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Abstract
This thesis presents a numerical technique to optimize the efficacy of anti-HIV
vaginal drug delivery systems known as microbicides. A microbicide is a topical,
prophylactic agent that acts as a barrier from transmission of HIV and other sexually
transmitted infections (STIs). A microbicidal formulation consists of an anti-HIV active
ingredient within a drug delivery vehicle such as a polymeric gel. For a microbicide to be
effective it must be able to perform its function by adhering to the epithelial surface. The
effectiveness of the gel depends on the gel’s rheological properties as well as the vaginal
tissue properties, vaginal geometry, external forces like gravity and other factors like
dilution, etc.
As a next step in the design of a microbicidal delivery vehicle, this thesis
primarily focuses on the combined effect of gravity, tissue elasticity, and rheological
properties and their influence on the gel distribution. A 2D numerical model for the flow
a non-Newtonian fluid between elastic boundaries is presented. The following models are
considered:
•

Power-law fluid model with linear elastic boundary condition,

•

Ellis fluid model with linear elastic boundary condition,

•

Power-law fluid model with non-linear elastic boundary condition.
The equations describing the evolution of the gel shape were solved numerically

using implicit finite difference method along with Newton’s search method for the non-
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linear system of equations. A parametric and sensitivity analysis of coating behavior to
changes in non-Newtonian fluid properties for different elasticities combined with gravity
was presented.
The results of the parametric study showed that the combined effect of tissue
elasticity and gravitational forces greatly influenced the gel coating. A higher tissue
elasticity resulted in greater spreading length, faster spreading rates and dominance over
gravitational force. The gel consistency had greater impact on gel coating compared to
shear-thinning index; a higher consistency resulted in slower spreading rates. The shearthinning index is relatively of less importance; however, it may be important for long
spreading times.
Sensitivity analysis for 10% changes in consistency and shear-thinning index
showed high sensitivity for synergistic change in both parameters. The sensitivity of
spreading length for changes in consistency were greater compared to changes in shearthinning index.
In conclusion, the relative importance of each parameter has been determined.
These results will ultimately help in determining optimal gel properties for microbicidal
gel in groups of women with different tissue elasticities. Thus, this work will help in
designing better microbicides.
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Chapter 1
Introduction

The flow of thin-films find wide range of applications, such as microchip
fabrication, micro-fluidics and micro-electromechanical system (MEMS) devices (3),
lining of mammalian lungs (4) and architectural coatings (5). Traditionally these flows
have been studied with gravity as the driving force and a free surface boundary condition.
Recent studies have paid much attention to the effect of film surface tension and the flow
front instabilities (3). This thesis is another application of thin film flows where a nonNewtonian fluid flows between two elastic boundaries, rather than with a free surface.
This study investigates the effect of fluid rheological properties and the driving forces gravity and elasticity on the efficacy of anti-Human immunodeficiency virus (HIV) drug
delivery systems popularly known as microbicides.

1.1

Introduction
Acquired immune deficiency syndrome (AIDS) has been a worldwide pandemic

for over three decades now. UNAIDS global report 2010, estimated that by the end of the
year 2009, 33.3 million people were living with HIV (6). Every year more than 2 million
new HIV infection cases are reported (6).
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The number of new infections annually has declined significantly, since the peak
of the epidemic in the late 90s (6-7). Preventive measures such as condoms, awareness
campaigns, and post-infection antiretroviral therapy (ART) have played a vital role in
reducing new infections and increasing the life expectancy of those infected over the last
decade (6). However, the total population living with HIV is increasing and hence there is
a high risk for new infections (7-8).
Current measures to prevent HIV transmission are insufficient and ineffective in
many parts of the world, especially in developing nations (9). An HIV vaccine would be
the ultimate solution for the pandemic but experts believe that even a partially effective
vaccine would take at least another 10 years or even more (10-11).
Globally more than 50% of the HIV infected population are women and 76% of
these HIV positive women reside in sub-Saharan Africa (6). Young women aged 15-24
years living in sub-Saharan Africa are eight times more likely to be infected than men in
the same region (6). In addition, women are more susceptible to sexually transmitted
infections (STIs) due to their anatomy (12). Clearly, there is an urgent need for an
alternative measure for women at high risk and those who often cannot negotiate the use
of condoms due to socio-economic reasons.

2

1.2

What are microbicides?
A microbicide is a topical, prophylactic agent that acts as a barrier from

transmission of HIV and other sexually transmitted infections (STIs). A microbicidal
formulation consists of an anti-HIV active ingredient within a drug delivery vehicle such
as, a foam, cream, “gel” (polymeric liquid), dissolving tablet, intravaginal ring, etc (1314). Apart from acting as an effective barrier against STIs, a successful microbicide must
be affordable, safe, user-friendly, physically, chemically and thermally stable, and
acceptable to the end-user (9, 15).
A microbicidal formulation may be contraceptive or non-contraceptive in nature
and can be combined with existing preventive measures (e.g. condoms) to provide better
protection (16). Microbicides can potentially provide protection to those women who do
not have access to existing means of protection.
Although microbicides hold great promise in preventing HIV, the process of
developing them is highly complex. Most research in the field of microbicides has been
limited to the development of the anti-HIV active ingredient (14). Many microbicidal
trials have failed in the past possibly due to ineffective coating. Lack of delivery vehicle
design has been identified as the current priority gap in Microbicide Development
Strategy (MDS) (17). Thus, there is a need to design a delivery vehicle that optimizes the
efficacy of a microbicidal agent.

3

Figure 1.1 Illustration of a microbicide gel being inserted using an applicator and the
impact of elasticity and gravity on the gel distribution over the epithelium.
Sketch of human vagina in supine position (traced from Netter Atlas of Human Anatomy)
with microbicidal gel inserted using an applicator.

A microbicidal gel can be applied using an applicator near the fornix of the vagina
(14). Once the applicator is removed, a number of factors may influence the gel
distribution on the epithelium (see Figure 1.1). The effectiveness of the gel depends on
the gel’s rheological properties as well as the vaginal tissue properties, vaginal geometry,
external forces like gravity and other factors like dilution, etc (14, 18-20). A good design
must take all these factors into consideration and a better understanding of gel’s flow
behavior over the epithelium is needed before proceeding with clinical trials.
The overall objective of our lab group is to optimize the gel rheological properties
to ensure efficacy of polymeric drug delivery systems under the influence of gravity,
tissue elasticity, surface tension, shearing force, etc.
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This thesis primarily focuses on the combined effect of gravity, tissue elasticity
and rheological properties and their influence on the gel distribution. A parametric and
sensitivity analysis of rheological properties with different elasticities is presented. The
outcomes of this study will help achieve the long-term goal by determining which
rheological property is important to the design of a delivery vehicle and how this depends
on tissue elasticity.

1.3

Non-Newtonian fluids
Most prototype polymeric gels that can be used as delivery vehicles for

microbicides are non-Newtonian and, in particular, shear-thinning in nature (18-19, 21).
Gel distribution and retention are greatly influenced by its rheological properties (18).
The non-Newtonian rheology makes the design of the delivery vehicle complex.
In a continuum, a constitutive relation characterizes any substance; it is defined as
the relationship between the stress and deformation (22). For a Newtonian fluid, shear
stress is directly proportional to shear rate at constant pressure and temperature (22) (see
Figure 1.2). The constant of proportionality is defined as viscosity, which has the units
(Pa-s) in international system (SI) of units. Examples of Newtonian fluids include, water,
glycerin, air, etc.
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(a)

(b)
(c)
(d)

(e)

(a) Visco-plastic (Herschel –Bulkley), (b) Bingham Plastic, (c) Shear-thinning fluid
(Pseudoplastic), (d) Newtonian fluid, (e) Shear-thickening fluid (Dilatant)
Figure 1.2 Constitutive relationship for different kinds of fluids
(modified from Rheology of Complex Fluids by R.P. Chabbra) (2). Schematic shows a linear
relationship for a Newtonian fluid. All other fluids come in the category of non-Newtonian
fluids.

The 1-D Newtonian constitutive equation is given by (22),
𝜎𝑦𝑥 = 𝜂 ∙ 𝛾̇
6

(1.1)

where, 𝜎𝑦𝑥 is the shear stress acting on the fluid, 𝛾̇ is the shear rate and 𝜂 is the fluid

viscosity which is a constant.

Conversely, a non-Newtonian fluid does not have a linear relationship between
stress and deformation and can also be time dependent (2). Shear-thinning fluids are a
class of non-Newtonian fluids, characterized by an apparent viscosity, which decreases
with an increase in shear rate (2) (see Figure 1.2). Shear-thinning fluids are time
independent unlike thixotropic fluids, for which the apparent viscosity decreases with the
duration of shear (2). Other non-Newtonian fluids include viscoelastic fluids, shearthickening fluids, Bingham plastic etc.
A generalized 2-D constitutive model for a shear-thinning fluid is given by,
𝜎𝑦𝑥 = 𝜂𝑎𝑝𝑝 ∙ 𝛾̇
𝑜𝑟,

𝜂𝑎𝑝𝑝 =

where, 𝜂𝑎𝑝𝑝 is the apparent viscosity.

𝜎𝑦𝑥
𝛾̇

(1.2)
(1.3)

There is no single mathematical constitutive relationship that truly defines the
shear-thinning behavior of a fluid. In the literature, there are several constitutive models,
which work well in different regimes of shear rates. The following constitutive models
are relevant to this thesis. These do not consider the viscoelastic nature of polymeric
liquids, which is outside the scope of this study.
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1.3.1

Power-law or Ostwald de Waele model

Apparent viscosity vs. Shear rate
10000

Rheological data
for 3% HEC gel
Apparent Viscosity (Poise)

1000

Power-law model

100
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1
1.00E-03

1.00E-02

1.00E-01

1.00E+00

1.00E+01

1.00E+02

Shear rate (1/s)
Figure 1.3 A log-log plot showing the rheological data obtained using a plate and cone
rheometer, for a 3% Hydroxyethyl cellulose sample.
Plot illustrates the variation between actual rheological data and power-law constitutive
model indicating its limitations.

The 1-D power-law constitutive equation is given by (2, 23),
𝜂𝑎𝑝𝑝 = 𝑚 ∙ (𝛾̇ )𝑛−1
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(1.4)

where, n is the shear-thinning index 0<n<1 and m is the consistency. The power-law
model approximates the straight-line relationship of shear stress versus shear rate on a
log-log plot (see Figure 1.3). The major limitation of the power-law model is that it does
not predict lower and upper Newtonian plateaus in the limits of 𝛾̇ → 0 and 𝛾̇ → ∞.
1.3.2

Ellis model

The 1-D Ellis constitutive equation is given by (2),
𝜂𝑎𝑝𝑝 =

1+�

𝜂0
𝜏

𝜏1/2

�

𝛼−1

(1.5)

where 𝜂0 is the zero shear stress viscosity and 𝜏1/2 is the value of shear stress for which
the viscosity has been reduced by a factor of one-half. 𝛼 controls the shear-thinning
behavior of the model and is greater than unity. As 𝜏1/2 → ∞, the equation reduces to the

Newtonian model and when

𝜏

𝜏1/2

≫ 1 the equation becomes power-law. This model can

capture the low shear rate Newtonian plateau as well as the power-law behavior.
1.3.3

Carreau-Yasuda model

The 2-D Carreau-Yasuda constitutive model is given by (23),
𝑛−1
𝜂𝑎𝑝𝑝 − 𝜂∞
= (1 + (𝜆 ∙ 𝛾̇ )𝑎 ) 𝑎
𝜂0 − 𝜂∞

(1.6)

where, 𝜂0 is the zero shear rate viscosity, 𝜂∞ is the infinite shear rate viscosity, 𝜆 is a time

constant, n is the power-law exponent and a is dimensionless parameter that describes the
9

transition region from the zero shear rate region to the power-law region. When a = 2 it is
called the Carreau model.
1.3.4

Herschel-Bulkley model
A Herschel-Bulkley fluid deforms and exhibits a shear-thinning behavior only

after certain stress limit known as yield stress (see Figure 1.2).
The 1-D Herschel-Bulkley constitutive equation is given by (2),
𝜎 = 𝜎𝑜 + 𝑚 ∙ (𝛾̇ )𝑛 ∀ 𝜎 > 𝜎𝑜
𝛾̇ = 0 ∀ 𝜎 ≤ 𝜎𝑜

(1.7)
(1.8)

where, 𝜎𝑜 is the yield stress within the fluid, m is the consistency and n is the shear-

thinning index similar to a power-law model. Common examples of yield-stress fluids
include blood, yogurt, molten chocolate, etc (2).
In this study, the power-law constitutive model has been primarily used to

describe the shear-thinning behavior of the microbicidal gels in the mathematical models.
Although the power-law model has limitations at very low and high shear rates, it is
widely used in engineering problems. Moreover, power-law model is a two parameter
model and easier to fit with the rheological data. An Ellis fluid model has also been used
with a linear elastic boundary condition for the mathematical models. However, a
comparison between power-law and Ellis models has not been presented in this work.
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The range of numerical values for the power-law model parameters and the Ellis
model parameters were chosen based on the rheological data obtained for the
hydroxyethylcellulose (HEC) gels, prepared by our lab group.

1.4

Vaginal anatomy
The female reproductive tract consists of four main regions: the introitus, the

vaginal epithelium, the ectocervix and the endocervix (12). The human vagina is a thinwalled, collapsed fibro-muscular tube (7-10 cm long) which relaxes into a virtual cavity
with H-shaped cross section (12, 21, 24). It consists of four layers: the mucosa, consisting
of stratified squamous epithelial tissue; the submucosa, which is a vascularised
connective tissue; the muscularis, consisting of smooth muscle and the adventitia, which
is composed of loose connective tissue (25-27).
The biomechanical properties of vaginal tissue are strongly dependent on its
composition, architecture and thickness (26). The vaginal wall thickness can range
between 0.5 ∼ 2.0 cm (26, 28). The tissue compliance or pressure from surrounding

tissues, may significantly influence the distribution of a microbicidal gel between the
anterior and posterior walls (19, 21). Thus, vaginal tissue properties are important in the
design of vaginal drug delivery systems.
Modeling of soft tissues is a major challenge in the field of biomechanical
research. All soft tissues including vaginal tissue, exhibit a strong non-linear, viscoelastic
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behavior (1). Viscoelastic materials exhibit creep, hysteresis and are time dependent,
which makes them difficult to model (1). Moreover, the model parameters and material
constants have to be determined experimentally. Although most soft tissues have been
studied extensively, there is limited data available on vaginal tissue properties. Most
research on vaginal tissue has been limited to ex vivo assessment of tensile properties of
prolapsed tissues.
Early studies to assess the tensile strength of vaginal tissue have assumed a linear
elastic behavior for the tissue (29). Goh et al. investigated the biomechanical properties
of prolapsed vaginal tissue samples ex vivo, obtained from pre and post-menopausal
women (30). They concluded that the tissue properties in pre and post-menopausal
women were similar and a little higher elastic modulus in postmenopausal vaginal tissue
is attributed to age related changes (30).
Studies by Cosson et al. on prolapsed post-menopausal vaginal tissue samples ex
vivo, showed that the maximum strength and elongation at rupture for the tissue varied
greatly from one sample to another (31). Their results did not have any correlation with
the age of the patients (31). Lei et al. preformed a similar study with a larger group of
subjects and concluded that pre and post-menopausal vaginal tissue samples had variable
properties and did not have any correlation with age (32), contradictory to Goh et al. (30).
Rubod et al. developed an experimental protocol to determine the biomechanical
properties of vaginal tissue under uni-axial tension (33). Rubod et al. illustrated that
vaginal tissue exhibits a non-linear hyperelastic behavior for large strains (34). It was
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highlighted that a linear elastic tissue model could not be used for vaginal tissue
modeling in the treatment of pelvic order prolapse (POP) (34).
More recently, Martins et al. formulated a non-linear hyperelastic model based on
their uni-axial tensile tests on prolapsed vaginal tissue samples (29). From the stress
strain relations obtained, the linear elastic modulus was predicted to be 9.7MPa in tension
(29). However, viscoelastic properties and parameters were not determined. Peňa et al.
performed uni-axial tests on prolapsed vaginal tissue to determine the viscoelastic
material parameters for their viscoelasic model (35). The tissue properties were measured
only along the longitudinal direction and hence their study had limitations in determining
all the viscoelastic parameters for the model (35). It was pointed out that the vaginal
tissue properties were difficult to measure in transverse direction (34-35) and further
information on multi-axial testing is needed to characterize vaginal tissue properties.
It is clear from the above listed literature that the biomechanical properties of
vaginal tissue are unknown and are highly variable depending on parity (36-37),
menopause (31-32), age (30), etc. Most of the studies have examined the ex vivo tensile
strength of the tissue focusing on treatment of pelvic order prolapse (POP) whereas, the
compressive strength of vaginal tissue or the forces due to pressure from surrounding
tissue in vivo is the point of interest for this study. Although vaginal properties have not
been measured under compression, it is estimated that the elastic modulus of vaginal
tissue is about 12-36 kPa and the vaginal forces are about 2-12 N (20). A recent patent by
Egorov et al. devised a vaginal probe to measure linear elasticity in vivo. They estimated
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the vaginal elasticity to be 10 kPa near the regions where vaginal tissue is hard and 3 kPa
in the region where vaginal tissue is soft (38).
To incorporate vaginal tissue elasticity into our numerical model of thin film flow
between anterior and posterior vaginal walls, two tissue elasticity models have been
considered: (i) linear elastic model and (ii) non-linear (exponential) elastic model. These
models assume that the tissue is homogenous and isotropic.

Tissue
thickness, T

Vaginal wall
h (x,t)
Figure 1.4 Sketch shows the deformation h(x,t) in the vaginal wall.

The linear elastic model assumes that the pressure, p (or normal stress, 𝜎) acting

on the fluid boundary due to the tissue elasticity is directly proportional to strain,
(𝜀 = ℎ(𝑥, 𝑡)/𝑇), in the tissue. Although the pressure acting is normal to the fluid surface

and the strain is in the perpendicular direction, it is assumed that the pressure acting is
proportional to the strain in the perpendicular direction since it is a thin film. The
pressure acting on the fluid can be expressed as,
𝜎 =𝐸∙𝜀
𝑜𝑟,

𝑝=𝐸∙
14

ℎ(𝑥, 𝑡)
𝑇

(1.9)
(1.10)

where, E is the tissue elasticity or young modulus, T is the tissue thickness and h(x,t) is
the deformation in the tissue such that the strain in the tissue is 𝜖 = ℎ(𝑥, 𝑡)/𝑇. This

approximation

has

been

widely

used

in

engineering

problems

related

to

elastohydrodynamic lubrication (39). Szeri et al. were the first to incorporated the linear
elastic tissue model in vaginal drug delivery systems (28). However, most of their
analysis was limited to a Newtonian fluid model and two elasticities. For this study, a
wide range of values for the tissue elasticity (E=0.05-100kPa) have been chosen. This
will account for variability of vaginal tissue elasticity and hence will help in determining
optimal values for rheological parameters.
The linear elastic tissue model is an initial approximation in design of
microbicidal delivery systems. As a next step, a non-linear (exponential) stress strain
relationship has been introduced. Although, an exponential stress-strain relationship is
not a true representation of the tissue, it is expected that an such a stress strain
relationship is more close to the actual (non-linear) tissue behavior. The non-linear
exponential form of stress strain relationship for vaginal tissue is assumed as:
𝑝 = 𝐸𝑜 ∙ 𝜀𝑒 𝜆𝜀

(1.11)

such that, the elasticity of the tissue as a function of strain is given by the relation:
𝐸(𝜀) = 𝐸𝑜 𝑒 𝜆𝜀 (1 + 𝜆𝜀)
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(1.12)

where, Eo and λ are model parameters which need to be determined experimentally, ε is
the strain in the tissue, 𝜀 = ℎ(𝑥, 𝑡)/𝑇 . For this study two sets of values for Eo and λ have

been chosen which will be discussed further in Chapter 2.

According to Fung, the stress of a soft tissue is nearly an exponential function of
strain at low ranges of stress (40). In addition, experimental data on vaginal tissue
obtained by Rubod et al. (34), Martin et al. (29) and Peňa et al. (35) have shown near
exponential stress strain relationship. Thus, the assumed exponential model is expected to
model the tissue properties better than the linear elastic model.
Existing soft tissue hyperelastic models in the literature such as Mooney-Rivlin
model (41) and non-linear Fung model (42), etc. are difficult to incorporate in the current
model for vaginal drug delivery systems. In addition, these models are applicable at large
strains (43), which is not the case for microbicides delivery. The assumed non-linear
(exponential) stress strain relationship can be incorporated in the pressure term without a
fluid structure interaction model.
In a future study, by our lab group, it is expect to experimentally determine the
model parameters of our non-linear elastic model (Eo and λ) using a vaginal probe which
is under development by Mark Pacey (University of Kansas). A linear viscoelastic tissue
model as a boundary condition is also presented. However, a numerical solution for the
viscoelastic boundary condition is out of scope of this work.
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1.5

Review of relevant literature for thin-film flows in microbicides
Studies on thin film flows for biological applications are growing in importance

(44). Most common biological applications include lining of pleural surfaces of lungs (4),
flow of synovial fluid between joints (44), and tear film between eye and eyelid (45).
Only in the recent past have thin-film flows been applied to vaginal drug delivery
systems.
Kieweg et al. first introduced an in vitro experimental model to investigate the
effect of gravity on microbicidal gel coatings (14). They compared the surface wetability
of six commercially available vaginal gels on hydrophobic and hydrophilic surfaces (14).
They concluded that the presence of yield stress, surface wetability and shear-thinning,
nature of the gels significantly affect the microbicidal gel coating. They also found that
consistency did not play much role for coating over hydrophilic surfaces (14). This study
was important as a first step in designing vaginal drug delivery systems.
Kieweg and Katz introduced the 2-D squeezing flow numerical model for powerlaw and Herschel-Bulkley fluids (19). They investigated the combined effect of a
constant squeezing force (typical 4.45 N), shear-thinning behavior and yield stress of the
fluid (19). They concluded that squeezing forces, shear-thinning and yield stress behavior
play a significant role in gel coating. They validated these conclusions with their
experimental results (19).
Kieweg et al. introduced a 2-D numerical model of gravity driven flow over an
incline with a free surface for a power-law fluid as a supplement to their previous
17

experimental model (46). Kheyfets and Kieweg extended the 2-D free surface, gravity
driven power-law model to 3-D. Their numerical results agreed better with the
experimental studies indicating that lateral flow of the gel accounts for the error due to
loss of mass in 2-D simulations (47).
Hu and Kieweg modified the 2-D free surface gravity driven model and
incorporated surface tension (48). They concluded that surface tension does not affect the
spreading speed but, fingering instabilities due to surface tension may cause ineffective
or partial coating of the surface (48). Szeri et al. incorporated the combined effects of
gravity and elastic forces from the vaginal walls to a 2-D channel flow (28). They
considered a Carreau-like fluid model to account for the shear-thinning behavior but
quantitative results were obtained primarily for a Newtonian fluid. They found a
dimensionless number to characterize the relative effects of gravity and squeezing (28).
Previously developed mathematical models by Kheyfets and Kieweg (47), Hu and
Kieweg (48), Kieweg et al. (46) and Kieweg and Katz (19) have focused on free surface
flows and squeezing flows separately which are not realistic. A gravity-driven flow of a
Carreau-like fluid with an linear elastic boundary was investigated by Szeri et al. (28).
However, a systematic analysis of sensitivity of coating behavior to changes in nonNewtonian fluid properties for different elasticities combined with gravity has not been
presented before. A parametric and sensitivity analysis of non-Newtonian gel parameters
for a wide range of values for tissue elasticity has been incorporated in this thesis. In
addition, a non-linear elastic model has been introduced in this work. This study
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addresses the limitations of previously developed models in designing an optimal drug
delivery vehicle.

1.6

Research objectives
The primary objective of this study is to examine the combined effect of vaginal

tissue elasticity and gravity on the flow of a microbicidal gel. It is expected to see that the
combined effect of gravity and tissue elastic forces will greatly affect the coating of a
microbicidal gel. In addition, variations in tissue elasticity could greatly affect the gel
coating.
The following research question are addressed in this work:
•

Are gravitational and elastic forces comparable during spreading?

•

How does gel behavior change with variability in tissue elasticity?

•

Are shear-thinning index and consistency significant in the gel coating under the
influence of gravitational and elastic forces?

•

Do we need to incorporate better constitutive relation (Ellis model) for the gel?

•

How does gel coating behavior change with non-linear tissue elasticity?

•

Do we need to incorporate viscoelasticity of the tissue?
The overall objective of our lab group is to optimize the rheological properties

and structure of a polymeric drug delivery vehicle, to ensure its efficacy on vaginal
epithelium under the influence of forces like gravity, tissue compliance, shearing forces
19

etc. Ultimately, this model will be used to estimate target gel properties for use in groups
of women with a specific measured tissue elasticity.

1.7

Guide to thesis document

Chapter 2: Governing equations and numerical methods
This chapter introduces the following mathematical models for the flow of a
delivery vehicle:
•

Flow of a power-law fluid with linear elastic boundary condition,

•

Flow of an Ellis fluid with linear elastic boundary condition,

•

Flow of a power-law fluid with non-linear elastic boundary condition,

•

Flow of a power-law fluid with linear viscoelastic elastic boundary condition.
An evolution equation for the height of the fluid is derived from the conservation

of momentum equation. A detailed description of the numerical method to solve the
evolution equation is presented. In addition, a convergence study for spatial discretization
is presented for power-law fluid with linear elastic boundary condition.
Chapter 3: Results and discussion: Parametric study
This chapter presents the results of parametric study of the models introduced in
chapter 2. The goal of this chapter is to investigate the effect and relative importance of
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rheological parameters on spreading length under the influence of gravitational and
elastic forces.
Chapter 4: Results and discussion: Sensitivity analysis
This chapter presents the results of the sensitivity analysis of rheological
properties. The goal of this chapter is to determine the sensitivity of spreading length for
a percent change in rheological parameters for different spreading times and tissue
elasticities.
Chapter 5: Conclusions and future direction
This chapter presents the overall conclusions of the study and the limitations of
the current model. A set of optimal targets for the rheological properties estimates based
on the parametric study are shown. This chapter provides a direction for future work in
the field of microbicide delivery vehicle mathematical models.
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Chapter 2
Governing Equations and Numerical Methods

This chapter presents a 2D mathematical model for flow of a microbicidal gel
between anterior and posterior walls of the human vagina. Since the vagina is a collapsed
tube, the width is not axi-symmetric, thus a 2D geometry has been chosen. The objective
of this model is to examine the combined effect of gravitational force and tissue
compliance on the overall coating of gels. An experimental setup for this flow problem is
difficult, thus a numerical model was chosen to simulate the flow. Computational
simulations have the advantage of being inexpensive and user-friendly. In addition, the
experimental parameters can be varied conveniently.
An evolution equation for the height, h, of a finite bolus was derived as a function
of spatial variable, x, and time, t, from the equations of motion. Appropriate boundary
conditions and constitutive equations were used in each case. For all of the simulations
the initial geometry of bolus is a parabola (see Figure 2.1) of length, L = 3.5 cm and
height, H = 0.4 cm, such that the volume of the gel inserted 1.86 ml per unit width. The
geometry of bolus is assumed to be symmetric about the vertical axis and the flow
direction is along the vertical axis. It is assumed that the bolus remains symmetric at all
times and hence the shear stress at the center is zero. Another advantage of a symmetric
geometry is that the flow problem can be modeled of over half domain. The flow of the
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bolus for different angles of inclination has not been addressed in this study, which is a
limitation of this model.

2.1

Evolution equation for power-law model with linear elastic

boundary
In this section, the evolution equation of a power-law model with a linear elastic
boundary condition is derived. The derivation steps are as following:
2.1.1

Conservation of linear momentum

Applying conservation of linear momentum for the finite bolus,
𝑑𝒖
1
𝛻 ∙ 𝝉�
+ (𝒖 ∙ 𝛻)𝒖 = − 𝛻 ∙ 𝑝 +
+ 𝒈
𝑑𝑡
𝜌
𝜌

(2.1)

where, u is the velocity vector, p is the pressure, 𝜌 is the density of the fluid, g is the

gravitational vector and 𝝉� is the stress tensor.
2.1.2

Lubrication approximation
Lubrication approximation is a commonly used approximation in the theory of

thin films. It assumes that the viscous terms dominate the flow when the characteristic
length of the thin film is very large compared the characteristic height of the fluid film.
Using the thin film lubrication approximation, the inertial terms can be neglected (49),
when the equations (2.2) and (2.3) are satisfied.
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𝐻≪𝐿

𝜌𝑢𝐿 𝐻 2
�
�� � ≪ 1
𝜇
𝐿

(2.2)
(2.3)

where, H is the characteristic height, L is the characteristic length, 𝜇 is the viscosity of the
fluid and 𝜌 is the density.

g
Linear elastic boundary:

z

ℎ
𝑝 = 𝐸 � � 𝑎𝑡 𝑧 = ℎ(𝑥, 𝑡)
𝑇

x
Elastic
tissue

h(x,t)

Non-linear elastic boundary:
ℎ
ℎ
𝑝 = 𝐸0 𝑒 𝜆�𝑇� � � 𝑎𝑡 𝑧 = ℎ(𝑥, 𝑡)
𝑇

Figure 2.1 Sketch showing the initial shape of the bolus.
Initial shape of the bolus is a parabola of height, H=0.4 cm, length L=3.5cm
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The highest ratio of H/L in all of the simulations is 0.114. These flows usually
have a Reynolds number of the order 10-2 to 10-4 (21). Therefore, lubrication theory is
applicable to this flow model. Thus, the momentum equation (2.1) reduces to,

0=−

𝛻∙𝕋
1
𝛻∙𝑝 +
+ 𝒈
𝜌
𝜌

(2.4)

𝜕𝑝 𝜕𝜏𝑧𝑥
+
+ 𝜌𝑔𝑥
𝜕𝑧
𝜕𝑥

(2.5)

The equation in x and z directions are given by
x – direction:

0=−
z – direction:

0=−
2.1.3

Boundary conditions

(a)

Pressure boundary condition

𝜕𝑝
𝜕𝑧

(2.6)

The tissue elasticity is incorporated in the pressure term of the model. The
pressure exerted by the tissue is directly proportional to the strain or deformation in the
tissue assuming a linear elastic behavior. The tissue elasticity, E is the constant of
proportionality (described in Chapter 1).

𝑝=𝐸∙

ℎ(𝑥, 𝑡)
𝑇
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at 𝑧 = ℎ(𝑥, 𝑡)

(2.7)

where E is the elasticity of the tissue, T is the tissue thickness and h(x,t) is the height of
the bolus at the tissue interface.
(b)

Symmetric (zero shear stress) boundary condition
It is assumed that the bolus is symmetric at all times and there is no exchange of

fluid mass across the vertical axis. Using this assumption, the shear stress at the center is
specified with the following boundary condition,
𝜏𝑧𝑥 = 0 at 𝑧 = 0

(2.8)

Since the geometry of the bolus is symmetric, the momentum equations are solved over
the half domain.
(c)

No slip boundary condition

A no slip boundary condition is introduced at the vaginal walls as:
𝑢 = 0 at 𝑧 = ℎ

(2.9)

Upon integration of the momentum equation in z-direction (2.6), an expression for
pressure is obtained as, 𝑝 = 𝑓(𝑥, 𝑡) + 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.
Substitution of the pressure boundary condition equation (2.7) in the above expression
yields, 𝑝 =

𝐸∙ℎ
𝑇

+ 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡.

Substituting this expression for p into the x-direction momentum equation (2.5), gives:
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0=−

𝐸 𝜕ℎ 𝜕𝜏𝑧𝑥
+
+ 𝜌𝑔𝑥
𝑇 𝜕𝑥
𝜕𝑧

(2.10)

Integrating equation (2.10) with respect to z, and using the symmetric boundary condition
(2.8), an expression for shear stress is obtained:

𝜏𝑧𝑥 (𝑥, 𝑧, 𝑡) = �
2.1.4

Power-law constitutive model

𝐸 𝜕ℎ
− 𝜌𝑔𝑥 � 𝑧
𝑇 𝜕𝑥

(2.11)

The constitutive equation for a 1-D power-law fluid was discussed in Chapter 1,
and is given by

𝜏𝑧𝑥

𝜕𝑢 𝑛
= 𝑚� �
𝜕𝑧

(2.12)

where, m is the consistency and n is the shear-thinning index. To handle the absolute
value terms we write the expression in the form(50),

𝜏𝑧𝑥

𝜕𝑢 𝜕𝑢 𝑛−1
=𝑚
� �
𝜕𝑧 𝜕𝑧

(2.13)

This avoids the complex form of the expression when the shear rate is negative.
Substituting the constitutive equation (2.13) into equation (2.11), and integrating with
respect to z, an expression for velocity is obtained:
1

1

−1
𝑛
|𝑧|1+𝑛
1 𝐸 𝜕ℎ
1 𝐸 𝜕ℎ
𝑢(𝑥, 𝑧, 𝑡) =
− 𝜌𝑔𝑥 � � �
− 𝜌𝑔𝑥 ��
�
�
� + 𝐶1
1
𝑚 𝑇 𝜕𝑥
𝑚 𝑇 𝜕𝑥
1+
𝑛
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(2.14)

Using the no-slip boundary condition (2.9), the constant of integration is found as:
1

1

−1
𝑛
|ℎ|1+𝑛
1 𝐸 𝜕ℎ
1 𝐸 𝜕ℎ
− 𝜌𝑔𝑥 � � �
− 𝜌𝑔𝑥 ��
𝐶1 = − �
�
�
1
𝑚 𝑇 𝜕𝑥
𝑚 𝑇 𝜕𝑥
1+
𝑛

(2.15)

Hence the expression for velocity u(x,z,t) is given by:

1

1

1

−1
𝑛
|𝑧|1+𝑛 |ℎ|1+𝑛
1 𝐸 𝜕ℎ
1 𝐸 𝜕ℎ
𝑢=
−
𝜌𝑔
�
−
𝜌𝑔
−
�
�
�
�
𝑥�
𝑥 ��
1
1
𝑚 𝑇 𝜕𝑥
𝑚 𝑇 𝜕𝑥
1+
1+
𝑛
𝑛

(2.16)

Using this expression for velocity, the flow rate per unit width is given by,
ℎ(𝑥,𝑡)

𝑞(𝑥, 𝑡) = �

0

(2.17)

𝑢(𝑥, 𝑧, 𝑡) ∙ 𝑑𝑧

1

1

−1
1
𝑛
−𝑛 𝑚−𝑛
𝐸 𝜕ℎ
𝐸 𝜕ℎ
− 𝜌𝑔𝑥 � ��
− 𝜌𝑔𝑥 ��
ℎ2+𝑛 �
𝑞(𝑥, 𝑡) =
��
(2𝑛 + 1) 𝑇 𝜕𝑥
𝑇 𝜕𝑥

2.1.5

(2.18)

Evolution equation using law of conservation of mass
The conservation of mass was written as:
𝜕ℎ(𝑥, 𝑡) 𝜕𝑞(𝑥, 𝑡)
+
=0
𝜕𝑥
𝜕𝑡

(2.19)

to obtain a nonlinear partial differential equation, that governs the evolution of the free
surface h(x,t):
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1

1

−1
1
𝑛
𝜕ℎ(𝑥, 𝑡)
𝐸 𝜕ℎ
𝐸 𝜕ℎ
𝑛 𝑚− 𝑛 𝜕
−
− 𝜌𝑔𝑥 � ��
− 𝜌𝑔𝑥 ��
ℎ2+𝑛 � = 0
��
𝜕𝑡
(2𝑛 + 1) 𝜕𝑥 𝑇 𝜕𝑥
𝑇 𝜕𝑥

(2.20)

Thus, this is the “evolution equation” of a power-law model with a linear elastic
boundary condition. In the further sections of this chapter, a numerical method is
described to solve this equation. For the power-law model with linear elastic boundary
condition, we chose the range of values for elasticity, E = 0.05 - 100 kPa. The range of
values for consistency, m = 100 - 600 Psecn-1 and shear- thinning index, n = 0.5 - 1.0.
These range of values for non-Newtonian gel parameters were chosen based on
rheological data obtained for hydroxyethyl cellulose (HEC) gels synthesized by our lab
group. In total 396 simulations/cases were run for the power-law fluid model with linear
elastic boundary condition.

2.2

Evolution equation for Ellis model with linear elastic boundary

condition
The initial steps involved in the derivation for an Ellis model are same as sections
2.1.1, 2.1.2 and 2.1.3. Hence, this derivation directly begins from the constitutive
equation for the fluid.
2.2.1

Ellis fluid constitutive model
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The 1D constitutive equation for Ellis model was described in Chapter 1, and is
given by,
𝜂𝑎𝑝𝑝 =

𝜂0

(2.21)

𝜏 𝛼−1
�1 + � 𝑧𝑥 � �
𝜏1/2

where 𝜂0 is the zero shear stress viscosity and 𝜏1/2 is the value of shear stress for which
the viscosity has been reduced by a factor of one-half. 𝛼 controls the shear-thinning
behavior of the model.

The expression for shear stress is,

𝜏𝑧𝑥 = 𝜂𝑎𝑝𝑝

𝜕𝑢
𝜕𝑧

(2.22)

An expression for velocity is obtained by substituting the constitutive model into
the expression (2.11) for shear stress 𝜏𝑧𝑥 (𝑥, 𝑧, 𝑡) derived in the previous section and

integrating with respect to z. The constant of integration is determined using the no-slip
boundary condition (2.9)
𝛼−1
𝐸 𝜕ℎ
1 ⎛ 𝐸 𝜕ℎ
𝑧 2 − ℎ2
𝑧 𝛼+1 − ℎ𝛼+1 �𝑇 𝜕𝑥 − 𝜌𝑔𝑥 �
⎞
𝑢=
−
𝜌𝑔
+
�
�
�
�
𝑥
⎟
𝜂0 ⎜ 𝑇 𝜕𝑥
2
𝛼+1
𝜏1/2

⎝

⎠

(2.23)

Using the expression for velocity, the flow rate per unit width is obtained using the steps
described in section 2.1.4 using equation (2.17)
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𝛼−1
𝐸 𝜕ℎ
�
− 𝜌𝑔𝑥 �
ℎ
−1 ⎛ 𝐸 𝜕ℎ
ℎ
⎞
𝑇 𝜕𝑥
𝑞(𝑥, 𝑡) =
−
𝜌𝑔
�
�
+
�
�
�
�
𝑥
⎟
(𝛼 + 2)
𝜂0 ⎜ 𝑇 𝜕𝑥
3
𝜏1/2
3

2.2.2

𝛼+2

⎝

⎠

Evolution equation from law of conservation of mass

(2.24)

The evolution equation for h(x,t) of an Ellis fluid model with linear elastic
boundary condition is obtained by following the steps described in section 2.1.5:
𝛼−1
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ℎ
ℎ
𝜕ℎ 1 𝜕 ⎛ 𝐸 𝜕ℎ
⎞
−
− 𝜌𝑔𝑥 � +
� 𝑇 𝜕𝑥
� ⎟=0
�
⎜
𝜕𝑡 𝜂0 𝜕𝑥 𝑇 𝜕𝑥
3 (𝛼 + 2)
𝜏1/2
3

𝛼+2

⎝
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(2.25)

The range of values for the rheological parameters were taken as zero shear stress
viscosity, 𝜂0 = 944.1 - 3120 P, shear-thinning number, 𝛼 = 1.0 - 2.1 and shear stress at

half value of viscosity 𝜏1/2 = 141.7 - 170.4 dynes/cm2. These were the range of values for
Ellis model parameters obtained from data fit of 2.4 - 3.0% HEC gels by our lab group.

The range of elasticities considered for this model were elasticity, E = 0.1 - 50 kPa. In
total 432 simulations/cases were run for the Ellis fluid model with linear elastic boundary
condition.

2.3

Evolution equation for power-law model with non-linear elastic

boundary condition
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The initial steps for the derivation of the evolution equation are same as in
sections 2.1.1 and 2.1.2 but the boundary conditions for this model are modified to
account for the non-linear stress-strain relationship.
2.3.1

Boundary conditions
Vaginal tissue exhibits a non-linear behavior and a linear function cannot

approximate this very well. There is experimental evidence showing that the tissue may
exhibit exponential behavior (29, 34-35). The non-linear elasticity is incorporated as an
exponential function of the deformation, h in the pressure term such that the pressure, p is
an exponential function of strain (𝜀 = ℎ/𝑇) of the tissue. Although, this model does not

represent the actual non-linear elasticity of vaginal tissue, we expect to see an exponential
form of non-linearity for the tissue.
𝑝 = 𝐸𝑜 ∙ 𝑒 𝜆𝜀 𝜀 at 𝑧 = ℎ(𝑥, 𝑡)

(2.26)

The elasticity of the tissue is given by:

𝐸(𝜀) =

𝑑𝑝
= 𝐸𝑜 𝑒 𝜆𝜀 (1 + 𝜆𝜀)
𝑑𝜀

(2.27)

where 𝐸0 and 𝜆 are model parameters for non-linear elastic model which need to be

determined experimentally, strain 𝜀 = ℎ/𝑇, T is the tissue thickness and h(x,t) is the
height of the bolus at the tissue interface (the deformation in the tissue).

Since there is no experimental data available for vaginal tissue under
compression, two set of values were chosen for elasticity parameters, based on the
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operating pressure ranges for vaginal tissue using a vaginal probe which ranges from 120 kPa (38). For the 1st case, Eo = 0.994 kPa and λ = 8.66 such that, the pressure is p = 2.5
kPa when the deformation in the tissue is h(x,t) = 0.4 cm (see Figure 2.2) and the tissue
elasticity, E =1 kPa when the deformation in the tissue is h(x,t) = 0.001 cm. In the 2nd
case, Eo = 9.96 kPa and λ = 6.05 such that, the pressure is p = 13.3 kPa when the
deformation in the tissue h(x,t) = 0.4 cm (see Figure 2.2) and the elasticity of the tissue E
= 10 kPa when the deformation in the tissue, h(x,t) = 0.001 cm.

Pressure (normal stress) kPa

14

Eo=0.994 kPa, λ=8.66

12

Eo=9.96kPa, λ=6.05

10
8
6
4
2
0
0

0.05

0.1

0.15

0.2

0.25

0.3

Strain ε=(h/T)
Figure 2.2 Plot showing how the parameters for non-linear elastic model were chosen
based on stress-strain relationship.
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The use of symmetric boundary condition (2.8) and no-slip boundary condition
(2.9) are similar to section 2.1.3
Substituting the expression for p in the z-direction momentum equation (2.6),
integrating with respect to z, and using the symmetric boundary condition (2.8), an
expression for shear stress is obtained:
ℎ

𝐸0 𝑒 𝜆∙𝑇
𝜆ℎ 𝜕ℎ
𝜏𝑧𝑥 (𝑥, 𝑧, 𝑡) = �
− 𝜌𝑔𝑥 � 𝑧
�1 + �
𝑇
𝑇 𝜕𝑥

(2.28)

Using power-law constitutive model and integrating the shear stress with respect
to z, an expression for velocity is obtained. The constant of integration was determined
by the no-slip boundary condition (2.9).

𝑢=

1
−𝑛

𝑛𝑚
�
(𝑛 + 1)

ℎ
𝐸0 𝑒 𝜆∙𝑇

𝑇

�1 +
1

− |ℎ|1+𝑛 �

ℎ
𝐸0 𝑒 𝜆∙𝑇

𝜆ℎ 𝜕ℎ
− 𝜌𝑔𝑥 � ��
�
𝑇 𝜕𝑥

𝑇

�1 +

𝜆ℎ 𝜕ℎ
− 𝜌𝑔𝑥 ��
�
𝑇 𝜕𝑥

1
−1
𝑛

1

�|𝑧|1+𝑛
(2.29)

The flow rate per unit width is obtained by the same method as in section 2.1.4, equation
(2.17) to find:
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𝑇 𝜕𝑥
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𝑚
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2.3.2

𝑇
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𝜆ℎ 𝜕ℎ
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�
𝑇 𝜕𝑥

1
−1
𝑛

1

�ℎ2+𝑛 �

(2.30)

Evolution equation from law of conservation of mass
The evolution equation for h(x,t) of a power-law fluid model with non-linear

elastic boundary condition was obtained by following the steps described in section 2.1.5:

1

ℎ

𝑛 𝑚− 𝑛 𝜕 ⎛ 𝐸0 𝑒 𝜆∙𝑇
𝜆ℎ 𝜕ℎ
𝜕ℎ(𝑥, 𝑡)
−
�
�1 + �
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(2𝑛 + 1) 𝜕𝑥
𝑇 𝜕𝑥
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𝑇
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𝑇
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�
𝑇 𝜕𝑥

1
−1
𝑛

1⎞
ℎ2+𝑛 ⎟ = 0

⎠

(2.31)

The range of power-law parameters were taken same as the linear elastic
boundary condition. In total 72 simulations/cases were run for the power fluid model with
non-linear elastic boundary condition. Upon Substituting 𝜆 = 0 in the equation 2.31, it

reduces to the evolution equation of linear elastic boundary condition. The numerical
code for non-linear elastic boundary condition was also validated for 𝜆 = 0 which gave
the same solution for the corresponding linear elastic boundary condition numerical
solution

35

2.4

Evolution equation for power-law model with linear viscoelastic

boundary condition
The derivation for the power-law fluid with linear viscoelastic boundary condition
is presented in this section. This is an initial attempt to incorporate tissue viscoelasticity
in the existing drug delivery model. A numerical solution to this model is out of scope of
this thesis.
2.4.1

Viscoelastic boundary condition
Viscoelasticity is the true tissue behavior and difficult to model. The viscoelasticy

of the tissue is introduced as a pressure term such that the pressure acting on the fluid is
equal to the viscoelastic stress in the tissue. Here the Voigt model was used to describe
the linear viscoelastic nature of the tissue model.
Although this model does not represent the actual viscoelasticity of vaginal tissue,
this is an initial approximation in an attempt to incorporate viscoelasticity into the current
model as a fluid pressure term. A standard linear model consisting of both Maxwell and
Voigt models would be a better representation of the tissue, but the stress term cannot be
expressed explicitly in terms of strain and strain rate, hence it cannot be incorporated as
fluid pressure.
The viscoelastic stress acting on the tissue for a Voigt model is given by (see
Figure 2.3):
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𝑝=

𝐸 ∙ ℎ 𝜂 𝜕ℎ
+
𝑇
𝑇 𝜕𝑡

𝑎𝑡 𝑧 = ℎ(𝑥, 𝑡)

(2.32)

where, E is the elastic parameter, 𝜂 is the viscous parameter of the tissue, T is the tissue

thickness and h(x,t) is the height of the bolus at the tissue interface. The elastic and
viscous parameters need to be determined experimentally.

E

𝜂

Figure 2.3 Sketch of aVoigt viscoelastic model
The classical viscoelastic Kelvin voigt model consists of a spring and a dashpot connected in
parallel. (modified from Biomechanics: Material properties of living tissues by Y.C. Fung)

The above boundary condition is substituted into the z-direction momentum
equation (2.6) to get an expression for pressure. This expression for pressure when
substituted in x-direction momentum equation (2.5), gives a relation for shear stress:
𝐸 𝜕ℎ 𝜂 𝜕 2 ℎ
𝜏𝑧𝑥 (𝑥, 𝑧, 𝑡) = �
+
− 𝜌𝑔𝑥 � 𝑧
𝑇 𝜕𝑥 𝑇 𝜕𝑥𝜕𝑡
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(2.33)

Using the power-law constitutive model, in the expression for shear stress (2.32)
and integrating with respect to z an expression for velocity is obtained. The constant of
integration is determined using no-slip boundary condition (2.9). The velocity is given
by:
1

𝑛
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The flow rate per unit width is obtained using equation (2.17):
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(2.35)

Evolution equation applying law of conservation of mass
The evolution equation is obtained by following the steps described in section

2.1.5:
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Numerical methods and solution
An implicit finite difference scheme was used to solve the evolution equation for

h(x,t) obtained in the previous sections 2.1, 2.2, 2.3. The numerical scheme is
implemented on a C code used previously by Dr. Kieweg for a free surface gravity-driven
flow model. This work incorporated tissue elasticity in the pressure acting on the fluid as
an extra term in the existing code. Numerical solution to the viscoelastic model is not
presented in this study. All the numerical simulations were performed on the ITTC
computing cluster, University of Kansas.

2.5.1

Discretization
Based on Taylor’s polynomial expansion, a central difference scheme was used to

discretize the evolution equation (2.19), to obtain the equation of the form:

′
ℎ𝑖𝑛 +1

−
Δ𝑡

′
ℎ𝑖𝑛

= −

39

′

′

𝑞 𝑛 1+1 − 𝑞 𝑛 1+1
𝑖+2

Δ𝑥

𝑖−2

(2.37)

where, i, represents the spatial position and 𝑛′ is current time point, Δ𝑡 is the time step
and Δ𝑥 is the spatial step size. The order of error of this scheme is (Δx)2.

For the power-law model with linear elastic boundary, the discretization terms are
given by:

′
𝑞 𝑛 1+1
𝑖+2

1

′

− 𝜌 𝑔� ��
′
𝑞 𝑛 1+1
𝑖−2

′

𝑛 +1
−𝑛𝑚− 𝑛 𝐸 ℎ𝑖+1
− ℎ𝑖𝑛 +1
=
�
(2𝑛 + 1) 𝑇
Δ𝑥

1

𝑛′+1
𝐸 ℎ𝑖+1

𝑇

′

−
Δ𝑥

′
ℎ𝑖𝑛 +1

1
−1
𝑛

− 𝜌 𝑔 ��

�

𝑛′ +1
ℎ𝑖+1

+
2

′
ℎ𝑖𝑛 +1

�

1
2+𝑛

(2.38)

′

𝑛 +1
−𝑛𝑚− 𝑛 𝐸 ℎ𝑖𝑛 +1 − ℎ𝑖−1
=
�
(2𝑛 + 1) 𝑇
Δ𝑥
′

1

′

𝑛
𝑛 +1
𝐸 ℎ𝑖𝑛 +1 − ℎ𝑖−1
− 𝜌 𝑔� ��
− 𝜌 𝑔��
𝑇
Δ𝑥

−1

′

′

𝑛 +1
ℎ𝑖𝑛 +1 + ℎ𝑖−1
�
�
2

1
2+𝑛

(2.39)

For the Ellis fluid model with linear elastic boundary, the discretization terms are
given by:
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For the power-law model with non-linear elastic boundary, the discretization
terms are given by:
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The non-linear system of equations were solved using Newton’s search method.
The number of maximum allowable iterations for Newton’s search method to converge
was 10 iterations. The convergence criteria was monitored by the reduction of the error to
a specific value (in this case the maximum allowable error was 10-13). A time adaptive
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scheme was used with an initial time step value of Δt = 0.001 sec. The time adaptive
scheme reduces the time step to a factor of 0.8 if the error of the Newton’s method does
not reduce to the maximum allowable error. The total error tolerance for the simulation
was 10-8 throughout the study.

2.6 Convergence study
A convergence study was performed for the spatial discretization, to verify that
the mesh size chosen for this study was small enough to obtain a converged solution. The
convergence study was performed only for the linear elastic model. with two different
elasticities E = 10 kPa and E = 100 kPa. The consistency, m, and shear-thinning index, n,
were kept constant. Figure 2.4 and Figure 2.5 show how the spreading characteristics
were affected by the mesh size.
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Figure 2.4 Convergence study of spatial discretization for tissue elasticity, E = 10 kPa,
consistency, m = 400 Psecn-1 and shear-thinning index, n = 0.8.
Plot illustrates the effect of mesh size, comparing Δx = 0.05, 0.025, 0.01, 0.005 and 0.0025
cm. The step size of Δx = 0.01 cm gave a converged solution
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Figure 2.5 Convergence study of spatial discretization for tissue elasticity, E = 100 kPa,
consistency, m = 400 Psecn-1 and shear-thinning index, n = 0.8.
Plot illustrates the effect of mesh size, comparing Δx =0.05, 0.025, 0.01, 0.005 and 0.0025
cm. The step size of Δx = 0.01 cm gave a converged solution

The results obtained from the convergence study showed that Δx = 0.01 cm was
sufficiently refined mesh size to obtain a converged solution. Further refinement would
largely increase the computational time with no significant improvement in the results.
Hence step size of Δx = 0.01 cm was chosen for all our computations.
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Chapter 3
Results and Discussion: Parametric Study

This chapter presents the results of the parametric study for (a) the power-law
fluid model with a linear elastic boundary condition, (b) the Ellis fluid model with linear
elasticity boundary condition and (c) the power-law fluid with non-linear elastic
boundary condition. The parametric study explores the relative influence of tissue
elasticity & gravity and the effect of rheological properties on gel spreading. These
results are needed four our long term goal of design of a vaginal drug delivery vehicle.
For all of the simulations, the fluid density, ρ, was taken as 1 g/cm3. The tissue thickness,
T (see Figure 1.4), was assumed to be 1.5 cm. The total computational time was 100
seconds. The length of the computational domain was taken as 20 cm and the maximum
allowable spreading length was 15 cm. The bolus was positioned such that, the gel does
not exceed the computational domain in each case.

3.1

Parametric study for power-law fluid model with linear elastic

boundary condition
A parametric study for a linear elastic tissue model with a power-law fluid was
performed. Since the vaginal tissue elasticity is unknown and thought to be highly
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variable (summarized in chapter 1 and 2), a large range of values for tissue elasticitiy
were chosen between E = 0.05 to 100 kPa. For the gel rheological properties, the
consistency ranged from m = 100 to 600 Psecn-1 and the shear-thinning index ranged from
n = 0.5 to 1.0.
3.1.1

Effect of elastic and gravitational forces
To illustrate the effect of elastic and gravitational forces, the flow profiles of gel

for a range of elasticities has been presented (see Figure 3.1). The plots show the flow
profiles at intervals of 10 seconds, starting from the initial state at t = 0.001 seconds to t =
50 seconds. In all of these cases, the gravitational force is constant and the tissue
elasticity was varied. The shear-thinning index and consistency were taken as n = 0.7 and
m = 500 Psecn-1 respectively.
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Downward
direction of flow

t = 0.001 sec

t = 0.001 sec

t = 50 sec
t = 50 sec

Figure 3.1(a) Spreading

Figure 3.1(b) Spreading

profile for E = 1 kPa

profile for E = 10 kPa
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t = 0.001 sec

t = 0.001 sec

t = 50 sec
t = 50 sec

Figure 3.1(c) Spreading

Figure 3.1(d) Spreading

profile for E = 20 kPa

profile for E = 50 kPa

Figure 3.1 Flow profiles of power-law fluid with different elasticities (linear elasticity),
illustrating the effect of tissue elasticity, E on coating of the gel.
Plots comparing the flow profiles of E = 1 kPa, E = 10 kPa, E = 20 kPa and E = 50 kPa for 50
seconds of flow time at intervals of 10 seconds. The shear-thinning index and consistency
were n = 0.7 and m = 500 Psecn-1 respectively. The bolus is positioned such that it does not
exceed the computational domain during spreading in each case.

In the above Figure 3.1(a), the tissue elasticity was low (E = 1 kPa) and the flow
profile is in the downward direction. As the tissue elasticity increased in Figures 3.1(b),
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(c) and (d), an upward flow was observed. In Figure 3.1(d) when the tissue elasticity was
as high as E = 50 kPa, the amount of spreading in the upward direction was nearly equal
to the spreading in downward direction. An increase in the spreading rates was also
observed as the elasticity increased. From the above observations it can be concluded that
a higher elasticity results in faster spreading rates. When the elasticity was high, an
upward flow was observed indicating that the squeezing forces due to the tissue elasticity
are significantly large compared to gravitational force. As the tissue elasticity increased,
the relative effect of gravity decreased.
This result is important to the overall objective of this study by indicating the
relative importance of the forces acting on the drug delivery vehicle. This result can be
important in choosing the application spot for women with different elasticities. For a
woman with higher tissue elasticity the gel may be applied near the fornix. Conversely,
for a woman with low tissue elasticity, the gel might have to be applied closer to the
cervix.
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Figure 3.2 Plot illustrates the gel coating behavior for different tissue elasticities.
Plot shows a decrease in spreading length, L for increase in tissue elasticity, E at low tissue
elasticity.

An interesting behavior of spreading length was observed for very low tissue
elasticity. The spreading length decreased with increase in elasticity (see Figure 3.2).
When the elasticity is low, the gravitational force is dominant and there is no upward
flow. In addition, tissue elasticity tends to hold the gel intact whereas the gravity pulls the
gel down. When the tissue elasticity exceeds a threshold value, beyond which the
spreading length increases with increase in elasticity, an upward flow is observed,
indicating the dominance of elasticity which squeezes the gel in both upward and
downward directions.
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3.1.2

Effect of shear-thinning index n
Shear-thinning index is an important rheological property in the design of a

delivery vehicle. In order to investigate the effect of shear-thinning index a parametric
study was performed with n varying from 0.5 to 1.0. In this section, a comparison of the
effect of shear-thinning index n for two different tissue elasticities (E = 1 kPa and E =
50kPa) and gel consistency values (100 Psecn-1 and 400 Psecn-1) has been presented (see
Table 1). Figures 3.3, 3.4 and 3.5 present plots of spreading length versus spreading time
for different values of shear-thinning index, n.

Table 1 List of cases shown to illustrate the effect of shear-thinning index, n of the powerlaw model with linear elastic boundary condition.

Elasticity, E

Consistency, m

Shear-thinning

kPa

Psecn-1

index, n

Case 1

1

100

0.5-1.0

Figure 3.3

Case 2

1

400

0.5-1.0

Figure 3.4

Case 3

50

400

05-1.0

Figure 3.5

Case

Figure number
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Figure 3.3 Effect of shear-thinning index, n on spreading length, L for low tissue
elasticity, E = 1 kPa and low gel consistency, m = 100 Psecn-1.
Spreading length, L vs. spreading time, t for different values of shear-thinning index, n. A
lower value of n indicates greater shear-thinning behavior, n = 1.0 for a Newtonian fluid.
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Figure 3.4 Effect of shear-thinning index, n on spreading length, L for low tissue
elasticity, E = 1 kPa and high gel consistency, m = 400 Psecn-1.
Spreading length, L vs. spreading time, t for different values of shear-thinning index, n. A
lower value of n indicates greater shear-thinning behavior, n = 1.0 for a Newtonian fluid.

54

Figure 3.5 Effect of shear-thinning index, n, on spreading length, L for high elasticity, E
= 50 kPa and high consistency, m = 400 Psecn-1.
Spreading length, L vs. spreading time, t for different values of shear-thinning index, n. A
lower value of n indicates greater shear-thinning behavior, n = 1.0 for a Newtonian fluid.

Figures 3.3, 3.4 and 3.5 compared the effect of shear-thinning index for different
cases of tissue elasticity, E, and gel consistency, m. The spreading lengths for different
values of shear-thinning index n are closely packed (Figure 3.3) indicating that shearthinning index had little impact in the coating of the gel for the time duration of this
study. The plot for E = 50 kPa and m = 100 Psecn-1 has not been illustrated here because
from the cases shown above, the effect of change in elasticity and change in consistency
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can be determined. A synergistic change only adds up the individual effect and hence
self-explanatory.
For all the cases a more shear-thinning fluid (lower n) flowed faster during initial
spreading whereas at longer times a more Newtonian fluid flowed faster (n→1).
Comparing Figures 3.3 and 3.4, it was observed that, a more shear-thinning fluid spreads
faster for a very short period of time for higher consistency. In Figure 3.4, it was
observed that for a higher elasticity the shift where Newtonian fluid flows faster occurs at
a longer time.
From these observations, it is inferred that a more shear-thinning fluid flows
faster during initial spreading, while the Newtonian fluid flows faster at longer times.
This shift greatly depends on the consistency and elasticity of the tissue. A fluid with
lower consistency has this shift at a later time point and for a fluid with higher
consistency at a shorter time. Higher the elasticity the shift is at a later point of time.
The shear-thinning index does not affect the spreading length for shorter
spreading times (simulation time in this thesis is small compared to actual application
time of microbicidal gel) except when the tissue elasticity is low and the consistency is
high. However, there is a shift in trend from a shear-thinning fluid flowing faster to a
Newtonian fluid flowing faster which is diverging. Thus, the shear-thinning index may
play a vital role for longer times. This is an important result for the design of a delivery
vehicle. Especially, the shift in the trend must be considered which is highly dependent
on consistency and elasticity of the tissue. This can significantly influence the coating for
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long application times. The optimal target values for shear-thinning index for a delivery
vehicle should be chosen by keeping this result in mind.
3.1.3

Effect of consistency, m
To illustrate the effect of consistency a range of parameters for m were chosen

between m = 100 to 600 Psecn-1. The trend for consistency is similar for all elasticities
and shear-thinning indices (although impact may be more), hence only one plot showing
spreading length versus spreading time has been presented for tissue elasticity, E = 1kPa
and shear-thinning index, n = 0.5.
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Figure 3.6 Effect of gel consistency, m on spreading length, L for tissue elasticity, E =
1kpa and shear-thinning index, n = 0.5.
Spreading length, L vs. spreading time, t for different values of consistency, m.

As the consistency of the fluid increased the spreading rate decreased (see figure
3.5). This effect of consistency does not change with spreading time unlike shearthinning index. At any point of time, a fluid with lower consistency flows faster. The
lines showing spreading lengths for different consistencies are widely spaced indicating
that consistency has greater impact on the flow than shear-thinning index. However at
longer times the slope of spreading length is decreasing and hence the impact at longer
times may not be significant compared to initial spreading. Based on this result an
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appropriate value of consistency, m can be determined for a potential delivery vehicle
depending on application time and tissue elasticity.
An interesting point to be noted is that for a fluid with high value of consistency,
the spreading length increases only after a few seconds and the fluid does not flow during
that time (negligible change in spreading length) (see Figure 3.6) . This is because there
is a change in the shape of the bolus of at this time without increase in spreading length
(see Figure 3.7)

t = 2 secs

Figure 3.7 Spreading profile for flow time of t=2 seconds, tissue elasticity, E = 1kPa,
consistency, m = 600 Psecn-1 and shear-thinning index, n = 0.5.
Plots illustrates the change in the shape of the bolus without increase in spreading length
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3.1.4

Summary of results for parametric study of power-law model with linear

elastic boundary condition
The results obtained from the parametric study of power-law model with linear
elastic boundary condition presented a comparison between the driving forces gravity and
tissue elasticity which greatly influence the gel coating. When the tissue elasticity was
low, gravity was the dominant force and hence the flow direction was downhill. As the
elasticity increased, the squeezing forces resulted in flow in both uphill and downhill
directions showing the dominance of elastic forces. When the elasticity was as high as 50
kPa, the spreading length was symmetric in both directions (upward and downward).
Summary of results for parametric study of rheological parameters and elasticity
showed that tissue elasticity and gel consistency had great impact on spreading
characteristics. As the tissue elasticity increased and gel consistency decreased the
spreading length increased. Although shear-thinning fluid has little impact on the
spreading characteristics except for at low elasticity and high consistency, the shearthinning index may play an important role at later spreading times.

3.2

Parametric study for an Ellis model with linear elastic boundary

condition
An Ellis fluid model does not have limitations at low shear rates unlike power-law
model and may be a better constitutive model as summarized in Chapter 1. In this
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section, results of the parametric study for the Ellis model have been presented. The
range of parameters for the Ellis model were taken from rheological data obtained for 2.4
- 3% HEC gels measured by our lab group. The results of this model have not been
compared to the power-law model and only a parametric study for the influence of the
Ellis model parameters is presented. The range of tissue elasticities were chosen between
E = 0.1 kPa to 100 kPa. The range of parameters for zero shear stress viscosity, 𝜂o, shear

stress for which viscosity is reduced to one-half of its value, τ1/2, and shear-thinning,
number for Ellis model, 𝛼, were taken as 𝜂o = 944.1 – 3120 P, τ1/2 = 141.7 – 170.4
dynes/cm2 and 𝛼 = 1.0 – 2.1 respectively.
3.2.1

Effect of elastic and gravitational forces
In this section flow profiles for an Ellis fluid under the influence of tissue

elasticity and gravity have been presented with fixed zero shear rate viscosity, 𝜂o = 2000

P, shear stress for which viscosity is reduced to one-half of its value, τ1/2 = 160Dynes/cm2
and shear-thinning, number for Ellis model, 𝛼 = 1.5. The evolution of the gel under the

influence of three different elasticities has been presented.
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t = 0.001 sec

t = 0.001 sec

t = 50 sec
t = 50 sec

t = 50 sec

Figure 3.8(a) Spreading

Figure 3.8(b) Spreading

Figure 3.8(a) Spreading

profile for E = 1 kPa

profile for E = 10 kPa

profile for E = 50 kPa

Figure 3.8 Flow profiles of Ellis fluid with different tissue elasticities (linear
elasticity), illustrating the effect of tissue elasticity on coating of the gel.
Plots comparing the flow profiles of E = 1 kPa, E = 10 kPa and E = 50 kPa for flow
time of 50 seconds, at intervals of 10 seconds. The zero shear rate viscosity, 𝜂o = 2000
P, shear stress for which viscosity is reduced to one-half of its value, τ1/2 = 160
dynes/cm2 and shear-thinning, number for Ellis model, 𝛼 = 1.5. The bolus is

positioned such that it does not exceed the computational domain during spreading in
each case.
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Figure 3.8 shows that as the tissue elasticity increased, the spreading rate of the
gel increased. This result is similar to the one obtained for the power-law model. Upward
flow was observed when the tissue elasticity was higher (see Figure 3.8 (b), (c)). When
the tissue elasticity was low, there was no upward flow observed (see Figure 3.8 (a)). The
relative importance of gravitational and elastic forces is an important result, which is
helpful for the design of a microbicidal gel. The upward flow of the gel of the gel is
important in choosing the right application spot for a women depending the tissue
elasticity. This result shows that tissue elasticity is a very important parameter in the
design of delivery vehicle.
3.2.1

Effect of shear-thinning, number, 𝛼

The effect of shear-thinning, number, 𝛼 of the Ellis model is illustrated for

variations in tissue elasticity, zero shear rate viscosity and shear stress at half value of
viscosity.
Table 2: List of cases shown to illustrate the effect of shear-thinning number, 𝛼 of an Ellis
model with linear elastic boundary condition.

Case

Elasticity,
E, kPa

Zero shear

Shear-

stress

thinning,

Shear stress
at half
viscosity, τ1/2

Figure

Case 1

1

viscosity, 𝜂o P
944.1

number, 𝛼
1.0-2.1

141.7

Figure 3.9

Case 2

1

944.1

1.0-2.1

170.4

Figure 3.10

Case 3

1

3120

1.0-2.1

141.7

Figure 3.11

Case 4

50

3120

1.0-2.1

141.7

Figure 3.12
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dynes/cm2

Figure 3.9 shows a plot of spreading length versus spreading time for different 𝛼

for the 1st case of E, 𝜂o and τ1/2 (see Table 2). The spreading length lines are closely
packed indicating that shear-thinning, number doesn’t have much influence on the

spreading length. However, during initial spreading a more shear-thinning fluid (higher
𝛼) flows faster and at later times a more Newtonian fluid (𝛼→1.0) flows faster. Due to

this shift the shear-thinning, number may play an important role for longer spreading
times.
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Figure 3.9 Effect of shear-thinning, number 𝛼 of an Ellis fluid on spreading length, L.

Spreading length, L vs. spreading time, t for elasticity, E = 1 kPa, zero shear rate viscosity, 𝜂o

= 944.1 P and shear stress for which viscosity is reduced to one half of its value, τ1/2 = 141.7
dynes/cm2. A greater value of 𝛼 indicates more shear-thinning behavior, 𝛼 = 1.0 for a

Newtonian fluid.
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Figure 3.10 Effect of shear-thinning number, 𝛼 of an Ellis fluid on spreading length, L
for change in shear stress at half value of viscosity, τ1/2.

Spreading length, L vs. spreading time, t for elasticity E = 1 kPa, zero shear rate viscosity, 𝜂o

= 944.1 P and shear stress for which viscosity is reduced to one half of its value, τ1/2 = 170.4
dynes/cm2. A greater value of 𝛼 indicates more shear-thinning behavior, 𝛼 = 1.0 for a

Newtonian fluid.
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Figure 3.11 Effect of shear-thinning number, 𝛼 of Ellis fluid on spreading length L for
change in zero shear rate viscosity.

Spreading length, L vs. spreading time, t for elasticity E = 1 kPa, zero shear rate viscosity, 𝜂o
= 3120 P and shear stress for which viscosity is reduced to one half of its value, τ1/2 = 141.7

dynes/cm2. A greater value of 𝛼 indicates more shear-thinning behavior; 𝛼 = 1.0 for a
Newtonian fluid.
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Figure 3.12 Effect of shear-thinning number, 𝛼 of Ellis fluid on spreading length, L, for
change in tissue elasticity, E.

Spreading length, L vs. spreading time, t for tissue elasticity, E = 50 kpa, zero shear rate
viscosity, 𝜂o = 3120 P and shear stress for which viscosity is reduced to one half of its value,
τ1/2 = 141.7 dynes/cm2. A greater value of 𝛼 indicates more shear-thinning behavior, 𝛼 = 1.0
for a Newtonian fluid.

The shear stress at half value of viscosity, τ1/2, has negligible effect on the shift of
shear-thinning index number trend (compare Figure 3.9 and Figure 3.10 where only τ1/2
differs). Conversely, the zero shear rate viscosity, 𝜂o, and tissue elasticity, E greatly

influence the shift in the trend from more shear-thinning fluid flowing faster to
Newtonian flowing faster (compare Figures 3.9 and 3.11 for effect of 𝜂o and compare
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Figures 3.9 and 3.12 for the effect of E) . Higher elasticity and lower zero shear stress
viscosity led to shift in this trend at later times (see Figures 3.11 and 3.12). This result is
helpful in understanding when a shear-thinning fluid starts flowing slower. A shearthinning fluid would have higher spreading rate during initial spreading, but would flow
slower than a Newtonian after a point of time. This must be kept in mind while choosing
optimized values for a delivery vehicle in order to have effective coatings. These results
are similar to the effect of shear-thinning index in the power-law model.

3.2.2

Effect of zero shear stress viscosity, 𝜂o

The effect to zero shear stress viscosity on spreading length, is illustrated by
Figure 3.13 for tissue elasticity, E = 1 kPa, shear-thinning number, 𝛼 = 1.5, and shear

stress at half viscosity τ1/2 = 160 dynes/cm2. Here only one case is shown for the effect of
𝜂o because this trend is similar for all variation in rheological properties, however the

impact may increase for increase in elasticity.
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Figure 3.13 Effect of zero shear rate viscosity 𝜂o of an Ellis fluid on spreading length, L.

Spreading length, L vs. spreading time, t for elasticity, E = 1 kPa, shear-thinning, number, 𝛼

= 1.5 and shear stress for which viscosity is reduced to one half of its value, τ1/2 = 160
dynes/cm2.

Figure 3.13 shows the zero shear stress viscosity has a great impact on spreading
length. As the zero shear stress viscosity increased the spreading length decreased
(similar to consistency of power-law model). Thus, zero shear stress viscosity is an
important rheological parameter in the design of delivery vehicle using an Ellis fluid
model. The impact of 𝜂o increases with increase in tissue elasticity.
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3.2.3

Effect of shear stress at half value of viscosity τ1/2
Figure 3.14 illustrates the effect of shear stress at half value of viscosity, τ1/2.

Spreading length L versus spreading time t plot has been shown for elasticity, E = 10 kPa,
shear-thinning, number 𝛼 = 2.1 and zero shear stress viscosity 𝜂o = 944.1 P. Clearly, τ1/2

has negligible effect on the spreading length from the range of parameters chosen in this

study (see Figure 3.14). Moreover, as shear-thinning, number approaches unity, the effect
of shear stress at half value of viscosity vanishes. This trend is same for all variation in
other rheological parameters.
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Figure 3.14 Effect of shear stress for half viscosity, τ1/2 of an Ellis fluid model on
spreading length, L.
Spreading length, L vs. Spreading time, t for elasticity E = 10 kPa, shear-thinning number, 𝛼
= 2.1 and zero shear rate viscosity, 𝜂o = 944.1 P.

3.2.4

Summary of results for parametric study of an Ellis fluid model with linear

elastic boundary condition.
The results from the parametric study of rheological parameters an Ellis fluid
model and linear elasticity of the tissue showed that tissue elasticity, E and zero shear
stress viscosity 𝜂o, had great impact on spreading length. As the elasticity increased and

zero shear stress viscosity decreased the spreading length increased. The shear stress at
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half value of viscosity, τ1/2 had negligible effect on spreading length for the range of
values chosen for this study. The shear-thinning number 𝛼 had little impact on spreading

length for low elasticity and more impact when the tissue elasticity is high. There is a
shift in more shear-thinning fluid flowing faster to a more Newtonian fluid flowing faster
with spreading time as seen in power-law model.
The comparison of elastic and gravitational forces was similar to the power-law
model. An upward flow was observed as the tissue elasticity increased indicating that
tissue elasticity is the dominant force. When the tissue elasticity is low, there is no
upward flow observed.

3.3

Parametric study for a power-law fluid model with non-linear

elastic boundary condition
In this section, a parametric study for a power-law model with non-linear elastic
boundary condition has been presented. The range for consistency and shear-thinning
index were taken as m = 100 to 600 Psecn-1 and n = 0.5 to 1.0. Two sets of non-linear
elastic parameters Eo = 0.994 kPa and λ = 8.66 and Eo = 9.96 kPa and λ = 6.05 are chosen
(as discussed in Chapter 2).
3.3.1

Effect of elastic and gravitational forces
The flow profiles for non-linear elastic parameters, Eo = 0.994 kPa and λ = 8.66

and Eo = 9.96 kPa and λ = 6.05 have been presented in Figure 3.15 for 50 seconds of flow
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time in the interval of 10 seconds. The consistency and shear-thinning index were fixed
as m = 500 Psecn-1 and n = 0.7 respectively.

t = 0.001 sec
t = 0.001 sec

t = 50 sec

t = 50 sec

Figure 3.15 (a) Spreading profile

Figure 3.15 (b) Spreading profile

for Eo = 0.994 kPa and λ = 8.66.

for Eo = 9.96 kPa and λ = 6.05

Figure 3.15 Flow profiles of power-law fluid with different elasticities (non-linear
elasticity), illustrating the effect of tissue elasticity on coating of the gel.
Plots comparing the flow profiles of Eo = 0.994 kPa and λ = 8.66, Eo = 9.96 kPa and λ = 6.05
for 50 seconds of flow time at intervals of 10 seconds. The shear-thinning index, n and
consistency, m were n = 0.7 and m = 500 Psecn-1 respectively.
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The tissue elasticity is an important parameter in effective coating of the gel.
When the tissue elasticity is high, the gravitational force is negligible compared to elastic
forces due to tissue and hence an upward flow is observed. All the results for the effect of
tissue elasticity for a non-linear elastic boundary condition are same as the one obtained
for linear elastic boundary in section 3.1.1.
Importantly, the spreading lengths are smaller compared to linear elastic model.
The non-linearity of the tissue is important. By incorporating the non-linear boundary, the
pressure exerted by the tissue decreases exponentially with the height which is more
realistic for a soft tissue. A non-linear model tends to retain the gel compared to linear
elastic model.
3.3.2

Effect of shear-thinning index, n
To illustrate the effect of shear-thinning index, n spreading length versus

spreading time plots have been shown for change in consistency and change in elastic
parameters for non-linear elastic boundary. The following cases are considered (see Table
3)

Table 3 List of cases shown to illustrate the effect of shear-thinning index, n of the powerlaw model with a non-linear elastic boundary condition.

Case
Case 1
Case 2
Case 3

Model
parameters
Eo = 0.994 kPa
and λ = 8.66
Eo = 0.994 kPa
and λ = 8.66
Eo = 9.96 kPa
and λ = 6.05

Consistency, m
Psecn-1

Shear-thinning
index, n

Figure number

100

0.5-1.0

Figure 3.16

400

0.5-1.0

Figure 3.17

400

05-1.0

Figure 3.18
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Figure 3.16 Effect of shear-thinning index, n, on spreading length, L, for tissue
elasticity, Eo = 0.994 kPa and λ = 8.66 and consistency, m = 100 Psecn-1.
Spreading length, L vs. spreading time, t for different values of shear-thinning index, n.

76

Figure 3.17 Effect of shear-thinning index, n, on spreading length, L, for elastic
parameters, Eo = 0.994 kPa and λ = 8.66 and consistency, m = 400 Psecn-1.
Spreading length, L vs. spreading time, t for different values of shear-thinning index, n.
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Figure 3.18 Effect of shear-thinning index, n on spreading length, L for tissue elasticity,
Eo = 9.96 kPa and λ = 6.05 and consistency, m = 400 Psecn-1.
Spreading length, L vs. spreading time, t for different values of shear-thinning index, n.

The results obtained for the effect of shear-thinning index n, are similar to the
ones obtained for the linear elastic model. The spreading length lines for different shear thinning indices are closely packed indicating that shear-thinning index does not affect
the flow for the simulation time of this study (see Figure 3.16). However, there is a shift
in trend from a more shear-thinning fluid flowing faster during initial spreading to more
Newtonian fluid flowing faster at later times which can be an important design
consideration. Compared to the linear elastic model, the effect of change in consistency
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on shear-thinning index has little impact for non-linear elastic model (compare Figure
3.19 and Figure 3.17). As the elasticity increased, the shift from shear-thinning fluid
flowing faster to a Newtonian fluid flowing faster occurred at a later point of time (see
Figure 3.18). This effect of elasticity is the same as that of linear elasticity.
3.3.3

Effect of consistency, m.
To illustrate the effect of consistency for non-linear elastic boundary, spreading

length versus spreading time has been presented in Figure 3.19. The elasticity parameters
were taken as Eo = 0.994 kPa and λ = 8.66, shear-thinning index was taken as n = 0.5.
The behavior of consistency is similar for all spreading times and elasticities hence only
one plot is shown here.
The consistency is an important rheological parameter, which greatly affects the
spreading of the gel. The results obtained for non-linear elastic model are similar to the
ones obtained for the linear elastic boundary model. As the consistency, m of the fluid
decreases, the spreading length and spreading rate of the fluid increases.
Compared to the linear elastic boundary condition, the spreading lengths and
spreading rates are smaller for a non-linear model. These results are more realistic since
the elasticity of the tissue greatly depends on the strain and as the tissue relaxes, the
pressure or the stress exerted, also decreases exponentially.
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Figure 3.20 Effect of consistency, m on spreading length, L for non-linear elastic
parameters, Eo = 0.994 kPa and λ = 8.66, shear-thinning index, n = 0.5.
Spreading length, L vs. spreading time, t for different values of consistency, m.

3.3.4

Summary of results for parametric study of power-law model with non-linear

elastic boundary condition
The comparison between elastic and gravitational forces for the non-linear elastic
model showed similar results like the linear elastic model. The higher tissue elasticity
dominated the flow.
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The parametric study for rheological parameters power-law model with non-linear
elastic boundary showed that elasticity and consistency greatly influence the spreading
characteristics of the gel. As the non-linear parameter, Eo increased and consistency
decreased, the spreading length increased. The behavior of shear-thinning index was
observed to be the same as linear elastic boundary. However, a change in consistency had
little impact on the behavior of shear-thinning index compared to linear elastic model.

3.4

Summary of parametric study

In this chapter a comparison of elastic and gravitational forces is presented, when
the gravitational force was dominant, the fluid flow direction was downward, with
subsequent increase in tissue elasticity, the spreading length greatly increased as a
consequence of squeezing forces which resulted in flow in both directions (upward and
downward). This result can be important in choosing the application spot for women with
different elasticities. For a woman with higher tissue elasticity the gel may be applied
near the fornix. Conversely, for a woman with low tissue elasticity, the gel might have to
be applied closer to the cervix.
The parametric study for the power-law fluid with linear and non-linear elastic
models in this study showed that, the tissue elasticity and gel consistency had greater
impact on spreading compared to shear-thinning index. The shear-thinning index has an
interesting behavior that depends on spreading time. During initial spreading, a more
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shear-thinning fluid flows faster and at a longer spreading times, a more Newtonian fluid
flows faster. This shift greatly depends on tissue elasticity and consistency for a linear
elastic model, however consistency has relatively less impact on the behavior of shearthinning index for a non-linear elastic model. The shift in trend can greatly change the
sensitivity of the gel and hence an important design consideration especially for longer
spreading times.
The parametric study for an Ellis model showed that zero shear stress viscosity
had greatest impact compared to shear stress at half value of viscosity and shear-thinning
number. The shear stress at half value of viscosity had the least impact and its effect can
be neglected. The behavior of shear-thinning number, 𝛼 is similar to shear-thinning index
of the power law model. Since, the shear stress at half value of viscosity had no effect on
spreading characteristics of the gel. The incorporation of Ellis model did not give any
advantage to our simulations. Hence, a sensitivity analysis for power-law model alone is
presented in Chapter 4.
The results from this chapter help in determining the relative importance of each
parameter involved in the design of the delivery vehicle. This study can also help in
predicting target values for specific tissue elasticity, application time and target
application length. An example application of this study is presented in Chapter 5.
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Chapter 4
Results and Discussion: Sensitivity Analysis

In this chapter, a sensitivity analysis of the power-law model parameters is
presented for linear elastic and non-linear elastic boundary conditions. A comparison of
sensitivities for two different elasticities (low and high elasticities) is provided at two
different spreading times. The parametric study for an Ellis model is not presented
because there was no notable advantage or variation in results observed for an Ellis
model compared to the power-law model for the range of values chosen in this study.
Moreover, power-law model is a two parameter model and hence the it is convenient to
choose for the design of delivery vehicle. In addition many previous study in the design
of delivery vehicle for microbicides have used the power-law model (14, 19, 47-48) and
hence the results obtained can be correlated and compared.
The results obtained from the parametric study (Chapter 3) gave an overview of
the general behavior of the rheological parameters under the influence of gravitational
and elastic forces. The optimal target values can be predicted from the parametric study
based on the application time, target coverage length and tissue elasticity. However, it is
difficult to synthesize gels with a specific value of consistency and shear-thinning index.
In addition, once the gel is applied there may be other factors particularly dilution, which
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may change the gel properties. As a result of the change in gel properties, a gel may
behave differently for different tissue elasticities.
The parametric study did not give a quantitative estimate of change in spreading
length for a percentage change of parameters. Sensitivity analysis is important in
determining percentage change in spreading length for a change in a parameter. It can
also determine which property ranges are more sensitive to a change, whether that change
is due to synthesis/formulation or dilution effects. Thus, the sensitivity study is also
required for designing gels with target properties and performance.
Here, the percent sensitivity of the spreading length is defined as,

% 𝑆𝑒𝑛𝑠𝑖𝑡𝑖𝑣𝑖𝑡𝑦 𝑠𝑝𝑟𝑒𝑎𝑑𝑖𝑛𝑔 𝑙𝑒𝑛𝑔𝑡ℎ =

(𝐿𝑛𝑒𝑤 − 𝐿𝑜𝑙𝑑 )
× 100 %
𝐿𝑜𝑙𝑑

where, 𝐿𝑛𝑒𝑤 is the spreading length after a 10% change in the parameter, 𝐿𝑜𝑙𝑑 is the
spreading length without any change to the parameter.

4.1

Sensitivity analysis for the power-law model with linear elastic
boundary condition
In this section, the sensitivity of spreading length for 10% change in rheological

parameters of the power-law fluid for a linear elastic model has been presented. Once the
gel is applied, its properties may change significantly when diluted by vaginal fluids. In
such a scenario, the fluid becomes more Newtonian, i.e. its consistency decreases and
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shear-thinning index increases. Thus, the optimal target values predicted from the
parametric study may not work as one would expect. A gel with high sensitivity towards
spreading length is highly undesirable even if its properties are optimal for a target
length, application time and tissue elasticity. Thus, a sensitivity analysis is important for
the design of delivery vehicle.
Here, each power-law parameter is considered individually and then
synergistically at the following points m = 100, 200, 300, 400, 500, 600 Psecn-1 and
n=0.5, 0.6, 0.7, 0.8, 0.9, 1.0. (Note in some plots data points m = 100 Psecn-1 and n = 0.5
are missing because the spreading length reached 15 cm before the spreading time shown
in the plots).
4.1.1

Percent sensitivity of spreading length, L for 10% decrease in consistency, m.
The percent sensitivity of the spreading length for 10% decrease in consistency is

presented for two different tissue elasticities, E = 1 kPa and E = 50 kPa and two
spreading times, t = 50 seconds and t = 100 seconds. The sensitivity for tissue elasticity,
E = 50 kPa at t = 100 seconds is not shown here, because many of the data sets for
spreading length (at m and n values) are unavailable at t = 100 seconds. This is because
the spreading length reached 15 cm, which is the maximum allowable spreading length
for all the simulations way before t = 100 seconds.
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(a) E = 1 kPa, t = 50 secs

(b) E =1 kPa, t = 100 secs

(c) E = 50 kPa, t = 50 secs

Figure 4.1 Contours of percentage change in spreading length, L, for 10% decrease in
consistency, m, of a power-law model with linear elastic boundary condition.
The contours show the percent sensitivity of spreading length over the m and n parameter
space for several cases. (a) Percent sensitivity at 50 seconds flow time for elasticity E = 1 kPa
(b) Percent sensitivity at 100 seconds flow time for elasticity E = 1 kPa. (c) Percent sensitivity
at 50 seconds flow time for elasticity E = 50 kPa.

In Figure 4.1, contours showing percentage change in spreading length for 10%
decrease in consistency have been presented. The spreading length is more sensitive to
change in consistency at low consistency (m→100 Psecn-1) and low shear-thinning index
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(n→0.5) (see Figure 4.1(a)). The spreading length is more sensitive at 100 seconds of
spreading compared to 50 seconds of spreading time. (compare Figure 4.1 (a) and (b)).
The spreading length is less sensitive to change in consistency when the tissue
elasticity is higher (compare Figure 4.1 (a) and (c)). An interesting pattern is observed for
100 seconds spreading for E = 1 kPa near m = 500 Psecn-1 and n = 0.7 (see Figure 4.1
(b)). A sudden decrease in percent sensitivity of spreading length is observed. This might
be due to a shift from Newtonian flowing faster than a shear-thinning fluid. There was no
specific pattern in all of these cases for the sensitivity of spreading length. Overall, the
spreading length is about 2-5% sensitive to 10% change in consistency. This shows
spreading length is quite sensitive to changes in consistency. Thus, a large value of
consistency is more favorable for the design because in this region the sensitivity is
reduced.

4.1.2

Percent sensitivity of spreading length for 10% increase in shear-thinning

index, n
This section presents percent sensitivity of spreading length for 10% increase in
shear-thinning index for two different elasticities, E = 1 kPa and E = 50 kPa and two
different time points t = 50 seconds and t = 100 seconds. The sensitivity for tissue
elasticity, E = 50 kPa at t = 100 seconds is not shown here, because many of the data sets
for spreading length (at m and n values) are unavailable at t = 100 seconds. This is

87

because the spreading length reached 15 cm, which is the maximum allowable spreading
length for all the simulations way before t = 100 seconds.
For a percentage change in shear-thinning index, there was no change in
sensitivity for all the values of shear-thinning index, n at lower tissue elasticity, E and
lower gel consistency, m (see Figure 4.2(a) and (b)). Sensitivity is higher for larger values
of consistency, when the elasticity is low (see Figure 4.2 (a) and (b)). Conversely, the
sensitivity is lower for larger values of consistency when the elasticity is high (see Figure
4.2 (c)). This shows that elasticity has a dominant effect on spreading length and
sensitivity of rheological parameters.
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(a) E = 1 kPa, t = 50 secs

(b) E = 1 kPa, t = 100 secs

(c) E = 50 kPa, t = 50 secs

Figure 4.2 Contours of percentage change in spreading length for 10% increase in
shear-thinning index, n of a power-law model with linear elastic boundary.
The contours show the percent sensitivity of spreading length over the m and n parameter
space for several cases. (a) Percent sensitivity at 50 seconds flow time for elasticity E = 1
kPa (b) Percent sensitivity at 100 seconds flow time for elasticity E = 1 kPa (c) Percent
sensitivity at 50 seconds flow time for elasticity E = 50 kPa.

Although, the spreading length increases with increase in elasticity, the percent
sensitivity of spreading length is less for a tissue with higher elasticity because, the
sensitivity is a percentage change with respect to the old spreading length. Since the old
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spreading length for higher tissue elasticity is itself a large number, even a large change
would make the sensitivity small.
The magnitude of percent sensitivity is lower when the tissue elasticity is high
and vice versa (see Figure 4.2 (a) and (c)). The possible reason for a very low sensitivity
for high tissue elasticity in Figure 4.2 (c) is due to the shift from a shear-thinning fluid
flowing faster to a Newtonian fluid flowing faster. The spreading length is more sensitive
at longer spreading times.
The magnitude of sensitivity of spreading length for 10% change is about 0-3%.
The sensitivity of spreading length for a change in shear-thinning index is less compared
to change in consistency.
4.1.3

Percent sensitivity of spreading length for 10% decrease in consistency, m

and 10% increase in shear-thinning index, n
This section illustrates the synergistic sensitivity of spreading length for both 10%
decrease in consistency and 10% increase in shear-thinning index for two different
elasticities, E = 1 kPa and E = 50 kPa and two different time spreading times t = 50
seconds and t = 100 seconds.
The sensitivity for tissue elasticity, E = 50 kPa at t = 100 seconds is not shown
here, because many of the data sets for spreading length (at m and n values) are
unavailable at t = 100 seconds. This is because the spreading length reached 15 cm,
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which is the maximum allowable spreading length for all the simulations way before t =
100 seconds.

(a) E = 1 kPa, t = 50 secs

(b) E = 1 kPa, t = 100 secs

(c) E = 50 kPa, t = 50 secs

Figure 4.3 Contours of percentage change in spreading length for 10% decrease in
consistency, m and 10% increase in shear-thinning index, n, of a power-law model.
The contours show the percent sensitivity of spreading length over the m and n parameter
space for several cases. (a) Percent sensitivity at 50 seconds flow time for elasticity E = 1 kPa.
(b) Percent sensitivity at 100 seconds flow time for elasticity E = 1 kPa. (c) Percent sensitivity
at 50 seconds flow time for elasticity E = 50 kPa.
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As expected, the combined change in consistency and shear-thinning index
resulted in higher sensitivity of spreading length compared to the previous sections. The
spreading length is most sensitive for high consistency (m→600 Psecn-1) and low shearthinning index (n→0.5) (see Figure 4.3(a)). The spreading length of the gel is least
sensitive for low consistency (m→100 Psecn-1) and high shear-thinning index (n→1.0).
The spreading length is more sensitive for longer spreading times and less sensitive when
the elasticity is high (see Figure 4.3 (b) and (c)). The spreading length is up to 7.5%
sensitive for 10% changes in consistency and shear-thinning index, which is quite high.
This shows that for a percent sensitivity for synergistic changes in both
consistency and shear-thinning index has a great impact on gel coating and this behavior
changes with spreading time and variability in tissue elasticity. These results are
important in choosing target values for rheological parameters which are less sensitive.
These results also suggest that there is a need to measure tissue elasticities in groups of
women, so that the gel synthesized based on the vaginal tissue properties, which can
greatly change the coating behavior.

4.2

Sensitivity analysis for the power-law model with non- linear

elastic boundary condition
In this section, sensitivity analysis for the power-law model with non-linear
elastic boundary condition is presented. In the previous section 4.1, it was concluded that
tissue elasticity affects the sensitivity of the spreading length for change in rheological
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properties. Hence, it is expected that the non-linearity of the tissue may change the results
of the sensitivity analysis. In each of the following sub-sections, percent sensitivity of
spreading length for two different non-linear elastic parameters Eo = 0.994 kPa and λ =
8.66 and Eo = 9.96 kPa and λ = 6.05 is presented. The sensitivity is illustrated at two
different spreading times t = 50 seconds and t = 100 seconds. Contours of percent
sensitivity over the parameter space consistency, m and shear-thinning index, n, are
shown.

4.2.1

Percent sensitivity of spreading length for 10% decrease in consistency, m
In Figure 4.4(a), it is observed that the spreading length is most sensitive for low

consistency (m→100 kPa) and low shear-thinning index (n→0.5). This trend is similar to
the result obtained for linear elastic boundary condition. The sensitivity of spreading
length increased with increase in time (see Figure 4.4 (a) to (b) and Figure 4.4 (c) to (d)).
The sensitivity of spreading length ranged between 2-4% for 10% change in consistency
which is quite high. For all cases, the sensitivity varied over the entire parametric space m
and n.
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(a) Eo = 0.994 kPa and λ = 8.66, t = 50 secs

(b) Eo = 0.994 kPa and λ = 8.66, t = 100 secs

(c) Eo = 9.96 kPa and λ = 6.05, t = 50 secs

(d) Eo = 9.96 kPa and λ = 6.05, t = 100 secs

Figure 4.4 Contours of percentage change in spreading length for 10% decrease in
consistency, m of a power-law model with non-linear elastic boundary.
The contours show the percent sensitivity of spreading length over the m and n parameter space
for several cases. (a) Percent sensitivity at 50 seconds flow time for Eo = 0.994 kPa and λ =
8.66. (b) Percent sensitivity at 100 seconds flow time for elasticity Eo = 0.994 kPa and λ = 8.66.
(c) Percent sensitivity at 50 seconds flow time for elasticity Eo = 9.96 kPa and λ = 6.05. (d)
Percent sensitivity at 100 seconds flow time for elasticity Eo = 9.96 kPa and λ = 6.05.
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4.2.2

Percent sensitivity of spreading length for 10% increase in shear-thinning

index, n
Figure 4.5 illustrates the sensitivity of spreading length for 10% increase in shearthinning index, n. It is observed that sensitivity of spreading length is more for large
values of consistency (see Figure 4.5 (a)). The sensitivity increased with increase in
spreading time for both low and high elasticities (see Figure 4.5 (b) and (d)). The percent
sensitivity is lower for higher elasticity (see Figure 4.5 (c) and (d)). The magnitude of
percent sensitivity of spreading length for change in shear-thinning index are less
compared to change in consistency.
Compared to the linear elastic model the sensitivities are lower for low elasticity.
For a higher elasticity the sensitivity of linear elastic model is lower, this may be because
of a shift from shear-thinning fluid flowing faster to a Newtonian fluid flowing faster and
hence the sensitivity behavior cannot be compared. Moreover, the linear elastic model
elasticities are not an equivalent (or comparable in magnitude) to the non-linear model
and hence they cannot be compared quantitatively but overall behavior can be assessed.
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(b) Eo = 0.994 kPa and λ = 8.66, t = 50 secs

(b) Eo = 0.994 kPa and λ = 8.66, t = 100 secs

(c) Eo = 9.96 kPa and λ = 6.05, t = 50 secs

(d) Eo = 9.96 kPa and λ = 6.05, t = 100 secs

Figure 4.5 Contours of percentage change in spreading length for 10% increase in shearthinning index, n of a power-law model with linear elastic boundary.
(a) Percent sensitivity at 50 seconds flow time for Eo = 0.994 kPa and λ = 8.66. (b) Percent
sensitivity at 100 seconds flow time for elasticity Eo = 0.994 kPa and λ = 8.66. (c) Percent
sensitivity at 50 seconds flow time for elasticity Eo = 9.96 kPa and λ = 6.05. (d) Percent
sensitivity at 100 seconds flow time for elasticity Eo = 9.96 kPa and λ = 6.05.
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4.2.3

Percent sensitivity of spreading length for both 10% decrease in consistency,

m, and 10% increase in shear-thinning index, n

(c) Eo = 0.994 kPa and λ = 8.66, t = 50 secs

(b) Eo = 0.994 kPa and λ = 8.66, t = 100 secs

(c) Eo = 9.96 kPa and λ = 6.05, t = 50 secs

(d) Eo = 9.96 kPa and λ = 6.05, t = 100 secs

Figure 4.6 Contours of percentage change in spreading length for 10% decrease in
consistency, m and 10% increase in shear-thinning index, n of a power-law model.
(a) Percent sensitivity at 50 seconds flow time for Eo= 0.994 kPa and λ = 8.66, (b) Percent
sensitivity at 100 seconds flow time for elasticity Eo= 0.994 kPa and λ = 8.66, (c) Percent
sensitivity at 50 seconds flow time for elasticity Eo = 9.96 kPa and λ = 6.05, (d) Percent
sensitivity at 100 seconds flow time for elasticity Eo = 9.96 kPa and λ=6.05.
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Figure 4.6 illustrates the percent change in spreading length for 10% change in
both consistency and shear-thinning index. The trend observed are similar to linear elastic
boundary condition in section 4.1. The sensitivity of spreading length is more for high
consistency and low shear-thinning index (see Figure 4.6). The sensitivity of spreading
length increased for longer spreading times (see Figure 4.6 (b)). The sensitivity is lower
for higher elasticity (see figure 4.6 (c)). The magnitude of sensitivity of spreading length
for a synergistic change in consistency and shear-thinning index is higher compared to
percent change in consistency and shear-thinning index individually.

4.3

Summary of sensitivity analysis
The sensitivity of spreading length for a change in rheological properties is highly

variable depending on spreading time, tissue elasticity and the rheological properties
itself. Although there was no specific pattern observed for the contours of percent
sensitivities of spreading length, a higher tissue elasticity resulted in lower sensitivity.
The spreading length is more sensitive to changes in consistency than shear-thinning
index. The sensitivity is high at high consistency and low shear-thinning index in most
cases. The combined change in consistency and shear-thinning index resulted in greater
sensitivity of spreading length. The results of sensitivity analysis for linear and non-linear
elastic models cannot be compared quantitatively because the elasticities are not
equivalent. However, as a general trend, the sensitivities were lower for non-linear elastic
model.
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A low sensitivity is desired but at the same time, the structure and properties of
the polymeric gels should be kept in mind. Although a more Newtonian fluid has less
sensitivity, most polymeric delivery vehicles are shear-thinning in nature. Thus, an
optimization of all the parameters involved in the design process is needed. The estimated
target values for rheological parameters for a specific tissue elasticity, application time
and target length can be predicted using the parametric study, however the changes in the
gel parameters under the influence of dilution etc. can be addressed only by knowing the
sensitivity of the gel. An important point to be noted for this study is that the sensitivity
is defined with respect to the initial spreading length at that time. If the initial spreading
length were very small, even a slight increase in the spreading length would make it very
sensitivity. On the other hand, if the initial spreading length were large then even a large
change would result in less sensitivity.
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Chapter 5
Conclusions and Future work

5.1

Summary of major findings
The results obtained for the numerical simulations presented in this study showed

that the combined effect of gravitational and elastic forces greatly influence the coating
of a microbicidal gel. Higher tissue elasticity resulted in faster spreading rates and an
upward flow, indicating that the elastic forces were dominant. For a tissue with low
elasticity, the spreading rates were slower and there was no flow in the upward direction,
showing that gravitational and elastic forces were comparable. These results are
important in choosing the right insertion location and application time. It also
demonstrates the need to measure the elasticity of vaginal tissue for different groups of
women.
The consistency, m, of the gel had greater impact on spreading compared to shearthinning index, n. The spreading rates increased with decrease in consistency. The
percent sensitivity of spreading length was greatest for a fluid with high consistency. The
effect of shear-thinning index on spreading of the gel was dependent on the spreading
time. A more shear-thinning fluid flowed faster during initial spreading and a Newtonian
fluid flowed faster at longer times. For a fluid with low shear-thinning index, the
sensitivity of spreading length is more. Although shear-thinning index did not have much
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effect on spreading length for the small simulation time in this study, it is expected that it
may play a significant role considering that the microbicidal gels will have longer
application time. These results are important in choosing optimal rheological parameters
of a delivery vehicle. The effect of change in volume of the bolus has not been presented
in this thesis; however, simulations with larger volume were performed for power-law
fluid with linear elastic boundary condition. An increase in volume leads to higher
spreading rates; it also affects the trend of shear-thinning index on spreading length.
The results obtained for the Ellis model show that the shear-thinning, number 𝛼,

of an Ellis model had a similar behavior to that of shear-thinning index n of a power-law
model. The zero shear stress viscosity, 𝜂o, had greater impact on spreading. As the zero

shear stress viscosity increased the spreading rate decreased. The shear stress at half
value of viscosity, τ1/2, had negligible effect for the range of values that were considered
in this study.
The results from the non-linear elastic model showed that the linear elastic model
overestimated spreading rates. It is expected that the spreading rate would decrease as the
tissue relaxed and hence the spreading rate would decrease over time. A linear elastic
model assumes a linear decrease in tissue pressure as the tissue relaxes, which is a very
crude assumption considering vaginal tissue is a soft tissue exhibiting viscoelastic
behavior. The non-linear model incorporated an exponential stress strain relationship,
which is expected to be more close to the actual tissue behavior.
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The results for the viscoelastic tissue model were not presented in this study. The
viscoelasticity of the tissue has been neglected in previous studies assuming small
relaxation times for application in vaginal delivery system (28). To predict if the
viscoelasticity of the tissue is important, the tissue viscoelastic parameters have to be
determined and a numerical simulation should be performed. A comparison between
results for the viscoelastic models with the current models can determine if the
viscoelasticity of the tissue is important.

5.2

Application of results obtained from the parametric study of a

power-law fluid with linear elastic model
In this section, an example of how the results from the parametric study can be
used to predict target gel properties is shown. Table 4 presents an estimate of gel
consistency, m and and shear-thinning index, n values for a given tissue elasticity,
application time and target length from the parametric simulations.
For example, if a target length of 15 cm is to be coated in 50 seconds for a women
with vaginal tissue elasticity of 50 kPa, the estimated gel consistency and shear-thinning
index are m = 180-200 Psecn-1 and n = 0.5 - 0.6 respectively (as highlighted in Table 4).
These values do not consider the effect of sensitivity to changes in rheological properties.
The target values shown are based on the data obtained for spreading length from the
simulations of the parametric study in the interval of one second. The spreading lengths
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for longer time points can be calculated based on non-dimensional form of the evolution
equation (see Appendix I).
Table 4: Estimated range of values for rheological properties for a specific tissue elasticity,
application time and target length.

Elasticity,

Application

Approximate

Estimated gel

Estimated shear-

E

Time (approx)

target lengths L

consistency,

thinning index, n

(kPa)

(seconds)

(cm)

m (Psecn-1)

50

100

15

250-300

0.4-0.5

50

50

15

180-200

0.5-0.6

50

25

15

100

0.7-0.8

50

100

12

600-650

0.4-0.5

50

50

12

400-450

0.9-1.0

50

25

12

280-320

0.55-0.65

10

100

15

50-100

0.9-1.0

10

50

15

N.A

N.A

10

25

15

N.A

N.A

10

100

12

180-200

0.9-1.0

10

50

12

75-100

0.9-1.0

10

25

12

N.A

N.A

From the parametric study, a relative low shear thinning and high consistency
index is more suitable as a target drug delivery vehicle between two elastic tissues for a
long application time. A low shear-thinning index n ensures a quick initial spreading and
then spreads slowly. A moderate or relatively high consistency index would ensure
controlled amount of spreading without the gel being over flow from the target surface.
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However, the sensitivity of consistency, m and shear-thinning index, n is very
high in this range and hence there is a high chance of the coating of the gel may be very
different than what was expected. This makes the design quite complex and suggests that
there is a need for a specific target application time. This also shows the need and
importance of a sensitivity analysis before clinical trials.

5.3

Limitations and Future work
The major limitation of this model is that it is a 2D model. Studies by Kheyfets

has shown that 2D models overestimate spreading rates and lateral spreading may affect
the overall coating (51). Another limitation is that the simulation time in this model is
small (100 seconds) compared to the time for which the microbicidal gel may be inserted
in a human vagina. In a real life situation, the gel may be applied for several hours.
The geometry of the bolus was assumed to be symmetric and vertical at all times
which is a limitation considering the posture of women might change that will change the
direction gravitational force. The results obtained from linear elastic and non-linear
elastic models were not compared quantitatively. In addition, the non-linear model
parameters need to be determined experimentally.
Future work should incorporate the 3rd dimension to account for lateral
spreading. The angle of inclination for the flow must be incorporated. The simulations
should be performed for longer times, closer to actual application time. The
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viscoelasticity of the vaginal tissue should be considered and also better constitutive
models for the fluid should be used which account for the viscoelasticity of the polymeric
gels. A 3D fluid structure interaction FEA model incorporating the tissue and gel,
viscoelastic constitutive equations for long spreading times and also incorporating the
effect of dilution would be the ultimate model. In addition to the numerical simulations,
an in vivo experimental setup should validate the results.

5.4

Conclusion
All the research questions have been addressed in this thesis. The relative

importance of each parameter has been qualitatively determined. Optimal target gel
properties can be predicted from the parametric study for a desired application time and
tissue elasticity. The sensitivity analysis quantitatively determined percent changes in the
spreading length for a change in a rheological parameter.
This study helped in achieving the overall goal of optimizing the parameters for
the design of a delivery vehicle by providing a framework for overall gel behavior under
the influence of gravity. The introduction of non-linear tissue elasticity was an initial step
to incorporate the effect of tissue properties on spreading. An important design
consideration that has been addressed in this thesis is the application time and how with
spreading time the coating is affected. The mathematical tool and the results presented in
this thesis with further investigation of tissue properties will ultimately help in
determining optimal gel properties for microbicidal drug delivery systems.
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Appendix I

A.1

Non-dimensional plot for linear elastic boundary condition
The evolution equation for power-law fluid with linear elastic boundary condition

is given by (as derived in chapter 2):
1

1

−1
1
𝑛
𝜕ℎ(𝑥, 𝑡)
𝑛 𝑚− 𝑛 𝜕
𝐸 𝜕ℎ
𝐸 𝜕ℎ
−
− 𝜌𝑔𝑥 � ��
− 𝜌𝑔𝑥 ��
ℎ2+𝑛 � = 0
��
𝜕𝑡
(2𝑛 + 1) 𝜕𝑥 𝑇 𝜕𝑥
𝑇 𝜕𝑥

(A. 1)

The equation can be non-dimensionalized using the following transformations:

ℎ′ =
𝑥′ =

ℎ
𝐻

(A. 2)

𝐸𝐻 1/𝑛
�
𝑇𝑚

(A. 4)

𝑥
𝐻

𝑡′ = 𝑡 �
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(A. 3)

Figure A1: Non-dimensional spreading length vs. non-dimensional spreading time: Plot
illustrates the data for non-dimensional spreading length for consistency m = 100 - 600 Psecn-1,
shear-thinning index n = 0.5 - 1.0, and tissue elasticity E = 1 kPa and 10 kPa.

The above plot is helpful in interpreting spreading lengths data for spreading
times which are not available from our simulations. This plot shows that non-dimensional
spreading length has a similar curve for all values of gel consistency. The curve can be
interpolated to obtain spreading lengths at desired point of time.
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