The computations are carried out as before. From (7.4), we can write

G- (x +h = y) = Grs(x = 1 (5, Pl

5//|Gt—s(x+h—y—Z)—Gt_S(x—y—z)
R JR

— Gi—s(x +h = y) + Gi—s(x = P PIf (s, y + 2) *|z|*2dydz
+ /R[R IGi—s(x +h —y) = Gis(x = PIPIf (s, y +2) = f(s5, y)*|z[*F2dydz
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Using Minkowski inequality, we see that

NGes(x + 1t = y) = Gros (x = DI (5, Pllgrsy S D2+ U2 (7.30)

where

]1=/]R/]RIGt_s(Hh—y—Z)—Gt-s(x—y—Z)

~Grs(x +h = y) + Gis(x = PN f (s, y + DI |z 2dydz,
and

Bi= | [ 16t h=y) = Groslx =PI (s, +2) = s, IR, 2P -2z

J{ is estimated similarly to J;

H SN ) [ [ 1Gr =y =2 = Grostx =y =2)

— Gis(x +h = y) + Gr_s(x — ) |*|z[*"2dydz .
To estimate ];, we use the estimate (7.26) to get
J5 < e‘lez/z_H,,,,e(f(s, ) /]R IGios(x +h — y) = Gr—s(x — y)[*dy .
Combining these estimates for J7, J; and (7.30), (7.29) altogether yields

e*sup | |A(t, x +h) = A(t, 0|2, [k dh
xeR /R @

t
gpeZ/ /(];+]§)|h|-1-25dhds
0 R

t
<p /0 NY ot pe(f(5,)) [€273,5(t =) + ot —5)] ds . (7.31)
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Combining (7.28), (7.31), (7.22) and (7.12) altogether yields (7.20). O

Remark 7.2.2. In terms of dimensional analysis (performed in Subsection 7.1.3), in Proposi-
tion 7.2.1, one should consider the quality ||A||¥ﬁ,p . with a different dimensional constant
xt?,

€’ if f is different from 1/2 — H. This leads to the following estimate

”A”xg'”,e/ < CO\/E”f”xé/Z—H,p,e

1
2

( /0 [e‘zyl(S)+7/z(S)+(e’e‘l)zyz,ﬁ(s‘)+(e’)27/3,ﬁ(5)]e‘265d5) . (7.32)

However, for our current purpose, the estimate (7.20) is sufficient.

7.2.2 Existence and uniqueness

We now assume that the kernel G (the Green function) satisfies the conditions in Proposi-
tion 7.2.1. In addition, we assume that for some values A > 0 and 7 > 0, G can be written

as

G(t,x) = tT"K(x/t") (7.33)

where K(x) is referred to as the reduced Green function. One can write the functions vy;,

(i =1,2,3) according to the reduced Green function
yi(t) = Klt—2T+A ) VZ,ﬁ(t) — Kz/ﬁt_2T+2A(l/2_ﬁ) , 7/3,ﬁ(t) — Kg/ﬁt—2’c+2/\(H—ﬁ)

where

1 = / K(y)2dy,
R

K25 = /IR /R IK(y +2) - K(y) Pzl dzdy,
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and

Ka,ﬁ=/R/R/RIK(y—Hh)—K(y+h)—K(y—z)+K(y)|2|z|-1-2ﬁ|h|2H-2dzdhdy.

Similarly,

'}//\1(1') — 1€1t_2T+A , ?Z(t) — Cﬁﬁzt—27+2/\(1/2—ﬁ) , 7)3(t) — Cl/Z—HCﬁﬁf%t_ZFH_ZA(H_‘B)

where
Q= [ROPAE, k2= [ IROPIERE, (5= [ ROPEPIHac,

Theorem 7.2.3. We denote

1 2
K1\4 A(H-1/2 1 11 2AH+1-21
€o=(—K3) o, 12 60=(2(K§+K;* KHC1ypliollup

) (7.34)

where Cy is the constant in (7.37) below. Suppose that o is affine and w belongs to the space %ZO.

We assume that 11, k2, k3 are finite and

1 27-1
H _
Z17 T

(7.35)

There exists a unique solution u to the equation (7.1) in the space %go. In particular, the following

estimate holds

1/2
sup [[u(t, )l » +p2AH+1 2 sup (/ Nu(t,x +h) —u(t, x)”if’ |h|2H- 2dh)
xeR x€R

1 11
Sllwllyy o, exp(Cr((r; + 1y §)|IUIILIP)MH+1 T pIETE L) (7.36)

O/EO

for some positive constant Cp.
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Proof. Let u and v be in %go. We define the operator

t
Lu(t,x)=w(t,x) +/0 /]RGt_s(x —y)o(u(s,y))W(dy,ds).

Since ¢ has linear growth, it follows from (7.20) (with g = 1/2 — H) that L maps %go into

itself. The estimate (7.20) thus implies

ILu — LU”xZ,g < CovpllollLipllu - U||3gZ,€

1
00 2
(/ (K1€—25—27+/\ + K25—27+2AH + K3625—27+A(4H—1))e—265d5)
0

Condition (7.35) to ensure that the three integrals are finite, thus yields

ILu = Lollyr o < Cryplioliuipliu = vlle o

(\/K—le—lef—)\/Z—l/Z+\/K—267—AH—1/2+\/K—3€QT—/\(2H—1/2)—1/2) , (7.37)
We then choose € = €p and 0 = 0. With this choice, the previous estimate becomes
I - Lolly ., < 2llu—ol
XZO,EO -2 Xgo,eo :

Therefore the map L is a contraction map on (%go, |-l x 60) with the choice of €y and 6y in
O/
(7.34). By contraction principle, there exists a unique solution to the equation (7.1). The

estimate (7.36) follows immediately from (7.20) and (7.34). O

7.2.3 Examples

We revisit our three examples above and compute their corresponding coefficients.

2

Stochastic heat equation: The reduced Green function is K(x) = 21‘% e, T=A=1/2.
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The Fourier transform of K is K(&) = e=%¢. Thus

ti= [ e -
R

fo5 = /IR eS| PPdE = 9P IT(B+1/2),

o=

1%3,5 — / B_S£2|é|2(ﬁ+1/2_H)d5 — 8—1+H—ﬁ1‘|(ﬁ —H+ 1)
R

are finite numbers. In addition, y1(t) = c1t7V/2, y2(t) = coat V%P, y35(t) = 5t P71
Thus, from Theorem 7.2.3, equation (7.1) with o affine has a unique solution if and only if

the condition (7.35) is satisfied. This yields the restriction H > 1/4. 0y is given by

)=

2 1
6y = constllallﬁp@l_ﬁp .

Stochastic wave equation: G(t,x) = %I (|x| < 9t) is the fundamental solution to the
wave equation. The reduced Green function is %I (|x] < 9¥), whose Fourier transform is

Sm(éﬂ. The scaling factors are T = 0 and A = 1. It follows that x; = 3/2 and

. sin?(9&) 2 19 sin?(&)
= [ IV e = 9 ﬁ/ b
F2f /]R |EI? eITde R [E? Tlep e

Rap = /IR —Smlé(lf &) | g 2(B+h-H) g g = g2(Hp) /]R SlTE I(f) £ g g
are finite if 0 < f < H. Thus, k3, k3 (with b = 1/2 — H) are finite if and only if H > 1/4.
The condition (7.35) becomes the trivial inequality H > 0. The exponential growth rate of
p-moments is

1
Oo = const||0||LH+1 82H+1p2H+1 ,

Stochastic fractional heat equation: The Fourier transform of the Green function is

e3¢ Thus the Fourier transform of the reduced Green function is K (&) =e"2 21E1° In
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addition, 1= A = % From here we see that

£y = / e~ g = 3-%%1‘ (l) .
R a a

) Cqlfe w22 (142
Kz,ﬁ:/Re N gPPde = 9% Er( ﬁ),

o

a 2H-p 2 (2 —2(H —
Rap = /Re“"'é' £ g = 9= or (#)

are finite numbers if § > 0. The condition (7.35) becomes

3—«

H >
4

Since H is at most 1/2, this inequality implicitly restricts a to the region a € (1,2]. The

exponential growth rate of p-moments is

= a

e g2 o
Oo = const||a||Lip+“ 97 ez p a2

7.3 The Anderson model with more general initial data

In the special case o(u) = Au, equation (7.1) takes form

t
u(t,x) =w(t,x)+ /\/O /]RGt_S(x —y)u(s,y)W(dy,ds). (7.38)

Equation (7.38) is a generalized version of the Anderson model. In the case of heat
equation, the previous equation is the well-known parabolic Anderson model, and is
related to challenging systems in random environment like KPZ equation [11,49] or
polymers [1,12]. The localization and intermittency properties of the parabolic Anderson
model have thus been thoroughly studied for equations driven by a Brownian motion (see

[68] for a nice survey), while a recent trend consists in extending this kind of result to

150



equations driven by very general Gaussian noises [17,57,64, 65].

In certain situations, w(t, x) may not satisfy the conditions in Theorem 7.2.3. For
instance, in the case of heat equation, the initial datum u( can be a Dirac mass at xo, in
which w(t, x) = ps(x — xo) is singular at t = 0. To treat this class of initial conditions, we
introduce another family of space-time function spaces as following.

Let (B, || - ||) be a Banach space equipped with the norm || - [|. Let 5 € (0, 1) be a fixed
number. ‘Df(B) is the space of all (strongly) measurable functions f : [0, T] X R — B such

that

T T
£ = [ [ nRaxars [ [ e xem = fo P tandsar

(B

is finite. We equip ‘D?(B) with the norm || - || defined as above.

V(B)
Similarly, for every 0 > 0, ‘Z)g (B) is the space of all measurable functions f : [0, T]XR —

B such that

I £II? ® ::/O /]Re_zetllf(t,x)||2dxdt+/0 e 20t /]RZ||f(t,x+h)—f(t,x)||2|h|‘2ﬁ‘1dhdxdt

)

is finite. We equip ‘Dg(B) with the norm || - || defined as above.

V) (B)

Proposition 7.3.1. ‘D?(B ) is a Banach space.

Proof. The proof is similar to that of Proposition 7.1.3 and therefore is skipped to the sack

of conciseness. O
When B = LP(Q) with p € [1, o), we use the notations ‘D?’p = ‘D?(U’ (Q)).

Proposition 7.3.2. Let p € (0,1), p > 2, f bean adapted random field and G (x) be a deterministic

kernel. We denote

t
A(t, x) :/0 [RGt_s(x—y)f(s,y)W(dy,ds).
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We assume that y1, y2 g and s g are finite and integrable near 0. Then the following inequality hold

1

”A”‘DZ"” € S CO\/ﬁ”flLD%—H,p (/(; [6_271(5) +72(s) + )/2,5(5) + €2y3,/g(s)]e_295ds ,
s 2 €
(7.39)

where Cy is the universal constant in (7.20).

Proof. The argument is very similar to the proof of Proposition 7.2.1. We illustrate the

similarity by showing the following estimate and leave further details for interested readers,

/ / e 20| A(t, x)||i,, dxdt < P/ e 20t (e 2y (1) + yz(t))dt”f”;)p . (7.40)
0 R @ 0 o’

In fact, following the estimates there, we have
t
A, 012 S p /O (1(5) + Ja())ds

where

1) = [ ] 16icx =y =2) = sl = PIFG, y + )R, 2P 2y
and
16 = [ [ 1Gi-sGe = PIf s y4.2) = FGs, I I 2aydz.

It follows that

oo [ t
/O e‘zet[R||A(t,x)||§pdxdt§p/0 /Oe‘”tyz(t—s)llf(s,y)llprzdsdt
h wty

[e) t
+/ /e‘zetyl(t—s)llf(s,y)llz | dsdt.
0 0 P E2 H

wily

By interchanging the order of integration, we obtain (7.40). O

The following existence and uniqueness result is a direct application of the previous
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proposition. The proof is similar to that of Theorem 7.2.3 and hence will be omitted.

Theorem 7.3.3. Let Og be the constant in (7.34). Suppose w belongs to the space ‘Dgo. We assume
that x1, K2, k3 are finite and condition (7.35) is satisfied. There exists a unique solution u to the

equation (7.38) in the space ‘DZO.

We conclude the chapter with the following remark.

Remark 7.3.4. With a little more work, one can show that the solution found in the above
theorem is indeed a random-field solution. In other words, the second moment Eu (¢, x)?

is finite for every fixed t and x. However, we will not pursue this direction here.
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Chapter 8

Nonlinear stochastic heat equation

In this chapter we are interested in the one-dimensional stochastic partial differential
equation
du  xd*u

§:§ﬁ+G(U)W, tZO/ XER, (81)

where W is a centered Gaussian process with covariance given by (7.2) with 1 < H < 3.
That is, W is a standard Brownian motion in time and a fractional Brownian motion
with Hurst parameter H in the space variable. For this stochastic heat equation with a
rough noise in space, understood in the It6 sense, our aim is twofold: on one hand, for
a differentiable coefficient ¢ with a Lipschitz derivative and satisfying ¢(0) = 0, we will
obtain the existence and uniqueness of the solution. On the other hand, we shall further
investigate the special relevant case o(u) = u. We now detail those two main points.
Indeed, the isometry property of stochastic integrals with respect to W involves the

semi norm

1
2
Ni_pu(t,x) = (/ Elu(t,x+h) — u(t,x)|2|h|2H—2dh) :
’ R

Then, if u and v are two solutions, N% _no(0(u) —0(v))) cannot be bounded in terms of
N% _aop(u —0), due to the presence of a double increment of the form o(u(s,z + h)) —

o(v(s,z+h))—o(u(s,z))+o(v(s, z)). To overcome this difficulty we have used a truncation
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argument to show the uniqueness of mild solutions, inspired by the work [48] on the
stochastic Burgers equation on the whole real line driven by a space-time white noise. The
main ingredient is a uniform estimate of the L7 ({2)-norm of a stochastic convolution (see
Lemma 8.3.1). Due to this argument, the uniqueness is obtained in the space Z;i which
requires integrability in the space variable.

The existence of a solution is much more involved. The methodology, inspired by the
work of Gyongy and Krylov [47] on stochastic differential equations and Gyongy [46]
on semi linear stochastic partial differential equations, consists of taking approximations
obtained by regularizing the noise and using a compactness argument on a suitable space
of trajectories, together with the strong uniqueness result.

We also establish the Holder continuity of the solution u in both space and time variables.
We also derive exponential upper bounds for the moments using a sharp Burkholder’s
inequality, and the matching lowed bounds for second moments using Sobolev embedding
argument. A more detail description can be found in [56].

The chapter is organized as follows. Section 8.1 contains some preliminaries on stochastic
integration with respect to the noise W and elements of Malliavin calculus. Section 8.2 deals
with basic moment estimates and Holder continuity properties of stochastic convolutions.
We establish the uniqueness of a solution in Section 8.3. To do this, first we derive moment
estimates for the supremum norm in space and time for stochastic convolution. In order to
show the existence we need to introduce several spaces of functions in Section 8.3.2 and

derive compactness criteria.

8.1 Preliminaries

8.1.1 Noise structure and stochastic integration

Our noise W can be seen as a Brownian motion with values in an infinite dimensional

Hilbert space. One might thus think that the stochastic integration theory with respect to
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W can be handled by classical theories (see e.g [14,21,22]). However, the spatial covariance

function of W, which is formally equal to H(2H — 1)|x — y|*172

, is not locally integrable
when H < 1/2 (in other words, the Fourier transform of |£|1~?" is not a function), and W
thus lies outside the scope of application of these classical references. Due to this fact, we
provide some details about the construction of a stochastic integral with respect to our
noise.

Let us start by introducing our basic notation on Fourier transforms of functions. The

space of Schwartz functions is denoted by S. Its dual, the space of tempered distributions,

is §’. The Fourier transform of a function u € § is defined with the normalization
Fu(é) = / ey (x)dx,
R

so that the inverse Fourier transform is given by ¥ 1u(&) = 2n) ' F u(=<).

Let D((0, ) x R) denote the space of real-valued infinitely differentiable functions
with compact support on (0, o) X R. Taking into account the spectral representation of
the covariance function of the fractional Brownian motion in the case H < % proved in
[83, Theorem 3.1], we represent our noise W by a zero-mean Gaussian family {W(¢); ¢ €
D((0,0) x R)} defined on a complete probability space (Q, #,P), whose covariance

structure is given by

E [W(p) W] = cip /R Tl T UG, D I dsde, 8.2)

where the Fourier transforms ¥ ¢, ¥ ¢ are understood as Fourier transforms in space only
and

1
e = 5 -T(2H +1) sin(niH). (8.3)

The inner product appearing in (8.2) can be expressed in terms of fractional derivatives.

Let g € (0,1). Define (see [89]) the Marchaud fractional derivative with respect to the space
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variable D? of order p of a function ¢ : R, X R — Ras

Dfop(s,x) = lim D .o(s,x), (8.4)
where
B _ B ®p(s,x)—@(s,x+Yy)
D .p(s,x) = T —ﬁ)/g e dy,

and define the fractional integral of order § of a function ¢ : R, X R — R by

p 1~ _
IZY(s, x) F(ﬁ)/x Y(s,u)(x—u)"du.

Note that here the fractional differentiation and integration are only with respect to space
variables. Observe that if ¢ = IEI,D for some ¢ € L2(R, x R), then by Theorem 6.1 in [89]
we have

D =Dl (IPy) =y

and, hence,

/ [DE(p(s,x)]zdsdx = Ipz(s,x)dsdx < 0.
R,.xR RiXR

Then for our noise it is known (cf. [83] for further details) that

E [W(@) WW)] = con / DM (s, DIy (s, x)dsdx, (8.5)

R, xR

where )
1 2 ) o1 b1 5 1 -
cz,H=[r(H+§)] (/0 (@ +s)f2 - sH72) ds+ﬁ) .
for any ¢, € D((0, o) X R).
Based on the previous observation and relation (8.5), we introduce a new set of function

spaces. Indeed, let $ be the class of functions ¢ : Ry X R — R such that there exists

1_
IS L*(R; X R) satisfying ¢ (s, x) =12 Hlp(s, x). The relation between $ and our noise W

157



is given in the following proposition.

Proposition 8.1.1. The class of functions $ is a Hilbert space with the inner product

(p, V)¢ = cz,H/ D%_H(p(s,x)D%_Hgb(s,x)dsdx, (8.6)

R;XR

and D((0, 00) X R) is dense in . Moreover if g denotes the class of functions ¢ € L%2(R, X R)
such that f]R+><]R |F (s, EVPIE2HdEds < oo, then $ is not complete and the inclusion o C 9

is strict. Also for any @, ¢ € 9y,

(p, ) = Cl,H/IR XIR‘f(p(s, EF (s, &)IENdéds . (8.7)

For the proof of this proposition, we refer to [83]. Note that in [83], the functions
considered there are from R to R, but by scrutinizing the proofs we see that the results of
this paper can be easily extended to our case, i.e. the functions from R, X R to R. We omit
the details.

For any f € (0, 1), the homogeneous Sobolev space HP is the completion of the space
of infinitely differentiable functions with compact support with respect to the norm (see

Proposition 1.37 in [7])

112, = /R IDE fx)Pdx = 2, /}R /R Fx+y) - FORIYI Pdxdy,  (88)

2 _ GpB
3,ﬁ CZ,%—ﬁ
1_

homogenous Sobolev space of order B = 5 — H of functions with values in L*(R,), that is

where ¢ . As a consequence, our Hilbert space $ can be identified with the

$ = H>"H(L2(R,)) and for any f € 9,

1715 = 05,%_H/R /R/le(s,x +y) = f(s, )Py P 2dxdyds.

From Proposition 8.1.1, we see that the Gaussian family W can be extended as an isonormal
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Gaussian process W = {W(¢), ¢ € H} indexed by the Hilbert space $.
Let us now turn to the stochastic integration with respect to W. Since we are handling

a Brownian motion in time, one can start by integrating elementary processes.

Definition 8.1.2. Let #; be the o-algebra generated by W up to time t. An elementary
process g is given by

g(slx) = Xi,j 1({1i,bi](s)1(hj,lj](x)/

nom
=1

i=1 j

where n and m are finite positive integers, —co <a; < by <---<a, <b, <o, hj <l; and
X j are f;,-measurable random variables fori=1,...,n. The integral of such a process

with respect to W is defined as

=

/R /R g(s, x) W(ds, dx) Xij W (La, 01 ® 1, 1) (8.9)

~.

s |l

M 10

Xij [W(bi, 1j) = W(a;, 1}) = W(b;, hj) + W(a;, hj)] .

-
Il

—
~
Il

—

We can now extend the notion of integral with respect to W to a broad class of adapted

processes.

Proposition 8.1.3. Let Ay be the space of predictable processes g defined on R, X R such that
almost surely g € $ and E[H!]H%] < o0, Then, we have:

(i) The space of elementary processes defined in Definition 8.1.2 is dense in Ap.

(ii) For g € Ap, the stochastic integral [ [ g(s,x) W(ds, dx) is defined as an L*(Q)-limit of

Riemann sums along elementary processes approximating g, and we have:

(/ /]Rg(s,x) W(ds,dx))2

1_
Proof. Let us prove item (i). To this aim, consider g € Ay and set ¢(t,x) = D2 " g(t, x).

E =E [llgl3]- (8.10)
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According to the definition of Ay, we have: E[ [, [g |¢(s, x)|*dxds] < co. Then we will
show that g(t, x) can be approximated by elementary processes in L2((); $) in three steps.
Step 1. Recall that we have set H 27H for the class of functions f, such that there exists
h € L*(R) satisfying f = I%_Hh. We show that the process g can be approximated in
L2(Q; H) by functions of the form

Pn(s, 50) = D T b ($)Pi(x; @), (811)
i=1

where for each i, ¢;(x; w) is an ¥;,-measurable L2(Q;H 3-H )-valued random field. To see

this, we just set

m2M k2

Ynls x0) = ) Lgerpma 2" [ gz,
P (k=1)2-m
and we easily get that D%_Htpm (s,x%;w) — D%_Hg(s, x;w) in L2(Q X R, X R) as m tends
to infinity. In this way we get the desired approximation.
Step 2. We show that each ¢, (s, x; @) of the form (8.11) can be approximated by a linear
combination of elements of the form X1, ;;(s)h(x), in L%2(Q; 9). Indeed, for each Oi(x; w),

we notice that since

1
]E/ |D2 Hqu(x,'a))Ide < 00,
R

1_
D2 Hcpi(x ; w) can be approximated by functions with the form

N
Zth]-(x)
j=1

in L2(Q; L*(R)), where each X; is an ¥,,-measurable random variable and each /; is an

element in L2(R). Thus, it is easily seen that ¢;(x; w) can be approximated a sequence of
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functions of the form

N -
DX hi()
j=1

So we conclude that ¢, (s, x; @) can be approximated by

m N
i_H
D Ta($) ) Xi I hij(x)
i=1 j=1

in L?(Q; H), where X; ; are F;,-measurable random variables and h; ; € L*(R).

Step 3. Owing to Theorem 3.3 in [83] we know that
i-H
Span {DE 1,0, h < l}

1_ :
is dense in Ag := {D? " f:f€eH £}, in L2(R) norm. This observation and the results in
Step 2 immediately shows that 1, (s, x; @) can be approximated by elementary processes

in L2(Q; $). This completes the proof. |

With this stochastic integral defined, we are ready to state the definition of the solution

to equation (8.1).

Definition 8.1.4. Let u = {u(t,x),0 <t < T, x € R} be a real-valued predictable stochastic
process such that for all t € [0, T] and x € R the process {p;—s(x — y)o(u(s, y))1jo,+(s),0 <
s <t,y € R} is an element of Ay, where p;(x) is the heat kernel on the real line related to

5A. We say that u is a mild solution of (8.1) if for all € [0, T] and x € R we have:

t
u(t,x) =ptuo(x)+/0 /Rpf-s(x—y)a(u(s,y))W(ds,dy) a.s., (8.12)

where the stochastic integral is understood in the sense of Proposition 8.1.3.
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8.1.2 Elements of Malliavin calculus

We recall that the Gaussian family W can be extended to $ and this produces an isonormal
Gaussian process, where $ is the Hilbert space introduced in Proposition 8.1.1. We refer
to [80] for a detailed account of the Malliavin calculus with respect to a Gaussian process.

On our Gaussian space, the smooth and cylindrical random variables F are of the form

F=f(W(¢1),..., W(du)),

withp; €9, f € C;O (R") (namely f and all its partial derivatives have polynomial growth).
For this kind of random variable, the derivative operator D in the sense of Malliavin

calculus is the H-valued random variable defined by
n af
DF = ]Zl 5 W (@D, W)

The operator D is closable from L2(Q) into L?(Q); ) and we define the Sobolev space D'2

as the closure of the space of smooth and cylindrical random variables under the norm

IDFIh > = \[E[F2] + ENIDFI2].

We denote by 6 the adjoint of the derivative operator (or divergence) given by the duality
formula

E[6(u)F] = E [(DF, u)s], (8.13)

for any F € D' and any element u € L2(Q; $) in the domain of 6.

For any integer n > 0 we denote by H,, the nth Wiener chaos of W. We recall that H is
simply R and for n > 1, H,, is the closed linear subspace of L2(Q) generated by the random
variables {H,(W(¢)); ¢ € 9, |pllg = 1}, where H,, is the nth Hermite polynomial. For any

n > 1, we denote by $®" (resp. H°") the nth tensor product (resp. the nth symmetric
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tensor product) of $. Then, the mapping I,(¢®") = H,(W(¢)) can be extended to a linear
isometry between $°" (equipped with the modified norm Vn!|| - [|gen) and H,,.
Consider now a random variable F € L2(Q) which is measurable with respect to the

o-field ¥ generated by W. This random variable can be expressed as
F=E[Fl+ ) L(f.), (8.14)
n=1

where the series converges in L%(Q), and the elements fn € 9", n > 1, are determined by
F. This identity is called the Wiener-chaos expansion of F.

The Skorohod integral (or divergence) of a random field u can be computed by using
the Wiener chaos expansion. More precisely, suppose that u = {u(t, x); (t,x) € R, xR} is
a random field such that for each (¢, x), u(t, x) is an #;-measurable and square integrable

random variable. Then, for each (¢, x) we have a Wiener chaos expansion of the form
ut,x) =Eu(t, 01+ > L(fu(, t,1)). (8.15)
n=1

Suppose that E[||u II%] is finite. Then, we can interpret u as a square integrable random
function with values in $ and the kernels f,, in the expansion (8.15) are functions in &+
which are symmetric in the first n variables. In this situation, u belongs to the domain of
the divergence operator (that is, u is Skorohod integrable with respect to W) if and only if

the following series converges in L%(Q)
o= [ [ oW =WED+ Y La(f, b0, 616
0 JR? -

where ﬁ denotes the symmetrization of f, in all its n + 1 variables. We note that whenever

u € Ay the integral 6(u) coincides with the It6 integral.

Along the chapter we denote by C a generic constant that may vary from line to line.
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8.2 Moment estimates and Holder continuity of stochastic

convolutions

8.2.1 Moment bound of the solution

First we introduce some notation, which makes some of our formulae easier to read, and
which will prevail until the end of the article. Let (B, || - ||) be a Banach space equipped
with the norm || - ||. Let B € (0,1) be a fixed number. For every function f : R — B, we

introduce the function N3 f : R — [0, o] defined by

Npf(x) = (/IR If(x+h) - f(X)IIZIhI_l_Zﬁdh)2 : (8.17)

With this notation, the norm of the homogeneous Sobolev space HF can be written as

¢3,|INg fllr2(r)- The following technical lemma will be used along the chapter.

Lemma 8.2.1. Forany 3 € (0,1),

/ [Npps(x)]Pdx < cﬁ(Ks)—%—ﬁ,
R

where in the definition of N we take B = R.

Proof. Recalling that Fp,s(&) = e~55¢ and invoking Plancherel’s identity we can write

//lps(x+h)—ps(x)|2|h|—1—25dhdx
RJR

/ / eIl 121z dzd e
R JR

Cip / e PP,
R

/ [Nsps (x) Pl
R

where the second relation is obtained by a scaling v = £z in the integral in z, and
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C1,p = 5= Jr l" = 12[o|717?Pdv. Setting now 1 = (xs)'/2¢ in the integral in &, we get

/[N,gps(x)]zdx < Cﬁ(KS)_%_ﬁ ,
R

where Cg = C1 5 [g e Inl?Pdn. O

The transformation N can also be defined for functions f defined on R, X R acting on
the spacial variable, and in this case, N3 f : Ry X R — [0, o0].

Fix p > 2. Suppose now that f = {f(t,x),t > 0,x € R} is a random field such that
E|f(t,x)|P < oo for all (¢, x). Then we can consider f as an L”({2)-valued function and we

will denote by Nj , f the transformation introduced in (8.17) for B = L?(Q2), that is,

Nepf(t,x)=| [ lIft,x+h) = f(t, 0l o I 2PdR| . (8.18)
R Q)

With the above notation in mind, the following inequality is essential in our approach.

Let W be the Gaussian noise defined by the covariance (8.2).

Proposition 8.2.2. Consider a predictable random field f € Ag. Then, for any p > 2 we have

t }
Vapes 1y ( /0 /]R [N%_H/pf(s,y)]zdyds) . (8.19)

H/Ot/Rf(s,y)W(ds,dy)

Proof. Applying Burkholder’s inequality, we have

<
LP(Q)

1
2

f t
H | [ s pwids, ) s@H [ s (520)
o JR LP(Q) 0 Hz2 L7 (Q)
Using (8.8), we can write
£, =y [ 1fG s h = fe P IR 2dhdy. @21
H2 72 R2
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We now invoke Minkowski’s inequality, under the form

< [ U ayudé),
L1(Q) 5

H /S U(E)p(dE)

for a measure u on the state space S. Together with (8.21), this yields

1
2

t
2 2 2H-2
H/O ||f(s,-)||H%_H ds o < CG3im /Rz ||(f(s,y+h) - f(s,y)) ”L%(Q) \h1*H=2 dhdy
= C31 H /RZ If(s,y+h)—f(s, y)II%p(Q) |n|*H~2 dhdy,
from which identity (8.19) is easily deduced. O

Next, for 0 > 0, ¢ > 0and € (0,1), we consider the space %g’p which consists of all

random fields such that the following norm is finite

lullyr = sup e u(t, 0l +¢e sup e PNy u(t,x). (8.22)
O t>0,xeR t>0,xeR

Remark 8.2.3. (a) In the case ¢ = 1, we simply write || - ||¥ﬁ,p.
o
(b) The second term in the norm in (8.22) is not invariant by scaling while the first term is.

Indeed, denote f)(t,x) = f(t, Ax), then

1/2
sup (/ | fa(t, x +h) — fa(t, x)||fp@)|h|—1—2ﬁdh)
x€R R

1/2
= APsup (/ | f(t,x+h)— f(t,x)||§p(0)|h|—1—2ﬁdh) :
xeR \JR

This is the very reason why various orders of (t — s) appear in the proof of Proposition
8.2.4 below. We bypass this technical difficulty by the introduction of an additional scaling
factor ¢ in (8.22).

(c) Another way to see the role of ¢ is via dimensional analysis. Suppose that the amplitude

of f has unit L, the spatial variable x has unit S, while the randomness w is dimensionless.
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Then the first term in (8.22) has unit L while the second term has unit L/Sf. Hence, in
order for the two terms to have the same dimension, we multiply the second term with a

constant ¢ having unit of SF.

Proposition 8.2.4. Consider a predictable random field f € Ay and define process {®(t,x), t >
0,x € R} by
t
O(t, x) = /0 /Rpt-s(x —yfls,y)Wds,dy). (8.23)

Then, for any p < H and p > 2, the following inequality holds:

N Cox/ﬁllfllx%_H,,,

0,¢

where Cy is a constant depending only on H and B.

Proof. According to our definition (8.22), we have ||(D||%ﬁ,p = Ay + e Ay, with
0,¢

Ar= sup e YOt V)llr@), and A= sup e P Ngu(t,x).
t>0,xeR t>0,xeR

We now estimate those terms separately. Along the proof C will denote a generic constant
depending only on H and f.
Step 1: Upper bound for Ay. The term @(¢, x) is of the form

t
/ / Gir(s, PW(ds, dy), with gix(s,y) = pis(x = P £ (5, 1),
0 R

Applying inequality (8.19), we thus have

1
2

t
100, Dl < CF ([ 10ia(s, 54 1) = 9006, 0By Ity as)
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A simple decomposition of the increment g; (s, y + h) — g¢ (s, y) then yields

t 3 t 3
(/0 h(S)dS) +(/0 ]z(S)dS) ]

1D(t, X)llr @) < Clp

where

Ji(s) = /]R/]R Pi-s(x =y = 2) = prs(x = PPIF (s, y + 2)F ) 12177 P dydz

and

]z(s)=/R/Rpf_s(x—y)||f(s,y+z)—f(s,y)||§p(g)|z|2H-2dydz.

To estimate [1(s), we write

he) = supllf (s, Dl Ny b Py,

Azpplying Lemma 8.2.1 with § = 1 — H, we obtain

Ji(s) < Csup I f (s, )7 ) [t = ).
xeR

Let us now turn to estimate J>(s). Recalling our notation (8.18), we have

Ja(s) = /}R P = INy g, f(s, I dy < sup[Ny_py , f (s, )] /R pis(x =y dy

x€R

IA

[2mk(t — )] sup[Ny_y; , f (s, 1)1

2
x€R
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Hence, putting together our bounds on J; and ], we get

t 2
e”" sup [(t, 1)) < CyPsupe” I f(s, )l ( / eIk (t - s)]f“ds)
0

x€R s>0

xeR
1
(fot e20(=9)[1e(t — s)]‘%ds)z
+Cpesupe P sup Ni_y;  f(s,x) ,
2 P &€
sZ]OR xeR
xXe

and some elementary computations for the integrals above yield

A= sup e " Ot M)y < CVPIFI 3, (272073 477107,

t>0,xeR g ¢

Step 2: Upper bound for Ay. For every h € R, we apply inequality (8.19) to get

|D(t, x + h) — D(t, x)|lLr) < Cp

1

t , s
X (/0 /]R I:N%—H,p ((prs(x +h =) = pros(x — )1 f (s, .)}] (y)dyds) (8.26)

Furthermore, along the same lines as for Step 1 above, we can write

1

! 2
(/0 /IR [N%_H,p {[(Pt—s(x +h--)— pt_s(x - )]f(sl )}]2 (y)dyds)

t t
’ 1/2 ’ 1/2
S/O(]l(s,h)) ds+/0 (]Z(S,h)) ds, (8.27)

where

H(S/h):/]R/]Rlpt—s(x+h_]/_Z)_Pt—s(x_y_z)_pt—s(x+h_y)+Pt—s(x_y)|2

XN f(s,y+ Dy l21P 2dydz,
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and

s, = [ IpresGet =) = prese= PIFGs, v +2) = £, 1l 2P 2dydz.

Using the same arguments as in the proof of Lemma 8.2.1, we can show that

[ T bk < Clte = s sup 1G5, 0l
R xeR

On the other hand, applying Lemma 8.2.1 leads to

/ To(s, W) h[7"2Pdh < Clic(t —5)] 727 sup[Nl_pr(s,x)]z.
R xeR 2 7

Combining these estimates for J7, J; and resorting to (8.27), (8.26), similarly as the estimate

for e 70| D(¢, x) llLr (), we obtain

H p_1, B H 1B b1
Ay < C\/E(”f”%é—‘H,pKz 2720272 + ¢ 1”f”x§—.H,pK 17102 4) ,
Putting together Step 1 and Step 2, our claim (8.24) is now easily checked. |
In the particular case = % — H, and using the simplified notation || - || Lup = -l
x@,s l .
the estimate (8.24) can be written as
1Pl < CovPlifller (772077 +e7lT3075 + exmi037H) (8.28)

8.2.2 Holder continuity estimates

A natural question arising from the definition (8.23) of the process @ is the derivation
of Holder type exponents in both time and space. Some estimates in this direction are
1
2—H, L
provided in the next proposition. We recall that f{go =X 7, and the norm || - || y» is given
B0

by (8.22) with e =1and p = 3 - H.
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Proposition 8.2.5. Recall that the noise W is given by the covariance (8.2). Consider p > 2 and
a predictable random field f € X, , where 6y is any positive number. We define the random field
® as in (8.23), and fix a finite time horizon T. Then for every x,h € R, t1,t, € [0, T] and every
y € [0, H] we have

H-y
1P([£1, t2], x + ) = O([t1, b2], V)llr) < Cll fllyr e%T |ty — 14|72 ||, (8.29)
0
In the above, the constant C depends on T and we are using the notation
O([t1, t2], x) = D(t2, %) — D(t, X) .

In particular, if we let t; = 0, we get the Holder estimate of the space variable. For the Holder

estimate of the time variable, we have
H
|P(t2, x) — P(t1, X)|lLr() < Cllfllxg e%T |ty — ]2 . (8.30)
0

Proof. First we prove (8.29). Without loss of generality, we assume t; < t; and denote

At = t, — t1. We denote

Vi(f) =supsup |l f(t, X)llr ), Va(f) =supsup N, f (¢, x), (8.31)
t<T xeR t<T xeR

and V(f) = V1(f)+Va(f). Observe thataccording to (8.22), wehave V(f) < exp(6oT) ||f||35;67 .
0
As in the proof of Proposition 8.2.4, we first write ®([t1, t2], x + h) — ©([t1, t2], x) =
A1 + Ay, where

f1
A = /0 /R[p[tl—s,fz—s](x +h=Y) = pry-s,t,-s1(x = 1f (s, y)W(ds, dy),

and

2]
Ay = / /[ptz—s(x +h - ]/) - ptz—s(x - y)]f(s, y)W(dS,dy) )
tp JR
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We now treat those two terms separately.
Step 1: Upper bound for Ay. The computations are carried out analogously to the proof of

Proposition 8.2.4, and we have

5]
140 0y < € [ (An(s) + Ao,

where Aj; and Ajp are analogous to Ji, J> in the proof of Proposition 8.2.4, and are

respectively defined by
An(s) = /]R/]R P1ti=s, tr-s1(X + 11 = Y = 2) = Plty—s 1,51 (X = Y — 2)
— Plti-s t-s1(X + B = 1) + Pity—s 151X = PPN (s, ¥ + DIy ) 1217 > dydz,

and

Ans) = / / Pl=s -1 (X + 1 = Y) = Pliy—s pp-s1(x = Y)I
RJR
X ||f(sl y + Z) - f(sl ]/)||%p(9)|Z|ZH_2dydz .

Let us now bound Aj;. Invoking Plancherel’s identity with respect to y and the explicit

formula for ¥ p;, we have

An(s) < CV2(f) /R /R 1Pt tas (B + ¥ = 2) = Plisos e (Y = 2)

— Plir=s,ta-s] (1 + ¥) + Plts-s -1 (W) [ 121 ~2dy dz
< CVE(f) /R/]RleJZTSKIaZ _ o T RIER R pmigz _ 1 2|pith _ 1P|z 2H-24 5 47

_la=s 2 I 2 e _
< CVlz(f)/ |€ 2 K[| —e 2 K[| |2|elgh _1|2|£|1 2Hd5
R
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Moreover, owing to the identity

t -s -5 — 44 2— 2
/1|e—t271<|5|2 ety Ll 21 il i (8.32)
0 K|&I?
we obtain
t .
Avi(s)ds < CxTIVA(f) / o= 2 IEF _12efh — 112 g2 g
0 R
< CkWVAHI, (8.33)
where
I ::/ 11— e TP 2sin2(En/2) £ 2HAE . (8.34)
R

Our next step is to bound I in two elementary and different ways.

(i) The change of variable hé := £ yields
_ &AL 2
I= |h|2H/ (1 i 2ht2|5|2) sin2(£/2)|E712Hdg
R

and we then bound 1 — ¢~ 22 by 1 to obtain I < C|h|*H.
(ii) On the other hand, the change of variable (kAH)V2E = & in (8.34) leads to

_ H P =Y AT hé _1-2H
I = (xAt) /]R(1 e™*2) sin (—2(1<At)1/2)|5| &,

and we bound the trigonometric function sin? by 1 to obtain I < C(xAt)™.
Interpolating the two estimates we have obtained for I, with a coefficient 6 = % € [0,1],
we see that

2H-
2

I < Clh|HH (kAHHO-0) < C(xAt) T |h]7 . (8.35)
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Plugging this identity back into (8.33), we have shown

2H

t _
/ Aq1(s)ds < CK-l(KAt)TWWVf(f),
0

forall y € [0,2H]. Let us now turn to the estimate for Aj,. Similarly to what has been done

for A11 we get

1

5]
An(s)ds < CV2(f) /0 /IR D1 —osa1(h 4 ) = Pit s 1oy (1) 2y dls

< cvzz(f)/R/Otl le”

Thanks to (8.32), we thus end up with

0

ty—s 2 t1—s . 2 .
T RIER e RIER 25 efEh — 1248

f1 Atk £ 2
/ A1p(s)ds < CK_lvzz(f)/ 11— e~z M2 sin?(h&/2)1E]72dE .
0 R

In addition, the integral on the right hand side can be estimated as I above, and we get

’
1-y

151
/ A1p(s)ds < CVZ(f)(xAt) 2 ||
0

for all " € [0,1]. Since 1 > 2H, we may choose y’ = y to obtain
h 4 Moy s
/ Aqp(s)ds < Cx™ (kAt) "2 |h["V5(f),
0
for all y € [0,2H]. Hence, the bounds on A1 and A1 yield

2 2 Hy y
”ﬂlllL;ﬂ(Q) <CV (f)(At) T h’,

forall y € [0,2H].

Step 2: Upper bound for Ay. The term || Ay || i? () can be estimated analogously to A;. Indeed,
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the reader can check that, owing to inequality (8.19) and Plancherel’s identity, we have

At
”ﬂz”%p(g) < CVlz(f) / / 6_51<|5|2 san(hg/z)qgll—ZH + 1)d£ds ,
0 R

where we recall that V7 is defined by (8.31). Taking integration in ds first, we see that
19013, 0, < O VR [ (1= e sindhe 202 + e Py
R

These two integrals can be estimated as the term I in (8.35), and we get

2H
2

1A ) < CVE(HAD T IR,

for all y € [0,2H]. Let us remark that the constants in all previous estimates depend
onlyon T, p and x~!. In addition, as functions of (p, k1), these constants have at most
polynomial growth. Hence, gathering the estimates for ||A; II%,,(Q) and II&ZIZII%,, @ the proof
of our claim (8.29) is finished.

Step 3: Proof of (8.30). Again, we assume that t; < t;, and we proceed as in the previous

steps and the proof of Proposition 8.2.4. Indeed, we begin by writing
1D(t2, x) = P(t1, X)|lrr () < B1+ B,

where

f1
B, = H /0 /R Pltss s (X = 1) (s, Y)W (ds, dy)

LP(Q)
and

By =

t2
/ /]Rpfz-s(x - ) f(s, y)W(ds,dy)

t LP(Q)

Once again we handle those two terms separately.
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For the term B, we resort to inequality (8.19) in our usual way. We get

1
2

t1
B1 < c(/o /]R/]Rp[ztl_s,tz_s](x—y)llf(s,y)—f(s,y+z)||%p(Q)|z|2H_2dzdyds)

f1
+C(/ / / |P1t1=s,t2-51(X = Y) = Plt1=s,tr—s] (X — Y — z)|2
0 JRJR

XIf(s, v+ DI 121 2dzdyds)*.

NI

With the definition (8.31) in mind, it is now readily checked that

B1 < C (BuiVa(f) + Bi2Va(f)) , (8.36)

with

1
t1 2
By = (/ / P[5, 157 (X — y)lzdde)
0 R

and

1
2

f1
Bip = (/O /IR/]R Pit1-s,t2-s1(X = Y) = Pt1—s,tr-s1(X — ¥ = Z)|2|Z|2H_2dzdyd5) :

We now appeal to Plancherel’s identity to get

=y

)

1
s -s 2 2
o~ KIER _ e-tlT’d‘f'Z‘ déds) = C(ty - 1)7,

and

Bz

fi fa=s <2 bi—s 2 2 H 2 2H-2 %
C / //'e'TKM _e s K'S" le~1% _ 112)z[2H2dzd £ ds
0 RJR
t -s -s
C(/l/ ‘e—%maz_e—%maz
0 R

C(tr — tl)% .

) 1
|5|1—2Hdéds)
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Reporting these estimates in (8.36) and observing that H < 1, we end up with
— )7 ¥ 00T
B1 < C(ta = t1)2 [Vi(f) + Va(f)] < C(ta — t1)?2 ||f||3gg e’
0

The patient reader might check that the same kind of upper bound is valid for B,, and

gathering the estimates for By and B, yields inequality (8.30). O

8.3 Existence and uniqueness of the solution

In this section we will establish a result regarding the uniqueness of the solution. Then we
will describe the structure of some new spaces of stochastic processes which will be used

to show the existence of the solution.

8.3.1 Uniqueness of the solution

In this subsection we give some results about the uniqueness of the solution assuming that
the solution has enough regularity. To this end, we first introduce a norm || - || ,» for a
T

random field v(t, x) as follows

lvllzr = sup [[v(t, )llr@xr) +sup Ny, o(8), (8.37)
T <t t<T 270
where p > 2 and
%
Ny o ®) = (/an(t,-) —v(t,-+h)||%p(QxR)|h|2H"2dh) : (8.38)

Then the space Z;ﬂ will consist all the random fields such that the above quantity is finite.
The proof of the uniqueness theorem requires a localization argument, based on uniform

estimates (in space and time) of stochastic convolutions, provided by the following lemma.
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Lemma 8.3.1. Suppose that p > 72— Let v be a process in the space Z’? Define

t
D(t, x) :/0 /]Rpt_s(x—y)v(s,y)W(ds,dy).

Then, there exists a constant C depending on T, p and H, such that

sup N%_HCD(t,x)

< Cllvllzp.
te[0,T], xeR T

LP(Q))

(8.39)

(8.40)

Notice that in the above inequality, the operator Ni_p, defined in (8.18), acts on the

trajectories of the random field ®(t, x), and, as a consequence, N 1 g P(t, x) is arandom

variable.

Proof. We shall apply the factorization method to handle the stochastic convolution (see, for

instance, [21]). Namely, an application of a stochastic version of Fubini’s theorem enables

to write
sin(mta)
T

t
DO(t,x) = /0 /]R(t - r)"‘_lpt_r(x -2)Y(r,z)dzdr,

with

Y(r,2) = /0 /}R (r = ) py_s(z = y)o(s, y)W(ds, dy),

and where a € (0, 1) is a parameter whose value will be chosen later. The proof will be

done in two steps.

Step 1: Uniform estimate of N%_HCD(t, x). In order to estimate N%_HCD(t, x), we bound the

difference ®(t, x) — ®(t, x + h) as follows

|D(t, x) —D(t,x + h)|

_ sin(am) | [ e o i

= - /0 /]R(t 7’) (pt—r(x Z) pt_r(x +h Z)) Y(T’, Z)dZdr
i t

< Sm(r(:n) /0 (t - T)a_l ||Pt—r(‘) —pr—r(+ h)||L'4(JR) Y (r, e wydr ,
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where g satisfies p~! + ¢~! = 1. So using Minkowski’s integral inequality, we get
/ |D(t, x) — D(t, x + h)|*|h)*H2dh
R

t 2
=€ /R(/o (£ =" prr e =) = pros Gt B =gy 1Y 0 Mgy dr | 1022

¢ 2
<C ( /0 (t = )Y (7, )l gy [Ke ()] dr) , (8.41)

where we have set

Ki(r) = /]R”Pt—r(x —2) = Prr(x + 1 = Dy gz (RPN

Now the kernel K; can be bounded by elementary methods: with the change of variable

z —» Vt—rzand h — Vt — rh, we obtain:

/]R”pt_r(x =2) = pror (X 4+ h = D[y gz 1P 2dR

~3414H 2 _@m?
=C(t—-r) 2" e"T —e 2
R \/R

where we have used the fact that g7} = 1 — p~1. Going back to (8.41), the following holds

2
q q
dz) h2H=2dh = C(t — r) 27 H

true

¢ 2
/ (¢, x) — D(t, x + 1) 2 h[H2dh < C ( / (t =2 Dy () e dr)
R 0

t [a—1+l(H_l_l)] % t %
<C (/0 (t—r)t PASE A dr) (/0 ”Y(r")”;ZP(]R) d?’)

We can now start to tune our parameters. It is easily checked that the first integral in the

right hand side above is finite (uniformly in 0 < ¢ < T) if and only if:

(8.42)



With this choice of a, we get

2

/ch(t x) — D(t, x + h)|*|h)*H- 2dh<c(/ Y (r, )IIL,;(R) )p,

and since this bound is uniform in x, this yields

2

sup [Ni_p (¢, P < C(/ 1Y (r, )”Lp(]R) )p . (8.43)
0<t<T,xeR

Then, to prove (8.40) it suffices to show that
IE/ 1Y (r,2)IF dz < C||v|”,. (8.44)
R Z7
Step 2: Proof of (8.44). Set g, (s, y) = (r —s) *p,—s(z — y)v(s, y), so that

Y(r,2) = /O | 5ess, ) Weds, .

Then apply the Burkholder type inequality (8.19), an elementary decomposition of the

increments of g, in order to get

E / Y (r,2)V dz < C [D1(r) + Da(1)],
R

where

D1(r) = r (r— S)—2a |pr—s(y) —Pr-s(y + h)|2
R 0 R2

X|o(s, y+z+ h)||Lp(Q) |h|?H- 2dhdyds)

NI

dz
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and

D= [ ([ [ =92t

X|o(s,y+z+h)—ov(s,y+ z)||ip(Q) Ihle_zdhdyds)

NI

dz.

Let us now bound the term D;. Invoking Minkowski’s integral inequality; it is easily

seen that

NI

D) < ([ [ =72 presw) = prosty + WP oG, My gy WP 2 dyas)”

Integrating this identity in & and y, we end up with

r
2

Di(r) < C (/0 (r =)Mo (s, )IE oxr) ds)

Similarly we get the following estimate for D, (r)

p

Do) = ([ [ =2 H ot + ) = 00, M gy NP 2 )
0 JR

IA

p

c (/Or(r —5)72 [N%*_Hlpv(s)]z als)7 .

Combining the estimates for D1(r) and D,(r) we obtain

T
]E/RW(V'ZW) dz < C (/0 [(r =) o (s, M axr)

+(r— )22 [N;_H/pv(s)]z] ds)g . (8.45)

Let us go back now to the values of our parameters «, p. One can check that the two

singularities in the integrals on the right hand side above are non divergent whenever

181



a < % Combining this condition with the restriction (8.42), we end up with the relation:
H
—t-—=<a<—. (8.46)

Those two conditions can be jointly met if and only if H > 1 and p > 2. This completes

the proof of the lemma. ]

Notice that the previous lemma implies that for any process v € Z/, the random
variable sup, _r sup,.g V. 1 yP(t, x) is finite almost surely, if @ is given by (8.39).

The uniqueness result for equation (8.1) is the following.
Theorem 8.3.2. Assume the following conditions hold true:

1. For p > 2=, the initial condition ug is in LP(R) and
/]R lluo(-) — ug(- + h)||§,,(R)|h|2H—2dh <00, (8.47)

2. o is differentiable, its derivative is Lipschitz and ¢(0) = 0.
3. u and v are two solutions of (8.1) and u,v € Z;.
Then for every t € [0, T]and x € R, u(t,x) = v(t,x),a.s.

Proof. Assume that u solves (8.1) and u € Z?. From the mild formulation of the solution

we have
t
u(t,x) = pritg(x) + /0 /}R Pros(x = y)a(u(s, y))W(ds, dy) (8.48)
We claim that
supsup N1_pyu(t,x) <oo, a.s. (8.49)
t<T xeR °

This follows from the decomposition (8.48). Indeed, on one hand, (8.47) implies that, if

g(t,x) = prup(x), then

supsup N1_gg(t, x) < oo.
t<T xeR °

182



On the other hand, from the properties of o, it follows that o (1) also belongs to Z 4 , and
by Lemma 8.3.1

supsup N1_po(u)(t,x) < oo, a.s.
t<T xeR °*

Notice that to estimate the first term of (8.37) for o(u), we need to assume ¢(0) = 0. If v is
another solution of equation (8.1) belonging also to Z7, then (8.49) also holds for v. In this

way, we can define the stopping times

Ty = inf {O <t<T: sup lu(s, x) —u(s, x + h)|*|h|*P2dh > k
0<s<t,xeR/R

or  sup lo(s, x) — (s, x + ) |*|n|*2dh > k},
0<s<t,xeR“R

and Ty T T, almost surely, as k tends to infinity. Our strategy will be to control the two

following quantities:

I(t,x) = E [Lery lu(t, x) = o(t, x)?]

and
L(t,x)=E l/ Tip<ryy lu(t, x) —0(t, x) —u(t,x +h) +ov(t,x + )2 |h2H2dn| .
R

We also set Z(t) = sup, g Ij(t, x) for j =1,2.

In order to bound Iy, let us first use elementary properties of Itd’s integral, which entail

tATy
Lsery (ult, ¥) - 0(t, 2)) = /O /IR prs(x = 1) [0(u(s, 1)) — 0 (o(s, )] W(ds, dy)

t
- / / pis(x = Pisery [0(u(s, y)) - o (o(s, 1))] W(ds, dy).
0 R
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We thus get I1(t, x) < C(I11(¢, x) + I12(t, x)), where

t
I11(t, x) =1E/0 /Rz Ipi—s(x = y) = pros(x — y — )|?

X sty [0(u(s, y + 1)) — a(v(s, y + h)|* 1h*H2dhdyds ,

and

t
ha(t, ) =E [ [ 926 iliecrglotuts, 1) = o006, 1)

—o(u(s,y +h)) +a(u(s,y+h) 1P 2dhdyds .

Next we bound the term 11 (¢, x) as follows

t
111(t,x)éC1E// Pi—s(x = y) = prs(x —y = W)
0 R2

t
X s<r)|u(s, y +h) —o(s, y + ) [*|h|*"2dhdyds < C / (t — )1 1(s) ds,
0

where we recall that 71(t) = sup g I1(t, x). Let us now invoke the following elementary

bound on the rectangular increments of ¢, valid whenever ¢’ is Lipschitz
lo(a) —o(b) —o(c)+o(d)| <Cla—-b-c+d|+Cla=b|(Ja—c|+|b-4d]),
With this additional ingredient, and along the same lines as for I11(¢, x), we get

t
I(t, x) < Ck /0 (t =) [Li(s) + To(s)] ds .

Finally, gathering our estimates on I1; and I1» we end up with:

t
Lt) < Ck / (t = )H [Li(s) + Ta(s)] ds.
0
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The term I>(t, x) above is dealt with exactly the same way, and we leave to the reader the

task of showing that:
t 3
() < Ck [ (=9[R () + Bs)] ds.
0
As a consequence,
t 3
L)+ B0 <Ck [ (=P [h() + Be)] ds,
0

which implies 7;(t) + Io(t) =0 for all t € [0, T]. In particular,

E [1j<r lu(t, x) —v(t, )?] =0,

which implies u(t,x) = v(t,x) a.s. on {t < Ty} forall k > 1 and t € [0, T]. Therefore,
taking into account that T T oo a.s. as k tends to infinity, we conclude that u (¢, x) = v(t, x)

a.s. for all (t,x) € [0, T] X R. This proves the uniqueness. O

8.3.2 Space-time function spaces

We introduce here the function spaces which form the underlying spaces of our treatment
for the existence of the solution. Since these spaces do not belong to standard classes of
function spaces, we describe them in detail.

We denote by Cyc([0, T] X R) the space of all real-valued continuous functions on
[0, T X R equipped with the topology of convergence uniformly over compact sets.

Let (B, || - ||) be a Banach space equipped with the norm || - ||. Let § € (0, 1) be a fixed

number. For every 6 € (0, o] and every function f : R — B, we introduce the function
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N® f : R = [0, 0] defined by

NG f () = ( | iraem- f(x)llzlhl‘l‘zﬁdh)i . (8.50)
[h|<0

Notice that for 6 = oo, this coincides with the function NV ﬁ(oo) f = N f introduced in (8.17).
As we will see later along the development of the chapter, Nﬁ(é) f plays a role analogous
to the modulus of continuity of f near x. It follows from the triangular inequality, that N

satisfies

ING £ (x) = NP g (0l < NP (f = 9)(x) (8.51)

for all 6 € (0, o], functions f, g and x in R. Thus, N is a seminorm.

Suppose, for instance, that a function f has modulus of continuity |k|fw(h) at x, for any
[h] < 6. Then [Ny £ (x)* is majorized by 2 J® @(hyh=1dh. Thus, for N3 f (%) to be finite,
it is sufficient that w?(h)h~ ! is integrable near 0. On the other hand, if NV 5(6) f is bounded

over a domain, the following proposition asserts that f is necessarily Holder continuous.

Proposition 8.3.3. Let I be a non-empty open interval of R and 6 € (0, co]. Let f be a function
on R such that sup,.; Nﬁ(é)f(x) is finite. Then

sup I Cx + y)ﬁ_ SO gy sup N £ () (8.52)
xe[,lylﬁg/\dist(x,al) |]/| xel

for some finite constant c(f) which depends only on p.

Proof. For every x € I and positive R, R < 6, we denote fyr = 5% f_RR f(y +x)dy. We first
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estimate || f (x) — fx rll as follows

1 R
£ = furll < 5 [ 1FGO = FCx iy

1

i R _ 2 —1—25 )%( R 1+2ﬁ )2
SZR(/_Rllf(x) Fx+ IRl 2y /_R|y| dy

B
a sup Nﬁ(é)f(x) . (8.53)

<
2\/(1 + 18) xel

Let us now fix x € [ and y € R such that |y| < 6/3 A dist(x, dI). We also choose R = |y|. It

follows from triangle inequality that

IfCe+y) = fFQON < Nf(x+y) = frry rRI + I fery R = frrIEHILf(0) = fxrll. (8.54)

For the second term, we apply Minkowski’s and Cauchy-Schwarz’ inequalities to get

1 R R
fesur = forll < 73 / / f(x +y+2) - f(x + )| dzdw,
“RJ-R

and this yields

1
1 R R 3
1 fery,R = furll < @/ (/R If(x+y+2) = flx+w)Ply +z - wl_zﬁ_ldz)

“R
R 3
X (/ ly +z - wlzﬁ‘“ldz) dw .
R

Notice that because of the restrictions on the variables, the domain of integration above

satisfies |y +z — w| < 3R < 6 and x + w € I. Hence

I fesy,r = furll < Cpsup Ng” f(y)RF .
yel

The first and third terms on the right hand side of (8.54) are estimated in (8.53). Combining

these estimates with (8.54) yields (8.52). O
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The function N, ﬁ(é) f can be defined for functions defined on R, X R, and in this case,
Nﬁ(é) f Ry X R — [0,0]. We introduce here a new space which will be used for the

existence part of the solution to (8.1).

Definition 8.3.4. Let %?(B) be the space of all continuous functions f : [0, T] X R — B such

that

Ifllgs )= sup  NIf(t,x)ll+ sup Npf(t, x) < oo
T te[0,T],xeR te[0,T],xeR

We equip %i(B) with the norm || - || defined as above. Then %?(B) is a normed

X}.(B)

vector space. In fact, the following proposition states that %5(8) is complete.
Proposition 8.3.5. %?(B ) is a Banach space.

Proof. Let {f,} be a Cauchy sequence in %?(B). Since the space Cy ([0, T] X R; B) of bounded
continuous functions from [0, T] X R to B is complete, there exists a bounded continuous

function f : [0, T] x R — B such that

lim  sup |fu(t,x)— f(t,x)]|=0.

=% 4el0,T], xR

For any ¢ > 0 there exists n¢ > 0 such that

sup Ng(fn — fu)(t, x) < ¢

x€R

for all m,n > ny. It follows from Fatou’s lemma that

Ns(fu = ), %) < Eminf Np(fu = fu)(t, %) < €

for every t € [0,T], x € Rand n > np. This implies that lim, suptsT,xe]RNﬁ(fn -

f)(t,x) = 0 which means f, converges to f in %g(B). O

When B = L”(Q) with p € [1, o), we use the notation %?’p = %?(LP (Q)). A function f
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in %?’p can be considered as a stochastic process indexed by (t, x) in [0, T] X R such that

1
2

sup  |If(t, X))+ sup (/ If(t,x+y)— f(t,X)Ilﬁp(Q)lyl‘zﬁ‘ldy) < oo,
t€[0,T], xeR te[0,T],xeR \YR

Notice that the restriction of an element f in the space %g’p, introduced in (8.22), to the

interval [0, T] belongs to %?’p and ||f||x§,p < €9T||f||£/;,p-

Whenever ¢ is an affine function (i.e. o(u#) = au + b for some constants a, b), these
spaces are sufficient to show existence and uniqueness for equation (8.1). On the other
hand, the case of general Lipschitz function o leads to the consideration of additional
spaces, that we are going to study now.

For every h € R, let 7, be the translation map in the spatial variable, that is 7, f (t, x) =

f(t,x—h).

Definition 8.3.6. Let X? be the space of all real-valued continuous functions f on [0, T] xR

such that
(i) (t,x) — Nﬁ(l)f(t, x) is finite and continuous on [0, T] X R.
(if) limypo SUP;¢[0,T], xe[-R K] Nﬁ(l)(’chf — f)(t,x) =0 for every positive R.

We equip X? with the following topology. A sequence {f,} in X? converges to f in X? if
for all R > 0, the sequences { f,} and {ngl) (fn = f)} converge uniformly on [0, T] X [-R, R]

to f and 0 respectively. We define a metric on X? as follows

=gl
d(f) = 2" L
W= 2 T gl

(8.55)
where || - ||, is the seminorm

Ifllg = sup  If(,01+  sup  NUF(E ).

te[0,T], xe[-n,n] te[0,T], xe[-n,n]
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Since functions in X? are locally bounded, the topology of X? isnot altered if in the previous
definition Nél) f is replaced by Nﬁ(é) f for some finite and positive 6. We emphasize that

replacing 6 by co would create a strictly smaller space.

Remark 8.3.7. The space which satisfies only condition (i) in Definition 8.3.6 would be too
big and fail to be separable. Analogous situations occur frequently in analysis. In the
study of Morrey spaces, this fact was first observed by Zorko in [99]. Continuity spatial

translations with respect to a norm is therefore sometimes called Zorko condition.
Proposition 8.3.8. X? is a complete metric space.

Proof. Let {f,} be a Cauchy sequence in X? Since the space Cyc([0, T] X R) is complete,

there exists continuous function f : [0, T] X R — R such that for all compact intervals I,

lim sup |[fu(t,x)— f(t,x)|=0.

=% 4el0,T], xel

Let us fix a compact interval I = [-N, N], and ¢ > 0. There exists 1y > 0 such that

sup NV (fu = fu) (£,3) < ¢
te[0,T], xel

for all m,n > ny. It follows from Fatou’s lemma that

NgD(fo = )1, 2) < Liminf NGV (fo = f) (8, < e,

for every t € [0,T], x € I and n > ng. This implies that Nﬁ(l)( fu — f) converges to 0
uniformly on [0, T] X I. In addition, from (8.51), it follows that Nﬁ(l) fn converges to N, ﬁ(l) f
uniformly on [0, T] X I, thus the continuity of N[)fl) fn implies that of Nél) f.

It remains to check that f satisfies the condition (ii) of Definition 8.3.6. For every ¢ > 0

and || < 1, choose n sufficiently large so that sup, (o 71, xe[n-1,8+1] Nﬁ(l)(fn - )t x) <e.
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Applying Minkowski’s inequality, for every (¢, x) € [0, T] X [-N, N], we have

IA

NV (unf = )t %)

IN

Since f, belongs to Xt
f belongs to X?

NP o f = onfad (8,00 + NG (i fu = ) (8, 3) + NGV (= (8, 2)
2¢ + Ny (tnfu = fi) (£, %),

, limy, 0 SUP;¢[0,T], xe[-N,N] Nﬁ(l)(’chfn — fu)(t, x) = 0 which implies

O

The next results give some characterizations of the space X?

Lemma 8.3.9. Let f : [0,T] x R — R be a continuous function such that t — Nﬁ(l)f(t, X) is

continuous for every fixed x. Suppose in addition that for every R > 0,

lim

sup / |f(t,x+vy)— f(t, 0|y dy =0.

010 te[0,T1, xe[-R,R]

Then Nﬁ(l) f is continuous and f belongs to X[;

Proof. Fix R, € > 0, and choose 6 such that

I}
sup / F(x+ 1) — F(, ORIy dy < e
o)

t€[0,T], xe[-R—1,R+1] / -

Then for every t € [0,T], x € [-R,R] and || <1

NGV (uif = )t 0P < 26 + sup 2Ty f (¢, x) —f(t,x)|2/|| 5 Iyl dy .
yi>

te[0,T], xe[-R—1,R+1]

Since f is continuous, limy_,g SUP;¢[0,T],xe[-R-1,R+1] lTnf(t,x) — f(t,x)| = 0. Together with

the previous estimate,

on one hand, together

this yields limj_,o SUP;¢[0,T], xe[-R K] N‘B(D(Thf - f)(t,x) = 0 which
with (8.51) implies the continuity of Nﬁ(l) f. On the other hand, it

obviously implies f € X? O
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Proposition 8.3.10. Let ¢ € C®(R) be supported in [-1,1], such that [ ¢(x)dx = 1 and
0< ¢ <1 Set py(x)=n¢p(nx). Then

1. If f € X%, then frdpn— fin X? as n — oo, where * denotes the convolution with respect

to the space variable.

2. CY%1([0, T] X R) i.e., the space of functions which are continuous in time and continuously

differentiable in space, is dense in X?

3. Suppose that f is a continuous function on [0, T] X R such that t = Np 1 f(t, x) is finite and

continuous in time for every fixed x € R. Then f belongs to X? if and only if for every R > 0

lim / If(t,x+y) = f(t, 0Pyl dy =0. (8.56)
010 ¢efo, T] xe ~R,R]

Proof. We denote f, = f * ¢,,. To show (1), we observe that

fult,x+y)— fu(t,x) = f(t,x+y)+ f(t,x)
- /}R [ f(E x4 y) = T (%) = F( 2+ 1) + F(E, )b ()N

and hence, for every x € [-R, R], applying Jensen’s inequality, we get

1
[ Va0 = e, x) = FGt x4 ) + £t 0PIy Ny

1
< / / e f(E X+ 1) = T f (b %) = F(b x4 )+ £ DRI\ bu(h)dhdy
RJ-1

< sup sup [ N( )(Thf ), ).
rel0,T], ze[-R—1,R+1] lh<1 1
By assumption f belongs to X? Therefore, owing to condition (ii) in Definition 8.3.6, this
integral converges to 0 when n — oo. This proves item (1).
To show (2), we first prove that X? contains C%'([0, T] X R). Indeed, if g is a function

in C%1([0, T] x R), by dominated convergence theorem, it is easy to show that N, ﬁ(l) g(t,x)
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is finite and continuous in time for every fixed x. Moreover, for every R > 0, we have

0
sup [ g e =g 0PIy P Ny < sup Jougle [ 1y .
te[0,T], xe[-R,R] /=0 <e|-RR] lyl<o
(8.57)

Since lims—o [, <5 |y1'*#dy = 0, Lemma 8.3.9 implies that g belongs to X? We have thus
proved that CcOl ¢ X? Together with (1), this yields (2).
The sufficiency of (3) is in fact the content of Lemma 8.3.9. We focus on the necessity

of (8.56). Assume that f belongs to X,/i Fix R > 0, ¢ > 0 and choose g in C%! so that

sup Nﬁ(l)(f -g)(t,x) <e.
tel0,T], xe[-R,R]

Then for every 6 > 0 we have

o

sup If(t,x+y) — f(t,0) Pyl ldy
t<T,|x|<R /=0
o
<2e242 sup lg(t, x +y) — g(t,x)|*ly|"dy . (8.58)
t<T,|x|<R /=0

Since g is C%1, the last term converges to 0 when 6 | 0 (see relation (8.57)). Due to the fact

that ¢ can be chosen arbitrarily small, this implies that f satisfies the condition (8.56). O
Corollary 8.3.11. X? is a Polish (complete and separable) space.

Proof. Completeness comes from Proposition 8.3.8. For separability, we invoke Proposition
8.3.10(2) and the fact that the functions in C%!([0, T] X R) can be approximated by

polynomials with rational coefficients, using a truncation argument. m|
o : N .
Proposition 8.3.12. The inclusion X7, C X7 holds continuously for g > a.

Proof. Suppose f belongs to X? Fix n > 1. By Proposition 8.3.3, we see that

sup  If(t,x+y) - ft,0I<C sup  NIF(E 0yl

te[0,T], |x|<n te[0,T], |x|<n+1
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for every |y| < 1. Hence forevery t < T, x| <n

/|y|<1 l[f(t,x+y)— f(t,x)|2|y|‘2“"1dy <C sup Nl?)f(t,x).

te[0,T, |x|<n+1

is finite. The continuity of (¢, x) f|y|§1 l[f(t,x+y)— f(t,x)|2|y|—2a-1dy follows at once

from dominated convergence theorem. m|

Next we derive a compactness criterion for X? We first recall some well-known facts.
An e-cover of a metric space is a cover of the space consisting of sets of diameter at most «.
A metric space is called fotally bounded if it admits a finite e-cover for every ¢ > 0. It is well
known that a metric space is compact if and only if it is complete and totally bounded. The

following lemma is the key ingredient for many compactness results

Lemma 8.3.13. Let X be a metric space. Assume that, for every ¢ > 0, there existsa 6 > 0, a
metric space W, and a mapping @ : X — W such that ®(X) is totally bounded, and forall x, y € X
with d(D(x), @(y)) < 6, we have d(x, y) < e. Then X is totally bounded.

The proof of this lemma is elementary, we refer readers to Lemma 1 in [50] for details.

The following result provides sufficient conditions for relative compactness in X?.
Proposition 8.3.14. A set ¥ in X? is relatively compact if

[A1] sup|f(0,0)|is finite;
fes
[A2] For every fixed x € R, {f (-, x) : f € &} is equicontinuous in time;

O1f(t, x+y) - f(t,x)?
s |y|1+2ﬁ

[A3] For every R > 0, limsup sup / dy = 0.

010 fe te[0,T]xe[-R,R]

Proof. Suppose that § satisfies the three conditions. We first observe that condition [A3]
together with (8.52) implies the following equicontinuity property. For every R > 0 and

€ > 0, there exists n > 0 such that

sup |f(t,x)— f(t,y)l <e¢
te[0,T]
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whenever f € § and x,y € [-R, R] satisfy |x — y| < 1. Together with [A2], this implies
equicontinuity for & in (¢, x) € [0, T] X [-R, R]. Indeed, take N to be a sufficiently large
integer, and set x; = —R + %R, j=0,1,...,2N. According to [A2], {f(-,x;) : f € &} is

equicontinuous in time, uniformly for j =0,1,...,2N. By writing

|f(t,x) = f(s, 01 < [f(E,x) = f(E, x|+ | f(E,xi) = f(s,x)| +1f(s,xi) = f(s,x)],

where x; is chosen in such a way that |x — x;| < 7, this shows the uniformity in x.
Fix now R > 0 and ¢ > 0. From [A3], we can choose a positive number 61 = 61(¢), such

that 01 < 1 and

dy < 2.

51 _ 2
dsup  sup / |f(t,x+y) - f(t, %)l

Fe¥ tel0,T], xe[-R,R] J ~61 |y |1+26

We now choose 6, < ¢ satisfying

d
2(352)2/ Y _ e,
|

yI>o1 |y|1+2‘8

By the equicontinuity, we can also choose a positive number n = 1(¢), 1 < 1, such that

£ (E,x) = f(s, Pl <2, (8.59)

whenever f €  and (t,x),(s,y) € [0, T] X [-R -2, R + 2] satisfy |t —s|+ |x — y| < 7. Since
[0, T] X [-R =2, R + 2] is compact, we can find a finite set of points {(t,,x;) : 1 <a,i < n}
in [0, T] X [-R =2, R + 2] such that for every (¢, x) € [0, T] X [-R — 1, R + 1], there is some
(ta,xj) sothat [t —t;| +[x —xj| <nand [x; -1,x;+1] C[-R-2,R +2].

Define @ : § — R by

O(f) = (f(ta,xi): 1 <a,i <n).
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Condition [Al] and equicontinuity imply that the image ® (%) is bounded and thus
totally bounded in R". Furthermore, consider f,g9 € & with [|O(f) — D(9) |l < O2.
Resorting to the fact that for any (¢, x) € [0, T] X [-R — 1, R + 1] there are some 4, j so that

|t — ta] + |x — x| < 1, we can write

|f(t/x)_g(t/x)| < |f(t/x)_f(ta/xj)l+|f(tu/xj)_g(ta/xj)l+|g(ta/xj)_g(t/x)| < 362/

where we bounded the first and third term on the right hand side thanks to (8.59), and the

second one according to the fact that ||D(f) — P(g) |l < 02. We end up with

sup |f(t,x) — g(t,x)| <35, < 3e.
te[0,T], xe[-R—1,R+1]

In addition, for every (¢, x) € [0, T] X [-R, R] we have

dy
IN:(f —g)(t,0)]* < 2 su |h(t, x +y) —h(t,x)?
f he{fl,gg} lyl<61 |y|1+2ﬁ
2 dy 2
+2 sup |f(r,z) —g(r,2)| g < 2¢°.
re[0,T], ze[-R—1,R+1] lyl>61 1Yl

Therefore, by the definition of the metric on X? (see (8.55)) and Lemma 8.3.13, the set & is

totally bounded in X? O
A useful consequence of the previous proposition is the following corollary.

Corollary 8.3.15. Suppose a > f. Let § be a subset of X7 such that § is equicontinuous in

time for every fixed x, sup | f(0,0)| < co and sup ;. SUP; [ 1), |x|<R Nogl)f(t, x) < oo for every
fes

positive R. Then § is relatively compact in X?

Proof. It suffices to check that § satisfies condition [A3]. Applying (8.52), for 6 small
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enough, the assumption on §& implies

sup sup |f(t,x+y)— f(t, )| <Clyl*,
feF te[0,T], |x|<R

for all |y| < 6. Hence,

feF te[0,T], |x|<R ly|<o lyl<6

which clearly implies [A3] since o > f. 0

The following result provides sufficient conditions for relative compactness in %?(B).
Its proof is completely analogous to that of Proposition 8.3.14 and is omitted for the sake of

conciseness.
Proposition 8.3.16. Suppose that a set ¥ in %5(8) satisfies the following properties.

1. Foreveryt € [0,T]and x € R, §(t,x) = {f(t,x) : f € §} is relatively compact in the

Banach space B.
2. For every fixed x € R, {f (-, x) : f € &} is equicontinuous in time.

3. For every R > 0, we have

5 t,x+ — t,x 2
limsup  sup / AfGx+ )~ f )
010 feF tel0,T], xe[-R,R] /=0 ly|

dy =0.

Then § is relatively compact in %?(B).

In order to handle the nonlinearity in equation (8.1), the following composition rule is

crucial.

Proposition 8.3.17 (Left composition). Let o be a Lipschitz function on Rand let f be a function

in X? Suppose that for every fixed x, the map t +— Nﬁ(l)a(f)(t, x) is continuous. Then o(f)
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belongs to X? Furthermore, if f, is a sequence converging to f in XE, then for every positive R

and for any 6 > 0, we have

lim  sup N[g“(a(fn)—o(f))(t,x):o.

=% 4el0,T], |x|<R

Proof. We first show that o( f) belongs to X? For any 6 > 0 we have
[l ) = a(f e 0PIy < ol N 0P
yl<

which together with the criterion (3) in Proposition 8.3.10 implies that o (f) belongs to X.
For the second assertion, for every positive R and any ¢ > 0, we can choose 69 > 0 and

no > 0, so that, for any n > ny,

sup Nﬁ(‘SO)(a( f)—a(F)(E,x) <e. (8.60)
te[0,T], |x|<R

Indeed, it is easily seen that

N @ () =a(N(Ex) < NEa(f)(t, 00 + NP a (£t x)
loliip (NS fo, (£, 2) + NG £ (2, 3))

lollzip (N (= (8 2) + 2N £ (2, 0))

IA

IA

and the last term is readily bounded by ¢ if ¢ is chosen small enough. Now with (8.60) in

hand we obtain, for any 6 > 0,

sup NG (a(fa) = o (), x)
te[0,T], |x|<R

2
<Ce+Cllallp  sup  |fult,x) = f(t, %)l (/ Iyl‘zﬁ‘ldy)
y

te[0,T], |x|<R+1 ly|>do
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We conclude the proof by taking the limit as n tends to infinity. m|

The next lemma asserts that if a process is in X7, then its paths almost surely lie in the

space X? for a certain value of .

Lemma 8.3.18. Let f be a stochastic process in X?’p with pa > 1. Assume that for any R > 0,

sup sup ||f(t,x) = f(s,x)|lrr) < Crlt —s|?, (8.61)
s,t€[0,T] |x|<R

where A > 0 satisfies pA > 1. Then f has a version f such that with probability one, f belongs to

1

X?for every < a —

Proof. Since f belongs to X.¥, inequality (8.52) implies

If ¢ x+y) = fE D@ 20—
sup sup 4 0{ ©) <C sup / ||f(t,x+y)—f(t,x)||%,,(0)|y| 2a 1dy.
t€[0,T] x,yeR |yl te[0,T], xeR /R

Then by Kolmogorov continuity criterion, f has a version f such that with probability one,

f satisfies

sup |f(t,x+y) = f(s, 01 < Clyl” It = s
s,t€[0,T], |x|<R

for every R and |y| < 1, where ' and A’ are fixed and such that § < ' < a - % and
A<AN <A- %. This implies that a.s. Nﬁ(l) f(t,x) is finite and Nﬁ(é) satisfies condition
(8.56). The continuity of Nél) f follows from dominated convergence theorem. These facts

imply that f belongs to X? almost surely. m|

8.3.3 Probability measures on X?

To show the existence of solution to equation (8.1) we need some tightness arguments for

some probability measures defined on X? We have the following result towards this aim.

Theorem 8.3.19. Let {IP,, n > 1} be a sequence of probability measures on X? This sequence is

tight if the following three conditions hold:
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1. For each positive 1, there exist a and ng such that for all n > ng

P.(f € XE:1£(0,0)| = a) < 7. (8.62)

2. For every x € R, and every positive ¢ and 1, there exist 6 satisfying 0 < 6 < 1, and ng such

that for all n > ny

lpn(feX§; sup |f(t,x)—f(s,x)|28)£r]. (8.63)

s,t<T,|t—s|<0

3. For every R > O, for each positive ¢ and 1, there exist 6 € (0,1) and ng such that for all

n = ny

P, (fexi sup / IF(t,x+y) = F(t, )Py 2 dy > é) <n. (8.64)

€[0,T], Ix|<R

Proof. Without loss of generality we assume ng = 1. For a given 1) > 0, we choose a so that

P, (B¢) < nforalln > 1, where

={fexb:1f(0,0) <a}.

According to condition (3), for any integer k, N, we also choose and fix 0; n such that

P, (AIC(’N) < n2‘k‘N for all n > 1, where

t€[0,T], |x|<N 7/ —dk N

Ok,N 1
Ak,N:{feXiz sup / I[f(t,x+y)— f(t, x)|? |yl —2p- 1dy_ kz}'

Then for each ¥ € [-N,N] N ék —N7, where Z. is the set of integers (note that the number of

such ¥ has order %), we choose 6;{/ N according to condition (2) such that IP,, (B¢, PN (%)) <
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6k, N2 5N, where

- - . 1
Bin(X)=1f€ X? : sup |f(t, %)= f(s,%)| < 5
t,s,ST,lt—sISé;(’N(J?)

Consider now By ny =N ZB kN (X). It is easy to see that

- Ok N
xE[—N,N]ﬂT

N
PuBi) < > Pu(Bf(F) < C—nopn2™ N = 2NN
7 5 7 6k,N
ze[-N,NIn+X 7
We thus set A = N N (Ax,n N Bi,n) N B. Then according to Proposition 8.3.14 we see that

the closure of A is compact in xP ,and P, (A) > 1 — Cn. This shows the tightness of P,,. O

The following proposition states that under some conditions, a sequence of processes

u, can be regarded as a tight sequence of probability measures on the space X?

Proposition 8.3.20. Assume that a, A € (0,1) and p > 1satisfy pa > 1, pA > 1land f < a — %.

Let {u,, n > 1} be a sequence of stochastic processes such that

1. lim limsup P(Ju,(0,0)| > 6) =0,

O—00 n

2. For every R > 0, sup sup [1un(t,x) —un(s, x)llLr@ < Crlt - st
n s,tef0,T],|x|<R

3. sup lluy|lyer is finite.
T
n

From Lemma 8.3.18, the law of u, can be considered as a probability measure on X? In addition,

as probability measures on XE, the sequence {u,, n > 1} is tight.

Proof. This proposition can be easily proved using the same ideas as in the proof of

Lemma 8.3.18 and Theorem 8.3.19, we omit the details. O

8.3.4 Existence of the solution

The main result of this subsection is the existence of a solution for equation (8.1). The

methodology, inspired by the work of Gydngy [46] on semilinear stochastic partial
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differential equations, consists in proving tightness of a sequence of solutions obtained
by regularizing the noise, and then using the uniqueness result. The space Z/, where
we proved our uniqueness result, consists of L (R)-valued processes, and it is not clear
how to characterize compactness of probability laws on the space of trajectories of these
processes. For this reason, we prove the existence of a solution with paths in the space

1_
Xz " introduced in Definition 8.3.6, equipped with the metric (8.55).
Theorem 8.3.21. Assume that for equation (8.1) the following conditions hold:

1. For some p > 8—, the initial condition ug is in LP (R) and
P> 17
tLWmO—uM+hmﬁ®WW*%h<w- (8.65)

2. o is differentiable and the derivative of o is Lipschitz and ¢(0) = 0.
1_
Then there exists a solution u to (8.1) with paths in the space X7 "

Proof. We follow the methodology developed in [46]. We consider a regularization of the

noise in space. Indeed, for ¢ > 0 and ¢ € %, we define

t t
W, = e * , X)W (ds,dy) = , c(x—1y)W(ds,dy)dx, (8.
) AAw@W@(sy)AAAw”muzn(swx@@

where p;(x) = (27It)_%e_x2/ 2t Notice that relation (8.66) can be also read (either in Fourier

or direct coordinates) as

f —_— -, - 2
E [We(@)W:(y)] Cl,H/O AT¢(S,5)?¢(S,5)e—€|E| €2 g Eds

t
Cl'H/o /]R/]R(p(s, x) fe(x —y)P(s, y) dxdyds, (8.67)

where f, is given by f.(x) = F 1(e~¢ EF? |£|172H). In other words, our noise is still a white

noise in time but its space covariance is now given by f.. Note that f, is a real positive
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definite function, but is not necessarily positive. As assessed by (8.67), we however have

E[IWe(@)l*] <E[W(@)P], (8.68)

for all ¢ in .

For every fixed ¢ > 0, the noise W, induces an approximation to equation (8.12), namely

t
e (t, %) = prtg(x) + /0 /R Pros(x — Y)o(ue(s, y)) We(ds, dy), (8.69)

where the integral is understood in the Itd sense. Since |& |1-2H p—¢ € is in LY(R), | fel is
bounded. Thus, using Picard iteration, it is easy to see that (8.69) has a unique random
tield solution, and by estimating the pth moment of |u.(t, x) — u.(t, x")|, we see that each
solution u, (¢, x) is Holder continuous in space with order fg for all € (0, 1). Therefore we
conclude that u, is in %?’p forall g € (0,1). We remark that ||u, Ing,p may not be bounded
uniformly in €. However, using (8.68), (8.28) and Gronwall’s lemma, we can obtain the

following uniform bound

sup |luellypr < oo,
£>0 T

forall B < H and p > 2. In particular we can choose  and p such that 3 - H <  — %. In
addition, we can show that u, is Holder continuous in time on [0, T] X R, uniformly on
¢. With these properties, we can check that the three conditions in Proposition 8.3.20 are
satisfied. Hence the laws of the processes 1., considered as probability measures on the
space Xé_H, are tight and hence weakly relatively compact.

We now base our final considerations on the forthcoming Lemmas 8.3.22 - 8.3.25. Fix a
sequence ¢, converging to zero and set u, = u.,. We shall hinge on Lemma 8.3.23 in order
to prove that the sequence u, actually converges in probability. To apply this lemma, we

consider now two sequences i, () and uj(,), where {m(n),n > 1} and {I(n),n > 1} are
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strictly increasing sequences of positive integers. For each n > 1, the triplet (u,,(n), t1(n), W)
defines probability measure on the space

1_
2

1
B:= X2 X2 X Cue ([0, TI X R).
Since the family {u., ¢ > 0} is weakly relatively compact, there exists a subsequence of
the form { (1 (n;), U1(n,), W), k > 1} which converges in distribution as k tends to infinity.
Thus, by Skorokhod embedding theorem, there is a probability space (€)', #’, P’) and a

sequence of random elements zx = (u W’) with values son B such that z; has

m(n)” Hlne)’
the same distribution as (1, (;), U1(n,), W) and zy converges almost surely (in the topology
of B) to (u’,v’, W’). By Lemma 8.3.25 we see that both u” and v’ are solutions to equation
(8.12), with W replaced by W’. Then by Lemma 8.3.24 and the uniqueness result Theorem
8.3.2 we thus get that u’ = v" in X%_H. We can now apply Lemma 8.3.23 in order to assert
that u,, converges to some random field u in X%_H, in probability. Moreover, taking a
subsequence if necessary, we see that u, converges to u in X%_H a.s. Hence, thanks to

another application of Lemma 8.3.25 we see that u satisfies equation (8.12). This proves

the existence of the solution. m|

We now state the lemmae on which the proof of Theorem 8.3.21 relies. The first lemma
is a version of Gronwall’s lemma, borrowed from [22, Lemma 15], and the correction to

this paper [23].

Lemma 8.3.22. Let g € L'([0, T];R) and consider a sequence of functions {f,; n > 0} with
fu 1[0, T] = Ry, such that fy is bounded and for all n > 1

t
fu(t) <c1+ cz/o g(t =s) fu—1(s) ds, (8.70)

for two positive constants c1, c3. Then sup, 5, fy is bounded. If we assume moreover that c1 = 0 in

inequality (8.70), we obtain that },, fn1 v converges uniformly in [0, T], forall 1 < p < oco.
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The second lemma is a general result on convergence of random variables borrowed

from [46].

Lemma 8.3.23. Let E be a Polish space equipped with the Borel g-algebra. A sequence of E-valued
random elements z,, converges in probability if and only if for every pair of subsequences zj),
Zm(n) there exists a subsequence wi = (Zi(n,), Zm(ny)) converging weakly to a random element w

supported on the diagonal {(x,y) € EXE : x = y}.

The next result asserts that the approximate solution to the stochastic heat equation is

uniformly bounded in the space Z; defined by (8.38).

Lemma 8.3.24. The approximate solutions u. satisfy the condition

sup IIuSIIZ; <00, (8.71)

e>0

1
. . 5—H . .
Furthermore, if u, — u in X% a.s., as € tends to zero, then u is also in Z;.

Proof. We will use Picard iteration to show that for each ¢, u, € Z;ﬁ. Then we will use
Gronwall’s lemma to show that the processes u, are uniformly (in ¢) bounded in Z;. To
this end, we first define

ul(t, x) = up(x),

and recursively

t
u?+l(t,x)=ptuo(X)+/ /pt_s(x—y)O(u?(s,y))We(ds,dy)-
0 R

We wish to bound ||ul|| z uniformly in 7. First recall that

luillze = sup llugt, llr@xry + sup N7 ui(t),
T teo,T] tefo,r] 2 P

where N} Hp is defined in (8.38). Let us now bound the terms ||u (¢, )|lrrxr) and
7~ 1L,

* n
N%_H/pug ().
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Step 1. We shall bound ||u (¢, -)|lLr (@xr) uniformly in n by considering the differences of

Picard’s iterations. Indeed, by Burkholder’s inequality we have

E|u"1(t, x) — u(t, x)|P
p

t
=E ‘/ / Pi-s(x = ol (s, y)) — o(ul™ (s, y))We(ds, dy)
0 JR
t
=5 ]Ei/o /Rp t-s(X = YIpr=s(x = Do (5, )) =@ (5, )]

X [a(u(s,2)) — 0" (s, 2)]fe(y — z)dydzds|% :

Thus, since || f: |l < C¢ and owing to the fact that ¢ is a Lipschitz function, we have

Eluf*™ (¢, x) — uf(t, )|

q
2 2

t
< CSIE/ (/ pt_s(y)lu’g(s,x+y)—u?‘l(s,x+y)|dy) ds
0o \/R

7

where C, denotes a generic constant depending on ¢ and p. We now integrate with respect

to the space variable and invoke Minkowski’s inequality. In this way we obtain

p

E ' LP(R)

(e, ) = ul (||

P
2

IN

! 2
C:E ‘/0 ([Rlﬂt—s(y)lu?(s,y+-)—ug—l(sly+.)|dy) ds

C.E /Ot (/Rpt_s(y)|
(/1

This relation easily entails

r
L2(R)

IA

2 2
G5, =7, g, 1) ds)

IA

_ 2 2
e (s,) —ug 1(5")||Lp(QxJR) ds) '

wE ) =l < C. /0t|

2
n N h-1 .
LP(QxXR) — ue(s, ) —ug (s, )”LP(QXJR) ds,
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and a direct application of Gronwall’s lemma as stated in Lemma 8.3.22 yields that the
quantity sup, sup; o 1 llu(t,-)llLr(Qxr) is finite for each fixed ¢ > 0. This implies that
SUP;e[o,7] lue(t, )Ly xRy < oo for each fixed € > 0.

Step 2. Next we estimate N; _H’pu ¢(t), and observe that we are able to handle this term

directly (namely without invoking Picard’s iterations). We can write

/ Elu:(t,x) —us(t,x +h)|Pdx < C/ Ipruo(x) — pruo(x + h)|Pdx
R R

4
2

t 2
+C£/E/ (/ Ipf_s(y)—pt-s(y+h)||ue(s,y+x)|dy) ds| dx
R 0 R
<C /]R Ipruo(x) — pruo(x + h)|Fdx
t 2 %
+C, ( / ( = —pt_s<y+h>|dy) ||ug<s,->||ip@xmds)
We thus end up with
”ue(t/ ) - ué‘(t/ -+ h)”i”(QXIR)
N%_H,pug(t) = /IR s dh
Ipeuo() = pruoC- + M7y g, )
= ¢ /R 2 e Ce sup e Moy
2
/t / (Jr1pr-s(y) = pe=s(y + )| dy) "
X ,
o Jr [h22 ’

and the right-hand side in the above inequality is easily seen to be finite. Putting together
the last two steps, we can conclude that for each fixed ¢, u, € Z;ﬂ.
Step 3: Uniform bounds in ¢. To prove the norms of u, in Z; are uniformly bounded in ¢,

we note that u, satisfies the equation

t
e (£, %) = prio(x) + /O /R [(pros(x = Yo (ute(s,9)) * pel(y)W(ds, dy).
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Hence we have

=

t 5
Blue(t, )" < Clprua(olf +CE (/0 /RI?‘ (pr—s (x = )0 (11 (5, ))) (5)|2e‘5'5'2|é|1-2Hd6d5)

t 2
< Clpruo(0)IP + CE (/0 /IRISr (Pe=s (x =)o (e (s, ) (é)lzléll‘ZHdéds) . (872)
Going back from Fourier to direct coordinates, one can check that
Elue(t, 0P < Clpruo() + Di(t) + Da(t),

with

NI

t
Dit)= ([ [ IpresC) = prosty + P e s, x+ 1) ) IHPH-2dyds)

and

NI

t
Dy(t) = (/O /IRZ s e (s, y + 2+ 1) = ue(s, y + 0|y ) IhP2dhdyds) .

These terms are treated exactly as the terms D1, D; in the proof of Lemma 8.3.1, except for

the fact that a = 0 in the current situation. We obtain

t
It Wy ey < C 00y + € [ =) s, I e

t
+c/(t—s)—%/ IIuS(s,-)—ug(s,-+h)||1%p(QxR)|h|2H_2dhds. (8.73)
0 R
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Similarly we get (see also the bounds for the terms 77, 15 in the proof of Theorem 8.3.2)

* 2 2H-2
] gt OF < C [ 000 = -+ )1 g P2
t
+c/0 (t = )83 e (s, )12, onm, 45

t
+c/ /(t—S)H_lllug(s,-)—ug(s,~+l)||%p(QX]R)|l|2H_2dlds. (8.74)
0 /R

Set

W(t) = |lue(t, ')”i”(QX]R) + [Nr_Hlpue(t)]z-

2

Thus combining the estimates (8.73) and (8.74) yields

t
W(t) < Clluolly g, +C /R ll10(-) = o (- + M) Iy gy 1117 2d B + C /0 (t — s)2H-3W(s)ds .

Since we have shown that for each fixed ¢, |[u.|| z, < o0, we can apply the Gronwall type

Lemma 8.3.22 to the above inequality to show that

sup |luellz» < oo.
e>0 T

Step 4: u is an element of Z;ﬁ. Recall once again that we have decomposed ||u|| 2z according
to relation (8.37). We now bound ||u(t, -) II%p (OXR) and N} o pu(t) in this decomposition.
72— 1L,

1
. . Ji-H
Since u. converges to u in X7  a.s., we have u.(t,x) — u(t, x) a.s. for each (¢, x) €

R, x R. Thus by Fatou’s lemma,

1 1
r r
||u<t,->||Lp<QxR>=(lE / hr%mg(t,x)de) < lim (JE / |ug<t,x>|*’dx) <c.
R ¢ R

e—0

Therefore we conclude that sup, €[0.T] lu(t, )llLrQxr) is finite. On the other hand, for each

x and i we have |u.(t, x +h) —u(t,x)|*> = |u(t,x +h) —u(t, x)|*a.s., so by Fatou’s lemma
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again we obtain

/ ”u(t,-l—h) _u(t,)”%p(QX]R)dh < / h_mg_,ollue(t,--l-h) _Mg(t,)H%p(QX]R)dh
i<t |h|2—2H i< |h|2—2H

llue(t,-+h) —uc(t, ')”%P(QX]R)
=D dh.

IA

lim

e—0 Y h|<1

The desired bound on Ny pu(t) is obtained from the inequality above, by handling
1L,

the integral on the domains |i| < 1 and |i| > 1. In the latter case, we simply bound

l|u(t,-+h) —u(t, -)II%p(QxR) by 2||u(t, -)|lLr @xr)- By doing so, we conclude that

||M(t,'+]’l) _u(tl')”z
U’(QX]R)dh < o0,

sup N, u(f)= sup
tefo,r] 2P te[0,T] /R

|1 [2-2H
Together with the previous estimate on [|u(t, -)||Lr (QxRr), We conclude that u € Z;. O

We now state a convergence result for stochastic integrals, with respect to the approxi-

mating noise W,.

Lemma 8.3.25. Let u,(t, x) be a solution to the equation

t
un(t, x) = pruo(x) +/O /]Rpt-s(x = y)o(un(s, y))Wa(ds,dy),
where we have set W, = W,, (recall that W, is defined by (8.66)) for a sequence {¢,, n > 1}
satisfying lim,, e €, = 0. We assume the following conditions:
1
(i) with probability one, u, converges to u in X7 H,
(ii) sup, llunllypp < oo, with B > 5 — H.
T

1

Then the process u belongs to X7 "2, Furthermore, for any fixed t < T and x € R, the
random variable " (t,x) = [y g pi—s(x = ¥)o(un(s, ) Wi (ds, dy) converges as. to D(t, x) =
T fapies(x = n)au(s, y)W(ds, dy), as n — oo.
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Proof. We decompose the difference @(t, x)—P" (¢, x) into (D(t, x)—D"L(t, X)) +(DP (¢, x)—
@"(t, x)), where

t
@(t,0) = [ ] preste= potus, )W s, dy).
Now we note that ®(t, x) — ®*!(t, x) can be expressed as

t t
/ / Pros e y)a(u(s, )W (ds, dy)— / / [(Prs(x — Yo (u(s, ) * pe,] (HW(ds, dy),
0 R 0 R

and thus

E|o(t, x) - "t x|

=c15/0t/R

The latter quantity obviously converges to 0 as ¢, goes to 0 because of the finiteness of

&n

e

2 2
i 1\ IF (pros(x = )0 (u(s,))) ()P €12 deds

t
—_— . 2 1_2H
E /0 /]R IF (pies (x = )0 (us, ) ()P E12Hdeds,

which can be seen by an application of Fatou’s lemma (as in Step 4 of the proof of
Lemma 8.3.24).
It remains to show that lim, . E[®"1(t,x) — ®"(¢,x)|*> = 0. However, similarly to

(8.72), we have

t 2
n,1 ;Y 2 —
E [[0"1(t, %) @(t,x>|]s1EVO [ prese = fus, s,y

where we have set f, = 0(u,) — o(u). Furthermore, appealing to Proposition 8.3.17, we
1
see that f; converges to 0 in X7 " Thenan application of Lemma 8.3.26 completes the

proof. Indeed, it is not difficult to check that the sequence f, satisfies conditions (C1)-(C3)
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of Lemma 8.3.26 below. O

Lemma 8.3.26. Suppose that {f,, n > 1} is a sequence of stochastic processes belonging to

%?’p N %%_H’Z with 3 —H < B < H and p > 2. Assume that the following conditions hold:

(C1) With probability one, f, converges uniformly to 0 over compact sets of [0, T] x R.

(C2) Forevery R > 0, sup,, sup, ,cro 11, jx<r ELfa (£, %) = fu(s, x)> < C|t — s| for some A > 1.
(C3) Sl;p Il fr ||x§,p < M, where M is a finite number.

Then for every t < T and x € R the random variable Y, (t, x) defined by:

t
Yn(t,X)=/0 /]Rpt-s(x—y)fn(s,y)W(ds,dy)

converges to 0 in L>(Q).

1_
Proof. We first show that {f,,, n > 1} is relatively compact and converges to 0 in X "2 For

this purpose, we verify the three conditions (1)-(3) of Proposition 8.3.16. Condition (2) in
Proposition 8.3.16 is evident from (C2). Condition (3) in Proposition 8.3.16 follows from

the following inequality, where 6 <1

_ 2 B 2
/ If(t,x+y) f(t,X)lle(Q) 1y < sup I f(t,x+y) f(t,x)||Lz(Q) / 2y
lyl<o |y 221 lyl<1 |yl lyl<o

In fact, the first factor is uniformly bounded in (¢, x) € [0, T X R because of inequality
(8.52) and the fact that f, is bounded in X?’Z by condition (C3). Taking into account that
B > 1 — H, the second factor converges to zero as 6 tends to zero. To verify condition (1) in
Proposition 8.3.16, we fix ¢, x and note that (C1) implies f, (¢, x) converges almost surely to
0. On the other hand, E|f, (¢, x)|” is uniformly bounded, where p > 2. These two facts
imply {f,(t, x)} converges to 0 in L?(Q), thus condition (1) in Proposition 8.3.16 is verified.

1
Furthermore, condition (C1) ensures that 0 is the only possible limit point of {f,} in X7 2

3-H,2
We conclude that f; converges to 0 in X7 .
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Let us now prove that Y, (t,x) converges to 0 in L?(Q2). Applying (8.19) we get
E[Yu(t, ) < C (Ji(t) + ]2(1)) with

t
Ji(t) = /0 /R/R Ipi—s(x =y — 2) = pi_s(x = YIPEf2(s, y + 2)|z|*" 2dydzds

and

t
Ja(t) = /0 /}R /R Pies Gt = PPELfu(s, y +2) = fu(s, y) Pz 2dydzds

Now for every fixed ¢ > 0 and R > 0, we choose 7 so that

sup ]Efnz(s, y)+ sup / Elfu(s,y +2) = fu(s, y)lzlyle_zdy < e.
s€[0,T], ly|<R s€[0,T], lyl<R /R

By making a shift in v, we end up with

t
Ji(t) = /0 /R/Rlpt_s(x —y) = pi—s(x — y + 2)PEf2(s, y)|z|*"2dydzds

t
S/ sup Ef2(s, y) [N%_Hpt_s(x—y)]zdyds
0 |y|<R ly—x|<R
t
+ sup ]Efnz(r,w)/ / [N1_ppi—s(x — y)[*dyds
re[0,T], weR 0 Jly-xI>R ?

t
<Ce+ CM/ / [N1_gpt—s(x — y)]zdyds .
0 Jlyl>R 2

Similarly,
t
]2(t)SC€+CM// Ipi—s () [*dyds .
0 Jlyl>R

We now choose R sufficiently large so that

t
L[ P+ Ny apis e = )Py <.
0 Jlyl>R 2

Then E|Y, (t, x)|> < Ce for n sufficiently large. This implies the result. O
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Finally, the techniques we have designed to get existence and uniqueness for equation

(8.1) also allow to obtain the following moment bound for the solution.

Theorem 8.3.27. Assume the conditions in Theorem 8.3.21, then for the solution we have the

following moment bound

1 1.1 2
sup [|u(t, )l @) < Cexp{CtpTr! T oI},
x€R

and

1
1

2
sup (/}R lu(t,x +y) — u(t,x)||%p(0)|y|2H—2dy) < CKi‘épé—z

x€eR

191 %
xexp{CtpHx ~H ||G||Lip} .

If, in addition, we assume that the initial condition ug is Holder continuous with order vy, then by

Proposition 8.2.4 we have

lu(t, x) = u(s, Pl < CUE = s|277 + |x — y[FN) (8.75)

foralls,t €[0,T]and x,y € R.

1
Proof. We will hinge our considerations on the spaces %g =X, "7 defined by (8.22). Along
the same lines as in the proof of Lemma 8.3.24 we can show that u € %g. Now apply
Proposition 8.2.4 by taking f to be the solution u to equation (8.1), and combine it with the

mild formulation of the solution. We get the following bound

H_1 _H -1, -1 _1 -3 51
lullgr < Cliuglles + CliollpVPllully (k272672 + 7'k 1071 + ex"1617) .
,€ ,€

[Nljan

H
2

1
o1t

N

We optimize the formula above by choosing ¢ = « , in order to obtain

H_ 1 _H
lullyy < C+Cllolupvpliully k272077,
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H_1

then choose 0 such that Cl|o||Lip/pr 272 6% = %, that is
1 q_1 2 1.1 1.1 1—5t
0= CpHK H”(j”]flip , and &=Cx®#H 2p2 4H||a||Lip2H )
Plugging this choice into the above inequality gives the bound

lullg <C.

from which our claims are easily deduced. m|
We now show the matching lower bound for the second moment.

Proposition 8.3.28. Let u be a solution to the equation

t
u(t,x) = prup(x) +/0 /]Rpt_s(x —y)o(u(s,y))W(ds,dy). (8.76)

Suppose that ug is a bounded nontrivial function and there is a positive constant o. such that

lo(z)| > 0.|z| for all z € R. Then there exist some universal constants C and L such that

|piuo(x)

2
exp{Lo,’ Kl_%t} . (8.77)
lle0]|Le

Elu(t,x)[* > C
Proof. From the equation of u, applying Itd isometry, we see that to get

t
Elu(t, x)* = |pruo(x)|* + Cl(H)]E/O Ipi—s(x = y)o(u(s, y))llfﬁ_Hds : (8.78)

Let us recall the well-known Sobolev embedding inequality

1l
g1y > cligl ), Vg € H(R).

Hence, together with our assumption on o, it follows that there exists some positive
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constant b such that

t
Elut, 0)2 > [psuo(x)2 + bo?E / Ipios (e = Juls, )2, ds.
0 LH (R)

Since 2H < 1, applying Jensen inequality we see that

2H
lpies(x = Huls, H?, = (/ Ipr—s (x — y)I%'llu(s, y)I%pf-s(x - y)dy
LH (R) R
> /}R 1Pres (= ) P2 (s, v) Py .
It follows that
t
Elu(t, )12 > [prio()|? +bo? / / Pres(x — PP HEus, y) Pdyds .
0 R
Iterating the previous inequality yields
Blu(t, 0)1? > |piutg(x)P + > (bo?)" L (¢, x). (8.79)

n=1

In the above, we have adopted the notation

o= [ R g p 2 - plps oty P s

where D, (t) = {(s1,...,5,) € [0,t]" : 0 <51 < --- <5, < t} and dy = dy1---dyn,

ds =dsy ---ds,. Note that for every x,z € Rand a, b > 0, the following identity holds

H-1
ZRKab) 32 (1)

/Rpi‘m(x - ypy My - 2)dy = (3-2H) 2 ( p— 2eb

We thus can compute I, (¢, x) by integrating v;’s in descending order starting from y,,. This
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procedure yields

L,(t,x) = (3-2H)"T x

1
3-2H 2 =
/ nm( t_sll_[zmc(s]—s, o) [ PG =yl oy Pysds . 8.80

On the other hand, for every fixed R > 0, applying Jensen inequality, we see that

/ P2 (x = y)lpa o (y1) Pedys = pl2H (R) P2 (x = y)lpesto(yn) Py

[x—y1l<R

2
> pl- 2H(R)R (/| | Rpt—s1(x_]/1)}751 *uo(y1)dy1) : (8.81)
x-y1l<

The integral on the right side can be rewritten as

pruo(x) — / Pt-s; (X = y1)ps; * uo(y1)dy .
[x=y11=R

Since ug is bounded, we see that |ps, * uo(y1)| < [|upllL~ and hence

| Die, (X = y1)ps; * to(y)dyal < Iluollze / pre (y)dy

|x=y11=R ly|>R

R

> \/2K(f—$l)

_1 .2
— Nuolizeme / ez
|z]

For every fixed € in (0,1), we now choose R = M+v2«x(t —s1) where M is such that

e"M*M-1 = ¢ Tt follows that

IP2HR)RT = mfE2k(t - )P le MM
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and

| Pi_s, (X — yD)ps, * uo(y))dy1| = [pruo(x)] — llulleoe™ M
[x=y1|<R

Together with (8.81), we see that

2
[ PR G ylpao(yn P > ce M=) (Iprno (0] = e M ol

for some universal constant c. Hence, upon combining the previous estimate and (8.80),

we arrive at

n+1

bt > ek | [ 65 =545 Qpaa(o - el

n(t)

where 5,1 = t and c is some universal constant. It is elementary to compute

n+1

He ae I"(H)nth
/D OF l—[(S] $j-1)7ds "T(mH+1)"

Therefore, together with (8.79), we obtain

H 1— nH
Blu(t, 0P 2 € (o) - elluolli=)? S @by Co XD

ot I'(nH +1)
which yields the following estimate
21
Elu(t, )" 2 Ce (pruo(x) = elluoll=)* " ™" (8.:82)
By choosing € = %‘m, we conclude the proof. O
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Chapter 9

Stochastic differential equation for Brox

diffusion

Ever since the work of 2014 Abel medalist, Yakov Sinai, in [92] on the random walk
in random medium there has been a great amount of work on random processes in a
random environment. One of the continuous time and continuous space analogues of
Sinai’s random walk is the Brownian motion in a white noise medium, namely, the Brox
diffusion, which can be described briefly as follows. Let (B(t),t > 0) be a one dimensional
standard Brownian motion and let (W (x) , x € R) be a two sided one dimensional Brownian
motion, independent of 8. Its derivative W (x) with respect to x in the sense of Schwartz
distribution is called the white noise (see [52]). The Brox diffusion is a diffusion process

X(t) determined formally by the following stochastic differential equation
1t
X(t) = —5/ W(X(s))ds + B(t). (9.1)
0

Throughout the chapter, we assume the initial condition X(0) = 0 for simplicity. Since W
is a distribution (generalized function), the conventional theory of stochastic differential
equations does not apply to the above equation (9.1).

In the case W is nice (for example, W(x) is deterministic and globally Lipschitz
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continuous), then the solution X (t) to (9.1) exists uniquely and it is a Markov process with

generator

_ w4 (w4
A= eV (WL 9.2)

In [13], the process X(t) defined (formally) by (9.1) is identified as a Feller diffusion with
the above generator A. The It6-McKean’s construction of this Feller diffusion from a
Brownian motion via scale-transformation and time change is particularly used there. Let
us briefly recall this construction. Let B be a Brownian motion defined on a probability
space (Q, ¥, ¥, P), independent of (W (x), x € R) (Note that, if it is not stated otherwise,
we assume throughout the chapter that (W(x), x € R) is a two sided Brownian motion).

Set
X
Swi(x) = / eV @iz, (9.3)
0

and

t
Tw(t) = / e™2WeSy (B(s)) g (9.4)
0

Then, the Feller diffusion (X(t),t > 0) associated with (9.1) is represented as
X() =Sy oBoT,/p(t), 0<t<co. (9.5)

We shall call (9.5) the It6-McKean representation of the Feller diffusion. With this
representation Th. Brox (in [13]) studied the limit of the scaled process a~2X(e%) (and the
limit of the form a=2X(e*"(®)), where h(a) — 1) as a — co.

After this work of Brox ([13]) there have been a number of papers devoted to the study
of the process X (t) defined by (9.5). Let us only mention the papers [4,28,91] where the
local time of X(t) is studied. Some ideas in these papers will be used later. Let us also
mention that about the same time as [13] the process X(t) was also studied in the paper
[90].

It may be interesting to note that if W were continuously differentiable, it could be
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easily checked by Itd’s calculus that such an X defined by (9.5) is a weak solution to (9.1)
(see Remark 9.2.3 in Section 9.2).

By definition a diffusion is a Markov process with continuous sample paths. Probabilists
are interested in more detailed properties of the sample paths. By fixing an almost sure
realization of two-sided Brownian motion W, the equation (9.1) can be considered as a

stochastic differential equations with singular drift in the form

t t
X :Xo+/0 0(X5)dB(s) +/0 b’ (Xs)ds, (9.6)

where 8 is a Brownian motion, and ¢ and b are continuous function. In fact, there have
been already a number of work on such (one dimensional) equations (see e.g. [9], [38], [39],
[87], and the references therein). In some cases strong existence and uniqueness has been
proved for such equations. In the case 0 = 1 (which, in fact, is the situation in (9.1)) if b is
Holder continuous of order « for some a > 1/2, then the existence and uniqueness of the
strong solution to (9.6) were derived in [9]. Under similar conditions, these results have
been also proved in [87]. We would like to mention that existence and uniqueness of the
strong solution to (9.6) has been also obtained in [87] under some technical assumption
A(vo) (see [87, pg. 2229]). It is not clear whether this technical assumption can be verified
for the equation (9.1) which corresponds to (9.6) with o =1 and b’ = —%W.

The current chapter offers the following contributions: First, we show that for any
Brownian motion B, independent of W, the It6-McKean representation (9.5) is a weak
solution of the equation (9.1); second, for any given Brownian motion 8 we construct a
particular Brownian motion B, independent of W, such that the It6-McKean representation
(9.5) is a strong solution of the equation (9.1); third, we show both the strong uniqueness
of the solution; and finally, we develop an It6 calculus for the solution. Note that the
regularity of the generalized drift b’ = —%W (where W is Holder continuous with exponent

a, for any a less than 1/2) is at the border of what the papers mentioned above handled
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to show that X is a solution of the stochastic differential equation with generalized drift.

While proving our result, we will be able to represent the “drift” term

1 [t
_E/o W(X(s))ds

via a precise Stratonovich integral with respect to W. Our approach is probabilistic and we
will crucially use the fact that W is a Brownian motion. In comparison with the results
obtained in the aforementioned papers, the other results can be applied to (almost) every
sample path of W, but need to assume that W has a Holder continuity higher than 1/2,
which cannot be verified by a Brownian motion. Our result can be applied to Brownian
motion but is not for every sample path.

Notations: Throughout the chapter we will use a number of different filtrations and
o-fields. Set F8 = {F,P};5( be the filtration generated by the Brownian motion B. We will

also need the extended filtration ¥ 2V = {F, BIW} 150 given by
7o =7 \/ o(W(x),x €R), t 0.

Cp(R) denotes the space of all bounded continuous functions on R. For A € (0,1), and

a <b,let| -]lxqp) the A-H6lder norm for functions on [a, b], that is,

I f 1A 1,61 = I f lloofa,b) + sUp M

9.7)
x,y€la,b] |x - yl)\

where || - ||lco,[4,5] IS the supremum norm. Similarly || - ||, will denote the A-Hoélder norm for
functions on R. Let C*([a, b]) (resp. C*) be the space of Hélder continuous functions f
on [a, b] (resp. on R) with || f[[5 [s,5] < o0 (resp. || fll1,r < o). The notation A < B means

A < CB for some non-negative constant C.
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9.1 Main results

It is evident that to understand equation (9.1), one should first properly define the drift term
fot W (X(s))ds. For a two-sided Brownian motion W, W is not a function but a distribution
(generalized functions), this integral has no canonical meaning. However, if the process X
admits the It6-McKean presentation (9.5) for some Brownian motion B independent of W,
we can define this integral in such a way that the map W - [ W(X(s))ds is an extension
of the integration on smooth functions, i.e [ f (X(s))ds for a regular function f.

Let us now describe our method in more details by the following heuristic argument.
We first fix W and B, and adopt the following strategy. Let Lx (¢, x) be the local time of the

process X which is defined as the unique process such that
t
/ f(X(s))ds = / Lx(t,x)f(x)dx, VYt>0 and Vf € Cy(R). (9.8)
0 R
From the representation (9.5), we see that
Lx(t,x) =" VO Lp(Tylp(t), Sw(x)), 9.9)

where Lg(t, x) is the local time for Brownian motion B, Sy and Tw p are defined by (9.3)

and (9.4). Using the definition (9.8) of the local time, we formally write

t
/ W(X(s))ds=/Lx(t,x)W(x)dx=/LX(t,x)W(dox). (9.10)
0 R R

A fundamental problem arises: in what sense should one interpret W(d°x), the above
stochastic integral with respect to W? Note that for fixed ¢, the process x — L(t, x) is not
necessarily adapted, which is one of the difficulties. If W were a smooth function the above
integral would be the usual (pathwise) integral. Hence the last integral in (9.10) should
be defined as the (anticipative) Stratonovich stochastic integral so that the integrations in

(9.10) are extensions of the classical setting of smooth functions. It turns out that with this
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interpretation, the process X given by (9.5) will indeed solve (9.1) (weakly). This can also
been seen from our approximation argument (see Section 9.2).

Let us explain how the Stratonovich integral [, Lx(t, x)W (d°x) can be defined rigor-
ously. Presumably, one may use the anticipative stochastic calculus ([79]) (with the help
of Malliavin calculus) to define this integral. However, we immediately encountered a
difficulty to show the square integrability of Lx (¢, x). Instead, we use (9.9) and (9.10) to

formally write

t
[ exends = [ Lxtt, W@ = [ eMOLyTL 0, 8w )W)
0 R R !

- / e WOLg(E, Sy (x))W(dx) 9.11)
R

E=Tls (D)

The expression on the right hand side of (9.11) enables us to give a meaning to fot W (X(s))ds.

Furthermore, throughout the chapter, we can consider a more general situation, namely
the integral of the type

/Otg(X(s),W(X(s)))W(X(s))ds. (9.12)

This generalization will later allow us to develop It6 calculus on equation (9.1) and obtain
strong uniqueness result. Concerning the function g, we assume that g : RXR — Risa

deterministic continuous function such that
* For every x € R, the function u — g(x, u) is continuously differentiable,

e Forevery u € R, the functions x — g(x, u) and x — d,g(x, u) are Holder continuous

of order A with A > 1/2.

In addition, we assume that g satisfies the analytic bounds

sup |g(x,u)| < c1(K)efM (9.13)
xeK
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and

7 - 7 au 7 _au 7
lg(x,u) —g(y,u)l + sup |dug(x,u) gy, u)l

- = < cp(K)e? (9.14)
x,yeK |x - }/| x,yeK |x - }/|

for every u € R and compact interval K, where 0, c1(K) and c2(K) are some positive
constants.

Note that for any fixed £ > 0, the mapping x — g(x, W(x))Lg(&, Sw(x)),x € R, is
adapted with respect to the filtration generated by {W(z), z € [0, x]}x>0. Similarly the
mapping x — g(x, W(x))Lg(&, Sw(x)),x € R_ is adapted with respect to the filtration

generated by {W(z), z € [x,0]}x<o. To elaborate the notation we define
W(x) = W(-x), x > 0.

Let W(dx) and W(d x) denote It6 differentials. Then for any a < b, and continuous function

g on R?, we define the It integral

b
/ g(x, W(x)Ls (&, S (x))W (dx)

2 g(x, W(x))Ls (&, Sw(x)W(dx), if 0 <a < b

11 g (e, W(=x))Ls (&, Sw(=x)) W (dx)
= (9.15)

[T g(x, W))LB(E, Sw(x)W(dx), ifa <0 < b,

f||bu|| g(x, W(=x))Lp(&, Sw(-x))W(dx), ifa < b < 0.

Now for any a < b, £ > 0, and any continuous function g satisfying (9.13) and (9.14), we
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define

b b
/g(x,W(X))LB(é,Sw(x))W(d"x) :=/ g(x, W(x))Lp(&, Sw(x))W(dx)

1 b
- / 3ug(x, W)La(E, Sw(x))dx, (9.16)

where fab g(x, W(x))Lg(&, Sw(x))W(dx) is the Itd stochastic integral defined in (9.15).
While the right hand side of (9.16) is valid for a bigger class of functions, we restricted
ourselves to conditions (9.13) and (9.14) because it is this specific class in which most of the
limiting results of the current work hold. The following result, whose proof can be found

in Subsection 9.5.1, confirms that the integration defined in (9.16) is indeed of Stratonovich

type.

Proposition 9.1.1. Assume that g satisfies the conditions (9.13) and (9.14) with some A > 1/2. In
addition, we assume that u — 9, g(x, u) is continuously differentiable. Fix arbitrarya < b. Let 1 :
a=x9<x1<--- <Xy, = Dbbeapartition of the interval [a, b] and let |7t| = maXo<i<n-1(Xit1—X;).
Let

X — X

Wr(x) = W(xi) + (W(xi1) = W(xi)) ———, X <X < Xin, (9.17)

i+l — Xi

be the linear interpolation of W associated with the partition 1. Then

b b
/g(x,W(X))LB(é,Sw(X))W(dox)=|7lzi|§10/ g(x, W(x))Lp(&, Sw(x))Wr(x)dx,
(9.18)

where the limit in (9.18) is in L.

The regularity of this integration is described in the following result, whose proof is

provided in Subsection 9.5.3.

Lemma 9.1.2. Let g be a continuous function satisfying (9.13) and (9.14). Then there exists a
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version of the process

(S,a)'—>/_ g(x, W(x))Lg(&, Sw(x))W(d’x)

which is jointly continuous in (&,a) € Ry X R,.

Proof. From (9.16), it is sufficient to show the process

y
H(E,y)=/0 g(x, W(x))Lp(&, Sw(x))dW (x)

has a jointly continuous version. Fix 11 < y2 < N, &1 < &, using martingale moment

inequality and (9.13), we obtain

EIH (&1, y1) — H(E, y2) — H(E2, y1) + H(&, o)t

v 4
=E g(x, W(x))Lp([&1, E2], Sw(x))dW (x)
n

2
Slyp—wil [ Ee*fWOULp([&q, &1, Sw(x))|*dx.
n

It is straightforward to verify that (see also the identity (9.59) below)

EP|Lg([&1, &1, Sw(x))I* < Cl& - &2,

Hence,

E[H(E, y1) — H(E y2) — H(E, 1) + H(E2, yo)I*

2
< Cly2 = y1ll&2 = Ellz/ e8Iy < Cnlya — y1l?1&2 — &1)2.
n

The result then follows from two-parameter Kolmogorov theorem. O

As an immediate consequence, we have
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Lemma 9.1.3. Let g be a continuous function satisfying (9.13) and (9.14). Then for any fixed
& > 0, the limit
a
lim [ e, WO)La(E, Sw ()W (@)
—a

exists almost surely. We will denote the limiting process as

/_ g, W) La(E, Sw(x))W(d°x)

Furthermore, for any fixed & > 0, we define

twp(&) =inf{x > 0: Sw(x) > | n}gél Bsl}. (9.19)
Then,
Twp(&) < 0, a.s., (9.20)
and for all £ > 0,
00 Tw,B(&)
/ g(x, W(x))Lp(&, Sw(x))W(d°x) =/ o g(x, W(x))Lp(&, Sw(x))W(d°x) .
' (9.21)

As a consequence, the process & f_ozo g(x, W(x))Lp(&, Sw(x))W(d°x) has a continuous

version.

Proof. We denote Mp(&) = | maxsepo,&] Bs|. A result of Matsumoto and Yor in [77, identity
(4.5)] shows that
I}im V2K E[Sw(K) ']1=1. (9.22)

On the other hand, for each K > 0 (recall also that B and W are independent)

P(twp(&) > K) = P(Sw(K)™' = M(&)™)

< E[Mp(IE[Sw(K)™] < E[Sw(K)™1].
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Together with (9.22), it follows that limk_,.c P(Tw,8(&) > K) = 0. From here, we deduce
(9.20).
Since Sw(-) is strictly increasing, if y is such that y > twpg(&), then Sw(y) >
| maxsepo,¢] Bs|, and hence Lg(&, Sw(y)) vanishes. As a consequence, with probability one,
the map x = g(x, W(x))Lg(&, Sw(x)) is supported in the interval [-tw (&), Tw,B(E)].
Therefore, the limit of f_”a g(x, W(x))Lp(&, Sw(x))W(d°x) as a goes to oo exists almost
surely. From here, we also obtain (9.21). By Lemma9.1.2, themap (&, a) = ffa g(x, W(x))Lp(&, Sw(x))W

is continuous. This together with continuity of £ + 7w (&) implies that the process

£ / g(x, W()Lg (&, Sw(x)W(d°x)

has a continuous version. O

With the help of Lemmas 9.1.2, 9.1.3 we can now define the integral of the type (9.12)

for sufficiently regular functions g and X as in (9.5).

Definition 9.1.4. Let X be the process in (9.5). Suppose that g is a function satisfying

conditions (9.13) and (9.14). Then for every ¢t > 0, we define

t
/0g(X(s),W(X(s)))W(X(s))ds

::/_ !7(X,W(X))e—W(x)LB(E,Sw(x))W(de)|5=TV_éB(t), (9.23)

where Ty p is defined by (9.4) and T;\}B is the inverse of Ty p. In particular, for g = 1 we

have

t [s3)
| W xends = [ e WOLa(E SwIWEDlers o 9.24

o

forall f > 0.

From Lemma 9.1.3, the process & — [ g(x, W(x))e W®Lg(&, Sw(x))W(d°x) has a

continuous version. In addition, since the map t — T;le (t) is also continuous, we see that
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the process

t
o /0 g(X(5), W(X(5))W(X(s))ds

also has a continuous version. From now on, we will only consider this continuous version
whenever we write either fot g(X(s), W(X (s))W(X(s))ds or alternatively its two other

equivalent presentations

/_ g0, W(@)e W OLg Tyl (1), Sw ()W (d°x) = / g(x, W(x)Lx(t, )W (d°x) .

In the above, the equality can be seen from (9.9).
Now with a rigorous definition of fot W(X(s))ds at hand we can now precisely describe

the notions of strong and weak solutions to (9.1).

Definition 9.1.5 (Strong solution). Let (W (x), x € R) be a two-sided Brownian motion, and
(B(t),t > 0) be a Brownian motion with respect to a usual filtration (¥ 850, independent

of W. Let F5W = (?:B’W)tzo be the extended filtration given by
FOW = F2\/ o(W(x),x e R), ¥t 2 0.

We assume that 72" also satisfies the usual conditions. A continuous process (X(t),t > 0)

is a strong solution to (9.1) if it satisfies the following conditions:

(i) X is adapted to the extended filtration %W,

(ii) There exists a Brownian motion (B(t), t > 0) independent of W such that X (t) admits

the It6-McKean representation (9.5).
(iii) For every t, the integral fot W(X(s))ds is well defined as in Definition 9.1.4.

(iv) For every t > 0, the equation

t
X(t) = B(t) - %/0 W (X (s))ds
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holds almost surely.

Definition 9.1.6 (Weak solution). Let (W(x), x € R) be a two-sided Brownian motion. A
pair (X, 8) in which X is a continuous process, 8 is a Brownian motion independent of W,
is a weak solution to (9.1) if X is a strong solution to (9.1). More precisely, let # 2" be the

tiltration defined as in Definition 9.1.5. X satisfies the following conditions:
(i) X is adapted to the filtration 2",

(ii) There exists a Brownian motion (B(t), t > 0) independent of W such that X (t) admits

the Ito-McKean representation (9.5).
(iii) For every t > 0, the integral fot W (X(s))ds is well defined as in Definition 9.1.4.

(iv) For every t > 0, the equation
1 [
X(t) =8B(t) - 5/ W(X(s))ds
0

holds almost surely.

The major contribution of the current chapter is the strong existence and uniqueness

result for the Brox equation (9.1).

Theorem 9.1.7 (Existence and uniqueness of strong solution). Let W be a two-sided Brownian
motion and B be a Brownian motion independent of W. Then there exists a unique strong solution

X to (9.1).

In proving Theorem 9.1.7, we are able to obtain existence of a pair (X, B) satisfying (9.1).

The precise statement is following.

Proposition 9.1.8 (Existence of a weak solution). Let (W (x), x € R) be a two-sided Brownian

motion and let (B(t), t > 0) be a Brownian motion, independent of W. Let X (t) be the It6-McKean
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representation given by the equation (9.5) and let fot W (X(s))ds be defined by (9.24). Then, there

is a Brownian motion B determined by
L WossloBoT ! (s) 1
B(t) = /0 e wwE dB o Ty p(s) , (9.25)

which is independent of W, such (X, B) is a weak solution to equation (9.1).

In fact, Theorem 9.1.8 claims a bit more than just weak existence. It states that any Brox
diffusion given by the It6-McKean representation (9.5) is a weak solution to the equation
(9.1). In addition, the Brownian motion 8 appeared in the equation is given explicitly by
the equation (9.25).

As an application of our method, we can easily obtain the following It6 formula whose

proof is provided in Section 9.3.

Theorem 9.1.9 (It6 formula). Let (X, B) be a weak solution to (9.1). Let f : RXR — Rbea

deterministic continuous function such that
* For every x, the map u — f(x,u) is continuously differentiable
* fand d, f satisfy the conditions (9.13) and (9.14).

We define the function F(x) = fox f(y, W(y))dy + F(0), where F(0) is some constant. Then, with

probability one,

t 1 t
FOX() = FO)+ | X, WXENB6)+ 3 [0 F(X(E), WX ()is

— %/_: f(x, W(x))Lx(t, X)W(dox) + % /_Z 8uf(x, W(x))LX(t,X)W(dox) .

An immediate consequence is the following

Corollary 9.1.10 (Itd formula). Let (X, 8) be a weak solution to (9.1). Let F : [0, 0) X R — Rbe

a measurable deterministic function which is continuously differentiable in t and twice continuously
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differentiable in x. Then, with probability one,

t t
F(t, X(t)) =F(0,0) +/O dsF (s, X(s))ds +/O d+F(s, X(s))dB(s)

t [ee]
+%/0 9xxF(s,X(s))ds—%/_maxF(s,x)LX(t,x)W(dox).

The rest of this chapter is organized as follows. In the next section, we provide some
preliminaries and show how Proposition 9.1.8 can be derived. Theorem 9.1.9 is proved in
Section 9.3. The proof of Theorem 9.1.7 is given in Section 9.4. The proof of Proposition 9.1.1
is provided in Subsection 9.5.1. Proofs of some further technical results (described in

Section 9.2) are provided in Section 9.5.

9.2 Preliminary and proof of Proposition 9.1.8

We present in the current section some necessary results which serve as the backbone of
our approach. Since Proposition 9.1.8 follows directly from these results, we provide its
proof at the end of the section.

Let F = {7F':t}tzo be a filtration under which B is a Brownian motion. We assume that
the filtration F satisfies the usual conditions for a filtration; namely, it is right-continuous
and %, contains all the null sets. In what follows, ¥ is usually chosen to be FBW.

An {F; }-time-change is a cadlag, increasing family of { % }-stopping times. It is said to
be finite if each stopping time is finite almost surely, and continuous if it is almost surely
continuous with respect to time. Let T = {T(¢) : t > 0} be a finite {?A”;}-time change and
consider the time-changed filtration {??Tt }¢>0. The right-continuity of {7—~'t} and {T;} imply
that {?:Tt }+>0 satisfies the usual conditions. Moreover, the time-changed process {B o T(t)}
is an {%Tt }-semimartingale (see [67, Corollary 10.12]). As a consequence, one can define

the It6 integral of the form fot g(BoT(s))dB oT(s). Inthe following proposition we gather

some useful facts.
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Proposition 9.2.1. Let f be a function in C*(R), the set of continuous functions with continuous
derivatives up to second order. Let T = (T(t),t > 0) be a continuous finite time change. Then,

with probability one, for all t > 0, the following identities hold

T(t) 1 /T
F(BoT(t) = f(BoT(0)) + f/(B())dB(s) + 5 £7(B(s))ds (9.26)
T(0) T(0)

T(t) t
/ F/(B(u))dB(u) = / f/(BoT(s))dBoT(s), (9.27)
T(0) 0

T(t) t
/ f"(B(u))du = / f"(BoT(s))dT(s). (9.28)
T(0) 0

Finally, the process t + fot f'(BoT(s))dB oT(s) is a semimartingale with respect to the filtration

{%Tf V>0, and its quadratic variation is given by

t t
(/ f'(BoT(s))dBoT(s)) = / |f'(Bo T(s))|dT(s) . (9.29)
0 0

In fact, in [69], the author has obtained time-changed It6 formula (such as (9.26)) for
semimartingales possibly with jumps. However, we do not need such general result in the
current chapter. We refer the reader to [69, Theorem 3.3] for a justification of (9.26) and
(9.29). Identities (9.27) and (9.28) follow from [67, Proposition 10.21], see also in [69].

Throughout the chapter, we will approximate W (x) by its polygonal approximations.
Since W (x) is defined for all x € R, we now partition the whole line R. Let 7 be any
partition with nodes {x; € R: x; < x;41 Yi € Z}. Then the polygonal approximation of W
associated with this partition, denoted by W, is the piecewise function such that for every
ie”Z
W (xis1) — W(xi)

Xisl = Xi

Wr(x) = W(x;) + (x=xi), xi<x<Xi1. (9.30)

Fix arbitrary Brownian motion B independent of W. Then, for any polygonal approx-

imation W, of W, we can define X via an analogue to the It6-McKean representation

234



(9.5):

Xn(t) =Sy oBoT,! p(t), 0<t<oo, (9.31)
where
X
Sw, (x) = / eVt @iz, 0<t<oo, (9.32)
0
and
t —_
Ty, B(t) = / e oS B g 0 < t < oo (9.33)
0
We also denote
t
Br(t) = / e WX dB o Tyl L(s), (9.34)
A ,

Since Wy, is piecewise differentiable it follows from Proposition 9.2.1 that

Lemma 9.2.2. Let X, (t) be defined by (9.31)-(9.33) and B (t) be defined in (9.34). Then By is

a Brownian motion with respect to the time-changed filtration {F.°" V0. In addition, By, is

Ty 5
independent of W and X satisfies

t
X (t) = —%/O W (X (5))ds + Br(t). (9.35)

Proof. The It6 formulas (9.26)-(9.28) from Proposition 9.2.1 give

t
Xo(t) = / (S71Y 0 BoTyl 4(s)dBo Tyl 4(s)
0 T T, T,
1 [t d
+ —/ (Sp) 0 Bo Tyl 5(s)—Tp! z(s)ds. (9.36)
2 0 e i, ds T,

Note that we apply Proposition 9.2.1 by, first, fixing a realization of W; we also use the fact

that B is a Brownian motion with respect to 5. From the definition of Sy._(x), we have

d —Wr(S;)
_S—l (X) =e n( Wn(x))
dx~ Wr ’
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dZ

S, (0 = = RO (S ().
x Tt T

Thus

st ] 0BTyt =0,

2
[%s;} l 0B o Tyt 5(s) = —e 2WeXa®IW (X, (5)).
x us T,

Similarly, we have

d

_levln,B (s)=e

2Wr(Sih 0BOTy 5(5)) _ 2Wn (X (5))
dr '

Thus (9.36) can be written as

t 1 [t .
Xn(t):/o e—Wn(Xn(S))dBOT;\%T,B(S)_,_E/O _e—ZWn(Xn(t))Wn(Xn(S))eZWn(Xn(S)dS

t
= B (t) - %/0 Wi (X (s))ds . (9.37)

From Doob’s optional stopping (sampling) theorem it is easy to see that (8,(t),t > 0)

is a local martingale with respect to {?—"T B_’lw @ }t>0. Moreover, its quadratic variation is
Wr,B
t d t
/ e—zwn(xﬂ(s))%Tv—vl 5(5)ds :/ e 2Wn(Xr(8)) p2Wrn(Xr(s)) g = ¢ . (9.38)
0 " 0

Thus by Lévy’s characterization theorem $;(t) is a Brownian motion with respect to

B,W
{F }0-
il (01>
To complete the proof of Lemma 9.2.2, it remains to show that 8,; and W are independent
processes. Since both of them are Gaussian, it suffices to show that they are uncorrelated.

Indeed, using (9.27) and (9.31), we can write

Tyl 5(6) )
B (t) = / e WroSw 2B gp () |
0

236



Hence, for every t > 0 and x € R, we use the fact that 8;; is {7_~TB_,1W ® }t>0-Brownian motion,
Wr,B
and the fact that W is measurable with respect to ?’TI%EW ) toget
Wr,B

E[8.(HW(x)] =E [JE [&(t) 7o (0)] W<x>] = E[B:(0)W(x)] = 0.
Wn,B
Hence, we complete the proof of Lemma 9.2.2. m|

Remark 9.2.3. (i) Lemma 9.2.2 implies that (X;(t),t > 0) is the weak solution of the
equation:

dX,(t) = —%Wn(Xn(t))dt +dB(t),

where B is a Brownian motion independent of Wj,.
(ii) The result of Lemma 9.2.2 holds true when Wy (x) is replaced by any continuously

differentiable function.

Now Proposition 9.1.8 follows from (9.35) by shrinking the mesh size || to 0. This step

is verified through the following propositions.
Proposition 9.2.4. For every T > 0, lim|z|—0 Esup, 1 [B-(t) — B(t)?=0.

Proposition 9.2.5. Then for every 6 > 0, there exists a partition 1(0) of R such that for any

T >0,
t .
%irré sup /0 J(Xr5)(5), Wrs) © Xn(6)(8)) Wr5)(Xn(s)(s))ds
U i<T
- / g(x, WO)Lx (, \)W(d°x)| = 0,
with probability one.

The proofs of these propositions are provided in Subsection 9.5.2 and Subsection 9.5.4
respectively. Proposition 9.2.5 in turn is relied on the following moment estimates for local

time of Brownian motion, which are of independent interest.
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Proposition 9.2.6. (i) Let x, y € R. For every € [0,1/2], the following estimates holds

[E (Ls(&, 0], y) - La([&, 0], )| < Cpuln = &"P|x — y[27 9.39)
(ii) For every x1, y1,- - - , Xk, Y satisfying
X1<Y1<x<Yy2 << X2 < Yoy - (9.40)
and every a € [0, 1] we have
2n 2n
E 1—[ (Le([&, 0], yo) — L[, 1, xi0))| < Canln = E" 1_[ |y — x4 (9.41)
k=1 k=1

The proof of the previous proposition is given in Subsection 9.5.3.

Remark 9.2.7. (i) The former inequality (9.39) is well known. The above second estimate
(9.41) is new and quite interesting itself. Since in our proof of (9.41) we shall obtain some
results which can be used to prove (9.39) easily, we shall also present a straightforward
proof of (9.39).

(ii) From [81], it is known that L(&, x) is a semimartingale on x. A consequence is that

E (Lg(&é,y) — Lp(&, x))zn < Cg,ulx —yl". (9.39) is an extension of this equality.

We will also need the following analytic result.

Lemma 9.2.8. Let f and f,, (n = 1,2, ...) be bijective functions on R which are continuous and

strictly increasing. Suppose that f,(x) converges to f(x) for every x in R. Then for any compact

A C R limysesup, ey £ (y) = fH)I = 0.

Proof. The proof follows by contradiction. Suppose there exists €p and a subsequences
{fn,} and {yy, } such that

Yn, = Y, as N — 0,

|l yn) = 1) > €0, Vng.
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Thus, for infinitely many n;’s, either f, '(yn,) > f1(y) + €0 or fi'(yn,) < f71(y) — €.
Without lost of generality, we consider only the former case in which y,, > f,, (f -1 (y)+e€0)
for infinitely many 7;’s. Upon passing the limit 7y — oo, we obtain y > f(f~1(y) + €) >

f(f~Y(y)), which is a contradiction. O

Let us see how Proposition 9.1.8 follows from these propositions.

Proof of Proposition 9.1.8. By Proposition 9.2.5 (with g = 1) we see that fot Wi (X (s))ds
converges almost surely to fot W(X(s))ds uniformly on the compacts of R,. It is also
obvious from the definitions of Sy, (x), Tw, B(t), Xx(t), and application of Lemma 9.2.8
that X, (t) converges almost surely to X(t) uniformly on compact intervals of R,. From
Proposition 9.2.4, it follows that B, (t) converges almost surely to the process 8 defined in
(9.25) uniformly on compact intervals of R.. By passing through the limit |7t| — 0in (9.35),
we see that X satisfies (9.1). In addition, by Lemma 9.2.2, for every m, B is the Brownian
motion independent of W, hence, it is trivial to see that the limiting process 8 is also a
Brownian motion independent of W. To conclude the proof, it remains to show that X is
adapted to the filtration #%'". Indeed, because the integrand in (9.25) is non-vanishing,
it follows that the filtration F%" coincides with the time-changed filtration f li_v’lzv. In
addition, it is evident that the process X defined by It6-McKean representation (9.5) is

adapted to the later filtration. These two facts complete the proof. O

9.3 Ito formula - Proof of Theorem 9.1.9

Proof of Theorem 9.1.9. Let 1t be any partition of R. Let W be the linear interpolation of W
defined by (9.30). Denote Fr(x) = [y f(y, Wr(y))dy +F(0) and Xr(t) = S;vln oBo T;VlmB(t).
We apply the time-changed It6 formula (9.26) for F(X7(t)) = Fx o S;Vln oBo T;\llﬂ 5(£),

recall that in order to apply Itd formula we first fix a realization of W and we also use the
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fact that B is a Brownian motion with respect to FBEW,

t
Fr(Xx(t)) = F(0) +/0 (Fr oSy ) oBoTy p(s)dBo Ty (s)

1 t
+ 5/ (Fro Sy ) 0oBoTut 5(5)dTyt 5(s).
0 Tt T, Ttr
It is now easy to see that

(FroSpl ) 0o BoTyl 4(s) = f(Xn(s), Wa(Xn(s)))e VrX)),

(FroSp )" 0 Bo Tyl y(s) = 0xf (Xn(s), Wr(Xn(s)))e 2V Xn()
+ 0y f (Xr(8), Wr(Xr(s)))e Ve XeDW (X (5))

— f(Xn(8), Wa(Xn(s)))e 2WrXnDW_ (X, (5)),
and
dT;vlmB (s) = e2Wn(Xn(SD gg

Upon combining the above four identities, we obtain

t
Fr(Xn(t)) = F(0) + /0 f (Xn(8), Wa(Xn(s))) dBr(s)
1 t
+§/ Ox f (Xr(5), Wr(Xr(s)))ds
1 ot (9.42)
‘E/ F(Xn(8), Woe (X (5))) W (X (5))ls
0

1 [t .
+§/ F(Xr(s), Wa(Xr () Wr(Xn(s))ds,
0
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where B (t) = fot e Wrn(X=(9)gB o T;vl 5 (8) is a Brownian motion, as seen from Lemma 9.2.2.

For every 6 > 0, from Proposition 9.2.5, we can choose a partition = = () such that

t
/0 FXn)(5), Was) Koy ()W (X (5))ls

and

t
/0 F (X0 (5), Wongoy (Xonca ()W (X ())dls

converge to

[ £ W e WL (Tl 1), S W (@)

and

[5G W MO Ly Tl (1), S ()W)

respectively as 6 | 0. In addition, since X, and W converge to X and W, respectively, uni-
formly over compact intervals, with probability one, the integral |; Ot Ox f (Xr(5), Wr(Xr(5)))ds
converges to fot dx f(X(s), W(X(s)))ds. Hence, by passing through the limit 6 | 0 in (9.42),

it remains to show that the stochastic integral

t
/O f(Xr(s), Wr(Xr(s))) dBr(s)

converges to fot f(X(s), W(X(s)))dB(s)in probability as the mesh size of 7t shrinks to 0. For
this purpose, we fix a continuous sample path of W and further denote f(x) = f(x, W(x))
and fn (x) = f(x, Wr(x)). Since for fixed t > 0, X converges uniformly to X on [0, ¢], for

each M > 0 we can find a stopping time Ty such that

supsup | Xn(s A Tm)| < M.

s<t W
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Since X has finite range, we can also require limys—,c Ty = 0. Thus, it suffices to show the

following limit in L?

tATMm

5 tATMm B
im [ Fa(Xn($))dBa(s) = /0 FX(5))dB(s).

I[l0 Jo

Similarly to the proof of Proposition 9.2.4, it is equivalent to show

tATMm - tATMm -
lim E l/ﬂ frn(Xn(s)) dBn(S)/O f(X(S))dB(S)l

|7t|—0

tAT M 5
:]EB/O |F(X(s))>ds. (9.43)

Indeed, by the It6 isometry, the expectation on the left side equals to

5 T;\,le(t/\TM)/\T;Vl’B(t/\TM)
]E /

0

(fr OS;Vln)/ oB(u)-(fo Sﬁ)'OB(u)du] )

It follows from Lemma 9.2.8 that with probability one

Ty g AATM)AT R 5 (FATM)

|lilm0 (fr o S;vln)’ oB(u)-(fo S;Vl)’ o B(u)du
n|—0 Jo

Ts(tATM) tATM
- / I(F o Sy o B du = / F(X(5)) s
0 0

As in the proof of Proposition 9.2.4 we can use the Cauchy-Schwarz inequality and some
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changes of variables to see that

T;;n,B(tATM)AT;V}B(tATM) . . 2
/ (Fr o Syl Y o B - (f 0 Syly o B(u) du
0

Toh p(EATM) T (tATM)

s/ (fe 0 571 )’oB(u)qu/ I(F 0 S71 o B(u)Pdu
0 ” 0
tATM tEATM

_ /0 |Fu (X ()P ds /0 F(X(s)) s

< t? sup |f(x)|4.
[x|<M

We may use uniform integrability to get (9.43) and then to conclude the proof. m|

9.4 Strong solution - Proof of Theorem 9.1.7

9.4.1 Existence part of Theorem 9.1.7

Because the methods proving existence and uniqueness are quiet different, we consider
them separately. In this subsection, we focus on showing existence of a strong solution to
equation (9.1). Throughout the current section, W is a (given) two-sided Brownian motioin
and 8 is a (given) Brownian motion independent of W. We first seek for a Brownian motion

B such that relation (9.25) is verified. For this purpose, we first prove the following result.

Lemma 9.4.1. Let B be a Brownian motion and let W be two-sided Brownian motion independent

of B. Then, for P-a.s. W, the equation
f -1
M(t) :/ eVl weMW gy, +>0 (9.44)
0

has unique strong solution (M(t),t > 0) which has continuous sample paths.

Proof. First, we show the existence of the weak solution to (9.44). In fact, let B be a Brownian
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independent from W. We define
t B
~ —WoS:loBoT 1. ~ _
B(t) = /0 e VoSw BTy s g R o T ().

Then, it follows from Proposition 9.1.8 that B(t) is a Brownian motion, independent of
W. Denote M = B o T;VTB' Then dB(t) = e‘wos?vloM(t)dM(t) or dM(t) = eWOS?vloM(t)d@(t).
This means that (M, B) is a weak solution to equation (9.44).

Let us prove the pathwise uniqueness for equation(9.44). Note that by the classical

Lévy theorem W satisfies the following modulus of continuity condition: for each n > 1,

IW(x, w) =W, w)| < cp(w)log(lx —x'DVIx—x'|  Vx,x" €[-n,n],

for some ¢, (w) >0, for P —ass. w. (9.45)

Thus we can find a set A € Q with P(A) =1, such that, for all w € A, the following holds:

for any n > 1, there exists ¢, (w) > 0, such that
IW(x, w) = W', w)| < pulx,x), Vx,x" €[-n,n],

where p,(x,x") = cy(w)log(|x — x’[)V|x — x’|. Fix arbitrary w € A. For any k > 1, we
define

Dr(z) = Pr(z, w) = eV Ew kv EAR) @) (9.46)

and consider the following stochastic differential equation

t
Mi(t) = /0 ok (M (u))dB(u) 9.47)
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Note that

1 1
/ -2 _ -1
/0+( |log(u)ul)™) du = /O+(10g(u)) d(logu)

:/ Lo = oo, (9.48)
1

0

We now take

n(k, w) = LISy ()| + 1S3} (=) + 1],
where | a] denotes the integer part of a. Then
IW(x, w) = W(x', w)| < cp(w)log(lx — x")v/|x — x|
for all x, x” in the interval [-n(k, w), n(k, w)]. Define

S*(a)) = sup (eW(X,OJ) + E—W(x,a))).
IX|<ISHH =) [+IS;E ()

Then

Pk(2) = Pr(2)] < S'TW(S} (=k V (z A K))) = W(Siy (=k V (2" A K)))

< S oISy (=k V (z AK)) = Spt (—=k v (2" AK))D).
Note that S}, is Lipschitz function and we can easily derive:
ISy (=k V (z A k) = Sil (=k V (2 AK))| < S*lz -2,

and hence

|Pi(2) = r(z)] < S"p(S7Iz = 2']).

This together with (9.48) implies the pathwise uniqueness of the equation (9.47) by standard
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Yamada-Watanabe criterion (see [66], Chapter IV, Theorem 3.2).
Now, let M! and M? be two continuous solutions to (9.44). Define the following

stopping times:

T = inf(t 2 01 M'(#) = Sw(k) or M'(1) = Sw(=k)),
T]](VIZrW — 1nf{t >0: Mz(t) = Sw(k) or M2(t) = SW(_k)}I

T} = min (T}, T2 ) |

Since the processes (M(t),t > 0) and (M?(t),t > 0) have continuous sample paths, we
see T}V 1 oo as. when k — co. When t < T}, both (M'(t),t > 0) and (M?(t),t > 0)
satisfy (9.47). Thus M!(t) = M?(t) when t < T]EV . Passing through the limit k — oo yields
the strong uniqueness of the equation (9.44).

Finally, because weak existence and strong uniqueness together imply strong existence,

we see that the equation (9.44) has a unique strong solution. m]
We are now ready to prove the existence part of Theorem 9.1.7.

Proof of existence part of Theorem 9.1.7. Let M be the unique strong solution to equation

(9.44). Define a stopping 7(t) so that
() i
/ e?WoSwoM@E) gg = ¢ (9.49)
0

We note that if M and W are provided, 7 is uniquely determined by (9.49) because the map
ue o e2WoSyoM(s) g i strictly increasing on R,. We define B = M o 7. It follows from

(9.44) that
T(t) B
= [ o <1
0
Thus, from Lévy’s characterization theorem, B is a Brownian motion. In addition, the
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relation (9.49) is equivalent to
t
T(t) =/ e~ 2WoSyoMot(s) g5
0

Hence, taking into account the relation M o t = B, we have () = fot e"2WeSyoB(s) gg =
Twp(t). From here and the equation (9.44) it follows that B and 8 satisfy the relation (9.25).
In addition, similar to the proof of Proposition 9.1.8 it is clear that B is independent of W.

We now define X = Sljvl oBo T;\%B. Proposition 9.1.8 then shows that X is adapted to
the extended filtration 2"V and satisfies the equation (9.1) almost surely for the given

Brownian motion 8. This proves that X is a strong solution to the equation (9.1). m|

9.4.2 Uniqueness part of Theorem 9.1.7
To show uniqueness for strong solutions of (9.1), we rely on Itd formula, Theorem 9.1.9.

Proof of uniqueness part of Theorem 9.1.7. Let 8 be a Brownian motion independent of W.
We would like to show that X constructed in the proof of the existence part of Theorem 9.1.7
is indeed the unique strong solution to the equation (9.1). Let X be another strong solution,

and let B the corresponding Brownian motion in the It6-McKean representation, that is

v _ o1 -1

X=8§,0Bo TW,E' (9.50)
Here, as usual,

t _
Ty 5(t) = /0 e WS BE) g | (9.51)
or alternatively T, z(t) satisfies
T, =(t) _
/ M e2WeX (o) gg = (9.52)
0

The advantage of the later definition is that T\, z(¢) is given only via X. By a simple
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transformation one can see that B can be expressed via X as
B(t)=Swo Xo T, (9.53)

Now we would like to express B as a solution to certain stochastic equation driven by 8.
To this end we apply It6 formula from Theorem 9.1.9 to the function Sy (x) = [; eV ¥dy.
However, we cannot do it directly, since x — e* does not have bounded derivatives.
Therefore an approximation is needed. Let R be a fixed positive number. Let fr be a
C3-function with bounded derivatives such that fg(x) = e* for every x € [-R, R] and

fr = 0 outside [-R—1, R+1]. We then apply It6 formula from Theorem 9.1.9 to the function
Fr(x) = fox fRW (y))dy to get
~ t ~ 1 [®
Fr(X(2)) =/ frRON(X(5)))dB(s) - E/ SROW (x)) Lz (t, X)W (d°x)
0 —00
1 (o)
+ E/_ fRON (x))Lz(t, x)W(d°x) .

Since X has continuous sample paths, L3 (t,-) vanishes outside of a compact interval

(independent from R). We can pass easily to the limit, as R — oo, and obtain
_ t
Sw(X (1)) = / WX 3B (s). (9.54)
0
The previous equation, (9.53) and (9.50) imply

_ TW,E(t) —
B(t) = / eV XD B(s)
0

Tyz®) 0S-16BoT"1
0

Then we immediately obtain

~ t o _1o~o _1~
B(T--(1)) :/ VOB E) 18 (6.
W,B 0
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Thus (E o T;\gg(t), t > 0) satisfies (9.44). However, Lemma 9.4.1 states that the equation
(9.44) has the unique strong solution. That is, if M(t) = Bo T;v%ﬁ(t) then M is uniquely
determined from the equation (9.44). In addition, upon comparing (9.52) with (9.49), we
see that Tw,E(t) = 7(t) where 7(t) is uniquely defined by (9.49). Note that both M and 7 are
solutions of equations ((9.44)) and (9.49) respectively) which do not depend on particular

solution X for (9.1). Then we have

B=Mor<t

=B, a.s.

where B is the Brownian motion constructed in the proof of Theorem 9.1.7. This and (9.50)
imply that
X=X, a.s.

and uniqueness follows. O

9.5 Proofs

9.5.1 Proof of Proposition 9.1.1

We have the following decomposition

b
/ 9, W) La(E, S () Wo(¥)dx = I + o + T + I
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4

I = / TG, W) — g(xe, WL (E, S () k) = W) 4

k xk+1 - xk

I, = Z/ k1 g(xx, W(x))[Lg(&, Sw(x)) — LB(E,Sw(xk))]W(ka) — Wi(xg) ix

Xk Xk+1 — Xk

Xk+1 W + _ W
b= [ oGk W) = g, W) ILae, Swxn el = g

Xk+1 — Xk

From the Cauchy-Schwarz inequality we see that If is at most

n-1

X+1 W - W )
(- ”)Z/ 19Ce, W(x)) = gCe, W) I (E, Sy ()2 LY Flert) = Wx)]

k=0 v Xk (xk+l - xk)z

dx .

Taking expectation and applying the Holder inequality and (9.13) we obtain
EZ <) g — 0 < mfHH

which implies EI? goes to 0 since A > 1/2.

Denote each term in the expression of I, by Ip;. Then

n—1
E(12) = Z E(12,) + Z E(lyklyj) =t I1 + 1o
k=0 k#j

From the Cauchy-Schwarz inequality we see that I, ; is at most

& [ W (xk41) — W(xp)]?
> [ E {m(xk, WP ILB(E, Sw(®) - L (S, S (v L) = W] }dx
k=0 v Xk Xk+1 — Xk

By conditioning on the o-algebra generated by W (namely taking the expectation with
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respect to the Brownian motion B first) and applying (9.39) with g = 1/2, we see that

n-1 Xg )

+1 W W

Las S [ Elgl, WenP [1Sw(x) = Sw (o) L) Z WS 5
k=0 ¥ *k X1 — Xk

which is majorized by a constant multiple of |rt|. It follows that lim, |- I>1 = 0. If k # j and
if x € [x},xj41) and z € [xg, xk11), then the intervals [Sw(x;), Sw(x)) and [Sw(xk), Sw(2))

are disjoint. Then we have from (9.41) with a =0,

E[Lp(E, Sw(x)) — Le(&, Sw(xj)I[Ls(E, Sw(z)) — Lp(&, Swxk))]

< E|Sw(x) = Swx)IISw(z) = Sw(xp)|.

Therefore, together with (9.13), we have

Xj+1 Xk+1
nasy [ Elee'wm'”'ww' 1Sw () = Sw(x 1w (2) = Sw(xe)
j<k Ui Xk
W1 = W) W) = W)
Xj+1 — Xj Xk+1 — Xk

ldxdz.

It is now easy to check that I; > converges to 0, hence so does I.

Using the Taylor expansion, we have
9k, W(x)) = g(xx, W(xi)) = dug (xg, W(x)) (W (x) = W(xx)) + Ri(x)

with SUP)<y <y E[Rk(x)|P < Cplxgs1 — x|P. Hence, we can decompose I3 = [31 + 33 + I3 3,

where
G e W (xks1) = Wi(x 1
iz [ [ W6 - W =B S -
i=o L/ xx Xk+1 — Xk

X dyg(xx, W(xx))L(E, Sw(xk)),
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N
|
—_

1
32 =5 ) dug (e, W(xi))Lp(E, Swxi) (Xt = X1,
k=0
and :
o [T W (xp41) — W(x
Ba= ), [ Rudx LacE, S xR
=0 * Xk Xk+1 — Xk
I3,1 is a sum of martingale difference. It is easy to see that
n—1
E(I31)* < ) E[10ug(xe, W(xi) PLE(E, Sw(xi)) |
k=0
Tkt W (xk41) — Wi(x 1 2
x| [ W = Wennax D= S -
X X1 — Xk 2

n—1
< CZ(ka —xx)* = 0.
k=0

I3 is the Riemann sum of the integral % fab dug(x, W(x))Lg(&, Sw(x))dx. A straightfor-
ward estimation yields that I3 3 converges to 0 in L2. Hence, we have I3 converges to the
integral

1 b
; / 9g (X, W) La (&, Sy (x))dx

in L2. By standard It6 calculus, we see that I4 converges in L? to the Itd integral

b
/ g2, W) La(E, Sw () W(dx).

This completes the proof. |

9.5.2 Proof of Proposition 9.2.4

From Doob’s maximal inequality, it suffices to show

lim E|B,.(t) - B)|>=0,

|| =0
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for every fixed t > 0. We write
t
B (t) =/ e WrnXn()gB o T, L(s)
0 T,

T 5 _
_ / e~ WrOo Tyl 50 4 1))
0

Tyr () _
B / e WS 5B g ()
0
and similarly
T;V}B(t) .
B(t) = / e WEweeBW)gp(y) .
0

By a change of variable (similar to the one used in the proof of Lemma 9.2.2), we can

immediately get that the quadratic variation of 8 is given by

T;V%B(t) - ! ” "
/ o~ 2W(SilyoB () g, _ / e 2V GupoB TN g7l (5) = ¢, (9.56)
0 0 ’

and hence 8 is a Brownian motion with respect to {TTBJ\ED
W,B

asserts that B, is a Brownian motion with respect to {#_ B_’lmit)
W,B

}t>0. In addition, Lemma 9.2.2
}+>0. Since B, and B are

square integrable martingales we get

[ T s® _ Typ(®) _
E(B,.(H)B(t)) =E /0 e_W”(Swlanc’B(”))dB(u)/o e~ WSHsB) g (1))

=E

[ TR s (OATR () _ -
/ o~ WalSid oB)-W(SiloB) 1 | (9.57)

0

From Lemma 9.2.8, T;;! ; and S;,} converge uniformly over finite intervals, almost surely,

to T;V}B and S;vl respectively. Hence, for each t > 0,

Tyt g (OAT () - - Typ(H) _
/ e_wn(SM}"'BOB(M))_W(SV\}’BOB(L’))d” - / E_ZW(SV‘%BOB(u))du =t, (9.58)
0 0
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with probability one, as |r| — 0. The last equality follows from (9.56).
Now, by first applying Cauchy-Schwarz inequality, and then equalities (9.38) and (9.56)

we get

Tt s(DATLE (1) - - :
(/ Wi, B W,B e_Wﬂ(SV\/ln,BOB(u))_W(SM}/BOB(M))du
0

T 5B . Typ(®) -
</ e_zwﬂ(swln,BOB(”))du/ e 2W(SEoB) gy — 42
) 0

The above bound implies uniform integrability of random variables

T L (OATL (1) _ -
/ Wr,B W,B e_WT[(SM}T[,BOB(H))_W(SV\}!BOB(M))du,
0

and hence by (9.58) we get that the right hand side of (9.57) converges to t, and this

immediately implies that lim;|—0 EB,(t)B(t) = t. Therefore,

E(Bx(t) - B(1)* = B(Bx(1)*) + B(B(1)*) - 2E(B,(t)B(1))

=2t = 2E(8B,(t)B(t))

converges to 0 as |rt| — 0. O

9.5.3 Proof of Proposition 9.2.6

%2

Let p(t,x) = e~ 2 be the heat kernel and &,, denote the symmetric group of

27t
permutations of {1,2,--- ,m}. Itis easy to verify that for generic points uy,...,u, in R,
we have

m m

B[ [tatenbup= Y, [ []psi=siuq-uo0ds, 959)
j=1 o€, T Pm =1

where D,, is the domain {5 € [£,n]" : £ <s1<--- <58y, <N}, d5=dsy---ds,,, and ug =0

by convention. (9.59) is in fact the so-called Kac moment formula (see Marcus-Rosen’s
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book [76]).

To use (9.59) to compute the two moments in (9.39) and (9.41), we need to introduce
some notations. As introduced in [58], for k = 1,...,n and x € R, Vi(x) denotes
the substitution operator, i.e. for a generic function f = f(uy,---,u,), Vi(x)f(u) =

fQuy, -+, Ug—1, X, Ugs1, -+, Um). It is clear that if f(u) is a random process, then

EVi(x)f(u) =Ef(uy, -+, uk—1, %, Uks1, -+, um) = Vi(X)Ef(u).

Thus the operator V; commutes with the expectation operator.

For any points x1,---,x,; and y1,---,y» in R, we denote X = (x1,---,x;,) and
¥ = (y1,--* ,Ym). The notation [x, i] denotes the rectangle [x1, y1] X -+ X [xp, ¥ ] in
R™. The operator 0" ([X, §]) is defined as O™ ([¥, #]) := [1;_; [Vk(vx) — Vk(xx)]. When
applied to an m-multivariate function, 0" ([x, y]) is the rectangular increment of the
function over the rectangle [x, #]. In particular, when f(x) = f(x1)--- f(xy), then
O"([x, yDf = HZ; [f(yx) — f(xx)]. Moreover, for sufficiently smooth function f, the

rectangular increment of f can be computed as follows

m

e 2 -
O"(x, yDf = /[x,y] (921822---(9sz(2) dz . (9.60)

With these notations, we can write [,.; (Lg([&, n], yx) — Ls([&, 1], xx)) as follows

[ T@ste, nl o) - Loae, 1, x0) = 0" (0%, 7 | | La(1E, ) up).

k=1 j=1

Notice that the operator [ also commutes with the expectation operator. In particular,
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when combined with (9.59), we obtain the formula

E[ | s, nl v - L&, 11, x0))
k=1

0ES,

= Z /D ds O™ ([x, y]) 1_[ p(sj=sj-1,Ug; — Ug; ;). (9.61)
m ]':1

First, let us assume x; =---=x,, =xand y; =--- = Y, = y. Denote X, = (x4, - -

and X, —— = (X¢,, """, Xg,_,) etc. From (9.61) it follows

m—

B[ | (Ls@& nl yo) - Lo(lE, 1], x0)

k=1

m—1
= > [ a5 (%, gab | [ p(s) - sj1 0, - 10,,)

Dy, ]‘=1

0ES),

X [P(Sm —Sm-1,Y — uam,1) - P(Sm —Sm-1,X — uomq)]

By unpacking the (m — 1)t differnce operator, the above sum is equal to

m—2
Z / dsO"2([%,, -, ymlm])ﬂp(srsf'—lf”aj  Ugpy)X
GEC m j=1

[p(Sm-1—Sm—2,Y — Ug,_,) + P(Sm-1— Sm-2, X — Ug, _,)]

[P(Sm —Sm-1,0) — P(Sm —Sm-1,X — y)] .

If we continue to apply the operator V' this way, we shall obtain

E [L(&, 11, %) = L(E, 71, »)]*

2n
= (2n)! /D [ ] [Pk = 551,00 + (D p(si = sk, x = )| [p(s1,%) + pls1, )] d5.

m k=2
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The estimate (9.39) follows from (9.62) and the following inequality

b b
//(t—s)V[p(t—s,O)—p(t—s,x—y)][p(s—a,0)+p(s—a,x—y)]dtds

< cpylb—al" 1 Flx -y,

is valid for all g € [0,1/2] and y > 0.

Now we assume a condition which is slightly more restricted than (9.40):
X1 <Y1 <X <Y <---< Xy <Y (9.63)

The functions p(t, x) and all its partial derivatives are continuously differentiable on the
any interval (f,x) € [0, 00) X (=00, —a] U [a, 00) for any positive a. Thus the function on the
right hand side of (9.59) is continuously differentiable on the [X, 7] satisfying (9.63). Using

the equations (9.60), (9.61) and interchanging order of integrations, we have

B[ [ (Ls(@& nl yo) - Lo((E, 1], x0)

k=1
Z/ds/ az HP(S]—S] 120 = Zo,,)- (9.64)

g€,

Notice that each partial derivative d/dz, ; contributes one derivative to either p(s;—s;-1, z, =
Zgj4) OF P(Sjs1 —Sj, Zg;,y — Zo;). We record the results by a binary index ej, ej = 1 represents
the former case, e; = 0 represents the later case. Moreover, if the later case happens, it also

contributes a factor —1. Since z,, only appears in the last term p (s — Sm-1, Zg,, = Zo,,1), WE
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must have the restriction e,;; = 1. Thus, we can write (9.64) as

E[ | s, nl v - L&, 11, x0))
k=1

= 51gn(e)/ ds /_ dz np(‘e]” ¢i- 1)(s —8j-1,20; — Zg;,) , (9.65)

aeom eeL

where € denotes all the m-tuple e = (ey, ..., en) € {0, 1}" such that e, = 1 and sign(e) is
the sign of ¢, defined by signe := (- 1)ZJ =07%) and eg = 1 by convention.
For instance, in the case m = 4, when o is the identity map in S, , the integrand in (9.65)

is

— Peysy (24 — 23)P%, s, (23 — 22)pe,—s, (22 — 21)Ps, (21)

+ Péy—sy (24 = 23)Pey—s, (23 — 22) P, s, (22 — 21) Ps, (21)

+ Pl (24 — 23)Pss—s, (23 — 22) P2, (22 — 21)Ps; (21)

— Plyss (24 — 23)P%, s, (23 — 22) Pl 5 (22 — 21)ps, (21) 966
+ Pl sy (24 — 23)Ply s, (23 — 22) Psy-sy (22 — 21) P, (21)

— Pes—ss (24 = 23)P%, s, (23 — 22) Psy—s, (22 — 21)p5, (21)

— Piyss (24 = 23)Psy—s, (23 = 22)Pg, s, (22 — 21)Pg, (21)

+ D%y, (24 — 23) Py s, (23 — 22)P5,—s, (22 — 21)p5, (21) -

2n
E[ [ @ws(1& 1 yo) - Le((E, ]
k=1

constant ¢, depending only on 7 such that
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,Xk))| < cn ﬂ lxj = yjl.
j=1

Combining the estimate in Lemma 9.5.1 (below) with (9.65), we see that there exists a

(9.67)



An application (9.39) with g = 0 yields

2n

E[ [ (Ls(t&, nl yo) - L&, 11, x0))

k=1

< caln—é&1". (9.68)

Now given a € [0, 1], an interpolating between (9.67) and (9.68) yields

2n
1-—
< canln =& | Tl =y
j=1

2n
E[ [ (Ls(@& nl yo) - Lo((E, 1], x0)

k=1

This is (9.41) under the condition (9.63). The estimate (9.41) under the general condition
(9.40) follows by a limiting argument since both sides of (9.41) are continuous function
of x, yx’s. This finishes the proof of Proposition 9.2.6 modulo the proof of the following

lemma which was used in the above proof.

Lemma 9.5.1. Let € = (e1,...,en) (m > 2) be an m-tuple in {0, 1}"" such that e,, = 1 and we
take ey = 1 by convention. Let uy (k =1,2,...,m) be non-zero real numbers and let D,, be the

domain {5 € [£,n]" : £ <51 <--- < sy < n}. Then the following estimate holds

m
/ 1—[ p(ej+1—ffj_1)(sj - 51, M]) ds| <1. (9.69)

m ]'=1

Proof. We denote L the Laplace transform with respect to the t variable and put

]:/D np(ef"ef—”l)(s]'—s]-_1,u]') ds. (9.70)

m ]'=1

Let » denote the convolution operator, i.e. for two functions f and g, f *g(t) = fot f(s)g(t-

s)ds. Then we can rewrite | into the form

n
T= / P (51, 20) f (0 = s1) ds1,
&

259



where f is the function defined by

t
f(t)= /0 [P D up) e eow plen=en D) (5)ds
It is well known (see for example, [42], Formula 3.471 (9) and Formula 8.469 (3)) that

LIp(,0ls) = \/%e"w@ . ©.71)

By taking derivative under the integral sign (noticing that we assume x # 0), we obtain
LIp' (¢, 0)](s) = —sign(x)e"x“@.
We further notice that p” = 2d;p, thus
Lp"(,0)](s) = V2seI¥IV2s
Writing all three formulas in one, for k =0, 1,2, we have
LIp® ¢, 01(s) = (V25)[=sign(x)[Fe V2 9.72)
Since convolution becomes product under Laplace transform, the Laplace transform of f is

L[f]l(s) = 571 1—[(\/2_5)"1"3/'—1[—sign(u]-)]ej‘ef—l+1 exp {—lujl\/g}

j=2

= V2(V2s) 1" exp {—\/ZZ |u]'|} 1—[[—sigm(u]-)]“”i"ef‘1+1 ,

j=2 j=2

where the factor s ! comes from the fact that the Laplace transform of fot f(rydriss™ Lf(s).

To simplify notations, we will denote |u| = }“:2 luj|. We consider now two cases. Case 1:
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e1 = 0. Inverting the Laplace transform, using (9.71), we see that

F(8) = V2] |I-sign(upI=*Ip(t, lul) . 9.73)

j=2

Thus
n
] < \5/5 p(s1, u)p(y — s, [ul)dsy < 1/V2.

Case 2: ¢1 = 1. We notice that

L lerfc (\l/iZ_lt)l (s) = %e""'\@,

where erfc(z) is the complementary error function erfc(z) = % /. Z°° e‘yzdy. Inverting the

Laplace transform as in the former case, we obtain

f(t) = l_[[—sign(uj)]ef_ef—1+1erfc (\l/LZ_lt) . (9.74)

=2

Thus if we use the fact that 0 < erfc(z) < 1, we have

n |ul
] < / |p’<sl,u1)|erfc(—)ds1
3 V2(1n —s1)
s/n ] e‘%@.

& V2msy 51
By the change of variable t = \';%, we see that |]| < % [edt < 1. m
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9.5.4 Proof of Proposition 9.2.5

To outline the strategy proving Proposition 9.2.5, let us first observe that using the

. -1 -1 .
representation X = Sy o Bo T}, ; we can write

t
/0 J(Xn (), Wa © (X (8))War (X (5))d5

= [ g0 WD LT (0, S, () Wr(x)

We observe that from Lemma 9.2.8, with probability one, Ta}n 5(+) converges to Tﬁle(')
uniformly over compacts of R,. In addition, the function e™ can be combined with g(x, u).

Therefore, to prove Proposition 9.2.5, it suffices to show

* For every function g satisfying conditions (9.13) and (9.14), with probability one, the
process & — [0 g(x, Wr(x))Lg(E, Sw, (x))Wr(x) dx convergesto [~ g(x, W(x))Lg(&, Sw(x))W(

uniformly over compact sets.

The remaining of this subsection is devoted to verify the previous statement. In what

tollows, {€~(g, &), & > 0} denote the process

tn(g, &) = /]Rg(x, Wi (2))Lp(E, Sw, (x))Wr (x) dx , (9.75)

which is well-defined for all continuous sample paths of W. For every compact set K, we
denote

c3(K) = c1(K) + c2(K)

where c; and c; are the constant in (9.13) and (9.14).
In the former part of the current subsection, we will truncate the processes ¢, and show
the corresponding truncated processes converges uniformly. In the later part, the claim is

verified completely via a gluing argument.
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Let us remark that for all the results in this subsection holds, we employ the two
estimates (9.39) and (9.41) for the local time of Brownian motion B, Lp.
Convergence over bounded interval: We consider an interval [a, b] with length L = b — a.

Let m={a =xp < x1 <--- < x, = b} be a partition of [a, b] with mesh size

A= max |xXpq — Xkl
k=0,...,n-1
We denote
b
Aoty ey = / g(x, Wi () La (&, Sw, (x)Wa(x)dx, (9.76)

where as usual Wy, is the linear interpolation of W associated with 7.

We first decompose ¢ 5? Pl g, &) as follows

Xk+1

el &) = Z / g(x, Wr(x)[L(&, Sw, (x)) — Le(&, Sw, (xk)) W (x)dx

S
AR

3 La(E, Sw.(x0) / TG, Wa () = (i, Wa () W (x)dx
k=0 Yk
n—1

+ 3 Lu(E, S, (x0) / " g Gor, Wi (36) Wi (x)dx
k= k

o

Let G be a function such that d,G(x, u) = g(x, u). The integral inside the last summand

can be computed as follows

/ " g (xp, Wr(x))Wr(x)dx = G(xg, W(xks1)) — G(xk, W(xk))

_ / K+l (ee, W(x)W(dx) + 1/ k+1 Aug(xk, W(x))dx,

Xk 2 Xk

where the last line follows from the classical Itd6 formula. Therefore, we can further

decompose {fgf’b](g, &) as

9P (g, &) = [(E) + L(&) + I3(E) + I4(&)
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where

n-1 Xk+1 .
h&@=y / g0, Wr())[Lp(E, Sw, (1)) = Lp(&, Sw, (x)[Wr()dx,
k=0 * *k

Xk+1

n-1
(&) = )" Lp(&, Sw, (xi)) / [9(x, Wr(x)) = g (xk, Wre (X)) [Wr ()dx,
k=0 X

k

n-1 Xk+1
(&)=Y / Lb (&, Sw, (xi))g (xx, W(x)W(dx),
k=0 ¥ ¥k

n-1 X+l
W& =53 [ dugtn WE)La(E, Sw, (r)d.
k=0 *

1
2

To simplify notation, we omit dependence of I;’s on g. For a generic function f on R, we

will denote

fA&EnD = f() = f(&), Yn, & e R

Lemma 9.5.2. Suppose g satisfies the conditions in Proposition 9.2.5. There exist positive constants

€,), K which does not depend on (a, b) such that the following estimates holds: for all n, & € Ry,
EIL([E, qDI° < (b = a)e M)y — g renr, 9.77)

EIL([E, nI® < cS(b —a)e* VD] — g|l+eAr, (9.78)

b
El3([¢, D) - / g (e, W)L (&, n], Sw(x)) W (dx)[®

< cS(b —a)eX VI — g+ ny - (9.79)

1 b
B0, 1D = 5 [ dug(e WG)La(E, ), Sw(x)dxl

S b —a)e VI — gAY (9.80)
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where the implied constants depend only on b — a. As a consequence, forall n, & € Ry,

b
El£9Y (g, 1€, 7)) - / g(x, W(x)L([&, n], Sw(x))W(d’x)|°

< 8k —a)e AVl |y — glreAY - (9.81)

Proof. To deal with I;, we denote

ay = / kel g(x, Wr(x)) [Ls([E, 1], Sw, (x)) = Lg([&, ], Sw,. (xk))] Wr (x)dx .

k

Then

EL (&, n])°

n-1

_ 6 5 4 2 4

= Z ]Eak1 +6 Z ]Eaklak2 +15 Z ]Eaklak2 + 30 Z ]Eaklakzak3
k1=0 k1#k k1,ko k1,k2,k3

3 .3 3 2 3
+ 20 Z ]Eaklak2 + 60 Z ]Eaklakzaks +120 Z ]Eaklakzaksak4
k1,ko k1,ko,k3 k1,k2,k3,ka

2 .2 2 2 2
+90 Z ]Eaklakzak3+180 Z ]Eaklakzak3ak4
k1,ko,k3 k1,k2,k3,ka

+ 360 Z ]Eailakzak3ak4ak5 + 6! Z Eay, a,ai,ar,ak50k,
ki, ko k3 ka ks k1, k2 k3 ks ks ke
where the indices ki, . . ., k¢ are pairwise disjoint if they appear under the same summation
notation. Among these sums, the most difficult term to estimate is the last one. All other
sums can be handled by mean of the Holder inequality and (9.39) (similar to the method
of estimating A below). To illustrate our method while maintain a decent length of the

chapter, we will give detailed estimates for the two sums

_ 2
A= Z ]Eaklakzaksak4ak5,
k1,k2,k3,kq,ks

A= Z ]Eaklakzaksak4ak5ak6 .
k1,k2,k3,kq,ks,ke
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To avoid lengthy formula, we denote AW = W (xx41) — W(xk), Ax = Xg41 — xk. We also

omit the indices under the sigma notation. By the Cauchy-Schwarz inequality and (9.13)
AW [
< - [T MOy 16, 1, S, (20) = L (LS, ), Sw, () Pz
X

Hence, A is bounded from the above by

S-a0) 3B [ MWLy (e, 1l Sw, (2) - La(lE 1l Sw, (xx )P

|Ag, WI?

. AZ10k,)Aky Ak, Afs -
1

Taking the expectation with respect to the Brownian motion B first and applying (9.39)
with f = 1/2 we see that A is bounded from the above by

C?(b _ a)m _ 5|3/2 Z IE/ 629|Wn(Zl)|+9|W(Z2)|+"’+9|W(25)|

[xk Xs1]

WP 5
|5Wﬂ(zl)_SWn(xk1)|l_[|5wn(Z]) SWn(xk)|1/2| k] ll_[ ;

j=2 j=2

k+1

where f[xk,xm] dz denotes H5 Ly X, dzj. We further apply the Holder inequality and the

simple estimate [Ee?"=(3) < €92|Z|/ 2. The above quality is bounded by a constant multiple

of

5 1/2
cS(b—a)ln - 5|3/ZZ/ ]{msWﬂ(zn—swn(xkl)|2]—[|swn(Zj>—swn(xk)l}

j=2
xeXzlt+zD | A 17127
J

Applying the Holder inequality again, we obtain
b 5
A< C?(b —a)|n - &PA (/ eKmdx) .
a
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To estimate A, we first take the expectation with respect to the Brownian motion B. Using

(9.41) with a € [0, 1] we have

_ 6 rxpa A W
A5c§(b—a)|n—g|3a§ | |/ ’ Ee®"=) Sy (z)) — Sw,, (x)I'™° —Afk dz; .
j:l xkj j

Applying the Holder inequality yields
b 6
A< S(b—a)ln - EP*ACG (/ eK'xldx) . (9.82)
a

Choosing o between 1/3 and 1/2 yields (9.77).

Proof of (9.78): From the Holder inequality we have

E|L(E, nDI° < (b —a)°x

Xk+1

n-1
E) / 19, Wi (x)) = g, Wr()PILB(LE, 7], Sw, (x6)) 01 W (x)[Cdx
k=0 7%

k

An further application of the Holder inequality, condition (9.14) and the estimate (9.39)
with g =0 yields

n—1

EIL(E nDI® S (b= a)°cS(b —a)e 1D — £ 3" g — xl 72,
k=0

which implies (9.78).
Proof of (9.79): Applying the moment inequality for martingales, we see that the
expression on its left hand side is at most a constant times
n-1

/ - E [g(x, W(x)Ls([&, 1], Sw(x)) — g(xx, W(x)Ls([&, 1], Sw, (xi))]° dx,
k=0 "k
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which is again bounded by the sum of a certain constant multiple of

n-1 Xk+1
D=cf(b-a) ) | E[Ls(& 0] Sw(x) - Le([E, 1], Sw, (x))]° /M @z,
k=0 *
and
n-l Xk+1
D= L/" E [Ls([&, 1, Sw, (xi)]° [9(x, W(x)) — gk, W(x))]° dx,
k=0 *

Similar to the estimation for I, it is easy to see that D satisfies
n-1
D < c§(b - a)e 1My — &P " g — x|

k=0

which in turn satisfies the bound (9.79).

By mean of inequality (9.39) with g € (0,1/2], D is bounded by a constant times

n-l Xk+1
(b —a)ln - PP Z/ EISw (x) — Sw, (x¢)[F eSOy,
k=0 * K
By the Holder inequality, we see that above expression is at most a constant times

b
50 = ol = eFVPIAR [ eHlax,

a

which also yields (9.79).
Proof of (9.80): By the Holder inequality, the quality on the left hand side of (9.80) is at

most a constant times

Xk+1

n—1
> / E [0ug(x, W)L (&, 0], Sw(x)) = dug (xx, W)L (E, 1], Sw, (x))]° dx
k=0 7k

From here, (9.80) follows similarly. m|
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Convergence over R: Let y and « be the constants in Lemma 9.5.2. Let 7 be a partition of
R. For every N € Z, let iy be the partition on [N — 1, N] induced by 7 and |ny| denote

the mesh size of mtyy. For every 6 > 0, we now choose a partition 7 (0) such that

2, ea(IN =1, NDeNmyl")s < 5. (9.83)
N

With the notations in the previous subsection, the process £, (g, -) (defined in (9.75)) can

be written as

ta(g, &)= Y NG, 6, £20, (9.84)
Nez
where ¢ 511\11_1’1\]]( g,-) is the process defined in (9.76). Finiteness of the process ¢, (g, -) will

become clear at the end of this subsection. For a random variable Y, we denote the L®-norm

1Y le := (EY®)Y®. To simply notations, we further denote

[©e]

009, 1€, 1) = / g(x, W(x)Lg (&, S (x))W(d°x)

and

N
(IN=INI(g, [é,n])=/N_lg(x,W(X))LB(S,Sw(x))W(d"X)-

From the estimate (9.81), we obtain

1ex(g, &, qD) = £(g, 1E,nDlls < D [|eed Mg, 16, nD) = NN (g, &, )|,
NezZ

< lp—g|rere Z c3([IN =1,N]) (|nN|y€1<INI)
NezZ

1/6

We now choose 1 = () and use the condition (9.83) to obtain

€5y (g, [E,n]) = €(g,[E, nDlls < | — &3+905 . (9.85)
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Let K be any positive number. Applying the Garsia-Rodemich-Rumsey inequality (see
[40]), wee see that there exists a continuous version of the process (g, ) — £(g,-) which

satisfies the following estimate almost surely

no (g, &, 0D — £(g, 1, nDI _ Cid. (9.86)

0<é<n<K In - &|ers

Since €(g, -) has a continuous version and is finite almost surely, this implies the same

properties holds for £,(s5)(g, -). Moreover, we have also proved the uniform convergence

f?‘[ ’ s _5 ’ ’
lim  sup [€r(s)(g,[E 7]_]) €/8(9 (& DIl _
6_’00<5<r]<1< |77 <l

0. (9.87)

which holds almost surely. This finishes the proof of Step 2, and hence of Proposition 9.2.5.

270



References

[1] Tom Alberts, Konstantin Khanin, and Jeremy Quastel, The continuum directed random polymer, J. Stat.

Phys. 154 (2014), no. 1-2, 305-326. MR3162542 1150

[2] Elisa Alos and David Nualart, Stochastic integration with respect to the fractional Brownian motion, Stoch.

Stoch. Rep. 75 (2003), no. 3, 129-152. MR1978896 (2004b:60138) 149

[3] Luigi Ambrosio, Transport equation and Cauchy problem for BV vector fields, Invent. Math. 158 (2004), no. 2,
227-260. MR2096794 (2005£:35127) 12, 57, 74

[4] Pierre Andreoletti and Roland Diel, Limit law of the local time for Brox’s diffusion, J. Theoret. Probab. 24
(2011), no. 3, 634-656. MR2822476 (2012i:60152) 1220

[5] Antoine Ayache, Stéphanie Leger, and Monique Pontier, Drap brownien fractionnaire, Potential Anal. 17

(2002), no. 1, 31-43. MR1906407 (2003i:60086) 17, 8

[6] Antoine Ayache and Yimin Xiao, Asymptotic properties and Hausdorff dimensions of fractional Brownian

sheets, ]. Fourier Anal. Appl. 11 (2005), no. 4, 407-439. MR2169474 (2006g:60056) 17, 16

[7] Hajer Bahouri, Jean-Yves Chemin, and Raphaél Danchin, Fourier analysis and nonlinear partial differential
equations, Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of Mathematical

Sciences], vol. 343, Springer, Heidelberg, 2011. MR2768550 (2011m:35004) 158, 134, 158

[8] Raluca Balan, Maria Jolis, and Lluis Quer-Sardanyons, SPDEs with fractional noise in space with index

H < 1/2, arXiv:1407.4080 (2015). 7133

[9] Richard F. Bass and Zhen-Qing Chen, Stochastic differential equations for Dirichlet processes, Probab. Theory
Related Fields 121 (2001), no. 3, 422-446. MR1867429 (2002h:60110) 7221

[10] G. Ben Arous and M. Ledoux, Grandes déviations de Freidlin-Wentzell en norme holderienne, Séminaire de

Probabilités XXVIII, Lecture Notes in Math., 1583 (1994), Springer, 293-299. 1100

271


http://www.ams.org/mathscinet-getitem?mr=3162542
http://www.ams.org/mathscinet-getitem?mr=1978896
http://www.ams.org/mathscinet-getitem?mr=1978896
http://www.ams.org/mathscinet-getitem?mr=2096794
http://www.ams.org/mathscinet-getitem?mr=2096794
http://www.ams.org/mathscinet-getitem?mr=2822476
http://www.ams.org/mathscinet-getitem?mr=2822476
http://www.ams.org/mathscinet-getitem?mr=1906407
http://www.ams.org/mathscinet-getitem?mr=1906407
http://www.ams.org/mathscinet-getitem?mr=2169474
http://www.ams.org/mathscinet-getitem?mr=2169474
http://www.ams.org/mathscinet-getitem?mr=2768550
http://www.ams.org/mathscinet-getitem?mr=2768550
http://www.ams.org/mathscinet-getitem?mr=1867429
http://www.ams.org/mathscinet-getitem?mr=1867429

[11] Lorenzo Bertini and Nicoletta Cancrini, The stochastic heat equation: Feynman-Kac formula and intermittence,

J. Statist. Phys. 78 (1995), no. 5-6, 1377-1401. MR1316109 (95j:60093) 1150

[12] Sérgio Bezerra, Samy Tindel, and Frederi Viens, Superdiffusivity for a Brownian polymer in a continuous

Gaussian environment, Ann. Probab. 36 (2008), no. 5, 1642-1675. MR2440919 (2010a:60352) 7150

[13] Th. Brox, A one-dimensional diffusion process in a Wiener medium, Ann. Probab. 14 (1986), no. 4, 1206-1218.
MR866343 (88f:60132) 14, 220

[14] Zdzistaw Brzezniak and Szymon Peszat, Space-time continuous solutions to SPDE’s driven by a homogeneous

Wiener process, Studia Math. 137 (1999), no. 3, 261-299. MR1736012 (2000m:60077) 1156

[15] Rémi Catellier and Massimiliano Gubinelli, Averaging along irregular curves and regqularisation of ODEs,

arXiv:1205.1735 (2012). 133, 57, 85

[16] Sandra Cerrai, Second order PDE’s in finite and infinite dimension, Lecture Notes in Mathematics, vol. 1762,

Springer-Verlag, Berlin, 2001. A probabilistic approach. MR1840644 (2002j:35327) 1100

[17] Xia Chen, Spatial asymptotics for the parabolic anderson models with generalized time-space gaussian noise,

preprint. 7151

[18] Khalil Chouk and Massimiliano Gubinelli, Nonlinear PDEs with modulated dispersion, arXiv:1303.0822
(2013). 133

[19] , Nonlinear PDEs with modulated dispersion 11: Korteweg—de Vries equation, arXiv:1406.7675 (2014).

133

[20] Gianluca Crippa and Camillo De Lellis, Estimates and regularity results for the DiPerna-Lions flow, ]. Reine
Angew. Math. 616 (2008), 15-46. MR2369485 (2008m:34085) 174

[21] Giuseppe Da Prato and Jerzy Zabczyk, Stochastic equations in infinite dimensions, Encyclopedia of
Mathematics and its Applications, vol. 44, Cambridge University Press, Cambridge, 1992. MR1207136
(95g:60073) 1156, 178

[22] RobertC. Dalang, Extending the martingale measure stochastic integral with applications to spatially homogeneous
s.p.d.e.’s, Electron. J. Probab. 4 (1999), no. 6, 29 pp. (electronic). MR1684157 (2000b:60132) T4, 132, 133,
156, 204

[23] , Corrections to: “Extending the martingale measure stochastic integral with applications to spatially

homogeneous s.p.d.e.’s” [Electron ]. Probab. 4 (1999), no. 6, 29 pp. (electronic); MR1684157 (2000b:60132)],
Electron. J. Probab. 6 (2001), no. 6, 5 pp. (electronic). MR1825714 (2002b:60111) 1204

272


http://www.ams.org/mathscinet-getitem?mr=1316109
http://www.ams.org/mathscinet-getitem?mr=1316109
http://www.ams.org/mathscinet-getitem?mr=2440919
http://www.ams.org/mathscinet-getitem?mr=2440919
http://www.ams.org/mathscinet-getitem?mr=866343
http://www.ams.org/mathscinet-getitem?mr=866343
http://www.ams.org/mathscinet-getitem?mr=1736012
http://www.ams.org/mathscinet-getitem?mr=1736012
http://www.ams.org/mathscinet-getitem?mr=1840644
http://www.ams.org/mathscinet-getitem?mr=1840644
http://www.ams.org/mathscinet-getitem?mr=2369485
http://www.ams.org/mathscinet-getitem?mr=2369485
http://www.ams.org/mathscinet-getitem?mr=1207136
http://www.ams.org/mathscinet-getitem?mr=1207136
http://www.ams.org/mathscinet-getitem?mr=1684157
http://www.ams.org/mathscinet-getitem?mr=1684157
http://www.ams.org/mathscinet-getitem?mr=1825714
http://www.ams.org/mathscinet-getitem?mr=1825714

[24] Robert C. Dalang and Lluis Quer-Sardanyons, Stochastic integrals for spde’s: a comparison, Expo. Math. 29
(2011), no. 1, 67-109. MR2785545 (2012e:60168) 7133

[25] A.M. Davie, Uniqueness of solutions of stochastic differential equations, Int. Math. Res. Not. IMRN 24 (2007),
Art. ID rnm124, 26. MR2377011 (2008m:60099) 185

[26] Pierre Del Moral, Feynman-Kac formulae, Probability and its Applications (New York), Springer-
Verlag, New York, 2004. Genealogical and interacting particle systems with applications. MR2044973
(2005£:60003) 178

[27] , Mean field simulation for Monte Carlo integration, Monographs on Statistics and Applied Probability,

vol. 126, CRC Press, Boca Raton, FL, 2013. MR3060209 178

[28] Roland Diel, Almost sure asymptotics for the local time of a diffusion in Brownian environment, Stochastic

Process. Appl. 121 (2011), no. 10, 2303-2330. MR2822778 1220

[29] R.]. DiPerna and P-L. Lions, Ordinary differential equations, transport theory and Sobolev spaces, Invent.
Math. 98 (1989), no. 3, 511-547. MR1022305 (90j:34004) 12, 57, 74, 94

[30] Bruce K. Driver and Yaozhong Hu, On heat kernel logarithmic Sobolev inequalities, Stochastic analysis and

applications (Powys, 1995), 1996, pp. 189-200. MR1453132 (98h:58183) 185

[31] R. M. Dudley, Sample functions of the Gaussian process, Ann. Probability 1 (1973), no. 1, 66-103. MR0346884
(49 #11605) 1114

[32] X. Fernique, Regularité des trajectoires des fonctions aléatoires gaussiennes, Ecole d’Eté de Probabilités de

Saint-Flour, IV-1974, 1975, pp. 1-96. Lecture Notes in Math., Vol. 480. MR0413238 (54 #1355) 1114

[33] Xavier Fernique, Continuité des processus Gaussiens, C. R. Acad. Sci. Paris 258 (1964), 6058-6060. MR0164365
(29 #1662) 716

[34] , Séries de distributions aléatoires indépendantes, C. R. Acad. Sci. Paris Sér. A-B 263 (1966), A674-A677.

MR0245071 (39 #6383) T16

[35] Denis Feyel and Arnaud de La Pradelle, Curvilinear integrals along enriched paths, Electron. J. Probab. 11
(2006), no. 34, 860-892 (electronic). MR2261056 (2007k:60112) 132, 33

[36] F.Flandoli, M. Gubinelli, and E. Priola, Flow of diffeomorphisms for SDEs with unbounded Hélder continuous
drift, Bull. Sci. Math. 134 (2010), no. 4, 405-422. MR2651899 (2011£:60113) 7100

[37] , Well-posedness of the transport equation by stochastic perturbation, Invent. Math. 180 (2010), no. 1,

1-53. MR2593276 (2011b:35583) 13, 94

273


http://www.ams.org/mathscinet-getitem?mr=2785545
http://www.ams.org/mathscinet-getitem?mr=2785545
http://www.ams.org/mathscinet-getitem?mr=2377011
http://www.ams.org/mathscinet-getitem?mr=2377011
http://www.ams.org/mathscinet-getitem?mr=2044973
http://www.ams.org/mathscinet-getitem?mr=2044973
http://www.ams.org/mathscinet-getitem?mr=3060209
http://www.ams.org/mathscinet-getitem?mr=2822778
http://www.ams.org/mathscinet-getitem?mr=1022305
http://www.ams.org/mathscinet-getitem?mr=1022305
http://www.ams.org/mathscinet-getitem?mr=1453132
http://www.ams.org/mathscinet-getitem?mr=1453132
http://www.ams.org/mathscinet-getitem?mr=0346884
http://www.ams.org/mathscinet-getitem?mr=0346884
http://www.ams.org/mathscinet-getitem?mr=0413238
http://www.ams.org/mathscinet-getitem?mr=0413238
http://www.ams.org/mathscinet-getitem?mr=0164365
http://www.ams.org/mathscinet-getitem?mr=0164365
http://www.ams.org/mathscinet-getitem?mr=0245071
http://www.ams.org/mathscinet-getitem?mr=0245071
http://www.ams.org/mathscinet-getitem?mr=2261056
http://www.ams.org/mathscinet-getitem?mr=2261056
http://www.ams.org/mathscinet-getitem?mr=2651899
http://www.ams.org/mathscinet-getitem?mr=2651899
http://www.ams.org/mathscinet-getitem?mr=2593276
http://www.ams.org/mathscinet-getitem?mr=2593276

[38] Franco Flandoli, Francesco Russo, and Jochen Wolf, Some SDEs with distributional drift. I. General calculus,

Osaka J. Math. 40 (2003), no. 2, 493-542. MR1988703 (2004e:60110) 17221

[39] , Some SDEs with distributional drift. II. Lyons-Zheng structure, It0’s formula and semimartingale

characterization, Random Oper. Stochastic Equations 12 (2004), no. 2, 145-184. MR2065168 (2006a:60105)
1221

[40] A. M. Garsia, E. Rodemich, and H. Rumsey Jr., A real variable lemma and the continuity of paths of some
Gaussian processes, Indiana Univ. Math. ]. 20 (1970/1971), 565-578. MR0267632 (42 #2534) 12,5, 7, 8, 16,
101, 114, 270

[41] David Gilbarg and Neil S. Trudinger, Elliptic partial differential equations of second order, Classics in
Mathematics, Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition. MR1814364 (2001k:35004) 158

[42] I.S. Gradshteyn and I. M. Ryzhik, Table of integrals, series, and products, Sixth, Academic Press, Inc., San
Diego, CA, 2000. Translated from the Russian, Translation edited and with a preface by Alan Jeffrey and
Daniel Zwillinger. MR1773820 (2001c:00002) 7260

[43] Mircea Grigoriu, Stochastic systems. uncertainty quantification and propagation, Springer Series in Reliability

Engineering, Springer-Verlag, London, 2012. 178

[44] M. Gubinelli, Controlling rough paths, J. Funct. Anal. 216 (2004), no. 1, 86-140. MR2091358 (2005k:60169)
128,31, 33

[45] Massimiliano Gubinelli and Samy Tindel, Rough evolution equations, Ann. Probab. 38 (2010), no. 1, 1-75.
MR2599193 (2011b:60261) 133

[46] Istvan Gyongy, Existence and uniqueness results for semilinear stochastic partial differential equations, Stochastic

Process. Appl. 73 (1998), no. 2, 271-299. MR1608641 (99b:60091) T155, 201, 202, 205

[47] Istvdn Gyongy and Nicolai Krylov, Existence of strong solutions for Itd’s stochastic equations via approximations,

Probab. Theory Related Fields 105 (1996), no. 2, 143-158. MR1392450 (97h:60058) T4, 155

[48] Istvan Gyongy and David Nualart, On the stochastic Burgers’ equation in the real line, Ann. Probab. 27
(1999), no. 2, 782-802. MR1698967 (2000£:60091) 1155

[49] Martin Hairer, Solving the KPZ equation, Ann. of Math. (2) 178 (2013), no. 2, 559-664. MR3071506 7150

[50] Harald Hanche-Olsen and Helge Holden, The Kolmogorov-Riesz compactness theorem, Expo. Math. 28
(2010), no. 4, 385-394. MRR2734454 (2012a:46048) 1194

[51] Takeyuki Hida, Brownian motion, Applications of Mathematics, vol. 11, Springer-Verlag, New York-Berlin,
1980. Translated from the Japanese by the author and T. P. Speed. MR562914 (81a:60089) 139

274


http://www.ams.org/mathscinet-getitem?mr=1988703
http://www.ams.org/mathscinet-getitem?mr=1988703
http://www.ams.org/mathscinet-getitem?mr=2065168
http://www.ams.org/mathscinet-getitem?mr=2065168
http://www.ams.org/mathscinet-getitem?mr=0267632
http://www.ams.org/mathscinet-getitem?mr=0267632
http://www.ams.org/mathscinet-getitem?mr=1814364
http://www.ams.org/mathscinet-getitem?mr=1814364
http://www.ams.org/mathscinet-getitem?mr=1773820
http://www.ams.org/mathscinet-getitem?mr=1773820
http://www.ams.org/mathscinet-getitem?mr=2091358
http://www.ams.org/mathscinet-getitem?mr=2091358
http://www.ams.org/mathscinet-getitem?mr=2599193
http://www.ams.org/mathscinet-getitem?mr=2599193
http://www.ams.org/mathscinet-getitem?mr=1608641
http://www.ams.org/mathscinet-getitem?mr=1608641
http://www.ams.org/mathscinet-getitem?mr=1392450
http://www.ams.org/mathscinet-getitem?mr=1392450
http://www.ams.org/mathscinet-getitem?mr=1698967
http://www.ams.org/mathscinet-getitem?mr=1698967
http://www.ams.org/mathscinet-getitem?mr=3071506
http://www.ams.org/mathscinet-getitem?mr=2734454
http://www.ams.org/mathscinet-getitem?mr=2734454
http://www.ams.org/mathscinet-getitem?mr=562914
http://www.ams.org/mathscinet-getitem?mr=562914

[52] Takeyuki Hida, Hui-Hsiung Kuo, Jiirgen Potthoff, and Ludwig Streit, White noise, Mathematics and its
Applications, vol. 253, Kluwer Academic Publishers Group, Dordrecht, 1993. An infinite-dimensional
calculus. MR1244577 (95£:60046) 1219

[53] Helge Holden and Yaozhong Hu, Finite difference approximation of the pressure equation for fluid flow in
a stochastic medium—a probabilistic approach, Comm. Partial Differential Equations 21 (1996), no. 9-10,

1367-1388. MR1410834 (97k:65303) 178

[54] Yaozhong Hu, Khoa N. Lé, and Leonid Mytnik, Stochastic differential equation for Brox diffusion, preprint
(2015). 11

[55] Yaozhong Hu, It6-Wiener chaos expansion with exact residual and correlation, variance inequalities, ]. Theoret.

Probab. 10 (1997), no. 4, 835-848. MR1481650 (99b:60079) 185

[56] Yaozhong Hu, Jingyu Huang, Khoa L&, David Nualart, and Samy Tindel, Stochastic heat equation with
rough dependence in space, preprint (2015). 11, 155

[57] Yaozhong Hu, Jingyu Huang, David Nualart, and Samy Tindel, Stochastic heat equations with general

multiplicative gaussian noises: Holder continuity and intermittency., arXiv:1402.2618 (2014). 1151

[58] Yaozhong Hu and Khoa Le, A multiparameter Garsia-Rodemich-Rumsey inequality and some applications,

Stochastic Process. Appl. 123 (2013), no. 9, 3359-3377. MR3071383 11, 101, 114, 115, 117, 255

[59] Yaozhong Hu and Khoa N. Lé, Nonlinear Young integrals and differential systems in Hélder media,
arXiv:1404.7582 (2015). 11

[60]

, Nonlinear Young integrals via fractional calculus, CAS SEFE Proceeding (to appear). T1, 34

[61] Yaozhong Hu, Fei Lu, and David Nualart, Feynman-Kac formula for the heat equation driven by fractional
noise with Hurst parameter H < 1/2, Ann. Probab. 40 (2012), no. 3, 1041-1068. MR2962086 743, 100

[62] Yaozhong Hu and David Nualart, Differential equations driven by Hélder continuous functions of order greater

than 1/2, Stochastic analysis and applications, 2007, pp. 399-413. MR2397797 (2009d:60179) 134

[63] , Rough path analysis via fractional calculus, Trans. Amer. Math. Soc. 361 (2009), no. 5, 2689-2718.

MR2471936 (2010b:60156) 134, 74, 100

[64] , Stochastic heat equation driven by fractional noise and local time, Probab. Theory Related Fields 143

(2009), no. 1-2, 285-328. MR2449130 (2009m:60144) T151

[65] Yaozhong Hu, David Nualart, and Jian Song, Feynman-Kac formula for heat equation driven by fractional
white noise, Ann. Probab. 39 (2011), no. 1, 291-326. MR2778803 (2012b:60208) 143, 100, 151

275


http://www.ams.org/mathscinet-getitem?mr=1244577
http://www.ams.org/mathscinet-getitem?mr=1244577
http://www.ams.org/mathscinet-getitem?mr=1410834
http://www.ams.org/mathscinet-getitem?mr=1410834
http://www.ams.org/mathscinet-getitem?mr=1481650
http://www.ams.org/mathscinet-getitem?mr=1481650
http://www.ams.org/mathscinet-getitem?mr=3071383
http://www.ams.org/mathscinet-getitem?mr=2962086
http://www.ams.org/mathscinet-getitem?mr=2397797
http://www.ams.org/mathscinet-getitem?mr=2397797
http://www.ams.org/mathscinet-getitem?mr=2471936
http://www.ams.org/mathscinet-getitem?mr=2471936
http://www.ams.org/mathscinet-getitem?mr=2449130
http://www.ams.org/mathscinet-getitem?mr=2449130
http://www.ams.org/mathscinet-getitem?mr=2778803
http://www.ams.org/mathscinet-getitem?mr=2778803

[66] Nobuyuki Ikeda and Shinzo Watanabe, Stochastic differential equations and diffusion processes, Second,
North-Holland Mathematical Library, vol. 24, North-Holland Publishing Co., Amsterdam; Kodansha,
Ltd., Tokyo, 1989. MR1011252 (90m:60069) 1246

[67] Jean Jacod, Calcul stochastique et problemes de martingales, Lecture Notes in Mathematics, vol. 714, Springer,

Berlin, 1979. MR542115 (81e:60053) 17233, 234

[68] Davar Khoshnevisan, Analysis of stochastic partial differential equations, CBMS Regional Conference Series
in Mathematics, vol. 119, Published for the Conference Board of the Mathematical Sciences, Washington,

DC; by the American Mathematical Society, Providence, RI, 2014. MR3222416 7150

[69] Kei Kobayashi, Stochastic calculus for a time-changed semimartingale and the associated stochastic differential

equations, J. Theoret. Probab. 24 (2011), no. 3, 789-820. MR2822482 (2012i:60109) 1234

[70] N. V. Krylov and E. Priola, Elliptic and parabolic second-order PDEs with growing coefficients, Comm. Partial
Differential Equations 35 (2010), no. 1, 1-22. MR2748616 (2011m:35142) 179

[71] Hiroshi Kunita, Stochastic flows and stochastic differential equations, Cambridge Studies in Advanced
Mathematics, vol. 24, Cambridge University Press, Cambridge, 1990. MR1070361 (91m:60107) 143, 58

[72] Michel Ledoux, The concentration of measure phenomenon, Mathematical Surveys and Monographs, vol. 89,

American Mathematical Society, Providence, RI, 2001. MR1849347 (2003k:28019) 1125

[73] Terry Lyons, Differential equations driven by rough signals. 1. An extension of an inequality of L. C. Young,
Math. Res. Lett. 1 (1994), no. 4, 451-464. MR1302388 (96b:60150) 132

[74] Terry J. Lyons, Differential equations driven by rough signals, Rev. Mat. Iberoamericana 14 (1998), no. 2,
215-310. MR1654527 (2000c:60089) 132

[75] M. B. Marcus and L. A. Shepp, Continuity of Gaussian processes, Trans. Amer. Math. Soc. 151 (1970),
377-391. MR0264749 (41 #9340) 116

[76] Michael B. Marcus and Jay Rosen, Markov processes, Gaussian processes, and local times, Cambridge
Studies in Advanced Mathematics, vol. 100, Cambridge University Press, Cambridge, 2006. MR2250510
(2008b:60001) 1114, 115, 116, 122, 125, 255

[77] Hiroyuki Matsumoto and Marc Yor, Exponential functionals of Brownian motion. II. Some related diffusion

processes, Probab. Surv. 2 (2005), 348-384. MR2203676 (2006m:60117) 1228

[78] Mark M. Meerschaert, Wensheng Wang, and Yimin Xiao, Fernique-type inequalities and moduli of continuity
for anisotropic Gaussian random fields, Trans. Amer. Math. Soc. 365 (2013), no. 2, 1081-1107. MR2995384
116, 27

276


http://www.ams.org/mathscinet-getitem?mr=1011252
http://www.ams.org/mathscinet-getitem?mr=1011252
http://www.ams.org/mathscinet-getitem?mr=542115
http://www.ams.org/mathscinet-getitem?mr=542115
http://www.ams.org/mathscinet-getitem?mr=3222416
http://www.ams.org/mathscinet-getitem?mr=2822482
http://www.ams.org/mathscinet-getitem?mr=2822482
http://www.ams.org/mathscinet-getitem?mr=2748616
http://www.ams.org/mathscinet-getitem?mr=2748616
http://www.ams.org/mathscinet-getitem?mr=1070361
http://www.ams.org/mathscinet-getitem?mr=1070361
http://www.ams.org/mathscinet-getitem?mr=1849347
http://www.ams.org/mathscinet-getitem?mr=1849347
http://www.ams.org/mathscinet-getitem?mr=1302388
http://www.ams.org/mathscinet-getitem?mr=1302388
http://www.ams.org/mathscinet-getitem?mr=1654527
http://www.ams.org/mathscinet-getitem?mr=1654527
http://www.ams.org/mathscinet-getitem?mr=0264749
http://www.ams.org/mathscinet-getitem?mr=0264749
http://www.ams.org/mathscinet-getitem?mr=2250510
http://www.ams.org/mathscinet-getitem?mr=2250510
http://www.ams.org/mathscinet-getitem?mr=2203676
http://www.ams.org/mathscinet-getitem?mr=2203676
http://www.ams.org/mathscinet-getitem?mr=2995384

[79] D. Nualart and E. Pardoux, Stochastic calculus with anticipating integrands, Probab. Theory Related Fields
78 (1988), no. 4, 535-581. MR950346 (89h:60089) 1224

[80] David Nualart, The Malliavin calculus and related topics, Second, Probability and its Applications (New
York), Springer-Verlag, Berlin, 2006. MR2200233 (2006j:60004) 742, 100, 103, 104, 135, 136, 162

[81] Edwin Perkins, Local time is a semimartingale, Z. Wahrsch. Verw. Gebiete 60 (1982), no. 1,79-117. MR661760
(84e:60117) 7238

[82] Szymon Peszat and Jerzy Zabczyk, Stochastic evolution equations with a spatially homogeneous Wiener process,

Stochastic Process. Appl. 72 (1997), no. 2, 187-204. MR1486552 (99k:60166) T4, 132, 133

[83] Vladas Pipiras and Murad S. Taqqu, Integration questions related to fractional Brownian motion, Probab.

Theory Related Fields 118 (2000), no. 2, 251-291. MR1790083 (2002c:60091) 17156, 157, 158, 161

[84] Christopher Preston, Banach spaces arising from some integral inequalities, Indiana Univ. Math. J. 20

(1970/1971), 997-1015. MR0282209 (43 #7922) 7114

[85] , Continuity properties of some Gaussian processes, Ann. Math. Statist. 43 (1972), 285-292. MR0307316

(46 #6436) 1114

[86] K. V. Ral’chenko, The two-parameter Garsia-Rodemich-Rumsey inequality and its application to fractional
Brownian fields, Teor. Imovir. Mat. Stat. 75 (2006), 144-154. MR2321190 (2008g:26033) 12, 6,7, 15

[87] Francesco Russo and Gerald Trutnau, Some parabolic PDEs whose drift is an irreqular random noise in space,

Ann. Probab. 35 (2007), no. 6, 2213-2262. MR2353387 (2008j:60153) 1221

[88] Francesco Russo and Pierre Vallois, Forward, backward and symmetric stochastic integration, Probab. Theory

Related Fields 97 (1993), no. 3, 403—421. MR1245252 (94j:60113) 12, 28

[89] Stefan G. Samko, Anatoly A. Kilbas, and Oleg 1. Marichev, Fractional integrals and derivatives, Gordon and
Breach Science Publishers, Yverdon, 1993. Theory and applications, Edited and with a foreword by S. M.
Nikol’skii, Translated from the 1987 Russian original, Revised by the authors. MR1347689 (96d:26012)
1156, 157

[90] Scott Schumacher, Diffusions with random coefficients, Particle systems, random media and large deviations

(Brunswick, Maine, 1984), 1985, pp. 351-356. MR814724 (88k:60045) 1220

[91] Zhan Shi, A local time curiosity in random environment, Stochastic Process. Appl. 76 (1998), no. 2, 231-250.
MR1642673 (99i:60176) 1220

[92] Ya. G. Sinai, The limit behavior of a one-dimensional random walk in a random environment, Teor. Veroyatnost.

i Primenen. 27 (1982), no. 2, 247-258. MR657919 (83k:60078) T4, 219

277


http://www.ams.org/mathscinet-getitem?mr=950346
http://www.ams.org/mathscinet-getitem?mr=950346
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=2200233
http://www.ams.org/mathscinet-getitem?mr=661760
http://www.ams.org/mathscinet-getitem?mr=661760
http://www.ams.org/mathscinet-getitem?mr=1486552
http://www.ams.org/mathscinet-getitem?mr=1486552
http://www.ams.org/mathscinet-getitem?mr=1790083
http://www.ams.org/mathscinet-getitem?mr=1790083
http://www.ams.org/mathscinet-getitem?mr=0282209
http://www.ams.org/mathscinet-getitem?mr=0282209
http://www.ams.org/mathscinet-getitem?mr=0307316
http://www.ams.org/mathscinet-getitem?mr=0307316
http://www.ams.org/mathscinet-getitem?mr=2321190
http://www.ams.org/mathscinet-getitem?mr=2321190
http://www.ams.org/mathscinet-getitem?mr=2353387
http://www.ams.org/mathscinet-getitem?mr=2353387
http://www.ams.org/mathscinet-getitem?mr=1245252
http://www.ams.org/mathscinet-getitem?mr=1245252
http://www.ams.org/mathscinet-getitem?mr=1347689
http://www.ams.org/mathscinet-getitem?mr=1347689
http://www.ams.org/mathscinet-getitem?mr=814724
http://www.ams.org/mathscinet-getitem?mr=814724
http://www.ams.org/mathscinet-getitem?mr=1642673
http://www.ams.org/mathscinet-getitem?mr=1642673
http://www.ams.org/mathscinet-getitem?mr=657919
http://www.ams.org/mathscinet-getitem?mr=657919

[93] A. V. Skorohod, On a generalization of the stochastic integral, Theory of Probability and its Applications 20
(1976), 219. 142

[94] Daniel W. Stroock and S. R. Srinivasa Varadhan, Multidimensional diffusion processes, Classics in Mathe-

matics, Springer-Verlag, Berlin, 2006. Reprint of the 1997 edition. MR2190038 (2006£:60005) 17101

[95] Michel Talagrand, The generic chaining, Springer Monographs in Mathematics, Springer-Verlag, Berlin,
2005. MR2133757 (2006b:60006) 1114

[96] Yimin Xiao, Sample path properties of anisotropic Gaussian random fields, A minicourse on stochastic partial

differential equations, 2009, pp. 145-212. MR2508776 (2010i:60159) 17, 16

[97] Jack Xin, An introduction to fronts in random media, Surveys and Tutorials in the Applied Mathematical
Sciences, 5, Springer-Verlag, New York, 2009. 178

[98] L. C. Young, An inequality of the Holder type, connected with Stieltjes integration, Acta Math. 67 (1936), no. 1,
251-282. MR1555421 12, 28, 31

[99] Cristina T. Zorko, Morrey space, Proc. Amer. Math. Soc. 98 (1986), no. 4, 586-592. MR861756 (88b:46062)
7190

278


http://www.ams.org/mathscinet-getitem?mr=2190038
http://www.ams.org/mathscinet-getitem?mr=2190038
http://www.ams.org/mathscinet-getitem?mr=2133757
http://www.ams.org/mathscinet-getitem?mr=2133757
http://www.ams.org/mathscinet-getitem?mr=2508776
http://www.ams.org/mathscinet-getitem?mr=2508776
http://www.ams.org/mathscinet-getitem?mr=1555421
http://www.ams.org/mathscinet-getitem?mr=861756
http://www.ams.org/mathscinet-getitem?mr=861756

	1 Introduction
	2 Multiparameter Garsia-Rodemich-Rumsey inequality
	2.1 The result
	2.2 Sample path Hölder continuity of random fields
	2.3 Sample path continuity of Gaussian fields
	2.4 Stochastic heat equations with additive space time white noise

	3 Nonlinear integrals
	3.1 Nonlinear Young integral
	3.1.1 Definition
	3.1.2 Mapping properties

	3.2 Nonlinear Itô-Skorohod integral
	3.3 Nonlinear symmetric stochastic integral
	3.4 Relationships of various nonlinear integrals

	4 Differential equations associated with nonlinear Young integral operators
	4.1 Existence and uniqueness
	4.2 Compositions
	4.3 Regularity of flow
	4.4 Transport differential equation

	5 Feynman-Kac formula, a pathwise approach
	5.1 Nonlinear Stochastic integral with diffusive integrand
	5.2 Feynman-Kac formula I
	5.3 Feynman-Kac formula II
	5.4 Estimates for diffusion process
	5.5 Schauder estimates

	6 Asymptotic growth of Gaussian sample paths
	6.1 A deterministic inequality
	6.2 Majorizing measure
	6.3 Asymptotic growth

	7 Linear stochastic convolution equation with rough dependence in space
	7.1 Preliminaries
	7.1.1 The noise
	7.1.2 Space-time function spaces
	7.1.3 Mismatch of dimensions and equivalence of norms

	7.2 Linear stochastic convolution equation
	7.2.1 An estimate for stochastic convolutions
	7.2.2 Existence and uniqueness
	7.2.3 Examples

	7.3 The Anderson model with more general initial data

	8 Nonlinear stochastic heat equation
	8.1 Preliminaries
	8.1.1 Noise structure and stochastic integration
	8.1.2 Elements of Malliavin calculus

	8.2 Moment estimates and Hölder continuity of stochastic convolutions 
	8.2.1 Moment bound of the solution
	8.2.2 Hölder continuity estimates

	8.3 Existence and uniqueness of the solution
	8.3.1 Uniqueness of the solution
	8.3.2 Space-time function spaces
	8.3.3 Probability measures on XT
	8.3.4 Existence of the solution


	9 Stochastic differential equation for Brox diffusion
	9.1 Main results
	9.2 Preliminary and proof of Proposition 9.1.8
	9.3 Itô formula - Proof of Theorem 9.1.9
	9.4 Strong solution - Proof of Theorem 9.1.7
	9.4.1 Existence part of Theorem 9.1.7
	9.4.2 Uniqueness part of Theorem 9.1.7

	9.5 Proofs
	9.5.1 Proof of Proposition 9.1.1
	9.5.2 Proof of Proposition 9.2.4
	9.5.3 Proof of Proposition 9.2.6
	9.5.4 Proof of Proposition 9.2.5



