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DEFINITIONS 

A function of any number of variables x,, 

x?...• ••• • which is ratlonal, integral, and homogeneous 

in those variables la called a form or quantic in 

x ,, x!l.., • • • • The coeffiolenta 1n a £orm are constants 

so far as :x 
1 

• x:i.., • • • are concerned. In this paper only 

binaey :forms, that ls foms containing only two variables 

will be considered. The degree of the fomi in the variables 

Ls called the order of the fo:nn. 

The ust1a1 wsy ·of writing a bi.nary .:fozm .of nth 

order is 
a x "h ns x "')l -ix · n(n-l) a x ""V\-;l..x '7-

o I + I I ~ + 1.2 ~ I =2.. + •• • • 
"h - I ..,..._, 

na"_,x,x~ + a..,.,__x~ • 

Sino a every bl.nary f ozm can be expressed as I\ 

product of facto rs 

• • • (x, -o<"'k.x.J 

where o<I • oc.,. , ••• o<"h.. are solutions of the equation 
-y'\... ")\ _, 'y\-1 '-IA- 0 a 0 x 1 + na , x , x ~ + • • • na ,__ _, x, x ~ -+ a _;e...... = • 

every binary foim can be written as an n ..,...,, order determinant 

ao(x' -~,xJ 0 0 • • • 0 

0 (x -c;1.. x ) ,,,Q • • • 0 
' '.l- 2.. 

0 0 (x, -Ci(pxJ • 0 • 0 

9 • .0 'O • 0 0 O e 0 • • O ·• 0 e • 

• • • • • .. 0 • • • • • • • • • 

0 0 0 
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where all elements are zero except those in the principal 

diagonal. 

on the other hand~ the determlnantsl fom 

a,,x, + b x?.... a,'.l...x, + ~ "1- x?- -· ,IJ • s x + b x ,. l""lo'\.. I \"'""" "l_ 

·a x -\- b"l...\ :x?- a x + b :x • • • a x + b x 
;l...1 t .)..."2- I -i. "1- ~ J..k I 1"h... "'2... 

• ·- • '.'O • 0 • • 
• .. ... • • • • • 

8-n·~X 1 + b x a x -r b x • • • 8 x ,+ b x 
"""'\ ')__ I'\,_ I ")'\ ')._ "2_ "'"h. '"""'- "2_ 

( 1) 

when expanded gives s polynomial which is a bi.nary ·form. 

Its coefficients are determinants+ or sums of determinants, 

whose elements are the ooe:ffic1ents a·· and b. ·• This ls 
' ... ~ ... \ 

the most general determinental form with linear elements, 

which gives a binary form when expanded. It will be used 

as the basis of the disauasion in the f1rst part of this 

paper. 

If in nny binary fom we s11bat1 t11te o\.X, + BX'2.. :for 

x, , and '<X , + a X "l- for x~· we get a new :f o :en o :f the same 

order in the new variables X, and X?--. This process of sub-

stituting a linear £u.not1on of n new variables £or each 

of the n original variables is called making a lines~ 

transformation. The most general linear transformation of 

a binary form 1s 

lx -== c7(JC -t f3 X 
I I "2--

x -=- v--X + d XL- • 
?- ' 

A linear transfo:cn.ation is determined by the 
ooef'floients ~, p.;, Y-, ~ , and the determinant of these 



arbitrary eoeff1e1ents ls called the mod~lus of the trans-

formation and is represented by 'Yl , 

If. by a llnes:r transformation T. we change a ,' 

function~ Cx, t xJ into a corresponding function¢ ex,' X-:2_)' 

1n order to make· the work general we ~hould have a _, 
corresponding linear tranaformatlon T :Which will change 

(\)CX, , X :i.) back into ~(x1 , x.J. The necessary and 

sufficient condition that this be possible is that 1n the 

transfo%mation T we be able to solve for X,, X :i_ln terms 

of x, , x:i.• This oan o.irl;r be done when l ~ ~ ) does not. equa1 

zero. Therefore the one condition imposed on a general 

linear t~anaformation is that the determinant of the 

coefficients of the transformation shall not vanish. 

If we apply a linear transfo:miation 

T· {x , =o<X,-+ BX~ (2) 
· :x: ,_-==- rx,-+ 6x'2.-

to any binary form 
x "'Y\.- n x ")'\-' x • na x x ~-' a_x_'V\... a o 1 -+- a, ·, .,_ + • • "_, . :l- + " -

there results a new fozm 

ln which the A' a are flUlctions of the a 1 s and rl---, (3 , Y- , b a 

Any function of a 0 ., a, , o • ~ ls an invarient of the form 

if it Ls ident1osl1y equal to the same function of A0 , A,, 

A>-, • ·o • except for a factor which 1s. an integral power 
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of the modulus. That is. if 

• • 
where }\. is sn integer. then I{a 0 ,. a,, ..... ) is an 

invariant.* 

Exactly the same 6ef1n1t1on may be used for 

invariants of our aeterminantal £orm. Thus let the 

determinantal fo?m (1) be changed by the linear trans-

formation T (2) into the Ctetermlnantal form 

A If x, + B x A x + .B x • ... • A x +B x 
'' -;z_ I?... ' ''" ".2_ I~ I 11""\. 

A K ,+ B x A .x ,+ B :Z.?-x :L .. • • A x +B X 
'?-f .:l-t ,_ :Z..?- ';2..°)'"\, I '.)..~ 

• • • 0. .. • 6 • 
• • • ~ • • .• ., 
• • ;o • • • • • 

A x + B 
"'' 

x A ,.,)_x, + B x • • • ?._ 
A "h"""X'-+ B x 

"' I ?- "">-""l- h'n. ?.... 

where the coefficients A··~ B,.~sre fUnctions of a ... b .. .. 
"~ -1) .. J .. ... .1 .. 

and cJ.... B -~ " , () •. Then I (a,. b) is an invariant of the 

determlnsntal form (1) if an identity holds 0£ the fom 

I(A, B} = M"J:(a, b). 

Any f~nct!on o~ the coefficients end the variables 

o:f the :form which ts 1dentteslly equal to the same function 

of the corresponding coefflc iente and var1.sble.s in the 

transformed form, except for a factor which is an.integral 

* The proof that the factor involving the coefficient of 
the traneformat1on must be an integral power of the modulus 
may be found 1n Grace and Young. "Algebra of Invariants" 
Chapter II, p 22. 
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power of the modulus, ts a covariant of the form. Thus 

in the notation above. K(a • b, x1 , xJ-i.s a covariant 

of the determinantal form (1) i£ 

K(A9 B, x,, XJ ~ M:>''K(a. b,. x,. :x.:J. 
In this pspe~ only rat1ona1 integral invariants 

and covariants will be considered. 

THEORY OF INVARIANTS OF A GENERAL 

DETERMINAl\fTAL FORM 

THEOR.m I: All tnvarlants of the determinantal 

form (l.) must be homogeneous in a~· and homogeneous in 
. . . -\ . 

b"~ and of the same degree 1n a;.,~ and b<· 
Apply to the <leterminant (l) the trans:f'omation 

{
x., = rX, 

SJVL : 
x .:;L-= l.X :;i.._, 

M == rl 

The coeff1a1ents A~~ and B :,~ in the resulting determinant 

have the values 

A . - -==- ra . · • 
'"') v~ 

and B . - ::::- lb -·• '"'J v j 

By the definition 0£ an invariant 
} 

I (A • B) ::::. ( rl} I (a , b ) • (3) 

After Stlbat1 tutlng for every A and B in the left member 

the equivalent in terms of a, b, r. and 1, ln order to 

maka the equation (3) an identity, it Ls evident that 

(rl)~must fsator ~ut of each tel'm 1n the left membe~. 
Therefore each term mtist contain ~factors of type A and 
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~ of type B and the invariant mu.at be homogeneous in each 

ana of the same degree in the a•s as in the b•a. 

THEllRF.M II: Arf9' invariant ts unchanged f.f every 

a ~j1.S· replaced bY-b..:.~ und every b~~ i.s replaced by a~~· 

Apply to the determinant (1) the transformation 

{
x = -x v : I :L 

T.: ==- x 
!l- l 

M -=l 

Under this trsns£ormation 

A ,: · ==- b . · , and B · · == - a . · 
"'j "'~ l,, ~ "'~ 

and by ou:r definition of an invariant 

I{A., B)= I(a. b). 

If \Ve aubsti tute b · · for A · · a.nd -a ·. for B .·~. we get 
. l. ~ ..,~ v ~ - ..> .. 

I(A, B) = I (b. ~a). 

Therefore 
I { b. -a ) :___ I (a • b ) ,. 

DEFINITION: A funot1on ~ is said to be annihilated 

by an operator 1l if when fl operates on the function f . 1 t 

is reduced to identically zero. 

THEOREM III: Every invariant is ann1h1lated by 

the differential. operator {} 

fl=- f ~~~ L_. · 
.:.,5.:: I 0 ~"~ 

If we apply the transformat ion T ~' 

. tX-=X,+kX~ 
!]? : ' 
, .. K X - X 

L- ~ 

M== 1 

t.o the detarminantal form, the coefficients of the new 

deteimlnant are 
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A··-==-, a.:.->·, 
"".) 

B-- = Kn·- -+-b ·· · vj ~J ~) 

Stnoe b~our definition of invariants 

I (A. B) =I (a, b} 

under the particular transformation T~· we have 
~I(A 1 B) _ ~I(a, b) 

ak - () k · 
'VI(a~ b) 

But 6 k must necessarily equal zero since the 

coefficients a, b •. do not involve k, 'Therefore 

0 I (A 2 B) _ d1 ~t·r dI O~A _t- ••• :x k - OK • -t-~ • , ' -, 
u " o a,"""L k 

Since A~~ =- a~~ 

and B,~ = ko·- + b:\·, "J L..} ~ J 

we have 

d a B~\ a - A .. nn ~ lt -= ~ _; - ::.- ~ .. 

]laking these au'bsti tut1ona in (4) we get 
~, . oI ~ Jr 
~, Ooh~ .. -+ L A~~ ~B.'.~ =::- O. 
; \=I .) • · I 
"JJ . v,~= 

That ls 

!z:, Ai)~ ~d~ . ) I (A , B) =- 0 , or 
~·)=' ~ 

('f;, 8t\i ~;) I(a, b) -= 0, or 

DI ==.Q. 

(4) 
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We shall now proceed to show that we have conditions 

sufficient for completely ·testing an invariant. Saccessiva 

applications of the transformations · 

(
x, ==- -x'Z-. v : 
x - .x ;;z_ -. 

tx ,.- ·X .. , + kX"2... 
·TI( : 

x?... ::::::_ x ::>..... ~ 

give the same result as aoes an application of the general 

transformatiod! ·Consequently, a filnction which ia an 

invariant under each of the transformations ·s-L• V ~ T K is 

an invariant .in the general sense. It was proved in 

Th. I that a :function 1a an invariant under the transforma-

tion S A..L if and only if it is homogeneous in both a and b. 

In the same way 1 t can be shown that a function is 

invariant nnder the transformation s Jl. if and only lf it 

is homogeneous in the b 'a. We have proved that every 

function is invariant under the transformation V, if and 

only 1f it is unchanged if b·t-~ 1s put for ac~ and -acj· 

for b~i~ and that it ls invariant under the transforma~ion 

T , if and only if ·it is annihilated by D.. ·Therefore the 

followi~g theorem results: 

THEOREM IV: If any rational integral function I(a, b) 

* Proof may be found in Dickson, "Algebraic Invariantstt p 34 
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is homogeneous in· the b' a, 1 s annihllated by the operator ..0.. 

and is unaltered when every b ~) ls replaced by -a..:;, and 

every a ~1 is: replaced by b .:) then I(a, b) is an invariant. 

If we apply the transformation 

f {x, =- x I 

T,< : 
X:L=kX,+X"l-

to the tt'etermlnsntal form we get 

A \, j =- 8 L j -+ kb L·; • 
B.:i-== b~~· 

M-= l 

Proceeding as we dld to obtain the operator .0.. we get 

a now operator which we shall call o. 
~ d 

0 =- > b~) ~-. 
-.-.I \.J 

L- ) :: I 

Therefore an invariant must also be annihilated by 0, Ol' 

C) I -:::=- 0 .. 

Thla operator can\ also be obtained in another way. 

We see that the determinantal fo:mi ls unchanged i:f we 

interchange x, and x~, and a ~) and b .:~ • Therefore an 

invariant must be annihilated by the operator formed by 

interchanging a~~ and b~)· Making this change in~ we 

get o. 
THEOREM V: Any rational integral homogeneous function 

of the coefficients of tha determlnantal form, annihilated 

both by (). and O is necessarily an invariant. 

In order, to prove this let ua note that the 
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result of applying successively to a form the following 

tranafor.nattons 

s ;\,-L : 
yx 1 = rx, 

. ~~:=:-lXL 

[
x, = x,+k:X"'L 
x -::::::.. x 

2- 2 

. 
T' : {x, ==-- X, 

tJ x z. = sX, -+ X -i_ 

I 

ls the same as applying the transformation 

tx 1 -::::: (r -r ~s)X, + klX. :2--

T. : 
X l-=- slX. I + lX -,_o · 

This is a general transformation since the coefficients 

1. sl, kl and r+ kl.a are entirely arbitrary. That is, 

S l\J... • T K o T ~ -== T. where\ r + kls =-Ol. kl-=.;. ~# sl =-. r-

and l =a • We have shown that any :fnnct1on is an invariant 

under the tra.~sformatlon T,<if and only if 1t is 

ann1h1lated byf2; that it is an invariant under the trans-

. :formation T~ if- and only if it ls annihilated by O; 

that 1 t 1.s an invariant u.nder the trans:formstion S ~if 

and only Lf' it is homogeneous. Therefore any ftl.nction is 

an invariant under all transformat1ons if it satisfies 

all three conaitlons. 

Consequently, all invariants must be simultaneous 

sollltions of both partial 61fferent1al equations, 
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(5) 

and (6) 

DEFINITION: Any function S which is a solution of the 
V\_, <>r 

partial differential equation L a.:·~~ ::::. o Ls a 
.:., 5::- \ ) 

seminvaria.nt. That is, all seminvariants are annihilated 

byQ. 
It is evident th.at expressions of the type a;.l 

sre solutions of the differential equation (5)_and that 
?-there are n .independent solutions o:f this type.· It ia 

also evident that expre·ssions of the· type a;,~ bia - a.ell b.:~ 

are aolu. t1ons of the same equation. ·There will be n -z.. - l 

of these expressions of the type a•·: b rQ. - a k:l. b ,, • and 

since every new expression of this type contains a new 

term ba, these will evidently· be independent solutions. 

Therefore there will be in all 2n '2- - 1 independent 
' ,, . 

aeminvartants. ·There can be no more inde_pendent solutions 

since there ·are 2n:J-1ndepenlient variables in the linear 
' . . * 

partial differential equation. 

Furthermore it is evident that all expressions 

of the typeac)b,c.e - s,ab~j are also solutions of (6). 

Slnce they are homogeneous in both a and b, they are 

invariants by the preceding theorem. 

* Horn "Einfiihrung 1n dLe Theorle der partlellen 
Differentialgleiohungen11 p 9. 
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THEORY OF COVARIAMTS OF A GEMERAL DETERMiliAnTAL FORM 

THEOREM. VI: Every covariant of tho determinants.! :form (1) 

whioh is not homogeneous in the variables is a sum of 

oovar1anta each of whtoh is homogeneous in them. 

lf a~;, b "~ are the coefficients of the deter-

minantal form and X is ·n covariant. then by the definition 

K(A, .B, X ·,,, X~) -· M>-K(ri, b. x," x .:J. 
When x , x are replaced by their linear expressions in 

I ~ 

.X,. X -::z.. the terms o~ order w in x,, x '2-in the right 

member and only sach terms give rise to te:rms of order L-U 

ln X,. X ~n the left member~ Hence~ if K , is the sum of 

all the terms 0£ order w of X, 

K .(A, D, X , , X ~) ::::::- l~i}-. K( a ., . b , x 
1 

, x J 
and K is a covariant. Thus our original covariant can be 

' 
divided into sepa.rata covariants wh1ch are homogeneous 

1n the variables and we have 

K =-KI + K::i-+- •••• 
Therefore we can limit our discussion to covariants which 

are homogeneous in the variables. 

THEORE'M VII: ·A covariant of the deter:ninantal form which is 

of constant order w in the variables is homogeneous in the 

coeff1c ienfu • 

Let us apply the trunsf ormat1on 

SL: M==l 

\

x, ::::.. lX, .,.. 

X~-=lX'.2... 
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to the ·determinant. Theu 

A ~j -=- la.:i' 

.· J3 (,) -=-· lb .: j • 
_, 

xi = 1 x,, 

d X l
r\ an _ x. 

'l.- ;i_ 

By our de:finltion of a covariant 
' ' ::i..}. ' ' ·, 

K{A, D, X, ., X2-) = 1 K(a, b,, x,, x.J. 

If we substitute for the terms 1n the left member the 

corresponding values in terms o:r. the original ooefflcienta 

ana variables of the trans~ormation, we get 
_, . _, . :2._"}\ 

~(la, lb,. 1 x,, 1 ·x'L. ) -1 K(a. b, x,, x:J. 
Since K is homogeneous of order w ln the variables. from the 

var1a bles 1n each term of the left me:nber. we obtain Jt-LJ.) 
..2 >. as a fa~tor. Therefore, since l mu.at be a factor of each: 

term in the left member in \order to make the equation an~ 

identlty. the degree in a and. b must be constant for each 

term an.a equal to 2 ~+ cJ. 

By s method simlla~ to that used in the ease of 

invariants. we can obtain an annihilator for covarian.ts. 

If we apply the transfoimation 

T I( : lX,--= X, + kX."2._ 

x -= x -:2.. 
::l-

M=l 

to the determilmntal fo1in, there results 

A·· - a.· 
'-'~:-- ~) 

. and B-·=Ka··+b:~ • \, J ' I..) .., ) 

{7') 
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The solution of {7) for X, and X~g1ves 

Therefore 

But 

Thel'ef ore 

That lat 

x, =- x, - kx.'2-

== o K( a , .bd, k x , 2 x .,_), :::::. o .. 

d A~~~_ 0· ak - ~ 

cl~~,· . - a · · = A · · , - ~.Y . ~.J 

ux, ::::::. -x _. _x :l_. bk ~. 

and oX"L. = 0 0 

·~ k 

~· . dK OK 
L,At..~c)·Bl.·. -x~~x, o. 

th~·s~~1hlla ~or for cova:i-iats ts 
vv I\ 

" 6 ~ La~~~- x;)--" 
• • '-'l c)x I C..,J "'°I .) 

Q_ x1- • ,..ox, 
~ 6 

where n -=-- / a ~~ Tb0· • 
~-1 ~ ..,,J -

Since the determinant 1. s u.nchsnged 

or 

if we interchange 

x 1 ana x -:i.. and a L- • and b .:: , K is a.ls o a.nnih1la. tea by the 
) ' j d 

operator 0 - x , ox . , 
't-

where 0 - ~b··cl - . L__i --~ - • . . _ , da ~~ 
"•\ - J 



15 

Let us denote a covariant of order (j) of the deter-

minantal form by 

K=Sxv>+sxw-x' + S x-v-w-' Sxw 
\ I I ~ e • e I>)-\ I .(ll.?.. -f- W :;2. e 

By operating on K w1 th ·, .. Q- x, 8 ~'- , we obtain 

( 0 S !- S , ) X , v:> + ( 0 S , - 2 S) X ~-X ?. + • e • 

+(OS w-,- £.A) St.Jx,x-:i..w-I+ OS~x?-w=O• 

We can find expressions for all the coefficients s~ in 

terms of s and the operator o, by equating coefficients of 

like powers to zero. Then 
- ' 1 '!-- _,.. ?-K = Sx v-'+ OSx v> x ~ O Sx w x + 

I I :J_.· ~' I :J. • 

Hence a covariant ta uniqnely determined by the coefficient 

S which is called the leader of the covariant. 

only if 

S!milarily K ta annihilated by f2. - x d , i:f and 
~n, 

Qs-= o) 
..Qs,-=- ws, 
ns -. = { L-t) - 1) s - , ) 
• • • 
• • • 

v.) Then if we lmow ·the cofficient of the x =i. term, we can ob-

tain ·the other coefficients and finally S itself by means 

o:f' the operator Q .• Since S ls annihilated by D. , it ts 

a sam1nvar1snt. If it is also annihilated by O, and ls 

homogeneous 1n a and b~ it la ani invariant. Therefore every-

solution of the equ.ation ilI == O is either an invariant or 

a sem14var1ant which produces a covariant. Therefore the 
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leader of every covariant ia a sem1nvar1ant a.nd :for every 
semlnvariant there exists a covariant. 

The solutions of S2.r = O which are .not invariants 
are of the form ai:, · • Therefore £or each a . · as a leade:r ~ v~ 

there should be a covariant uniquely determined by the 
equat~on 

v0 vl-\ i "2- w--i- ..,_ \ W w K-= Sx + osx, x :z+- O Sx, x'Z- + ••• +-, o Sx , 
I 21 W, ').. 

c..u+\ where o S = o. (8) 

If S =-a·· v~ t then 
OS= b- · ..., ) t and 

o'-s -== o. (9) 

Therefore from (8) and (9) w--\-\=2 and w, or the order 
of the covariant, is one. Therefore the covariant for 
every a.:~ becomes a ~~x,-;- b.:.~x;t_. That. ls, every element 
in the determ1nantal form is a uovariant. 

Fm~DAMENTAL SYSTEM OF COVARIANTS 
AND INVARIAMTS 

·The question now arises whether or not every 
covariant and invariant of the determinantal form can be 
expressed as a rational integral £unction of a :finite 
number of covariants and invariants. We shall prove that this 
can be t1 one. 

Leto< 7...-::::. a .. x + b .. x .... represent an element of the '-~ ' I..~ -

deter:ninantal form. Therefore d- "1- also represents a covariant 
which is the element itself. If we apply the trans£ormation 
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to the determtnantal form, the new element becomes 

A.:.~ X, -'-B.;~ X '2-, where Ac:~= a.:~~ 1 + b .::.~ ~ ~ which in the· notf:lti:on 

above we call cX} , and. where B ~~ ==- ac:,~ I· + b z517-i- or d} • The 

cl eterminan t M we s'hall represent by ( ~ '7 ) • The invariant 

a..:~ b({ - b,a.. b~~ can be expressed as a determinant and we 

shall represent it by (ab). ,Since 

l t is again evident that all forms of the type a.· b - a b. · u.) I (.(?_ 1-<..R... t-J 

or.(ab) are invariants. 
()1-- J~ 

LEMM.A: If the operator V • where V-=' ~v - tf:d1. )• 

ls applied r times to a product of k :factors of the type t?< J 
ana 1 factors of the type c),/ • ~here reaul ts. a sum o:f ter:ns 

each containing k - r £actors o< ~ , 1 - r factors c1i7 , and 

r factors (ab). 

Let 

where 
J) 

Then 

Also 

product under consideration, 
-:-! (I() 
U\ and 

$ (tJ . o< 7 

and 

Consequently 
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'fhis pr.ovea.the lemma when rc-1, It 1s easily seen that 
1f we operate again ~1th V -0n each te~ ln the summation 

·.of VOD; we add another factor of the type (ab) to each 

term in the result and decrease the number of :factors of 
each tn>e °' r and 0\ I by one. If this reasoning is contin-
ued the lemma is proved. 

THEOREM VIII: Any covariant ia a polynomi~l in 
.. 

terms of the express.ions of the types cJ. .,_and (ab).• 
By the definition of covariants 

X(A , B~ .x, .x,_) = C S-71 )'KC a, b, x. ,:x: 2_) 

under the general transformation 

·tx, -= T, X, +1,xz_ T: 
x:i..-=f).x, +'/J..x'l-. 

(10) 

(11) 

Since X 1a homogeneous and of o~der u> in the variables 
we can write the left member as 

(..0 

Z(L:A• B) x,w~x: 
J()=o 

where the lna1de summation represents s sum of various 
pro due ta of the coeff1o1ent.s A~~ and B rdl. That ia• the 
inside summation represents a sum of terms each contain-
ing a certain number of factors of type d} • and a cer-

tain number of factors of type o( 1 • sinoe every A equals 

some o< J and every B equals some d 7 • 
Let us now make the substt tut ions x,-= y ':L-and 

x ~-y. Then by solving the equations (11) 
-;2. I 

x .~ ll·(I~; t~r 

.x~- - 't 17-ri~ · 
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Hence (10) beoomes 

L;(2'A, B) CY,17, + Y,,_7J'-':-{-i{c Y1--t + ;r,_JJ A 

A-=- o - E ~ 4- (.A) 

- (j I) .: K{a. b, x, ,x·J·. . 
Since the right member is of degree >.. + w in} and 1'+~ in 

·; , there must be in the left member ~ -r <--V :f'ac.tors oonta1n-

1ng 5 ana A+ vU faotora conta1n1ng { • If we operate with 

V ,\+c.N times on both members 0£ the equation; the right 

member becomes oK; where o 4-0. * !L'he left member .becomes 

a sum of :proauots ea.oh of which contains Atwdete:rminantal 

factors of which w are of the type (a~\~ - b .. y· ) and 
v L :-') I 

hence ~ ·of the type (ab). Subst1 tutlng X:z. for y, and -x t 

for y').., the factors a ~JY 1-- b ~~ y 1 become of the type 

ac~x, + b~~x,_ oro<,x,• Therefore every covariant is a poly-

nomial tn cJ..,. end (ab) ana the following theorem 1.s proved. 

THEOREM IX: Every covariant is a rational integral 'fttnotton 

of a ~1n1te number of invariants and covariants which are 

of the :form. (a.· b,,,..,, - a,,.. 0 b .. ) and a . .: x +- b .:.J· x ... • respectively. 
' '-) '-"- L-X- '°j '-") I '-

We have now proved that for a determinantal form 

of any order there is a finite fundamental system of 

rational integral coYarianta K
1 

t K:i.! ••• X,a_,.sttch that 

any ra.ttonal integral covariant o:f the determinantal form 

ia a polynomial in K, • K2 • • ci. • K,a_., with numerical 

coefficients • 

. It is not difficult to determine the number of 

1nvar1anta and covariants in the £undamental system for a 

*Dickson, "Algebraic Invariants", 43, P• 68 
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J..., 
deter.nl.nantal form of n - order. The invariants in the :fu.n-

clamental system are of the fo:rm s~;b,u_- a1ct.h~~·· For an n~ 
'2... 

order determinant, there are n . choice.s :tor the term ac~·· 

Vii.th eaah of these a~)'s. we can combine any btGLexcept 
"2-

b ~~. Therefore we have a cho1ce of n - 1 te?ms for b ,a_. 
Since.the last term is determined by, the first we see 

that there may be n 2--(n?-- 1) or n ~- n~ ili:f'ferent invariants 

of the form a .. b r,, .. s ,,..,, b. · • However since the invariant 
'-) ,........_ ''-"- .... j 

a,'. ·b.,rn - a b. · is identical to a.,,,. b_. - a .. bv,, except for a 
"") ~ JCQ_ (.-.) ~ ... ~ l-l "-"'<.. 

n..f- n-z_ 
numerical factor -1, we have - 2 ·· different invar-

iants in the fundamental system. 
. , 

The number of covariants-is the number of elements 
2-

in the determLJ).ant, which 1s n • 

THEOREM. X: A fundamental system of in.variants and 
tti.. 

oovarlants of a determinantal £orm. of n- onder oonsista 

of no more than 
4 ?... n-n 
2 

2.. invariants end n covariants. 

We shall now illustrate this last theorem with sn 

example. That is, we shall take a particular invariant 0£ 

the binary aeterminantal form and show that it la a poly-

nomial 1n the invariants of the fundamental set. Any 

invariant or covariant of the ordinary binary form can be 

expressed by direct substitution in terms of the coeffic-

ients and variables of the deter.ni.nantal form and \Vhen so 

expressed becomes of course an invariant or covariant o:f 

the determinantal forme Consequently, we can obtain an 

invariant of our determ1nantal form by starting with the 
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discriminant of the ordinary binary quadratic £orm. The 

·determinant 

a °l-' x , + b "2--\ x 'l-
when expanded becomes 

a , , .x, +- b, '-- x'"L 

1 a 7-...;}t , -+-b "2. ,_x ~ 

IQ,\ 8 r """L-l X .
1
.,_ -\-na,. b 1.,_\ + lb" 8 0

,_ ~Jtl Jt~+ \bl I 

a)..\ a-z-"l- Ua ")..\ b,_~ b"l-, a~~Y ~~, 
a binary quadratic form of the type 

{12J 

i. ")..... 

aox' + 2a,x,x::l-+ a';l..x"2- where (13) 

. -la,, s.,-z_\ 
So -

a"l--, a "J-"2...- · 

a= I 
and 

The discriminant of (13) la 

!he ref ore 

must be an invariant of. the determinant (12). This when 

expanaed gives . 
"2.- '1.. ~ '"2- ").. '"L 

a , , b "'l- -i- 4:" a >-' b , '\.- - 2a , , a-z., b , '"2-b 1 , + a ~.., b 1 , -·1. a , L-b :i. '2. b , , b l.....I 

+ a "1- b "'l- +· 2a s b b - 2a a b · b - 2a a b b 
' ")..- ').-I ' ' ?-"l.. I ' 2. ,_ ' I ' "L 'l..I ')..-Z. -z.. I 'J_ "2.. I '"L ' I 

+2n a b b -4a a b b - 4a a b b - 4a a b b "'!! I "l. ')-1 \ "1- "1- I I I "2. \ I I I '1. I I -Z. '"L I I '2.. "l.. I ")... "1-1 I L- "'l- I 

-4a a b b + 4a a b b + 4a a b b + 4a a b b 
I L. 1-2- l-1 l-2.. l I . "1-t I I I L. \ t ".l- '2- I ~ "2- \ I -:i... "1.. \ \ 1 '2 ""l_ 
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After ltke terms are collected this can be .expressed as 
.,__ 2-

(a,, b-i-"1- - a.,_-i...b, 1 ) + (a 
1
"2-b"2-, - a ,-i-b"'2-,) 

-2(a 11 b~, ..... a.i.-, b 1 ,) (a •L.b°2-,_- a.,_"2-b,"2_) (14) 

-2(a,, b,,_.:... a,"2-b,, }(a:i.,b-i"l.. - a-.2.-i-b?-
1
), 

n.., -n '"l-
whioh involves each o:f the 6 or~ invariants of the 

fundamenta1 set. However the same invariant can be 

expressed in te~. of fewer than 6 of these f11ndamental 

invariants. It can be easily verified that 

Ca , , b ")..'2- - a-i...,_ b, , ) (a. , .J> "2-, - a "2-• b, ~) +-
(a 11 b,"l- - a,~b,, )(a7.-,b':i-"J.-- a"2-"2-b"Z.. 1)_ (16) 

( a 11 b ?- , - n-:z.., b, , ) ( a, -z.- b >--~ - a ~ ""2-b , -z.J . 
Therefore the substitution of the left member o:t equation 

(15) for the thlrd term in the invariant (14) makes 1t 
ti 

possible to reduce the invariant {14) which ls the 

discrimlnant o:f the ordinary binary quadratic fom, to 

Da., b ..,_"L- - a~b 1 , ) . - (a 1 -i-b-i.-, - a-z_.,b , ... J] '-
~4(a b - a b )(a b - s b ). 

,, \"'l.- ,,__,, ?-t "i-"2-- -z_."1-2-1 

The syzygy (15) may be changed into either of the 

two following relations by transposing and changing signs. 

(an b-z..7- - s2-"l.-b") Ca,-:z.-b"l-, - a.,._,b .,J= 
Ca,, b-z.., - a-i-,b,, ) (a,"J-.b-i.."L - a 2'Z-b ,-:tJ + 
(a ,"l-b,, - a,, b,"'2-) (a "z,b'l.-""1- - s"l-'2-b2-,), 

or ·(a .. b ,,_ - a,""1-b" ) (a 11b.,_-z.. - a"2-~b"2..,) -

{a 11 b "2.., - a 21b , , ) ( s •"2.. b ?--i- - a 1 -:i.. b, "') + 
(a b - a b )(a b - a b ). 

2- "2- I I I I 2. "2. I "1 ~l "'2.. I IL.. 



It w111 be noticed in this class of syzygies that 
in any produot every an.bscript represented 1n the 
coefficients of the determinant ·appeara.3ust twice, once 
with the "a11 tem and once with.the "bn term. and·that 
every invariant of the fu.ndamental set appears' once 
and only once in the syzygy. 

hvery syzygy between the i.nva:b1ants of· a 
determin~t of order k will be a syzygy for any 
determinant o'f o:rde:r greater than k, since every 
invariant of a determinant of order k 1s an invariant 
of a determinant of orde~ greater than k. That ls, 
the syzygy between the invariants of the determinant· of 
second order will be a syzygy for the third order fol'lll. 
Another syzygy of the third order form whloh involves 
more than the invariants o~ a binary :form is 

(a,, b"2-,- a-z.., b" ) (a, -z-b v-3 - a "2-~b .~)(a, 3b3 -i- - a ~-i-b ,3 } + 
(a I '"2-b I I - a I I b, "'1.. } (a I~ b ""2.- I - a ':>..I b ( "3 ) (a "3 }'> ?- ~ - a'"l-~ b ·n..> + 
(a, 1 b,~- a •'3b 11 ) (a,-;z_b 3 L- - a~""l..b·,'l..} Cs':l-.,b-:i.- 3 - a:i..~b'2.. 1 ) + 
(a 11 b "1-~ - a-:2-3 b, 1 ) (a "2-l b ~ "l- - a,,_ b z...• ) (a • ~, ~ • a, 3 b, -i.) + 
Ca,, b:."2..- a~L-b,,) (a,:z..b:z..., - s"2-,b 1"2_) (a:2.- 3 b 13 - a ,3b 23 }-

2 (a :2-1 b., ~ a~.,_ b '3-I ) (a I~ b I I - a I I b I '3 ) (a ;2.. 3b, "2- - a I'-b 3-3} • 

Other syzygies a1m1la.r to this involving st:i.11 other 

invariants are 
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(a::z.,_b-z...-• - s"2--1b._.J (a 3 <b~ L- a::i.:.""2-b~, ) (a 3~b'- 3 - a"'Z-~b~) -t-

. ( a.,_ 'l-b ~ , - a ? , b ~ j { a"2- 1 b ? :, - a~ ""2-b :i.- • ) (a :z..;; b 3 "2- - a 3 J> :i. ~ ) + 
(a.,_'-b 3 .,_ .. a b ) (a b -~'2- '2-""2: -:2-I <..~ 8..,_ -:a, b 2.. I ) ( ~ I b ~ 3o - a ~.Jl~,>+ 
C a3 ~ b ""2.- "1- - a b ) (a ,b 5 . -:2-2- 3~ ""2-- "2.- ~"2-b"LI ) (a? I b-;i_.~ - a b ) -~~'.31 + 
( 8:2-"l-b-i-?. - a b }(a b -

"2--~ "2-"2 7-.\ :, ' a~ 1 b ""2-I ) (a~ kb ~ "3 - a b )-=-
"'3"3 ~ 2 -

2{a b -""2- "2- ~ "2- a b ) {a b -~L- 2-2 ~. -:I-\ a b )(a b - a b ) 
and 

'-\ ~I 33 ""2-3 2.. ~ "33 

( s .?-;b ? 1 - a 3 , b 2 :i..) (a \\ b , 2- - a, L.. b, , ) ( s , ~ bs 3 - a ~ "?, b, 3 ) + 
(a.,"2-b·~L - a.,, 3b2-2.)(s 1 ,b,~ - a,..,b,, }(a b - a b >+ ,,,... "' ? -:> ;;> ""3\ \L_ 1"2.. °3\ 

(ai-'l-~t"'.2- - a 1 ""1--b:i.J(a,,b~""3 - a7>.p,, 
Ca b - a b )(a b - a b J..""l- 1"3 t'? ~2 \\ ~\ ?l II 

) (a?> 1b , '3 - a , ? b~ 1 ) + 

) (a,~b~~ - a~~b ,)-= 
2(a b - a b )(a b 

11- "J-"2- -:l-"2- 1"2.. l?, I\ 
- a b )(a b - a· b ) . 

3\ 3~ "=3~31 '\ \ "3 

CONDITIONS FOR I.NVABIANTS AND COVARIA11TS OF 

LESS GEliERAL DETERM:IllAMT.AL FORMS 

A determinantal form whose elements are of the 
f'o:rm a~~x,+b...:~?t"'L can be changed 1.nto a new detezminant, 
a ,,x, +- b" x"'2- b ,2...x'2-- • Ct • b.~~ 

b>- 1 x::i. a x + b x ')... ").... \ ,_ "2- 2- 0 • • b2-"h...x ,_ 

• • 0 II\ • e • (IL) 

• ~ • 0 • •· • 
b\.\,x';l- b x 

Jo\'l- 1- • • e ax+ 
~ ...... I ~~x ""L. 

by aadtng or subtracting rows and column.a. The determinant 
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. :\ a I 1 X, --\- b , I :lt _,_ 

a x +b-i..,x.,_ 

a x + b,,_x ...... 
\"1- \ <-

2-\ ' 

for< example, oan be changed by adding· the first row 

mul t1p11ed by -~~.! to the second row into 
~ '' 

a-Z...-J,£l!! - s, ... ax +b,~a,, - ac. ,b,~ .• • ::."if ~- 7... c-x 
a,' • a ' \ 

If we add the ~i~st c~lwnn m~ltipllea b~ - !.!..~to the 
a " 

seoond colwn.n the determinant becomes 

a,, x, + b, '· x '2-

b ?e's,, - a k' b,,x 
a,, J-

. a I' b I "1-·- a I ~b ,, --------x . a,, "2.. 

a "l-"l.-a 1, - s,-i-~i-x_ -t-
s,' ' 

which 1s of the desired fo:nn. 

In a s1m1lar manner, any determinant (1) can be 

changed into one in which the x , appears only 1n elements 

of the main diagonal. 

THEOREM XI: Any invariant of the binary determinantal 
form (16) ls homogeneous in the s's and homogeneous in 

the b' a and of the same degree 1.n each. 

If we apply the transformation 

, ... ~x , =·rx, s l'\L ! 
x "?-- =:.. lX "2--

to the determinant (16), we obtain a. new determinant 1n 
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. the varlablea .X, , X 2-whose coefficients are 

.A .. ===.ra.:\ 
'-L lJv 

· ~ B · . === lb." 
~~ v~ • 

By our defil11tion of an invariant 

If.A. B) - (rl)~I(ab). 
I 

( 

(17) 

This. becomes, after substituti11g the values from (17) 

into· the left member of' the identity above, 
,,-

I ( ra. 1 b) =- ( rl )~ I ( a-' b ) • 

Since we must be able U> ·£actor r 't- and l ~ from each 

term in the left member in order to make the above 

equation an identity~ the invariant must be homogeneous 

1n a and b·ana of the same degree in each. 

TREOREAi XII: Every covarlsnt of the aete:rmlnant (16) 

is annihilated by the operator 

~·a . J .. 
L_, c~n .. 
(,::..I <.,..(., 

If we apply the transformation 

tx -== X -+ kX 
I \ 2-

Ti<: 
x - x 

'2- - Q... 

M == l . 

to the determinant (16), the elements of the p rinei pal 

d La gonal are a. ~~X , · + ( ka t. ~ + b ~<..) X2 , wh1le the other 

elements are b . -X • That is 
"'J ~ 

A.-= S·.,, 
"""' vv 

B.: .i = b~~ , (when ;_, 1= j) (18) 

and B··=J.m .. +b··· \II.I i..t... '-'V 
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Since by our .. definition of"an invariant 

I(A. B) ~ I{a b)" 
we ·have 

.But 

~I{a,b) _ O 6k ::= 

,, ' 

and J B~~ A 
~:=::a~.:= ~~· 

The equation (19) will then simpl~fy into 

'-=I 

1:f we mlm the above su.bsti 'tu.tionao 

Since the dete:rnninantsl fo:cn. (16) is changed if 

a vS and bi::.~. nnd x , and x 2-, are interchanged, we. 

therefore cannot find a corresponding annihilator as 

we d1d 1n the most general form. Thia means that we 

cannot find invariants and covariants Of the form. {16) 
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by the method used :for the determinant (1). One 
""" 

a,dvantage of changing the :form. (1) into the form (16) 

is· that the annihilator is simpler. Th& solut1ons of 

the differential equation 

are .of the type a. -b - a b. · and these are 
, · L-l..- ICI< l'Ct( '-'-' 

seminvariants of the determinant (16) ~ · 

The determlmnt (16) can be simplified at1ll 

more by divid 1ng each c olu.mn by the ooeffic ient of 

the x , term in that co lwnn. This gl vea us the 

determinant f'ora 

x ;-bx ' a,, "'2-
!'!,',f-X 
• !;l l-Y. 1---

. ·• . 
~x a" ,_ xi+ b2-7-x 

s.,_'2- "2,.. 
• • • 

• • • • • • • 
• • • • • 0 

• • • 

or 

1t,-+- c ,, x'2- c,'J..-x'- .... c,'h.x 

c x 
'1....h o -z-i x'2- x , + c -z-..,__x "2- .., ... 

• • • • • 
0 • 0 • • tt 

Cf",X~ • 0 • x,+ c h\'\x 

(20) 
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This las·f; determinant can be treated as (16) 

was treated and it can be pro~ed that sn invariant of 
(20} is homogeneous in the coefficients and annj.hilated 

by tbe operator 

One advantage of using the determinant (20) ls 
that the annihilator for 1n.var1ants of this form is 

·simpler than either of the other annihilators and. the 

sem1nvarlants, solutions of 
n_, J--1 \ 
')' ~ ==-o 
~ a c., :,;., 
;_,=I 

e.re of the form c ;_,~ - c,<\C. 
The methods usea for finding invariants and 

covariants of' the most general determmnantal i'orm will 
not apply to the form (20) since when a general transfom-
atlon is ma.de the new determinant 1s not of the same type 

as the original determinant. Therefore we are unable to 

find invariants and covariants by the methods used 1n the 

i'l.rst part of this paper. 
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