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Abstract

This thesis includes four main parts. The first part is an exposition about Malliavin calculus,
Malliavin-Stein method, Walsh stochastic integral and existence and regularity of mild solution to
stochastic heat equation. In the second part, we study Malliavin differentibility of the solution of
stochastic heat equation and establishing L”-bounds for Malliavin derivatives. One way to obtain
such results is through Feynman-Kac formula which is studied in the second part as well.

Last two parts are devoted to quantitative rates of convergences corresponding to some central
limit theorems: We start with studying such problem for spatial averages of the solution to the
stochastic heat equation. Then, we establish rate of convergence results in total variation as well

as in Wasserstein distances for the Breuer-Major theorem.
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Chapter 1

Introduction

In this introduction we explain the problems considered in the projects which form this thesis.

The connection between heat flow and Brownian motion is a well-known and recurring theme
in the mathematical study of these two objects. Feynman-Kac formula exhibits this well-known
connection by representing the solution to the heat equation with a deterministic external forcing
term as an expectation of a functional of Brownian motion. One should then ask whether a similar
representation exists in the case of stochastic heat equation (5.1). Indeed, in the case g(x) = x,
see for example [25], a Feynman-Kac representation for the p-th moment of the solution is ob-
tained as in (5.17) as a functional of {B;}_i .. ,, which is a family of independent Brownian
motions independent of the noise W in the equation. The main purpose of the work in [32] which
we recall in subsection 5.2.1 is to obtain a similar representation for moments of iterated deriva-
tives Dy, z, - - Dyy -y u(t,x) of the solution u(z,x) in terms of independent pinned Brownian motions
starting from x with each component pinned at times ¢ — r, to the points z,, for 1 <m < N. We
proposed a formula Theorem 5.18 for the moments of the iterated Malliavin derivatives, which
is interesting on its own, and implies the estimate Corollary 5.19 which can be immediately used
together with Malliavin-Stein estimates.

Following the ideas by Conus, Joseph, and Khoshnevisan [19], Huang, Nualart and Viitasaari
[27] observed that the spatial integral, [ fR u(t,x)dx of the solution to the equation (5.1) with the
constant initial condition behaves like a sum of i.i.d. random variables. Indeed, they proved that
the variance of the spatial integral behaves like R and [ fRu(t,x)dx/ VR converges in distribution
to a normal random variable. Using Malliavin-Stein bound Theorem 3.10, they also established

a quantitative version, see Theorem 6.2. In [31] which we present in chapter 6, we studied such



quantitative estimates using the distance between densities with respect to the supremum norm.
First, we have established the existence of the density using results from Malliavin calculus, see
Proposition 2.50. Then, we have applied a Malliavin-Stein approach to obtain Malliavin-Stein
bound Theorem 3.13 between the density of a random variable given in the form F = §(V) and
the density ¢ of a standard normal distribution and then used these results to prove Theorem 6.4.
One of the main two challenging parts of this methodology was the estimation of the moments of
second derivative of the solution which had not been considered before except in the case g(x) = x.
The other challenge was to get a uniform estimate for the negative moments of (DFg;, Vg ;) using
a non-degeneracy condition on g(u(t,x)). The latter parts of the proof rely highly on the positivity
as well as Holder continuity of the solution.

We also considered the case with the initial condition uo(x) = 8y(x) and g(x) = x. One impor-
tant difference from the previous set-up lies in the fact that for a fixed ¢ > 0, the process {u(,x) } xcr
itself is not stationary but {U (¢, x) }xer = {u(?,x)/p:(x) }rer is, see [1]. An advantage is that the
second derivative estimate in this case follows from the bound (6.46) as a corollary to Feynman-
Kac formula that we obtained in [32]. Using again Theorem 3.13, we have obtained the rate of
convergence result, see Theorem 6.8. Finally, note that negative moments of (DGg;,Wg,)s, are not
necessarily bounded so that their growth must be taken into account when estimating the rate of
convergence.

In the last chapter, we consider a centered stationary Gaussian sequence of random variables
X = {X}nen, defined in Definition 7.1. Breuer and Major established a normal approximation
result in [8] which states that if the covariance function p of X safisfies the integrability condition
(7.3), then the sequence F;, defined in (7.1) converges in law to the centered normal distribution.
Using Dini’s theorem one can show that convergence holds with respect to the Kolmogorov dis-
tance, however, determining the convergence in total variation distance is a more delicate question.
For example, if g is taking values in a discrete subset of R, then dyy(F;,,N(0,6%)) = 1 for all
n € N. In [30], we investigated the rate of convergence in total variation and Wasserstein distances

associated to this normal approximation, see Theorem 7.8, Theorem 7.10, Theorem 7.15. In this



paper, chaos expansions together with Malliavin-Stein method is used to establish the rates corre-
sponding to total variation and Wasserstein distances under a technical assumption that A(g) € D!
(See (7.9)). Later, in [41], Nourdin, Nualart and Peccati obtained the same bound for total varia-
tion distance under the strictly weaker assumption that g € D'** using a combination of Gebelein’s
inequality (see [41, Lemma 2.5]) together with Malliavin-Stein bounds. In particular, the estimate
is now valid for g(x) = |x|P — E[|Z|P] for any p > 1. It is important to note that the two sum-
mands on the right hand side of (7.11) are not comparable in general but the bound still implies the
convergence in total variation distance under the assumption ||p||,2 < o (See Lemma 7.14).

We will first give a thorough presentation of the preliminary materials in chapter 2, chapter 3,
chapter 4, chapter 5 and partly in other chapters, and then present the results which we mentioned
above in parts of chapter 5, chapter 6 and chapter 7. Readers can choose to read in the order chap-

ter 2, chapter 3, chapter 4, chapter 5, chapter 6, or chapter 2, chapter 3, chapter 7 independently.



Chapter 2

Malliavin calculus

Malliavin [34] constructed a differential calculus on the Wiener space to obtain a purely proba-
bilistic proof of Hormander’s theorem on the existence and smoothness of densities for solutions
of stochastic differential equations. Since then Malliavin calculus have found its applications in
various topics. In this chapter, we first recall the basic results in this theory using the book Nu-
alart [42], as well as the books Baudoin [4], Matsumoto and Taniguchi [35], Nualart and Nualart
[43], Nourdin and Peccati [38], Sanz-Solé [52], Ustiinel [55] and lecture notes Bally [3], Hairer
[22], Kunze [29], Nualart [47]. The density theorem presented in the last section is first proved in

Caballero, Fernandez, and Nualart [9].

2.1 Introduction

Let $) be a real separable Hilbert space with inner product (-,-)s and associated norm || - || =

(-, ->313/2. (Q,F,P) is a fixed probability space.

Definition 2.1. W = {W (h) },cy, is called isonormal Gaussian process over $) if W is a centered
Gaussian family, that is a collection of jointly Gaussian random variables, defined on a probability

space (Q, 3§, P) with covariance function E[W (h)W (g)] = (g,h). Further assume § is the o-field

generated by W.

Lemma 2.2. Let {W(h)}cg be an isonormal Gaussian process over $). Then the map 4 — W (h)

is a linear isometry.



Proof. Letg,h € $)and a, € R, then we have

E[(W(ah-+Bg) — oW () — BW (g))’]
—E|(W(ah+Bg)| +aE |(W(h)?| +B%E | (W(g))|

—~2aE W (ath-+ Be)W (h)] —2BE(W (ah-+ Bg)W (g)] —20BE[W ()W (1)
= |ah+Bgl§ + o [|All3 + B[lglIf — 20t + By, h)s, — 2B{oth+ Bg, g)s — 2B (h. )

=0

which implies that W (ah+ Bg) = aW (h) + BW(g) almost surely. O

Lemma 2.3. The map & — W (h) is a linear isometry from $) to a closed subspace of L>(Q,F,P)
such that for all h € §, W(h) is a real valued centred Gaussian random variable if and only if

W = {W(h) },eg is an isonormal Gaussian process over §).

Proof. For the forward direction, it is enough to show that {W(h)},cq is a Gaussian family.
Indeed, for any hy,---h, € $ and o --- o, € R, using linearity, we have Y. | osW (h;) = W (h)
where h = Y!' ; o;h; is centred Gaussian random variable. Converse implication follows from

Lemma 2.2. O

Proposition 2.4. There exists an isonormal Gaussian process W over §j for any given real separable

Hilbert space ).

Proof. Let {N;}en be a sequence of i.i.d. normal random variables defined on the probability space
(2,3,P) and let {e;};cn be an orthonormal basis of §). For h =Y 77 | hje; where h; = (h,e;) g, i € N,
set W(h) : = Y liN; in L*(Q,F,P). Then W : § — L*(Q,F,P) is linear and each W (h) is is a

centred Gaussian random variable. Moreover

EWWWﬂZimFM@n

Then, the result follows from Lemma 2.3. OJ



Example 2.5. Let $ := L?([0,1],%([0,1]),m) where m is Lebesgue measure on [0,1]. Then by
Proposition 2.4, there is an isonormal Gaussian process W over L? ([0, 1],4([0,1]),m). Let B; :=

W(1p,). Then, fort,s € [0, 1]

1
E[B,B,] = /0 10,1 ()10 (F)dr = s At

Moreover, given 0 <7y <1 <--- <1, =1 < 1, the functions 1(; ;1,---,1(,_, q are orthogonal in
1%([0,1],9(]0,1]),m), hence B,, — By, = W(0)s sBe— By, =W(1,_, ;) are uncorrelated,
hence independent by being jointly Gaussian. Thus the process (Bt)ze[o,l] is a Brownian motion
with the filtration §, := o (B : s < 1) if we can show that it has continuous paths. Indeed, by

Kolmogorov’s theorem, it can be showed that B; has continuous modification. We will write

[ 1)aB(5) = W(t5)

and call [ f(s)dB(s) the Wiener integral of f over [0,1].

Definition 2.6. For n € Ny, the n-th Hermite polynomial H,(x) is defined as, Hy = 1, and forn > 1:

=" 2pdt 2
Hy(x) := %e /zﬁ(e 7).

: . : 2
First few Hermite polynomials are Hy(x) = 1, H(x) = x, Hy(x) = *5 L

Notation 2.7. Let ¢ (x) := \/szﬂe_xz/ 2 be the density of the standard normal distribution.
Some basic properties of Hermite polynomials are listed in the following lemma:
Lemma 2.8. Hermite polynomials satisfy the following properties:
(i) Forallt € R, exp (tx—12/2) = ¥iv o t"H,(x) in L*(R, Z(R), ¢ (x)dx).
(i) Foralln € N, H)(x) = nH,_(x).
(iii) Foralln € N, H,+1(x) = xH,(x) — nH,_1 (x).

6



(iv) Foralln € N, H,(—x) = (—1)"H,(x).

The following lemma reflects the close relation between Hermite polynomials and Gaussian

random variables.

Lemma 2.9. Let M,N be standard Gaussian random variables which are jointly Gaussian. Then

for m,n € Ng, we have

0, if n # m,
E[H,(M)Hnu(N)] =

—(E[M{VD"? ifn=m.

Definition 2.10. Let W be an isonormal Gaussian process over ). For each n € Ny, the n-th Wiener
chaos 2, is the closure of the linear span of {H,(W (h)): h € ,||h|s = 1} in L*(Q,3,P).

Note that since Hy = 1, the 0-th Wiener chaos 77 is the set of all constants and since H; (x) = x,

4 ={W(h):h € $H} is the 1-st Wiener chaos.

Lemma 2.11. Let W be an isonormal Gaussian process over $) and {4, } ,cn, be the corresponding

Wiener chaos. Then for m # n, ¢, and .7, are orthogonal.

Lemma 2.12. The random variables {¢" (")}, form a total subset of L?(Q, T, P). In other words,

if X € L2(Q,5,P) is such that E [XeW(h)} —Oforall h €, then X =0.

Theorem 2.13. Let W be an isonormal Gaussian process over §) and {74, },en be the correspond-

ing Wiener chaos. Then

P # = L*(Q,5,P) 2.1)
n=0

and this decomposition is orthogonal. In other words, every F € L?(Q,F,P) admits a unique

expansion of the form

F =

n

V, inL*(Q,F,P)
0

(o)



where for each n € Ny, V,, € 7, and Fy = E[F] .
Corollary 2.14. {\/n!H,},cn is an orthonormal basis of L*(R, Z(R), ¢ (x)dx).

Proof. Let (Q,F,P) = (R,%(R),¢(x)dx) and $) = R. Define W : R — L*(R,%(R), ¢(x)dx) by
(W(h))(x) = hx. Then W is an isonormal Gaussian process. Indeed, under ¢ (x)dx, x is a Gaussian
random variable. Moreover, E[W (k)W (g)] = hg [z x*d¢ (x)dx = hg. Furthermore, note that $ = R
has only two elements of norm 1 which corresponds to the random variables x and —x. But since
H,(—x) = (—1)"H,(x) from Lemma 2.8, each .77, is one-dimensional. Thus, by Theorem 2.13
and Lemma 2.9, {/n!H,} is an orthonormal basis of L*(R,§, ¢ (x)dx). Finally, claim follows by
noting that § = o(x) = B(R). O

Definition 2.15. Let f € L?>(R, %(R), ¢ (x)dx) have mean zero. By Corollary 2.14, f admits Her-

mite expansion

flx) = Z anHy (x).
n=1
The Hermite rank of the function f is then defined as

infiln>1:a1=ay=---=a,-1=0,a, #0} =:d.

2.2 Malliavin derivative

Let C;;(R™) denote the set of all infinitely continuously differentiable functions f: R™ — R such
that f and all of its partial derivatives have polynomial growth. Let § = UmeNC;"(R’”). Let .
denote the set of all random variables of the form f(W (A1), -+, W (hy,)), where m > 1, f € C,(R™)
and h; € 9, fori = 1,--- ;m. Elements of .¥ will be called smooth functionals of W. Also for any

separable Hilbert space R, set

n
Fiki:Fie S, kie X, j=1,--n, nEZ+}.
j=1

S (R) ::{

8



Lemma 2.16. The spaces . and .(R) are dense in L”(Q,F,P), LP(Q,§,P; K) respectively for

every p € [1,00).

For p > 1, this claim can be proved by showing for all X € L%, E[XF] =0 forall F € . implies

X =0a.e.

Definition 2.17. Let F € S be of the form f(W (hy),--- ,W(h,,)) for some h; - - - hy, € $ and m € Ny.
The Malliavin Derivative DF of F (with respect to the underlying isonormal Gaussian family W)

is the element of LZ(Q, 5,P;$) defined by

el
DF := ;a—fi(W(hl),--- W () ). (2.2)

Remark 2.18. This definition is well-defined in the sense that it doesn’t depend on the repre-
sentation of the given random variable. To see this let {¢;},en C $) be an orthonormal basis and

hi,---hy, €. Assume F € .% has representations
F=fW(h), - ,W(hn)) =gW(er), -, Wl(en))
for some f, g. Without loss of generality we may assume that
span{ey,---,e,} =span{hy,--- ,hy},

and m = n. Otherwise, we can let h,,, 11 = ey, - ,hp4m = €, and ey-1 = hy, -+ €ty = hy, and
replacing f, g with £, g, where f(x1, -+, Xpmin) = f(x1, - ,x,) and g(x1, -, Xpin) = (X1, -+, Xp)-
This doesn’t effect the derivative because d; f=0for j>nand djg=0for j>n. LetT:R"—R"
be the linear transformation such that 7;; = (h;,e;) forall i, j € {1,--- ,n}. Then by linearity of W,

T(W(er), - W(en)) = (W(ht), -~ ,W(hy)), so that

(fOT)(W(el)v"'W(en)) :g(W(hl)v"' 7W(hn)) =X. (2.3)



This implies that f o T = g. Indeed, if f o T (xg) # g(xp) for some for some xy € R”, then by conti-
nuity |foT — g| > € in a neighborhood of xy. Since the standard Gaussian vector W (ey),---W(e,)
has strictly positive probability of being in that neighbourhood, this contradicts the equality (2.3).

This using the chain rule from elementary calculus,

difo T(W(el)a"'W(en))ei

(ngE

ié’ig(W(el), o Wep))ei =

1aj<foT)<W(el)="'W(en))<hj7€i>€i

Il Il
.M: ﬁM= I\

i f(W(hy), - W(hn))h;.

~
I
—_

Before we get into some properties of the Malliavin operator, let us consider some examples.
Example 2.19. If f(x) = x, we see D(W (h)) = h.

Example 2.20. Let W be as in Example 2.5 and F = f(W(1j,))) € . Then for each h € § =

L% (]0,1],4([0,1]),m), using the definition of Malliavin derivative, we have

(Dbl = (W (1)Ll = OV (10,)) [ (s)ds.

Note that the left hand side of this equation in the path space is also equal to

%F(Ms/o'h(s)ds) .

Define the the Cameron-Martin space $)' of Q as
- - t
§l = {hec(0,1) : k() = / h(s)ds, for some h € §}.
0

9! is an Hilbert space with the inner product

@)y = [ HO)(5)ds,

10



and it is isomorphic to $). Then, for any h € 9, (DF,h) ¢ 1s the directional derivative of F' in the

direction i € ' where h(t) = [ h(s)ds.

Remark 2.21. In general, the derivative DF can be interpreted as the directional derivative as

follows: For F = f(W(h)) € . and g € $), on one had, we have

<DF7g>53 = f/(W(h>)<h,g>5§,

and on the other hand

oo SOV () + € g)s) = F(W (1))
e—0 ) =0 E

Hence, one has

(DF,g)¢ — éiir})f(w(h)+g<h’§>ﬁ) —f(W(h)).

Now we will prove some preliminary integration by parts formula which will then allow us to

extend the derivative operator to a larger class of random variables.

Lemma 2.22. Let F,F € . and h € $). Then

E[(DF,h)] =E[FW (h)], (2.4)
E[F(DF,h)s| =E [FFW (h)] —E[F(DF,h)g] . (2.5)

Proof. Note that Leibniz formula
D(FF) = FDF + FDF (2.6)

follows from the Leibniz formula for the usual derivative. For (2.4) we may assume | &||s = 1 by

linearity and F = f(W(e1),W(ez), -+ ,W(e,)) where f € S and {ej,ez,---,e,} C $ are orthonor-

11



mal and e; = h. Then using the usual integration by parts, we get

[(DF, 1) / OFS)dx= [ F@9(dx=EFW(er)] = EIFW(h).

Notice if F,F € .% sois FF. Applying (2.4) to FF and using (2.6), we finally obtain (2.5). U

Proposition 2.23. Let p € [1,0). Then the operator D : .¥ C LP(Q,§,P) — LP(Q,§,P; ) is
closable. In other words for every sequence {F,},cNn, C -7 such that F, — 0 in LP(Q,§,P) as

n — oo, and DF, — Y in LP(Q,§,P;$) as n — oo, it holds that ¥ = 0 P-a.e.

Proof. We will give a proof for the case p > 1. Let {F, } ,cN, be a sequence in C . such that F;, —
0in LP(Q,§,P) as n — oo, and DF, — Y in LP(Q,§,P;§) as n — oco. Then (DF,,h)g — (Y, h)g in

LP(Q,§,P) forany h € §. Let G € .. By (2.5), we have

E[G(Y,h)g] = lim E[G(DF,,h)s] = lim E[F, (W (h)G — (DG, h)s,)] = 0

n—»co n—oo

where the last equality follows from Holder’s inequality since F, — 0 in L (Q,§,P) and W (h)G,
(DG,h)g € L7 7. Now since E[G(Y,h)s] = 0 for all G € ., by Lemma 2.16, we have, for all

he$, (Y,h)s = 0P-a.e. which then implies ¥ = 0, P-a.e. O

We will use the same notation for the closed extension of the derivative. Fix p € [1,00), the

domain of the operator D is the space D!'7, defined as the closure of S with respect to the norm:
1
IFllon = (BIFIP]+E [IDFIZ]) .
Observe that D!2 is a Hilbert space with the inner product
(F,G)p12 =E[FG]+E[(DF,DG)g].

More generally, we can also define the Malliavin derivative as an unbounded operator from .7 (R) C

12



LP(Q,5,P;R) to LP(Q,§,P; H® RK) as

DF := Y DF;k;.

n
j=1

Consequently, we can define the k-th Malliavin derivative of F, denoted DFF , forany k € N, as the

$H®_valued random variable obtained by iterating k-times the operator D. That is to say,

DkF: i allf,,lkf(w(hl)aW(hm))<hll®®hlk)

il:"' 7ik:1

Similar to Proposition 2.23, D : . C LP(Q,§,P) — LP(Q,T,P; H%K) can be shown to be closable.
The domain of the operator D¥ is the space DX defined as the completion of . with respect to

the norm

k 1/p
I1Fllosr = ( E(IID‘F|IQ®,->>
i=0

1

where we used the convention §° =R, D°F = F and || [|o., = || - || ,- We will call D** the domain
of D¥ in L”(Q,F,P). Finally, we set D= := M;>1D*?, and D* := N> D=. Furthermore, for
any other separable Hilbert space £, let D*?(8) denote the domain of D* viewed as an unbounded

operator from L?(Q, §,P; 8) to LP(Q, F,P; % ® R) .

Proposition 2.24. Let ¢ : R — R be a Lipschitz function. Suppose F € D'? for some p > 1. Then

@(F) € D' and

Proof. If F € ., this result easily follows from classical chain rule. In general, let {F, },en C -7
be a sequence converging to F in D7, In other words, F, = f,(W(hy),--- ,W(hy,)) — F in
LP(Q,§,P) and DF, — DF in L”(Q,§,P;$). Further assume {¢,},.n C C;” be a sequence of

bounded functions such that ¢,(x) — @(x) pointwise. (Existence of such sequence can be verified
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using mollifiers.) Then, ¢,(F,) € .# and

my

D(on(Fn)) = ;(% o fu) (W (A1), ,W (n, )i

my

- Z(Pn fn hla e ,hmn)))f,;(W(hO, 7W(hmn)hi = (Pr/l(Fn)DFn

Moreover, by triangle inequality, we have

H‘Pn )DF, — ¢'( DFHL!’ Q5P = H(Pn )(DF, — DF) HLP(Q,&P;YO)

+ H ((Pn(Fn) -0 (Fn)>DFHLp(Qg7P;yJ) + || ((D/(Fn) - q)/(F))DFHLP(Q,g’P;fJ) .

Observe that sup,,cn |@,(F,)| < C < o a.s. and hence the first term in the right hand side of
the above inequality converges to zero as n — oo. Moreover, dominated convergence theorem
implies that the other two terms converge to zero as n — co. Thus we obtain, D(¢,(F,)) converges
to @'(F)DF in LP(Q,§,P;$) as n — . But on the other hand, ¢/ (F;) converges to ¢(F) in
LP(Q,F,P) as n — . Finally, applying the closability of the operator D in Proposition 2.23,
we get @(F) € D7 and D(¢(F)) = ¢'(F)DF. For the argument where ¢ is Lipschitz see [42,
Proposition 1.23].

O

Lemma 2.25. Let {F,},cn be a sequence of random variables in D'? which converges to F in

L?*(Q,F,P) and such that
supE [[[DF, 3] <
neN

Then F € D', and the sequence of derivatives {DF,},cn converges to DF in the weak topology

of L2(Q,3,P:9).

Lemma 2.26. Let {F,},cN be a sequence of random variables converging to F in L”(Q,F,P) for

14



some p > 1. Suppose that

sup ||F || prr < oo.
neN

for some k > 1. Then F € D¥P,

2.3 Divergence operator
In this section we will introduce the adjoint of the derivative operator which is called divergence
operator. (In the white noise case it is also called Skorohod integral)

Definition 2.27. We call the adjoint of the derivative operator divergence operator and denote it

by 8. That is, § is an unbounded operator from Dom(8) C L*(Q,F,P;$) to L?(Q,T,P) such that:

e The domain of §, denoted by Dom(d), is the subset of LZ(Q,S,P;SB) composed of those

elements V such that there exists a cy > 0 satisfying

IE[(DF,V)g]| < cy\/E[F? forall F € S

or, equivalently, for all F € D2,

e If V € Dom(8), then §(V) is the unique element of L*(Q, §,P) characterized by the follow-

ing duality formula:

E[F§(V)] =E[(DF,V)g] forall F € S 2.7)

or, equivalently, for all F € D2

Such operator exists: fix V € Dom(0), then the linear operator F — E [(DF,V )] is continuous
from .7, equipped with the L?(Q, §,P)-norm, into R. By Riesz representation theorem, there exists
a unique element in L?>(Q, §,P), which we denoted by §(V), satisfying (2.7). Some properties of

this operator is listed in the following proposition.
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Proposition 2.28. (i) 0 is a linear and closed operator in Dom (6).
(ii) E[6(V)] =0forall V € Dom(9).

(iii) IfV € (), then V € Dom (§) and

(DF;, hy)s,.

Ms

I
_

(iv) LetV € ./($), F € . and h € §. Then

(D(8(V)), hyg = (V, )5, + & (f DF:,h yJh>

i=1
Proof. (i) 9 is closed by being the adjoint of an unbounded densely defined operator.
(i1) This follows from applying (2.7) with F = 1.

(iii) Let us first show that .”($)) C Dom(9) . LetV € .#($)), thenV =Y | Fih; for some F; € ./

and h e Hfori=1,---n,n € Z,. Using (2.5), we have, for all F € .7,

[E[(DF, V)]l = | ) E[Fi(DF, hi)g)

'M=

i=1

(IE[F(DE; hi)s)| + [E[FEW (hi)][)

M:

I
—_

< ovlFll2zp):

where the last line follows from Cauchy-Schwarz inequality and cy < oo follows from F; =
f(W(hi,),--- ,W(hi;)) where f; and and its derivatives has at most polynomial growth. This

proves V € Dom (J). Moreover, using (2.5), we get for all F € .,
n
E[F§(V)] =E[(DF,V)g Z — (DF;,hy) )

which verifies (iii).
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(iv) Using (iii) for 6(V), we get

(D(B(V)), By = Y (W (ki) (DF: )+ Fi(hi, ) + W () (D((DFy, i), ).
i=1

On the other hand, again using (2.5), we have

6 (i@l’i,h%hi) = i (W (h;)(DF;;h) — (D(DF;,h), hi)g) -

i=1 i=1

Then the claim follows putting these two equations together.

Proposition 2.29. If V € D!%($)), then

Ha(v)”é(ﬂﬂ?f) =E[8(V)’] <|IVlpra)

In particular, D'?($)) C Dom§ and & : D!2($)) — L?(Q,,P) is continuous.

The following lemma is a factorization property of the divergence operator, obtained in this

generality in [9, Lemma 1].

Lemma 2.30. Fix p,p’ > 1 with 1/p+1/p' = 1. Let F € D'"¥', V € Dom 8, be such that V €
LP(Q,F,P;$H) and §(V) € LP(Q,F,P). Then FV € Dom 6, and

S(FV)=F8(V)— (DF,V)s.

Because § is a continuous linear operator from D7 () to L”(Q, §,P), Lemma 2.30 holds true

provided F € D'**" and V € D'()).
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2.4 Wiener chaos

In this section, we will consider the case where $) = L?(T,%(T), i) for a o-finite measure space

(T,AB(T), 1) without atoms.

Remark 2.31. Given a random variable F € D2, the Malliavin derivative DF is an element of
L*(Q,3,P;L*(T,%(T), 1)) which can be identified with L>(T x Q,%(T) ® §, 4 @ P). Thus the
Malliavin derivative can be viewed as a stochastic process {D,F :t € T} where D,F is defined a.e

with respect to to the measure y ® P. Similar remarks also apply to divergence operator.

Definition 2.32. Let {W (h)},cs; be an isonormal Gaussian processes over ) where $ = L?(T, %, 11)
for a o-finite measure space (T, %, i) without atoms. Then W(A) := W(1,) for A € A is called

the white noise on 7. It has the covariance structure

E[W(A)W (B)] = /T 14(x) 15(x) e (dx) = p(ANB).

Remark 2.33. Notice that in this case, we can recover the isonormal Gaussion process from the

white noise.

Example 2.34. Let (T, %, 1) = (R, #(R+),m) where m is the Lebesgue measure. Then W is the
white noise in Ry and B, := W([0,¢]) is the one dimensional Brownian motion. The details are

similar to Example 2.5.

Fix n € N and let %,(T) :={A € B(T) : u(A) < oo}. Further let E, be the set of elementary

functions of the form

n

fon )= Y i lay cooxay, (t 0 1) (2.8)

i1, 7ln:]
where Ay,---,A, € %B,(T) are pairwise disjoint and the coefficients a;, ... ;, = 0 if i; = i; for any
J#k.
Proposition 2.35. The set of elementary functions E, is dense in L>(T", 2(T"), u®").
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Definition 2.36. For an elementary function of the form (2.8), the multiple stochastic integral is

defined as follows:

m

L) =Y ai..i,W(Ay) - xW(A,) (2.9)

i1, s0n

Let L2(T", Z(T"), u®") denote the space of symmetric square integrable functions. If f: 7" —

R, define its symmetrization by

- 1
Flt, ) = =Y fltgy, - sto(m) (2.10)

where sum runs over all permutations ¢ of {1,--- ,n}. Observe ||f||L2(Tn’%(T,1)7u®n) <2 sy womy)-

Proposition 2.37. (i) The definition (2.9) doesn’t depend on the particular representation of the

function f.

(i) Let f denote the symmetrization of f € E, as defined in (2.10). Then

L(f) = L(f)-
Lemma 2.38. For all n,m € Nand f € E, and g € E,,,, we have

0 ifn=+m
E[L.(f)In(8)] =

n!<f7g~>L2(TVl“@(Tn)7u®n) if n=m.

Proposition 2.39. The linear operator I, : E,, — L2 (Q,5,P) can be extended to a continuous linear

operator from L*(T", Z(T"),u®") to L*(Q,§,P). Moreover, for all f,g € L*>(T", B(T"), u®"),

19



0 ifn#m
n!<f~7g>L2(T"7<%(Tn)7u®n) if n=m.

still holds.

Definition 2.40. Let f € L*(T", (T"), u®") and g € L*(T™, 2(T™), u®™)). Forany r=0,--- ,mA
n, define the contraction of f and g of order r to be the element of L? (77" =2" gg(T"+m=2r), y®n+m=2r)

as

(f®rg)(t17"' ,tn—raslu"'sm—r)

= /Trf(tl’ e 7tn—r7'x)g(s17 o 'Sm—rvx)“r(dx)'

Denote the symmetrization of f ®, g by f&,g.

Proposition 2.41. Let f € L2(T", 2(T"),u*") and g € L2(T™, B(T™), u=™) for some m,n € No.

Then,

b =L (1) (0 matr e

Proposition 2.42. For any g € L>(T,%(T), 1), we have

W(g)
®ny _ n
In(g™") = nMllgliz2 7 a7) ) Hr ( &llz2(r,(r) u)) ,

where ¢ (11 -+ 1) = g(11)+g(t). In particular it ¢ (7 s(r) ) = 1. then

In(g®n) =n!H, (W(g)).

As a consequence of Proposition 2.42 and Theorem 2.13, we deduce following version of the
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Wiener chaos expansion.

Theorem 2.43. Every F € L>(Q,J,P) can be uniquely expanded into a sum of stochastic integrals

as follows:

oo

F=Y L(f),

n=0

where fy = E[F], and Iy denotes the identity map on constants and f,, € L*(T", B(T"), u®").
Further we can assume that the functions f, € L2(T", Z(T"), u®") and in this case are uniquely

determined by F.
Using chaos expansion we can easily compute the derivative as follows:

Proposition 2.44. Let F € D! be a random variable with chaos expansion given in Theorem 2.43

where f,’s are symmetric . Then,

o5}

DF = Z nln—l(fn('at))'

n=1

Proof. Let F = I,,(f,) for a particular n € Ny where f, is symmetric and of the form (2.8) and

assume ¢ € A;; for some i; € {1,---,n}. Then

n
D,F:Dt< Z aih,..,inW(A,-l)---W(A,-n)>
i17"'7in:1

n

=Y Y a i WAy () W(A)

j:1i1>"'7in:1 !

=nl,1(fu(-,1)).

The general case then follows. ]
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Proposition 2.45. Let F € L?(Q,T,P) be a random variable with chaos expansion given in Theo-

rem 2.43 and A € A(T). Then,

®
F‘gt ZI fn I[On,]
Proof. Let F = I,(f,) for a particular n € Ny where f,, of the form 14, «...x4, Where Aj,---A, €

Py,(T) mutually disjoint. Then

E[F|3] =E[W(A))---W(A,)|3:] =E le(Am [0,2]) + W (A;N[0,1]) |3

i=1
= L (1 (4, 1[04 x (A[0,1]))-
The general case then follows. 0

Anelement V(1) € L*(T x Q,%8(T) ® F,m@P) has a Wiener chaos decomposition of the form

V() =Y h(fa(-1), (2.11)
n=0
where for each n € N, f,, € L>(T"*!) which is symmetric in the first n-components. The next result

shows how divergence operator applies to Wiener chaos decomposition.

Proposition 2.46. Let V(1) € L*(T x Q, %(T) ®F,m@P) be given as in (2.11). Then V € Dom&

if and only if the series

Z In—H (fn>
n=0

where

n

~ 1
fn(t17t27"' ;tnvt) = m (fn(t17"' 7tnat>+2fn(t17"' 1,0, i1 7tn7ti>>

i=1
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converges in L2(Q,§,P). Moreover,
3(V) =} It1(fn)-
n=0

2.5 Ito integral and Malliavin calculus

We will focus on Example 2.34 where §) = L?(R,,%(R,.),m) throughout this section. Following
Remark 2.31 we will use the identification L>(Q,§,P;L>(R, B(Ry),m)) = L*(R; xQ,B(R,)®
§,m®P). Thus the Malliavin derivative is a stochastic process (D;F),cg, . Let (§:),cg, be the

filtration such that
F =3 VA, F =0(B,,0<s<1) (2.12)

where /" is the o-field generated by P-null sets. We say a process {V; },cr, is adapted if V; is ;-
measurable for all # € Ry. Let L2(Ry x Q, (R} ) ® §,m®@P) be the set of square integrable and
adapted processes. Further, let &' (R.) denote the set of all finite linear combinations of elementary

adapted processes of the form
V(S) = Fl[a,b) (S) (2.13)

where 0 < a < b <o, F € LZ(Q,S, P), §,-measurable. Recall that for an elementary adapted

process of the type (2.13), the It6 integral is given by

/R V(s)dBy = F(By — Ba) = FW (115.).
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Theorem 2.47. The space L2(Q,§,P;L?(R,, %(R),m)) is included in the domain of §, moreover

forany V € L2(Q,§,P;L>(R, B(Ry),m)).

Proof. LetV(s) = F1y,(s) where F € . Then for any G € ., we have
E [<V7DG>5’J] =E [F<1[a,b)7DG>fJ} =E [FGW<1[a,b)) - G<1[a,b)7DF>fJ} (2.14)

where we used (2.5) in the last equality. Note that since F' € . is .%,-measurable, and F =
f(W(hy),---,W(hy,)) for some smooth f and ; € L?>(R;,%(R),m) such that supp &; C [0,d].
This implies, in particular, (1(,4),%;) =0 for all i = 1,---m and (1y,;),DF) = 0. So, the above

identity becomes
E[(V.DG)5] =E [FGW (1,,)]
which can be rewritten using (2.14) as

HWQQQ:EP%;WWMJ.

+
The proof can then be completed by an approximation argument. [
The following theorem includes Clark-Ocone Formula and Poincare inequality.

Theorem 2.48. For every F € D2,

F:mﬂ+Awamwma&
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Consequently, we have the Poincare inequality:
2
Var [F] S E ||DF||L2(R+7<%(R+)7m)i|

Proof. By martingale representation theorem, there is a unique process V € L2(R; x Q, ZB(R,)®

§,m®P) such that

F=E[F]+ | U(s)dB;. (2.15)

Let U € L2(R, x Q,%(R;) ®F,m®P). On one hand, using the isometry property of Itd integral,

W€ S€€

E[§(U)F] = /R E[U(s)V(s)] ds.

On the other hand, using integration by parts (2.7), we get
E[8(U)F]=E { / U(:)Dtht] = / E[U(s)E [DsF|3s]] ds
0 0

where we used the fact that U is adapted to the filtration {J;}cr,. The above findings together

implies V(s) =E [DSF|SS] . O

Remark 2.49. Another way to prove Clark-Ocone formula is using chaos expansion in Theo-
rem 2.43 together with Proposition 2.44, Proposition 2.45 and Proposition 2.46. See [42, Proposi-
tion 1.3.14] for details.

2.6 Existence of density

The following density formula under general assumptions on the random variable has been proved

in [9, Proposition 1].
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Proposition 2.50. Let F € D! and V € L'(Q,F,P; ) be such that DyF # 0 a.s. Assume that

V /Dy F € Dom§. Then the law of F has a continuous and bounded density given by

fr(x)=E |:1[F>x]5 <l%>} :

Remark 2.51. Using Lemma 2.30, in the context of Proposition 2.50, the following constitute

sufficient conditions for V /Dy F € Dom &, for some p, p’ with 1/p+1/p’ =1 (see [9, Lemma 3]):
(i) (DyF)~ ' eDr,
(ii) V e DLP ().

In view of [9, Lemma 4], a sufficient condition for (i) is (DyF) ™' € L” (Q,,P) and
) /
(DvF) " [ID°F |55V Il + 1DV || 5es|IDF ||5] € L7 (2,3, P).

Therefore, assuming that F € D?>? and (DyF)~! € L9(Q,§,P), then condition (i) holds if 2 /¢ +

3/p =1 for some p > 3 and ¢ > 2. In particular, we can take ¢ =4 and p = 6.

Proof of Proposition 2.50. Let y € CZ(R;Ry) and define ¢(y) = [?., w(z)dz for y € R. Then by

Proposition 2.24, we have @(F) € D! and

(D(@(F)),V)s = W(F)(DF,V)g.

Using Dy F # 0 a.s., we obtain

Elw(F)] =& | Dlo(F). @Z—WM .

Let {F,},en C .7 be a sequence of random variables converging to F in D! Then, using the
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definition of the divergence operator 9, we get

B (200 ), | = im0 ) |
~ 1mE {055 (5777 )|

n-ree DF,V)g
e o8 (rvy, )|

Hence, we get

Bv(F) =B 0P8 (e )| 2.16)

By an approximation argument, (2.16) holds for the function y(y) = 1, ;(v) and as a consequence,

applying Fubini’s theorem, we obtain

Plasr<n=e|([ tunwin)o (|
:/a E[I[F>x]6 (m)}d’c

which concludes the proof of the claim. 0
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Chapter 3

Malliavin-Stein method

Stein’s method [54] was established in 1970s to provide quantitative results to estimate how far a
random variable is from being normal. Before Stein [54] first used the method, a Fourier transform
approach was used (characteristic functions) to show the convergence to a normal random variable
in distribution. Although this method is a strong tool to establish convergence in distribution, it
lacks to provide the estimates on the error term in general. In 2005, Nualart and Peccati [44]
formulated a new central limit theorem on a fixed Wiener chaos, which is called the fourth moment
theorem. Later in 2009, Nourdin and Peccati [37], when considering the rate of convergence for
the fourth moment theorem, explored an interplay between Malliavin calculus and Stein’s method
leading to quantitative estimates. This chapter is based on the books Chen, Goldstein, and Shao
[17], Nourdin and Peccati [38], Nualart [42], as well as the surveys Nourdin [36], Nourdin and
Peccati [37], Ross [51]. At the end of this chapter we will recall with its proofs particular Malliavin-
Stein bounds one for Wasserstein distane and other for the uniform distance between densities.
These estimates are based on the results in Kuzgun and Nualart [30] and Hu, Lu, and Nualart [24],

Kuzgun and Nualart [31].

3.1 Stein’s method

The following is an important characterization of the normal distribution.

Lemma 3.1 (Stein’s Lemma). If Z has the standard normal distribution, then

E[¢/(2) - Z9p(2)] =0
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for all absolutely continuous function @ with ¢’ € L' (R, Z(R), ¢ (x)dx). On the other hand, if F is

a random variable such that

E[¢'(F)—Fo(F))] =0

for all absolutely continuous function ¢ with ¢’ € L' (R, Z(R), ¢ (x)dx) with E[F@(F)] < o, then
F has the standard normal distribution.

This characterization of the normal distribution motivates the Stein equation (3.2).

Proposition 3.2. For ¢ € L' (R, 4(R), ¢ (x)dx), the function

fox) =" [ (9 ~Elp(2))) ey G0

is the unique solution to the Stein’s equation

f(0) =xf'(x) = ¢(x) —E[0(2)] (3.2)
satisfying the growth condition

lim e /2 f(x) =0.

X—>Foo

The following lemma presents some properties of the solution fy, to Stein’s equation for par-

ticular choices of ¢.
Lemma 3.3.

(i) Let @(y) = 1(_w () for some x € R. Then,

V2m

| follz= < 3 I foll- < 1.
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(ii) Let ¢ : R — [0, 1] be Borel measurable. Then,

T
| foll~ < \/; [ fpllze <2.

(iii) Let @ : R — R be absolutely continuous, then
1 folle <20¢ =, [ fpllee <4¢' =, lIfpll= <2/l¢"|l=

Heuristically, Stein’s method aims to use the characterization in Lemma 3.1 to estimate how
far a random variable is from being normally distributed. Before we state the results in this respect,

let us first introduce how we measure the distance between two random variables.

Definition 3.4. For two real random variables F, G on a probability space (,§,P), define

dg(F,G) := sup [E[@(F)] —E[p(G)]]
(IS4

where % is an appropriate class of test functions.
We will mainly be interested in the following cases:

Definition 3.5.

(1) If we take € := {l(_%x} ;x € R}, then we obtain the Kolmogorov’s distance:

dkol(F,G) :=sup |P(F <x) —P(G < x)|
xeR

(i) If we take ¢ := {15(-) : B € #(R)}, we get the total variation distance:

dry(F,G):= sup |P(F €B)—P(Ge€B)|
BeB(R)
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(iii) If we take ¢ :={@:R = R:|o(x) — @(y)| < |x—y| for all x,y € R} =: Lip(1), we get the

Wasserstein’s distance:

dw(F,G) :== sup [E[@(F)]—E[p(G)]|.
p€Lip(1)

The following proposition is the central result in Stein’s method which characterizes the dis-

tances in term of the solution to the Stein’s equation (3.2).

Proposition 3.6. Let F be an integrable random variable and Z has a normal distribution, then

dy(F.Z) = sup B | fo(F) — F fo(F)
(1S74

for any class of functions ¢ introduced in Definition 3.5 where f, given in (3.1) is the solution to

the Stein equation (3.2).

Using Lemma 3.3 and Proposition 3.6 we obtain following corollaries which will be used when

we introduce the Malliavin-Stein method in the next section.

Corollary 3.7. Let F be an integrable random variable and Z has a normal distribution, then

dKol(F7Z> < feSl;P ‘E [f/(F)} _E[Ff(F>H

where .Fx, is the class of piecewise continuously differentiable functions where || ||z~ < V27 /4

and || f'[|z= < 1.

Corollary 3.8. Let F be an integrable random variable and Z has a normal distribution, then

drv(F,Z) < sup |[E[f'(F)] —E[Ff(F)]|
feZrv

where 1y is the class of absolutely continuous functions || f||z= < /7/2 whose derivative has a

version such that || f/||.~ < 2}.
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Corollary 3.9. Let F be an integrable random variable and Z has a normal distribution, then

dw(F,Z) < sup |E[f'(F)] —B[Ff(F)]|
feFw

where Zy is the class of twice differentiable functions such that |||z~ < 2, || /||~ < /7/2,

1Al < 23

3.2 Stein’s method combined with Malliavin calculus

Now, we are ready to combine Malliavin calculus with Stein’s method to give estimates for the dis-
tances introduced in the previous section. The theorems below are stated for the random variables
of the form F = § (V) for some V € Dom (8 ) which suits for our purposes in the later chapters. For
a broader treatment and the proofs, see [38]. These estimates are first obtained in [37]. Throughout

this section, we fix an isonormal Gaussian process W over §) on a probability space (Q,§,P).

Theorem 3.10. Suppose that F € D! satisfies F = §(V) where V belongs to the Dom(§) and

E [F 2} = 1. Let € be the one of the classes of functions defined in Definition 3.5. Then,

de (F,Z) < (sup Hf(;)HL‘”) Var[(DF,V) g,
(IS4

where Z is a standard normal random variable. In particular,

dKOI(F,Z) < Val‘[<DF,V>53], (33)
drv(F,Z) < 2+/Var[(DF,V)g], (3.4)
dw(F,Z) < \/m/2+/Var[(DF,V ). (3.5)

Proof. Let us prove this for the total variation distance. The others follow the same steps. By (2.4),
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wesee E[6(V)f(F)] =E[(D(f(F)),V)g]. As a consequence, using Corollary 3.8, we can write

dry (F,Z) < félj@P [E[f'(F)] —E[Ff(F)]|

= sup [E[f'(F)]—E[6(V)f(F)]|

feFry

= sup [E[f(F)] —E[D(f(F)),V)s]|

feFry

= sup [E[f'(F)]—E[f (F)(DF,V)g]|
feFrv

<2E[|1 - (DF,V)g|],

where we used Proposition 2.24 and f € Fry satisfies || f/|| = <2. Since | =E [F?| =E[F§(V)] =

E [(DF,V)g], using Cauchy-Schwarz inequality, we get

E[[1 = (DF,V)g|] < \/E IELDF,V)g] — (DF,V)5 | = +/Nar[(DF V]3]

which concludes our proof. 0

An iterative application of the Malliavin-Stein approach leads to the following result, which

requires the random variable F = & (V) to be three times differentiable (see [46, Proposition 3.2.]).

Proposition 3.11. Assume that V € Dom§, F = (V) € D*2 and E [F?] = 1. Then,
drv(F,Z) < (8 +V/32m)Var [(DF, V)] +V2x|E [F?] | + V327E [| Dy F|?] +47E [|Dy F]

where we have used the notation Dy F = (V,DF ) and D\ 'F = (V,D(Di,F))g; for i > 1.

In the next proposition we present another estimate for the Wasserstein’s distance between
a random variable F where F = §%(V) and a normal random variable obtained using iterative

application of Malliavin-Stein method. This is proved in [30].
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Proposition 3.12. Assume that V € Dom (6%), F = §%(V) € D*? and E [F?] = 1. Then,

dw(F,Z) < \/7/2\/Var [(D?F,V) 2] +2E[|(DF @ DF.V) g2

Proof. By iterating (2.4), we see E [6%(V) f(F)| =E [(D*(f(F)),V)ge2]. As a consequence, us-

ing Corollary 3.9, we can write

dw(F,2) < Sup [E[f'(F)] —EIFf(F)]|

= sup [E[f'(F)] —E [52(V)f(F)} |

feFw

= sup [E[f'(F)] —E[(D*(f(F)),V)ge]|

feFw

— filfof [E[f/(F)] —E[f'(F)(D*F,V)4e2]| —E[f"(F)(DF ® DF,V) ] |

< \/m/2E[|l = (D*F,V)ge2|] + 2E [|(DF ® DF,V) 52 |]

where we used Proposition 2.24 and f € Z satisfies || ||z~ < \/7/2,

"= <2}. Since 1 =

E[F?] =E[F&%(V)] =E [(D?F,V)ge:], using Cauchy-Schwarz inequality, we get

E[|1—(D*F,V)ge]|] < \/E “E[(DZF,V)W} — <D2F,V>ﬁ®zﬂ = \/Var[<D2F,V>,~J®2} ,

which concludes our proof. [

Now, we will use Malliavin-Stein method to obtain a bound for the uniform distance between
the density of of a random variable and the density of the normal distribution. In order to obtain
such estimate, we will use Proposition 2.50. Variations of this result are obtained in [24]. The

proof here is given in [31].

Theorem 3.13. Assume that V € D'°(§)) and F = §(V) € D*° with E[F] =0, E[F?] = 1 and

(DyF)™' € L*(Q,3,P). Then, V/DyF € Dom$&, F admits a density f#(x) and the following
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inequality holds true

sup fr () =9 @) < (IF |4 [[(DvF) |, +2) |1 =DvF|,

+||@vF) |3 1Dy (DVF)| 5, (3.6)

where @ (x) is the density of the normal distribution.

Proof. First, note that, by Proposition 2.50, the Remark 2.51 F admits a density fr(x) =E 15,46 (V)],

where V =V /Dy F. As a consequence, we can write

sup|fr(x) — ¢ (x)| = sup E[1jp>x6 (V)] —E[12-92] |, (3.7)

x€R

where Z denotes a standard random variable. We have

5(&):5( V) d DV( ! ) F_ Dv(DvF) (3.8)

DyF) DyF ' \DyF) DyF  (DyF)

Indeed, the second equality follows from Lemma 2.30 together with F = §(V), and the third one

follows from the chain rule. Then, substituting (3.8) into (3.7), yields

P, = [E[1psy0 (V)] —E[17247]|

1[F>x]F1 1[F>x]DV (DVF>
=|E —E —E|1 Z||. (3.9)
Adding and subtracting E [1[F>X]F } in (3.9), we get
(1-DyF)F |Dy (DvF)|
o, <E||l——F— E|l———— E|F1 ! . 3.10
Applying Holder’s inequlity to the first term, we obtain
|| < F |
E||————|| <||IF DyF 1—-DyF|,. 3.11
[P < el ovry | 11 v, a1
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Meanwhile, applying Holder’s inequality to the second term, we get

Dy (DyF
Elv(v)\

(DyF)? = H(DVF)IHi”DV (DvF)l,- (3.12)

Finally, applying Stein’s method Theorem 3.10 with @(y) = y1|,~,; which is a Lip(1) function, we

obtain

[E[Flipsy —Z1z9]| < V/7/2y/Var[(DF,V)g]. (3.13)

Then, substituting (3.11), (3.12) into (3.10) yields the desired estimate.
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Chapter 4

Walsh stochastic integral

Walsh introduced multi-parameter stochastic integration which is an extension of Itd’s calculus
in the seminal paper [56]. In this chapter, we will first give a brief sketch of this integration
theory in the context of a spatially homogeneous noise and recall the facts that the main results of
Itd’s theory extends to Walsh integration. Afterwards, we present how this theory connects with
Malliavin calculus. The first two section of this chapter is mainly based on lecture notes Perkowski
[50]. We also utilized the lecture notes Balan [2], the papers Dalang [20], Walsh [56], the books
Khoshnevisan [28], Dalang, Khoshnevisan, Mueller, Nualart, and Xiao [21], and the theses Chen
[10], Conus [18]. The last section is based on a recent paper Chen, Khoshnevisan, Nualart, and Pu

[16].

4.1 Introduction

Definition 4.1. An isonormal Gaussian process W = (W (h))peg over $) defined on a complete
probability space (Q,F,P) is called spatially homogeneous noise on R, x R? if there is a nonneg-

ative definite tempered Borel measure A on R? such that

E[W(h)W(g)] = (h,&)s
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for all h, g € $ where $) is the the completion of the set of Schwartz functions S(R x R4 ) with

respect to the inner product

()5 = [ [ (h(5.)7(5,) ()A(@)ds

where

We will call this measure A the spectral measure of the noise. If A is the Dirac mass at 0, then
we call W white noise on R, x R, If A is absolutely continuous with respect to Lebesgue measure,
we will write A(dx) = A(x)dx. Let, also, $o be the completion of S(RY) with respect to the inner

product

(n8)sn = [, (h78) GIA(@)

and By(RY) := {A € BR) : ||L4ll5, < >=}-
Now, let W be a spatially homogeneous noise on Ry x R? with a spectral measure A and

consider the random field (Wi(A)) ; a)cr. x,(re) defined as follows:

Wi(A) :=W (1) xa), for (,A) € Ry x 8,(RY). (4.1)
Let further (§/),cg, be the filtration such that

=3 VA, Fi=0(W(A),s<t,A € BR) 4.2)

where /" is the o-field generated by P-null sets. By construction (W;(A))(, a)cr, x,(re) 18 @

centred Gaussian random field.

Lemma 4.2. Let W be a spatially homogeneous noise on R, x R? with spectral measure A. Then
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the centered Gaussian random field (W;(A))(; a)eR, x, defined in (4.1) is a Gaussian martingale

measure. That is to say for all A, B € %), we have
(i) Wo(A) =0;
(i) (W;(A)) reRr, 1S a continuous martingale with respect to the filtration (8t)rer, defined in (4.2);
(iii) E[Wi(A)W;(B)] = (s At) Jra(Lax15)(y)A(dy) = (s A1){14,15)8,

Proof. (i) Since E [(W0 (A))z} —E [(W(I{O}X A))z} — 0, it follows that Wo(A) = 0 P-a.s. (ii) This
follows from the definition of the filtration. (iii) This also follows quickly from the definition of W

since

EWAWB)] = [ [ Non(r) s (1AL s y)dsA(dy)ar
[

Lemma 4.3. Let W be a spatially homogeneous noise on R x R? with spectral measure A and
(Wi(A)) (.4)er, x ,(re) D€ the corresponding Gaussian martingale measure. Let (A,)nen C By(RY)

be pairwise disjoint sets with U,enA, € %, (RY). Then for all 1 € R, :

W UnENA Z VVt
neN

where the series on the left converges in L2(Q,§, P).

Proof. Let A :=U,cNA, and By := Ulr:':]An. For N € N, we have

N 2 N N
(zvv,<An>—vv,<A>) :E[Zw,mn)m ~2W(4) L W)+ W)
n=1 n,m=1 n=1

N N
= Z t<1An’1Am> 2t Z<1A71An>~‘7)0+t<1A71A>~60
n,m=1 n=1

:t<13N, lBN>53() —2t<1A, lBN>.F_)0+t<1A, 1A>y)0
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Since 1, " 14, by monotone convergence theorem, we have

N—o0

N 2
lim B (Z W, (A,) —W,(A)) =0.
n=1

O]

Examples 4.4. (i) An important example of a spatially homogeneous noise on Ry x R? is the

space-time white noise where A(dx) = 8y(dx) with the corresponding Hilbert space $) =

L*(Ry xRY, %(Ry xRY),m).

(ii) Another important example is where A(dx) = A(x)dx, A(x) = |x| 7P for B € [0,d) called

Riesz kernel.

(iii)) For a given spatially homogeneous noise, we can construct other spatially homogeneous

noises as follows: For ¢ € C°(R?), let
WP(h):=W(h*, ),

where *, corresponds to convolution in space variable.
Definition 4.5. A random field X = {X(s,y)} on a complete probability space (Q,§,P) is elemen-

tary if

X(s,5) = F1l(up(s)1a(y), (4.3)

where 0 < a < b, A € %,(R?) and F is a bounded, §,-measurable random variable. Let & (R, x

RY x Q) denote the set of all finite linear combinations of elementary random fields.

Let & be the smallest 6-algebra on R x RY x Q such that all X € & is measurable. A function

X : Ry xRY x Q — Ris called predictable if it is measurable with respect to . For a predictable
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process X, define the norm

Xy =B | [ [ 1066926000 Al
and the space
LA(W) = {X ‘R, x R? x Q - R; X is predictable and ||X |[w < oo},

where we identify X, X’ € L>(W) such that || X —X’||y = 0.
Proposition 4.6. (i) L?>(W) is a Banach space .
(ii) &NL*(W) is dense in L>(W).
Proof. See Walsh [56, Proposition 2.6] and Conus [18, Theorem 2.6]. O

Definition 4.7. For an elementary random field X of the form (4.3), define
[ X(s3)W(ds.dy) = F (Wi (4) = Ware (4). (44)
[0,/]xR4
Proposition 4.8. Let X € &N L*(W). Then fort >0
M; ::/ X(s,y)W(ds,dy)
[0,¢/]xR4

is a continuous martingale with quadratic variation

)= [ [ (X)X (5, 0)A(dy)s.

In particular, It isometry holds:

E [( [ Xeowsay)

—E [ | &5 ) 00Adyds| < X
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Proof. We will only consider the case where X is elementary. The case for X € & NL*(W) follows
by linearity. Let X (¢,x) be given as in (4.3). Then M; = F (Wyp,(A) — Wya:(A)) being continuous

martingale and the formula

)= [ [ P16 L) ()A s

= [ [ x50 d)ds

follows from Lemma 4.2 together the fact that F' is §,-measurable.

O

Let A CZ be the family of uniformly integrable continuous martingales M such that My = 0 and
E [Mi] < oo, After identifying two martingales if they are indistinguishable, .# is a Hilbert space

with the inner product
(M.N) 42 = E[MuNo] = E[(M,N).].
Define the map

Iy : ENLEX(W) — 42,

4.5)

X H/ X(s,y)W(ds,dy)
[0,-]xR4

which is linear by construction. Moreover, from previous proposition we have that for X € &N

L2(W),

1w (X2 < 1XI]22w)

which implies 5y is Lipschitz.

Theorem 4.9. The map Ji uniquely extends to a linear map from L?>(W) to .#2? which we still

42



denote by Jy. Moreover, Itd’s isometry holds: For all ¢ € [0,00] and X € L>(W), we have

E [( [ Xeowasa)

We will call Jw (X) = [g jxra X (5,y)W (ds,dy) the stochastic integral of X with respect to W.

:E[/o /Rd(X(S")”_‘X(Sr))(y)/\(dy)ds < [MpaXliy. “.6)

Proof. By Proposition 4.6 (ii), we know & N L?(W) is dense in L?(W). For given X € L>(W), let
(Xn),,en © &€ NL*(W) be a sequence converging to X in L?(W). Then (Jw (Xy)),cn is @ Cauchy
sequence in .#? by Itd-Walsh isometry in Proposition 4.8 and therefore has a limit, denoted
Jw(X) = Jj9.)xra X (5,y)W (ds,dy). This definition is independent of the approximating sequence.
Indeed, using It6 isometry and Lipschitz property of Jy, this can easily be verified. Linearity, Itd’s

isometry, and Lipschitz continuity follows similarly. U

The following result follows applying the usual Burkholder-Davis-Gundy inequality for the

continuous martingales to the martingale M; = [y jre X (5,¥)W (ds,dy) with quadratic variation

(M)e = [5 Jra(X (s,-)3X (s,-)) () A(dy)ds.

Theorem 4.10. For all p > 0 there extists a constant C, > 0 such that for all X € L*>(W) and for

all 1 € [0,00]:

p
sup
5€[0,1]

1
E /[O,S]XRdX(r,x)W(dr, dx)

(/Ot RZdX(S,x)X(S,x—y)dxA(dy)ds) P/2] <E

<C,E

(/Ol deX(S,X)X(s,x _ y>dxA(dy)ds> p/2]

4.2 Walsh integral and Malliavin calculus

The results in this section are extensions of Theorem 2.47 and Theorem 2.48, for spatially homo-
geneous noise first obtained in [16].
Let W be the spatially homogeneous noise with spectral measure A and D, 6 be the Malliavin

derivative and divergence operators introduced in first chapter corresponding to W. From this
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construction, we see that $) = L>(R, %(R,),m; o). We will use the identification
L2(Q,3,PiL2(Ry, B(Ry),m:$0)) = LRy x Q, B(R+) © F,m @ Pi5o).

Thus the Malliavin derivative can be viewed as a stochastic process {D,X :t € Ry} taking values

in $g. For an elementary process V of the form (4.3), recall that the Walsh integral is given by
oV (590W (a5 ) = FOW(A) = WalA)) = FW (1)

V can be seen as a process taking values in $)( as follows:

V(t)=F1f,,()
where

Vo R =90, 14 (0) = 1) ()14
Theorem 4.11. Let V € L?>(W), then V € Dom (8) as an $)o-valued process, moreover
sw)= | VW s )

for any V € L*(W).

Proof. LetV be an elementary random field of the form (2.8) where F € .. Using integration by

parts (2.5), we see
E[(V,DG)g] = E F(l’?a’b),DG%] —E [FGW(lf;J,)) - G(lf‘am,Dmﬁ] . 4.7)

Note that since F € . is §,-measurable, F = f(W(hy),--- ,W(h,)) for some smooth f and h; €

L*(Ry,%B(Ry),m;$)0) such that supp &; C [0,a]. This implies, in particular, (l‘f‘a p)»hi) = 0 for all
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i=1,---mand (1/@7b),DF>5 = 0. So, the above identity becomes
E[(V,DG)5] = E [FGW(lfm]
which can be rewritten using (4.7) as

E[(V,DG)s] = E {G /R V(s,y)W(ds,dy)] .

4+ xRd
Then the proof can be completed by an approximation argument. [
The following is the extension of Clark-Ocone formula 2.48 for spatially homogeneous noise.
Theorem 4.12. For every F € DL.2,
F=E[F]+ R R E [Ds F|3s)W (ds,dy), as.
Consequently, Poincare inequality holds:

Var[F] <E [HDFH;]

Proof. Let F € D2 be given. Since one can extend the martingale representation theorem to
martingales taking values in a Hilbert space, it follows that there is an adapted random field U (s, y)

such that
F :E[F]+/ U(s,y)W (ds,dy). 4.8)
R+><Rd

We want to show that U (s,y) = E [D;,F|3;] as elements in L2(R; x Q, Z(R?) @ §,m @ P; ).

Let V € L2(R; x Q,Z(RY) @ §,m@P;$0). On one hand, using the isometry property of Walsh

45



integral (4.6), we see
E[(V)F]=E[(U,V)s].
On the other hand, using integration by parts (2.7), we get

E[8(V)F] = E[(V,DF)s5 [ /R /R (V(s,)7D4 F) () A(dy)ds

_/ /Rd s,)%E [D; F|3y] )] (v)A(dy)ds

where we used the fact that V is adapted to the filtration {§;},cr,. The above findings together
verifies the claim.

O

Remark 4.13. In dimension 1 and the case where A = &, the operators D and & satisfy the

following commutation relation
DS,}’((S(V)) :V(Say)+5(DS,yV)a (49)

for almost all (s,y) € R, x R, provided V € D'2(£)) is such that for almost all (s,y) € Ry xR,
D;,V belongs to the domain of the divergence in L* and E | [z g [8(Ds,V) \zdsdy] < oo (see [42,

Proposition 1.3.2]).
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Chapter 5

Stochastic heat equation

Stochastic partial differential equations (SPDEs) are mathematical objects that model physical
phenomena under influence of random noise and stochastic heat equation (SHE) is one important
example. Among different approaches to solving such equations we concentrate on the random
field approach, in which the multi-parameter stochastic integral that we have introduced in the pre-
vious chapter can be viewed as a continuation of 1t6’s stochastic calculus is used. This approach is
pioneered in Walsh’s lecture notes [56]. In particular, we focus on the stochastic heat equation gov-
erned by a spatially homogeneous noise. In the first half of this chapter, we establish the existence
and regularity of the solution using the references Chen [10], Dalang [20], Dalang, Khoshnevisan,
Mueller, Nualart, and Xiao [21], Hairer [22], Khoshnevisan [28], Perkowski [50], Walsh [56]. We
then establish Malliavin differentiability of the solution in the second part for which we refer to
the papers Chen and Huang [12], Chen and Kim [13], Chen, Hu, and Nualart [14], Kuzgun and
Nualart [32].

5.1 Existence and regularity

Let W be a spatially homogeneous noise in Ry x R? with spectral measure A. Consider

9 = TAu+g(u)W, (1,x) € Ry xRY,
(5.1)

u(0,x) = up,
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where d € N, and A = Z?Zl % is the Laplacian operator. The initial condition u is in general

assumed to be a signed Borel measure on R4 such that for all ¢ > 0,

/R M ug](dx) < oo (5.2)

and g is a nonrandom Lipschitz function with Lipschitz constant Lip,.

Definition 5.1. We say that a nonnegative, nonnegative definite, tempered, Borel measure A on R?

satisfy Dalang’s condition with r € (0,1] if

u(ds)
Jerti iRy < &

where A is the Fourier transform of a tempered Borel measure (. In other words: for 4, g € S(R?),

()50 1= [, (h76) ()A(@y) = [ H(E)EIdE).

Examples 5.2. (i) Recall space-time white noise in Examples 4.4. A(dx) = 8(dx) satisfies
Dalang’s condition for all r € (0,1] if d = 1. Otherwise, it doesn’t satisfy the Dalang’s

condition. This can be seen by noting that u(d&) = d&.

(ii) Recall the noise W with the spectral measure A (x) = |x| # Examples 4.4. Then, W satisfies

the Dalang’s condition with any r < /2 € (0,1) if B < min(2,d). Note that in this case

ndg) = [E|*Pag.

Remark 5.3. A is the Fourier transform of a tempered measure y on R follows from Bochner-

Schwartz theorem. See [53].

Now, we define the notion of the mild and weak solutions to the SHE (5.1) using the stochastic
integral we introduced in previous section. Under some conditions it turns out that these two

definitions are equivalent, see for example [48, Proposition 3.2], [22, Proposition 5.7]. For the
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sake of completeness, we will give both definitions but will only use the mild solution in the rest

of this thesis.

Definition 5.4. A predictable random field u = {u(#,x)}, \cr, «re 18 called weak solution to the

£.x)

stochastic heat equation in (5.1) if for all ¢ € C.(R?) the following integrals are well-defined

/R u(t,0)@(x)dx = /R p@uo(dx) + /O t /R (NSt [ glu(s,2))pLOW (dsd).

(5.4)

Notation 5.5. For (¢,x) € Ry x R?, set
pi(x) = e (5.5)

which we call heat kernel.

Definition 5.6. A predictable random field u = {u(t,x)}(, ycr, «re is called mild solution to the
stochastic heat equation in (5.1) if all of the following integrals are well-defined and for all (¢,x) €

R, xRY,

)= [Pyt [ pe (gl W s ). 66)

Let 7, denote the translation operator for z € R? and let &, € §) be such that &, := 1,(h).

Lemma 5.7. Let W be a spatially homogeneous noise on R x R? with spectral measure A. Let

z € R?. Then for any & € §, W (h) and W, (h) := W (h;) has the same law.

Proof. Tt enough to show that for all z € RY, the covariances agree, that is (h,g)g = (h;,g.)s. In-
deedif h,g € S(R, x R?), this claim follows from the fact that (h(t,-)%g(t,-)) (y) = (h,(¢,-)%g.(t,))(y)
for all y € R%. [
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Lemma 5.8. Let X(s,y) be a random field such that for all y,z € R

gs(2) = E[X(s,y)X (5,5 +2)]

is independent of y and p;,_.(x — -)u(-,-) € L*>(W), then so

E K /MW Pios(x—y)X(s, y)W(ds,dy)) ( /[o,t]de pi—s(x+2=y)X <s,y)W(ds,dy))]

is independent of x.

Proof. Following the ideas in [16] and Lemma 5.7, we see that

/[0 xRd Pi—s(x+z—y)X(s,y)W(ds,dy) = /

Pr—s(x—=y)X (s,y+2)W.(ds,dy)
[0,¢/]xR4

has the same distribution as
/ Pi—s(x—=y)X (s,y+2)W(ds,dy).
[0,¢/]xR4

Then result follows by the assumption, together with It6-Walsh isometry. [

Lemma 5.9. Let A be a measure satisfying Dalang’s condition (5.3) with some r € (0, 1]. Then,

for all T > 0 there exists 0 < Cr, < o such that

T
| | pep) @aar <cr, (5.7)
0 R4

Proof. Note that the spatial Fourier transform of the heat kernel is

pi(&) =e1lF,
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Then, using the properties of Fourier transform, we have

s p) @AW = [ e e pae)
R R

and

1 o TIER

/OT /Rd (P * p;) (2)A(dz)dt = /R d /()Te—ié.xe—télzu(dé)dt: /R ) T“(dé)

Now, multiplying and dividing by (1 +|&|?)" using Dalang’s condition (5.3) on u, we see

/oT /Rd (Prpo) (x —2)Ade) < Cr (/|5<1 H(de) +/|€>1 (li(ffl)z)’)

< CT,r < oo

which completes the proof. ]

Theorem 5.10. Let W be a spatially homogeneous noise on R x R? with a spectral measure A
which satisfies Dalang’s condition with r € (0, 1]. Let ug be a bounded function on (RY, Z(R%)).

Assume g is a Lipschitz function. Then there exists a unique predictable process u satisfying

sup  [|u(t,x)|| r(a.5.p) < Crop-
(t,x)€[0,T]xR4

which is a mild solution to (5.1).

Proof. We will only consider the case uy = 0. We will follow the Picard iteration: Let ug(f,x) =
0 and assuming that u, has been defined as a L?-bounded random field such that up(t,x) is

measurable and L*(Q, §,P)-continuous, set

1 (60) = [ =gl )W (ds, ) 58

Then, u, | as defined in (5.8) is well-defined, L?-bounded, LZ(Q, §,P) continuous, §,-measurable.
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See [20, Theorem 13] or [10, Proposition 3.3.4].
Now, we claim that (u,(,x)), converges in L”(Q,F,P), uniformly in (¢,x) € [0,7] x R%. To

prove this, let

fa(t) = sup EfJunr1(t,x) — un(t,x)|"].
x€R4

By the isometry property of the Walsh integral (4.6) and using g being Lipschitz together with

Lemma 5.8, we obtain

fult) <G, /0 t fu(s)G(t — 5)ds,

where

G(s) i = [ plx=3+¥)p,(x=)dyA(d)

= [ 2@,
R

where we used semigroup property. Since G is a nonnegative, integrable function on [0, 7], we can

apply Gronwall’s Lemma A.2, we obtain

sup  Eflun(t,x) —w(t,0)7] < Y al” =0
(1.0)€[0.T] xR k=ntl

as m,n — oo. Uniqueness also follows similarly. [
The following version covers the delta initial condition, see [11] for a proof.
Theorem 5.11. Let W be a spatially homogeneous noise on R x R? with a spectral measure A
which satisfies Dalang’s condition with r € (0, 1]. Let up = & be the Dirac mass at 0. Assume g is
a Lipschitz function. Then there exists a unique predictable process u which satisfies
lu(t, )| Lr @.5,p) < Cr.pP: (%)
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and a mild solution to (5.1).
See [10] and [11] for the following result.

Theorem 5.12. Let W be a spatially homogeneous noise on R, x R? with a spectral measure A
which satisfies Dalang’s condition with r € (0,1). Let u be the mild solution to (5.1). Then for all

p>2,7 € (0,555), % € (0,1—r), there exists a constant C such that for all 5,7 € [0,T]

lee(, %) = (s, )| 5.0y < € (It =51 + = y*) + llo(t,x) — Io(s,))|

where we used the notation

h(t.9):= [ pi(x—Euo(dE)

Corollary 5.13. Let W be a white noise on R x R and u be the mild solution to (5.1) with initial

condition up = 1 or uy = &. Then for all p > 2, there exists a constant C such that for all s,z € [0, T]

Jue(r, ) = (s, sy < € (=14 lx=31"72)

See [12] and [14] for the following result.

Theorem 5.14. Let W be a spatially homogeneous noise on R, x R? with a spectral measure A
which satisfies Dalang’s condition with r € (0, 1], and u be the mild solution to (5.1) with nonneg-
ative initial condition uy > O satisfying (5.2). Further assume g is a Lipschitz function such that

2(0) = 0. Then for all p > 0, K € RY compact, and ¢ > 0:

E [(xig};u(t,x))_p] < oo,

Furthermore,
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(a) If W is space-time white noise in dimension d = 1, g(x) = x and up(x) = 1, then

-P
E inf wu(t
[((t,lxl)lel(u( ,x))

< oo

for any K C Ry x R compact.

(b) If W is space-time white noise in dimension d = 1, g(x) = x and up(x) = &y(x), then

’ [(}215”“’0))_1 -

for any K C R4 compact.

5.2 Malliavin differentiblity

5.2.1 Parabolic Anderson model

In this subsection, we will consider the case where g(u) = u. Namely, the equation

% = TAu+uW, x € Rt € Rsg,

u(0,x) = u,

with initial condition ug is assumed to be a signed Borel measure on R? satisfying (5.2).

Proposition 5.15. For any (¢,x) € (0,0) x R?, u(t,x) € D*.

(5.9)

Proof. From Part (2) of [12, Proposion 3.2] it follows that u(¢,x) € D" for all (z,x) € (0,0) x RY

and for all p > 1. Because we are dealing with the parabolic Anderson model, the proof of Part (3)

of [12, Proposion 3.2] implies that u(t,x) € D* for all (z,x) € (0,00) x RY,

]

When we are in this specific case, there are more tools to work with to obtain some properties

of the solution. One of these is Feynman-Kac formulas. The purpose of this section is to obtain
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such formulas for the moments of the solution and its derivatives. These formulas will then be used
to get estimates for the p-th norm of the first and higher order derivatives which are important in
the application of Malliavin-Stein method.

Keeping this motivation in mind, we will now introduce an approximation scheme for the
homogeneous noise that we will then use to approximate the solution to the parabolic Anderson
model (5.9).

For each € > 0 and any ¢ € S(R; x RY), we define (recall from Examples 4.4)

We(@) =W(o(t,-) * pe()),

where * denotes the convolution in the space variable and p,(x) is the d-dimensional heat kernel
defined in (5.5). Then, the Gaussian family W& = {W¢(¢); ¢ € S (R4 x R?) } has the covariance

structure

E[WE(@)W*(y)]
= [ @055 () 0) (Wls. )+ o)) (=3 )Aay s
- [ Rdf«p)(s,&)f(w)(s,&)e—8'€\2u<dg>ds

that is, the noise W¥¢ is white in time and it has a spatial covariance given by

1

Ae(¥) = (2m)4

[ e P uiag), (5.10)

whose Fourier transform is te(d&) = e~ ¢ Ha 1(d&). Notice that U is a finite measure and A is a

bounded smooth function. In this way, we can write

EW (oW W)l = [ [ 0(s)visy)hely =y )dydy'ds

= [ ] F @) ) F W5 edd)ds
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As before, we denote by $f the completion of S(R; x R?) under the inner product

(9, ¥)5e =E[WE(@)W*(y)].

Let ¢’ : [0,1] — R? be a continuous function for each 7 € R . Then, the map (s, y) — Lo (s)pe (97 (s) =)

belongs to the space §) since

1jo.(®)Pe (9" (o) - )Hyg

= / - Pe y) Ps (¢)l(s) —y'+y) A(dyl)d)’ds
— /O /. de—e'é‘ p@gyds =1 [ e uag)
— 1(27) 2 (0) < oo (5.11)

and we can define the stochastic integral

W (Lo ()pe (9'(0) = %)) = /[o.t]de Pe(9'(s) — Y)W (ds,dy).

Throughout, we will use the following notation:

/OtWS(ds,(pt(s)) ::/ dPg((])t(s) )W (ds,dy).
[0,/] xR

From (5.11) it follows that [ W€ (ds, ¢’ (s)) is a centered Gaussian random variable with variance
t(27)9 2 (0).

Now, we consider the heat equation driven by W¢,

d 1 .
a_;‘ = SAutuW,  (1,x) €Ry xR, (5.12)

with the same initial condition u(0,x) = up . An adapted and jointly measurable random field

uf = {uf(t,x); (t,x) € Ry x R4} such that E [uf (z,x)]* < oo for all (,x) € Ry x R? is a mild solution
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to equation (5.12), if for any (z,x) € R, x RY, the process {p, ,(x —Y)ul(5,9) 10,4 (5); (s,y) €

R, x R?} is integrable with respect to W¢, and the following holds:

) = o)+ [Pl (5.3 W s ). 5.13)

It follows from the general theory that this mild solution exists and it is unique. Furthermore,
because the spectral measure is finite, there is a Feynman-Kac representation of the solution, given

in the following lemma.

Lemma 5.16. For each € > 0, the following random field (¢, x) is the solution to the heat equation

given in (5.12):

! 1
ut(t,x) =EB [uo(Bf)exp (/ We (a’s,Bf_s) — 5t(27r)d),£(0))] ) (5.14)
0
where B” is a d-dimensional standard Brownian motion independent of W that starts at x and E?
denotes the mathematical expectation with respect to B*.

Remark 1. Notice that, because uy is a signed measure, the composition uy(B;) is not immediately

well defined. The right-hand side of equation (5.14), will be interpreted as follows:

W (1,%) :/Rd uo(d6)p, (x—6)
<8 lexp ([ pe(B6) s Wdsy) ~ 5i2m)Ac0) )]

where {gg "*(s),s € [0,2]} denotes a d-dimensional Brownian bridge in the interval [0,7] from 6 to
x. The above integral is well defined almost surely because on one hand [ga |uo|(d6)p;(x —0) < eo

and moreover, we have

BYE [exp ([ pelBE6) Wiy )| =10

Proof of Lemma 5.16. Let G € L*(Q,F,P) be such that G = V=3I for some h € $). From
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(5.14), we obtain

E[Guf (1,)]

o[ [ - o)

6 (" fexp (WO 510 LR~ Lm0 |
— B :uo(Bf) exp (%Hh—kpg(Bf_. )5~ %HhII% - %I(M)d/le(o))]
=B [ug(BY) exp ((pe (Ba —#).1), )]

=2 [ua(E)exp [ (pelBi ). s.2)) a5 |

Letting S; (k) = EY [Gu®(t,x)], by the classical Feynmann-Kac’s formula, the above calculation
shows that S; (h) satisfies the classical heat equation with potential (pg(x —x),h(s,x))g . and

initial condition uy, i.€.

IS x(h) 1

2 = S AS 1)+ 51.5(R) (P %), At %)),

As a consequence, we have

Sal) = (e 0) )+ [ [ pre 5= 0)80y (1) (ely—#), (5,90}, dsdy

t
= (pxu0)(0)+ [ [ p (=B [, (pely—+).D5.G) | dsdy,
0 JR4

where we used DG = hG. In conclusion, we have proved that

E[Gu®(1,x)] = (p, uo) (x)

VB | (109 [, proels -9ty o) 0G) |

By the fact that the Dalang-Walsh stochastic integral concides with the divergence operator for
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adapted integrands see Theorem 4.11, we deduce that

u®(t,x) = (p, * uo) (x)

+/[0 |xRd < Rd pt—s<x—y)pe(y_Z)ug(s,y)dy) W(dS,dZ),

which implies equation (3.7). [

Next, we will establish the fact that u®(¢,x) converges to the solution u(z,x) of the stochastic
heat equation (5.9) in LP(Q,§,P) for all p > 1, and, as a consequence, we derive a Feynman-
Kac formula for the moments of the solution u. This type of Feynman-Kac formula has been
verifed in the literature under different conditions (see, for instance, [25, Theorem 3.6] for the case
where A(dx) = A(x)dx for a function A and there is also a correlation in time, or [23] when the
noise is white in space and a fractional Brownian motion with Hurst parameter H > 1/2 in time)
assuming that ug is a bounded function. We will give here a detailed proof of this convergence
based on the approximation u®(¢,x). This result and ideas in its proof will be useful in the proof of

Theorem 5.18.

Proposition 5.17. Let u® be the solution to equation (3.7) with an initial condition ug satisfying

(5.2). Then, for any k£ > 1, we have

supE [\ue(t,x)]k} <o (5.15)
e>0

and the following convergence holds in L”(Q,§,P) for any p > 1,
lim u®(7,x) = u(t,x), (5.16)

£e—0

where u is the solution to the stochastic heat equation (5.9) with initial condition ug. Furthermore,
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for any integer k > 2, the following Feynmann-Kac formula holds,

E [u(t,0)] = [Huo (B exp( y /A )] (5.17)

1<j<l<k

where B = {B/} j=1,....k 18 an independent family of d-dimensional standard Brownian motions and

the integrals / A(B§ — Bﬁ)ds are defined according to Proposition A.4 (i1).
0

Proof. Set ‘Pﬁx =: H’;zl uo(B!™). Using Lemma A.11, we have

E [(u‘g(t,x))k}

—EVEB [‘Pk exp(Z / We(ds, B/, ;z(zn)dxg(0)> : (5.18)

where B = {B/} j=1,...k is a family of d-dimensional independent standard Brownian motions in-
dependent of W and B/~ = B/ + x. Here again the expectation in (5.18) has to be understood as in

Remark 1. Changing the order of the expectations, yields

E [(u(r,))"]
ko d
(2
—EB ‘PﬁxEW exp Z//Pt? B]x W (ds,dy)— ( ;r) Ae(0)
J=1 0 Rd
=E | W exp Z / o Pel (B —y)pe (B, —y+ ) )A(dY )dyds
=1
i ]]<l
=E [P} exp / Aoe(BIF —BF)ds | | . (5.19)
L 1<]<l<k
Integrating with respect to the law of the random vector (Bt1 A ,Bf’x) whose density is 0 —
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¢ i=1Ps (x — 6;), the above expectation can be written as follows.

E [(us(z,x))k] — /de Ileuo(dOj)p,(x— 0))
=

|
1<j<i<k

where {Eé’?j ti=1,.. .k} denotes a family of d-dimensional Brownian bridges in the interval

0,] from x to 6;. Now, using the expression (A.4) for Brownian bridges, we can write
p k
[ e.0))] = [ TTw(@8))p(~6)
j=1
t i ~ 0,— 6
x E |exp Z / Aoe <B(])t(s) — B67t(s) + u) ds 1. (5.20)
1<j<i<k’0 ’ 4

Now we can proceed with the proof of the proposition. First, we only need to show (5.15)
when k is even. In this case, (5.15) follows from formula (5.20), condition (5.2) and (A.5). Indeed,

we have

E [(ue(;,x))k] <q (/Rd |uo|(d8) p, (x — e))k < oo,

where ¢, is a finite constant only depending on ¢. We claim that u®(z,x) converges in L”(Q,F,P)

as € — 0, for all p > 2. Indeed,

2
E [ (1, 0)u (1,x)] = /de [Tw(d0)p.(x—6)

< exp [ heyse (Bho(o) - B0+ O ) as )

converges, as €], & tend to 0, to

/Huo (d6;)p, (x— 6,)E {exp(/ot (ﬁ})’t(s)—éa,(s)%v(elt—_ez))ds)]

R2d /7

thanks to Proposition A.4. This implies that for any & | 0, the sequence u%(t,x) is Cauchy and
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hence convergent in L?(Q,§,P) as k — oo to some limit v(z,x). The fact that the convergence is
in LP(Q,§,P) follows from (5.19) and Proposition A.4 (i). Taking the limit in (5.19) as € tends to
zero, and using Proposition A.4 (ii1), we obtain the Feynman-Kac formula (5.17) for the moments
of v(t,x).

It remains to show that v(z,x) coincides with the solution to equation (5.9). By the proof of the
Lemma A.11, we know that for any random variable of the form G = eW(h)_%HhH% with h € 9, u

satisfies

E[Gu(1,x)] = (p, uo) (x)

FE|([ P s pele— W lds, ), DG )
[OJ]XRd $o

Now letting € — 0, we see that

BIGv(1,x)] = (P *uo) (x) +E[(vp,_o (x = %), DG) ],

which implies that the process v is also a solution to the equation (5.9), and by uniqueness v =

u. ]

Theorem 5.18. Let u be the unique solution of (5.9) with initial condition uy which is a signed

Borel measure satisfying (5.2) and N > 1 an integer. Then for integer k > 2, we have

N k p= ' k
E [(DerN (t7x)) :| = Ijlprm+1—rm(2m+1 _Zm) pter(x_ZN)

k k
x/ [T uo(a@0/) [T ps, (21 — 67)
Rkd s s
Xx.ZN,07 =lx,zy, 0!
< E lexp ( Z / A( B(an’rVN, Bo;jﬁw (s))ds)] ,

1<]<l<k
for almost all z1,...,zy €ERYand 0 < ry < --- < ry <t, where t—ry = (t —rq,...,t — ry) and
B{) f’z’;’l\’let , J=1,...,k are independent d-dimensional pinned Brownian motions starting from x
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with each component pinned at times 7 — r,, to the points z,, for 1 < m < N, and pinned at 6/ at
time 7.
Moreover,

< Ct7k7

” ? ' Al77 761
[exp( Y[ B0~ Bofif%v,t(s))ds) <

1<j<i<k

where C;  is a constant depending only on 7 and k.

In the above theorem, taking into account that A might be a measure, the composition A(B{) f z’rvl’ve (s)—

~ 1
Bl7xuzN19

01—rvs(8)) needs to be properly defined as a limit in L?(Q), using an approximation argument,

see Proposition A.4, part (ii). When A(dx) = A(x)dx, then this is just an ordinary composition of

~

J !
the density A with the random variable B} P z’;’ i "(s) — Béff’ﬁNet (s)

As a consequence of Theorem 5.18, we deduce the following result.

Corollary 5.19. Under the assumptions and notation of Theorem 5.18, we have

1
HDrNZN t’x)HLP(QAg’,P) < C7ép(pr1 * |I/t0| <1 (H prm+1 rm(Zm+1 _Zm)> ) (521)

where ry1 =1, Zy4+1 = X.

Corollary 5.20. Under the assumptions of Theorem 5.18,

(i) if ugp =1, then

1 Dsyult,2) || 1o 5.p) < CrpPi—s(x =), and (5.22)

HDF,ZDS,yu(tvx) ||LP(Q73'7P) S Cf-,Pptfs(x_y)psfr(y _Z)7

forall0 < r < s <tandy,zeR
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(i) if ug = 9y, then

1 Dsy1u(t.3) || o 5.p) < CrpPr—s(x=¥)Py(y), and (5.23)

HDI‘,ZDS-,yu(tvx) HLP(Q7S7P) S Ct,pptfs(x _y)psfr(y - Z)Pr(Z),

forall0 <r<s<tandy,z€RY.

5.2.2 Flat initial condition

We will now investigate the stochastic heat equation (5.1) with flat initial condition uy = 1. A

variation of following result can be found in [45, Proposition 5.1] or [12, Proposition 3.2].

Proposition 5.21. Let u be the mild solution to the stochastic heat equation (5.1) with initial
condition ug = 1, with a noise satisfying the Dalang’s condition (5.3). Assume further g € C'(R;R)
with bounded Lipschitz continuous derivative. Fix (¢,x) € Ry x R?, then u(t,x) € N,>,D"? and
for almost all 0 < s <t,y € R4, the derivative Dy yu(t,x) satisfies the following linear stochastic

differential equation:

Dy yu(t,x) = p,_s(x—)g(u(s,y))

+ P o(x—&)g (u(t,&))Dsyu(t,E)W(dT,dE). (5.24)

Moreover, forall 0 < s <t < T and x,y € RY, we have

1Dsyult,2) || 1o 5.0y < Crop Pros(x =), (5.25)

where Cr j, is a constant that depends on 7', p and g.
The following result is obtained in [31].

Proposition 5.22. Let u be the mild solution to the stochastic heat equation (5.1) with initial

condition ug = 1, in dimension d = 1 and the noise is space-time white noise. Assume further
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g € C?(R;R) with ¢’ bounded and |g" (x)| < C(1+ |x|™), for some m > 0. Fix (t,x) € R, x R. Then
u(t,x) € Np>2D?P and for almost all 0 < r < s < t, y,z € R, the second derivative D, Dy yu(t,x)

satisfies the following linear stochastic differential equation:

Dr,zDs,yu(t7x) = prs(x— )’)g/(u(s»)’))Dr,z”(say)

[ P O Wl D (. E)Ds (. EW (. )

+ /[ ) Rpt_f(x— E)g' (u(t,&))Dy:Dsyu(t, &)W (dT,dE). (5.26)
5,1 X
Moreover, forall 0 <r <s <t <T and x,y,z € R, we have

HDmDS,yu(t,x < Crp®rpsy(tyx), (5.27)

Mr@zp)

where Cr j, is a constant that depends on 7', p and g and

D, 5y(t,X) i =prs(x—y) (5.28)

Pr—r(2=Y) +Pr—r(2—=%) + Ly s>y
X <Ps—r(y—2)+ (s— 1)1/ )

Remark 5.23. Note that in higher dimensions this problem is still open for general g and spatially

homogeneous noise with a general kernel.

Proof of Proposition 5.22 . We will make use of the Picard iteration scheme which is similar to
the one used to prove the existence of the mild solution Theorem 5.10. For any (¢,x) € R4 xR we

put up(t,x) = 1, and for n € N we inductively define

upy1(2,x) =1+ pi—x(x—&)g(u"(7,5))W(dt,dE).
[0,4]xR
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Then, for any p > 2, there exists a constant ¢, such that for all (z,x) € [0,T] xR

sup ||un(t,x)||p < c1p- (5.29)

neN

This result is proved in [42, Theorem 2.4.3] for the case of the stochastic heat equation on [0, 1]
with Dirichlet boundary conditions and the proof works similarly for the equation on R.
We apply the properties of the divergence operator, namely using (4.9), to get that for almost

all (s,y) € [0,s] x Rand x € R,

Dy yutn 41 (t,x) :Pt—s(x_)’)gn,s,y‘f'/[ / Rpt—r(x_é)g;m,éDS’y”n(Taé)W(dT»dé)» (5.30)
5,t] %

and for almost all s > ¢, Dy yu,+1(t,x) = 0, where we made use of the notation:

8nsy = g(un(s,y)) and g, .- :=g (un(7,8)). (5.31)

It has also been proven in [27, Lemma A.1] that there is a constant c7 ,, depending on 7" and p,

such that for almost all (s,y) € [0,7] x R and for all (¢,x) € [0,T] xR,

sup || Ds,yun(t,X)||r(,3.p) < €T pPr—s(x— ). (5.32)
neN

Once again using (4.9) and (5.30) together with the Leibniz rule for derivatives, we have, for almost

every r,zsuchthat 0 <r <s<rtandz €R,

Dy, D yup 11 (t;x) = Pt—s (X - y>g;1,s,yDr,Zun (Sv)’)

+ s t]xRptiT(x - é)g:;ngDr’Zun(T, é)DS,yun(T, é)W(dT,dé)

+ - Pr—z(x = 8)g), 7 £ DreDsyun (T, &)W (d,dE), (5.33)

[s,8] X

where g” g = g"(un(7,&)). Applying Burkholder-Davis-Gundy inequality in Theorem 4.10 in

n
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(5.33), the estimate (5.32), hypothesis on g, and the moment estimates (5.29), for any p > 2 we

have for all (¢,x) € [0,T] xR,

2
1Dr:Dsyttn 1 (6,310 5.9y < Croppi—s(x=y)p3 (= 2)

+CT,p/ /pt (= &)pi(§ —)pr_y(§ —y)d&dr
+Crp [ [ elem ) IDneDuyin(5.6) [ dEdT, (534

for some constant Cr, > 0 which depends on 7', p and g. Let J be the measure on [s,7] x R defined

by

J(dT,dg) = p’%—r(é _Z)as,y(drvdé) —J’_p%—r(g _Z)p%—s(é —y)de(S.

Then, we can put the first two summands in (5.34) together and rewrite this inequality as follows:

12Dyt 18,9 | o) < CT,,,/[ }XRp?ff(x—i)J(dr,dé)

+CT7p/[ IR P74 HDrzD yitn(7,8) ”LP (Q3.P) dtdg.

)

After one iteration, this leads to

o) t
1DrzDs yttn1(8,2) || o 5.9 SCT,p/S /sz‘z—sl(x_y1>‘](dsl7dy1>
t S1
+C7, /S /R /s /R P, (x—y1)P2 s, (v1 = y2)J (ds2,dy>)dy1ds

t S1 )
+C72",p/s /s /RZ ptz—sl (x_yl )p?l —5 (yl _yZ) HDF,ZDS,yun—l(S27y2)||LP(Q73”P) dy>dyidsads;.
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If we perform n — 1 iterations, taking into account that HD, Dy yuy (s,y || LP(QFP) = =0, we obtain

2 t
“DV,ZDS,yun+l(t7x)HLp(Q’SJ)) < CT,p/ /ptz—sl (-x—yl)-](dslvdyl)

ch //// /Sk/p[ o (X=y)PE s (1 —y2) -

X P?,rsk+1 (Vk = Vi 1) (A1, dyrrr)dyrdsy - - dydsy .

ForO0<r<s<t,x,yz€R,set

Koy (1,%) //pz s (x=y1)J (dsy,dy1). (5.35)

For the sake of simplicity, we use K (¢,x) to denote Kr ~.sy(t,%). The identity p?(x) =

\/%mpt /2 (x)
now implies

D1z Dyt +1 (ﬁ@”iﬁ(g,g,m < CT,pKz(t7x)

n—1 C]]‘j;’l

L
=1 (27[)7 S< Sy <o <sp<s1<t

dsl---dsk/ dyy - dy
Rk+1

1

X [(t—s1)(s1—52) - (k= Sk41)] 2

X Ptjén (X—)’1)P¥(y1 —y2) 'p-vk*‘;kﬂtl k= Vit 1) (A1, dyit1)-

Integrating in the variables y, ..., y; and using the semigroup property of the heat kernel yields
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n—1 Ck+1
||Dr,zDS,y”n+1(t>x)HI%P(Q,S,P) < CTP (z,x) + Z

dsy---ds;

/<Sk+1 LSy <51 <t

/ dry---dr,
O<r<--<rp<ri<l

k

[(1_r1)(r1_r2 - z// (t—7)} prs (x— E)JI(d7,dE)

Pt

n—1 kk+1
Fl 2 C i
= Cr K3 () + Y L2 / [0 p e &)a(5,a8)
k 1 (2m) 2F (k/2)
_ 1 2 kck+lT 2
< CK(1, Z 1/2) //pt (x—&)J(dr,dE)
=1 (2m) T (k/2)
( / )ka+1T"+1

S <CT7 P Z

2(t,x) =: C3 K>(t,x).
& 2m)iT)2) )K(t’) G

Using Lemma A.6, we arrive at the upper-bound

SUB D,z Dy yitn(t,x) HL/’(Q,S,P) < CrpPrzsy(t:x).
ne

As a consequence, applying Minkowski’s inequality and then using Lemma A.7 we can write

p
5
supE [HDzun(t,x)Hg@ﬁ} < sup (/ e HDmDs,yun(t,x)Hf,dydzdra’s)
neN [0,/]? /R

P
2
<Cpp( // . r“ytx)dzdydrds> < oo,
T R

Since u,(t,x) converges in LP(Q,F,P) to u(z,x) for all p > 2, using Lemma 2.26 we deduce that

u(t,x) en ngDZ’P . Following the arguments in the proof of [16, Theorem 6.4] we deduce

HDraZDS7yu(t7x) HLP(QAE,P) S CT7P(IDV7Z757}’ (t7x)'
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Chapter 6

Study of spatial averages

In this chapter, we investigate the recent results on the study of spatial averages of the solution to
stochastic heat equation. For the sake of simplicity, we focus on the case where the equation is
governed by a space-time white noise in dimension 1 and the initial condition is either constant
or dirac mass at 0. This chapter is based on the papers Chen, Khoshnevisan, Nualart, and Pu

[16, 15], Huang, Nualart, and Viitasaari [27], Kuzgun and Nualart [31].

6.1 Flat initial condition in SHE

Let the random field u = {u(t,x) : (t,x) € R4 x R} be the mild solution to the stochastic heat

equation (5.1) in dimension 1 with initial condition ug = 1 and a space-time white noise W. Set

Or :=[-R,R], and define for0 < s <t andy € R
1
Pri(5,y) = — |  pis(x—y)dx. (6.1)
ORt JQr

Fix R > 0 and consider the corresponding centered and normalized spatial averages defined by

1 R
Fryi= — (/ u(t,x)dx—ZR) , where 63, := Var [/ u(t,x)dx} . (6.2)
Or ’

OR, —R
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For any fixed ¢ > 0, the random variable Fy; defined in (6.2) is given by

Fr, = é (/QR /[OJ}XRp,_s(x—y)g(u(s,y))W (ds,dy) dx)
o wme (] petemyetutsar ) was.a),

[0,/]xR OR ¢

where we recall that Qg = [—R,R]. So, taking into account that the It6-Walsh stochastic integral

coincides with the divergence operator for adapted integrands, we obtain the representation

Fr:=0(vry),
where
1
vie(5.3) = 1o, (5) 5.~ /Q Prs(x—)g(u(s,y))dx. (6.3)
5 R

Lemma 6.1. Let Fg, and o, be as defined in (6.2) and set 1) (s) =E [(g(u(s,y)))z] which doesn’t

depend on y by stationarity of u. Then, for any s, > 0,

1 R R ST
lim ECOV [/ u(t,x)dx—ZR,/ u(t,x)dx—ZR] = 2/ n(r)dr.
—R 0

R—o0 —R

In particular,
2 f

lim —= =2 [ n(t)dz.
R—o0 0

Proof. Using the mild formulation (5.6) of u followed by It6-Walsh isometry (4.6) and semigroup

property of heat kernel, we have

Bl uls ) =1+ [ [ proca— ooy~ EB [(g(uls,£))?) &
=14 [T [ peele— ©p - Endtar

tAS
14 /O 1(5)prss_e(x—y)dT,
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Using the fact that

E { /_ Zu(t,x)dx} _ IR,

we obtain

R R SAL R R
Cov [/ u(t,x)dx—2R,/ u(t,x)dx—ZR] :/ n(r)/ / Pr+s—2¢(x —y)dxdydt
—R 0 —RJ—R

—R

S\t 2R
= 2/0 n(r)/o Pris—2t(¥)(2R—y)dydT.

Hence, we get

R R SNt 2R y
lim Cov [ / u(t,x)dx— 2R, / (e, x)dx— ZR] —im2 [ @) [ prsa) (2= 2)dydz
R—o0 R R R—e  Jo 0 R

tAS
=2 n(t)dt
0

which completes the proof of our claim. [

Theorem 6.2. For every ¢ > 0, there exist C; = C(¢) > 0 such that for all R > 1,

1

dyy (Frs,N) < C —. 6.4
v (Fr¢,N) 'R (6.4)

Proof. By (3.4), and (6.3), we know

drv (Fir,N) < 24/ Var [(DFg . vr.)].
Now consider
1 (R

Ds Fry = — Dy yu(t,x)dx. 6.5
syURt ors J-r s,yu( 7x) X (6.5)

)
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and

(DFR;,VR1) 5 = /// / Pr—s(x—y)g(u(s,y))Dsyu(t,x")dxdx'dyds.
Rt

Using (5.24) we get

2
(DFR:,VR:) 5 GR,/ / (/ Pr—s(x— y)dx) gz(u(s,y))dyds (6.6)

th/// / pr-s(x—y)g(u(s,y))

( /[ ﬂxRpr—r(x’ - é)gQ,gDs,yu(f,é)W(dr,d&)) dxdx'dyds.

Now, using Lemma A.12, we can estimate /Var [(DFg,Vg;)5| as follows:

VVar(DFesvei)s) < | a(s) +b(s)ds 67)
where
a(s) :2611” J Var /R (/_Ilpts(x—y)dx) 2gz(u(s,y))dy] (6.8)
b(s) :zé\/Var {/R /1; /Zpt_s(x—y)gw (/[s,t]xRpt_T(XI — é)g’rvéDwu(’C,5)W(dr,d§)> dxdx’dy} )
(6.9)

Now we will estimate both of these terms in two steps.

Estimate for a(s): Note that

ats) = é\/ L ([ pstesae) [ ([ pate—snae) covlguts. ). tuts sy

(6.10)
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Let us start by estimating Cov [g*(u(s,y)),g(u(s,)’))]. Using Theorem 4.12, we write

g°(u(s,y)) =E [g*(u(s,y))] + s [Dr e (8% (u(s,y))) |5 W(dT,dE).

Using this representation, and Itd6-Walsh isometry Proposition 4.8, we see

Cov [¢2(u(s.)). 2 (u(s.3)] = [ [ BB [De (¢ uls.))[55] B [Deg(¢(uls.y)|5e]] déae.

(6.11)
Applying the chain rule in Proposition Proposition 2.24, we have
D, (% (u(s,y))) = 285584 yDr cu(s,y).
Now let Lip, be the Lipschitz constant of g and
Kp(t):=  sup  [lg(u(s,y))]l, <o (6.12)

(s,y)€[0,/] xR

since moments of u are finite for fixed [0,7]. Using this notation, together with contractivity of

conditional expectation and Holder’s inequality, we obtain

|E [Dy g (8% (,59)) 8] ||, = ||E [285.985 D u(s,¥)|Fc] ||, < 2Ka(r)Lip, || Dr gu(s,y)], -

Now, using the above estimate in (6.11) together with (5.25) and Holder’s inequality, we see

Cov [gz(u(s,y)),gz(u(s,yl))} §4K£(t)Lip§ /OS/R HDl.’gu(s,y)H4 HDryéu(s,yl)H‘ldﬁdT
<RGOLRE [ [ poelE ~0)pesE ~)dEd

)
=4K3 (1)Lip? /0 Pas—2c(y—y)dr.
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Using this bound, we can now estimate (6.10) as follows:

2Ky (I)Lipg

Cl(S) ST (/0 /R2 /[—R,R]4 pt—s<x_y>pt—s(i_y)pl—s(x, _yl)pt—s(i/ _y/)

Pas_2:(y — Y )dx' dxd% dzdydy'd T) 1z,

Integrating in %, ¥’ over whole line and using Lemma 6.1, and then y, y’ using semigroup property,

we get

1/2
(/ / P 2r(x— x)dxdxdr) ) (6.13)

Finally, integrating x over R, we obtain

(/ /RR]dxd‘L')l/2 (6.14)

< ﬁ (6.15)

Estimate for b(s): Using Burkholder-David-Gundy inequality in Theorem 4.10, we have

o-Rt (/ /R3/RR Pros(x=y)pr—s(X' =Y )pr o (F= &) pr—o(F = &)

1/2
E [gs7ygs7y/g;2’§Ds7yu(T, &)D;yu(t,8) dxdx’didf’dydy’dédr)

Recalling the notation (6.12) and the estimate (5.24), and applying Holder’s inequality, we have

E[g0,8082:Dst(7. 6D, yu(,8)| < K30 Lip2pe (& —3)pe-s(E—),
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Using this and Lemma 6.1 in b(s), we get

06 < G ([ o] e300 = preli= Epiel =)

J 1/2
Pr—s(&E—y)pr—s(& —y/)dxdx/dxdxldydy'déd‘c) /2,

Integrating over %, X over R and integrating y and y’ using semigroup property, we see

)< G ([ [ o Joe o= Epeonte' ~E)agdvava "

G ([ noo Y
< n (/ / /p2,+2T_4s(x—x )dxdx dT)
s J[-RR]*JR

where we used semigroup property integrating in &. Finally, integrating x in all R, we get

b(s) <

=°

Putting these two cases together in (6.7), we obtain

\/ Var [(DFg v, )] < TR (6.16)

which completes our proof.

]

Proposition 6.3. Let u be the solution to the integral equation (5.6) and assume that g is Lipschitz.
Fix p > 2,t > 0 and assume that there exists ¢ > 5p such that E [|g(u(t,0)) |724| < oo. Then, there
exists Rp > 0 such that

sup B || Dy Fiy| 7| < o (6.17)
R>Ro

Proof. Consider the Malliavin derivative of Fg; given by

1
Dy Fr; = — | dxD,u(t,x).
OR J Qg
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From (6.3) and (6.2), we can write

t
DVR.IFR7t :/0 AVR,t(r7Z>DV,ZFR7tdZdr

1 t
:_2/2/ /pt_r(xl—Z)g(u(r,Z))Dr,zu(t,xz)dzdrdxldxz
ox, JoxJo JR
1 t
:—2/ //ptr(xl—z)gz(u(r,z))‘P”Z(t,xz)dzdrdxldxz, (6.18)
oz, /o Jo JR
with the notation
D,.u(t,
lPr"z(t,x) — ,zu( X)’
8(u(r,z))

for any r < r. Notice that g(u(r,z)) # 0 almost surely because E [|g(u(r, z))|72q] < oo due to our
hypothesis and the stationarity of the process {u(r,z) : z € R}.
We claim that

P (1, x) > 0 (6.19)

Indeed, from equation (5.24), it follows that{¥"*(¢,x) : (¢,x) € [r,e0) x R} satisfies:

W (t,x) = prr(x—2) + Pi—s(x—y)g (u(s,y)) ¥ (s,y)W (ds,dy).

[t} xR
That means,¥"*(z,x) solves the heat equation

oP?  19°W+

=53 tEWYEW,  xeR1€[ne),

with initial condition W< (r, x)| ., = 6;(x) and, in particular, ¥"**(#,x) is nonnegative.

As a consequence, from (6.18) and (6.19) it follows that Dy, Fr, > 0 and we can write

1 t
Dy, Frt > —5- / / / Pr—r(x1 —2)g(u(r,2)) Drou(t, x2)dzdrdx dx,,
Ok, Jo} Ji—e JR
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forany € <t and o < 1. Set tga :=1 — €%. Using this estimate, we get

1 t
P (D, Frs <€) <P —2/ / /pt_r(xl —2)8(u(r,2)) Dy u(t,x2)dzdrdx dxy < € | .
’ GR,[ Q% tsa R

With the notation (6.1), using (5.24) we obtain

1
2
Ok

- /t:a /R 0z (r,2)g* (u(r,z))dzdr

t
/Q2/z /Rpf—’(xl_Z)g(”(’"’Z))Dr,z”(laxz)dzdrdxldxz
R Vle®

+/t:a/R </MXR¢R,t(S,Y)¢R,z(r,Z)gl(u(s,y))Dr,Zu(s,y)W(ds,dy)) g(u(r,z)dzdr

=L+

From

P(h+hL<e)<P( <2e)+P(l1 +L < e, I} >2e¢) (6.20)

<Pl <2e)+P (|| >¢),

we have

1 t
P (—2 /2/ /p,_,(xl —2)8(u(r,2))Dyzu(t,xp)dzdrdxdxy < 8)
GR QR feal R

<P(l) <2¢)+P(|L| >¢).

We shall next estimate these probabilities, starting with the first one:

P(l; <2e)=P (/tta /Rq),%_‘t(r,z)gz(u(r,z))dzdr < 8)

! 2
—P </t£oc /R<P1%,t(r,z) (g(u(r,z)) —g(u(t,2)) +g(u(t,z))) dzdr < 2e> .
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Using the inequality (a4 b)? > a?/2 — b® for a,b € R, and an estimate similar to (6.20), we get

P ( /t ta /R%%,t(n 2) (8(u(r2)) — g(u(t,2) + g(u(t,2)))* dzdr < 28)

<p ([ [0k 02 elatr.) P <
P ([ [ 0h (0 stu(2) ~ lute.0) Pz > e

= Ki+K>. (6.21)

For the term K in (6.21), by Chebyshev’s inequality, for ¢ > 5p we obtain

< (6€)E [(/[:a /Rq),%’t(r,z)gz(u(t,z))dzdr) 61] ) (6.22)

Set

m(e,R) := /t ; /R 0, (r,2)dzdr.

Then, taking into account that the function x — x~ ¢ is convex and applying Jensen’s inequality, we

can write

E

(/t:a /R 04 (1 Z)gz(u(t,z))dzdr) _q]

(e [ ok trle*wteyazar ]

<oeR) ! [ [ 0, (2B [lgtule.2))| ] drdz ©23)

=m(e,R)"E

Since the solution is stationary in space, the factor C; := E [|g(u(t,z))| /] does not depend on z

and we assume it is finite. Therefore, from (6.22) and (6.23), we get

K1 < C,(6€)7m(e,R) ¢ (6.24)
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for some constant C; > 0. Moreover,

E(Z
m(€,R) = / / Pas(x1 —x2)dx1dxyds
GRI

/ /’W Jdyd
P S.
= GRt R/fpz Yy

Then, assuming € < 1 and R > R, we obtain

1/[
R) > / / y)dyds > Ce%, (6.25)
GRt 1/\/

where in the last inequality we have used Lemma 6.1. Hence, from (6.24) and (6.25), we have
K, < CGedll=9), (6.26)

In order to estimate the term K> in (6.21), we use Chebyschev’s inequality followed by Minkowski’s

inequality, as follows:

foseE W [ 03:(:2) sulr2) - g<u<f’z>>>2"zdr) q]

<ot ([ [ ohna) (B [lstutna) ~etutr)P]) Maaar) . 620

The Lipschitz continuity of g and the 1/4-Hblder continuity of the solution u(t,x) in L>4(Q) allow

us to write for any r € [tq,1]

lg(u(r,2)) —g(u(t,2))ll2g < Lipg|lu(rz) —u(t,2)]l2

< G Lipy|t — r|'/* < GLip,e*/*. (6.28)
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On the other hand, from (6.25) we have, for R > Ry,

ea
/ /¢Rt I’Z dzdr_ _/ / /pr X1 —2Z Pr(Z xz)dzdxldxzdr

e 2R
/ /pzr x| —X2)dxydxydr < —-e% < Ge?. (6.29)
GR b Ok ORr,:
Substituting (6.28) and (6.29) into (6.27), yields
K, < GelF D4, (6.30)
We are left to estimate the following probability:
K3 :=P(|L| > ¢).
Using Fubini’s theorem and Chebyschev’s inequality, we have
1 q
eq

Then, applying Burkholder-Davis-Gundy inequality in Theorem 4.10, followed by Minkowski’s

S
/[t - / l Or 1 (1,2) OR 1 (5,) &5y Drctt(5,)8rdrdzW (ds, dy)

inequality, we get
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[0S

2
/ / </ Or (1,2) PR ¢ (5, Y)ngrZu(s y)grzdrdz) dsdy

S /R3 Ok (r1,21)0rs (r2,22) O3, (5,¥)

<%</t:a /t:a /t:a /RS(PR,t(rl;Z1)¢R,l(r2722)¢1%7t(s7y)

2
X ||X1’1 ,Zl,"z,zz(s»y)Hq/deleZdydrld’st) ) (6.31)

teo Jtgor J1

X X, 121,72,22 (Svy)dzleZdydrldrzdS

where

2
Xrl,zl,r2,12(57y> = (g§7y> Dy, ,Zlu<s?y>Dr2,Zzu<S>y)grl 2182

Using Holder’s inequality, the Lipschitz property of g, the estimate (5.25) for all p > 2, we have

||X71721Jz722 (Svy)Hq/Z < Cips—r (y—Zl)ps—rz (y—22).

Plugging this bound in the estimate (6.31), we see that

<ol L[ fontrieonim ko

q
X Ps—r (y — 21 )ps—rz (y - Z2>dzldz2dydrldr2ds> ’ . (6.32)
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Integrating in z; and z, and using the semigroup property, we have for 7, < s <t and for R > Ry,

/R3 ( IT 9 (rizi) 0 (s,y)ps—r, (y_Zi)> dzidzpdy

i=1,2

/ / TT @& (5,3) 52, (y — xi)dx1dxrdy
GRt 07

Ri=1,2

S—z/(l)]%;(s?y ( /pH—s 2r,(y X)dX) dy
Ok, /R i= 12

G
‘PR: s y)dy< — <G,
GRt/ GRt

where we use Lemma A.9 part (a) of the Appendix. Now, plugging this estimate in (6.32), we get

q
2
K< ( / / drldrzds> _ creiana. (6.33)

Now, choosing a = 4/5, we get from (6.32), (6.30) and (6.33),

sup P (D, Fr;) < €) < Cred/>.
R>Ry ’

Finally, using this estimate we get

sup E [(DVRJFR’,)_p} —supp /| e PP (DVRJFRJ < 8) de
RZRO RZRO 0

1
<l+supp| &P 'P(Dy, Fr, <€)de
R>Ry, JO ’

1
< 1+CTp/ g P 1t ge < o
0

for g > 5p, which completes our proof.

]

Theorem 6.4. Let u = {u(t,x) : (£,x) € Ry x R} be the mild solution to the stochastic heat equation

(5.1). Assume that g satisfies hypothesis in Proposition 5.22. Suppose also that for some g > 10,
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E[|g(u(z,0))|79] < eo. Fix t > 0 and let F, be defined as in (6.2). Then, for all R > 0,

G
sup ey, (1) ~ 90 < 7

where fr,, and ¢ are the densities of Fg, and N(0, 1), respectively.

Proof of Theorem 6.4. We will apply Theorem 3.13 to the random variable Fg;, = §(vg,). Fix

t > 0. From Theorem 6.2, we have

G
Var |D,, F; < — (6.34)
H [ e ] >~ VR
We are only left to estimate the term HDVRJ (DVRJ FRJ) Hz Recall that

Dy PRy = // Or:(5,y)8g(u(s,y))Ds yu(t,x)dxdyds.
OR,t Or

Taking the Malliavin derivative, we get

Dy Dy, Fies) = — //¢myu>mmwwmmm
' OR t Or

/ // Or ¢ (s,y)8(u(s,y))Dy Dy yu(t,x)dxdyds,
GRt

and, using the notation (5.31), we get

DVR, (DVRtFRt)

GRt/ / /RZ/ Or,(1,2) PR (5, y)grzgsyDrZu(s ¥)Ds yu(t,x)dxdydzdsdr

GR / / /Rz/ (pRt rZ)¢Rt(S y)grzgs,yDrzDsyu(t x)dxddeder
iz

Now using (5.24) and (5.26) for D yu(t,x) and D, Dy yu(t,x), respectively, we have
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D, (Do Fes) = 203, + 9+ 205, + 24,

where:

t ot
%]J:/O /r /RZddeder¢1%,t(S»Y)¢R,t(r7Z)gr.,zg&ygg,yDr,z”(SJ)a

Y, = /O t / t /R L dydzdsdrig,(s,y)9r(r,2)8rz85 \Drzu(s,y)

< A8 Doyt )W (d7.dE).
5= [ [ [ dvdedsdrons(s.3)0n, (218155

x /[ o O (0080 Drct(,£)Ds (7, )W (a5, ),
o= [ [ [ dvdadsdrons(s.3)0m, (2181555

<[ Ori(56)8, DreDsu(z. W (dr.d).
[s,/]xR ’
Putting together the terms %} . for i = 2,3,4, we can write
DVR,t (DVR,tFRJ) = 2%11 + Q/Rsﬁ

where

o= [ L[ 0000590000 52120 5, st ) s (. £)W 5.0,
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and we are using the notation

Zrzsy(1,8) = gr,zg;,yg{;,‘g’DnZ”(say)DSJ”(T? ¢)
+ 2gr,zgs,yg/é,§Dr,z”<T7 ¢ )Ds yu(T, &)

+2gr,zgs,yg/1;’§DnzDs,yu(T:é)- (6.35)

Therefore,

HDVR,z (DVR,tFRJ) ||

I 1
Estimation of H%’t

2: Note that using the estimate (5.25) and Holder’s inequality we have, for

r<s,

Hgnzg&yg;,yDnzu(say) Hz < Gps—r(z—y).

As a consequence,

t ot
|9, <6 [ [ 03050005 2)pe sz~ )dvdzdsar
r

Integrating in z and using the semigroup property, we have

/¢R,t(nz)psr(z—y)dz / /pz r(x—2)ps—r(z—y)dzdx
R OR,: JOr

1 1

= — x—y)dx < —
ors Jor Prts—2r(x—y) .

Using the above estimate, and Lemma A.9 part (a), Lemma 6.1 and we get, for R > Ry,

¢ ¢ C
||%z||2_ t///¢R,sydydsdr<:<\/_;_e

%

Estimation of / 2: Using the It6-Walsh isometry of the stochastic integral in Proposition 4.8
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and Cauchy-Schwarz inequality, we obtain

/ / [(/T /T ” ¢R,t(s,)’)¢R,z(r,Z)Zr,z,w(‘c,é)dsdrdydz) 2] ¢1%7,(T,§)d§dr

—/ //)<r1<s1<’r/ H dytdzzdrzdst¢Rt(suyt)(PRt(rl;Zz)

0<r<$,<7T i=1,2

X ‘|Zri72i7si7)’i(r? é ) H2¢I%,t(fﬂ é)d&dl’.

|,

From the decomposition (6.35), using Holder’s inequality and the estimates (5.25) and (5.27), we

can write

H%t

<G / / dEdTe},(1,€) A<r1<s1<r / [T dvidzidridsion, (siry) 0. (ri,2i)

0<rn<sH<7T i=1,2

[psz ri (vi — )Pr sz(é yl) + D r,(‘g _Zi)pffs,-(é _yi) +q)ri,zi,si,yi(77§)]-

The estimates ¢g /(7i,zi), Or ¢ (ri, zi) < % imply

5
H%

S 32 //dédT‘PRt (7.¢) /)<r1<s1<’c/ H dyidzidridsi
Rt

0<ry <57 <7 i=1,2

X [Psi—r (Vi = 2i)Pr—s;(E = yi) + Pr—ri(§E = 20)Pr—s:(§ = i) + Pri zy,503: (T, )]

Integrating the variables z; and y; for i = 1,2 and using Lemma A.7, we have

zg %/OZ/R@%J(T,@ (/0<r<s<7<1—|—(s—r)1/4) drds)zdﬁdr.

Using the above estimate, Lemma A.9 part (a), and Lemma 6.1, we finally have for R > R

|#,

G

5 < ﬁ (6.36)

5
|22,

Finally, plugging the estimates (6.17), (6.34) and (6.36) into (3.6) we complete the proof. L]
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6.2 Dirac delta initial condition in PAM

Let u = {u(t,x) : (t,x) € Ry x R} be the solution to equation (5.9) in dimension 1 with the initial
condition uy = &y. The process u is no longer stationary in the space variable, but if we define U

as

for (¢,x) € (0,0) x R, then for any ¢ > 0, the process {U (¢,x) : x € R} is stationary, see [1]. More-
over, lim; o U(t,x) = 1 in LP(Q) for all x € R and p > 2 and the mild form (5.6) of the equation

can be reformulated in terms of U as follows

T
Ut,x) =1+ " Pt (&— ;x)U(s,y)W(dT,dﬁ). (6.37)
Let
(5,y) == L/ (v—Sx)dx (6.38)
Pr:(S,Y) = Sxs Jox Ds(t—s)/t Y p . .

1 R R
Gryi= — (/ U(t,x)dx — ZR) , where L%  := Var U U(t,x)dx} (6.39)

YRt \/-R ’ -R

According to Chen, Hu and Nualart [14, Proposition 5.1], for any # > 0 and any x € R, the ran-
dom variable u(z, x) belongs to the Sobolev space D*? for any k > 1 and p > 2. As a consequence,
for all t > 0 and x € R, U(t,x) € Ny>1 Np>2 DXP. Furthermore, for almost all (s,y) € (0,7) x R,

using (4.9) and (6.37), we have,

N
DU (1.5) = P (0= 320U () +

1 [5,¢] %

pea (&~ IDLU(TEW(drdE),  (640)
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and for almost all r <s <t and y,z € R,

S
Dr,zDs,yU<tax) =Ds(t—s) (y - ;X)Dr,zU<S7Y)

t

t

T
+/[ t]xRp‘r(tff) (é: - ;X)Dr,zDs,yU(T, g)W(dT,dg) (641)

Let Gg, and Xg, be as defined in (6.39). Then, for any fixed t > 0, Gg; = 6 (wg,), Where

1 )
Wr(8,¥) = 119 4(5) T /Q Pty (v = x)U (s, y)dx
) R t
= I[O,t] (S)(PR’,(S,y>U<S,y), (6.42)

and Qg (s,y) has been defined in (6.38). Finally, we also note that

1
Ds7yGR’[ = E Q Ds7yU(t,x),
; R
and using (6.42)
1 t
Dy, Gry = —/ / Or:(8,y)U(s,y)Ds U (t,x)dxdyds. (6.43)
ZR./Z 0 JRJQOgr

Dividing by the factor p;(x) and using the identity (A.6) we derive the corresponding estimates

for the process U (1, x):

sup U@ x|, <crps (6.44)
(t,x)€[0,T]xR
S
D5, U (12|, < erppsis (6= 7). (6.45)
and
h) r
| DDy yu(t, )|, < CTpPai—y (y— ;x)P@ (z— s )- (6.46)

The next proposition ensures the existence of negative moments required in the application of

Theorem 3.13.
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Proposition 6.5. Fix r € (0,7], p > 2 and y > 5. Then, there exist Ry > 1 and a constant c; j y,

depending on ¢, p and ¥, such that

~1
| (Pu,Gra) || < erpptiogr)”

for all R > Ry.

Proof. Using (6.43) and (6.40), we have

1 t
DWR,GR,t:_/ // (pR,t(S7y)U(S7y)DS,yU(t7x)dXdyds
’ Yr:Jo JrRJOg
t
= /0 /R Pk (5,3)U(s,y)dyds

+ /Of /R Pr:(5,y)U(s,y) ( /[s JM<pR,t(r,é)Ds,yU(r,é)W(dT,dg)) dyds.

Since U and DU are non-negative, DWR,t Ggr, > 0 and we have

t
Dy, Gre 2 / /R Pi1(5,)U(s,y)dyds
tea
t
[ fontsnvin ([ onlnEp,U(e W andg) ) s

=11 +1b,
where fge =1t — €%, with € € (0, %] and a € (0,1]. As in the proof of Proposition 6.3, we can write
P (Dyy, Gy, <€) <P(I <2€)+P(|L| > ¢). (6.47)

We now estimate these probabilities in two steps.

Step 1: By Chebyshev inequality, for any g > 2,

1 t —q
P(I; <2¢) <P (1;1 > £> < (2¢)‘E [( /t ) /R QI%R(s?y)Uz(s,y)dyds) ] : (6.48)
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Set

t
m(€,R) = /; /R @7 r(s,y)dyds.

Using Lemma A.9 part (b), taking into account that s > %, for all R > Ry, we have

(e.R) > S5 (6.49)
m . .
’ logR
Then, because the function x — x~ ¢ is convex, applying Jensen’s inequality, we can write
t ) ) —q
E ( /t /R @ r(s,y)U (s,y)dde)
t
<m(e,R)"4"! / / 0z, (s,y)E[U(s,y)] dyds. (6.50)
tea JR
Since {U(s,y) : y € R} is stationary, we have for all s € [5,2]
E[(U(5,3) ] =E[(U(s,0) ] = (p,(0))E | (u(s,0)) ]
—2q
< (mt)"9E ( inf u(s,O)) = Cpq < 0, (6.51)
s€(5 1]

where ¢; 4 is a constant depending on g and ¢ and the last equality follows from [13, Theorem 1.4].
In what follows, ¢; , will denote a generic constant depending on ¢ and z. Substituting (6.51) into

(6.50) and using Lemma A.9 part (b) and (6.49) yields

t —q :
E[(/t /R‘Ptz,R(Sv)’)Uz(Sa}’)dde> ] SC;,qm(E,R)ql/l /R(pl%jt(s,y)dyds

! 1
Schqm(e,R)_q_l/l slongS

<crqe “(logR)?, (6.52)
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for R > Ry. Finally, from (6.48) and (6.52), we get

P (I} <2¢) < ¢, (logR)?g?1=%), (6.53)

Step 2: Set I1 = P(|l;| > €). Using Fubini’s theorem and Chebyschev’s inequality for any g > 2,

I

Then, applying Burkholder-Davis-Gundy inequality, followed by Minkowski’s inequality, we get

we have

/

€

@ d] xR (/ | Ora(T.6)Pra(5,3)U (5:3)Ds, U (7, 5)dsdy) W (dz,d&)

forany g > 2

HS%E(1;4<A;L%A%@%AMMWJWWW%QWMymwa
CqE[(/sa /:a /[:a . O+ (T.&) Ora (51,71) Pra (52,2)

X YSlaYhSz,yz(T’ g)dyldy2d5d51d52d7>
X ”YS17}’|7S2,Y2(T>g)Hq/Zdyld)ngdsldSZdT) ) (6.54)

(A8

[SIX

I t T T
8—( L] ohae&mrasionorsnya)
tea Jtpa Jtpa JR3

[0S

where

Y517y17827y2(77§) =U(s1,)1 )DShMU(Tag)U(S2>y2)D827y2U(77€)-

Note that using the estimates (6.44) and (6.45) and Holder’s inequality, we can write

S

1
1¥os 31002 (T 6y 2 < tgPrste s (1 = 2 E)Pts s (02— 76). (6.55)
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Substituting the estimate (6.55) into (6.54), we obtain

S-J’(/ga/%,ré /([ ortopcats = enras) dazdr)q/z. 6.56)

Using the semigroup property, we have

) 1 )
/ PR (8,Y)Psz—s) (y — =&)dy < —/ Psi—s) (y— -X)ps 0 (y— —é)dydx
R 7 T z:Rt R2 7

1 S t t t
/pst s+s 5)(—X__§)dx:—/pt, s) t2(‘L’ s)('x__é)dx:

ZR; 7 T 1 T SZR’[ +— T SZRJ ’

where we used the identity p;(ax) = é Pi/e2(x). Hence, taking into account that 74 > £, we can

write

K s 1 28"‘
/ / PR (5,Y)Pstr—) (v — —&)dyds < —— Lds (6.57)
tea JR T T Rt Jtea S ZR z

Finally, plugging the estimate (6.57) into (6.56), and using Lemma 6.6 and Lemma A.9 part (b),

we get for R > Ry,
q/2
M<cy 7%= (RlogR)~9/? (/ /goR, 7,8) d&d’v)
<o RPN, (6.58)

Now, choosing @ = 4/5, we get, substituting (6.58) and (6.53) into (6.47),

P (DWR,t GR,Z < 8) < Ct’q(lOgR)ng/S_
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Using this estimate, we get

E [(DWRJGR’,)W} :p/owe""lP(DwR,,GRJ <e)de

1
< 1+p/ s‘P‘lP(DWRJGRJ < 8) de
0 :

1
< 1+ctvq(logR)‘1p/ g P45 e
0
Finally, for ¢ = yp > 5p, and for R > R, we obtain
~1
|(DunGre) || < eopytiogr)”.

which completes our proof.

Lemma 6.6. Let Z,%J be as defined in (6.39). Then

2
YR

lim =
R—e RlogR

Theorem 6.7. For every ¢ > 0, there exist C; = C(t) > 0 and Ry = Ry(t) > e such that for all

R > Ry,

logR

drv (Gry,N) <G R

(6.59)

Theorem 6.8. Assume that the random field u = {u(z,x) : (¢,x) € R; x R} solves the parabolic
Anderson model (5.9) in dimension 1 with the initial condition up(x) = &. Let Gg, be defined as

in (6.39). Fix y > L. Then, there exists an Ry > 1 such that for all R > R

Y
supl oy, () — 0 ()] < LERL,

where fg,, and ¢ are the densities of Gg, and N(0, 1), respectively.

94



Proof of Theorem 6.8. We will apply Theorem 3.13 to the random variable Gg; = §(wg ;). Propo-

sition 6.5 provides the estimate

| (Du,Gra) ||, < cvatiogr)”. (6.60)

for any v > 5, and for R large enough. Moreover, from the proof of Theorem 6.7, we have

< Civ/1ogR

. 6.61
>~ VR (06l

H \/Var [DWRJ GRJ}
We are only left to estimate the term HDWRJ (DWRJ GRJ) H2 Recall that from (6.43) we have
1 t
DWRJGR,I = Z_/ / / (pR,t(S7y)U(S7Y)DS,yU(t7x)dXdyds'
Rat 0 R QR

Applying again the derivative operator, we obtain

1 t
Dr,z (DWRJGR,[) = K/O /R o ¢R,t(s7y) <DI’7ZU(Svy)DS»yU(t’x)
iz R

+ U(s,y)DS,meU(t,x)) dxdyds,

so that,

1
Do, (Du,Gre) =5 — | [ [ dxaydzdsdron,(s.)ons (n2)U (12)
’ ’ YRy Jo<r<s<t JR2 JQg ’ ’

X (Dr U (s5,y)DsyU (t,x) +2U (s,)Dy,:Ds U (1, %))
Now using (6.40) and (6.41) for D, ,U(t,x) and D,.D; U (t,x), we get

DWR,): (DWR,t GR,I) = Z%RIJ + %Rz,t + 2%133,t7
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where:

t rt
2ty = [ [ [ dzdydsar} s.9)ors(rAU (U (5.5)DrU s.5),

t ot
iy = /0 / /R , dzdydsdrog (s,y)@r:(1,2)U (1,2)Dr U (s,y)
<[ (DU EW(Ar.dE),
(s,)xR
t rt
23, = [ [ [ dedvdsares(s.9) e (U (52U s.5)

X / Or(T,€)D,:Dy U (T,E)W (dT,dE).
(s,)xR
As a consequence, we have

1D, (D, Gro)ll, < 2| 2l + || 2+ 225, (6.62)

5

We will further estimate the two terms in the right-hand side of the previous display.

Estimation of H%th

2: Using the estimates (6.44) and (6.45) and applying Holder’s inequality,
we can write

-
[U (s, 9)U (r,.2) DU (s,3) [, < CIPM(Z— Ey)

Therefore,

| 2|

t t
QS/O / /RZdZddedr(PI%J(S;y)(PR.,z(V,Z)HU(S,y)U(}”,Z)Dr,ZU(s,y)”2

t t r
<G [ [ | 0Ru(s)0ri(r2) P (2 = y)dedydsdr = Iy, (6.63)
r K
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To estimate /1, we first integrate in z and use the semigroup property, to obtain

r
/(pRtrz p,”(z——y / / z——xpr”(z——y)dzdx
ZR; QR t s
r r
rt=r) | rs—n) "y — =X dx
ZRJ/QRP<[: ) prten (5Y = %)
> (y—x)d (6.64)
= . — —X)dx. .
”'ZR’[ QRpS2(tt;r)+x(s;)) y t

Now using the estimate @g,(s,y) < ﬁ for one of the factors together with (6.64) and then apply-

ing the semigroup property in y, we get

r
S
r23 /QR/ stes) (= —x1)p , 1) | sl o= ;Xz)dydxldxg

\/QZ pAv(t;s)+S2(:7r)+s(s7r) (;(.XI —Xz))dX]dxz
R r r

— 33
rly
)

= /Q P t(tfr)+r2(sfr) (xl _XZ)d-xldXZ

L+

R s r sr

2
t
= S}’ZS / D 2u( tr r) (xl _XZ)dxldx2

4R 2 Zzt r
- / o(E)e @ Fae, (6.65)

3
TsrXp JR

where the last equality follows from Lemma A.10. So, substituting (6.65) into (6.63), we get

Sl _ 2s(s—r) &
I <C, / /0 /0 r R2drdsd§

By Lemma A.11, we can write

<cf g fronostes ot ) ([[rste+as).

Finally Lemma 6.6 yields

I} < Ci(RlogR)™'/2, (6.66)
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Estimation of H %R% 228,

: Define
2

Vizsy(T,8) =U(r,2)Dr U (s,y)Dsyu(T,&) 4+ 2U (r,2)U (r,2) Dy Dy ,U (7, 6).

With this notation in mind, we can write

%Rzz"f’zf%lgt :/
' ' [0,/]xR

</Or/rr/Rz <PR,r(S,y)(PR,r(r,z)Vr,z,s,y(T,6)dsdrdydz> or: (T, E)W (dT,dE).

Using the [t6-Walsh isometry of the stochastic integral and Cauchy-Schwarz inequality, we obtain

a2 32
L= ||Zg, +22%:3

:/Ot/RE (/OT/FT/R2 (PR,t(sa)’)‘PR,t(”7Z)Vr,z7s7y(f7é)de”dde) 2]

X Qg (7,E)dEdT

_/ //)<”1<31<7/ H dyldzzdrtdsl(PRt(shyl)(PRt(rlyzz)

0<r<sp<t i=1,2

X[ Vi 5101 (T56) ||2¢1%,z(f7 §)dédr.

Using (6.44) (6.45) and (6.46), we see that, fori = 1,2,

||Vri,Zi7Si7)’i(T7§)||2 Sctpsi(ffsi) (yi - )pf‘i(si*ri) (Zi - _yi)
T T Si Sl

and hence

12<Cz/ / /1/2/v /dédfdrld”stldSZ(PRt(f &)
S1VS$y

112
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/ PR sz,yz)(pm(rl,zz)ps, (e—s) (Vi — )pr, 1) ) (z i—s—fyi)dZidyi-
1

(6.67)



Integrating in the variable z; and using the semigroup property, we have

-
/ @R,t(riaZi)Prxsi—ri) (zi — —’.yi)dzz'

7
Z / /prl(t rl) __X1)pr rilsi=ry) ( i_—lyi)dzidx,-
Rt Or 7 5;
/ P (Cx = Dy,
ZRJ QR rltf}’l_l’_%lrl) t l Sl ! !
Si s;
) o PR 6.68
riZRJ /Qprlz(il;rl)Jrv’(v’rlr’)(l‘ ! yl) i ( )

From (6.68), using the estimate Qg (s;,y;) < 5 ): , and applying the semigroup property, we see

that

S r;
/2(pR,t(Si:yi)(PR,t(riyzi)psi(fSi) (yi—= )Pr, (si—rp (2i — iyi)dziin
l

Si

Si Si
/ /pf ) sty G ’xi—yi)ps,-m,» (vi — =&)dyidx;
QR T T T

a ZRt’”l
S
= p,; r s;(s;—r, g (—_X —_ — )dX
lee,t”i ~/QR L ;if ’)+‘l<‘tri D) sil=s) N g i ;
1T .
— 200 225 o (=xi — & )dx;. 6.69
lehrisi /Qka (,ti, D4z <Vilsi ,)_'_r(réi '>(t i é) ; ( )

Substituting the estimate (6.69) into (6.67), together with bound @g,(7,&) < ’L'Z , and then inte-
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grating in & this time, we get

5 -
/R(PI%z (,6) H/ PR (SisYi (pm(r,,z,)ps,“ (yz'—;l )P ritsi=r) (Zi—iyi)dZidyidé
S; 1

i=1,2
4 T
S 6 I_I D2 (1—ry) (s;j—rj) | T(Tt=s5}) (_xi - é)dxldé
ZRH”I”ZSISZ QR RiZq 2 rt risi + Si 4
| (F (0 —x))dud
= P2(—r)) | 2(sy-r)) | tl1=s1) , ©2l—ry) | 2(sp—ry) | T(r—5p) \ 7 X1 —X2))AX14X2
2162’1"'1 r25152 Q]ze rll‘ : + rllsl : + S1 : + r2t 2 + r223'2 2 + 5 2 t
13 /
=6 - . Pii—r))  2(sy-r)) | 2(t=s)) | tlt=ry) | 2(s9—ry) | 2(1—s )(Xl —x2)dx1dx;

rn sy 5
ts

=<6 - 1 _t_p(x]—x)dxdx
e g+~
4R ottt _1\E2
:6—/‘1’(5)6 Mot e ge, (6.70)
EZRJTI’1}’2S1S2 R

where in the last inequality we have used Lemma (A.10). Moreover, using the bound

and substituting (6.70) into (6.67), we obtain

Ci°R (S g
L< t6 ////// TR R dds dsydrdrydE
o) ry Js1Vs; ‘L'rl F2S1S2
5 t N sfr 2
52 sm/ 7o)
0 0

By Lemma A.11, we get

C,t°R(logR

L < T)/R(p(é)/old% (/Orlog(e+é)log(e—ké)ds,)z.

which implies, in view of Lemma 6.6 part (b),

L <CG——— 6.71
2= ""R2logR ©7D)
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for all R > Ry. Plugging (6.66) and (6.71) into (6.62), yields, for all R > Ry,
1Dwr, (Due,Gro) ll2 < C(RlogR) ™72, (6.72)

Finally, from (6.60), (6.61) and (6.72), applying Theorem 3.13 we get

sup [fGrny(¥) =9 (x)] < R

for all R > Ry, which yields the desired estimate. O
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Chapter 7

Rate of Convergence in Breuer-Major Theorem

Breuer and Major established a normal approximation result in [8] which can be seen as a general-
ization of central limit theorem and usually referred to as Breuer-Major theorem, see Theorem 7.3.
In this chapter we investigate the rate of convergence in total variation and Wasserstein distances
associated to this normal approximation. We first introduce Breuer-Major theorem in section 7.1.
We refer to the book Nourdin and Peccati [38] for the general treatment of the subject. Then we
recall some estimates on the rate of convergence in a fixed Wiener chaos in section 7.2, based
on Biermé, Bonami, Nourdin, and Peccati [6], Nourdin and Peccati [39]. In section 7.3 and sec-
tion 7.4, we present the results in Kuzgun and Nualart [30] with their proofs. In the last part of the
section 7.3, we include more results in the literature on the same problem, see Nualart and Zhou
[46], Nourdin, Peccati, and Yang [40], Nourdin, Nualart, and Peccati [41]. Finally, section 7.5 is
devoted to recall some technical results which are used in the proofs of the estimates given in this

chapter.

7.1 Breuer-Major theorem

Definition 7.1. X = {X, },cn is called centered stationary Gaussian sequence with unit variance if
X is a centered, unit variance Gaussian family of random variables defined on a probability space
(Q,§,P) where the covariance function E [X;X;] of X depends on &, only through a function of
lk—1].

Throughout, let p (k) := E [XoX;] for k € N and set p (k) := p(—k) fork € Z.
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Proposition 7.2. There exists a real separable Hilbert space §), and an isonormal Gaussian process

over §), written (X (h)),cg. With the property that there exists a set E = {ej }rcz C $ such that

(1) E is a basis for £,
(ii) (ex,e;)s = p(k—1) for every k,l € Z,

(iii) X; = X(ey) for every k € Z.

Let f € L*(R,%(R), ¢ (x)dx) has mean zero. Recall from Corollary 2.14 that f has an Hermite

expansion

F) = ZH()

where c¢; # 0 and d € N is called the Hermite rank. Consider the sequence of normalized partial

sums associated with the Gaussian subordinated process { f(X;) }nen:
1 n
Fri=—) f(X),n>1
=1
Further let, for n € N, 62 = Var [F,] and define
F
Y, = —
On
Theorem 7.3 (Breuer-Major Theorem). Let {F,},.\ be as defined in (7.1). Assume that

Y Ip (k) < oo,

keZ

and set
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Then,
F, — oZ in distribution as n — oo

where Z is a standard normal random variable.

Proof of Breuer-Major theorem first given in the seminar paper [8] by Breuer and Major. Their
proof relied on the combinatorial cumulants/diagrams computations.
Now, we study convergence in total variation and wasserstein distances and in particular to

obtain rate of convergence results associated to these distances in Breuer-Major theorem.

7.2 Fixed Wiener chaos

In this section we will consider the case where f = H; for some d > 2. See the following conver-

gence in total variation result in [6].

Theorem 7.4. Let f = H; and p € 14 for a fixed d > 2. Then
lim dTV (Yn,Z) =0.
n—oo

Also, computing the third and fourth cumulants for the case f = H; in [6] using the optimal

fourth moment result in [39] leads to the following optimal rate for fixed Wiener chaos.

Theorem 7.5. Let f(x) = Hy(x). Then, foralln > 1,

2 2
dTv<Yn,z>s§<z|p<k>|“) Z|p<k>|2+%(z|p<k>r3d/4) lgeey  (9)

[K[<n [K[<n |K|<n

with a matching lower bound. In particular, if d = 2, and f(x) = Hp(x) = x> — 1, then

2 2
% ( Y |p<k>|3/2> dry (Y Z) < < ( Y |p<k>|3/2> : (7.6)

|k|<n
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7.3 Total variation distance

The estimate (7.6) f = H, in [39], with a matching lower bound, was extended to f € D®3(R, )
in [46]. This upper bound, however, cannot be obtained as a consequence of Theorem 3.10 and
requires a more intensive application of Stein’s method (see [39, 46]). In this section we present
the results in [30] with their proofs, and then recall recent results on the very some problem. In
order to state the main theorems and give a proof, we will set up some notation and recall some

preliminary results.

7.3.1 Some preliminaries

Define the shift operator 7; by

[}

Ti(8)(x) = Y cmHpm—i(x). (7.7)

m=d

To simplify the notation we will write T;(g) = g.
Suppose that F is a random variable in the first Wiener chaos of W of the form F = I,(¢),

where ¢ € $) has norm one. Then g, (F) has the representation

g(F) = 8*(gk(F) ™). (7.8)

Moreover, if g(F) € D/ for some j > 0 and p > 1, then gr(F) € D/tkP. We refer to [46] for the
proof of these results.

Consider the isonormal Gaussian process in the proof of Corollary 2.14. That is, $ = R, the
probability space (Q,F,P) = (R, %A(R),¢(x)dx) W(h) = h. For any k > 0 and p > 1, denote by
D*P(R, ¢ (x)dx) the corresponding Sobolev spaces of functions. Notice that if F = I;(¢) is an
element in the first Wiener chaos with ||¢||s = 1, then g € D*?(¢ (x)dx) if and only if g(F) € D*P.

Given a function g € L?>(R, %(R), ¢ (x)dx) with expansion (Corollary 2.14), we denote by A(g)

the function in L?(R,%(R), ¢ (x)dx), whose Hermite coefficients are the absolute values of the
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coefficients of g, that is,

AR = Y leglHy(x). (7.9)
q=d

The operator A is acting on L?(R, %(R), ¢ (x)dx) which replace the Hermite coefficients by its

absolute values. Clearly, for any integer k > 0, and for any g € D*?(¢(x)dx), we have

A k2 = lIgllk2 -

Therefore, g belongs to D2 (¢ (x)dx) if and only if A(g) € D*?(¢(x)dx). If we consider functions
in L? (R, Z(R) ¢ (x)dx) for some real number p > 2, we do not know whether g € L” (R, Z(R) ¢ (x)dx)
implies A(g) € L?(R, #(R), ¢ (x)dx). However, the following result holds.

Lemma 7.6. Suppose that A(g) € D*?¥ (¢ (x)dx) for some integers M > 2 and k > 0. Then g €
DM (¢ (x)dx).

Proof. We will show the result only for kK = 0, the case k > 1 being similar. Let g = ZZ;: 4CqHy and
define g4 = Z;":d cql{qch>0}Hq and g_ = Z;:d cql{qth@}Hq. Then g = g4+ + g—. We will show
that g, € L* (R, %(R), ¢ (x)dx), and in the same way one can prove that g_ € L** (R, (R), ¢ (x)dx).

Using Proposition 2.42, we can write

E[¢2] = lim E [(¢")*]

) 2M 2M
Hi: 6]1‘!
_> (ch,-l{w) y I

) K
G =0 \i=I e, [Ti<j<k<om Bjx!

where 7, is the set of nonnegative integers B, 1 < j < k < 2M, satisfying q; = ¥ jori—i Bjk;

i=1,...,2M. Clearly, this implies that E [g2"] <E[A(g)*"] < . N

The next lemma provides a criterion for a function g to satisfy A(g) € DM (¢ (x)dx) for integers

¢>0,M>3.

Lemma 7.7. Fix integers £ > 0 and M > 3. Let g be a function in g € D%?(¢ (x)dx), with Hermite
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expansion g = Y5 c,H,. Then, A(g) € D*M (¢ (x)dx) if

Z leglg? /gl (M —1)% < . (7.10)

Proof. We have

iAW) Z ealalg—1)++(q— L+ DH,

Applying the estimate (see, for instance, [33])

_1 q _
1Hyll o R 2(R) 6 () = €(M)g™3y/q! (M — 1)2(1+0(g7")),

we obtain

1

IDA™ (&)]] (R g )y < (M <|C€|Z|Cq|q 1) (g— L+ 1) (g—0)
(q—0\(M—1)"" (1+0(q >>)

<c(M )<|Ce|+2|cq|qz FVgl(M—-1)"T (1+0(g )))-

q

Therefore, taking into account that A®Y)(g) converges in L?(Q) to A(g) as N tends to infinity, we

conclude that E [(|D‘A(g)|M)] < e if (7.10) holds. O

7.3.2 Main result

Theorem 7.8. Assume that f € L?(R, ¢ (x)dx) has Hermite rank d > 2 and satisfies A(g) € D'"*(R, ¢ (x)dx).
Suppose that (7.3) holds true and let Y, be the random variable defined in (7.2). Then we have the

following estimates:
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(1) If d =2, then

1 3
2

dry(Yn,Z) < Cn”2 ( Y !p(k>!> +Cn 2 ( Y Ip(k>\§> : (7.11)

|k|<n [K[<n

(i1) If d > 3, we have

drv(YnZ) <Cn 2 Y [p(k)|~! ( ) IP(k)|2>

|k|<n |k|<n

( > p<k>2>; < Y |p<k>\) . (7.12)

|k|<n [K[<n

(S

_1
2

+Cn

Proof. Consider a centered stationary Gaussian family of random variables X = {X,,,n > 0} with
unit variance and covariance p (k) = E [XoX;] for k > 0. We put p(—k) = p(k) for k < 0. Suppose
that § is a Hilbert space and e¢; € $, i > 0, are elements such that, for each i, j > 0, we have
(ei,ej)sy = p(i—Jj). In this situation, if {W(¢) : ¢ € §H} is an isonormal Gaussian process, then the
sequence X = {X,,n > 0} has the same law as {W(e,),n > 0} and we can assume, without any
loss of generality, that X, = W (e,).

Consider the sequence f, and Y, introduced in (7.1), where g € L*(R, %(R), ¢ (x)dx) has Her-
mite rank d > 2 and let an =E [ fnz] Under condition (7.3), it is well known that as n — oo,
G,f — 02, where 02 has been defined in (7.4). . Notice that ¢ > 0 implies that o, is bounded
below for n large enough. Taking into account (7.8), we have the representation ¥, = S(Ginun),

where

1 2
Uy = %Z’lgl(Xj)ej, (7.13)

and g is the shifted function introduced in (7.7).

108



As a consequence of Proposition 3.10, we have the estimate

1
dry (Y,,N) < 2\/Var((DYn, guﬂ)ﬁ)

n

< C\/Var((DYy,u,)g). (7.14)
Then, we can write

D)=, 3§ (X0 ()0l )
i,j=

The random variable g’(X;)g1(X;) belongs to L2(Q,F,Q), but we do not know its chaos expansion.

For this reason, we need to use a limit argument. We have
DY, u = lim &
< ns n>fJ Nesoo n,N»

where the convergence holds in L' (Q, F,P) and

1 & N . .
Dy = n Z Z qucqququfl(Xi)qu—l(Xj)P(l_J)-
i,j=1q1,q92=d

Therefore, by Fatou’s lemma

Var[(DYn, I/tn>y)] =E [<DYn7un>52§] - (E [(Danun>YJ])2

< timint (E (03] — (E[@,0)P)

N—oo

= liminf Var [®, y]|.

N—>o0
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‘We can write

1 Sy o
Var [&yv] =—5 Y Y @195¢4,C4y¢q5¢q,P (i —i2)p (i3 —ia)

i1,02,03,i4=1q1,92,93,94=d

x Cov(Hy, 1 (Xiy ) Hgy—1(Xiy ), Hys—1(Xi JHgy -1 (Xiy)). (7.15)

The next step is to compute the covariance appearing in the previous formula. To do this we will

write the Hermite polynomials in terms of stochastic integrals and apply Lemma 7.17. That is,

Cov [Hy,—1(Xiy ) Hgy—1 (Xiy ) Hys 1 (Xi3 ) Hgy—1(Xi, ]
®(q1—1 ®(qa—1 ®(g3—1 ®(qu—1
— Cov [Ith—l(eil(q] ))qu_l(eiz(éh )),Iq3_1(6i3(43 )>Iq4—1(e,~4(q4 )}
i i is is

—E [Iql,1(e®(ql_l))lq2,1(e®(q2_]))lq3,1(e®(q3_l))lq4,1(e®(q4_]))}

B [t 1 (e (e ) B[Ry e g1 (6]

i i iy
and using Lemma 7.17,

E [Iql_l (e(l%(ql_l))lw—l(eg)(qz_l))lfn—l(eg)(%_l))lqu (e®(44_1))]

n 3 14

=Y ¢ I pli—i)Pe (7.16)

Bez,  1<j<k<4

where
co. (g —1)!
e.P [Ti<jck<a B!

and 7, is the set of nonnegative integers 3, satisfying

qi—1= Y Bi, for 1<0<4. (7.17)
jork={
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On the other hand,
®(g1—1 ®(ga—1 ®(g3—1 ®(ga—1
E Iq1*1(ei1(q1 ))Iqu(eiz(% ))} E [Iqu(ezg(% ))Iqu(em(% ))

= (g1 — D) (g3 — D!pN iy —in)pB (i3 — iy), (7.18)

if g1 = g» and g3 = g4, and zero otherwise. Notice that (7.18) is precisely the term in the sum
(7.16) with Bip = g1 — 1, Bsa = g3 — 1 and B3 = Bis = Bz = Poa = 0. As a consequence, we

obtain

Cov [Hy,—1(Xi,) Hyp 1 (Xiy ), Hys 1 (Xi) Hg 1 (X)) = Y Cup [T oG —it)P*,  (7.19)
per | 1<j<ksd

where &, is the set of elements (Bi,...,[3¢), where the f3;’s are nonnegative integers satisfying

(7.17) and

Biz+ Bra+ Pz + Poa > 1.
Substituting (7.19) into (7.15) yields

1 n N
Var [®, ] =7 Z Z Z Cy.B9193€4,C42Cq3Cq,
i1,i2,3,i4=1q1,42,93,q4=d BE 7,

x PP (i — i) pPi (iy — i3) P14 (i1 — ia) pP (2 — i3) P24 (i — i) p P (i3 — ).

Replacing Bi; + 1 and B34 + 1 by B12 and B34, the above equality can be rewritten as

1 a Al . . \B
Var [®,, y] = 2 Z Z Z Ky BCq1€42Cq3€q, H P(lj - lk)ﬁjka
i1,i2,i3,i4=1q1,92,93,94=d B €&, 1<j<k<4
where
K q1'(q2—1)!g3!(qa — 1)!

B (Bio—1)1B13!B1a! Bos ! Boa! (Bra — 1)!

and & is the set of nonnegative integers Bjka 1 < j<k<4,satisfying B13+ P14+ oz + Poa > 1,
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Bi2 > 1, B34 > 1 and

qr = Z Bjx, for 1</0<4.

This leads to the estimate

N
Var [®,, y] < supA,, g Z Z Ky plcqicarcqicals
q1,92,93,94=d BEE,

where

1 & .
Anp =3 Y [T IeGi—ilP,

i,i0,i3,i4=11<j<k<4
and the supremum is taken over all sets of nonnegative integers B, 1 < j < k < 4, satisfying

Bis+Bia+Poz+Pru>1,B2>1,634>1,Bj <dfor1<j<k<4and

d< Z Bjx, for 1<0<4.
jork=/{

To complete the proof we need to show the following claims:

(a) We have

Z Z K, BlqiCarCa5€q,] < oo (7.20)
91,92,93,94=d fE&,

(b) If d =2, then supg A, g is bounded by a constant times the right-hand side of (7.11).

(c) If d > 3, then supg A, g is bounded by a constant times the right-hand side of (7.12).

Proof of (7.20): The main idea here is to identify the sum in (7.20) as the variance of a truncated

function composed with a fixed random variable X;. From our previous computations it follows
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that

N N
Z Z Kq,ﬁ|CQ1CQ2CQ3CCI4| = Z 511‘13|CQ1C£12CQ3C£14|
q1,92,93,94=d &y q1,92:93,94=d

X COV(qu_l (Xl )qu—l (X1>7Hq3—1 (Xl )HQ4—1 (X1>)

= Var [A(g’)(N)(Xl)A(gl)(N)(Xl) ;

where for each integer N > d, we denote by A(g’)™) and A(g;)™) the truncated expansions of A(g)
and A(g)), respectively, introduced in (7.44). By Proposition 7.18, (A(g')¥))? and (A(g;)™))? are

convergent in L*(R, %(R), ¢ (x)dx) to A(g')? and A(g;)?, respectively. Therefore,

Z Z Kq,ﬁ|cth CgyCq3Cqy| = Var [A(gl)(Xl)A(gl)(Xl)} < oo,
q1,92,93,94=d Be&y
Proof of (b): We will use ideas from graph theory to show the bound in the first part of Theorem
1. Recall the supremum is taken over all sets of nonnegative integers B, 1 < j < k <4, satisfying

Bis+Bra+Bos+Pou>1,B12>1,B4>1, Bjp <2for1 < j<k<4and

2< Y Bi, for 1</<4. (7.21)
jork={

The exponents 3;; induce an unordered simple graph on the set of vertices V = {1,2,3,4} by
putting an edge between j and k if B;; # 0. There are edges connecting the pairs of vertices (1,2)
and (3,4) and condition B3+ Bia + B3 + Boa > 1 means that the graph is connected. Without
any loss of generality, we can assume that there is an edge between the vertices 2 and 3. Then,
condition (7.21) implies that the degree of each vertex is at least two. The worse case is when the
number of edges is minimal and the corresponding nonzero coefficients ;; are equal to one. So
far we have edges in (1,2), (3,4) and (2,3). There must be more edges because each vertex must

have at least degree two. There are two possible cases:
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(i) P14 = 1. In this case we have

1 n
Anp<— Y, lp(ii—i)p(ia—iz)p(is —ia)p (i1 —is)].

i1,i2,i3,i4=1

After making the change of variables iy = i1, ky =i; — i, ko =i» —i3 and k3 = i3 —i4 and

(Vénlp(k)l» )3-

(ii) Suppose that we add two more edges to the graph formed by the edges (1,2), (2,3) and

using the inequality (A.1) with M =3 and v = (1,1, 1), we obtain

1

Wl

Anp <

n,

3| A

lp(k1)p(ka)p (k3)p (ki +ka +k3)| <
M kil<ni=12,3

(3,4). In this case, we obtain

Ap<— ) Pl —i)p(ia—iz)p(is—ia)p(icy — i, )P (icy —ip,)| -
i1,2,i3,i4=1

Making the change of variables i =iy, k| = i; —i2, kp = ip — i3 and k3 = i3 — i4, we obtain

Ap<t Y plkptk)pka)p(k-vip(k-w),

| <ni=1.23

where v and w are two linearly independent vectors in Z3and k = (k1,kz,k3). Using (A.3),

we obtain

which completes the proof of (b).

Proof of (c): This estimate can be obtained by exactly the same arguments as in the proof of

Theorem 4.5 in [46]. We omit the details. O

Remark 7.9. We can show that both bounds in (7.11) are not comparable. In the particular case
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p (k)| ~ |k| =% as |k| — oo, with & > 3, we obtain:

Cnl—2¢ if J<a<i

Cn? if 2<a<l,
drv (Y, Z) < 1 1

Cn~2(logn)2 if a=1,

Cn—2 if o>1.

Theorem 7.10. Assume that g € L?(R, %(R), ¢ (x)dx) has Hermite rank d = 2 and satisfies A(g) €
D*8(R,%(R), ¢ (x)dx). Suppose that (7.3) holds true and let ¥, be the random variable defined in

(7.2). Then the estimate (7.5) holds true.
Proof. With the notation used in the proof of Theorem 7.8 and using Proposition 3.11, we can

write

drv (Yo, N) < (84 V/32)Var [(DYa, un /)] + V2R[E[(%)] | +V/327E [ (1D2, o, )]

+47E D3, 6 |

<C <Var [(DFy,un)) +|E[F, ] |+E[|D; Fy|*] +1/E []Df;nFnP)]) .

Now, we want to estimate each of these terms separately.

Step 1. From Theorem 7.8 we know that

3
Var((DF,,u)e <Cn~ ' Y |p(k)[+Cn”! ( Y |p(k)|§‘> . (7.22)
k| <n [k|<n
Step 2. We claim that
2
C 3
E[(F) |§—< Ip(k)|2> : (7.23)
(D<= k|Z
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‘We can write

1 n

Truncating the Wiener chaos expansion of the random variables g(X;), as in the proof of Theo-

rem 7.8, we obtain
= lim ¥3  := lim — c,H
n N—oo N N—yoo lz‘i qZ: q

where the convergence holds in L?(Q,§,P) due to Proposition 7.18 because g € L(R, ¢ (x)dx).

Therefore,

E[(F)] = lim E[(¥; y)] -

N—seo

‘We can write

B[] =5 ¥ Z CarCar¢asE [(Hay (Xiy ) Hyy (Xiy ) Hyy (X )]
11712 iz=1q1,q2,q3=2

n32 Z Z qucqchsE[(1611(ef?ql)qu(eng)lqg(ef%)ﬂ- (7.24)

i1,02,i3=1q1,92,93=2

Using Lemma 7.17, we obtain

E (L (e (g™ as () = ¥ Cop [T pl—i), (7.25)
Be2, 1<j<k<3
where
H;‘:]qj!
Cq7ﬁ: '
[Ti<j<k<3Bji!

and 7, is the set of nonnegative integers B, 1 < j < k < 3, satisfying

qe= Y B, for 1<0<3. (7.26)
jork=/{
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Then,

N
E [(‘P?LN)H < SupAn,ﬁ Z Z Cq,B|C£I16612C613 )
q1,92,93=2 €&,

where

BN | QLURIAL

11 ir,iz=1 l<]<k<3
and the supremum is taken over all sets of nonnegative integers B, 1 < j < k < 3, satisfying
Bjx <2for1<j<k<3and
2 < Z Bjx, for 1</0<3.
jork=/{
It is easy to see that to satisfy the above conditions, B, > 1 forall I < j < k < 3. Hence, we have
n
< Z 11—12 (ll—i3)p(i2—i3)‘.

1112% 1

After making the change of variables i} = iy, k| = i; — i, kp = i; — i3 and using the inequality

(A.1) withM =2 and v = (—1,1), we obtain

[\S1{S8]

2
Mg < ¥ Ip(knp(k)plle — k)| < T(V; |p<k>|).

nl/
ket |, |k2 | <n

To complete the proof of (7.23), we need to show that:

Z Z Cy.BlCq1Cqr¢q5] < oo

91,92,93=2 €9,
In fact,

N

]\lflglo Z Z Cq,ﬁICCI1CCI2cq3| :]\?L{LE [(A(g)N)s)} =E [((A(g))3)} <o,
q1,92,93=2 €9,

taking into account Proposition 7.18 and the fact that A(g) € LS(R, ¢ (x)dx).
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Step 3. We proceed now with the estimation of E [(|D5nFn|2)} . We can write

Dan—<DFnaun = Zg (l_j)
z] 1
and
DUDE, ur)5) = X (60081 06 )er+ ()8} 05)e)p i)
i,j=
Therefore,
Dg,,Fn = <”nvD(<DFm”n> )>~‘7)
= /2 Z Xj)g1(X)p (i —k)+¢' (X)) (Xj)g1 (X)p (—k)p(i—j). (7.27)

i,jk=1

Because the random variables g"(X;), g1(X;), g1(Xx), &'(X;) and g} (X;) appearing in the above
expression belong to L2(Q), their truncated Wiener chaos expansions convergence in L?(Q), and,

as a consequence, DﬁnFn = I\%im ®,, v in probability, where
—s00

Oy = Z Z Cq1Cq:Cq391 (1 — I)Hq1—2<Xi1)qu—1 (Xiz)Hq3—1(Xi3)
117l2>l3 1q1,92,93=2

x p(iy —i2)p (i1 —i3)

+Cq1€q2¢q3q1(q2 — 1) Hgy -1 (Xiy ) Hg, -2 (Xiy )Hy; -1 (X5 )p (iy — i2)p (i2 — 13).

Making the change of variables (¢1,92) — (¢2,41) and (i1,i2) — (i2,i1) in the second sum allows

us to put the two terms together, and we obtain

n N
Z Z C41CqxCq5 (91 +q2)(q1 — 1) Hy, —2(Xi, ) Hg,—1 (X ) Hgs -1 (Xi5)
117 i3=141,92,93=2

x p(iy —i2)p (i1 —i3).
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Therefore, by Fatou’s lemma,

E[|D; Ful*] <11mme[|<1> MIE

Then,
(P> = Z Z CqHg,—2(Xi, )Hgy—1 (X)) Hys -1 (Xis)
Hi6=14q1,..,q6=2
X Hq4—2(Xi4)Ht15—1(Xis)H%—l(Xiﬁ)p(il —i2)p (i —i3)p(is — is)p(is — i),
where

Cy = Cq,Cq»Cq3Cq4Cq5Cqs (@1 +q2)(q1 — 1)(qa +g5)(qa — 1).

Using the product formula for multiple integrals (see Lemma 7.17), we get
B[] = 5 Y Z Y Kl I plic—in)P
117 sie=1q1,....q6=2 B, 1<k<I<6

x p(iv—iz2)p (i1 —i3)p (is —is)p (ia — i),

where
(q1+42)(qa+q5) 1= cq;(qj — 1)!
[Ti<k<i1<6 Bu!

Kop =

and

Dy ={(Bu)r<k<i<e: Y, Bu=gj—1forj=2,3,56and Y Pu=gq;—2for;=14}.
korl=j korl=j

Replacing B]k+1 by ﬁjk for (]7k) € {(172)7 (173)7 (475)7 (476)}’ y1€1dS

E(

> quﬁ( I ptic- ™)

117 7l6 1‘11> 46— 2B€(g 1§k<l§6
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where

L g= (91 +q2)(q4+q5) [T cq, (i — 1)!
q.B (Bi2 + DBz + 1)!B14! Bi5! Bis! Bo3 ! Bra! Bos ! Bas ! B3a! Bss ! Bas! (Bas + 1) (Bas + 1)! Bse!

and

6y ={(Bu)i<k<i<e: Y, Bu=gjforj=1,...,6and Bia, B13, Bss.Bas > 1}.
korl=j

Then, we can write
N

El(lvanP)] < supdug X} ILgpl,

ﬁeg‘] q17-"7QG:2B€%)q

where

1
Anp=-3 Z [T | i) [P

i1,0p,03,i4=1 1<]<k<6
and the supremum is taken over all sets of nonnegative integers B, 1 < j < k < 6, satisfying

Bi2, B3, Bas, Bas > 1, Bjx <2for 1 < j <k < 6and

2 < Z Bjx, for 1</<6.
jork=/{

Then, the estimation follows as in the proof of the last part of Theorem 7.15.

Now, we need to show that

(o)

Y, Y Ll <o (7.28)

q1,-96=2 G,

In fact,

N N
Y Y ILgl= Z <H|cq,)ql+qz (g1 —1)(g3+44)(gs— 1)
QI7“'>q6:2Becgq q1,---y46=— 2

XE [ (Hgy~2(X1)Hgy 1 (X1)Hys—1 (X1 )Hg, 2 (X1 )Hys 1 (X1) Hye—1(X1)) |

_ 7y (N))2 (N)y4 NI ()3
—E [ (4™ (A) ™)) | <146 ™ s m w120 1A ED™ Lo o s
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Since A(g) € D30, (A(g”)™))3 and (A(g;)™)3 converge to A(g") and A(g;), respectively, in

L?(R, ¢ (x)dx) by Proposition 7.18. Then, (7.28) is true.

Step 4. We proceed to the estimation of y/E [(|D} Fy|?)]. Taking the derivative in (7.27), yields

1 i .
D(D;, F, ——/ Y " (X)gi1(X))e1(Xe)p(i— j)p(i—k)ei
i,j,k=1

+&"(X)g1 (X)) g1 (X)p (i — j)p (i —k)ej+ " (Xi)g1 (X)) gy (Xi)p (i — j)p (i — k)ex
+¢" (X)) (X)) g1(Xe)p(i— j)p(j —k)ei+ &' (Xi)g1 (Xj)g1(Xk)p (i — j)p(j —k)e;

+8'(Xi)1(X))g1 (Xi)p (i— j)p (j — k)ex

This implies

(un,D(DﬁnFnM:iz Y &M(Xi)g1(Xi)g1(Xi)g1 (Xiy)p (i1 — i2)p (i1 — i3)p (i1 — ia)

ey
+8"(Xi,)81(Xi, )81 (Xiy ) g1 (Xiy )p (in — i2)p (i1 — i3)p (i2 — i)
+8"(Xi,)81(X3,)81 (Xiy )g1 (X, )p (in — i2)p (i1 — i3)p (i3 — ia)
+8"(Xi,)81(Xi, )81 (Xiy ) g1 (X, )p (in — i2)p (i — i3)p (i1 — i)
+8' (Xi))g1 (Xiy) g1 (Xiy)g1(Xiy ) p (i1 — i2)p (i — i3)p (i2 — is)

+8'(Xi,)81 (Xi,) 81 (Xiy)81 (X, )p (it — i) p (iz — i3)p (i3 — i4).

Notice that the second, third and fourth terms are identical. This allows us to write

1 ! .. .. ..
D, Fo=— Y &"(X)g1(X)g1(Xi)g1(Xi,)p (i1 — i2)p (i1 — i3)p (i —is)

i1i iaa=1
+ 3g ( i )gl (Xi2>g1 (Xi3)g1 (Xi4)p(il - i2)p(il - i3)p(i2 - i4)
+8'(Xi))81 (Xi,)81(Xis)81(Xiy)p (i1 — i2)p (i2 — i3)p (i2 — is)

+¢'(Xi,) g1 (Xiy) g1 (Xiy) g1 (X, )p iy — in)p (in — i3)p (i3 — ia).
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Then, we have

D} V, = lim @, y,
n N—oo ’

where the convergence holds in probability and

N
1
Dy = n2 Z Z CC(I )HQ1—3(Xi1)Hq2—1(Xi2>H613—1(Xi3>HCI4—1(Xi4)

i1,i2,i3,i4=1q1,92,93,44=2
x p(i1 —iz)p (i1 —i3)p (i1 —is)
+CP Hy, —2(Xi, Hyy—2(Xiy Hyy 1 (X1 Hyy—1 (Xi)p (i — i2)p (i1 — i3)p (2 — ia)
+CY Hy, -1 (X3, Hyy—3(Xiy Hyy—1 (X1 Hyy—1 (Xi)p (i1 — i2)p (i — i3)p (i2 — i)

+C§4)qu_1 (Xiy ) Hy,—2(Xiy ) Hyy 2 (Xiy ) Hy, 1 (Xiy ) p (i1 — i2)p (i2 — i3) p (i1 — i4)

with

1
Cc(z = Cq1CqrCq:¢qq1(q1 — 1) (q1 —2),

2
Crg = 3cq1CqrCq:cquq1(q1 — 1)(q2 — 1),

3
Cé )= Cq1CqrCq:€qq91(q2 — 1) (g2 — 2),

4
Cé = Cq1CqrCq3Cqad1 (92— 1)(g3 — 1).

We can combine the first and third terms with the change of variables (g1,92) — (¢2,41) and

(i1,i2) — (iz,11). In this way we obtain

N
~(1
CD”JV = ; Z Z CC(I )Hq173 (Xil)qufl(Xiz)Hq_sfl(Xi3)Hq4*1(Xi4)

i1,i2,i3,i4=14q1,92,93,44=2
x p(iy —i2)p(iy —i3)p (i1 — is)
1+ Cy Hyy (X3, ) Hay—2(Xiy ) Hyy—1 (Xiy Hoy -1 (X, ) (it — i2)p (it — i3)p (i2 — i)
1+ Cy Hyy 1 (X3, ) Hay—2(Xiy ) Hyy—2(Xiy Hoy -1 (X, )p (it — i2)p (2 — i3)p (it — i)

1 2 3
= By + D+ O
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with

~(1
Cfg )= Cq1€q2Cq3Cqs (91 +42)(q1 = 1)(q1 = 2),

~(2
Cfg ) = Cq1€42Cq3€q43q1(q1 — 1)(q2 — 1),

~3
Cé )= Cq1CqCq:¢qaq1(q2 — 1) (g3 — 1).

Then, by Fatou’s lemma,

E[(ID},Val?)] < timinfE [(|,02)]

We are going to treat each term CID,(;;)N, i=1,2,3, separately.

Case i = 1. Let us first estimate E [<|CI>,(11])V|2>} . We have

E<(q’( ) Z Z M{VE (Hy, ~3(Xi, ) Hgy -1 (Xiy) Hyy 1 (Xiy) Hy, 1(Xi,)
ll, Hig=14g1,...,q8=2

X Hgs—3(Xis ) Hgg—1 (Xig ) Hg, -1 (Xi ) Hgg—1(Xig )

x p(iv—i2)p (it —i3)p (i1 —ia)p(is — ie)p (is — i7)p (is — ig),

where
8
My = (H%) (g1 +492)(q1 —1)(q1 —2)(g5 +g6) (g5 — 1)(g5 —2).
j=1
This yields
1 & .
E[cb(l)) ] < _4 Z Z Z ) ( H |p(lk_”>|ﬁkz)
Sig=1qi,... ﬁe@ 1<k<I<8
x |p(it —i2)p (it —i3)p (i1 — ia)p(is — ie)p (is — i7)p (is — is)|,
where

) _ (q1+92)(g5+96) T} Ieg;|(g; —1)!
B8

Y

[Ti<k<i<s8 Bu!
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and

I ,
24" = {(Bu)i<keizs: Y, Bu=q;—1for j=2,3,4,6,7,8
korl=j

and Z B =q;—3for j=1,5}.
korl=j

Changing the exponents 8, + 1 in to B for (j,k) € {(1,2),(1,3),(1,4),(5,6),(5,7),(5,8)}, we

can write

JICHHEF- 25 VD WD » LS%( [1 \Pﬁk—il)‘ﬁ"’)’

il""’iszlql""q8:2ﬁ€<€q(1> 1<k<I<8
where

(1 _ (q1+9)(g5+96) T, leg;1(g;—1)!
@B (B2 —1)!(Bis — 1)!(Bra — 1)!(Bss — 1)!(Bs7 — 1) (Bss — 1) Tk pyes B!’

L
with & = {(k,1): 1 <k <1<8, (k1) #(1,2),(1,3),(1,4),(5,6),(5,7),(5,8)} and

3" = {(Bu)1<ker<s : Y, Bu=gjforj=1,...,8and 12, B3, Bi4, Bse; Bs7, Bss > 1}
korl=j

Then, we obtain

where

i1ig=11<<k<8
and the supremum is taken over all sets of nonnegative integers B, 1 < j < k < 8, satisfying

Bi2, Bi3, B4, Bss, Bs7,Bss > 1, Bjx <2 for 1 < j <k < 8and

2< Y Bi, for 1</<8.
jork=/{

124



and to show that

We need to estimate A;(zl

)

= —

[o5)

Y Y Ll<e (7.29)

qlr"?quzﬁecgq(l)

Estimation of A’(: % . We claim that

(T[98}

4
supA{} < Cn”! ( Y |p(k)| ) . (7.30)
B k|<n

As in the proof of Theorem 7.15, we will make use of ideas from graph theory. The exponents
Bjx induce an unordered simple graph on the set of vertices V = {1,2,3,4,5,8} by putting an
edge between j and k whenever B # 0. Because B12,B813 > 1, Bia > 1, Bs¢ > 1,57 > 1 and
Bss > 1, there are edges connecting the pairs of vertices (1,2), (1,3), (1,4), (5,6), (5,7) and
(5,8). Condition (7.41) means that the degree of each vertex is at least 2. Then we consider two

cases, depending whether graph is connected or not.

Case 1: Suppose that the graph is not connected. This means that B = 0 if j € {1,2,3,4}
and k € {5,6,7,8} and there is no edge between the sets V| = {1,2,3,4} and V, = {5,6,7,8}.

Therefore,
(1) 0)\2
An,[i S (Anﬁ) )
where
0) 1 4 5
A== L I IeGi—il”

and the nonnegative integers i, 1 < j <k <4, satisty B2, 13, fra > 1, B <2for 1 < j <k <4
and

2< Y Bi, for 1</<4.
jork=¢

As a consequence, B3+ B4 > 1, Brs + B34 > 1 and Bog + B34 > 1. This means that at least two of

the indices B3, Br4 and B34 is larger or equal to 1. Considering the worst case, we can assume that
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Br3 = 1 and B34 = 1. This leads to

[p(k1)p(k2)p (k3)p (ko —ki)p (k3 — k2)|. (7.31)

k1 lka ], k3| <n

Using (A.3) and Holder’s inequality we obtain

<cn 'Y |p(k)| < Cn <|Z |p (k)] ) :
k|<n

(T[98}

Case 2: Suppose that the graph is connected. This means that there is an edge connecting the sets

Vi and V5. Suppose that By, 5, > 1, where &g € {1,2,3,4} and & € {5,6,7,8}. We have then 7

nonzero coefficients B: B3, B13, P14, Bse» Bs7, Bsg and By, 5, Because all the edges have at least

degree 2, there must be another nonzero coefficient 8. Assume it is B 5. Then, the worse case

will be when B2 = B13 = B14 = Bs¢ = Bs7 = Bsg = Bays, = Beys, = 1 and all the other coefficients

are zero. Consider the change of variables i — i, = ky, i} —i3 = kp, i1 — iy = k3, i5 — ig = k4,

is —i7 = ks, i5s —ig = ke, iay —i5, = k7. Then, it is easy to show that i, —i5 = k- v, where

k = (k1,...,ks) and v is a 7-dimensional vector whose components are 0, 1 or —1. Applying (A.2)

and Holder’s inequality yields

A,

6 4
,};SCn”(Z \p(k)l) <Cn? (|Z |p(k>|) :
k|<n

[NS1|9]

|k|<n

This completes the proof of (7.30).

Proof of (7.29):  We have

Y Y =e(|aen™m)ae) )

‘]17~-~»‘]8:2ﬁ6%q(1)

HAR) ™)) A )0 A )2 ).
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Applying Holder’s inequality, yields

|
Z » ZmLEII)S 201AG&" )™ 175 o ) 1A &) ™ s R g )
q1,---,48= ﬁe%ﬂ

+ ZHA(g/)(N) H%ﬁ(R,(j}(x)dx) HA(g”)(N) ||i8(R,¢(x)dx) ||A(gl)(N) HiS(R.,q)(x)dx)'

By Equation 7.44 and our hypothesis, taking the limit as N tends to infinity, it follows that

1
) L L =26 a4 s oo
q1,--,48= Becg 1

201408 ) B o e JA G 25 oo IA DI g ) <

Casei=2. ForE [[|<I>,(121)\,|2]} we have

E((CID( ) Z Z MPE (Hy, (X, YHyy—2(Xiy ) Hyy -1 (Xiy ) Hyy -1 (X;,)
Hig=1q1,...,q3=2

XHQS—Z(Xis )H%—Z(Xis)Héh—l (Xi7 )Hqg—l (Xis)>

x p(ir—i2)p iy — i3)p(i2 — ia) p(is — i) p (is — i7)p (ic — i3),

where
8
My = (H Cq,) 9q1(q1 —1)(q2 — 1)g5(g5 — 1)(g6 — 1)).

j=1

This yields
(2) 1 - A k@ | Bu
E(((I) > A Z Z Z a.B H | (i —ir)|
ll> 7’ 16]17 -48= 2[36@(2) 1§k<l§8
x |p(it —i2)p (it — i3)p(i2 — ia)p(is — ie )P (is — i7)p (i6 — is) |,

where

@ _ 99195 H?‘:l |qu|(9j —1)!
P [Ti<k<i<g Bu!
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and

28 = {(Bu)1<kei<s : Y, Bu=qj—1forj=347738

korl=j

and ) Pu=gq;—2forj=12,56}
korl=j

Changing the exponents 8, + 1 in to B for (j,k) € {(1,2),(1,3),(2,4),(5,6),(5,7),(6,8)}, we

can write
2 1 1t N ) o
E((‘Pi,zlf)z) < I Z Z Z L£17l)3 < H ’P(Zk—ll)|ﬁ“> 7
ilg=1q1,-98=2 g2 1<k<I<8
where
L(Z) — 9QIC[5H§:1|C%‘(C]]’—1)!

@B (Bia—1)! (B3 — 1)!(Baa — 1)!(Bss — 1)!(Bs7 — 1) (Bes — 1) Tk pyes Bur!

with & = {(k,1): 1 <k <1<8, (k1) #(1,2),(1,3),(2,4),(5,6),(5,7),(6,8)} and

2 :
ng( ) = {(Bu)1<ker<s : Y, Bu=gqjforj=1,....8and Bz, Bi3, Boa, Bs6, Bs7, Beg > 1}
korl=j

Then, we have

N
E(e0)7) < swp A% Y ¥ L)
pewy? T d1eas=2 e

where

A= LTI Il

i1ig=11<<k<8
and the supremum is taken over all sets of nonnegative integers B, 1 < j < k < 8, satisfying

Bi2, Bi3, B4, Bss, Bs7,Peg > 1, Bjx <2 for 1 < j <k < 8and

2< Y Bi, for 1</<8.
jork=/{
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We need to estimate Anzg and to show that

[o5)

Y Y <o (7.32)

qlr"?quzﬁecgq(z)

Estimation of A;(12[)3 : We claim that

(T[98}

4
supA) < Cn”! ( Y |p(k)| ) .
B |k|<n

As in the proof of Theorem 7.15, we will make use of ideas from graph theory. The exponents
B induce an unordered simple graph on the set of vertices V = {1,2,3,4,5,8} by putting an edge
between j and k whenever B # 0. Because B2 > 1, Bi3 > 1, Bos > 1, Bs¢ > 1,857 > 1 and
Bes > 1, there are edges connecting the pairs of vertices (1,2), (1,3), (2,4), (5,6) (5,7) and (6,8).
Condition (7.41) means that the degree of each vertex is at least 2. Then we consider two cases,

depending whether graph is connected or not.

Case 1: Suppose that the graph is not connected. This means that B = 0 if j € {1,2,3,4}
and k € {5,6,7,8} and there is no edge between the sets V| = {1,2,3,4} and V, = {5,6,7,8}.

Therefore,
2) 0)\2
An,[i S (Anﬁ) )
where
0) 1 4 5
Ap== L I IeGi—il”

and the nonnegative integers i, 1 < j <k <4, satisty B2, 13, foa > 1, Bp <2for 1 < j <k <4
and

2< Y Bi, for 1</<4.
jork=¢

As a consequence, 3+ P34 > 1 and B4 + B34 > 1. This means 34 > 1 or both B3 and B4 are

larger or equal than one. There are two possible cases:
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(i) Suppose B34 > 1, Considering the worst case, we can assume that 34 = 1. Then, applying

(A.1) and Holder’s inequality, we obtain

3
A= nt Y pltk)plk)p(ka)p (ki +ks—ko)| <n”! ( ) |p(k)|§> .

ki, lkz], k3| <n k| <n

By Holder’s inequality, we can show that

wp<n Y Ip(k)p(k)p(ks)p (ki +ks)p (ki —k2)l,
‘k1|,|k2‘,|k3‘§n

and this case can be treated as (7.31).

Case 2: Suppose that the graph is connected. This means that there is an edge connecting the sets
Vi and V;. Suppose that By 5, > 1, where o € {1,2,3,4} and & € {5,6,7,8}. We have then 7
nonzero coefficients B: Bi2, P13, B24 Bse» Bs7. Beg and By, s,- Because all the edges have at least
degree 2, there must be another nonzero coefficient 5. Assume it is B 5. Then, the worse case
will be when B2 = B13 = B4 = Bs¢ = Bs7 = Pes = Bays, = Beys, = 1 and all the other coefficients
are zero. Consider the change of variables i| — i, = ky, i} —i3 = kp, iy — iy = k3, i5 — ig = k4,
is —i7 = ks, i — i3 = k¢, lay — I5, = k7. Then, it is easy to show that ig, —i5 = k- v, where
k = (ki,...,ks) and v is a 7-dimensional vector whose components are 0, 1 or —1. Then, using

(A.2) and Holder’s inequality, we obtain

[\S11S8]

6 4
Alp=cn? ( Y \p(k)\) <cn? (|Z |p<k>r‘) .
k|<n

|k|<n
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Proof of (7.32):  We have
- 2
Y ¥ -0 (a Mmoo
q17'”7q8:2BEng(2) /

< 9NIAE") ™ 125 R0 ey 1A €D 125 oo o1 1A (€1) VN2 g 01

which converges as N — oo to
"y1(12 I\ (12 4
9||A(g )’|L8(R7¢(x)dx)HA(gl)HLS(R’(p(x)dx)||A(81)HL8(R7¢(X)dx) < oo
Case i = 3. The term E [HCIDS])VP]} can be handled in a similar way and we omit the details. [

7.3.3 Some other results

In [46] this estimate is obtained applying Poincare inequality to estimate the variance plus twice
the integration-by-parts formula and for this reason one requires the function f to be four times

differentiable.
Theorem 7.11.

(i) For functions f € D**(R, ¢ (x)dx) with Hermite rank d = 2, then (7.11).

(ii) For functions f € D3?=24(R, ¢ (x)dx) with Hermite rank d > 3, then (7.12).

In [41] assuming only f € D'*(R,¢(x)dx) and applying Gebelein’s inequality, instead of
Poincare’s inequality to estimate the variance of (DF,,u,)y the authors have obtained the fol-

lowing weaker bound. This result applies to the case where f(x) = |x| —E[|Z]].
Theorem 7.12.

(i) For functions f € D'*(R, ¢ (x)dx) with Hermite rank d = 2,

C
dTV(YrHZ) S %
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(ii) For even functions f € D'*(R, ¢ (x)dx),

(4 2) < - ( y |p<k>|> .

|k|<n

In [41], using a non-trivial combination of Gabelein’s inequality and some new estimates in-
volving Malliavin operators, authors obtained following result under minimal regularity assump-

tions. In particular, this result applies to the functions f(x) = |x|’ —E[|Z|P] for any p > 1.
Theorem 7.13.

(i) For functions f € L*(R, ¢ (x)dx) ND'"“*(R, ¢ (x)dx) with Hermite rank d = 2,

c 1/2 c 3/2
drv(Yy,Z) < NG ( )y IP(k)I> 7 ( ) IP(k)|4/3) :

[K|<n |k|<n

It is also important to note the following lemma from [41] to conclude that under the assump-

tions Theorem 7.13 convergence in total variation holds if ||p |2 < ee.

Lemma 7.14. Let {p (k) };ez € 1%, and 0 < o < 2 and B, > 0 be such that

Then,
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7.4 Wasserstein distance

Theorem 7.15. For functions f € L*(R, ¢ (x)dx) with Hermite rank d = 2,

C 1/2 c 2
dw(Yn, Z) < 7 < ) \P(@\) 7 ( ) ]p(k)|3/2>

|k|<n |k|<n
provided A(f) = X.7_, lag|Hy(x) € D24(R, ¢ (x)dx).

Proof. Using the same ideas, we have the estimate

diy (¥, Z) < 1/ Var [(D2V,,v4) y02] + CE [(|(DV, © DV, Fa) 2] (7.33)
Therefore, we need to estimate the quantities
Var [(D*F,,v) 22| and E [|(DF, ® DFy,vy)ge2|] -

(i) Estimation of Var [(Dan, Vi) ﬁ@} . We will follow similar arguments as in the proof of Theo-

rem 7.8. First, we write

:I'—k

n
(D*Fyy V) g0 = Z P (i—J).
Using a limit argument, we obtain
<D2Fn7 Vn>5§®2 = Al[i_rgoq)n,Na

where the convergence holds in L' (Q) and

Py =~ Z Z CcqrCqrq1(q1 — 1) Hy, 2 (X)) Hyy 2 (X))p?(i — J).
i,j=1q1,q2=2
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Therefore, by Fatou’s lemma
Var [(Dan,vn>ﬁ®z] < liminf Var [®, ] .
N—oo ’

‘We can write

Ly 3 Y
Var[@, ] =— ) Y ailgr—1)g3(gs — Vegycqreqseq,p® (it — i2)p? (is — is)

n il,i27i3vi4:1‘1]7%:%744:2

X COV( q1— Z(Xl‘l )qu—z(Xiz)7Hq3—2(Xi3)Hq4—2(Xi4))- (7.34)

With a very similar calculation as in the proof of Theorem 7.8, we have

Cov [Hyy—1(Xi, )Hyy—1 (Xi,), Hyy—1 Xi ) Ha—1 (X)) = Y. Cop T[] plj—i)P*, (735
Bez, 1<j<k<4

where .@; is the set of nonnegative integers B, 1 < j < k < 4, satistying

qi—2= Y, B, for 1<(<4 (7.36)
jork=¢(

and

Bi3+ Bia+ Bz + Pos > 1.

Substituting (7.35) into (7.34) yields

1 n
Var[@,n] == ), Z Y. Copai(gr —1)g3(g3 — 1)eg cqr¢q5¢q,
M ininsia=11,2.43.44= 2Be9,

x PP (i — i) pPb (iy — i3) P14 (i1 — ia) pP (i2 — i3) PP (i — i) pP 2 (i3 — ).
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Replacing Bi, + 2 and B34 + 2 by Bi2 and B34, the above equality can be rewritten as

n

1 N .
Var (@, y] = 2 Z Z Z Ky BCq1€4:Cq3Cq, H p<ij_ik)ﬁ"k’

i1,i2,3,i4=141,92,93,.94=2 B €&, 1<j<k<4

where

K, 5= q1'(q2—2)'q3!(q4 —2)!
P (Bia—2)1B13'Bra! Bo3 ! Boal (Bsa — 2)!

and & is the set of nonnegative integers B, 1 < j < k < 4, satistying B3+ Bi4 + B3 + Boa > 1,

Bi2 > 2, B34 > 2 and

qr= Z Bjx, for 1</0<4.
jork={

‘We can write

N
Var [®, y] < supA, g Z Z K, plcg cg,¢q:¢q4;
‘117‘]27(13744zzﬁegq

where
1 B
Ap=— Y I IpG—i)P,
il7i21i37i4:l ISJ<kS4
and the supremum is taken over all sets of nonnegative integers B, 1 < j < k < 4, satisfying

Bis+PBia+Pr+Pra>1, Bra>2, B3 >2,for 1 < j<k<4and

2 Z ‘p(il —i2)?p(iey — i )P (i3 —i4)2’

where o € {1,2} and o € {3,4}. After making the change i} =i, k; =i —i2, ko = i, — iq, and
k3 = i3 — is, we obtain
- Ip(ki)°p(ka)p(k3)?| <= Y Ip(K)|.

Anp <
M Gl<ni=123 |k|<n
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Now, it is left to show that

N
Z Z Ky Blcg CarCq¢q < oo (7.37)
91,92,93,94=2 BES,

We have

N N
Z Z K, p |c£11CQ2C613c614’ = Z

q1(q1 —1)q3(q3 — 1)|cq,¢4,¢45¢4,
q1,92,93,94=2 BE€&; q1,92,93,94=2

X E [Hy, 2(X1)Hg,—2(X1)Hy,—2(X1)Hy,—2(X1)]

—E |(A(g")™)X(A(e2))?] .

By Hoélder’s inequality, we obtain

N

1/2 1/2

Y Y Keplencncocal < IAEN Y i 14662 M g
‘]1#2-,‘13,‘]4:2[366‘; ’ 3

From the hypothesis and the Proposition 7.18, (A(g"”)))? and (A(g2)™))? converge to A(g")? and
A(g2)? in L?(R, y) respectively. Hence, (7.37) holds.

(ii) Estimation of E [|(DF, ® DF,,vy) ge2|]. We can write

n

Y, d(X)d (Xj)g2X)p(i—k)p(j—k).
ij k=1

[\ST[o%}

(DF, @ DFyy,vp) g2 =n"

We have, in the L' (Q) sense,

<DFn7 un)ﬁ = ]\%i_rgolpn,N:

where

3 & . :
Uon=n"2 Y Y cuCucquqi92Hg —1(Xi)Hy—1 (Xj)Hy,2(Xi)p (i —k)p (j — k).
i,j,k=1q1,92,93=2
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Therefore, by Fatou’s lemma

E [(DF © DF,v); 2] < liminfE [ 0]
nin ,

We can write

n N 6
E[¥,v]=n" Y Y (chi) 41929495

il’~--7i6:1q17--~7q6:2 i=1

<E [Hfh —1(Xiy )Hgy 1 (Xiy ) Hyy 2 (Xis ) Hg, -1 (Xiy ) Hgs -1 (Xis ) Hyg—2 (Xis)]

Xp(il —i3)p(i2—i3)p<i4—i6)p(i5—i6). (7.38)
Using Lemma 7.17, we obtain

E [qu -1 (Xh )qufl (Xiz)anfZ(Xlé )quﬁl (Xi4 )Hq5,1 (Xis )H%,Z(X%)}

=Y ¢ I pli—i)P (7.39)

Be2, 1<j<k<6

where
(93 —2)"g6 —2)! Tj—1 245(q;—1)!
[Ti<j<k<eBji!

Co.8

and 7, is the set of nonnegative integers B, 1 < j < k < 6, satisfying

qi—1= Y, Bi, for (=12,45,

jork={

-2= Y B
jork=3

a6—2= Y, Bi (7.40)
jork=6
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Replacing (7.39) into (7.38) yields

n N 6
E¥,v)=n""Y Y Y Csp (chi) 41924445

i1,...,i6:1q17...7q6:2[3€9q i=1
6
x plit —i3)p(ia—i3)plia—ie)p(is—is) [] p(i;—ix)Pr.

JA=T,j<k
Substituting 13+ 1, B3+ 1, Pse + 1 and Bse + 1 by Bi3, B23, Pac and Pse, respectively, we can

write

6

n N 6
E¥iy)=n" Y Y Y K. (H%) qiarqsqs [ p(i;—in)Pr,

i],...,i6=lql,...,qGZZﬁEéaq i=1 Jk=1,j<k

where

B13B23BasBss (a3 —2)! (g6 —2)' T} 1 2.4.5(q; — 1)!

6
I1 Jjk=1,j<k B!

Kyp =

and & is the set of nonnegative integers B, 1 < j < k < 6, satisfying

=Y, Bi, for (=1,....6.

jork={
Hence
6
E(¥; y) < supA, ;3 Z Y K, (H\%\) 41929495,
B ~q6=2BE&, i=1
where
DI GURATS
[T ig=1 l<]<k<6
and the supremum is taken over all sets of nonnegative integers B, j,k=1,...,6, j <k, satisfying

Biz>1,B3>1, Bas > 1, Bs¢ > 1 and

2< Y Bi, for £=1,....6. (7.41)
jork=/{

138



As in the proof of Theorem 7.8, we can show that

00 6
Y. ) Kyp (H Iqu|> 41924495 < °°. (7.42)
i=1

q1,---96=2 B,

In fact,

=

N 6 N 6
Y Y K (HI%\) 01929495 = Y, ( |Cq;|> 41929495
i=1 1

q1,...,q6:2ﬁe£q q1y---,q6=2
x B [Hy,—1(X1)Hy,—1(X1)Hgy—2(X1 ) Hgy—1(X1)Hys—1 (X1)Hyg—2(X1)]

=B[(A(¢)™M)* (X1)(A(g2) ™) ()],

where, as before, A(g')V) and A(g,)™) are the truncated expansions of A(g’) and A(g,), respec-

tively. By Holder’s inequality, we can write

N 6 2 1

Y, ) Kep (H|cq,»|> 01924445 < [|A() ™ 115 ) 14(82) ™ o
ql,...,q6:2[3€£q i=1 ’

From our hypothesis and in view of Proposition 7.18, (A(g")™)3 and (A(g2)™))3 converge in

L?*(R,7) to A(g') and A(g»), respectively. Thus, (7.42) holds true.

To complete the proof, it remains to show that,

[\ST{9]

4
supA, g < Cn”! ( Y Ip(k)] ) :
B |k|<n

As in the proof of Theorem 7.8, in order to show this estimate we will make use of some ideas
from graph theory. The exponents 3, induce an unordered simple graph on the set of vertices
V ={1,2,3,4,5,6} by putting an edge between j and k whenever B; # 0. Because B3 > 1,
P23z > 1, Bsg > 1 and Bsg > 1, there are edges connecting the pairs of vertices (1,3), (2,3), (4,6)
and (5,6). Condition (7.41) means that the degree of each vertex is at least 2. Then we consider

two cases, depending whether graph is connected or not.
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Case 1: Suppose that the graph is not connected. This implies that 1o > 1, Bs4s > 1 and there is
no edge between the sets V; = {1,2,3} and V, = {4,5,6}. The worse case is when P, = i3 =

B23 = Bas = PBas = Bse = 1 and all the other exponents are zero. In this case we have the estimate

2
Anp §n1< Y \P(kl)P(kz)P(kl—kz)O -

ket |, k2 | <n

Using (A.1), we obtain

[S1IS%

4
Anp < Cn”! ( Y p(k) ) .
|k|<n

Case 2: Suppose that the graph is connected. This means that there is an edge connecting the sets
V1 and V3. Suppose that B, 5, > 1, where o € {1,2,3} and & € {4,5,6}. We have then 5 nonzero
coefficients B: B13, 23, Bas. Bse and By, s,- Because all the edges have at least degree 2, there must
be at least two more nonzero coefficients 8. Let us denote them by B, 5, and B, 5,

Then, the worse case will be when B13 = 23 = Bas = Bs¢ = Buys, = Boys, = Bays, = 1 and all
the other coefficients are zero. Consider the change of variables ij —i3 = ki, 1o —i3 = ko, i4 —ig =
k3, is — i = ka, iy — i5, = ks. Then, ig, —is = k-v and ig, —i5, = k-w, where k = (ki,...,ks)
and v, w are 5-dimensional linearly independent vectors whose components are 0, 1 or —1. Then,

we can write, using (A.3) and Holder’s inequality,

3
Ap<n? Y H|p p(k-v) <k-w>\scw(zrp<k>|)

|ki|<n,2<i<5i= |k|<n

4
scw(Z |p<k>\3> .

|K|<n
]

Remark 7.16. In the case g(x) =x* — 1, the term Var [(D?F,,v) 22| is zero because (D*Fy, vy) g2

is deterministic, and for the second term we get the estimate (7.6).
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7.5 Technical results

Following we present some technical results with their proofs which are used in the previous

sections. We first recall a formula for the expectation of the product of multiple stochastic integrals.

Lemma 7.17. Let ¢; > 1 be integers, and consider functions f; € “%,i=1,...,M. Then,

M
E [_1_111,-<fi>] = Y Cop(®Lifi)p,

Be2,
where
M
C 8 _ i—=1 ql’
.8 — )
[Ti<jck<mBjx!

9, is the set of nonnegative integers B, 1 < j < k < M satisfying

qi = Z ﬁjk? l:17M7

jork=i
and (®f‘i | f,-) ; denotes the contraction of 8 indexes between f; and f, forall 1 < j <k <M.

Proof. The product formula for multiple stochastic integrals (see, for instance, [49, Theorem

6.1.1], or formula (2.1) in [5] for M = 2) says that

S

[T = X e (8215 ) (7.43)

i=1 Py

where &2 denotes the set of all partitions {1,...,¢;} =J;U (Uk:L.'_7M’k?§l‘Il’k), where for any i,k =
l,...,M, I and I;; have the same cardinality, yj is a bijection between Ij and Ii; and ¥ = |J;|.
Moreover, (&M, f;) 2.,y denotes the contraction of the indexes ¢ and Vir(¢) for any ¢ € I and
any i,k = 1...,M. Then, the expectation E (Hﬁ-‘il 1 (f,)) corresponds to the case Yy = -+ =Yy =
0, and, if we specify the number of partitions for fixed cardinalities f3j;, we obtain the desired

formula. ]
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In general, given a random variable F € L?(Q,§,P) with chaos expansion (Theorem 2.13),
the fact that E[|F|P] < oo for some p > 2 does not imply that the chaos expansion converges in
LP(Q,5,P). The next proposition provides a partial result in this direction for p = 2M and in the

one-dimensional case, assuming that all the coefficients are nonnegative.

Proposition 7.18. Consider a function g € L*(R, %(R)¢(x)dx), with an expansion of the form
g(x) = X7 cqHy(x). Suppose that ¢, > 0 for each g > 0 and g € LM(R, 2(R)¢ (x)dx) for some

M > 1. Consider the truncated sequence
N
g™ =Y c.H,. (7.44)
q=0

Then (g™)M converges in L2(R, Z(R)¢ (x)dx) to g¥.

Proof. The proof will be done by induction on M. The result is clearly true for M = 1. Suppose
that M > 2 and the result holds for M — 1. Using the product formula for Hermite polynomials,

which is a particular case of (7.43), we can write

N M
"M="¥  [leats,

q1s---,gu=0i=1
N M
- Z chi Z ~ Co.B.yHyi++m
q1y-gu=0 \i=1 (B.y)€2,
where
M
C _ i=1 QI'
a.By —

M )
izt Yi! Tl < jck<m Bji!

and @q is the set of nonnegative integers ﬁjk, 1<j<k<Mandvy,l <i<M,satisfying

gi=Y+ Y, B, i=1,...M. (7.45)
jork=i

As a consequence, we obtain

"M =Y dynHu ,

m=0
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where

N M
- £ (fa) £ cn
= (B

‘117~~~7‘1M:0 ")/)e@q7f)/l++’)/M:m

The function g™ belongs to L?(R, %(R) ¢ (x)dx). Therefore, it will have an expansion of the form

m=0

In order to compute the coefficients d,,, taking into account that gH,, € L*>(R, %(R)¢(x)dx) and,
by the induction hypothesis, (g¥))”~! converges to g”~! in L?(R, Z(R)¢(x)dx) as N — oo, we
can write

dn= - E[¢"H,] = lim - [o(s™)"H,

m! N—oom!

To compute the expectation E [g(g(N M *le} we need the chaos expansion of (g™))M—1H,,:

M1 N M—1
(&™) Hy = Z H Cqi Z R Cq7ﬁ/7VH}/1+-~-+q/M )
q1s--qu—1=0 i=1 (B'.7Y)eZ,

where
Copry = m'HMIl%
e H l'}/ H1<J<k<MﬁJk

and .@[’] is the set of B’s and ¥’s such that (7.45) holds fori = 1,...,M — 1 and

m= Yy + Z 5jl'k-

jork=M

As a consequence,

N M-1
E [(g(s™)" " H,| = ZQ'Cq Y e L Copy

qis--gqmu—-1=0 i=1 (3/3/)6@%+...+,/qu
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and, taking into account that the coefficients ¢, are nonnegative and putting g = g,

o M M0
d,, = Z chi Z T2 i

: . M . 1yt
q1;--,qu=0i=1 (ﬁ’ﬂ/)ez}ﬁ"‘“""mqu Hz:l ’Yzl H1§j<kSM B]k'

We claim that for any (B’,7) € @(; there exist a unique element (3,y) € _@q such that

S

M
[Trt T1 B =IInt TI i,

i=1  1<j<k<M i=1  1<j<k<M

Indeed, it suffices to take Bjx = Bj’k ifl1<j<k<M-—-1,%=8)fori=1,....M—1, =17y
and Bjy =7, for 1 < j <M —1. It follows that limy e dyny = dyn. This implies that (gNhM

converges in L?(R, Z(R), ¢ (x)dx) to g” and allows us to complete the proof. O
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Appendix A

Appendix

A.1 Some inequalities

We will give some particular versions of Brascamp-Lieb inequality in the following lemma which
is obtained in the paper [46] using Brascamp-Lieb inequality. For the general inequality, one can

consult the original paper by Brascamp-Lieb in [7].

Lemma A.l. Fix an integer M > 2. Let f be a non-negative function on the integers and set

k = (ki,...,ky). Then, we have:

(i) For any vector v € RM whose components are 1 or —1

M AM
Zf<k~v>Hf(kj>SC(Zf<k>”M) : (A1)

kezM j=1 keZ

(i) For any vector v € RY whose components are 0, 1 or —1, assuming ¥ ez f(k)? < oo,

M M—1
Y vk <cC <Z f(k)> : (A.2)
j=1

kezM keZ

(iii) Suppose M > 3. Let v,w € RY be linearly independent vectors, whose components are 0, 1

or —1. Suppose ¥ ez f(k)? < co. Then,

<

M-2
) f(k'V)f(k-W)Hf(kj)SC(Zf(k)> : (A.3)

kezZM j=l1 keZ
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See [20] for the proof of following extension of the Gronwall’s lemma.

Lemma A.2. Let f, : [0,7] — R4 be a function such that

fun ()= [ 1)t —s)ds

for all € [0,T] and n € Ny, for a nonnegative function g which is integrable on [0,7]. Suppose

that fo(r) <M for all t € [0,T]. Then for all n € Ng and 7 € [0, 7],

fn(t) S Marh

where (ap)nen, is a sequence of positive numbers with the property that },, a,l/ P <o forall p>1.

In particular, ¥, f,(¢)'/? converges uniformly on [0, 7].

Remark A.3. Note that a,,’s only depends on g not f;,’s. More precisely, a, = G(T)"P (S, <T)
where G(T) = [] g(s)ds and S, = Y, X; where (X;);cn are i.i.d. random variables on [0, 7] with

density g(s)/G(T).

A.2 Brownian bridge

{ﬁ[zy b (s);s € [a,b]} denote a d-dimensional Brownian bridge in the time interval [a,b] that goes

from the starting point x at time a to the end point y at time b. We also set B\[a?b} = 1/3\([20[9]. We recall

that the Brownian bridge E’E o p) €an be expressed as
a,b]

s—a b—s

b—ay+b—a

l?[i’gb} (s) = E\[aﬂ (s)+ x, x,y€R% (A4)

J

Proposition A.4. Fix an integer kK > 2. Let B[ayb}

, j = 1,...,k be independent d-dimensional

Brownian bridges in [a,b] from O to 0, where [a,b] C [0,]. Consider a measurable function ot =
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(O‘j’l)1<j<l<k  [a,b] — RKk=1/2_ For each 1 < j < I < k we set

. b . .
Gil = / Ae(BL ()~ Bl (5) + /' (5))ds.

Then the following results hold true:

(i) For each k € R,

sup supE [exp (K‘ Z Gé’l> = K; i < 0, (A.5)

ec(0,1] o 1<j<I<k

where the constant K; x only depends on ¢ and k.

(ii) For each 1 < j < I < k, the random variables Gé’l converge in LP(Q) forall p >2,as € |0, to
.. ; b i ;

a limit denoted by G/ := [ A(Bfa,b] (s)— Bfa’b} (s) +all(s))ds.

(iii) We have, for all Kk € R,

limE (exp (K‘ Z Gé’l>) =E (exp <K‘ Z Gj’l>> ,
€l0 1<j<I<k 1<j<i<k

where the convergence is uniform in & and in a, b.

Proof. Property (A.5) has been proved in [26] (see Lemma 4.1 and the proof of (4.3) in Proposition
4.2 for details). For property (ii), in view of (A.5) it suffices to show that the convergence holds in
L?(Q) as ¢ tends to zero. This is done by first showing that for any sequence & | 0, the sequence
of random variables Gé,’f is Cauchy in L?(Q). This Cauchy property is established in proof of
Proposition 4.2 in [26] for the case &/ (x) = x/ —x' and the case of a general « can be done in
a similar way. Finally, the convergence in (iii) is obtained by using properties (i) and (ii) and the

elementary inequality e —e? < 1(e* +e?)(a—b) fora > b. O
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A.3 Some elementary computations

Lemma A.S. ForO<s<t,a,be RY,
P (@p,(b) = Py(a+b)puy (b~ (atD)). (A6)
Lemma A.6. For 0 < r <s <tandy,z,x €R, we have
Kz sy(t,x) <GPz y(t,x),

where ® and K are defined in (5.28) and (5.35) respectively.

Proof. Using the identity p?(a) = ﬁ Pi/2(a), we see that the first term in K, 5 y(¢,x) is bounded
by a constant depending on ¢ times the first term in @, ¢ ,(¢,x). So, we estimate the integral term
in K, 5., (¢,x) that we denote by /. Using the above identity for the square of the Gaussian together

with the identity (A.6) we get

t
I:/ /Rptz—e(x_W)p%_s(w—y)p%_r(w_Z)dwde
s

! 1
:/s /R \/(271')3(t_9)(9_s)(e_r>p%(x_w)p%(w_y)p%(W—Z)dwde
[ 1 0—s
:ptzs(x_y)/s /R N EDICEDICED i = vy = =)

xp%(w—z)dwde.

Now, applying the semigroup property,

’T , —y— 2= (x—y))de.
m)3/2 /\/t— 0 —s) 6—r)p< 2%)(@ >+GT(Z Y t—s( ¥))

Since forr <s < 0 <t
9—r<(t—9)(6—s)+9—r<t—r,
2 T 2t—y) 2 T 2
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we have

-~ _ —y)) < i (z—y— —
Puposs o (2=y=T—2(r =) S Z=pr(t=y == —y))
and
prfx y) Vier 0—s
i (z—y— —y))d6
- 271:3/2 /\/t— 0—r) (9—s)p7(Z Y t—s(x »)
VEi—r H(x y)
< J,
- (2717)3/2
where

/! Vi—r B85 o
J_/s(G—r) EDCED T A

0—s

Making the change of variables 7=

(t=s)(y+p) and

= yand putting f = /= >Oyields 0 —r=60 —s+s—r=

| —
—_

J=— | (=7

r—sJo ?’_7(Y+ﬁ)_1p%r(z—y+y(y—x))dy.

We consider two cases:

Case 1: If z —y and z — x have same sign, then

Case 2: If z—y and z —x have different sign, suppose firstly thatz—y >0andz—x=z—y+y—x <
0. Then,0 <z—y < —(y—x);s0 |[z—y| < |[y—x| and

1

S (z—y+7y(y—x) < —)1{|y—x|>|z—y\}-

Py w(t—r
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Similarly, if z—y<0Oand z—x=z—y+y—x>0, then 0 > z—y > —(y — x), which implies
|z—y| < |y — x| and we end up with the same inequality.

Finally, noting that for § = =X >0

1 B t—s

VBB+1L)  t=r)(s—r)

/01 1=y~ 2y Py+p)ldy =

we get
I < r— rPt—Ts(x—y)J
- (2m)3/2
< CTpti;ix_—_rw (Pt—Tr(Z V) F P (@=x) + Ly x> yl})
<ch p’z\;ijc___ry) (P72 =)+ PP (2= %) + Ljy—yseyy)
which then completes our proof by taking the square roots on both sides. O

Lemma A.7. Let ® be as in (5.28) and (7,x) € Ry xR . Then,

(a) ForfixedO<r<s<t,

1
/R? D, 5y(t,x)dydz < G <1 + m) .

(b) Forfixed0<r<s<t,

G 1
ot osoon (14 ).

and
/ / . rzsy (t,x)dydzdsdr < C;,
R

Proof. Fix 0 <r <s <t andx € R. (a) Using the semigroup property and Gaussian integrals, we
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have

—r - —r - 1 —x _
/pt_s(x—y) por(y—2)+ 2 @) P x) Ly apoleny) dydz
R2 (s—r)1/4

1 1
(s—r)l/4 + (s—r)1/4 /Rzpf—s(x_y)l{y—x|>z—yl}dydZ

o)

(b) Using (a+b)? < 2(a®> +b?),and p?(a) = %mpt/z(x) we have

=1+

2 2
pir(z2=y)+pip(2=x) + 1y >
/p?_s(x—y) (p?_r(y—Z)+ ’ cre el dya
R? (s—r)

o G 1
- (s—r)l/z(t—s)l/z (1+ (t—s)1/2> /dedeP(zs)/z(x_J’)

X (P(s=r) 2V =2) + Pl—r) 2 (2= ¥) + P(r—r) 22 = %) + L{y_s|> o—y]}) -

Now, using semigroup property and integrating the last two term by elementary means, we obtain

G 1
/ q)rzsy t X dydz (s—r)l/z(t—s)l/z <1+ (t—r)l/z)'

Finally, after the change of variables u = 7=, the inner time integral becomes

/rt (s—r)1/2 5)1/2 / m

and hence

1
// - ,Zsytx)dydzdsdr<Ct/ (1+m>dr§@

which completes the proof. ]

Lemma A.8. Let F be a nonnegative random variable. Then E [F ~7] < oo for all p > 2 if and only

if for all g > 2, there exists C = C(g) > 0 and & = &(q) > 0 such that P(F < &) < Ce? for all
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£ < g.

Lemma A.9. Fix r > 0. Let ¢g; and @g; be defined as in (6.1) and (6.38). Then, there exists

Ry > 1, depending on ¢, such that for all 0 < s < ¢ and R > Ry:

@ ¢ < / d),% :(s,¥)dy < C;, where the lower bound holds for /2 < s < 1.
R Y

(b)

C
sl(f:gR < /R(;)I%J(s,y)dy < slo;R where the lower bound holds for ¢/2 < s < .

Proof. (a) We start with the upper bound. Using the semigroup property, we see that

/(pRt s,y)d / /pz s(y —x1) pr—s(x2 — y)dydx1dxp
GRt

1
= Pa(r—s) (X1 —x2)dx1dxs
GR t QR (t S)

2R
/ /Pzr (1 —x2)dxidx; = — <G,
GRt Or Ok

where the last bound follows from Lemma 6.1. To see the lower bound, let R > 1, and /2 < s < t.

Then,
/q) yd—— ( x)dxdx> ! / p ()dd
S y Pz 2 14X = 2(t—s)\Y1)ayiay?
Rt Rt (t S) 2 jzeat i/\/ﬁ (t S)
> — dy > ¢,
\/_ZORZZ *l/ﬁpz(l s) ) !

where the last bound follows from Lemma 6.1.
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(b) Similarly, using the semigroup property, we see that

1 s s
[ 0Rs)dy= o [ [ paoca 5= 2x0)pas (v = S)dvdad
R Yg,JORJR 7T t 7 t
1

N
== si—s) (= (x1 —x2) )dx1dx
E%J/szzot ) (01 = x2))dx1dxy

R

2
t /
= v Pasi—s) (V1 —y2)dy1dy>
SZZRI QAZ*R/r 7

2Rt G
—_— < —,
~ sX2 .~ slogR
for all R > Ry, where the last bound follows from Lemma 6.6. To see the lower bound, let 7/2 <

s < t. Then, assuming R > 1,

2

t

/¢1%,t(S,Y)dy: ) / Pasi—s) (V1 —y2)dy1dy>
R § Z’R,t Q?R/t !

where the last bound follows from Lemma 6.6 and N denotes a N(0, 1) random variable.

Lemma A.10. For all R,z > 0,

4R &2
| pe—x)dnde =5 [ p@)e R,
Or T JR

where

Proof. See Appendix in [16].
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Lemma A.11. Forall R > e and all s > 0,

l/sls(”)fe;d < TlogRlog(e + —)log(e+ =)
— —e ! r (0] ogle —)1logle — ).
shr SRR

Proof. See [16, Lemma A.1].

Lemma A.12. Let {X;, : s € [0,7]} be a process such that y/Var [Xj] is integrable on [0,]. Then

Var [/Othds} < /Ot \/Var[X;]ds.
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