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Abstract

In this paper we will analyse two quantum algorithms that sparked
interest in the potential of quantum computers. The first is Lov Grover’s
algorithm which may be used to conduct a type of database search. The
second is Peter Shor’s algorithm which may be used to factor large num-
bers and provides an exponential speed up over the best current classical
algorithms. In the context of these two algorithms we will discuss the
benefits and weaknesses of quantum computation. We will show that
in exchange for a quantum computer’s greater speed we must accept an
inherent level of uncertainty in our results.
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1 Introduction

The mid 1990’s saw the discovery of two quantum algorithms that reignited
interest in quantum computing and its emerging potential. The first was intro-
duced in 1994 by Peter Shor and provided a quantum alternative to factoring
large numbers. Shor’s algorithm achieved an exponential speed up over the best
known classical algorithm. The second was introduced by Lov Grover in 1997
as a remarkable search algorithm that achieved a quadratic speed up over its
classical counterpart.

Each of these algorithms would operate on a fundamentally different level
than their classical counterparts, exploiting the novel use of quantum super-
position. We will see that the characteristic of superposition is the key to the
power of quantum computation. This essentially allows a quantum computer to
perform parallel processing with little additional resources. There is however a
very profound trade-off: in exchange for the quantum speed up we must accept
an inherent uncertainty in our results.

At first it was thought that this uncertainty would render quantum com-
puters impractical. It was eventually discovered however that for certain types



of problems the power of quantum computation could be harnessed while over-
coming the issue of uncertainty. Shor’s and Grover’s algorithms were some of
the first algorithms that successfully achieved this goal. The details of these
algorithms will be described in this paper.

1.1 Preliminaries

Below we take N to denote the set {0,1,2,3,...}, R to denote the set of real
numbers, and C to denote the set of complex numbers.

For any set F let F™*" denote the set of m x n matrices with entries in F
and let F" := F»x1,

Let || - || denote the Euclidean norm or matrix 2-norm.

Let A € C™*™ and let A’ denote the conjugate transpose of A. A is Unitary
if

AA=AA =1,
where I,, denotes the n x n identity matrix. We will omit n if the dimension is
clear.

Throughout this paper we will use Bra-ket notation for vectors in C". If
|z),|y) € C™ then (x|y) and |x)(y| denote the inner and outer product respec-
tively. For the inner product we may also use the notation (x,y).

If A e C™™™ is unitary and |z), |y) € C™ then we have

(Alz), Aly)) = (@|A'Aly) = (z,y), (1)

thus the application of A preserves angles. Clearly the product of unitary ma-
trices is also unitary.
For a vector |g) € C™ with |||¢)|| = 1 the Householder matrix Hy is defined
to be
Hy =T —2|q){q|-

This application of H,; may be interpreted as a reflection about the hyperplane
orthogonal to |¢), and the application of —H, may be interpreted as a reflection
about |g). Note that H; ' = H, since

(I —2[g){qg)(I —2|g)(ql) = I —4]q){q| +4|g){a| =I.

From this we also see that H, is unitary since H, = H,.
Note that |¢) may be extended to an orthonormal basis {|¢), |g2), |¢3), -, |an) }
of C™ and that

Hylq) = (1 = 2|q){q|)lq) = —|q)
and

Hylg;) = (1 = 2[g){ql)lg;) = laj) -

for j = 2,...,n. Thus the eigenspace corresponding to 1 is of dimension n—1, and
so the eigenspace corresponding to —1 is of dimension 1, i.e a simple eigenspace.
Likewise —H, has a simple eigenspace for 1.



1.2 The model

The internal state of a classical computer may be viewed as an [-tuple

(al—la Ap—2;, .-, ao)

where each a; € {0,1} and [ is the number of bits employed by the computer
and so the total number of possible states is 2'. A classical computer may be
viewed as a collection of functions that operate on these internal states. We
will abbreviate the expression of these states by using the the Bra-ket notation.
Specifically for any integer a such that 0 < a < 2/ — 1 we take

|a’> = (a'l—17al—2a ) Cl())

where

-1
a= E aka.
k=0

Throughout this paper we take ax to denote the k-th binary digit of any a € N.
We will either express explicit states in binary or in the abbreviate form |a), for
example on a 4 bit machine the internal state (0,1,0,1) may be expressed as
|0101) as well as |5). In the case of ambiguity the context should make it clear.

Suppose we have a machine that admits only one bit. A single bit of a classi-
cal computer may reside only in the states |0) or |1) at any given time. However,
a quantum bit, or qubit, may reside in a linear combination (or superposition)
of these states. That is to say if |f) is a qubit of our machine then

|f) = al0) + 5]1)

where o, 3 € C. When a physical measurement is made to observe the value
of |f) it will collapse to either |0) or |1). We may refer to |0) and |1) as the
observable states. The probability of observing |0) is |a|? and the probability
of observing |1) is |3|?. Hence we must have

la]* + 18P = 1.

Classically there is only a single operation that can act on a single bit, that
is the operation of negation or NOT gate. If we denote this gate by X we have

X
0) — 1),
1) = 10).

What would happen if we applied X to a qubit |f) that is in a superposition of
states |0) and |1)? It turns out we may treat X and in fact any quantum gate
as a linear transformation. This follows from the laws of quantum mechanics.
Thus the action of X on |0) and |1) determines the action of X on |f). That is

X[f) = X(al0) + B1)) = aX|0) + SX[1) = all) + 5]0) .

Thus the quantum NOT gate simply interchanges the respective probabilities
of |0) and |1).



Suppose we wish to consider a 2-qubit gate. Let X. denote the controlled-
NOT gate or CNOT gate. This gate will operate on two qubits and negate the
second qubit if and only if the first qubit is |1). Thus for the observable states
we have

X,
00) — |00)
01) — |o1)
10) — |11)
1) — [10).

Once again the action on the observable states completely determines the action
on any superposition of states:

Xc(a0|00) + OZ1|01> + a2|10> + a3|11>)
0 X|00) + 01 X,[01) + aa X, [10) + a3 X, 11)
= Oéo|00> + 041|01> + 042‘11> + 053‘10> .

If a machine is capable of employing ! bits then there are N := 2! possible
internal states denoted by

At any moment the state of our machine is a linear combination of these states:
Yl[0) + 1) + -+ -1 [N — 1)

where v; € C and

N —

_

Iyl =1. (3)
k=0

Due to (3) any quantum operator must be unitary. Since a unitary operation
is invertible this implies that any quantum operation is reversible.

In the case of Shor’s algorithm it will be helpful to divide the state of our
machine into two distinct registers. Suppose the two registers can assume linear
combinations of the states

A= {|0>7 |1>7 ey |N - 1>}
and
respectively. Then the complete state of the machine may be described as

N-1M-1

Z Z 7a,b|a>‘b>

a=0 b=0

where
N—-1M-1

Z Z h/a,b|2 =1

a=0 b=0



and juxtaposition of vectors |a)|b) = |a,b) denotes the tensor product.
If U: A~ A is unitary then we may define U*: A x B+— A x B by

U*la)|b) = (Ula))[b) -

Then
N—-1M-1 M-1 N-1
0SS sl = 3 (U - a>) b
a=0 b=0 b=0 a=0
M-1 /N-1
-3 (Tt
b=0 a=0
N—-1M-1
= Vab|0)]0)
a=0 b=0
where
N-1M-1 —1M-1
S sl = Z > al?-
a=0 b=0 a=0 b=0

Hence U* is also unitary and so may be implemented on a quantum machine.
This means that we may take any quantum gate designed for one quantum space
and extend it to be applied to any larger space. This will allow us to consider
quantum machines with multiple registers and apply quantum gates defined to
act principally on a single register. In an abuse of notation we will denote U*
by U where the context is clear.

2 Some useful quantum logic gates

2.1 The Hadamard gate

The Hadamard gate Hy, is one of the more useful quantum gates. On a single
qubit it is defined as follows:

H
1
0) — ﬁ(l0>+|1>)
1
) = E(IO>*|1>)~

Note this may also be represented as

Hla) := exp(miab)|b
|a) 7 bz(:) )16)
where |a) and |b) are the single qubit representations of a and b.
Suppose we have [ qubits. To define the Hadamard gate on a multi-qubit
state it is convenient to use a special characteristic function ®; : NxN — {0, 1}.
Suppose a = Zi;é a;2" and b = Zi;é b;2°. We take

1 ifa;=0; foralli#k
0 otherwise.

By(a,b) == {



On an [ qubit basis state |a) we define Hy to be
2l-1

Hilo) = 5 3" @u(a.b)explrianbi)l). (®)
b=0

We must show that Hy, is unitary.

2t—1 2t—1
Hy Y ~y(a)la) = y(a)Hyla)
a=0 a=0
2l—12t1 1
= ;0 ; Ey(a)ék(a,b) exp(miagby)|b)
2t—1
= ) _0(b)[b),
b=0
where
2t—1 1
o(b) = az:(:) ﬁ’y(a)q)k(a,b) exp(miagby) -
Taking b to be such that ®;(b,b) = 1 and by = 1 — b;, we have
1 1 - _
6(b) = ﬁv(b) exp(mibyby,) + \ﬁv(b) exp(mibiby,)

= %[exp(mbi)’y(b) +7(b)].

Now letting z* denote the complex conjugate for any z € C we have
[6(b)* = 8(b)a™(b)
1 . T . * * (T
= 5 lexp(mibi)y(b) + v (B)]exp(wibi)y* (b) + 7" (b))

= Ly )+ 1B)7 () + exp(ib2)1(0)1* () + exp(ib2)((b)y* (B)7]

>
= SHOP + SHBP + exp(indJRe(1(0)r* (5)).
Likewise
B = SO + 5h () + explrib)Re(y ()" (5)),
and hence

8O+ 18B)1% = () + [7(B)[ + [exp(mib?) + exp(riby)|Re(y(b)y* (b))
=[O + [ (®)?.
Now we have

2t—1 2t—1

DO =" hO)F,
b=0 b=0



and so Hj is unitary.
Note that two Hadamard gates with different indecies may commute. To see
this consider
2! 1

! > @4 (a,b) exp(miaxbs)|b)
b=0

1 2t—1 2l—1

. 1 .

= ﬁ ; (I)k(a, b) exp(ﬁlakbk)ﬁ ; ‘Pj(b, c) exp(ﬂ'zbjcj)‘@

= % z_: q)k(a7b)(1)](b7 C) exp(wi[akbk —+ b‘]cj])‘c> . (5)
b,c=0

The values of b and ¢ that affect the sum must satisfy ®x(a,b)®;(b,c) = 1, hence
if we assume that j # k then a; = b; and by = c¢. Thus we have

2'—-1
1 .
H;Hyla) = B E exp(milarcr + ajcjl)|c) = HipHjla) .
c=0

We will now show that Hy, is its own inverse. Let @ be such that ®(a,a) =1
and @ = 1 — a. Returning to (5) and taking j = k we see that

2t—1

1 .
HyHyla) = 5 > ®i(a, )Pk (b, ) exp(milarbi + brex])|e)
b,c=0

21
1 .
= > ®p(a,b)@x (b, c) exp(miby[ax + cx])lc) .
b,c=0
If ®p(a,b)®r(b,c) = 1 then a; = by = ¢; for t # k and by and ¢ are free.
Enumerating all possibilities, i.e

b = ay, = ay
bkzl—ak C = ag
bk:ak Ck:].fak
b, =1 — ag c,=1—ay,

we have
HyHyla) = %exp(mak[ak + ag))|a) + %exp(m'(l —ag)lar + ag])|a)
4 %exp(m'ak[ak +(1—a))@) + %exp(m'u — )l + (1 — ap)))[a@)
= %exp(%riai)\a} + %exp(Qm'(l —ag)ag)|a) + %exp(m’ak)\E} + %exp(m'(l —ag))|@)
= la).

We may apply the Hadamard gate to each qubit of |0) to obtain a uniform
superposition of all observable states. Define H=1) to do just this, i.e let

H(l_l) = H()Hl'-'Hl,l. (6)

10



Note that (H(!=1)~1 = (=1, Defining b)) = 0 we have

HU=|0) = Hy - Hy_sHy_2Hy_10)
l
1 2'—1

= Hy- "Hl73Hl72ﬁ > @ (0,0 exp (mbl(l_)lbl(l:ll)) [p(=1)y
bl=1)=0

2l—1

1 . _ p—
=Hy---H-3—= Z Oy (1,607 exp (mbl(l_)lbl(l_ll)) Hy_o|p(=1)
V2,5,
2t-1

s 2 a0 exp (ribf b))
-1 =0

1 _ _ (= _ _
% Z &, (b(l 1y 2)) exp (mbl(l_Ql)bl(l_Q?)) 1602
b2 =0

1

2 2t-1
=Hy---Hj_3 () Z @1 (bW D, (b(lfl),b(l*))
V2 b(=1) p1-2)=0

exp (mbl(l_)lbl(l__ll)> exp (mbl(l__zl)bl(l__;)) p(=2)y

After applying every Hadamard gate we get

21 -1 -1
1
& > (% (b(k“)»b(m)] exp (Zmb?“)b?)) ) (1)
ba-1) . p(® =0 Lk=0 k=0

We will now consider a lemma that applies to the first set of factors in the above
sum.

Lemma 2.1. Suppose we have a set of integers b0 b1 b®) where a := b®
c:= b and that

-1
b(l) = Z (lk?k
k=0

-1
BO =3 2t
k=0

and
-1

H o, (b<k+1>,b<k>) -1

k=0

Then we have
. a
by = (8)

forall 0 <k<land0<t<I[-—1.

11



Proof. The proof can be simply carried out by two inductions. Below all values
of ¢t are assumed to lie between 0 and [ — 1. First note that by definition

b =a, t<l.
Now suppose for some 0 < k <[ — 1 that
b£k+1)

=a t<k+1.
Since @y, (b*+1) b(k)) = 1 it follows that
B =Y k.
Hence combining the two above equations we have
b =a,  t<k, (9)

and so by induction this statement holds for all 0 < k <.
Another induction will demonstrate the second part of (8). Note that by
definition
bgo) = Ct t 2 0.

Now suppose for some 0 < k <[ —1 that
b =, t>k-—1.
Since ®,_; (0™, =1 =1 it follows that
b = k1.
Hence combining the two above equations we have
b =,  t>k, (10)

and so by induction this statement holds for all 0 < k <.
Now (8) follows from both (9) and (10). O

Returning to (7) and applying the above lemma we have

2l—1 -1 -1
% Z lH D, (b(k'H) b(k))] exp (Z 7rzb(kJr1 ) |b(0)>
b(l 1)

-0 b© =0 Lk=0 k=0

= % Z (Z makck> ()

where a; and ¢; are defined in the above lemma. Recalling in this instance that
b =0, i.e a; = 0 for all i we have

2l—1

\/»Z|(0)

b(0) =0

This represents a uniform superposition of all observable states in an [-bit sys-
tem.

12



2.2 The controlled phase shift gate

Another useful quantum gate is the controlled phase shift gate S ;, 7 < k. This
gate specifies two qubits as control bits and adds a phase angle of /2%~ if and
only if both control bits are 1. For example on a two qubit system (in which
both qubits must act as the control bits)

So,1
00) —  |00)
oy~ o)
) ~ o)
1) —  exp(mi/2Y)[11).

Note that this gate does not alter the probability of obtaining any state, but
merely modifies the phase angle of the component of the last state.
For a general | qubit state |a) we may define S, as

S; kla) := exp(mia;ay,/2"79)|a), (11)

where

-1
a = E aka.
k=0

2.3 The Toffoli gate

In Shor’s algorithm it will be necessary to construct a quantum gate array that
mimics a classical array. This can be done by noting that any classical gate can
be decomposed into NAND gates, and the quantum Toffoli gate can be used to
mimic a NAND gate. The classical NAND gate is simply the negation of the
AND gate.

The Toffoli gate is a double controlled NOT gate, i.e the value of the third
qubit is negated if and only if the first two are both 1:

Toffoli
|000) — |000)
|001) |001)
|010) — |010)
|011) — |011)
|100) — [100)
|101) — |101)
|110) — [111)
[111) — [110) .

Note that when the third qubit of the input is 1 then the third qubit of the
output is the NAND of the other two.

13



3 Grover’s Algorithm

Suppose we are given a polynomial function p and a set of N numbers containing
a single root of p. If we wish to identify this root on a classical computer the
only general algorithm available to us is to test each number one by one until
we find the root, a process which will be of O(N). This can be generalized
to the problem of searching among a list of elements for a particular element
identified by a special function. This function is often called the oracle and is
such that analysing the structure of the function lends no information about
which particular element the function will select. On a quantum computer this
problem can be solved in O(v/N) using Grover’s algorithm.

Let B := {0,1,..., N — 1} for some integer N. Suppose we have an oracle
operator @) for some w € B such that Q|w) = —|w), but Q|5) = |5) for all
integers 3 # w. Our goal is to discover the unique element |w) identified by Q.
Note that Q may be represented as a Householder reflection

Q=1 -2l

However it should be noted that the above representation can only facilitate
our analysis and that ) should be interpreted as a black box, as in practice
the algorithm operates from the standpoint that no information about w can be
efficiently extracted from examining the mere structure of the oracle.

On a classical computer we could test each element of B until we discover
w, an algorithm of O(N). On a quantum computer we can essentially test each
element of B simultaneously, maximizing the likelyhood of discovering w after
O(V/'N) steps.

Let |a) be the uniform superposition of all quantum states, i.e

1 N-1
o) = N ;:% 18) (12)

Now let
P:=2a){a| -1
and let
G := PQ.

Note that we may construct P in the following way:
P =2la){a| - 1T
— 2H(l71) ‘0> <O|H(l71) _ H(l*l)IH(lfl)
= HD(0)(0] = HHY,

where H(=1) is defined in (6). Hence in order to implement this algorithm our
machine must employ an oracle @, the Hadamard gate, and inversion about |0).

Below we will demonstrate that the composition of P and @ applied suc-
cessively to |a) may be interpreted as a sequence of rotations by a fixed angle
towards |w) in the plane defined by |a) and |w).

Thus the algorithm will proceed by simply forming the iterates G¥|a) and
stopping once we are certain the current iterate is near |w). At this point when
we observe the internal state it will collapse to the classical state |w) with high
probability.

14



3.1 Why it works
3.1.1 An outline

The analysis of the algorithm can be broken into the following propositions:
e The first application of G to |a) progresses towards |w).
e For k € N the iterates G*|a) remain in the plane defined by |a) and |w).

e The angle between any two successive iterates is constant, i.e for all k € N
and for some 6 € R we have (GF¥*1|a), GF|a)) = cos 6.

e All iterates progress in the same direction. This will be demonstrated
by noting that the iterates cannot backtrack, i.e G¥+2|a) # G¥|a) for all
keZ.

These propositions taken together will show that the iterates G*|a) will
rotate towards |w) by a specific angle until it is surpassed. In the last section
we will show that terminating the algorithm when & is near 7v/N /4 will ensure
a high likelyhood of success. We will now consider each proposition in detail.

3.1.2 The details

Note that (a|a) = 1 and (a|w) = 1/v/N. The first iteration of the algorithm
results in G|a), where

Gley = PQla)

= (2a){al = DI = 2w)(w])]e)

= Clajlal = 1) (lo) = <)

= o) = F7la)+ —=lv)
N —4 2
- = ‘a>+\/ﬁ|w>. (13)

From this we see for N > 2 that
N—-4 1 2

1
= —.
N VN VN VN
Recall that (w|a) = 1/v/N. Thus it follows that if ¢y is the angle between |a)

and |w) and ¢; is the angle between G|a) and |w) then

(w|Gla) = (14)

(w|G|a) = cos 1 > cos g = (w|a)

and so G|a) has rotated towards |w).

15



Note also that we have

Glw) = la){a] = DI = 2w){w])w)

= Qla){a] = D(=|w))

2
= ——|a)+ |w). 15
Zfo) +1o) (15)
Thus from (13) and (15) we see that G|a), Glw) € span(|a), |w)) and so if
|B) € span(|a), |w)) then G|B) € span(|a), |w)), thus in particular it follows by
induction that
G*|a) € span(|a), [w)) (16)

for all £ € N.

Now the algorithm will proceed by repeatedly applying G to |a). Note that
since G* is unitary it follows from (1) that the application of G* preserves
angles, i.e

(G*Ha), G*la)) = (Gla), [a)) = cosd,

where 6 is the angle between |a) and G|a). Thus it follows that each iterate
G*|a) is generated by rotating G¥~!|a) in span(|a), |w)) by 6.

In order to show that each rotation is in the same direction we must show
that G¥*2|a) # G*¥|a) for all k € N. Now suppose

G**2|a) = G*|a)

for some k € N. Since G* is invertible and G~! = Q7'P~! = QP we have

G?la) = |a)
= Gla) =G a)
= PQla) = QPla) =Qla). (17)

Now since |a) # |0) and Q is a householder reflection it follows that Q|«) # |0).
This implies from (17) that Q|a) is an eigenvector of P of eigenvalue 1, which
is a simple eigenvalue of P since P is the opposite of a householder reflection.
This implies that Q|a) = A«) for some A € R and A # 0. Hence |«) is an
eigenvector of @ and so we have

Qla) = Ae)
= (I =2Jw){wl)la) = Ala)
= o) = 2(wla)|w) = Ala)
= —2wla)lw) = (A =1)[a).
Since (w|a) # 0 this implies that |w) and |«) are parallel, contradicting (12).
Thus all applications of G rotate in the same direction. Since we have already

established in (14) that the first application of G rotates |a) towards |w) it
follows that the iterates G¥|a) will rotate towards |w) until it is surpassed. [

16



3.2 Computational cost

It remains to be shown how many iterations should be performed in order to
maximize the probability of discovering |w). As we will see, the number of steps
needed to maximize the probability of obtaining the desired result is of O(vV'N).
Let

N—-1

o 1 IS N

B=0

SV ——)

and from this we see that

) = /1= 18 + /o). (18)

Note that |@) is orthogonal to |w).
We wish to determine the angle between |[&) and |a), which we denote ¢.

Now from (].8) we have
<a|w> = 1/17 — = COS

and

From (13) we have

(@l6la) = (ol (V5 tab + o) = Tt e R =1 1

This implies that
2cos?p —1=cosh,

and since cosp > 0 and cos@ > 0 we have ¢ = 6/2. Moreover

0 — 9 arcsi ( 1 ) 2
=2arcsin | — | = ——=.
VN VN
Note that from (18) we have
|a) = cos(6/2)|@) + sin(6/2)|w) .

Now from (16) and recalling that the iterates G¥|a) are rotations in span(|a), |w)) =
span(|w), |w)) by 8 we see that each step of the algorithm can be represented as

G*|a) = cos <2k2+ 10) [&) + sin (Qk;_ 19> |w) .

In order to maximize the likelyhood of observing |w) when the algorithm is

finished we need ok 1 1
sin? ( 2+ 9> ~1

17




o % + 1
1,

us
2 2"

Thus we have

kmﬂ_e zw_2/\/ﬁm1\/ﬁ,
20 4/VN 4
and if we take k := round(mv/N/4) we see that the algorithm runs in O(v/N).
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4 Shor’s algorithm
4.1 The Algorithm

Suppose we wish to identify a non-trivial factor of the odd number n. The
algorithm proceeds as follows:

1. Choose a random integer x such that 2 < z < n.

2. Compute ged(z,n). If ged(z,n) # 1 we are done, for then we have a
nontrivial factor of n.

3. Otherwise compute the order r of x modn as described in section 4.5.
Recall that r is the smallest non-negative integer such that 2" = 1 (mod n).

4. If r is odd then return to step 1.

5. Now compute ged(z'/2 + 1,n). If this value is not 1 or n we are done,
otherwise return to step 1.

Note that step 4 is necessary to insure that /2 may be formed for step 5. We
will show in section 4.7 that repeating this algorithm O(loglogn) times will
ensure a high probability of success. The total cost will then be O[(logn)3].

The algorithm may be divided conceptually into two parts. The first is that
under the proper assumptions we may compute a nontrivail factor of n if r is
know, namely by computing ged(2"/2 4 1,n). This will be explained in section
4.2.

This leaves us with the matter of determining r. It turns out that r may be
recovered with high probability by employing the fourier transform and modular
exponentiation. This will be described in section 4.5.

4.2 Determining a non-trivial factor of n from the order
of xr modn

Given a number n that we wish to factor and a random number x suppose that
r is the order of x in mod n and that r is even, i.e r is the smallest non-negative
integer such that

2" —1= ("2 4+1)(z"/? = 1) = 0 (modn). (19)

Also assume that z7/2 +1 # 0 (modn), i.e that ged(z™/? 4 1,n) # n.
If ged(z"/2 + 1,n) = 1 then

a(z"?+1) +bn=1
for some integers a and b. Hence
2?1 =a(x"?+1)(2"? —1) + bn(z"/? = 1) = 0 (mod n),

contradicting the definition of 7. Thus ged(2"/24-1,n) # 1 and so is a nontrivial
factor on n.

For this process to succeed, i.e for gcd(x™/2 + 1,n) to be a nontrivial factor
of n, we require that = € C; where

Ci={zeN : risevenand z"/? +1# 0 (modn)}. (20)
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It turns out that this is highly likely as the following shows.
Let us write

k
a;
n=]]r:
i=1

where each p; is prime. We may assume that p; # 2 for all ¢ and that k # 1, as
either of these cases may be factored efficiently on a classical computer.
Let r; be the order of x (modp{*). Note that

r=lem{ry,ro,....,Tk}. (21)

This may be established as follows. If s is a positive integer such that for each
r; we have s = a;r; for some integer a;, then it follows that

z® = (2")% =1% =1 (mod pj*).

This establishes that the common multiples of r1, ..., 7y are potential candidates
for r. Now for each i there exists non-negative integers b; and c¢; such that
r = b;r; + ¢; where ¢; < r;. Therefore for each 7 we have

26 = g b = xr(x”)_bi =1 (modp;").

This violates the definition of 7; and so each ¢; = 0 and we have r = b;r;. This
establishes that r is among the common multiples of 71, ..., 7%, and hence must
be the least of these.

Let even(A) be the largest power of 2 dividing A, i.e if 0 is an odd integer
then even(2°0) = 2° where s > 0. Note that (20) is true if and only if even(r;) #
even(r;) for some i # j. For if even(r;) # even(r;) for some ¢ # j then either
r; or r;j is even and so by (21) r is even. Also from (21) there exists an even e
such that either r = er; or r = er;. WLOG assume 7 = er;. Then

272 = (x“)e/2 =192 =1 (mod pi*) .

Thus by the Chinese Remainder Theorem we have z"/? # —1 (modn) and so
(20) holds.

If even(r;) = even(r;) for all ¢, j then by (21) r = o;r; where each o; is odd.
If even(r;) = 1 for all ¢ then by (21) r is odd and (20) does not hold. Otherwise
even(r;) # 1 for all 4, i.e 7;/2 is an integer giving

/% = (3:”/2)01' = (-1)% = -1 (mod py*),

and so by the Chinese Remainder Theorem we have /2 = —1 (modn) and
still (20) does not hold.

We may now turn our attention to the probability that even(r;) # even(r;)
for some ¢ # j. Note that (modp;?) is a cyclic multiplicative group, i.e it has a
generating element g;. Let x = g (modp?") and let r,, be the order of g; in
mod pg*. Note that since z is random then k; is random.

Let us write k;r; = a;rg, + b;, where 0 < b; < rg,. Then

Ti er k}ﬂ‘, Tyi bb

l=2" = (gi )Ti =g — (gl )aigi = gi?i (modpﬁ”).
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Thus b; = 0 and

This establishes that
ri €T :={arg/ki€Z : a€Z,a>1}.
Note that for any integer ¢ € T there exist some integer a > 1 such that
gt = grai/ki = (gh)are/ki = (g79)® = 1° = 1 (mod po*) .
Thus r; = min(7T). That is

. ks g _ T _ rg,lem(ry, , k;) _ lem(ry,, ki) .
b oged(rg,, ki) ki ged(rg,, ki) g, ki k;

Here we have used the well known property that

AB

Let us determine the probability that even(r;) = 2° for some integer s > 0.
Note that k; is random and hence

N =

prob(even(k;) = t) <

for any integer t. Now
1 Lk
prob(even(r;) = 2°) = prob (even (cm(;ﬂ) _ 2s>

— prob even(lem(ry,, k;)) _9s
even(k;)

even(lem(ry,, k;))

= prob (even(ki) = 58 >

From this it follows that the probability that even(r;) = even(r;) for all 1 <
i,j < k is less than or equal to 1/28=1. Hence the probability that even(r;) #
even(r;) for some i, j is at least 1 — 1/2¥~1. Recall that even(r;) # even(r;) for
some 1, 7 if and only if z € C; where again

Ci={zeN : risevenand 2"/ +1# 0 (modn)}.

Thus for a random = € N we have

prob(z € C1) > 1 — (22)

2k—1"

It is therefore highly likely that any choice for  will permit the computation of
a factor of n when k is not too small.

21



4.3 Modular exponentiation

Suppose we have an [-bit machine. We wish to compute
z® (modn) (23)

where a is some non-negative integer less than 2!. To do this we write a in
binary as

-1
a= g Qkak
k=0

where each ay, € {0,1}.

First we square = repeatedly to form 22" (modn) for k=0,1,...,1 — 1. We
may now compute

-1
xz® (modn) = H zox2* (modn).
k=0

Thus computing (23) will require O(l) modular multiplications.

The fastest classical algorithm for integer multiplication of large [ bit num-
bers is the Schonhage-Strassen algorithm [2]. Classically this algorithm requires
O(lloglloglogl) NAND gates to multiply two [ bit numbers. For a quantum
gate array we must use the Toffoli gate in place of the NAND gate.

Since we must perform O(l) multiplications to compute z® (mod n) it follows
that this process may be carried out in

O(I?loglogllogloglogl) (24)

time.

4.4 The quantum fourier transform

The quantum fourier transform is at the heart of the algorithm. In particular
it will be used in step 3 of section 4.1 to compute the order of x in mod n.

Let us suppose a is a non-negative integer and consider the basis state |a).
Assuming we are operating on an [ bit register there are ¢ = 2! possible internal
states |a). Let F' denote the fourier transform. Then

q—1

Fla) = ql% Z exp(2miac/q)|c) . (25)

This operation is implemented using the Hadamard gate and the controlled
Phase gate. The implementation will in fact produce the fourier transform with
the bits in reverse order, hence we denote it by F;. and define it as follows:

FT|a> = T()T]_TQ"'T‘Z,”CL) 5 (26)

where T}, = SorS1,% - Sk—1,kHi for £ > 1 and Ty = Hy. To see why this
produces the fourier transform we simply apply each gate as defined in (4) and
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(11). Applying H;_1 to |a) yields

qg—1

1 _ (1= _
Hi_il|a) = 312 > (a7 ) exp (mbl(l_ll)al,l) b1y
bl=1) =0

We may now apply Spi—1---Si—2,,—1 within the sum to get

1 =
Ty 1|a) = 3172 Z ;1 (a, b Y)exp (mb( Vi 1) exp (Zmb(l Dp{t=1) jgl=1- t) =1y

b(l =0 t=0

This accounts for the first block T;_;. Applying the next block T;_o yields

Tlf2Tlfl|a>
1 q-1 1-2
=51 Z @l_l(a,b(lfl))exp (ﬂibl(l__ll)al_l) exp <Zmb(l 1)b(l 1)/2l 1= t)
bi—1)=0 t=0

1 = o L =2), (= B
s > a0 D) exp (rib P ) exp (Zmb“ /2 ) p0=2)

b(1-2)=0

1\ = _ o
= (21/2> Z D;_4(a, b(l_l))@l_g(b(l_l), b(l_Q)) exp (wibl(ill)al_1> exp (Wibl(l722)bl(l721))

b(—1) p(1—2) =0

-2 -3
exp (Z Tmb(l l)b(l 1)/2l 1— t> exp (Z ﬂ‘Zb £12)/2l—2—t> |b(l—2)>
t=0 t=0

Now applying the remaining blocks Tj - - - T;_3 we have

l q—1
Fila) = (211/2> Z H @ (540, b(k))] exp (Z ib k+1>b<k>>
p=1) .. =0 Lk=0
-1 k-1
exp (Z S b b /2“) 6(0) .
k=0 t=0
Where b := a. We see that for the nonzero terms of this sum Lemma 2.1

implies that b¢—1, ..., b(1) are completely determined by ¢ := b(®) and that

a; t<k
bt =
Ct tZk'

Hence

k—1

-1
Fla) = v <Z makck> exp (,;) Ticpay /28 t) )

t=0

= -1 k
:mZexp< chkatﬂk—t ).
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Noting that each exponential is unaffected by adding multiples of 27 we get

-1 -
1/2 Zexp <Z mickag /28 t> ).

1
k=0 t=0

Now this sum has produced the fourier transform of |a) where the result is in
reverse order bitwise. To see this we simply reverse the bits of |¢) to get

11

pEafs

c=0 0

1

i

m’cllkat/2k_t> 1)

11

(3

k=01

1

m’ckat/Zl_l_k_t> 18

Il
o

q—
Z
=0
q—
- L/Z exp <2mZat2tzck2’“/2> c)
t=0

1 .
v exp (2miac/q) |c) .
0

2 ’3
>—\O

C

Hence our algorithm does indeed produce the fourier transform so long as we
reverse the bits of the computed result.

Referring back to (26) we see that this operation requires (I +1)/2 = O(I?)
quantum gates.

4.5 Determining the order of z (modn)

Given ged(z,n) = 1 we wish to find the order of  in mod n, i.e. we wish to find
the smallest positive integer r such that 2" =1 (modn).

The state of our machine will be described by two [-bit registers initialized
to zero, i.e

0)[0) .
Let [ be such that n? < ¢ = 2! < 2n%. We first apply Hadamard gates to obtain
a uniform superposition of states in the first register.

HoHy -+~ H;_1|0)|0) = 1/QZ| Y]0) . (27)

We now compute 2% (modn) in the second register as described in section 4.3.

1 e
1/2Z|a 2% (modn)).
a=0

Lastly we apply the quantum fourier transform to the first register as described
in section 4.4.

q—1q—1

11/2 ZF\ Mz® (modn)) ;ZZexp 2miac/q)|c)|x®(modn)) .

a=0 c¢=0

24



The quantum aspect of the algorithm is now complete and we simply observe
the value of the first register |c). The value of ¢ will allow us to compute r as
described below, where 7 is the order of x (modn).

Define {rc}, to be the unique integer such that rc¢ = dg + {rc}, for some
integer d where

q q
-3 < {re}q < 7

Note that d is a function of ¢. The successful computation of r from ¢ will
require the observed value of ¢ to be in the following set:

Co={ceN : ged(d,r) =1 and |[{rc}q| <r/2}. (28)

The assumption that d and r are relatively prime will be used later in this
section. If [{rc}q| < /2 then

)

r
——<rc—dg<
9 = q >

N3

and rearranging gives

(29)

Note that since r is the order of  in mod n it follows that 1 < r < n. let e be
any integer and let s be an integer with 1 < s < n. Also assume d/r # ¢/s, i.e
er —ds # 0. Then

e d er —ds 1 1
Z_ZI= > >,
s T sr —n? g
Now
c_elsle_d_je_d, 1 1 _ 1 (30)
q S s r q T q 2q 2q

thus from (29) and (30) we see that d/r is the nearest fraction to ¢/q with a de-
nominator less than n. Let [ag; a1, ag, ..., ai] be the continued fraction expansion
of ¢/q, i.e

c
~=ap+ 31
P (31)

—_

a1 +

93
where ag may be any integer and aj,as, ..., a; are nonnegative integers. Since
¢ < q we have ag = 0. Note also that since g > n2 > r? we have

This implies that d/r is among the convergents of ¢/q (see [1, p 187, prop 4]), i.e
d/r may be obtained by taking the continued fraction expansion [0; a1, as, ..., ag]
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of ¢/q and truncating as in

C1
0;a1] = —
[ 1] q1
c
[0;611,@2] =2
q2
[0; a1, ag, ..., a;] = G _ E.
qk q

These truncations are the successive convergents of ¢/q. Thus to find d/r we
will compute the nearest convergent to ¢/q with a denominator less then n.
The convergents may be computed in lowest terms using the recursion

Cp = ApCp—1 + Cp—2,
Gn = OnQn—1 + qn—2 -

where c_1 =1,¢c_2=0,9-1 =0, g2 = 1, and n > 0. From this we see that
gi > q; for i > j > 0. Also a simple result of convergents is that

C C;

q g

c_ g
q g

for i > j, i.e each subsequent convergent is a better approximation of ¢/q (see [1,
p 181]). Hence we find j such that ¢; < n < g;11, then d/r = ¢;/q;. Since
we assume d and r are relatively prime we may determine r from the value of
d/r =cj/q;, i.er=gqj.

The worst case scenario is that we must compute all ¢; for 1 < i < k. The
a;’s in (31) are the quotients generated by applying the Euclidean algorithm to
c and ¢, and k is thus the number of steps needed to finish the algorithm. The
Euclidean algorithm costs O(log h) where h is the smaller of the two numbers.
Hence k is of O(loge) < O(logn). As we will see this will not alter the final
asymptotic runtime.

4.6 A lower bound for observing a sufficient state to com-
pute the order of z (modn)

It now remains to show that the probability of observing a value for |¢) such
that |{rc},| < r/2 is sufficiently high as to make this algorithm useful. To that
end suppose our algorithm results in the particular state |c,2* modn) with
{rctq| < 7/2 and 0 < k < r. The probability of observing this state is

2

% Z exp(2miac/q)| . (32)

a: xe=xk

Since z® = 2* if and only if a = br + k for some integer b and a ranges from 0
to ¢ — 1 we may reformulate the above sum as

1 Wa=k=1)/r]
- Z exp(2mi(br + k)c/q)

q b=0
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Moreover rc = pq + {rc}, for some integer p. Hence we have

1 Wa=k=1)/r]
- Z exp(2mib{rc},/q) exp(2mibp) exp(2wike/q)
q

b=0

The last factor has a norm of 1 and does not depend on b and so may be removed
from the sum. Also exp(27ibp) = 1. Thus we have

1 l(g=k=1)/r]
= Z exp(2mib{rc}q/q)
-

We condense our notation by writing
2

1 Q
‘ S exp(Bib) (33)
13,5
where
Q:=1(g—k-1)/r]
and

B :=2n{rc},/q.

We wish to find a lower bound for (33), and to do so we approximate it as
an integral, namely

1 [Q+!
= / exp(3ib)db.
q.Jo

We will show that the error from this approximation is small.

Lemma 4.1. Let A and B be real constants, f : R — C be a continuous

differentiable function, N and m be nonnegative integers, and let
Az = (B— A)/N. Then

N-1

B
/A f(z)dxr — Az Z f(A+ mAz)

m=0

< 1(B —A)Az sup |f(x)].
2 A<z<B

Proof. Note that for any continuously differentiable function we have
fl@) = f(A+mAz)+ [z — (A+mAx)]f(&)
where A + mAz < &, < z. Hence

A+(m+1)Az
/ f(x)dz

A+mAzx

A+(m+1)Ax A+(m+1)Ax
/ f(A—i—mAm)dx—i—/ (x — (A+mAz)) f' (&) dx
A+mAx A+mAzx

IN

A+(m+1)Ax A+(m+1)Azx
/ f(A+mAz)dz + sup f/(€) / (x — (A +mAz))dx
A+mAzx A<E<B A+mAzx

= Azf(A+mAz)+ %(Am)z AiLglEB 1 (€).
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B N-1 LA+(m+1)Ax
| @ - > [t
N—1 1
2 !
< Axmzzjof(A +mAz) + 5 N(Az) AilgEBf &)
N-—1 1
= Az ) f(A+mAz)+ -(B—A)Az sup f'(€).
= 2 A<E<B
Hence
B N-1 1
/ f@)de — Az S f(A+mAz)| < S(B- A)Az sup |f'(x)]
A — 2 A<z<B

O

In particular we may apply the above lemma to Re(exp(ib)) = cos(8b) and
Im(exp(Qib)) = sin(Bb). Take Az =1, N = Q + 1 and let

1 Q+1 ) 1 Q )
E = 5/0 exp(ib)db — 52 exp(Fid) .

b=0

Then for |Re(E)| we have

1 [e+! . 1 Q .
Re (q /0 exp(3ib)db — p ; exp(ﬁzb)) ‘ (34)

1 [Q+! 1 &
5/0 cos(8b)db — a;cos(ﬁb)

< ©@FD Gp 3sin(av)|
29 0<b<Q+1
(Q+1)
< % 18l

Clearly the same argument applies for |[Im(E)|. Now since [{rc}q| <7/2, 7 <0,
and q > n? we have

Q+1 q—k—14+7)2nr
@+l )Iﬂl < gz k- 1+7)2mr
2q 2qr 2q
< ltgm w7

= 22 ~ g n?

Thus we have

Q+1 Q
é/o expwb)db—;;exp(mb) = |B] < [Re(E)| + im(B)| < 27 . (35)

28



Thus the absolute error is of O(1/n?). Note that n will be large for any rea-
sonable problem (recall that n is the number we wish to factor). Thus we focus
now on the integral

1 Q+1 ‘
p /0 exp(3ib)db. (36)

Performing the simple change of variable u = rb/q and letting

a = qf/r =2r{rc}q/r
we may rewrite the above integral as

1 (r(@+1)/q

7/ exp(iu)du . (37)

" Jo

To simplify we will split the integral in two as

1 1

1 r(Q+1)/q
f/ exp(aiu)du + f/ exp(aiu)du . (38)
™ Jo rJ1

We will show that the right hand integral is small and so may be neglected. Let
e:=7r(Q+1)/q — 1 and note that

lexp(aie) — 1| =

€

/ ai exp(ait)dt‘
0

< sup |aiexp(ait)|e

0<t<e
< €.
Hence the magnitude of the right hand term of (38) is

1 (r(@+1)/q
- / exp(aiu)du
1

r rat

= i(exp((l +€)ai) — exp(ai))‘

= i exp(«i)(exp(aie) — 1)’

RN

. i[ru(q—k—qn/mn 1}
. i[—k—ql—i—r]

<

The last statement above again uses the fact that ¢ > n?. Thus we see that the
error from neglecting the right hand term of (38) is O(1/n?), i.e

1 r(Q+1)/q 1 /L
f/ exp(aiu)du — 7/ exp(aiu)du
rJo rJo

1

< (39)
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Now combining (35) and (39) we have

1 1
= ‘/ exp(aiu)du
0

r

().

Hence we focus our attention on the left hand term, namely

L@
| =) " exp(Bib)
q b=0

e ,
7/0 exp(aiu)du . (41)

r

We will now find an explicit lower bound for this integral. Note that if a =0
(i.e {rc}q = 0) then (41) becomes 1/r and the probability of observing the state
e, 2% modn) is 1/r2. Assuming a # 0 we have

2 2

1/
7/ exp(aiu)du
0

r

1

@(exp(ai) -1)

1 2
—(cosar — 1 +isina)

roi
= S (0052a+sin2a— 2cosa + 1)
r’q
2
= 32 (1 —cosa) (42)

We wish to find the minimum value of (42) for o € [—7, 7|, @ # 0. Noting that
(42) is independent of the sign of o we take a € (0, 7]. Taking the derivative of
(42) with respect to « gives

2

= [ ?sina — 2a7°(1 — cos )] .

This derivative is negative for all a € (0, 7). This can be seen by noting that

1—cosa
tan(a/?) = W,

and so

a"Zsina —2a73(1 — cosa) < 0

1—

= 1-2—— 2% o
asina

= tan(a/2) > a/2.

The last statement is true for all « € (0, 7). Thus we see that (42) is decreasing
on « € (0,7], and so by symmetry the minimum value over « € [—m, 7] of (42)
occurs at o = 4. This minimum value is 4/(7%r?), i.e

2

>
_7T27"27

1 1
— / exp(aiu)du
0

r
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and thus

1

! 2
- / exp(ciu)du| > —
0

P
wr

r

Now recalling that » < n we have

1 e 1
,Zexp(ﬂib) = f/ exp(aiu)du +O(2)
— ™ Jo n
4 1
L to(2)
s n
K
Z p—
r

for some K > 0 and sufficiently large n. Thus the probability of observing a
state |c, z¥ modn) with [{rc},| <r/2 is

2

K

This lower bound will be used in the next section to determine the final com-
putational cost of the algorithm.

4.7 Computational cost

Recall that n? < g = 2! < 2n?, hence
l=1logq <log2+2logn < 3logn

for n > 2. The cost to compute ged(a,b) for a < b is O(loga). The cost to run
one iteration is laid out in the table below:

process cost
ged(z,m) O(logn)
HD = Hy---H;_; | O1)=0(logn)
mod exponentiation | O(12loglloglogl) = O((logn)?loglognlogloglogn)
fourier transform 0(1?) = O((logn)?)
O(
O(

ged(e, q) log q) = O(logn)
ged(z"/2 +1,n) logn)

Adding these up we see the cost of a single iteration is
O((logn)?loglognlogloglogn) .

Given r we may compute a nontrivial factor of n as described in section (4.2)
so long as = € C; where

Ci={zeN : risevenand 2"/ +1# 0 (modn)}.

As shown in (22) we have

prob(z € ;) > 1
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where k is the number of distinct prime factors of n.

We will now enumerate the number of states |c, ¥ (modn)) that allow us
to compute r. Recall that rc = dg + {rc}, for some unique integer d. Since
0<c<qg-—1 we have

-1
q 7{Tc}q<r
q q

0<d<r

Recall from (28) that the state |c, z* (modn)) is sufficient to compute 7 if 7 € Cy
where

Co={ceN : ged(d,r) =1 and |{rc},| <r/2}.

Suppose that d is some integer and note that there exists some integer j such
that

ri<dg<r(G+1).
Then

T
—dgl< = <
|re q|,2,

N[

for at least one of ¢ = j or ¢ = j 4+ 1. Thus for each d there exists a ¢ such that

{retql = lre —dgl <

Do =

Hence since there are ¢(r) values of d such that ged(d, ) = 1 where ¢ is Euler’s
totient function. And so it follows there are ¢(r) values of ¢ such that ¢ € Cs.

Note also that there are r possible values of ¥ (modn). Thus altogether
there are at least r¢(r) states |c, 2% (modn)) such that ¢ € Cq, and the probabil-
ity of observing each of these states is at least K2/r? for some constant K > 0
as expressed in (43).

Now assuming = € C; the probability of observing a state |c, 2% (modn))
such that ¢ € Cy is

2 2
prob(c € Co|lz € C1) > %NZ)(T) _ K?¢(r) > o 0

>
r ~ loglogr ~ loglogn

where ¢ > 0 is a constant [4, Thm. 328].
The algorithm will succeed only if both x € C; and ¢ € Cs, thus the proba-
bility of a successful run is

]

1
prob(xz € C; and ¢ € C3) = prob(z € Cy)prob(c € Co|lz € Cy) > Toglogn

Hence if we repeat the algorithm an O(loglogn) number of times we stand
a high probability of success. Now one run of the algorithm requires

O((logn)?(loglogn)(logloglogn))
time, hence the final expected runtime is

O((logn)?*(loglogn)?(logloglogn)) < O[(logn)?].
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5 Conclusion

Grover’s algorithm and Shor’s algorithm each represent a revolutionary paradigm
shift in the way in which a computer may be employed to solve a problem. This
shift entails not only a fundamental advancement in the physical hardware used
to construct the machine, but also a fundamental change in the manner in which
algorithms must be designed to utilize this new hardware.

The hardware revolution comes in the form of the physical implementation
of a device capable of exhibiting quantum superposition, which lies at the heart
of the power of quantum computation. Quantum superposition allows massive
parallel processing with no additional resources. In order to exploit this power
however algorithms must be probabilistic in nature. This gives rise to the almost
paradoxical circumstance that two separate runs of an algorithm, given identical
data, may produce two different outputs.

Thus superposition is the source of not only a quantum machines enhanced
power but also potentially its only weakness. In order to achieve dramatically
faster algorithms we must overcome an inherent uncertainty in our results. This
uncertainty was successfully overcome in the case of the two algorithms discussed
in this paper. However, it is not known what range of problems the benefits of
quantum computation may be applicable.

In 2001 IBM successfully produced the first implementation of Shor’s algo-
rithm on a quantum computer. The algorithm was employed to factor the num-
ber 15 on a 7-qubit machine. Since that time there has been steady progress
towards a commercially viable quantum machine. In the last few years the
rate of this progress has increased dramatically. In the near future quantum
algorithms will no doubt leave the theoretical realm to play an increasingly
significant role in real world applications.
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