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DEFINITIONS

A function of any number of variables x ,
X,y « ¢« ¢ , Which is rational, integral, and homogeneous
in those variables 1s called a form or quantie in
X, X,, ¢ « ¢« » The coefficienta in a form are constants
go far a3 x , X,, ¢« ¢ ¢ 8TO concerned. In this paper only
binary forms, that is forms containing only two variables
will be considered. The degree of the fomn in the variables
is called the order of the fom. '

The usual way of writing a binary i‘orm‘ of n'h

order is

T n~! n(n~1) "n-a_. 2
aoxl +n8,X‘ Xl_*‘_-i:-é"“aax- x?. + s. e Py

na__xx,” '+ ax..
Since every bimary fomm can be expressed as s

produnct of factors

8,(X =, X,) (X, =,%,) o o ofx =« x,)

where X, , o, , « « « X, are solutions of the eqnétion

8,x l"“-a; na,x "X, 4+ . ena, XX '+ 8x =0,
every binary formm can be written as an n ™ order determinant
alx =Ax,) 0 0 « s 0
0 (x.-¢;xz) O e e e 0
0 0 (X.‘-a(%}{l) e o = 0
s s s @ s e 2 e+ = o s s s se s a
* e e a2 e s s e+ e & e s e e« e
0] 0 0 e o & (x‘-o(Hx:k)




where all clements are zero except those in the principal

diagonal.
on the othor hand, the determinantal form

a,x +b x 8.+ B X e a X +b x|
‘3;\‘X t -+ bl\xi— al')_x» + b—z-’z_x').. voeoe 8113{1 -+ bzka

L e S e o © . Fy ° v

(1)

e T e . . . . . .

8 X+ b x a X + b = «es» 8 X b x

,when expanded gives a polynomial which is a binary form.
Its coefficients are detemminants, or sums of determinants,
whose elements are the coefficients a: and b, . This is
the most general determinantal form with linear elements,
which gives a binary fo;rm when expanded. It will be usged
as the basig of the discussion in the first part of this
paper.
If in any binary fom we substitute xX + B3X_ for
x , and X ‘+8ka :Eof x_, we get a new form of the same
order in the new variables X and X . This process of sub-
stituting a linear function of n new variables for each
of the n originsal variables is called making a linear
transformation. The most general linear transformation of
a binary form is
x, =X +RBX_
{x_y: vX + 90X, .
A linear transformation is determined by the
coefficlienta X, Pal, V,B , and the determinant of these



arbitrary coefficients is galled fhe modglus of the trans-

:Eomation and is representsd by

M=% l

1f, by s linear transformation T, we change a

'funation& (= , :2:2) into a corresponding :Etzncti.on¢(x‘, X)),
in order to make the work general we should have a
corresponding linear transformstion T ' which will change
dp(x' . X;L) back into Q(x‘ » X.). The necessary and
sufficient condition that this be possible is that in the
transformation T we be able to solve for X , X ,in tgms
of x , x . This can only be done when lori f? does not equal
zero. Therefore the one condition imposed on a genersl
linear transformation is that the determinant of the
coofficients of the transformation shall not vanish,
If we apply a linear transformation
E XX+ BX : .
T, | (2)
{ - YX 40X

to any binary form

bt 2o W

o\
m_‘x'xm + 8 X,

8% ™+nax "X, 4. . ¢ na
there results a new form ~ -

AX - mAX T X, v o omA XX 4+ AXTT

in which the A's are functions of the a's and &, (3 ,v ,8 o

Any function of a,, 8,, o « » 18 an invarient of the form
if it 1s ldentically equal to the same funetion of A_, A,,

AL, o o . except for a factor which is an integral power



of the modulus. That is, if

,I(Ao; A, eoo)=0Ia,, 8, 00¢4)
where N is an integer, then I(8,, 8, » » « ) i85 an
invariant,*

Exactly the same definition may be used for
inveriants of our determinantal form. Thus let the
determinantal form (1) be changed by the linear trans-
formatioﬁtw (2) into the deterninantal form -
AX+B X A X +B X ... A X+B X
Al,z';r B,X, A, X + B X ... A X B X|

L ° o L. K > - L
® - . & L3 - - o
L] » B2 & . * - L2 *

A_MX|+EMX A X—\-B X?-\ a & & A X~\— B x

s Mo\ - hnoot L2325

where the coefficients AQS’ B, are funetions of 8 bC&’
and A, @, r,0 « Then I{a, b) is an invariant of the
determinantal form (1)'1f an identity holds of the form
I(a, B) =U'I(a, b).
Any functlon of the eoefficients and the variables
of the form which is identically equal to the same function
of the corresponﬁing_coefficients and varisbles in the

transformed form, except for a factor which is an integral

* The proof that the factor involving the coefficient of
the transformation must be an integral power of the modulus
may be found In Grace and Young, "Algebra of Invariants"”
Chapter II, p 22,



power of tha‘modulns, is a covarian% of thé form. Thus
in thé notatidn'abeQ, K(a. s b, x,, x,)-i8 a covariant
of the determinantal form (1) if

K(4, B, X,, X,)=NK(a, b, %,, ).

In this paper only rationsl 1ntegraibinvariants

and covériants will be considered.

| THEORY OF INVARIANTS OF A GENERAL
DETERMINANTAL FORM -

 THEOREM I: All invariants of the determinental

form,(l) must be homogeneous in 8., an& hpmﬁgeneous in
hgs and of the same deg:ée in a¢$'
Apply to the determinant (1) the transformation

x = rX, 1
S A M=1rl,

. 2.

and b ‘;‘i‘

The coefficlents A ./ and B, in the resulting determinant
have the values
Bnﬁ B.-:— l,b‘;'o
vy A}

By the definition of an invariant

1(a, B) = (r1)'1(a, b). (3)
After substituting for every A and B in the left membex
the equivalent in terms of a, b, r, and 1, in order to
make the equation {3) an identity, it is evident that

(rl)>\must factor out of each term in the left member.

Therefore each term must contain A factors of type A and



6

N\ of type B and the invariant must be homogeneous in each

and of the same degree in the a's as in the b's.

THEOREM II: Any invarient 18 unchanged 1f every

a i',ys replaced by — b, \ and evexry b ey is replaced by ac\\'.

Apply %o the determinant (1) the transformation

% = =X
v ! > M =1
= :X.‘

Under this transformstion |

Aq:bﬁ-, - snd - B (=~a
and by our definition of an invariant

1(a, B)= I(a, b).
If we substitute b O for A ;| and ~-a B for B;A, we get

i{a, B)= 1I{b, =-2).
Therefore |

.I(b, -a) = I{a, bl.

DEPINITION: A functiond) is said to be annihilated

by an operator () if when () operates on the funetion <§> , it

ig reduced to ildenticslly zero.

THEOREM III: Every luvariant is annihilated by
the differential operstor ()

If we apply the transformation T

r ={x'r—x'+ml m= 1
2.

—_ -

to the determinantal form, the coefficients of the new

detemminant are



A":)a\l;'

B‘;j = Xag +by -
Since byour definition of invariants
I(A, B) =1I(a, b)
under the particular transformation T, we have
2I(A, B) _ oI(a, b)
0k

ok
0I(a, b)
But 0k must necessarily equal zero since the

coefficients a, b, .do not involve k, Tberefore

DI(A, B) _ oI v . o o

0L, QBu 4« s « 21 0B,._0, or
5}3“ ak m—nr\ L ’
ST i AB : |
;T S — 0. (4)
6= ;:&
Since A.- = a.;
vy AY
and B. 5 = ka; - b;)- R
we have 2JA:{ _ o
K
0 B! .
and i3 = acj = A;SO

Making thege substitutions in (4) we get

d - J
Z ai Z Aw'ﬁis 0.

0)9 . ;'Szl

(Zj —5—*55— ) I‘(A,AB)‘;O, or
(L ’T’é ) I{a, b)) =0, or
e

I=20.

That 1is



We shall now proceed‘to show that we have conditions
sufficient for completely testing an invariant. Successive

applications of the transformations

.

give the saﬁe result as does an application of the general
transfdrmatiodﬁ~C§nsequent1y, a funetion which is an
invariant under each of the transformations 'S, V, T,:is
an invariant in the general sense. It was proved in

The I that a funefion is an invariant under the transforma-
tion S, if and only if it is homogeneous in both a and b.
In the same way it can be shown that a function is
invariant under the transformaticn S ,1f and only if it

is homogeneous in the b'as. We have proved that every
funétion is invariant under the transformation V, if and
ohly if it is unchanged 1if bfﬁ is put for a ., and -8y
for b;S, and that it is invariant under the transformation
T, if and only if it is annihilated by (). Therefore the
‘following theorem results:

THEOREM IV: If any rational integral function I(a, b)

* Proof may be found in Dickson, "Algebraic Invarisnts" p 34



is homogeneous in the b's, is annihzlatea by the operator L
and is unalteréa when every b, is replaced by -a ., and
every 2 i is Teplaced by b;S then I(a, b) is an invariant.

If we apply the transformation

, x = X,
T, : =1
Xn.: }{X"\’X}

to the determinantal fomrm we get
B“S = b;:\. | ‘ |
Proceeding as we did to obtain the operatorﬁfz, we get

a new operator which we shall esll O.

0= 75—1 b;;;%:;.
Therefore an invariantigﬁéﬁ algso be annihilated by O, ox
01 = 0.
This operator can also be obtained in another way.
We see that the determinantal fomn Is unchanged if we
interchange x, and z_, and a .

)
invariant must be annibilated by the operator formed by

and bi&' Therefors an

interchanging a ., and b. . Uaking this change in Q) we
get O.

THEOREN V: Any rational integral homogoneous function

of the coefficients of the determinantal form, annihilated
both by () and 0 is necessarily sn invariant.

In ordex to prove this let us note that the
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result of applying sueéesaively to a form the following

transformations

. - {x. = .4 v
L {xlszsx\+ X,
1s the same as applying the transfoéiation
x, =(r+¥s)X + KX,
{xL: §1X, + 1K,

T.

Thig is a general transformation sinece the coefficients
1, 91, k1 and 1 4 kXls are entirely arbitrary. That is,
S+ Tyo Ty=", where T+ Kl =, k1— 8, s1= v
and 1 =0 . We have shown that any funetlon is an invariant
under the transformation T, 3if and only if it is
annihilated by{); that it is an invariant under the trans-
formation T, if and only if it is annihilated by 0;
that it is an invariant under the transformation S, ¢ if
ana only if it is homogensous. Therefore any function is
an invariant under all transformations if it satisfies
all three conditions.

Consequently, all invariants must be simumltaneous

solutions of both partial differential equations,
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S )1 |
/.8y, =0 (5)
SR “a
<UL | '
and LTS I (6)
u.5>‘ .
DEFINITION: Any function S which is a solution of the

LAY
‘ Py
partial differential equation E a‘;gg%%t =0 isa
~)

C.j:\

seninvariant. That is, 2ll seminvariants are annihilated
byf;2¢

It is evident that expressions of the type aiy
are solutions of the differential equation (5) and that
there are nf;inaependent'soiutions of this type. It is
also evident that expressions of the type s b, -a_,b;;
are solutions of the same equation. There will be n* - 1
of these expreasions of the type a,;b.. - &8,b, , and
- since every new expression of this type containg a new
term b,,, these will evidehtly‘be independent solutions.
Therefore there will be in all 2né<~ 1 independent
geminvariants. There ean be no more indepenaent'solutions
since there are 2n” independent variables in the linear
partial differentisl eQuatlon.* |

Tarthermore it ig evldentlthat all expressions
of the type acjb;d - a,b; are also solutions of (6).
Since they are homogeneous in both a and b, they are
invariants ﬁy the preceding theorem..

* Horn "Binfilhrung in dle Theorie dor partiellen
Differentialgleichungen" p 9.
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THEORY OF COVARIANTS OF A GENERAL DETERMINANTAL FORM

}THEORIM Vi: Every covariant of the determinantsl :Edrm (1)
which i8 not homogeneous in the variables is a sum of
covariants each of which is homogeneous in them.

It 8. bcj are the coefficients of the deter-
minantal form and K is a covarian®, then By the definition
‘K(A,_B,‘ ',x;,"xl)'—;m*ma. b, X, X.).

When x , x_are replaced by their llnear expressions in
X, . X the terms of order Wwin x , = 1in the right
member and only such terms give rise to terms of order
in X , X _in the left member. Hence, if X i the sum of
all the terms of order « of K,
K(A, B, X,, X,)=1Kfa, b, 5, 5

and X 1is a covariant, Thua our original covariant can be
divided into separate covai:}_ants which are homogeneous
in the varisbles and we have

K=K +X + o .,
Therefore we can 1imit our discussion to covariants which
are homogeneous in the variables.
THEORENM VII: A covariant of the determinantal form which is
of constant order w in the variables is homogeneous in the
coefficlents .

Let us apply the tranéformati.on
(x, =1X, s

5, : M=1
X,'L:lxz .



to the determinant. Then

Abjzlaup
= lbb) .
X' £ 1 K
and Xl;—'l X .

By our definition of a covariant |

K(A, B, X,,. X =1 K(a, b x,, x ).
If we substitute for the terms in the left member the
corresponding #alﬁés in terms of the original coefficients
and variables of the trénéfoémation, wé get |

| k{la, 1b, l'Jx;,‘i_”xl} ’Eilth{a.‘b,<x,, xdj.

éinee'K ia'homogeneons of order win the variables, from the
varia bles in each term of the left member we obtain §~<°
ag a factor. Therefore, since 12k must be a factor of each
term in the left member in order to make the equation sn .
1dentity, the degree in a and b must be constant Ffor each
term and equal to 2 A+ w. |

By & method similar to that used in the case of
invariants, we can obtain an amnihilator for covariants.

If we apply the transformation‘

X, = X' + KX
e X, = X_ =1 {?) ~
to the determinantal form, there results
ACS.: a*"j

Qnd BLJ=KQL)+ b‘*)'
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Lo

The solution of {7) Zor ;8; and X, gives

X, =%,
Therefore : :
OK(A, B, ®. X.) STOK JAL
o ) ak ,, : ' 2,1&4&»5 ° Dk +
w “y=! ‘
Z 0K 9By o 0K 0X. JK - 0X-
0B 5 Tk S'X\‘ ok 0%, " Ik
)\
— bK(a, b, x., x.) = 0.
a
Bui éA;:“_ 0
ok — 77
dBe,
"a’? 8op= Ao
()X‘ e
and bX? — 0.
' > K
Thereforé

0K
ZA%&B "X»ax Q.

That ig, 'Lhe annihilator foxr eovaria"as is

d D
ZT‘ AT < 0%, ,
QI
nx, '
where () = L-: 8 5 bey

t_——

- SInce the determi

ES

qt is unchanged if we interchange
x , and X, and a i and b, X is also annihilated by the
d

operator 0 =-x, 3x.*
-

where 0 = Z b‘;g ..Q—-—- .
Si=
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Let us denote a covariant of order (®>of the deter-

minantal form by

“] w -
EK=8x"+8x X, + %+« 5, %X

By operating on K with O~ X,X%:_, we obtain

T8 x.%
(0S~8)x “+(08, =250 % _+a o o
+(08 .= w8,)x x." v o08,x "=0,
Ve can find expressions for‘all the coefficients S in
terms of S and the operator 0, by equating coefficients of
like powers to zero. Then |
K = 5x ¢ 0%, X gy 07 5x TR e o0 S
Hence a govariant is uniquely determined by thé coefficlent
S whlch is called the leader of the covariant.
Similarily X is annihilated by §)=-x O , if and
: 7ox,
only if
2s= 0,
$ls,= ws,

Q8= S, 1 ‘
Then if we Imow the cofficient of the x,” term, we can ob-
tain the other coefficlents and finally S 1ﬁself'by means
of the operator ). Since S is annihilated by (), it is
a seminvarisnt. If 1t is also annihiiated by O, and is
homogeneous in s and b, it ig an invariant. Therefore every
solution of the eaguation (11 = 0 is either an invariant or

a semipvariant which produces a covariant. Therefore the
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leader of every covariant is a seminvariant and for every
geminvariant there exists a covariant.

The solutions of (I = O which are not invariants
are of the form abs. Therefore for each a . . 88 a leader
there should be a covariant uniquely determined by the
equation '

‘ ~A ' T m 1 g S w)
E=58x "% 08" x +1_ 0"Sx" "% "4 .+ul)-‘0 sx 7,

where 0" 's = 0. (8)
If S-:-aLS, then

05 = b, and

08 = 0, - {9)

Therefore from (8) and (9) w~'=2 and W, or the ordexr
of the covariant, is one. Therefore the covariant for
every a . becomes 8 (X, b~331_ That is, every element

in the determinantal form is a wovariante.

FUNDAMENTAL SYSTEM OF COVARIANTS
AND INVARIANTS

The question now arises whether or not every
covariant and invariant of the determinantal form csn be
- expressed as a rational integral functian of a finite
number of covariants and invariants. We shall prove that this
can be done,

Let Xy= &, x + b . x  represent an element of the
determinantal forme. Therefore - also represents a covariant
which is the element itself, If Wé apply the transformation

- {x-'zig.x'w;-‘x,_ - li. 7/\ o

X = gtx \ +7»X\—



17

to the determinantal form, the new element becomes
AL&X‘—"B% X, where A;\-: a%fgﬁ— bés’ ?,_ which in the notation
above we c¢all o<§ ’ and_where B;—ér a7+ b;pﬁ or 0<7 o The
determinant M we shall represent by ( §77)«» The invariant
a;:\ b, - hm b°$ can be expressed 83 s aeteminanf and we
shall represent it by {ab). Since

I i e
Ay Byl [8.§ tPwb 8o, + Dura

it is sgain evident that all forms of the type 85 B~ 8 by

or (ab) are invariants.
)1-‘
LEMMA: If the operator V, where V= (D?B‘]» éf%fy,}')
is applied r times to a product of k :Eaetors of the type %f
and 1 factors of the type OL) » There results a sum of terms
each containing k - i’actomﬁg R :{'actors 0(7 , and

r factors (ab).

Let CD represent the product under consideration,

@ @) ('()
where C = 0% K S (7<§ and
L S 3]
D 0‘7 - 0{17 oo : ) : 0( 7 .
de¢p & (0 o
Then = 8 -1 - and
0E Z_—' X3
Yep | &S OB op
aglzn"> 3{;: %“‘a ¢ 0()’-\)
o ) ;W v L
Also oCD a’b LD . Consequently
0% om, Z(Z Ao, |

L
S CD
VCD - Z ( (ab )O(—--E-)-——T“) [ ]
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This proves the lemma when T = 1, It is easily seen that
1f we operate again with V on esch term in the summation
-of VCD, we ad"d another factor of the type {(ab) to each
term in the result and t}ecrease the number of :t’actors of
each typeoki, andoﬂ,]b,y one. If this reasoni.ng is contin-
‘ued the lemma is proved. |

THEOREM VIII: Any covariani is a polynomial in
terms of the expressions of thé types O(ﬁand (ab).

By the definition of covariants

E(4, B, x,,xz);(h ) E(a, b,  ,x,) (10)
under the general transformation
Ax =X +72,X_ '
o 5,701 f 7 l;&o (11)
;sz., +"7LX,_ e

Sinee K is homogeneous and of order «w in the variables
we can write the loft member as

Z (78, 3) 2772
where the inslide summation represents a sum of various
products df the coefficients A_. 8nd Bye That is, the
inslde summation represents a sum of terms each contain-
ing a certain number of factors of type O(f s+ 8nd a8 cer-
tain number of factors of type o’ » + Since every A eguals
gome O<f and every B equels some 0(7 .

Let us now meke the substitutions x =y and

X, = ~y,+ Then by solving the equations (11)
X f--—w 1 Y
X~ - _zfi::xiv .
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Hence (10) becomes » ; ‘

Z(ZA B) t;u7 S Y u,g 1-1)”(»;&5 - 3.61°

{f ) “k(a, b, £ ,x ).

Since the right meémber is of degree Xa-u)in_f and k+uuin
’7/ ~there must be in the‘left mgmber')~roofﬁetois containe
ing g and A+ factors contaiﬂing'7 o If we operate with
Vv A+too times on both members of the equation, the right
member becomes oK, where ¢ = O™ The left member becomes
a gum of prodnects each of which containg Mtw determinantal
factors of whichw are of the type (aiSyLe bgsyj)vand
hence ) of the type (ab). Substituting =z, for y and -x,
for y,, the factors 8.y, - b~vy, become of the type
avsx + b, x or, .« Therefore every covariant is a poly-
nomial in OQ(and {sb) and the following theorem is proved.
THEQREM IX: Every covariant 1s a rational imtegral function
of a finlte number of invariants and eovafiants which sre
of the form (aCShKL- 8., ) and &..x +b x,, respectively.

We have now pzoved that for a determinantal form
of any order there is a finite fundamental system of
rational integral cowariants X , K , « « « K, such that
any ratlonal integral covariant of the determinantal form
is a polynomigl in K , X, « ¢« « X, with numerical
coofficlients.

It 1s not dlffioult to determine the number of

invariants and covariants in the fundamental system for a

*Dickson, "Algebraic Invariants", 43, pe 68
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determinantal form of n‘%yorﬁer. The invariants in the fun-
damental system are of the ferm.,acganr buLBLK' For an n
order determinant, there are n  choices for the term 8, e
'With each of these adi's, we can combine any b ., except
bi&’ Therefore we have a c¢holco of n - 1 terms for b,
Since the lagt term is determined by the first we see

that there may be n (n = 1) or n'= n different invariants
cf,éhe form a b = 2,0 ¢ Kowever gince the invariant

a. b «™ 8 B 1s identical to Q. g - a, b . 8Xcept for a
numerlcal faator -1, we have -~g-~ ﬂxfferent invar-
iants in the fundamental systems.

The number of covariants is the number of elements
in the determlipant, which is n .

THEOREM X: A fundamental system of invariants and
covariants of a determinantal form of n > onder consists
of no more than uﬁiéaﬂi invariants and n covariants.

We shall now illustrate this last theorem with an
example. That is we shall take a particular invariant of
the binary determinantal form and show that it is a poly=~
nomial in the invariants of the fundamental set. Any
invariant or covariant of the ordinary binarxy form can be
expressed by direct substitution in terms of the coefficg-
ients and variables of the determinantal form and when so
expresged becomes of course an invariant or covariant of

the determinantal form. Consequently, we esn obisin an

invariant of our determinantal form by starting with the
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digoriminant of the ovdinary binary quadratic form. The

»determinant

12"t

agxﬁkh,xl a, X +b_ x,
? (12)

aux‘+bux7_ au_x‘-\-bnxl

when expanded becomes

a,, alm 2 a“ 'b,,_ bu an. b\i 'bt'z_ PN
X, + 4+ x xt+ X,
aL‘ a—),» a)\ b).)— 'bL‘ aﬁ_v 2 ‘b'l-'b
8 binary quadratic form of the type
a,x ,"+2a‘x'xl+ azzc:f where (13)
au ati.
80 =
a'z-\ a-,,-,,‘
a 1( a!\ - \bu a|’l_ &
_ - an
' 2 a.l—\ .hv.-y + bl‘ a—x_)—
bl\ bl')_
&L: 'Y
b,, b,
The diseriminant of (13) is
8‘7—" 8180.
Therefore
al! bl'l. bl\ a\'l— = | a\l al’z_ b!! b\‘l..
+ ‘ — 4 . ,
a, . b .| bL‘ a._ , a, a,, b, b,.

must be an iavariant of the determinant (12). This when
expénded gives

a b, +a_'b,_ - 2,8 b _b_+a_ b, —-2a, b b, b

2t | t2 =22 22 0
+a, b " 4+2a s_b,b,.-2 & b b _-2a,a b b,
+2g ,8_ b b, —4a &, b b -4a a b b _=-4a _a b b,

~4a a8 b b +4a a b b +4a a b b 4 48 a b b
t 12 (S X oo (RS T SU I S 3 R Tk T VA S - 5 O

te 22 2

+4a _a__b_b

A 2Y Vo,
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~ After like terms are collected this can be expressed asg

2 a_
(anb‘z—z -a_b ) -+ (3‘)})1“ -8 _b..)

- Pl N | e Tk W)

-2(a, b, ~a_ b )(a, b, _~-a _b.) (14)

. -2(8\1}‘).—:_,;- allbll)(‘éllbzl = a,_,,bbn)'
’ : . of 2
which involves each of the 6 or ng 4 invariants of the

fundamental set. However the same invariant can be

expressed in terma. of fewer than 6 of these fundamental

invariants. It can be easily verified that
(a,,b,.~-1a,,b )(a b, , =-a_ b )+

(2 b, =-8,b, Ha, b  ,=-a b )= (15)
(a b, =-a_b, }(8.7,1’;;" a b ).

Therefore the substitution of the left member of equation
(15) for the third term in the invariant (14) makes it
éossible to reduce the invariant (14) which is the
discriminant of the ordinary binary quadratic fomm, to
[{a, b, -8,b,)-(a b _ =a_b)]"

-4(a b _ = a b, )(amb“_ -a_b_ )e

The syzygy (16) may be changed inte either of the
two followlng relations by transposing and changing signs.

(a,,b,,-a, b Jla,b, =-a b )= |

‘ali b'l—\ -4 b )(a\x—b’-"— = az‘l—hfz) +

2T

{an— oo aub\'z.)(a}‘bzn_' au_u,bu )
or  (a ¥, -a,b )a,b -8 b.)=

(a“bz‘—ambn)(a b «a _b.)

12 AT 2z 1

‘aZLbcl - altbzl){auzbz—l = azlblﬁ_)°
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It will be noticed in this class of sysygies that
in any product every sﬁ‘bscrip'& represented in the
coefficients 61 the determinant ‘appears just twice. once
with the "a" term and oriee with i‘!;he "b" term, ané that
every invarian'b of 'bhe funaamenf.al set appears onge
Iana only oxme m the syyygy. |
| ~ Lvery ayzygy between the mva:eiants of a
de{;erminar;t of order k will be s ayzygy for any
determinant of order grsafér than k, since every
invariant of a determinant of order k is an invariant
of a determinant of order greater than k. That is,
the syzygy between the i.nvariaﬁﬁs of the determinant of
Second order will be a syzygy for the third order Form.
Another syzygy of the third oraer form which involves
more than the invariants of a binary form ,13

(a b, - ayb\. J(a _b. - a b _Ja b, =-a b, )+

v 23

(a b, ~a b_J)la,b,  =-a_b_)la,b _=-a b,)+

(anbl‘a- a|3 X )(a!'Lb?:‘l__- 22 l?."s“ﬂ-lb 3‘ a13b11)+
(a,,b ,-a_b )la_b, -anb,_,)(a b,=~-2a_b_ )+

(2.7 2y

s, b, =-a b )a_p_ -8 _b ).

(Bﬂb’am- a, b )(3 b - a,_.b ){aa_sbrs = al?;bl'.’:)E—

2(82_‘1)3_: 3:_ al

Other syzygies similar to this involving still other

invariants are
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(a_ ¥ -a, b )& b, ~a b )a, b, ~-a_b )+

22 21 EX ST 23733

,(a”/'b,,, -a,b_)) (az. b, - a,ﬂbz,)_(angal- a,b, )+

(av;z,‘b:'n. - a%zb')_j_) (a—,,;bm;' aq—zbz;)(a'sth‘ss- 83_})3‘)—;—
(a,,b = 81:}}33)(& b = a”ﬂbbzl )‘a%'b’—3 - a,L%bB ‘ )+

- and

33 Ve 2 2\ V3
(anb?/g - aﬁbn)(aub% -a_b_ )(5\33)%3 ~-a_b )=
2(a 2Pa.- 8,0 Na, b, - a b Ma b =-a b 5y
(2,.b, - a,b,)(asb,,=a,b,)(a b, ~a, b ),
(8505, =&, b,.)(a,b, ~a b, ) b, ~a,b_),
(8,205, = a,5b,.0(a, b, = a b, )a,b_-a_b ),
(aw})‘l -a_b )(a b _ -a.p )a,b_-a T
(a b - a.b )a b -a b )a b -a b )=

2(a ';b}l- 1!:17_7})‘1 )(al%b” - a\\'b\3 )(az‘bggo exézbs|
CONDITIONS FOR INVARIANTS AND COVARIANTS OF
IESS GENERAL DETERMINANTAL FORUS

A ;determinantal form whose elements are of the

“x“'\’b“XL bale— ;‘ e * ‘b"'\-x“— '
b).l X 2 gmpx\ - bz—'z,x 2 e ° & b?—‘h_x b T

. - ° ) 'Y s .

L] . . © L E 3 L2
b, x_ BX, e 8 x + b X

by adding oxr subtracting rows and

form BoE, box, can be changed into a new deteminant,

(1)

¢olumns., The aéterminant
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- a“'X‘f\- b'\z'l_ ’ &\Lx‘—l— b‘—"xl
8 X b, X, a x ~+b x|
for example, oan be changed by adding the first row

multiplied by --%1-’4 to the second row into

8 X + b  BLGX A b X,
b2, = 25 b, X'J. 2..8, = g\"-alcx 4 b.,,a8, = a -:..!bq-z.
an a,, ' a x
. T\
I1f we add the first column multiplied by - g.'.?to the

18]

second column the determinant becomes

a,. K\—\— b\\xz_ ’ 4 &”V‘b 2= 8'7‘10“1;7_
' .,
b8 = Sm.bux 8508, = 858,
LY t

321 2 a,,

au”bul"a (1 8,.b,=8 a b8 _a_ by
g = X
a,, I‘

which is of the desired form.
In a similar mazme::; any determinant (1) can be
changed into one in which the x| 'appears only in elements

of the main dlagonal.

TEEOREM XI: Any invariant of the binary determinantal
form (16) is homogeneous in the a's and homogeneous in
the b's and of the same degree in each.

If we apply the transtformation

. (x, =1
- PO
x, = 1X,

to the doterminant (16), we obtain 2 new determinant in
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_the variables X‘ » X whose coefficients are
A —ra.,N
. v O . ’V . (17)
B.— b,
, 6 “8
- :By our aefmi‘bion of an invariant
I(A, B) = (x1) I(ab)
""This beeomea, aftar su‘bstituting the values from (17)
inte the left member of the identity above,
 I{rs, 1) = (:rl) I(a,b).
‘ Sinee we mush ba able to - factor r and it fram each
'berm in the left member in order to make the above
equa‘bim an identity, the imvariant must be homogenaous

'in & snd b and of the ssme degroe in each.

THEOREM XII: Bvery covariant of the determimant (16)
5 annihilated by the operator

na% f . | é . .

.Z TeTE,

1f we apply the transformation

xl: X\*}{XL .
Tt H=1
X - X

2 =2

to the determinant (16), the elements of the principal
dlagonal are a; X, + (ks .+ )X , while the other
elements are bchm' That is

BT 800y

B.j= b;s , {when ’OTFC')) (18)

and Bﬂ;r-kabb—i— b;{,o



27

- Sinee by our definition of an invariant
" 1{a, B) =1(a®),

- we have

2I(AB) _ oI(a,b)
ok — T ok

But
>I{a,b)

- A=

| since I(a b} does not involve %. Therefore
VBI(A,B) iz; p) . ‘A;;_Fzgj %%“'” OB o

ak = aAou a oo { .
= ST e - (19)
-+ Z TR . D=0
P £ 3B IR
From (1¥) dhic g
= L4

and 4B,
X‘k“' — 8\_‘_ = E‘_vo |
The equation (19) will then simplify into
<A
Z)A“' Buc, or : Z:-q a’d(,(}b;;— o,

1f wo make the above substitubiona,

Sinece the determinantal fomm (16) is changed if
a;/S and b;s , 2nd X, and x, , are lnterchanged, we}
therefore cannot find a corresponding annihilator as
we did in the most general Torm. This means that we

capnot f£iné invariants and covariants of the form (16)
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by the method used for the determinant (1)« One

advantage of changing the form (1) into the form (16)

is that the annihilator is simpler. The solutions of

the differentisl eqmatian

T
vcbb

c=

-a_b..

C |< K

seminvarhants of the ﬂeterminant {16).

are of the type a.

and these are

The éetexminant (16) can be simplifiea still

more by‘diviﬂing each column by the coefficient of

the x , texm in that columan. mhis glves us the

'daterminant form

o, .
xl+~§ﬁrxi_ g::x R
eg—”ﬁ X, % !._\r -;}iix_’_ s @
M . . . .
‘o . o . "
‘ EE%::L_ gfle- PO
orxr
X +€,%, CLE, = e
¢, X, X+ C_ X a o s
» L o L " -
o . - e . °
cwxz. chvxp e o &

e, %]

(20)
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This last determinant can be treated as (16)
was treated and it can be prowed that an invariant of
(20} is homogeneous in the ccefficients and asnnihilated
by the operator -
" 5

P
/ ZASIN

One advéntage~of using the determinant (20) is
that the annihilator for invariasnts of this form is
"gimpler than either of the other annihilatois and the
- seminvariants, solutions of

o y—
| \ 'é%fi¢:: ©

are of the form c;;-V;;Ko

The methods used for finding invariants and
covariants of the most general determénantal form will
not apply tﬁ the form (20) since when a general transforme
ation is made the new determinent is not of the same type
as the original determinant. Therefore we are unable to
£ind invariants and covariants by the methods unsed in the

first part of this papere
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