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Abstract

The Wasserstein spaces of probability measures are central objects in optimal transport theory

and in probability theory. We formulate a theorem regarding the metric geometry origins of the

Wasserstein spaces:

Motivated by certain hidden symmetry considerations arising in the study of Hamilton-Jacobi

equations in spaces of probability measures that are associated to a mathematical reinterpretation

of certain physical models, for p ∈ [1,∞) and a separable Hilbert space E, we set forth to rigor-

ously represent the Wasserstein space (Pp(E),Wp) as a so-called metric quotient space induced

by metric foliation.

Namely, for the following sequence of Lebesgue spaces,

L(n)
p (E) := Lp([0,1]n,B([0,1]n),⊗n

i=1m; E), n ∈ N,

where m denotes Lebesgue measure on ([0,1],B([0,1])), we show that the Wasserstein space

(Pp(E),Wp) is isometrically isomorphic to a metric quotient space induced by a metric foliation

of the direct limit metric space, lim
−→

L(n)
p (E) =: Lp(E), which is defined as a direct limit in a

category of metric spaces.

Thereby, we show that the following explicitly described well-defined mapping is a so-called

submetry projection from the latter metric space onto the Wasserstein space of probability mea-

sures:

Ψ : Lp(E)→ Pp(E),

[X ] 7→ µX ,
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where [X ] is an equivalence class of random variables in the disjoint union set
⊔

n∈N
L(n)

p (E), and µX

denotes the distribution of any representative X .

The proof uses standard techniques from metric geometry and probability theory. In particular,

we rely on certain representations of probability measures as the distribution of a random variable

and a lemma about couplings.

As the submetry property, which defines the notion of submetry, ties together the metric ge-

ometry structures of the spaces in the domain and the range of a submetry, the mapping Ψ may be

used to translate known results set in its domain to prove analogues in the range, and vice versa, to

lift a problem formulation set in the Wasserstein space (Pp(E),Wp), e.g. to study it using Hilbert

space techniques in the case p = 2.

Namely, the space L2(E) that we construct is pre-Hilbert and satisfies certain synthetic lower

curvature bound conditions that define the notion of Alexandrov non-negatively curved metric

space. We show that so-called Kirszbraun synthetic lower curvature bound conditions are stable

under submetries, and altogether are able to exhibit the Wasserstein space (P2(E),W2) as an

Alexandrov non-negatively curved metric space explicitly as a metric quotient space of a pre-

Hilbert space.

It has already been proved that synthetic lower curvature bound conditions that define Alexan-

drov curvature bounded below spaces are stable under submetries in Alexander et al. (2022), and

that (P2(E),W2) is an Alexandrov non-negatively curved metric space by direct means in Ambro-

sio et al. (2008). We connect these two results.

We also formulate an analogue of our theorem for the space of all probability measures equipped

with the Prokhorov metric by using a relation between Ky Fan and the Prokhorov metrics, which

are presented in an appendix.

iv



Acknowledgements

Firstly, I would like to express my sincere gratitude to my Ph.D. thesis advisor Professor Jin

Feng for the continued great support, guidance, teachings, inspiration and the immense help that

made this work possible. I have been greatly supported by Professor Feng in every stage of my

studies and life in Lawrence. It is a great honor for me to be his Ph.D. student.

It is also a great honor for me that Professors David Nualart, Yunfeng Jiang, Zhipeng Liu and

Huixuan Wu have been members in my exam committees. I would like to thank them for their

support.

I would like to thank the faculty, staff and friends at the University of Kansas for their great

support.

I would like to thank my friends and teachers in Türkiye, especially my master’s thesis advisor

Professor Atilla Yılmaz, who greatly supported me.

I would like to thank longtime family friends for greatly supporting me in Germany and in the

United States.

Finally, I would like to thank my whole family for the unconditional great support: I would like

to additionally thank my brother Ahmet for his guidance, my aunt Melek for her great support in
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Notational conventions

Unless specified otherwise within the main part of the text, we shall use the following notational

conventions.

We set R>0 := {x ∈ R, x > 0} and R≥0 := {x ∈ R, x ≥ 0}.

For κ ∈ R we denote by (Mκ ,dκ) the so-called model spaces of Alexandrov geometry.

For a topological space (E,τ), we denote by B(E) the Borel σ -algebra generated by the open

sets in E.

We use m to denote Lebesgue measure on ([0,1],B([0,1])) throughout the work.

When working with metric spaces, we shall reserve the symbol d to denote the metrics. E.g.

we may write dX for the metric in a metric space X = (X ,dX), or, write d, d′, etc. to distinguish

between different metrics.

For a measurable mapping Φ : S → T between two measurable spaces (S,G ), (T,H ), and a

measure µ on (S,G ), we write Φ#µ to denote the push-forward of µ under Φ, which is a measure

on (T,H ).

When (E,d) is a complete separable metric space, P(E) denotes the set of all probability

measures on (E,B(E)), and for p ∈ [1,∞), the corresponding Wasserstein space of probability

measures on (E,B(E)) shall be denoted as (Pp(E),Wp).

For n ∈ N, p ∈ [1,∞), and a separable Hilbert space E, the notation L(n)
p (E) shall stand for the

Lebesgue space

Lp([0,1]n,B([0,1]n),⊗n
i=1m; E)

constructed over the probability space ([0,1]n,B([0,1]n),⊗n
i=1m) with state space (E,B(E)).

The distribution of a random variable X may be denoted by µX . We also write X D
= µ to indicate

that the distribution of X should be µ . If X and Y are two random variables, X D
=Y shall mean that

X and Y have the same distribution.

x



Abbreviations

LDP: Large deviations principle

CBB: Curvature bounded from below
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Chapter 1

Introduction

1.1 Wasserstein spaces and quotients of metric spaces

Let p ∈ [1,∞) and (E,d) be a complete separable metric space. Consider the following set of

probability measures on (E,B(E)),

Pp(E) := {µ ∈ P(E), ∃ x0 ∈ E :
∫

E
dp(x0,y)µ(dy)< ∞}.

The so-called Wasserstein distance in Pp(E) is defined, for µ,ν ∈ Pp(E), by

Wp(µ,ν) := inf{
(∫

E×E
dp(x,y)π(dx,dy)

) 1
p

; π ∈ P(E ×E), p1#π = µ, p2#π = ν}, (1.1)

where pi : E ×E → E, i = 1,2, denote the canonical coordinate projections, respectively. Then,

(Pp(E),Wp) is a complete separable metric space called p-Wasserstein space.

Wasserstein spaces are central objects in optimal transport theory and in probability theory.

They have been studied from many perspectives.

Indeed, firstly, the definition of the Wasserstein metric itself is immediately tied to Kantorovich’s

weak formulation of Monge’s so-called optimal transport problem. Namely, the weak version of

the optimal transport problem is about clarifying the conditions for the infimum in (1.1) to be at-

tained, and then characterizing the minimizing couplings π ∈ P(E ×E) there, known as optimal

couplings or optimal transport plans.

For instance, if E is locally compact, for each µ,ν ∈ Pp(E), there exists an optimal coupling
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π0 ∈ P(E ×E), p1#π0 = µ , p2#π0 = ν with

Wp(µ,ν) =

(∫
E×E

dp(x,y)π0(dx,dy)
) 1

p

.

There is already an extensive amount of research done regarding the geometry of the Wasserstein

spaces in optimal transport theory literature. In particular, a calculus has been developed over these

spaces. (We refer to Ambrosio et al. (2008), Villani (2009), and Rachev & Rüschendorf (1998),

and to the references therein.)

Secondly, the Wasserstein metrics, and hence the Wasserstein spaces, are also central objects

in probability theory, since Wasserstein metrics are often used when quantifying the rate of conver-

gence in central limit theorems, as for any sequence of probability measures (µn)n∈N in Pp(E),

the metric space convergence Wp(µn,µ)→ 0 implies that the sequence (µn)n∈N converges weakly

to µ in the sense of probability theory.

Let E be a separable Hilbert space. Probability measures on Polish spaces can be represented

as the distribution of a random variable defined on a Borel space equipped with a non-atomic

probability measure. Applying this result in the Polish space (E ×E,B(E ×E)), the following

representation can be proved for the Wasserstein distance:

Wp(µ,ν) = inf{||X −Y ||p; X ,Y ∈ Lp([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν}, (1.2)

for all µ,ν ∈ Pp(E), where m denotes Lebesgue measure on ([0,1],B([0,1])) and

Lp([0,1],B([0,1]),m; E)

denotes a Lebesgue space, and X D
= µ means that X , which is actually an equivalence class of

a.s.-equal random variables, should have distribution µ .

We compare the representation in display (1.2) with the following general situation: Let (X ,d)

be a metric space and F := {Fi}i∈I be a partition of the set X into closed subsets Fi ⊂ X , i ∈ I. We

2



define

d(Fi,Fj) := inf{d(x,y); x ∈ Fi, y ∈ Fj}, Fi,Fj ∈ F .

If (F ,d) is a metric space on its own, it is a “quotient space” of (X ,d) in a naive sense. So,

(Pp(E),Wp) is isometrically isomorphic to a “quotient space” of Lp([0,1],B,m; E) in the above

naive sense. Indeed,

Fµ := {X ∈ Lp([0,1],B([0,1]),m; E), X D
= µ}, µ ∈ Pp(E),

defines a partition, F , of Lp([0,1],B([0,1]),m; E) into closed subsets Fµ , µ ∈ Pp(E), and by

(1.2),

D(Fµ ,Fν) =Wp(µ,ν),

where we denote by D the notion of distance between subsets in Lp([0,1],B([0,1]),m; E). In the

same situation, we can consider a natural projection mapping

Φ : Lp([0,1],B([0,1]),m; E)→ (Pp(E),Wp), X 7→ µX ,

where µX denotes the distribution of the random variable X . We note that Fµ = Φ−1(µ) for all

µ ∈ Pp(E), so that the above mentioned partition F is the collection of all fibers under Φ.

X X ′ Y Y ′

µ ν

Lp

Pp(E)

Φ

. . .

. . .

However, the naive sense of quotient space is not immediately useful as it stands, because the

notion does not relate well enough the structure of the quotient to the structure of the “covering

space”.
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So-called metric quotient space induced by metric foliation is a stronger notion of quotient

space, in which the structure of the quotient is tied more strongly to the structure of the covering

space through the so-called equidistance property. Then, the quotient inherits some key properties

from that covering space and problem formulations set in the quotient space may be lifted to be

studied in the covering space.

In this thesis, for p∈ [1,∞) and a separable Hilbert space E, we set forth to rigorously represent

the Wasserstein space (Pp(E),Wp) as a metric quotient space induced by a metric foliation. The

metric foliation, however, takes place in a so-called direct limit metric space, namely in the direct

limit Lp(E) := lim
−→

L(n)
p (E) of the following sequence of Lebesgue spaces,

L(n)
p (E) := Lp([0,1]n,B([0,1]n),⊗n

i=1m; E), n ∈ N,

where m denotes Lebesgue measure on ([0,1],B([0,1])).

The question whether the Wasserstein space (Pp(E),Wp) is already a metric quotient space

induced by a metric foliation of Lp([0,1],B([0,1]),m; E) remains to be sorted out in its full gen-

erality.

Nevertheless, the direct limit metric space approach of our result can be useful to explore

relations between Wasserstein spaces and the corresponding Lebesgue spaces. In fact, from a

technical view point, the direct limit metric space version of the metric foliation may be more

convenient to work with in certain situations.

As an example of its usefulness, if p = 2 and E is a separable Hilbert space, we are able to

conclude from our result that the Wasserstein space (P2(E),W2) is a so-called Alexandrov non-

negatively curved metric space, by showing that the property is inherited from the corresponding

Lebesgue spaces that form the direct limit. Indeed, in this case the Lebesgue spaces that we work

with are Hilbert, and so in particular non-negatively curved as flat spaces. We point out here that

the direct limit metric space L2(E) is endowed with a pre-Hilbert structure.

Our interest in relating the structure of the Wasserstein spaces to those of Lebesgue spaces is

4



(x1,x2)

(x2,x1)

P

1
2(δx1 +δx2)

X

Y

=̂||X −Y ||2
µX

µY

=̂W2(µX ,µY )

Figure 1.1: An illustration of the space of probability measures on R of the form 1
2(δx1 +δx2) as a

folded Euclidean space

actually motivated by a study of Hamilton-Jacobi equations in spaces of probability measures.

1.2 Some motivational examples

Although it is an interesting task on its own to rigorously represent the Wasserstein spaces as iso-

metrically isomorphic to metric quotient spaces, there is a call for such rigorous results motivated

by an abstract approach to the study of Hamilton-Jacobi equations set in spaces of probability

measures. Such equations arise in important physical applications.

In this section, we heuristically explain the motivation for our work by firstly mentioning two

examples. We explain their relevance to our result, afterwards.

Example 1. Large deviations for weakly interacting particles. Let d ∈ N. For fixed

n ∈ N, consider Rd-valued stochastic processes (X1(t))t≥0,(X2(t))t≥0, . . . ,(Xn(t))t≥0 satisfying a

McKean-Vlasov finite system of SDE:

dXi(t) =−∇Ψ(Xi(t))dt − 1
n

n

∑
j=1

∇Φ(Xi(t)−X j(t))dt +dWi(t), i = 1, ...,n

Consider the so-called empirical process (ρn(t))t≥0, defined via

ρn(t) :=
1
n

n

∑
k=1

δXn,k(t) ∈ P2(Rd), t ∈ [0,∞),

5



which is an P2(Rd)-valued Markov process. As n ∈ N varies, a large deviations principle (LDP)

holds for the sequence of empirical processes, (ρn(t))t≥0, n ∈ N, on its path space (P2(Rd))∞.

(See, Dawson & Gärtner (1987).)

A general approach for verifying an explicit LDP for sequences of Markov processes at the

path space level was devised in Feng & Kurtz (2006), which is applicable in a variety of examples

including the above one. In this approach, a non-linear semigroup Hn is associated to the Markov

process (ρn(t))t≥0. Then, LDP is proved by identifying a limit, H := Lim Hn. The key step,

however, is establishing uniqueness (comparison principle) for weak solutions (viscosity solutions)

of an abstract Hamilton-Jacobi equation set in P2(Rd),

f −αH f = h,

for a dense class of h ∈Cb(P2(Rd)) for all α ∈ R>0. E.g. when the coefficients Φ,Ψ ≡ 0, so that

(Xi(t))t≥0, i ∈ N, are independent Brownian motions, the Hamiltonian takes the form

H(ρ, p) = ⟨ρ, 1
2

∆p⟩+ 1
2

∫
|∇p|2dρ, p ∈C2

c (Rd), ρ ∈ P2(Rd),

and

H f (ρ) := H(ρ,
δ f
δρ

) = ⟨−gradρS,gradρ f ⟩ρ +
1
2
||gradρ f ||2ρ ,

where S := 1
2
∫

ρ logρ .

Example 2. A Hamilton-Jacobi PDE associated to the compressible Euler equations. (See,

Ambrosio & Feng (2014).) Defining

U =U f (t,ρ0) := inf
(ρ,v)

{
∫ t

0

∫
Rd

1
2
|v(s,x)|2dxds+ f (ρ(t)); ρ(0) = ρ0, ∂tρ +div(ρv) = 0}, (1.3)

6



the minimizers (ρ,v) of (1.3) solve the compressible Euler equations:

 ∂tρ +div(ρv) = 0,

∂t(ρv)+div(ρv⊗ v) = 0.

And, U itself solves the following Hamilton-Jacobi PDE in P2(Rd):

 ∂tU(t,ρ) = HU(t, ·)(ρ),

U(0,ρ) = f (ρ),

where

HU(ρ) :=
1
2

∫
Rd

|∇x
δU
δρ

|2ρ(dx) =
1
2
||gradρU ||2ρ .

Hamilton-Jacobi equations in Alexandrov spaces. The Hamilton-Jacobi equations presented

above can be cast into an abstract framework as Hamilton-Jacobi equations in Alexandrov non-

negatively curved metric spaces. Namely, P2(Rd) is an Alexandrov non-negatively curved metric

space, and on such space an abstract calculus has been developed, whose notions are mostly in

accord with the notions of calculus that have been used in the optimal transport literature for

P2(Rd). (See, Alexander et al. (2022) and Ambrosio et al. (2008).)

Moreover, due to hidden symmetries in the problem formulations, models often already are

naturally set in a quotient space. Therefore, Hamilton-Jacobi equations of interest can be expected

to be possible to be viewed as abstract Hamilton-Jacobi equations set in a metric quotient space

of an Alexandrov non-negatively curved metric space. Metric quotient spaces of Alexandrov non-

negatively curved metric spaces are Alexandrov non-negatively curved, so quotients are themselves

equipped with the abstract Alexandrov space calculus.

In the framework of stochastic differential games, the following approach was envisioned by

P.-L. Lions. (See, Cardaliaguet (2010).) If a suitable choice of a covering space can be found in

which the metric geometry structure of the metric quotient and the covering space can be related,

equations set in the quotient space can be lifted to the covering space, enabling the equations to be

7



studied in that covering space.

Our main result falls into the point of finding covering spaces for the Wasserstein spaces, that

shall in particular enable such a study of abstract Hamilton-Jacobi equations set in (P2(E),W2).

1.3 The outline of the presentation

We conclude this introduction by outlining the structure of the presentation:

In Chapter 2, we have collected preliminaries from probability theory. In particular, we mention

here results about representing probability measures as the distribution of a random variable. The

definitions of the Lebesgue spaces that we work with and the Wasserstein spaces are to be found

in this chapter.

Chapter 3 is devoted to preliminaries from metric space geometry. This is where we provide a

definition of the notion of metric quotient space induced by metric foliation, and the definition of

the notion of submetry projection.

An attempt has been made to provide the preliminaries in a style ready to be applied in the

proofs of the main results. We provide some of the proofs of the preliminary results for sake of

completion.

In Chapter 4, we recall the definition of curvature bounded below metric space in the sense of

Alexandrov, highlighting the Kirszbraun synthetic lower curvature bound conditions. We prove

here that Kirzsbraun lower curvature bound conditions are stable under submetries, which in par-

ticular implies that a metric quotient of a non-negatively curved metric space is non-negatively

curved.

The main result of this thesis, Theorem in Section 5.3.2, is stated and proved in Chapter 5.

8



Chapter 2

Preliminaries from probability theory

2.1 Measurable spaces and their morphisms

In this section, we collect some definitions and results concerning Borel isomorphisms, which is

a notion of morphism between measurable spaces that is fundamental for a logical construction

of some of the rest of the preliminaries that we make use of in this work. We refer to Kallenberg

(1997), Dudley (1989), Parthasarathy (1967), or Srivastava (2008) for detailed discussions on Borel

isomorphisms and for the proofs of the results that we present here.

Definition 1. (Borel isomorphism). Let (S,G ) and (T,H ) be two measurable spaces. A mapping

Φ : S → T is called a Borel isomorphism, if and only if,

(i) Φ is measurable,

(ii) Φ is bijective,

(iii) Φ−1 is measurable.

(S,G ) and (T,H ) are called Borel isomorphic, if and only if, there exists a Borel isomorphism

Φ : S → T .

Definition 2. (Borel space). A measurable space is called a Borel space, if and only if, it is Borel

isomorphic to (A,B(A)) for a Borel subset A of [0,1], where B(A) denotes the Borel σ -algebra

induced by the Euclidean distance in A.

Proposition 1. (See e.g. Dudley (1989), Lemma 13.1.3.) Any Polish space endowed with its Borel

σ -algebra generated by the open sets, is a Borel space.

9



Proposition 2. (Borel isomorphism theorem. See, e.g. Parthasarathy (1967), Theorem 2.12.) Let

E1, E2 be two complete separable metric spaces, and B1 ∈ B(E1), B2 ∈ B(E2) be two Borel

subsets, respectively. Then, B1 and B2 are Borel isomorphic as measurable spaces equipped with

induced Borel σ -algebras, if and only if, the sets B1 and B2 have the same cardinality.

Corollary 1. Any Polish space with the cardinality 2ℵ0 , i.e. the cardinality that of the continuum,

is Borel isomorphic to ([0,1],B([0,1])).

Proof. The claim immediately follows from Borel isomorphism theorem. We note that the under-

lying set of any separable metric space has cardinality of at most 2ℵ0 .

2.2 On existence of random variables with given distributions

Let m denote Lebesgue measure on ([0,1],B([0,1])). In this section, we state a representation

result due Blackwell and Dubins that extends Skorokhod’s representation theorem that was proved

in Skorokhod (1957). See, Halmos (1950) and Theorem 3.4.23 in Srivastava (2008) for the iso-

morphism theorem about measure spaces, which enable us to replace the space ([0,1],B([0,1]),m)

with a Borel space equipped with a non-atomic probability measure in certain situations.

Definition and Proposition 1. (Fan (1943)). Let (E,d) be a complete separable metric space

and (Ω,F ,P) be a probability space. Let R′(Ω,F ,P; E) denote the set of all random vari-

ables (Ω,F ,P) → (E,B(E)). The Ky Fan distance dF between two random variables X ,Y ∈

R′(Ω,F ,P; E) is defined as

dF(X ,Y ) := inf{ε ∈ R>0, P(d(X ,Y )≥ ε)< ε},

and the following statements hold true:

(1) A sequence (Xn)n∈N of random variables in R′(Ω,F ,P; E) converges in probability to a

random variable X ∈ R′(Ω,F ,P; E), if and only if, lim
n→∞

dF(Xn,X) = 0.

10



(2) The set R′(Ω,F ,P; E) together with the Ky Fan distance α form a pseudo-metric space.

(3) The P-a.s. equivalence of random variables defines an equivalence relation on R′(Ω,F ,P; E).

Let R(Ω,F ,P; E) := {[X ], X ∈R′(Ω,F ,P; E)} denote the set of all equivalence classes un-

der that equivalence relation, where [X ] denotes the equivalence class of X ∈ R′(Ω,F ,P; E).

Then, the set R(Ω,F ,P; E) together with the well-defined distance, denoted again by dF ,

defined by

dF([X ], [Y ]) := dF(X ,Y ), [X ], [Y ] ∈ R(Ω,F ,P; E),

form a complete metric space (R(Ω,F ,P; E), dF), which we shall refer to as the Ky Fan

space defined over (Ω,F ,P).

Proof. See, Fan (1943).

Definition and Proposition 2. (Prokhorov distance). Let (E,d) be a complete separable metric

space and let P(E) denote the set of all probability measures on (E,B(E)). Then:

(1) The set P(E), together with the Prokhorov distance DP defined by

DP(µ,ν) := inf{ε ∈ R>0 | ∀B ∈ B(E) : µ(B)≤ ν(Bε)+ ε}, µ,ν ∈ P(E),

where Bε := {x ∈ E, d(x,B)< ε}, form a complete separable metric space (P(E),DP).

(2) Moreover, a sequence of probability measures (µn)n∈N in P(E) converges weakly to a prob-

ability measure µ ∈ P(E), if and only if, (µn)n∈N converges to µ in (P(E),DP).

Proof. See e.g. Billingsley (2013), or Hofinger (2006).

Proposition 3. (Blackwell & Dubins (1983)). Let (E,d) be a complete separable metric space.

Consider the space of all probability measures on (E,B(E)), denoted by P(E), as a complete

separable metric space endowed with the Prokhorov distance. Then, there exists a Borel measur-

able mapping

F : P(E)× [0,1]→ E,
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such that:

(i) For each fixed µ ∈ P(E), the random variable F(µ, ·) that maps x ∈ [0,1] 7→ F(µ,x), has

distribution µ .

(ii) For each fixed µ0 ∈ P(E), the random mapping F(·,x) that maps µ ∈ P(E) 7→ F(µ,x), is

m-a.s. continuous at µ = µ0.

Remark 1. In particular, we point out that if (E,d) is a complete separable metric space and µ

is a probability measure on (E,B(E)), there exists a random variable X : ([0,1],B([0,1]),m)→

(E,B(E)) with the distribution µ . The same conclusion holds, if we replace the probability space

([0,1],B([0,1]),m) in its role there with any Borel space equipped with a non-atomic probability

measure, where a probability measure P on a measurable space is called non-atomic, if and only

if, for every measurable set A with P(A) > 0, there exists a measurable proper subset B ⊂ A with

0 < P(B)< P(A). (See, Theorem 3.4.23 in Srivastava (2008).)

2.3 Probability kernels and randomization

Definition 3. (Probability kernel). Let (S,G ) and (T,H ) be measurable spaces. A mapping

µ : S×H → [0,1]

is called a probability kernel from (S,G ) to (T,H ), if and only if:

(i) For each fixed B ∈ H , the mapping µ(·,B) that maps s ∈ S 7→ µ(s,B), is measurable.

(ii) For each fixed s ∈ S, the mapping µ(s, ·) that maps B ∈ H 7→ µ(s,B), is a probability

measure.

Proposition 4. (Randomization of a probability kernel. Kallenberg (1997), Lemma 2.22.) Let

(S,G ) be a measurable space, (T,H ) a Borel space and µ : S×H → [0,1] a probability kernel.

Let Θ : ([0,1],B([0,1]),m)→ ([0,1],B([0,1])) be a uniformly distributed random variable.
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Then, there exists a measurable mapping f : S × [0,1] → T , such that for each s ∈ S fixed,

f (s,Θ) has distribution µ(s, ·).

2.4 Regular conditional distributions

In this section, we state another preliminary result taken from Kallenberg (1997) concerning exis-

tence of so-called regular conditional distributions.

Proposition 5. (Existence of regular conditional distribution of random variables, and a disinte-

gration. Kallenberg (1997), Theorems 5.3 and 5.4.)

Let (S,G ) be a measurable space, (T,H ) a Borel space, set (Ω,F ,P) := ([0,1],B([0,1]),m)

and consider two random variables X : (Ω,F ,P) → (S,G ) and Y : (Ω,F ,P) → (T,H ) defined

on that underlying probability space .

Then:

(1) There exists a probability kernel µ : S×H → [0,1], that shall be referred to as a regular

conditional probability of Y given X , for which the following statement holds true:

∀B ∈ H : µ(X(·),B) = P(Y ∈ B | X) a.s.

(2) If g : S×T → [0,∞) is a bounded measurable function, with the kernel µ above, we have

E[g(X ,Y ) | X ] =
∫

T
g(X ,y)µ(X ,dy) a.s.,

so that

E[g(X ,Y )] = E[
∫

T
g(X ,y)µ(X ,dy)].
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2.5 Abstract Lebesgue spaces

In this section, we summarize some information regarding Lebesgue spaces. For a detailed con-

struction of these spaces, see Amann & Escher (2001), upon which the following summary is

based.

Let (Ω,F ,P) be a complete probability space and (E, | · |) a separable Banach space as a vector

space over R.

For p ∈ [1,∞), we define

L′
p(Ω,F ,P; E) := {X : (Ω,F )→ (E,B(E)) measurable, E[|X |p]< ∞},

and

||X ||p := (E[|X |p])
1
p , X ∈ L′

p(Ω,F ,P; E).

Then, L′
p(Ω,F ,P; E) is a vector space with induced pointwise operations and || · ||p is a semi-

norm on it.

Furthermore, considering the vector subspace

N := {X ∈ L′
p(Ω,F ,P; E), X = 0 a.s.},

we define,

Lp(Ω,F ,P; E) := L′
p(Ω,F ,P; E)⧸N

as a quotient vector space. Then, the seminorm || · ||p induces a norm on Lp(Ω,F ,P; E), also

denoted as || · ||p.

Proposition 6. (See, Theorem 4.10 in Amann & Escher (2001).) Let p ∈ [1,∞). Let (Ω,F ,P) be

a complete probability space and (E, | · |) a separable Banach space as a vector space over R. Then:

(1) Lp(Ω,F ,P; E) equipped with the norm || · ||p is a Banach space.

(2) If E is Hilbert equipped with the scalar product ⟨·, ·⟩E , then L2(Ω,F ,P; E) is Hilbert
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equipped with the scalar product

⟨·, ·⟩ : L2(Ω,F ,P; E)×L2(Ω,F ,P; E)→ R, ⟨X ,Y ⟩ := E[⟨X ,Y ⟩E ].

2.6 Wasserstein spaces

If (E,τ) is a topological space and µ,ν are probability measures on (E,B(E)), then a probability

measure π on the product space (E ×E,B(E)⊗B(E)) is called a coupling of µ,ν , if and only

if, p1#π = µ and p2#π = ν , where pi : E × E → E, i = 1,2, denote the canonical coordinate

projections respectively. That is, π is a coupling of µ,ν in that order, if and only if,

∀B ∈ B(E) : π(B×E) = µ(B), π(E ×B) = ν(B).

Definition and Proposition 3. (Wasserstein space of probability measures). Let p ∈ [1,∞). Let

(E,d) be a complete separable metric space, P(E) the set of all probability measures on (E,B(E)),

and let pi : E ×E → E, i = 1,2, denote the canonical coordinate projections, respectively. Then:

(1) The set

Pp(E) := {µ ∈ P(E), ∃ x ∈ E :
∫

E
dp(x,y)µ(dy)< ∞},

together with the so-called p-Wasserstein distance Wp, defined for µ,ν ∈ Pp(E) by

Wp(µ,ν) := inf{
(∫

E×E
dp(x,y)π(dx,dy)

) 1
p

; π ∈ P(E ×E), p1#π = µ, p2#π = ν},

form a complete separable metric space (Pp(E),Wp), called p-Wasserstein space.

(2) In particular, if E is locally compact, then for each µ,ν ∈ Pp(E), there exists an optimal
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coupling π0 ∈ P(E ×E) with p1#π0 = µ , p2#π0 = ν , in the sense that

Wp(µ,ν) =

(∫
E×E

dp(x,y)π0(dx,dy)
) 1

p

.

The collection of all optimal couplings for µ,ν ∈ Pp(E) is denoted by Γopt(µ,ν), whereas

the collection of all couplings for µ,ν ∈ Pp(E) is denoted as

Γ(µ,ν) := {π ∈ P(E ×E); p1#π = µ, p2#π = ν}.

Proof. See e.g. Ambrosio et al. (2008), Chapters 5 and 7. We also would like to note here that

our main result, Theorem 5.3.2, a posteriori implies some of the claims made in this definition and

proposition. See, Remark 8.

The following Proposition is mentioned in Rachev & Rüschendorf (1998) and Villani (2009).

We prove the claim here, as our main result depends on it.

Proposition 7. Let p ∈ [1,∞), and E be a complete separable Hilbert space. Then, we have for all

µ,ν ∈ Pp(E),

Wp(µ,ν) = inf{||X −Y ||p; X ,Y ∈ Lp([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν}.

Proof. Let µ,ν ∈ Pp(E) be arbitrary.

1. Let π ∈ Γ(µ,ν) be arbitrary. Since (E ×E,B(E ×E)) is a Polish space, by Remark 1, there

exists a random variable

Z : ([0,1],B([0,1]),m)→ E ×E

with distribution π . Using the canonical coordinate projections pi : E ×E → E, i = 1,2, consider

the random variables X := p1 ◦Z and Y := p2 ◦Z, also as elements in Lp([0,1],B([0,1]),m; E).

Then, X D
= µ , Y D

= ν , and (X ,Y ) D
= π , so that
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(∫
E×E

dp(x,y)π(dx,dy)
) 1

p

= ||X −Y ||p.

Hence,

inf{||X −Y ||p; X ,Y ∈ Lp([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν} ≤
(∫

E×E
dp(x,y)π(dx,dy)

) 1
p

,

and so,

inf{||X −Y ||p; X ,Y ∈ Lp([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν} ≤Wp(µ,ν).

2. Let X ,Y ∈ Lp([0,1],B([0,1]),m; E) be arbitrary with X D
= µ and Y D

= ν . Letting π denote

the distribution of (X ,Y ), we have

(∫
E×E

dp(x,y)π(dx,dy)
) 1

p

= ||X −Y ||p,

and so,

inf{
(∫

E×E
dp(x,y)π(dx,dy)

) 1
p

; π ∈ P(E ×E), p1#π = µ, p2#π = ν} ≤ ||X −Y ||p,

i.e. Wp(µ,ν)≤ ||X −Y ||p. Hence,

Wp(µ,ν)≤ inf{||X −Y ||p; X ,Y ∈ Lp([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν}.

The claim follows.

Remark 2. The statement of Proposition 7 and its proof remain valid, if we replace the probabil-

ity space ([0,1],B([0,1]),m) in its role there with any Borel space equipped with a non-atomic

probability measure. (See, Theorem 3.4.23 in Srivastava (2008).)
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Chapter 3

Preliminaries from metric geometry

In this chapter, we provide some preliminaries from metric geometry that can e.g. be found in

Burago et al. (2001), Alexander et al. (2022) and Bridson & Haefliger (2013).

To set some notations we start with basic notions. Afterwards, for explaining the notion of

metric quotient space induced by metric foliation, we define metric foliations and submetries.

Then, we present the correspondence of metric foliations and submetries, which was explored in

Sosa (2017) and Galaz-García et al. (2018).

3.1 Metric spaces

Definition 4. (Metric space). Let X be a set, and d : X ×X 7→ [0,∞) a mapping. Then (X ,d) is

called a metric space, if and only if:

(i) ∀x,y ∈ X : d(x,y) = 0 ⇐⇒ x = y,

(ii) ∀x,y ∈ X : d(x,y) = d(y,x),

(iii) ∀x,y,z ∈ X : d(x,y)≤ d(x,z)+d(z,y).

Definition 5. (Isometric embedding). Let (X ,d) and (Y,d′) be metric spaces. A mapping Φ : X →

Y is called an isometric embedding, if and only if,

∀ x1,x2 ∈ X : d′(Φ(x1),Φ(x2)) = d(x1,x2).

Note that, an isometric embedding as defined above is necessarily injective. A bijective isometric
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embedding is called an isometry. Two metric spaces are said to be isometrically isomorphic, if and

only if, there exists an isometry from one of them to the other.

We follow with two variants of the notion of metric space that we shall employ. The systematic

naming of these variants is taken from a preliminary version of Alexander et al. (2022).

Definition 6. (Pseudo-metric space, or [0,∞)-metric space ). Let X be a set, and d : X ×X → [0,∞)

be a mapping. (X ,d) is called a pseudo-metric space, if and only if:

(i) ∀x ∈ X : d(x,x) = 0,

(ii) ∀x,y ∈ X : d(x,y) = d(y,x),

(iii) ∀x,y,z ∈ X : d(x,y)≤ d(x,z)+d(z,y).

The mapping d itself is then called a pseudo-metric.

Definition 7. ((0,∞]-Metric space). Let X be a set, and d : X ×X → [0,∞] be a mapping. (X ,d) is

called a (0,∞]-metric space, if and only if:

(i) ∀x,y ∈ X : d(x,y) = 0 ⇐⇒ x = y,

(ii) ∀x,y ∈ X : d(x,y) = d(y,x),

(iii) ∀x,y,z ∈ X : d(x,y)≤ d(x,z)+d(z,y).

The mapping d itself is then called a (0,∞]-metric.

Definition 8. (The canonical metric space corresponding to a pseudo-metric space). Let (X ,d) be

a pseudo-metric space. Consider the equivalence relation on X defined by

x ∼ y : ⇐⇒ d(x,y) = 0, x,y ∈ X ,

and let X̃ denote the set of all equivalence classes under that equivalence relation. Then, X̃ together

with the well-defined distance on it defined by

d([x], [y]) := d(x,y), [x], [y] ∈ X̃ ,
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form a metric space (X̃ ,d), called the canonical metric space corresponding to the pseudo-metric

space (X ,d).

Definition 9. (Hausdorff convergence of closed subsets in a metric space). Let (X ,d) be a metric

space, (Fn)n∈N a sequence of closed subsets and F ⊂ X a closed subset. The sequence (Fn)n∈N is

said to converge in the sense of Hausdorff to the set F , if and only if,

∀x ∈ X : d(x,F) = lim
n→∞

d(x,Fn).

3.2 Length spaces and geodesic spaces

See, e.g. Burago et al. (2001), Lang (2013), Schneider (2001) and Alexander et al. (2022).

Definition 10. (Parameter transformations). Let I,I′ ⊂R be two intervals in R. A mapping τ : I→

I′ is called a continuous parameter transformation, if and only if, it is strictly monotone, bijective

and continuous.

Definition 11. (Parametrized curve). Let I ⊂ R be an interval and (X ,d) be a metric space. A

mapping γ : I→ X is called a parametrized curve in X , if and only if, it is continuous.

Definition 12. (Curve). Let (X ,d) be a metric space. Two parametrized curves γ : I → X and

γ ′ : I′ → X are said to be equivalent parametrized curves, if and only if, there exists a strictly

increasing parameter transformation τ : I′ → I such that γ = γ ′ ◦ τ . Equivalence of parametrized

curves defines an equivalence relation on the set of all parametrized curves. A curve in X is an

equivalence class under this equivalence relation, and any representative of a curve is called a

parametrization of that curve. We shall not always distinguish notations between curves and their

parametrizations.

Definition 13. (Trace of a curve). Let (X ,d) be a metric space. The trace of a curve in X , is

defined as the image of any parametrization of it. This definition is independent of the choice of

parametrization.
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Definition 14. (Length of a curve). Let (X ,d) be a metric space, [a,b] ⊂ R a closed interval and

γ : [a,b]→ X a parametrized curve in X . Then, we define the length of γ as,

l(γ) := sup{
k

∑
i=1

d(γ(ti),γ(ti−1)) | k ∈ N; t0, . . . , tk ∈ R, a = t0 < t1 < · · ·< tk = b} ∈ [0,∞].

The length of a curve in X is defined as the length of any parametrization of it. This definition is

independent of the choice of parametrization.

Definition 15. (The induced length metric). Let (X ,d) be a metric space. We define a (0,∞]-metric

on X , denoted by dl and called the induced length metric from d, as follows.

dl(x,y) := inf{l(γ); [γ] curve in X , γ : [a,b]→ X , γ(a) = x, γ(b) = y} ∈ [0,∞], x,y ∈ X .

(X ,dl) is a (0,∞]-metric space, called the induced length space or the induced intrinsic space from

(X ,d).

Definition 16. (Length space). A metric space (X ,d) is called a length space, if and only if, its

induced length space is equal to itself, i.e. if:

∀x,y ∈ X : d(x,y) = dl(x,y).

Lemma 1. (Approximate midpoints lemma). A complete metric space (X ,d) is a length space, if

and only if, for all x,y ∈ X and all ε ∈ R>0, there exists an ε-midpoint z ∈ X in the sense that:

d(x,z)≤ 1
2

d(x,y)+ ε and d(z,y)≤ 1
2

d(x,y)+ ε.

Proof. See, Lang (2013).

Definition 17. (Constant speed parametrized geodesic). Let (X ,d) be a metric space, λ ∈R a real

number, I ⊂ R an interval and γ : I→ X a parametrized curve in X . γ is called a constant speed

21



parametrized geodesic with speed λ , if and only if,

∀s, t,∈ I : d(γ(s),γ(t)) = λ |s− t|.

A speed λ = 1 parametrized geodesic is called a unit speed parametrized geodesic.

Definition 18. (Geodesic space). A metric space (X ,d) is called a geodesic space, if and only if,

for any two points x,y ∈ X , there exists a unit speed parametrized geodesic γ : [a,b]→ X such that

γ(a) = x and γ(b) = y.

Lemma 2. (Midpoints lemma). A complete metric space (X ,d) is a geodesic space, if and only if,

for all x,y ∈ X there exists a midpoint z ∈ X in the sense that:

d(x,z) = d(z,y) =
1
2

d(x,y).

Proof. See, Lang (2013).

Corollary 2. Any complete geodesic space is a length space.

Proof. Indeed, a midpoint is already an ε-midpoint, so that the claim follows from Lemmas 1 and

2 under the completeness assumption.

3.3 Submetries and metric quotient spaces induced by metric foliation

See, Sosa (2017), Galaz-García et al. (2018) and Alexander et al. (2022).

Definition and Proposition 4. (Metric foliations). Let (X ,d) be a metric space. A collection

F = {Fi}i∈I of non-empty subsets Fi ⊂ X , i ∈ I, is called a metric foliation of the space (X ,d), if

and only if:

(i) ∀i ∈ I : Fi ⊂ X is closed,

(ii) ∀i, j ∈ I : i ̸= j =⇒ Fi ∩Fj = /0,
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Figure 3.1: Metric foliation illustration

(iii) X =
⋃

i∈I Fi,

(iv) The equidistance property holds, i.e.,

∀ i, j ∈ I ∀ x ∈ Fi : d(Fi,Fj) = d(x,Fj),

where d(Fi,Fj) := inf{d(x,y); x ∈ Fi,y ∈ Fj} and d(x,Fj) := inf{d(x,y), y ∈ Fj}.

The set F together with the notion of distance d between subsets of X as defined above, form a

metric space (F ,d) called the metric quotient space induced by the metric foliation F .

Definition 19. (Open submetry). Let (X ,d), (Y,d′) be two metric spaces, and Φ : X → Y a map-

ping. Φ is called a submetry (or submetry projection), if and only if, the submetry property holds,

i.e.

∀p ∈ X ∀R ∈ R≥0 : Φ(B(p,R)X) = B(Φ(p),R)Y ,

where

B(p,R)X : = {x ∈ X , d(p,x)< R},

B(Φ(p),R)Y : = {y ∈ Y, d′(Φ(p),y)< R},

23



Φ(B(p,R)) = B(Φ(p),R)

B(p,R)

Figure 3.2: Submetry illustration

are defined as open balls in X and Y respectively.

Remark 3. Any submetry Φ : X → Y is 1-Lipschitz, and 1-co-Lipschitz: Indeed, the inclusions

Φ(B(p,R)X)⊂ B(Φ(p),R)Y , p ∈ X , R ∈ R≥0 correspond to the 1-Lipschitzness, and the reversed

inclusions Φ(B(p,R)X)⊃ B(Φ(p),R)Y define the notion of 1-co-Lipschitzness for the mapping Φ.

Proposition 8. Let Φ : X → Y be a submetry between two metric spaces. Then:

(1) Φ is surjective.

(2) Φ is an open mapping, i.e., image of open sets under Φ are open sets.

(3) Φ is continuous.

Proof. 1. Let y ∈ Y be arbitrary. Consider an element x ∈ X ̸= /0, and pick R ∈ R>0 with R >

dY (Φ(x),y). Then,

Φ(B(x,R)X) = B(Φ(x),R)Y

implies that there exists x′ ∈ X with Φ(x′) = y. So, Φ is surjective.

2. Each open subset G ⊂ X can be represented as a union of open balls. Then, by the submetry

property, the image of G under Φ is also a union of open balls, hence open in Y .

3. The continuity of Φ follows immediately from the submetry property, as preimages of open

balls in Y are open balls in X .
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Proposition 9. Let Φ : L → M be a submetry between two metric spaces (L,dL) and (M,dM).

Then:

(1) L is length space =⇒ M is length space.

(2) L is complete =⇒ M is complete.

Proof. 1. Assume that L is length space. Let x,y ∈ M, and ε ∈ R>0 be arbitrary. By the submetry

property, we have preimages x̂, ŷ ∈ L under Φ of x,y respectively, with

dL(x̂, ŷ)< dM(x,y)+ ε,

and, by the assumption that L is length space, there exists a curve γ in L joining x̂, ŷ such that its

length l(γ) approximates dL(x̂, ŷ) with

dL(x̂, ŷ)≤ l(γ)< dM(x,y)+ ε.

Then, Φ◦ γ is a curve in M joining x,y, and

dM(x,y)≤ l(Φ◦ γ)≤ l(γ)< dM(x,y)+ ε.

Hence, the distance dM(x,y) can be arbitrarily well approximated by the length of some curve in

M joining x,y ∈ M. So, M is a length space and (1) is established.

2. Assume L is complete and let (yn)n∈N be Cauchy in M. We can extract a subsequence

(y′k)k∈N such that

∀k ∈ N : dM(y′k,y
′
k+1)<

1
2k .

Then, the submetry property inductively gives rise to a sequence of corresponding preimages

(ŷk)k∈N in L, Φ(ŷk) = y′k for k ∈ N, such that

∀k ∈ N : dL(ŷk, ŷk+1)<
1

2k−1 .
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The subsequence (ŷk)k∈N thus, is Cauchy in L and therefore converges to, say ŷ ∈ L. By the

Lipschitzness of Φ, we have y′k → Φ(ŷ), and so the initial Cauchy sequence (yn)n∈N must converge

to Φ(ŷ). We conclude that M is complete.

Proposition 10. (Correspondence of metric foliations and open submetries. See, Sosa (2017), and

Lemma 8.4 in Galaz-García et al. (2018).)

(1) If F is a metric foliation of (X ,d), then the natural projection mapping Φ : X → F , which

maps x ∈ X to the unique subset containing x, denoted here as Fx ∈ F , is a submetry.

(2) If Φ : X → Y is a submetry from a metric space (X ,d) to a metric space (Y,d′), then the

collection of all fibers over Φ, i.e. the collection {Φ−1(y)}y∈Y , is a metric foliation of X .

Proof. 1. Assume that F is a metric foliation of (X ,d) and consider the natural projection mapping

Φ : X → F , which maps x ∈ X to the unique subset Fx ∈ F containing x. Let R ∈ R≥0 and x ∈ X

be arbitrary.

a) Firstly, assume that z ∈ B(x,R)X . Then,

d′(Φ(x),Φ(z))≤ d(x,z)< R,

so that Fz ∈ B(Fx,R)F , and so Φ(B(x,R)X)⊂ B(Φ(x),R)F .

b) Secondly, let F ∈ B(Φ(x),R)F , i.e. that d(Fx,F) < R. By the equidistance property, we

arrive at d(x,F) = d(Fx,F) < R. Then, by the definition of infimum in the definition of d(x,F),

there exists z ∈ F such that d(x,z) < R. Note that Φ(z) = F , so the previous step shows F ∈

Φ(B(x,R)X), and so B(Φ(x),R)F ⊂ Φ(B(x,R)X).

By a) and b), we have B(Φ(x),R)F = Φ(B(x,R)X) and so, Φ is a submetry.

2. Assume that Φ : X → Y is a submetry from a metric space (X ,d) to a metric space (Y,d′).

Let {Φ−1(y)}y∈Y denote the collection of all fibers over Φ.

i) Since Φ, as a submetry, is a continuous mapping, the preimages of singleton sets are closed

as preimages of closed subsets. Hence, the fibers are closed.
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ii) The fibers are non-empty since Φ is surjective, and distinct fibers are disjoint subsets in X

since Φ is a function.

iii) It remains to verify the equidistance property. Let y1,y2 ∈ Y be arbitrary and consider the

fibers F1 := Φ−1(y1), F2 := Φ−1(y2). We have F1 ̸= /0, let x1 ∈ F1 be an arbitrary member. We set

R := d(F1,F2) ∈ R≥0. Let ε ∈ R>0 be arbitrary. By the submetry property of Φ, we have

Φ(B(x1,R+ ε)X) = B(y1,R+ ε)Y .

Hence, noting that y2 ∈ B(y1,R+ ε)Y , there exists a preimage x2 ∈ X such that Φ(x2) = y2 and

x2 ∈ B(x1,R+ ε)X . Therefore,

d(x1,F2)≤ d(x1,x2)< R+ ε.

Since ε > 0 is arbitrary, it follows that

d(x1,F2)≤ R = d(F1,F2),

and so d(x1,F2) = d(F1,F2). The equidistance property follows.

By (i), (ii) and (iii), the collection {Φ−1(y)}y∈Y is a metric foliation of the space (X ,d).

We conclude this section by mentioning a particular setting, in which a metric foliation natu-

rally arises.

Definition 20. (Group action on a metric space). Let (X ,d) be a metric space, and (G,e) a group.

G is said to act on X , if and only if, the pair is equipped with a mapping

G×X → X , (g,x) 7→ gx,

with the following properties:

(i) ∀x ∈ X : ex = x
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(ii) ∀g,h ∈ G ∀x ∈ X : (gh)x = g(hx)

G is said to act on X by isometries if in addition we have:

∀g ∈ G ∀x,y ∈ X : d(gx,gy) = d(x,y)

Remark 4. If a group G acts on a metric space (X ,d) by isometries, and if the orbits

[x] := {gx, g ∈ G}, x ∈ X ,

are closed subsets in X , then the equivalence relation on X defined by

x ∼ y : ⇐⇒ ∃g ∈ G : y = gx, x,y ∈ X ,

gives rise to a metric foliation of X , and so induces a corresponding metric quotient space denoted

as (X/G,d). Indeed, the group structure of G implies the equidistance property: For [x], [y]∈ X/G,

d([x], [y]) := inf{d(x′,y′); x′ ∈ [x],y′ ∈ [y]}= inf{d(gx,hy); g,h ∈ G}=

= inf{d(x,g−1hy), h ∈ G}= inf{d(x,h′y), h′ ∈ G}=: d(x, [y]).
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Chapter 4

Alexandrov curvature bounded below (CBB) metric spaces

After the notion of metric space as a set theoretic way of defining a geometric space was introduced,

there had been interest around the beginning of 20th century in recovering common geometric

notions within a purely metric space theoretic framework. A. D. Alexandrov defined metric spaces

of bounded curvature as metric space generalizations of the model spaces of Riemannian geometry.

See, Alexandrov (1957).

Namely, Alexandrov curvature bounded below spaces are metric spaces, which satisfy so-

called synthetic lower curvature bound conditions, defined solely in terms of the metric without

assuming further analytical structure of the space. Many equivalent versions of these conditions

exist in contemporary literature for defining the notion of lower curvature bounds. See, for in-

stance, Alexander et al. (2022). We start this chapter by quickly introducing these spaces, favoring

a more recently discovered equivalent lower curvature bound conditions, named Kirszbraun lower

curvature bound conditions. (See Alexander et al. (2011). See also, Lang & Schroeder (1997).)

Then, we prove that synthetic lower curvature bounds are stable under submetries by showing

that if a Kirszbraun lower curvature bound condition holds in the domain of a submetry, then

the same lower curvature bound condition must also hold in its target space. Another proof of

the same result that is based on another one of the equivalent lower curvature bound conditions

appears already in Alexander et al. (2022).
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4.1 The definition of CBB spaces

Definition 21. (Model spaces of Riemannian geometry). For κ ∈ R, by Mκ we shall denote a

complete simply connected 2-dimensional Riemannian manifold of constant curvature κ , and by

dκ its induced metric.

Remark 5. 1. For κ > 0, (Mκ ,dκ) is isometrically isomorphic to the intrinsic metric space

structure of the surface of a sphere with radius 1√
κ

in the Euclidean space R3.

2. For κ = 0, (Mκ ,dκ) is isometrically isomorphic to the metric space structure of the Eu-

clidean space R2.

3. For κ < 0, (Mκ ,dκ) is isometrically isomorphic to the intrinsic metric space structure of the

so-called Lobachevsky surface of constant curvature κ in the Euclidean space R3.

See, e.g. Bär (2010).

Definition 22 (Alexandrov model triangles for a triplet of points in a metric space). Let κ ∈ R,

(X ,d) be a metric space, and (p,x,y) ∈ X3 a triplet of points. We set:

a := d(x,y), b := d(y, p),c := d(p,x).

A geodesic triangle in Mκ with side lengths a,b,c, if it exists, shall be called a model triangle in Mκ

corresponding to the triplet (p,x,y) ∈ X3 and denoted by ∆̃κ(p,x,y), referring back to p,x,y ∈ X .

If such triangles exist, then they are all congruent. In case κ ≤ 0 model triangles always exist,

whereas in the case κ > 0 model triangles exist, if and only if,

a+b+ c < 2 ·diam Mκ = 2 · π√
k
,

where diam Mκ := sup{dκ(x̂, ŷ); x̂, ŷ ∈Mκ}.

Definition 23 (Alexandrov model angle at a point, for (1+2) points in a metric space). Let κ ∈R,

(X ,d) be a metric space, and (p,x,y)∈ X3. Assume that a model triangle ∆̃κ(p,x,y) corresponding
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to the triplet (p,x,y) ∈ X3 exists, and let p̂, x̂, ŷ ∈Mκ be points that realize one such triangle in Mκ

as being the vertices, with

dκ(x̂, ŷ) = d(x,y), dκ(ŷ, p̂) = d(y, p), dκ(p̂, x̂) = d(p,x).

Then, the angle ∠(p̂; x̂, ŷ), defined in the sense of angle between geodesics in Mκ , is called the

model angle in Mκ for the triplet (p,x,y) ∈ X3 at p. It is defined independent of the choice of the

model triangle, and is denoted by ∠̃κ(p;x,y). In the case that no such model triangle exists, which

is possible as stated above when κ > 0, we say that the model angle ∠̃κ(p;x,y) does not exist.

Definition 24 (The (1+ 3) points angle κ-comparison condition). Let (X ,d) be a metric space.

A quadruple of points (p,x1,x2,x3) ∈ X4 is said to satisfy the (1+3) points angle κ-comparison

condition, if and only if, one of the statements below is true.

(1) All of the model angles ∠̃κ(p;x1,x2), ∠̃κ(p;x2,x3), ∠̃κ(p;x3,x1) are defined, and

∠̃κ(p;x1,x2)+ ∠̃κ(p;x2,x3)+ ∠̃κ(p;x3,x1)≤ 2π.

(2) At least one of the model angles ∠̃κ(p;x1,x2), ∠̃κ(p;x2,x3), ∠̃κ(p;x3,x1) does not exist.

The condition (2) declares the condition in (1) to be regarded trivially verified if there is nothing to

check there.

We are now ready to recall the definition of an Alexandrov metric space with curvature bounded

below by κ ∈ R. We work under a general complete length space assumption on the space.

Definition 25 (Alexandrov space with curvature bounded below by κ ∈R). Let κ ∈R. A complete

length space (L,d) is called Alexandrov, curvature bounded below by κ , if and only if, all quadru-

ples (p,x1,x2,x3) ∈ L4 satisfy the (1+ 3) points angle κ-comparison condition by its definition.

Any Alexandrov curvature bounded below by κ metric space will briefly be called a CBB-κ space.

A metric space which is CBB-0 is also called non-negatively curved.
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(X ,d)

x1 x2

x3

∃ xm

A

∃ comparison triangle in R2:

d(x1,x3) d(x2,x3)

1
2d(x1,x2)

1
2d(x1,x2)

B

A geodesic space X is called non-negatively curved, if and only if, B ≤ A for all choices of
x1,x2,x3 ∈ X .

Figure 4.1: An illustration for a definition of non-negatively curved geodesic spaces

Definition and Proposition 5. (An equivalent definition of CBB-κ spaces.) Let κ ∈ R.

(1) A metric space (X ,d) is said to satisfy the Kirszbraun lower curvature bound κ condition,

if and only if, every 1-Lipschitz mapping f : S3 →Mκ which is defined on a subset S3 ⊂ X

consisting of 3 points, can be extended to any set S4 ⊂ X , (S3 ⊂ S4 ⊂ X), that consists of 4

points, as a 1-Lipschitz mapping F : S4 →Mκ , F|S3 = f .

(2) A complete length space, which satisfies the Kirszbraun lower curvature bound κ condition,

is Alexandrov curvature ≥ κ .

Proof. See Theorem 3.1 in Alexander et al. (2011).

Proposition 11. (Kirszbraun’s theorem for Hilbert spaces. See, Theorem 1G in Fremlin (2018).)

Let H1 and H2 be Hilbert spaces. Every Lipschitz mapping f : S → H2, S ⊂ H1, possesses a

Lipschitz extension F : H1 → H2 that preserves the initial Lipschitz constant.

The above theorem was initially proved by Kirszbraun in a Euclidean space framework, where

in the places of the Hilbert spaces H1 and H2 above, Euclidean spaces Rn and Rm for any n,m ∈N

were considered. See Kirszbraun (1934).
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Corollary 3. Any Hilbert space satisfies the Kirszbraun lower curvature bound κ = 0 condition.

Hence, altogether, any pre-Hilbert space satisfies the (1+ 3) points angle κ = 0 comparison

condition.

4.2 Kirszbraun lower curvature bounds under submetries

The following results were proved in Alexander et al. (2022), we give an alternative proof by

favoring the Kirszbraun lower curvature bound conditions.

Proposition 12. Let (X ,dX) and (Y,dY ) be metric spaces, Φ : X → Y a submetry and κ ∈ R.

(1) If X satisfies the Kirszbraun lower curvature bound κ condition, then so does Y .

(2) If X is CBB-κ , then Y is CBB-κ as well.

Proof. Assume that X satisfies the Kirszbraun lower curvature bound κ condition. Let Y3 :=

{y1,y2,y3} ⊂ Y be a subset containing exactly three elements, y4 ̸∈ Y3 be a further element in

Y , and f : {y1,y2,y3}→Mκ be 1-Lipschitz.

1. Φ is in particular surjective. We start by picking a preimage x4 ∈ X under Φ for the element

y4 ∈ Y , so that Φ(x4) = y4.

2. Now, let ε ∈ R>0 be arbitrary. By the submetry property, we have

Φ(B(x4,Ri + ε)X) = B(y4,Ri + ε)Y , for i = 1,2,3;

where Ri := dY (yi,y4) for i = 1,2,3. Hence, there exist preimages, xε
1,x

ε
2,x

ε
3, under Φ of the values

y1,y2,y3 respectively, such that

dY (y1,y4)≤ dX(xε
1,x4)< dY (y1,y4)+ ε,

dY (y2,y4)≤ dX(xε
2,x4)< dY (y2,y4)+ ε,

dY (y3,y4)≤ dX(xε
3,x4)< dY (y3,y4)+ ε.
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The elements xε
1,x

ε
2,x

ε
3 ∈ X and the element x4 ∈ X are all distinct, as they reside in different fibers

of Φ.

3. The mapping f ◦Φ : {xε
1,x

ε
2,x

ε
3} → Mκ is 1-Lipschitz as the composition of 1-Lipschitz

mappings f and Φ. Indeed, for i, j ∈ {1,2,3},

dκ(( f ◦Φ)(xε
i ),( f ◦Φ)(xε

j)) = dκ( f (yi), f (y j))≤ dY (yi,y j) = dY (Φ(xε
i ),Φ(xε

j))≤ dX(xε
i ,x

ε
j),

where the metric in Mκ is denoted as dκ .

4. Now, using the Kirszbraun lower curvature bound κ condition in X , we can extend the

mapping f ◦Φ to

{xε
1,x

ε
2,x

ε
3,x4}

as a 1-Lipschitz mapping, i.e., there exists an αε ∈Mκ such that the extension of f ◦Φ that maps

x4 7→ αε , is 1-Lipschitz. Thence, for i = 1,2,3,

dκ( f (yi),α
ε)≤ dX(xε

i ,x4)< dY (yi,y4)+ ε.

5. For n ∈ N, set εn := 1
n and αn := αεn . Observe that (αn)n∈N is a sequence in the closed ball

B̄( f (y1),1) in Mκ . The closed ball B̄( f (y1),1) as embedded into the Euclidean space R3 is still

closed and bounded, therefore by the Bolzano-Weierstrass theorem in R3, the sequence (αn)n∈N

viewed as a sequence in R3 has a subsequence (αkn)n∈N that converges in R3 to a point α on the

same constant curvature κ surface. This implies that the same convergence holds in Mκ as well.

6. We define f (y4) := α , which extends f to {y1,y2,y3,y4} as a 1-Lipschitz mapping. Indeed,

for i = 1,2,3,

dκ( f (yi),α) = lim
n→∞

dκ( f (yi),αkn)≤ lim
n→∞

(dY (yi,y4)+
1
kn
) = dY (yi,y4).

7. Hence, Y satisfies the Kirszbraun lower curvature bound κ condition, which establishes (1).

Then, (2) follows from (1) and Proposition 9.
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By the correspondence of submetries and metric foliations, the following is now immediately

true.

Corollary 4. Let κ ∈ R. For a metric foliation of a CBB-κ space, the corresponding induced

metric quotient space is CBB-κ as well.

Proof. Indeed, as described in Proposition 10, the natural projection between the covering space

and a metric quotient space of it, is a submetry.

A particular case of the previous result is the next one.

Corollary 5. Let κ ∈R and (X ,d) be a CBB-κ space, G a group that acts on X by isometries with

closed orbits, and (X/G,d) the corresponding metric quotient space. Then, (X/G,d) is CBB-κ as

well.
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Chapter 5

Wasserstein spaces as metric quotient spaces

In this chapter, for p ∈ [1,∞) and a separable Hilbert space E, we exhibit the Wasserstein space

(Pp(E),Wp) as isometrically isomorphic to a metric quotient space induced by a metric foliation.

A glance at the definition of Wasserstein metric suggests that (Pp(E),Wp) may be interpreted

as a metric quotient space of the Lebesgue space Lp([0,1],B([0,1]),m; E) via the projection map-

ping which maps a random variable to its distribution. However, a rigorous proof of the equidis-

tance property in such context is not to be found in the literature. Indeed, such a result would

relate to a corresponding lemma about couplings, limitations of which should be sorted out in its

full generality. (Cf. optimal transport theory. See e.g. Villani (2003) or Rachev & Rüschendorf

(1998).)

Here, for sake of producing a rigorous metric foliation result that holds under general assump-

tions, we consider an extension of Lebesgue spaces. Namely, we form a direct limit metric space

that extends the Lebesgue spaces. Then, we show that the Wasserstein space is isometrically iso-

morphic to a metric quotient space induced by a metric foliation of the direct limit that we define,

by applying a weaker lemma about couplings present in Kallenberg (1997). See Perrone (2021)

for more abstract results that are similar to ours in spirit.

For p = 2 and a separable Hilbert space E, the Wasserstein space (P2(E),W2) is a non-

negatively curved metric space, i.e. Alexandrov curvature ≥ κ = 0. A direct proof of this fact

is presented in Ambrosio et al. (2008), using one of the equivalent conditions that define the lower

curvature bound by κ = 0. However, as an application of our metric foliation result, we are able to

exhibit the same fact here as a special occurrence of a more general phenomenon.

Namely, in the case p = 2, the direct limit metric space that we define, naturally inherits the
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Kirszbraun lower curvature boundedness by κ = 0 from the Lebesgue spaces that form our direct

limit space. Hence, the Wasserstein space (P2(E),W2) also inherits the same property as it is

isometrically isomorphic to a metric quotient space of the former space.

5.1 Non-negatively curved spaces

As already mentioned in the previous chapter, a metric space is called non-negatively curved, if it

is Alexandrov curvature ≥ κ = 0, i.e. CBB-0.

The following proposition gives another characterization of these spaces under a geodesic space

assumption on the space.

Proposition 13. (Cf. Ambrosio et al. (2008), Definition 12.3.1.) Let (X ,d) be a complete geodesic

space. Then, (X ,d) is CBB-0, if and only if, for any three points x1,x2,x3 ∈ X and any unit speed

parametrized geodesic γ : [0,1]→ X with γ(0) = x1, γ(1) = x2, the following statement holds true:

∀ t ∈ [0,1] : d2(γ(t),x3)≥ (1− t)d2(x1,x3)+ td2(x2,x3)− t(1− t)d2(x1,x2)

Proof. See Theorem 8.23 in Alexander et al. (2022), and Sturm (1999).

Using this characterization along with some knowledge about couplings, for separable Hilbert

space E, the Wasserstein space (P2(E),W2) has already been shown to be a non-negatively curved

metric space.

Proposition 14. (See, Ambrosio et al. (2008), Theorem 7.3.2.) Let E be a separable Hilbert space.

Then, the Wasserstein space (P2(E),W2) is non-negatively curved.

5.2 A lemma on couplings

For proving our metric foliation result we shall make use of the following lemma about couplings.

See, Kallenberg (1997). In fact, the formulation of our metric foliation result is tailored upon this

lemma.
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Here is an unabridged reformulation of the lemma presented in Theorem 5.10 of Kallenberg

(1997).

Lemma 3. (On existence of a random variable, which coupled with a given random variable jointly

have a prescribed joint distribution. Kallenberg (1997), Theorem 5.10.)

Let (Ω,F ,P) be a probability space, (S,G ) and (T,H ) Borel spaces, X and X ′ two random

variables Ω → S having the same distribution, and Y : Ω → T be a given random variable. Let

X̃ ′ : Ω× [0,1]→ S be defined by

∀ (ω,x) ∈ Ω× [0,1] : X̃ ′(ω,x) := X ′(ω),

and consider ([0,1],B([0,1]) equipped with the Lebesgue measure m.

Then, there exists a random variable Ỹ : Ω× [0,1]→ T having the same distribution as Y such

that the joint random variables (X̃ ′,Ỹ ) and (X ,Y ), which are defined on different probability spaces,

have the same distribution on the product space (S×T,G ⊗H ).

We include the proof of this lemma here for sake of completeness.

Proof. 1. By Proposition 5, there exists a regular conditional probability of Y given X , i.e. a

probability kernel µ : S×H → [0,1] with

∀B ∈ H : P(Y ∈ B | X) = µ(X(·),B) a.s.

2. Let Θ be a uniformly distributed random variable ([0,1],B([0,1]),m)→ [0,1] defined on an

auxiliary copy of ([0,1],B([0,1]),m), so that it is defined independently of X ′.

By Proposition 4, there exists a measurable function f : S× [0,1] → T , such that f (s,Θ) has

distribution µ(s, ·) for every s ∈ S fixed. Define, Ỹ := f (X ′,Θ).

3. Let g : S× [0,1]→ [0,∞) be an arbitrary bounded measurable function. Let the notations E

and Ẽ distinguish between expectations on Ω and Ω× [0,1], in that order. Then, by conditioning,
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Fubini’s theorem, and using that X̃ ′ D
= X ′ and X ′ D

= X , we have

Ẽ[g(X̃ ′,Ỹ )] = Ẽ[g(X̃ ′, f (X ′,Θ))] = Ẽ[ E[g(X̃ ′, f (X ′,Θ))] | Θ] =

=
∫
[0,1]

E[g(X ′, f (X ′,u))]m(du) =
∫
[0,1]

E[g(X , f (X ,u))]m(du) = E[
∫
[0,1]

g(X , f (X ,u))m(du)],

where the independent nature of Θ is used in the third equality.

4. On the other hand, by disintegration

E[g(X ,Y )] = E[
∫

T
g(X(·),y)µ(X(·),dy)],

and using the fact that f (s,Θ)
D
= µ(s, ·) for all s ∈ S fixed, we have

∀s ∈ S :
∫

T
g(s,y)µ(s,dy) =

∫
[0,1]

g(s, f (s,u))m(du),

and so,

∀ω ∈ Ω :
∫

T
g(X(ω),y)µ(X(ω),dy) =

∫
[0,1]

g(X(ω), f (X(ω),u))m(du),

so that

E[
∫

T
g(X(·),y)µ(X(·),dy)] = E[

∫
[0,1]

g(X(·), f (X(·),u))m(du)].

5. Altogether, by steps 3 and 4,

Ẽ[g(X̃ ′,Ỹ )] = E[g(X ,Y )],

and since g was arbitrary, (X̃ ′,Ỹ ) D
= (X ,Y ).
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5.3 Wasserstein spaces as metric quotient spaces induced by metric foliation

5.3.1 Direct limit of metric spaces

We shall define a notion of direct limit for certain sequences of metric spaces, as a metric space,

by applying the notion of direct limit (a.k.a. inductive limit, or co-limit) from category theory in a

category of metric spaces. (See e.g. Jost (2019).)

Informally, we recall that a category consists of a collection of so-called “objects”, and a col-

lection of so-called “morphisms” (or “arrows”) between the objects equipped with a binary relation

called “composition”, denoted by “◦”, such that

(i) If f : A → B and g : B →C are morphisms, then there exists a unique morphism g◦ f , which

is a morphism A →C.

(ii) For each object A, there exists a morphism denoted as idA : A→A such that for any morphism

of the forms g : A → B or h : C → A, we have g◦ idA = g and idA ◦h = h, respectively.

(iii) Composition satisfies associativity.

We can consider the category in which the “objects” are metric spaces and isometric embed-

dings between metric spaces are identified as the “morphisms”. By applying the notions of direct

system and direct limit in this particular example of a category, we arrive at the following definition.

Definition and Proposition 6. (Direct limit of a direct system of metric spaces). Let (Mn,dn),

n ∈ N be a sequence of metric spaces equipped with a collection of isometric embeddings,

S := {Φn,k | n,k ∈ N, k ≥ n},

with the following specification and properties:

(i) ∀n,k ∈ N : n < k =⇒ Φn,k : Mn ↪→ Mk

(ii) ∀n ∈ N : Φn,n = id
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(iii) ∀n, l,k ∈ N : n < l < k =⇒ Φl,k ◦Φn,l = Φn,k

Then, (Mn,dn), n ∈ N equipped with the collection S is called a direct system of metric spaces.

Consider the formal disjoint union of the underlying sets of the metric spaces, i.e. the set

⊔
n∈N

Mn,

and the equivalence relation on it, denoted ∼, which identifies two elements x ∈ Mn, y ∈ Mk, if and

only if, there exists l ∈ N (l > n, l > k) such that Φn,l(x) = Φk,l(y). We equip the quotient set

M := (
⊔

n∈N
Mn)⧸∼

with the well-defined distance defined by

D([x], [y]) := lim
l→∞

dl(Φn,l(x),Φk,l(y)), x ∈ Mn, y ∈ Mk,

where [z] denotes the equivalence class of an element z ∈
⊔

n∈N
Mn, noting that if k ≥ n, we already

have

D([x], [y]) = dk(Φn,k(x),y).

The pair (M ,D) form a metric space called the direct limit metric space of the direct system of

metric spaces (Mn,dn), n ∈ N, under S.

The direct limit metric space shall be briefly denoted also as M = lim
−→

Mn.

Proof. Indeed, as it suffices to work with finitely many elements at a time when verifying the prop-

erties of the metric for D, we can choose representatives for those classes and use the corresponding

properties for the representatives in a sufficiently large indexed metric space, say (MN ,dN), that

contains all of those representatives as embedded into it.
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5.3.2 Metric foliations of direct limits that induce the Wasserstein spaces

In this subsection, we apply the notion of direct limit metric space presented above in a concrete

setting to construct the extension of Lebesgue spaces, that will serve as the covering space in which

our metric foliation result takes place.

Let p ∈ [1,∞) and E be a separable Hilbert space. We consider the Lebesgue spaces

L(n)
p (E) := Lp([0,1]n,B([0,1]n),⊗n

i=1m; E), n ∈ N,

and view them as metric spaces. For k,n ∈ N, k > n, we have canonical isometric embeddings,

Φn,k : L(n)
p (E) ↪→ L(k)

p (E),

X 7→ X̃ ,

where for ω = (ωi)i=1,...,k ∈ [0,1]k,

X̃(ω1,ω2,ω3, . . . ,ωn,ωn+1, . . . ,ωk) := X(ω1,ω2,ω3, . . . ,ωn),

and the identity mappings Φn,n : L(n)
p (E) → L(n)

p (E), n ∈ N. Then, the sequence L(n)
p (E), n ∈ N

equipped with the collection {Φn,k | n,k ∈ N, k ≥ n} is a direct system of metric spaces, so that

we can define the direct limit metric space Lp(E) := lim
−→

L(n)
p (E), as a metric space (Lp(E),D),

which we briefly denoted as Lp(E). That is, as a set

Lp(E) := (
⊔

n∈N
L(n)

p (E))⧸∼,

i.e., the disjoint union of the sets L(n)
p (E), n ∈ N modulo an equivalence relation, denoted by ∼,

which identifies two elements X ∈ L(n)
p (E), Y ∈ L(k)

p (E), if and only if, there exists l ∈ N (l > n,
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l > k) such that Φn,l(X) = Φk,l(Y ). The metric D on Lp(E) is defined by setting

D([X ], [Y ]) := lim
l→∞

||Φn,l(X)−Φk,l(Y )||, X ∈ L(n)
p (E), Y ∈ L(k)

p (E),

where [Z] denotes the equivalence class of an element Z ∈
⊔

n∈N
L(n)

p (E), the representation is inde-

pendent of the choice of representative for the class and

D([X ], [Y ]) = ||Φn,k(X)−Y ||, if k > n.

(Lp(E),D) is an extension of each of the spaces L(n)
p (E), n ∈N, as a metric space via the isometric

embeddings

L(n)
p (E) ↪→ Lp(E), X 7→ [X ], n ∈ N.

Remark 6. In the above situation, the sets L(n)
p (E), n ∈ N, embedded as closed subsets into the

metric space (L p(E),D), converge in the sense of Hausdorff to the set L p(E). (See, Definition

9.)

Remark 7. In the case p = 2, if E is a separable Hilbert space, the direct limit metric space

lim
−→

L(n)
p (E) naturally inherits a pre-Hilbert space structure from the Lebesgue spaces that form the

direct limit. This amounts to considering the direct limit lim
−→

L(n)
p (E) in a category of pre-Hilbert

spaces as a pre-Hilbert space. Considering the same direct limit in a category of Hilbert spaces

may require a completion step.
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Theorem. Let p ∈ [1,∞) and E be a separable Hilbert space. Then:

(1) The Wasserstein space (Pp(E),Wp) is isometrically isomorphic to a metric quotient space

induced by a metric foliation of (Lp(E),D), where the latter metric space is defined as the

direct limit metric space

Lp(E) := lim
−→

L(n)
p (E),

of the direct system of metric spaces

L(1)
p (E) ↪→ L(2)

p (E) ↪→ L(3)
p (E) ↪→ . . . ↪→ Lp(E),

where for n ∈ N,

L(n)
p (E) := Lp([0,1]n,B([0,1]n),⊗n

i=1m; E)

is defined as a Lebesgue space.

(2) The mapping

Ψ : Lp(E)→ Pp(E),

[X ] 7→ µX ,

where µX denotes the distribution of any representative of the class [X ], is well-defined and

a submetry.

Proof. For ρ ∈ Pp(E), we define

Fρ := {[X ] ∈ Lp(E), X D
= ρ},

i.e. the collection of all equivalence classes [X ]∈Lp(E) that possess a representative X in
⊔

n∈N
L(n)

p (E)

that has distribution ρ . The definition of Fρ is consistent in respect to the choice of representatives

due to the canonical nature of our constructions.
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Also, it is worth noting here that within any of the fixed Lebesgue spaces L(n)
p (E) no issues arise

about the definition of Fρ , because almost surely equal random variables have the same distribution.

(Recall that elements in Lebesgue spaces are defined under a.s. equivalence.)

For each ρ , we have Fρ ̸= /0, because, since (E,B(E)) is a Polish space there exists a random

variable ([0,1],B([0,1]),m)→ (E,B(E)) with the distribution ρ . Define F := {Fρ , ρ ∈Pp(E)}.

i) Claim: For each ρ ∈ Pp(E), Fρ is closed in Lp(E). We postpone the proof of this claim

until the end; we shall prove it using the positive definiteness of the Wasserstein metric.

ii) For all ρ,γ ∈ Pp(E), we have Fρ ∩Fγ = /0, because the distribution of a random variable is

a uniquely defined object as a set function.

iii) We have

Lp(E) =
⋃

ρ∈Pp(E)

Fρ .

Indeed, for any element [X ] ∈ Lp(E) the distribution µX is necessarily an element of Pp(E), so

that [X ] ∈ FµX . Conversely, for each ρ ∈ Pp(E), there exists Y ∈ L(1)
p (E) with the distribution ρ ,

so that [Y ] ∈ Fρ .

iv) a) We observe that, using Remark 2, we have for ρ,γ ∈ Pp(E),

D(Fρ ,Fγ) := inf{D([X ], [Y ]); X D
= ρ, Y D

= γ}=

= inf
n∈N

inf{||X −Y ||p; X ,Y ∈ L(n)
p (E), X D

= ρ, Y D
= γ}=

= inf
n∈N

inf{(E(n)[|X −Y |p])
1
p ; X ,Y ∈ L(n)

p (E), X D
= ρ, Y D

= γ}=

= inf
n∈N

inf{
(∫

E×E
|x− y|pπ(dx,dy)

) 1
p

; π ∈ P(E ×E), p1#π = ρ, p2#π = γ}=

= inf{
(∫

E×E
|x− y|pπ(dx,dy)

) 1
p

; π ∈ P(E ×E), p1#π = ρ, p2#π = γ}=Wp(ρ,γ).

iv) b) Now, for verifying the equidistance property for (F ,D), let Fρ ,Fγ ∈ F be arbitrary, and

[X ] ∈ Fρ with X ∈ L(n)
p (E) for some n ∈ N.
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Let ε ∈ R>0 be arbitrary, and π0 ∈ Γ(ρ,γ) be a coupling with

−ε +

(∫
E×E

|x− y|pπ0(dx,dy)
) 1

p

≤Wp(ρ,γ) = D(Fρ ,Fγ).

There exist random variables X0,Y0 ∈ L(1)
p (E) with X0

D
= ρ , Y0

D
= γ and jointly (X0,Y0)

D
= π0. (In-

deed, since (E ×E,B(E ×E)) is a Polish space, there exists a random variable [0,1]→ E ×E that

has the distribution π0. Composing this random variable with the projections to the components of

E ×E, we obtain the two random variables X0,Y0.)

iv) c) We embed the random variables X0 and Y0 into L(n)
p (E) using the canonical embedding

Φ1,n from the definition of the direct limit Lp(E). Using Lemma 3, via randomization there exists

a random variable Y ∈ L(n+1)
p (E) such that (Φ1,n(X0),Φ1,n(Y0)) and (Φn,n+1(X),Y ) have the same

distribution.

iv) d) Finally, defining

X̃0 : = Φ1,n+1(X0) ∈ L(n+1)
p (E),

Ỹ0 : = Φ1,n+1(X0) ∈ L(n+1)
p (E),

X̃ : = Φn,n+1(X) ∈ L(n+1)
p (E),

we have (X̃ ,Y ) D
= (X̃0,Ỹ0)

D
= π0. Altogether,

D(Fρ ,Fγ) =Wp(ρ,γ)≥−ε +

(∫
E×E

|x− y|pπ0(dx,dy)
) 1

p

=

=
(
E(n+1)[|X̃0 − Ỹ0|p]

) 1
p
=
(
E(n+1)[|X̃ −Y |p]

) 1
p
= D([X̃ ], [Y ]) = D([X ], [Y ]),

so that D([X ],Fγ)≤ D(Fρ ,Fγ)+ ε .

Since ε ∈ R>0 is arbitrary, we can conclude that D([X ],Fγ) ≤ D(Fρ ,Fγ), which immediately

implies D([X ],Fγ) = D(Fρ ,Fγ) by definitions. The equidistance property follows for F , since

ρ,γ ∈ Pp(E) and [X ] ∈ Fρ were chosen arbitrarily.
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Proof of the claim in i): Let ([Xn])n∈N be an arbitrary sequence in Fρ that convergences in

Lp(E) to some element [X ]∈Lp(E). Let µ denote the distribution of X , so that [X ]∈ Fµ . Thence,

Wp(µ,ρ) = D(Fµ ,Fρ)≤ D([Xn], [X ])→ 0,

implies that Wp(µ,ρ) = 0, so that µ = ρ using the positive definiteness of the Wasserstein metric.

Therefore, X ∈ Fρ , and Fρ is closed.

We conclude the following:

(1) By the argumentation presented in (i)-(iv) above, (F ,D) is a metric foliation of Lp(E). By

(iv)(a), the mapping ζ : Pp(E)→F , ρ 7→ Fρ is an isometric embedding, which is bijective,

since the partition F is indexed by Pp(E), and so, an isometry.

(2) Since (F ,D) is a metric foliation of Lp(E), the natural projection mapping

Φ : Lp(E)→ F ,

[X ] 7→ FµX ,

is a submetry. Thence, the mapping

Ψ : Lp(E)→ Pp(E), Ψ([X ]) := µX = ζ
−1(Φ([X ])),

is also a submetry as a composition of a submetry and an isometry.

Remark 8. In the proof of Theorem 5.3.2, apart from the positive definiteness, we do not make

use of the rest of the defining properties of the metric of (Pp(E),Wp). Hence, when positive

definiteness is shown separately, then our results also imply that (Pp(E),Wp) is a metric space

in a logically consistent order, since any metric quotient space induced by a foliation of a metric

space is a metric space.
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Corollary 6. For a separable Hilbert space E, the Wasserstein space (P2(E),W2) is non-negatively

curved.

Proof. For a separable Hilbert space E the Lebesgue spaces L(n)
2 (E), n ∈ N satisfy the Kirszbraun

lower curvature bound κ = 0 condition as Hilbert spaces, and the direct limit metric space L2(E)

inherits the Kirszbraun lower curvature bound κ = 0 condition from the spaces L(n)
2 (E), n ∈N that

form the direct limit. Indeed, the condition is formulated just using 4 arbitrary points in the space

at a time, which for a particular choice of 4 points in lim
−→

L(n)
2 (E) can all already be embedded

as elements in a common Lebesgue space L(N)
2 (E) for a fixed N ∈ N, in which the condition will

readily be satisfied.

Then, using Proposition 12, Proposition 10 and the Theorem, we follow that (P2(E),W2)

satisfies the Kirszbraun lower curvature bound κ = 0 condition as well.

Similarly, (P2(E),W2) is a geodesic space, as it inherits the property from Lp(E), which

inherits that property from the Lebesgue spaces L(n)
2 (E), n ∈N. Hence, (P2(E),W2) is CBB-0, as

it can be verified separately that it is a complete metric space.

Remark 9. An analogue of our Theorem may be formulated for certain generalized Wasserstein

spaces, where the distance induced by the norm that appears in the integrand in the definition of

the Wasserstein metric is replaced with a more general cost function, in which case the Lebesgue

spaces of our result are to be replaced e.g. with corresponding Orlicz spaces (cf., Sturm (2011)),

or depending on the level of generality, with metric space analogues of Lebesgue spaces which are

not necessarily vector spaces.
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Conclusion

In this thesis, for p ∈ [1,∞) and a separable Hilbert space E, the Wasserstein space (Pp(E),Wp)

has been shown to be isometrically isomorphic to a metric quotient space induced by a metric

foliation, which is a way of quotient construction that ties together the metric geometry structure

of the quotient to that of the covering space.

The space Lp(E) that we have constructed for its purpose, may be useful when handling certain

problems about Wasserstein spaces, as it was introduced as a direct limit of a canonical sequence

of Lebesgue spaces and its metric geometry structure induces that of (Pp(E),Wp) through the

submetry projection Ψ : Lp(E)→ Pp(E).

As a first example supporting the usefulness of our results, for a separable Hilbert space E, we

have applied it to demonstrate that the Wasserstein space (P2(E),W2) is non-negatively curved as

a metric quotient space of a non-negatively curved metric space.
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Appendix A

Strassen’s theorem and the relation between Ky Fan and the

Prokhorov metrics

In this appendix we present a relationship between the Ky Fan and the Prokhorov metrics, which

we make use of in formulating a metric foliation result in Proposition 17. The following discussion

is based on the exposition presented in Hofinger (2006) with some modification.

Let (E,d) be a complete separable metric space. Recall that the Ky Fan distance dF between

two random variables X ,Y : (Ω,F ,P)→ (E,B(E)) is defined as

dF(X ,Y ) := inf{ε ∈ R>0, P(d(X ,Y )≥ ε)< ε},

and that the Prokhorov distance DP between two probability measures µ,ν on (E,B(E)) is defined

by

DP(µ,ν) := inf{ε ∈ R>0 | ∀B ∈ B(E) : µ(B)≤ ν(Bε)+ ε},

where Bε := {x ∈ E, d(x,B)< ε}. Furthermore, let Bε := {x ∈ E, d(x,B)≤ ε} for ε ∈ R≥0.

Proposition 15. (Strassen’s theorem.) Let (E,d) be a complete separable metric space, µ and

ν probability measures on (E,B(E)) and α,β ∈ R≥0. Then, the following two statements are

equivalent:

(1) ∀B ∈ B(E) : µ(B)≤ ν(Bα)+β

(2) There exists a coupling of µ and ν , i.e. a probability measure π on (E ×E,B(E)⊗B(E))
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with p1#π = µ and p2#π = ν , that satisfies

π({(x,y) ∈ E ×E, d(x,y)> α})≤ β .

See, Strassen (1965), Dudley (1989).

Proposition 16. Let (E,d) be a complete separable metric space, (R([0,1],B([0,1]),m; E), dF)

denote the Ky Fan space defined over ([0,1],B([0,1]),m), see Definition and Proposition 1, and

let DP denote the Prokhorov metric on P(E). Then, for any µ,ν ∈ P(E), we have

DP(µ,ν) = inf{dF(X ,Y ) | X ,Y ∈ R([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν}.

Proof. 1. Letting ε0 := DP(µ,ν), by the definition of Prokhorov metric the following statement

holds true.

∀B ∈ B(E) : µ(B)≤ ν(B)+ ε0 ≤ ν(Bε0)+ ε0.

Then, Strassen’s theorem implies that there exists a coupling π on (E ×E,B(E)⊗B(E)) with

p1#π = µ and p2#π = ν , that satisfies

π({(x,y) ∈ E ×E, d(x,y)> ε0})≤ ε0. (A.1)

2. Furthermore, since (E ×E,B(E)⊗B(E)) is Polish, there exists a random variable φ :

([0,1],B([0,1]),m) → E × E with the distribution π , where m denotes Lebesgue measure on

([0,1],B([0,1])). Then, X := p1◦φ and Y := p2◦φ are random variables ([0,1],B([0,1]),m)→E

with distributions µ and ν respectively, and the joint random variable (X ,Y ) has distribution π .

Thence, Inequality A.1 reads

m(d(X ,Y )> ε0)≤ ε0 = DP(µ,ν),
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which implies

dF(X ,Y )≤ DP(µ,ν)

by the definition of the Ky Fan metric. Thus,

inf{dF(X ,Y ) | X ,Y ∈ R([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν} ≤ DP(µ,ν).

3. For the reversed inequality, let X ,Y be random variables ([0,1],B([0,1]),m) → E with

distributions µ and ν respectively, and set ε0 := dF(X ,Y ). Let π denote the distribution of the joint

random variable (X ,Y ) : ([0,1],B([0,1]),m)→ E ×E. Then, for arbitrary δ > 0, by the definition

of Ky Fan metric, we have

π({(x,y) ∈ E ×E, d(x,y)≥ ε0 +δ})< ε0 +δ .

Strassen’s theorem now implies,

∀B ∈ B(E) : µ(B)≤ ν(Bε0+δ )+ ε0 +δ ,

so that

∀B ∈ B(E) : µ(B)≤ ν(Bε0+2δ )+ ε0 +2δ .

Finally by the definition of Prokhorov metric, we obtain

DP(µ,ν)≤ ε0 +2δ = dF(X ,Y )+2δ ,

which implies

DP(µ,ν)≤ inf{dF(X ,Y ) | X ,Y ∈ R([0,1],B([0,1]),m; E), X D
= µ, Y D

= ν},

by taking infimum over X ,Y and δ > 0.
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Remark 10. The statement of Proposition 16 remains true, if we replace the probability space

([0,1],B([0,1]),m) in its role there with any Borel space equipped with a non-atomic probability

measure. (See, Theorem 3.4.23 in Srivastava (2008).)

We formulate an analogue of our main Theorem. Its proof is completely analogous by applying

Proposition 16.

Proposition 17. (Metric foliation of Ky Fan spaces induce the Prokhorov space.) Let (E,d) be a

complete separable metric space, P(E) denote the set of all probability measures on (E,B(E)),

and DP denote the Prokhorov metric on P(E). Then:

(1) The metric space (P(E),DP) is isometrically isomorphic to a metric quotient space induced

by a metric foliation of (R(E),D), where the latter metric space is defined as the direct limit

metric space

R(E) := lim
−→

R(n)(E),

of the direct system of metric spaces

R(1)(E) ↪→ R(2)(E) ↪→ R(3)(E) ↪→ . . . ↪→ R(E),

where for n ∈ N,

R(n)(E) := R([0,1]n,B([0,1]n),⊗n
i=1m; E)

is defined as a Ky Fan space over ([0,1]n,B([0,1]n),⊗n
i=1m).

(2) The mapping

R(E)→ P(E),

[X ] 7→ µX ,

where µX denotes the distribution of any representative of the class [X ], is well-defined and

a submetry.
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