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INTRODUCTION

The question of when a given property of a topological space
is preserved under mappings is one of the most familiar problems
of general topology. Among the properties of greatest interest for
general spaces is, without doubt, that of metrizability; metrizability
always implies, in particular, a number of important special topological
properties of the space in question (normality, regularity,
paracompactness, etc.). To determine in general the conditions for
preservation of metrizability under mappings appears to be a
difficult problem. It may well be that in the class of arbitrary
continuous mappings the problem has no meaningful solution. The
purpose of this paper is to obtain conditions for the preservation
of metrizability by quotient mappings and to study the properties
of quotient spaces of metric spaces.

We will use "iff" as an abbreviation for "if and only if". If

f is a function from X onto Y, we will write f: X —=>1Y.
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CHAPTER I. PRELIMINARIES

We begin by stating some basic definitions and theorems.

Definition 1.1: Let f ©be a function from a topological

space X onto a set Y. Then the quotient topology for Y

(relative to f and the topology of X) is the family
U= (Ucy: f'l(u) is open in X)}. If Y has the quotient

topology, then Y 1is called a quotient space and f a quotient

Eﬂ.

Since the inverse of an intersection (or union) of members of 2(
is the intersection (union) of the inverses, 2¢{ is indeed a topology
for Y. If a subset U of Y 1is open in a topology relative to
which f 1s continuous, then f-l(U) is open in X. Thus the
quotient topology is the largest topology for Y such that the
function f is continuous.

A subset B of Y 1is closed relative to the quotient topology
iff £1(Y -B) = X - £1(B) 1s open in X. Hence B is closed

iff £ 1(B) is closed.

Theorem 1.2: If f is a continuous function from the topological
space (X,27) onto the space (Y,2() such that f 4is either open

or closed, then 2{ is the quotient topology.

Proof: Let f bve an open map and let U be a subset of Y
such that f’l(U) is open relative to <. Then U = f(f’l(U))
is open relative to 2(. Consequently, if f is open, each set open

relative to the quotient topology is open retative to ZL, and the



quotient topology is smaller than 2(. If f is continuous as well
as open, then since the quotient topology is the largest for which

f is continuous, % is the quotient topology. To prove the
theorem for a closed function f it is only necessary to replace

"open" by "closed" in each of the preceding statements. Q.E.D.

If £ is a continuous map of a topological space X onto a
space Y, the continuity of any g: Y —>> Z implées that of g-f.
The characterizing property of quotient maps is that the converse

is also true.

Theorem 1.3: Let f be a continuous map of a topological space
X onto a space Y. Then f is a quotient map if and only if: for
each topological space Z and eachmap g: Y —>> Z, the continuity

of g-f implies that of g.

Proof: Assume that f 1is a quotient map and that g-f 1is
continuous. Let U be an open subset of Z. Then
(g-f)’l(U) = f'l(g'l(U)) is open in X, so that g'l(U) is open
in Y. Therefore g 1is continuous.

On the other hand, assume that the condition holds. lLet Y'
be the set Y with the quotient topology relative to f, and let
f': X ->>Y' take the same values as f. Let 1i: Y =>> Y' be the
identity map. Since i.-f = f' 1s continuous, the condition assures

l-f' = £ 1is continuous, and f'

is a quotient map, the first part of the proof shows that i'l is

that i is continuous. Since i~

continuous. Thus i: Y =>>Y' 1is a homeomorphism, and f is a

quotient map. Q.E.D.



We now consider another way of looking at quotient spaces. Let
f be a function from a topological space (X,7) onto a space (Y,2),
where Az, is the quotient topology for Y. Define a relation R
on X by xRy iff f(x) = f(y) for x,y in X. Clearly, R is
an equivalence relation; the equivalence classes of R are the
sets f-l(y) with y € Y. Let X/R be the family of equivalence
classes, and let R(x) be the equivalence class to which x belongs.
Let p be the mapping of X onto X/R defined by p(x) = R(x) =
f_l(f(x)) for all x € X, and give X/R the quotient topology
relative to p. We will show that Y is homeomorphic to X/R.

Define & function g from X/R to Y by g(R(x)) = f(x) for
all R(x) € X/R. Since R(u) = R(x) implies f(u) = f(x), g is
well-defined. We have the following diagram, where ' is the

quotient topology for X/R:

(X, ) . > (Y,2)
P

(x/R, ')

Since f is onto Y, g also maps onto Y. If g(R(x)) = g(R(u)),
then f(x) = f(u) so that xRu and R(x) = R(u); thus, g is

one-to-one. Consequently, g-l is a well-defined function. Since

g'l-f =p and p is continuous, Theorem 1.3 shows that g'l is
continuous. Finally, since g'p =f and f 1is continuous,
Theorem 1.3 shows that g 1is continuous. Thus Y 1is homeomorphic

to X/R.






