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Abstract

The goal of this thesis is to study certain aspects of Toeplitz, Hankel, and composition operators,
as well as the associated operator algebras, on various Hardy and Bergman spaces of univariate
analytic functions. The work belongs to the general area of function theoretic operator theory, with
added flavors of uniform function algebras and C*-algebras. It is hoped that the results obtained
reveal new and perhaps interesting connections between properties of the symbol functions and
those of the induced operators. It is also hoped that some of the methods and techniques developed
in this research could help solve other problems in the theory of Toeplitz and Hankel operators

beyond the scope of this thesis.
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Introduction

This thesis investigates certain classes of bounded linear operators defined by functions, referred
to as symbols, on Banach and Hilbert spaces or their isometrically isomorphic copies of analytic
functions in a complex variable. The central theme is to reveal connections between various
operator theoretic properties and those of the symbols. The results obtained are mainly driven
by operator theoretic questions, for the effective treatment of which operator algebraic framework
and tools are often tapped on the basis of specific relations among the generating operators. Thus
the development of this work is in the spirit of viewing operator theory and operator algebras as
two inextricably linked subjects. Nonetheless, the chief interest here is not in general structural
questions on operator algebras but rather in their relevant features that produce concrete results
for the operators involved. In this regard, Chapter 3 and 4 see widespread application of C*-
algebraic and, perhaps to a lesser extent, commutative Banach algebraic methods to Toeplitz,
Hankel, and composition operators on the classical Hardy space over the unit circle.

For a majority of problems in operator theory on the Hardy space, the largest possible
symbol class consists of the essentially bounded measurable complex functions on the circle.
These functions are more profitably viewed as continuous functions on three distinct regions
of the maximal ideal space of the algebra of bounded analytic functions: the embedded disc
on which the functions take the form of bounded harmonic functions; the non-trivial Gleason
parts other than the disc where the composed functions by the Hoffman maps arise again as
harmonic functions; and the Shilov boundary, partitioned in fibers and containing the support
sets of representing measures, over which the functions live in restrictions of uniform algebras.
This point of view makes a variety of analytical, algebraic, and topological techniques applicable.

The C*-algebra of quasi-continuous functions on the circle consists of functions that together



with their complex conjugates are sums of bounded analytic functions and continuous functions.
By a well-known characterization, they are precisely the bounded functions of vanishing mean
oscillation and thus closed under various real-analysis-style operations on the circle. Moreover,
the effect of these operations on the asymptotic behavior of their harmonic extensions in the disc is
often well understood. Through a natural isomorphism, this commutative C*-algebra or a certain
C*-subalgebra plays an important role in Allan-Douglas localization as the center of the Toeplitz-
Hankel C*-subalgebra of the Calkin algebra. This in turn necessitates the study of restriction
algebras on the corresponding fibers of the maximal ideal space of the bounded functions. It is
via these connections that Douglas algebras enter in the study of Toeplitz and Hankel operators.
Besides, Douglas algebras realized on various compact spaces are independently studied in the
literature as an important class of uniform algebras, with [117] being one of the earliest surveys
on this subject.

Now we turn to the actual content of the thesis after these general remarks.

The first chapter of the thesis serves several purposes. It reviews basic concepts and definitions
to be used in later chapters, records fundamental theorems in the selected fields, and sets up
notation and preliminary facts in preparation for further development. As such, almost all
the results included in this chapter are known to various degrees. Some of them are found in
standard reference books, for which we shall not provide explicit citation. Instead, these books
are listed as follows: [115] on real and complex analysis, [121] on function theory on the circle,
[78, 116, 35] on complex Banach and Hilbert spaces and their operators, [111, 17, 78] on Banach
algebras, [60, 93, 126, 61, 5] on uniform algebras, [46, 49, 141] on C*-algebras, [79, 62] on Douglas
algebras, [79, 55] on Hardy and [157] on Bergman spaces, [49, 18, 157, 98] on Toeplitz and Hankel
operators, and [42; 98] on composition operators. Others appear in the journal literature, and
citation is given wherever possible. Occasionally, some proofs are still provided if they seem to
be new and interesting, or motivate and connect with ideas appearing in later developments, or
are not readily available in the literature.

The next three chapters treat various aspects of operator theory on analytic function spaces.

Chapter 2 concerns analytic multiplication operators on Hardy and weighted Bergman spaces



over planar regions, containing results on Banach spaces obtained by complex analysis and du-
ality, and results on Hilbert spaces based on unitary equivalence or similarity. The results of
this chapter appeared in [145]. Chapter 3 includes two applications of Allan-Douglas localization
for Toeplitz and Hankel operators on the Hardy space using C*-algebraic and Douglas-algebraic
methods. This chapter has appeared as [144]. Chapter 4 concerns Hankel operators with piece-
wise quasi-continuous symbols, Toeplitz-composition C*-algebras with quasi-continuous symbols
and a subgroup of conformal automorphisms of the disc, and commutative Toeplitz-composition
subalgebras of the Calkin algebra generated by certain piecewise quasi-continuous symbols and
a linear fractional non-automorphism. The latter is sourced from and improves on a submitted
manuscript [146]. A synopsis of the main results of each chapter is to constitute the rest of
this Introduction, while a more detailed overview with surveys of literature and discussions of
motivation will appear in each beginning section.

Chapter 2 studies some aspects of commutant theory and functional calculus for analytic
multiplication operators on Hardy and weighted Bergman spaces over bounded planar regions.
Multiplication operators defined by univalent functions are shown to commute only with multi-
plication operators. This result is generalized to a tuple of operators, and a sufficient condition
is given for irreducibility of that induced by finite Blaschke products. Operators defined by fairly
general ancestral functions are shown to commute with no nonzero compact operators, and these
include the ones by monomial functions over annuli for which we also characterize the commu-
tants. Norm and sequential weak closures of the analytic functional calculus algebra generated by
a multiplication operator are characterized and essential spectral mapping properties obtained.
Generalizing to a larger class of weighted Bergman spaces the similarity for multiplication op-
erators defined by finite Blaschke products, the commutant classification of these operators is
obtained and seen strictly finer than the similarity classification. It also follows that, when the
degree is greater than one, these operators commute with no nonzero compact operators and yet
are reducible in the Banach space sense, and a characterization is obtained for the commutant
of a tuple of multiplication operators to equal that of a given finite Blaschke product.

Motivated by results in uniform algebras, a distance localization formula in C*-algebras is



established in Chapter 3 under the framework of the Allan-Douglas localization principle, and
is used to derive a locality result for products of Hankel operators as compact perturbations of
Hankel operators. Using localization and certain quasi-continuous functions, it is proved that the
essential spectrum of the commutator of a Toeplitz and a Hankel operator is antipodal symmetric
under a mild condition on the Hankel symbol function. Under the same condition the essential
spectrum of a Hankel operator also exhibits this symmetry. Conjugates of interpolating Blaschke
products and characteristic functions are constructed that satisfy the condition, while examples
show the condition is only sufficient.

Chapter 4 is focused on some special symbol classes for Toeplitz, Hankel, and composition
operators on the Hardy space. The essential spectrum of commutators of Hankel operators
with arbitrary piecewise quasi-continuous symbols is shown contractible, antipodal symmetric,
connected and having a connected complement. Therefore, it follows from the Brown-Douglas-
Fillmore theory that such commutators are compact perturbations of normal operators and uni-
tarily equivalent modulo compact operators to their additive inverses, and that the associated
C*-algebra extensions split. Using a relation between fibers and support sets, compact commu-
tators and self-commutators are characterized in terms of symbol behavior on support sets and
Douglas algebras generated by the symbols. Next, the C*-algebra generated by quasi-continuous
Toeplitz operators and a subgroup of automorphic composition operators is shown to extend the
compact operators by a crossed-product C*-algebra, from which there follows a characterization
of Fredholm operators generated by quasi-continuous Toeplitz operators and a single rational ro-
tation. Lastly, composition operators defined by linear fractional non-automorphims of the disc
fixing a boundary point are considered. The maximal ideal space as well as the Shilov bound-
ary of certain associated commutative Calkin subalgebras are completely identified, which yields
explicit formulas for the essential spectrum and essential norm. Fredholm index determinations
are also obtained.

The last chapter gathers a number of open problems for further investigation. These problems
either naturally grow from, or closely relate to, the results already obtained and are motivated

by important questions and results found in the literature. Except for a few side results, most



of the material in this chapter is exploratory and non-definitive. It is hoped that solutions of, or

advances on, these problems may generate more insights in this field of research.



Chapter 1

Preliminaries in Functional Analysis and Operator Theory

1.1 Analytic functions of a complex variable and compact planar sets

First recall the classical theorems of Montel and Vitali as follows.

Theorem 1.1.1 (Montel). Let Q2 be an open subset of C. If f,, is a sequence of analytic functions
on Q that are uniformly bounded on compact subsets of 2, then there is a subsequence f,, that

converges to an analytic function uniformly on compact subsets of 2.

Theorem 1.1.2 (Vitali). Let Q be an open connected subset of C. Let f, be a sequence of
analytic functions on §2 that are uniformly bounded on compact subsets of Q. If lim,,_, f. exists
at every point of a subset S C € having an accumulation point in ), then f, converges to an

analytic function uniformly on compact subsets of 2.

Let & be a univalent analytic function on an open subset (2 C C. Then £ is a homeomorphism
between the open subsets 2 and £(€2) with an analytic inverse £! satisfying ((§71) 0 £)¢' = 1.
Since the Jacobian of £ equals |£|?, the change of variables formulas by € and £71 take the

following form. For f measurable on £(f),

o /2d — d

/Q(f &)|¢'Pda /{(Q)fa,
—1\712 _ o )

R )!da—/ﬂ<f £)da

£(Q

Here da is the Lebesgue area measure. We shall use change of variables to prove



Proposition 1.1.3. Let f be analytic on an open subset Q2 C C. Let A C Q be a Borel set with
a(A) =0. Then f(A) is a Borel set with a(f(A)) = 0.

Proof. Let Q@ = | ], €, be the decomposition in connected components. Then A = | | (A ,)
and f(A) = U, f(AN,). By working with each €, and A()€, instead of Q2 and A, we can
assume ) is connected and f is non-constant. Then, f(A () Z(f’)) is at most countable for Z(f’)
is so. Hence it suffices to show f(B) is a Borel set with a(f(B)) =0, B := A\ Z(f).

To this end, notice first that at every A € B, f is univalent with bounded f’ on some open

disc Ay, A € A, C Q. Because C is a Lindelof space,

BCUAA_UAkzpf U (B[ Aw.

AeB

Since f|Ay is a homeomorphism and B[] Ay is a Borel set, f(B[)Ax) and f(B) are Borel. Next,

using the change of variables under f|Aj, one has

a f<BﬂAk>>=/M 1f<BmAk>da=/ (1rnay o NIf [Pda

k) Ay
— [ tmnadffde= [ |pPda=o
Ay BﬂAk
the last step due to a(B[)Ax) < a(A) = 0. Therefore, a(f(B)) = 0. O

Definition 1.1.4. For a nonempty compact subset K of an open subset €2 of C, an envelope
[ of K in 2 is a finite disjoint union of closed simple Jordan curves in Q \ K whose aggregate

winding number equals 1 relative to the points of K, and 0 relative to the points of C \ Q.

The hexagon lemma ensures the existence of envelopes (indeed furnishes polygonal ones). If

f is analytic in 2 and I" is an envelope of K in €2, then the Cauchy integral formula gives

f(Z)ZL.j{&dC, 2 e K.

2mt Jp ¢ — 2



Definition 1.1.5. The polynomial-convex hull hull(K) of a nonempty compact set K C C is

hull(K) :={z € C: |p(2)| < ||p|K|| for every polynomial p}.

Theorem 1.1.6. The complement of hull(K) equals the unbounded component of that of K.

Let C(K) be the space of continuous complex functions on K equipped with the sup-norm,
P(K) the norm closure of polynomials on K, R(K) the closure of the collection H (K) of functions
on K admitting an analytic extension in an open neighborhood of K, and A(K) the collection of
functions continuous on K and analytic in the topological interior K°. The inclusions P(K) C
R(K) C A(K) C C(K) are obvious. Note that R(K) is also the closure of rational functions on

K, due to Runge’s theorem, although the latter is a proper subset of H(K).

Theorem 1.1.7 (Runge). Every function analytic in an open neighborhood of K can be uniformly

approximated on K by rational functions with poles in distinct bounded components of C \ K.

It is well known that P(K) = R(K) if and only if K has connected complement (i.e. K =
hull(K)), and that A(K) = C(K) if and only if K has empty interior. Besides these, only

sufficient conditions are available for the other equalities. For example,

Theorem 1.1.8 (Mergelyan). If the diameters of the components of C\ K are bounded away
from zero, then R(K) = A(K).

Lastly, we recall the basic result on (complex) Banach-space valued analytic functions, as an

application of the uniform boundedness principle.

Theorem 1.1.9. Let X be a Banach space with dual space X*, and §2 be an open subset of C.
Then a function f: Q — X is norm analytic if and only if x*(f) is analytic for every z* € X*,
a function g : Q — X* is dual-norm analytic if and only if g(x) is analytic for every x € X, and
a function T : Q — L(Y, X), Y another Banach space, is operator-norm analytic if and only if

x*(Ty) is analytic for every z* € X* and y € Y.



1.2 Bounded analytic and harmonic functions in the disc

Let f be a complex valued function smooth in the open unit disc D < R2. Define two differential

operators d, 0 acting on f as follows

8-—1 ﬁ—ig 5-—3 ﬁ—l—ig z=x+1
T 2\0r  oy)’ T 2\0r  oy)’ B Y

for which the following identities are well known

2 2
S — A‘a 0

.:@+a—y2:488:488.

Under these notations, f is analytic if it satisfies the Cauchy-Riemann equation 0f = 0 (and
in this case the complex derivative f’ = 0f), while harmonic if it satisfies the Laplace equation
Af = 0. In particular, df of a harmonic function f is analytic with (9f)" = 9*f.

Let h*°(ID) be the Banach space of bounded harmonic functions in D, equipped with the sup-
norm, and H*(D) the Banach subalgebra of bounded analytic functions in D. Each function in
h*°(D) has a non-tangential limit almost everywhere on 9D, and this induces a *-linear isometry
from h*°(D) onto L*°, the C*-algebra of essentially bounded measurable functions on 0D. The
restriction of this linear isometry to the subalgebra H* (D) is multiplicative whose range is
denoted by H*, a weak-star closed subalgebra of L>°. The inverse of the isometry between

h*°(D) and L is given explicitly by the Poisson integral

f(z)= | fP.do, felL>® zeD,
oD

where df is the normalized linear Lebesgue measure on D and P, is the Poisson kernel corre-

sponding to z € D

Atz 1—|2)?
P.(\) = = , A€ dD.
) §R/\—z A — 2|2 €9

Evidently, z +— P.()\) is a harmonic function in the disc with range precisely (0,00) while

A — P.()\) is continuous on the circle. In such a pairing, f € h*®(D) is called the harmonic



extension of the boundary function f € L*°. For f € H*, the harmonic and analytic extensions

via the Poisson and respectively Cauchy integrals coincide, that is,

j)= o § IO

2w fop A — 2

d\, feH> zeD.

By the solution to the classical Dirichlet boundary value problem, the harmonic extensions of
C := C(0D) C L™ consist exactly of the functions in 2*°(D) () C(D), and those of H> (C' are
exactly the functions in the disc algebra H>(D) () C(D).

Strictly positive harmonic functions in D that are not necessarily bounded admit a more gen-
eral Poisson integral representation via finite positive measures not necessarily having a Radon-
Nikodym derivative relative to df. The measure dyu in the following classical result exists as a
weak-star cluster point (indeed the limit) of the net of measures du, := f.dd € C*, 0 < r 1 1,
where ||| = [op 1fr1d0 = [, frd8 = f(0) for the radial functions f,.(A) := f(rA), A € ID.

Theorem 1.2.1 (Herglotz). If f is a strictly positive harmonic function in D, then there exists

a unique finite positive measure dp on 0D such that

f(z) = /aDPZd,u, z € D.

Since the closed balls in L> 2 (L')* are weak-star compact while L' is separable, these balls
are sequentially compact in the metrizable relative weak-star topology. Therefore, any uniformly
bounded sequence of functions in the weak-star closed H> possesses a subsequence converging
in the weak-star topology to a limit function in H*°. Alternately, this follows from Montel’s

theorem and a characterization for weak-star convergent sequences.

Proposition 1.2.2. A sequence {h,}, converges to h in the (relative) weak-star topology in H™

if and only if sup,, ||hnles < 00 and hy(z) = h(2) at every z € D.

A sequence {z,}, in D is called a Blaschke sequence if ) (1 —|z,|) < oo (or equivalently
IL, |2n| > 0 excluding a finite number of zero entries). By a classical result of F. Riesz, the zero

sets of nonzero functions in the Hardy classes H?(D), p € (0, 0], are Blaschke sequences. The

10



converse is also true. In fact, a Blaschke product b is a function in H*(ID) defined by

—Zp 2 — Zn
zeD
H |2p| 1 — 2,2’

whose zero sequence {z,}, in D (counting multiplicities) is any given Blaschke sequence. Here
the convention is that for z, = 0, the corresponding factor is taken to be z. Therefore, any
nonzero function in HP(D) factors through a Blaschke product corresponding to its zero set.
Consequently, closed ideals in H*(D) of the form {h € H>*(D) : h|Q2 = 0}, Q@ C D, are either
zero or principal ideals generated by Blaschke products.

A Blaschke sequence {z,}, is further called an interpolating sequence and the corresponding

Blaschke product b an interpolating Blaschke product if

= inf H p(2n, ) = inf (1 — |2,)*)|0'(2,)| > 0
" k:k#n "
where p is the pseudo-hyperbolic distance on D and 0(b) is the uniform separation constant of
b. A finite Blaschke product with simple zeros is interpolating. The sequence is called a sparse
sequence and the corresponding Blaschke product b a sparse Blaschke product if

lim H p(2n, 2k) = hm (1 — |z (2)] = 1.

n—oo
k:ktn

A sparse Blaschke product is a finite Blaschke product times an interpolating one, that is,
an almost interpolating Blaschke product, but not vice versa. Finite products of interpolating
Blaschke products are called Carleson-Newman Blaschke products, and these obviously include
the almost interpolating ones. The following deep result of Garnett and Nicolau strengthens
a theorem of D. E. Marshall replacing Blaschke products by the much more restricted class of

interpolating ones.

Theorem 1.2.3 (Garnett-Nicolau). The Banach space H* is generated by interpolating Blaschke

products.

11



A function in H>*(D) is called inner if its boundary function on 0D is unimodular (almost
everywhere). A function in H*>°(D) is called outer if it does not belong to any principal ideal in
H>(D) generated by a non-constant inner function. Blaschke products are inner functions with
zeros in D. On the other hand, an inner function is called singular if it is nonvanishing in D. It
follows from the Herglotz theorem that singular inner functions s correspond to finite positive

Borel measures du L df on 0D via

5(z) = e exp (—/ AT Zdu(/\)) , z€D.
oD A— 2z

A classical result of Frostman implies, among other things, that inner functions v can be

uniformly approximated by Blaschke products on D, that their ranges u(D) exhaust D except

for subsets of zero (logarithmic) capacity, and that their Nevanlinna counting functions satisfy

1 —u(0)z

Nu(z) =In T u(0)

for all z € D except for subsets of zero capacity.

Theorem 1.2.4 (Frostman). Let u € H* be an inner function. Then the set of a € D for which

the Frostman shift (u — «)/(1 — au) is not a Blaschke product is of zero capacity.

Relatively closed subsets of D with zero capacity are precisely the sets of omitted values of

inner functions.

Proposition 1.2.5. A subset F' C D is relatively closed with zero capacity if and only if F =

D\ u(D) for an inner function w.

Proof. Sufficiency is an immediate consequence of Frostman’s theorem. To show necessity, any
analytic covering map from D onto D\ F' for a relatively closed subset F' C D with zero capacity

is known to be an inner function. O

Let h be a nonzero function in H>*(D) and r € (0,1). Then [In |h(rA)]|d0 < oo

Jreom

considering the multiplicity of zeros lying on the compact 70D C . By a classical result of

12



Szeg6, [op |0 |R||df < oo for its boundary function as well. By subharmonicity, [, _,p In|h(r))|df
increases in r € (0,1). The following integral criterion is convenient. It shows that each of these

three classes of functions is closed under products.

Theorem 1.2.6. A nonzero function h € H>*(D) is a Blaschke product if and only if

lim ln|h(r)\)\d9:/ In |h|db,
oD

r=17 J\eoD

a singular inner function if and only if

im [ In|h(rA)do < / In |A|do,
oD

r—1- AeoD

and an outer function if and only if

/ ln|h|d6 = In | (0)).
oD

The following unique factorization result is pivotal. In particular, it reveals a rigid divisibility

structure in H*.

Theorem 1.2.7. Every nonzero function h € H>®(D) admits a unique (modulo unimodular
constants) factorization h = bsF in a Blaschke product b, a singular inner function s, and an

outer function F.

The question of when singular inner factors are absent from the factorization is answered by
a result of W. Rudin [113] (cf. [36, p. 11]). It generalizes Frostman’s theorem because, for h

inner, the inner factor of h — h(() is just the Frostman shift induced by h(({) € D.

Theorem 1.2.8 (Rudin). For every nonconstant h € H*(D), the set of ( € D for which the

inner factor of h — h(C) is not a Blaschke product with all simple zeros is of zero capacity.

Since inner functions are analytic self maps of D, it is natural to compose analytic functions

on D by inner functions. Such compositions preserve inner and outer functions.

13



Theorem 1.2.9. If uy,us are inner and F' is outer, then us o uy is inner and F o wuy is outer.

The distribution fou™" on dD of a non-constant inner function u equals P, o)df, a probability
measure boundedly equivalent to df because Poisson kernels are nonvanishing continuous function
on OD. It immediately follows that the essential range of u on dD, that is, the support of fou ™",
consists of the entire 0D (there holds a much deeper result due to Sarason). Next we give a

measure theoretic proof of a Poisson kernel identity. The boundary function of any conformal

automorphism « of D is a homeomorphism of dID and we shall not distinguish the two.
Proposition 1.2.10. For v € Aut(D) and z € D, one has (P, oy~ ) Py) = Py(:) on ID.

Proof. Choose 7, € Aut(D) with v,(0) = z. Then v o, € Aut(D) with (y0~,)(0) = v(z). For

any Borel subset A C 0D, one deduces

[ Pt =007 () =00 = [ P
4 Y1(4)

—/ ony_lode—/ (P,oy H14) oy db
~—1(A4) oD

= / (P, o 7_1)1AP,Y(0)d6‘ = /(PZ o 7_1)P7(0)d9.
oD A

Therefore, (P, o v~ ) P,y = Py df-a.e., and one concludes the proof by continuity. n

We close this section with a well-known result. In particular, it ensures uniqueness of the

measure in the Herglotz theorem.
Proposition 1.2.11. The linear span of {P, : z € D} is dense in C' on the circle.

Proof. By the Hahn-Banach theorem and the Riesz respresentation of the dual space of C, it
suffices to show that if a complex Borel measure p on 0D satisfies faﬂ)) P.dy = 0,Vz € D, then
/. op Jdp = 0 for every f € C. Splitting y into its real and imaginary parts and noting P, is real,

we can and do assume that p is a finite real measure. Then the condition becomes

Atz
8D>\_Z

R du(\) =0, Vz € D.

14



It follows that the analytic function z € D — [, %d,u()\) is constant. Therefore,

/(m ifidm) = 1(OD) = 0.

Subtraction gives 2z [, oD dﬂ’:) =0, thus |, oD d)‘f_(i) = 0, and differentiation on z further gives

du(X)  _ o v,
[ en

Setting z = 0, this gives [, N'dp()\) = 0. Taking complex conjugates, Jon Nedp(\) = 0 for all
k € Z. Now it follows from Fejér’s uniform approximation theorem that | op J A = 0 for every

f € C, as required. H

1.3 Commutative Banach algebras and maximal ideals

Let A be a commutative unital Banach algebra. The (proper) maximal ideals of A correspond to
the (nonzero) multiplicative linear functionals on A as their kernels. The set of these functionals is
denoted by M (A) and is called the maximal ideal space (a.k.a. spectrum, character space, carrier
space, structure space, etc) of A. Equipped with the relative weak-star topology, M(A) C A*
is a compact Hausdorff space. For every a € A, the Gelfand transform a € C(M(A)) is defined
by a(m) := m(a), Ym € M(A). (It is customary to write a in lieu of @ when confusion is not
an issue.) The basic facts are that o(a; A) = a(M(A)), and that the Gelfand transform is a

contractive algebra homomorphism from A into C(M(A)).

Definition 1.3.1. The radical R(A) of a commutative unital Banach algebra A is the intersection
of all maximal ideals of A. Equivalently, R(A) := {a € A : o(a) = {0}} is the kernel of the

Gelfand transform.

By the spectral radius formula p(a) = lim,_,« ||a”]|'/", the radical consists exactly of the
quasi-nilpotent elements of A. It also follows that R(A) contains no nonzero differences of
idempotents in A. An algebra is semi-simple if its radical is trivial. Subalgebras of semi-simple

algebras are obviously semi-simple. The following observation is sometimes useful.
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Proposition 1.3.2. The subset M(A) C A* is linearly independent.

Proof. Let myg, k =1, ..., n, be distinct functionals in M(A) such that >";'_; Symy = 0 for complex
scalars Bg. It remains to show each £, = 0.

There exists a € A such that my(a), k =1, ..., n, are distinct numbers. For, the closed subsets
Ajri={aeA:mi(a) =mp(a)y,  j#k

all have empty interior in A, so that the finite union |J sk Ajge 18 of first category. By the Baire
category theorem there exists a € A\ U, 4, and such a gives distinct {my(a)}.

Now one has a homogeneous system of n linear equations of n unknowns {3}

n

S (me(@)Be =0,  j=0,1,...n—1

k=1
whose coeflicients form a Vandermonde matrix with generators {my(a)}. Thus, each g, =0. O

Next we recall some deep connections between A and its maximal ideal space M (A) obtained
by methods of several complex variables. If p € A is a nontrivial idempotent, then p € C'(M(A))
is a nontrivial characteristic function which renders M (A) disconnected. Proved by reduction to
finitely generated subalgebras and then uniform approximation in several complex variables (the

Oka-Weil theorem), the Shilov idempotent theorem supplies the converse.

Theorem 1.3.3 (G. Shilov). For a commutative unital Banach algebra A, M(A) is disconnected

if and only if A contains nontrivial idempotents.

The multiplicative group A~! of invertible elements of A is open in A. Its principal connected
component (i.e. the one containing the unit) is a subgroup denoted by A;*, A;' = e?. The
quotient group A~' /Ay consists of the components of A~! as the cosets and is called the abstract
index group of A. The proof of the following theorem uses the multivariate analytic functional

calculus and Oka’s solution of the Cousin problem for polynomial polyhedra. Note that by general

facts in algebraic topology, the quotient group C'(M(A))~!/C(M(A))," is isomorphic to the first
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cohomotopy group of the compact Hausdorff space M (A), and to its first Cech cohomology group

with integer coefficients.
Theorem 1.3.4 (Arens-Royden). A~'/A;' = C(M(A))~1/C(M(A))*.

Besides these analytical and topological aspects of the maximal ideal space, there is an alge-

braic aspect and the three closely interact with each other.

Definition 1.3.5. Let A be a commutative unital Banach algebra. The hull of an ideal of A is
the collection of the maximal ideals containing the ideal; The kernel of a collection of maximal

ideals is the intersection of the maximal ideals in the collection.

The zero set Z(a) of a € A is defined as Z(a) := {m € M(A) : a(m) = 0}. The hull of an
ideal J of A is then exactly the zero set Z(J) := (),c; Z(a). Evidently, J is contained in the
kernel of its hull Z(J). The relatively rare case of an ideal which equals the kernel of its hull,
that is, a radical ideal, is of importance in certain problems. Let ay, ..., a, € A. The closed ideal
in A generated by aq,...,a, is proper if and only if these elements live in a common maximal
ideal. Therefore, the following statements are equivalent:

(i) The Bézout equation y ,_, axby = 1 has a solution (by, ...,b,) in A;
(ii) The Bézout equation Y ,_, afi = 1 has a solution (fi, ..., f,) in C(M(A));

(iv) Ni=y Z(ax) = 0;
( ( ) (ala"'van)

where the joint spectrum o(ay, ..., a,) := {(a1(m),...,a,(m)) : m € M(A)} is a compact subset

)
)
(iii) > r_;|ax(m)| > € > 0 for all m in a dense subset of M(A);
)
)

of C". It is therefore of interest to study zero sets.
G. Shilov showed that the intersection of the closed subsets of M (A) on which every function
a€ C(M(A)), a € A, attains its maximum modulus retains this property. That is, there exists

a (unique) smallest such closed subset of M (A).

Definition 1.3.6. The Shilov boundary 0A of a commutative unital Banach algebra A is the
smallest closed subset of M(A) on which every function a € C(M(A)), a € A, attains its

maximum modulus.
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Remark 1.3.7. If G is an open neighborhood in M(A) of m € JA, then there exists a € A such
that ||a[(M(A)\G)||co < ||@||oo- For otherwise the closed subset M (A)\ G would contain 0A > m,

creating a contradiction.

The Shilov boundary figures in H. Rossi’s celebrated local maximum modulus principle which
states that Gelfand transforms of commutative Banach algebra elements behave like analytic
functions off the Shilov boundary. However, it was first introduced, among other things, to play
a role in the following extension result on maximal ideals. We shall prove a somewhat stronger

version of Shilov’s original theorem (which stated r(M(A)) D 0B, cf. [78, Theorem 4.15.6]).

Theorem 1.3.8. Let B be a closed subalgebra of a commutative unital Banach algebra A, and

let r: M(A) — M(B) be the restriction map. Then, r(0A) D IB.

Proof. Since r(9A) is a closed subset of M(B), it suffices to show that every b € C(M(B)),
b € B, attains on 7(0A) its maximum modulus p(b; B). But this follows from the relation
b = bor where the Gelfand transform b € C(M(A)) of b € B C A attains on dA its maximum

modulus p(b; A) = lim,,_,« ||b"]|*/™ = p(b; B). This completes the proof. O

The algebraic interpretation is that every maximal ideal in the Shilov boundary of B is the
trace in B (i.e. intersection with B) of a maximal ideal in the Shilov boundary of A. This result

finds an application in Subsection 4.6.2.

Definition 1.3.9. Let B be a closed subalgebra of a commutative unital Banach algebra A, and
let r : M(A) — M(B) be the restriction map. The fiber M,,(A) of M(A) over m € M(B) is

defined to be the pre-image r~(m).

Remark 1.3.10. A fiber may be empty unless it is over the Shilov boundary. In case the subalgebra

B is a C*-algebra, we have 0B = M (B) so every fiber M,,(A) is non-empty.

We close this section with some observations on spectra relative to subalgebras. Let U be a
non-commutative unital Banach algebra. The closed subalgebra A(a) singly generated by a € U

is commutative. It is well known that

o(a,A(a)) = hull(o(a, U)).
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Next let B be a commutative closed subalgebra of U. In general, o(b,U) C o(b, B) = b(M(B))
for b € B, and it is in general the smaller spectrum relative to U that is of interest. Taking
A to be either the double commutant algebra of B or a maximal commutative subalgebra of U
containing B, one has o(b,U) = o(b, A) = b(M(A)) = b(r(M(A))) D b(dB) for b € B C A with

Gelfand transform b on M(A). Combining the two inclusions gives

b(OB) C o(b,U) C b(M(B)),  Vbe B. (1.3.1)

This relation can sometimes be useful if the Shilov boundary 0B is relatively large in M (B).

1.4 Regular measures on compact Hausdorff spaces

Let X be a compact Hausdorff space equipped with its Borel o-algebra F(X) generated by the

open subsets of X.

Definition 1.4.1. A probability measure p defined on F(X) is called regular if for every G € X
open and € > 0, there exists a compact subset K C G such that u(K) > pu(G) —e. A finite
complex measure v defined on F(X) is regular if its normalized total-variation measure |v|/||v||

is a regular probability measure.

Regular measures on compact spaces X are important because they are identified with

bounded linear functionals on the space C'(X) of continuous complex functions on X.

Theorem 1.4.2 (F. Riesz-Markov-Kakutani). The dual space C(X)* is isometrically isomorphic

via integration to the space of reqular finite compler measures on X.

In what follows, we focus only on probability measures because certain closed subsets of them
represent multiplicative linear functionals on subalgebras of C'(X), although the development can

be easily adapted for finite complex measures.

Definition 1.4.3. The support set suppu of a regular probability measure p on X is defined as

suppp := {x € X : p(G) > 0 for all open neighborhood G of z in X}.
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Support sets of regular probability measures admit a useful characterization as follows.
Proposition 1.4.4. The support set of p is the smallest closed subset of X with full p-measure.

Remark 1.4.5. The nontrivial fact that pu(X \ suppp) = 0 is due to p(K) = 0 for every K C

X \ suppp compact and then to regularity.

Under the isometric isomorphism, the set of regular probability measures is precisely the
weak-star compact, convex set S of states on C(X), S = {¢ € C(X)* : ||¢]| = ¢(1) = 1}.
Moreover, the point masses on X are precisely the extreme points of S, in the sense of the Krein-
Milman theorem, called the extreme states. For, point masses are extreme by a consideration of
support sets. Conversely, suppose that suppu of i € S contains two distinct points xq, 29 € X.
Choose by separation a closed subset F' C X containing x; in its interior but not containing .

Then t = p(F) € (0,1). Define 1 (Q2) :== p(QN F), Q € F(X), and put

M2 = p— Ha, vy = i /t, vy = pp/(1 —1).

Then, u = py + po = tvy + (1 — t)ve with vy # vy € S indicates that p is not extreme. (Note
that 14 L vy with suppry; C F, while supprs may not be contained in X \ F, so that the two
support sets may intersect.) Therefore, S equals the weak-star closure of the convex hull of the
point masses, which can also be proved by direct constructions.

We next recall some immediate properties about regularity and support sets.

Proposition 1.4.6. Let f : X — Y be a continuous map between compact spaces X, Y. Let u

1

be a regular probability measure on X with suppu. Then, the distribution po f= is a reqular

probability measure on Y with supp(po f~1) = f(suppu).

Proposition 1.4.7. Let FF C X be a closed subset of a compact space X. Let u be a regqular
probability measure on F' with suppu. Then, the canonical extension v on X defined by v()) :=

wQNF), Q€ F(X), is a reqular probability measure on X with suppy = suppp.
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1.5 Uniform algebras and representing measures

Uniform algebras constitute an important class of semi-simple commutative unital Banach alge-
bras. In fact the sup-norm closure of the Gelfand transform of any commutative unital Banach
algebra is a uniform algebra, and the two algebras obviously share the same Shilov boundary.
In the classical setting of approximation theory, the algebras P(K), R(K), A(K) are all uniform
algebras on compact subsets K of C. In their broadest scope, however, abstract uniform algebras
naturally arise from the celebrated Stone-Weierstrass theorem and universally model non-self-
adjoint closed subalgebras of commutative unital C*-algebras that separate multiplicative linear

functionals (i.e. the extreme states).

Theorem 1.5.1 (M. H. Stone-Weierstrass). The algebra of continuous complex functions on
a compact Hausdorff space coincides with any uniformly closed, point-separating, self-adjoint,

unital subalgebra.

Definition 1.5.2. For X a compact Hausdorff space and C'(X) the algebra of continuous complex
functions on X, a uniform algebra A on X is a uniformly closed unital subalgebra of C'(X) that

separates the points of X.

Remark 1.5.3. The point separating requirement is equivalent to that the topology on X coincide
with the one generated by the functions in A, and it ensures that the canonical embedding
X < M(A) via point evaluations is homeomorphic. This embedding of X in M(A) contains the

Shilov boundary dA. The three realizations of A on X, M(A), 0A, are isometrically isomorphic.

Definition 1.5.4. A uniform algebra A C C(X) on X is called antisymmetric if its maximal

C*-subalgebra Q4 := A( A is trivial.
Definition 1.5.5. A uniform algebra A C C'(X) on X is called natural if M(A) = X.
Natural uniform algebras are simply Gelfand transforms of uniform algebras.

Definition 1.5.6. For A C C(X) a uniform algebra on X, a regular probability measure p,, on
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X is called a representing measure for m € M(A) if

[l =m(s), vt € A
X

Equivalently, a representing measure is a Hahn-Banach (i.e. norm-preserving) extension in C'(X)*
of me M(A) C A"

Thus, each m € M(A) possesses a representing measure which may or may not be unique.

Definition 1.5.7. A representing measure p, for m € M(A) of a uniform algebra A on X is

called a Jensen measure if

In fm(f)| = In

/X Jdpm,

Evidently, the inequality above becomes an equality for all the invertible elements f € A~

< [ mnlflden, V5 € 4
X

That is, Jensen measures satisfy the Arens-Singer property (but not vice versa). The universal

existence of Jensen measures is given by

Theorem 1.5.8 (E. Bishop). Fvery m € M(A) of a uniform algebra A on X possesses a Jensen

representing measure.

We next discuss minimal support sets of m € M(A) and their relations to the support sets

supppm, of representing measures p,, for m € M(A).

Definition 1.5.9. A support set of m € M(A) of a uniform algebra A on X is a closed subset
S of X which satisfies |m(f)| < ||f|S|le, YVf € A.

For a representing measure p,, for m € M(A),

/ fdpm, / fdpum,
X Suppttm

so that suppi,, is a support set of m € M(A). The collection of support sets of a fixed m € M(A)

Im(f)] =

< / Fldtin < 150Dl lloes VF € A,
SUPPHm

is partially ordered by set inclusion, and a standard application of Zorn’s lemma yields the
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existence of minimal support sets of m € M(A). Not all support sets of representing measures
are minimal support sets. But every minimal support set must be the support set of a representing

measure. We shall prove the following result.

Proposition 1.5.10. For every minimal support set S of m € M(A) of a uniform algebra A on

X, there exists a representing measure fi,, for m with suppp, = S.

Proof. The key observation is that every support set S of m € M(A) contains supp,, of some
representing measure fi,,. For, it follows from definition that there exists a contractive multi-

plicative linear functional m’ on the restriction algebra A|S C C(S) satisfying
m=m'or

where r is the restriction map from A onto A|S. Then, m’ admits an extension in M (A|S)
of the uniform algebra A|S on the compact space S, which is in turn represented by a regular

probability measure v on S. So we have for every f € A that

m(f) = w'(115) = [(f18)av = [ s

where p is the canonical extension on X of v, a regular probability measure with suppy =
supprv C S. This together with the integral representation shows that p is a representing measure
for m, so that suppu C S is a support set of m. By minimality of S, we assert S = suppu as

required. O]
The importance of minimal support sets is manifested in the following result.

Theorem 1.5.11 (K. Hoffman). Let A be a uniform algebra on X, and S a minimal support set

of me M(A). If f € A vanishes identically on a nonempty open subset of S, then m(f) = 0.

Remark 1.5.12. Representing measures which have the Jensen property, or whose support sets
are minimal support sets, are apparently useful. It is then a favorable situation when m has a

unique representing measure fi,,, for in this case u,, has the Jensen property and suppp,, is the
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minimal support set of m. If, moreover, every m € M(A) has a unique representing measure fi,,

on X, then the map m € M(A) — p,, € C(X)* is a weak-star homeomorphic embedding.

In general, not all m € M(A) have unique representing measures, not even all x € X —
M (A). The Choquet boundary Ch(A) consists of the points x € X — M(A) having unique
representing measures (the point masses at ). One has Ch(A) = 94 € X. The Choquet
boundary can be characterized as certain extreme points and has a non-commutative analog in
Arveson’s boundary representations for operator algebras [7].

We recall two more notions, logmodular algebras and regular algebras. Note that C'(X;R) is

the set of continuous real functions on a compact space X.

Definition 1.5.13. A uniform algebra A on X is called logmodular if the set {In|f|: f € A~'}

is uniformly dense in C'(X;R); It is called strongly logmodular if the two sets are equal.

A uniform algebra A on X is a Dirichlet algebra if the set {Rf : f € A} = {In|f]: f € et =
Ag'} is uniformly dense in C(X;R). Logmodular algebras generalize Dirichlet algebras while

keeping most, if not all, important properties [80] of the latter.

Theorem 1.5.14 (K. Hoffman). For a logmodular algebra A on X, Ch(A) = 0A = X and every

m € M(A) has a unique representing measure on X.

Definition 1.5.15. A uniform algebra A on X is called regular if for every closed subset I’ of
X and a point x € X \ F, there is a function f € A such that f =0 on F and f(z) # 0.

Remark 1.5.16. There is a property weaker than regularity but stronger than point separation.
A uniform algebra A on X is called separating if for every closed subset F' of X and a point
x € X\ F, there is a function f € A such that f(z) € f(F). An important example [128] is that

H®> on M(H®) is non-regular but is separating.

A regular algebra A on X certainly satisfies 0A = X. More importantly, natural regular
algebras have the Shilov property as follows. Note that this property is a weaker substitute for

the radicality of every closed ideal of the algebra.
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Theorem 1.5.17 (Shilov). Let A be a regular algebra on M(A), and let J be a closed ideal of
A. If f € A vanishes identically on an open neighborhood of Z(J) in M(A), then f € J.

Remark 1.5.18. Neither logmodularity nor regularity carries over to isometrically isomorphic
realizations of uniform algebras on different compact spaces. For instance, H* is a logmodular
algebra on M (L>) but not on M(H*), and H>® + C' is a regular algebra on M (L>) [8] but
not on M(H> + C) (so that Shilov’s theorem above does not apply). Nonetheless, there are
natural non-regular uniform algebras which still have the Shilov property. Gorkin and Mortini

[65] showed that H> + C is such an example.

1.6 Restrictions of uniform algebras

Very often one need consider restrictions of a uniform algebra on closed subsets of the compact

Hausdorff space on which the algebra is defined.

Definition 1.6.1. Given a uniform algebra A on a compact space X, a nonempty closed subset
F C X is called a peak set for A if there exists a function f € A such that f = 1 on F' while

|f] < 1off F. A weak peak set for A is a nonempty intersection of peak sets for A.

Nonempty intersections of finitely (indeed countably) many peak sets are peak sets, and peak
sets meet the Shilov boundary 0A. Therefore, by compactness of X, weak peak sets meet the

Shilov boundary. The significance of weak peak sets also lies in the following result.

Theorem 1.6.2. For a uniform algebra A on X and a weak peak set F for A, the restriction

algebra A|F is uniformly closed in C'(F'). That is, A|F is a uniform algebra on F.

Definition 1.6.3. Given a uniform algebra A on a compact space X, a closed subset 2 C X is

called an antisymmetric set for A if the restriction algebra A|) is antisymmetric.

Zorn’s lemma implies that X admits a partition in mazimal antisymmetric sets for A, which
are necessarily closed. The maximal antisymmetric decomposition is a useful tool for the central

question of membership in, and more generally distance to, uniform algebras.
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Theorem 1.6.4 (E. Bishop-Glicksberg). For a uniform algebra A on X and a function f €

C(X), the sup-norm distances satisfy

d(f, A) = max{d(f|Q2, A|Q) : Q a maximal antisymmetric set for A}.

Moreover, each such § is a weak peak set for A, so that A|Q2 is uniformly closed in C(Q).

Remark 1.6.5. (i) The theorem in its original and more general form is stated for the distances to
a closed ideal of A and without the point-separating condition on A (so that A can be a proper
self-adjoint subalgebra of C'(X)). (ii) Every maximal antisymmetric set for A is contained in a
fiber X, = M,(C(X)) of X over y € M(Qa), Qa = A[) A the largest C*-subalgebra contained
in A. (In case A is self-adjoint, the two partitions of X are actually identical [18, 1.27(c)].)
Consequently, the maximum of the localized distances over the maximal antisymmetric sets €2

can be replaced by that over the fibers X,.

The essential set E(A) of an algebra A C C(X) is the closed union of the non-singleton
maximal antisymmetric sets for A. It is characterized as the smallest closed subset of X such
that every f € C(X) vanishing on the closed subset lies in A. That is, it determines the largest
ideal of C'(X) contained in A.

Proposition 1.6.6. Let A be a uniform algebra on X. If f € C(X) vanishes on E(A), then
f € A. Conversely, if a closed subset F' C X is such that every f € C(X) vanishing on F lies
in A, then F O E(A).

Proof. The first part trivially follows from the Bishop-Glicksberg theorem. For the converse, fix
such a closed subset F' C X and suppose F' 5 £(A). Then there exists a non-singleton maximal
antisymmetric set  and x € Q such that z ¢ F. Let y # = € Q, and choose a [0, 1]-valued

feC(X) with f =0on F|J{y} while f(z) = 1. So, f € A while f|Q) is not constant. This is a

contradiction since €2 is an antisymmetric set. O

Remark 1.6.7. Since the algebra H> + C' on M (L>) contains no nontrivial ideals of L> (proved

later), one has E(H> + C) = M(L>). Equivalently, the union of all singleton maximal antisym-
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metric sets for H* 4 C' has empty interior. On the other hand, every nonempty clopen subset

of a fiber M,(L>®) over A € 0D is known [63] to contain a singleton maximal antisymmetric set.

It is important to understand the maximal ideal space of restriction algebras. The basic
observation is that for a uniform algebra A on X and a closed subset F' C X, the adjoint r* of
the dense-range restriction map r : A — A|F is a homeomorphism from M (A[F) into M(A).
Then, the image of 7* in M(A) is a crucial object to identify, for f|F is invertible in A|F if
and only if f of f € A is nonvanishing on this image. More generally, the Bézout equation
S (felF)gr = 1 has a solution {g;} in A|F if and only if fi, k = 1,....n, do not have a
common zero on this image. The identification can be achieved via a number of notions related

to support sets.

Definition 1.6.8. For a uniform algebra A on X and a closed subset F' C X, define the A-convex
hull of F'in X to be hull4(F) :={z € X : |f(2)] < || f|F||oo, VS € A}. We say F is A-convex if
hull4(F) = F.

Thus the polynomial-convex hull of a compact planar set K is just the (polynomial algebra)
P{|z] < ||z|K||s}-convex hull of K in {|z] < ||z|K||~}. The A-convex hull of F'in X is simply
the point evaluation functionals in X < M (A) having F' as a support set. Weak peak sets and

in particular maximal antisymmetric sets for A are A-convex.
Lemma 1.6.9. If Q) is a weak peak set for a uniform algebra A on X, then Q is A-convexz.

Proof. Fix an arbitrary z € X \ Q, and we shall find f € A vanishing on € but not at x.
This would demonstrate x ¢ hull4(€2) and conclude the proof. To this end, x € X \ Q implies
x € X \ F for a peak set F' containing Q. If f € A is such that f =1 on F while |f| < 1 off F,

then f — 1 € A vanishes on () but not at x, as required. n

The identification of maximal ideal spaces of restriction algebras now follows from the defi-

nitions together with some standard argument used earlier.

Theorem 1.6.10. Let A be a uniform algebra on X, and F be a closed subset of X. Let

27



r: A — A|F be the restriction map. Then

r*(M(A|F)) ={m € M(A) : F is a support set for m}
={m € M(A) : F D suppp, of a representing measure (i, }

—hull (F < M(A)).

Remark 1.6.11. It follows that the sets on the right are closed subsets of M(A).

We end with an observation on the preceding results. Let A be a (natural) uniform algebra on
X = M(A), and F be a closed subset of M(A). Then the uniform algebra A|F on F is naturally
realized as Afhull,(F) on hull4(F) with its Shilov boundary contained in F. In particular, if F
is A-convex, then M(A[F) = F. If in addition F is a maximal antisymmetric set for A, then
M(A|F) = F is connected by the Shilov idempotent theorem since the antisymmetric algebra
A|F contains no nontrivial idempotents. We record this useful fact (cf. [13, 140, 152] where
X = M(H®)) in view of the Bishop-Glicksberg theorem.

Proposition 1.6.12. Maximal antisymmetric sets for natural uniform algebras are connected.

1.7 Elements of the theory of C*-algebras

A classical theorem of Gelfand and Naimark states that commutative unital C*-algebras are

simply the algebras C'(X) of continuous complex functions on compact spaces X.

Theorem 1.7.1 (Gelfand-Naimark). Every commutative unital C*-algebra U is isometrically

*isomorphic to C(M(U)) via its Gelfand transform.

Let X be a Hausdorff space on which the C*-algebra Cj,(X) of bounded continuous complex
functions is point-separating. Then the continuous canonical embedding X — M (Cy(X)) is
dense, by Urysohn’s lemma and the preceding theorem, under which every f € C,(X) extends
to its Gelfand transform f € C(M(Cy(X))). M(Cy(X)) is the Stone-Cech compactification of
X. When X is discrete, Cp(X) = {*°(X) and the compactification is totally disconnected. Now,

recall that a sequence {z,}, in D is called interpolating if inf, [],.. n p(zn, 2zk) > 0. A classical
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result of L. Carleson [24] identifies the interpolating sequences as precisely those for which the

contractive algebra homomorphism
O:he HD) — (h(zn))n € 1°{zn}n)

is surjective. In this case, the relative topology on {z,}, is necessarily discrete, and the adjoint
map ®* is a homeomorphism from the compactification M ({*°({z,},)) of {z,}, into M(H>(D)).
Since ®* maps the embedding in M (I*°({z,}n)) of z, to its embedding in M (H>(D)), the closure
{zn}n in M(H®) is precisely the homeomorphic image under ®* of its compactification. Let
b € H* be the Blaschke product associated with the sequence and observe ker ® = bH> by the
inner-outer factorization. Then the range of ®* consists exactly of those m € M (H®) such that
kerm D ker ® = bH™, that is, m(b) = 0. Writing Z(b) for the zero set of b on M(H™>), we have
just deduced Z(b) = {zn}» is a totally disconnected subspace of the connected space M(H™),
an important fact due to K. Hoffman (cf. [79]).

The ideal structure of C'(X) on a compact space X, and therefore that of any commutative
unital C*-algebra, is completely characterized by closed subsets of X or the maximal ideal space.

In particular, all closed ideals of commutative unital C*-algebras are radical.

Theorem 1.7.2 (M. H. Stone). Let X be a compact space. Then, M(C(X)) = X. In addition,
there is a one-to-one order-reversing correspondence between the closed ideals of C(X) and the

closed subsets of X wia the hull-kernel relation.

Remark 1.7.3. In particular, for f € C(X) with zero set Z(f) C X, the closed principal ideal
fC(X) of C(X) equals the ideal Zyp) := {g € C(X) : g|Z(f) = 0}. This is seen as an
approximate factorization result in C'(X). In addition, for a collection {X,}, of closed subsets

of X, one has \/QIXQ = :Z’-ﬂaXa7 /\aIXa - Im'

Let A be a C*-subalgebra of a commutative unital C*-algebra U, and let r : M (U) — M (A)
be the continuous, surjective restriction map. Membership of u € I/ in A and relations between
closed ideals of U and those of A are captured in the following results, their proofs depending

respectively on the two theorems above.
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Proposition 1.7.4. Let u € U with Gelfand transform @ on M(U). Then, u € A if and only if

@ is constant on every fiber M,(U), o € M(A).

Proposition 1.7.5. If 7 is a closed ideal of U with hull Z(Z) C M(U), then the trace Z[)A in
A is a closed ideal of A with hull r(Z(Z)) C M(A).

Proposition 1.7.6. If T is a closed ideal of A with hull Z(Z) C M(A), then the hull in M(U)
of the closed ideal of U generated by T is r—'(Z(Z1)).

Using these basic results, we shall work through an important example. Let €2 be a bounded
open subset of C with compact closure 2 and boundary 99 = Q\ Q. Identifying C(Q) = A{z, z}
with its restriction on 2, we let A be a C*-subalgebra of Cy(€2) containing the C*-subalgebra
C(Q). The special case of A being various C*-subalgebras of A(h*(D)) C Cy(D) is often found
in the theory of Toeplitz operators on the Hardy and Bergman spaces over the disc.

Since A > z the identity function, the canonical embedding 2 < M (A) is homeomorphic

and dense. Also, M(A) \ Q is closed, more precisely

M(A)\ Q= {m e M(A): 2(m) € 90} = {Q\ K : K C Q compact}
where the closure is taken in M (A). For, it is clear that

M(A)\ QD {m € M(A): 2(m) € 90} > [ {2\ K : K C Q compact}.

Fixm € M(A)\Q and K C € compact. The homeomorphic embedding of K in M (A) is compact,
so that M(A) \ K is an open neighborhood of m in M(A). By the density of Q < M(A), m is
in the closure of Q(M(A)\ K) = Q\ K. That is, M(A)\ Q ¢ ({Q\ K : K C Q compact}
proving the equalities.

Next define for f € A the cluster set at 02 to be

f(0Q) = m{f(Q \ K): K C Q compact},
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and we will show

£(09) = f(M(A)\ Q).

Fix m € M(A)\Q and K C 2 compact. Let z3 be a net in Q with z3 — m in M(A). Then there
exists [y such that z3 € Q\ K for all 8> fy. Since f(z3) = f(m) for 8 > By, f(m) € f(Q\ K)
gives one inclusion. To see the other, let ¢ € f(Q\ K) for every K C Q. Choose zx € Q\ K such
that [ — f(zk)| < d(K,08). The net {zx : K C Q compact} in M (A) has a cluster point m, and
the cluster point Z(m) of the net {zx : K C 2 compact} in C lies in 0. That is, m € M(A)\ Q2
by an earlier result. It also follows from | — f(zk)| < d(K,00) that the net f(zx) — (, so that
its cluster point f (m) = (. The required inclusion is established.

Using the cluster set representation define
Agi={f € A: f(09) ={0}} ={f € A: flI(M(A)\ Q) =0},
a closed ideal of A, and note the fact
Ay ={f € C[®): f(00) = {0}} c C(Q).

Let r : M(A) — M(C(Q)) = Q be the restriction map. One has r(m;) # 7(ms) whenever
my # my € M(A) and my € Q. For, let f € A with f(my) = 1 while f(my) = 0 and
F(M(A)\ Q) = 0. Then f € Ay C C(Q) so that f(m) = f(r(m)) for all m € M(A), giving in
particular r(m;) # r(msy). Then it follows that the fiber M,(A) = {z} for every z € Q C Q,
and that r~1(0Q) = M(A) \ Q. The singleton fibers imply an approximate factorization result
in A: for g € C(Q) with zero set Z(g) C €, the closed ideal {f € A : f(Z(g)) = 0} equals the
principal ideal gA, because the hull of the latter is precisely r~*(Z(g)) = Z(g). In particular,
taking g(z) = z — ¢ for ¢ € Q, the maximal ideal of A corresponding to ( is principal.

If A is a non-self-adjoint Banach subalgebra of C,(Q2) containing C(Q), then one still has the
homeomorphic embedding Q < M (A), and the fiber M,(A) = {z} over every z € Q C Q (by

the same proof of [140, Lemma, p. 368] applied to €2 instead of D). Therefore, the embedding
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Q =r"1(Q) is open (although in general not dense) in M(A) with M(A)\ Q =r~1(99Q).
Non-commutative unital C*-algebras are identified with operator algebras on Hilbert spaces

by another classical theorem of Gelfand and Naimark.

Theorem 1.7.7 (Gelfand-Naimark). Fvery unital C*-algebra is (isometrically) *-isomorphic to

a C*-subalgebra of bounded linear operators on a Hilbert space.

Such an isomorphism is just one of a large family of faithful representations of the algebra,
and can indeed be taken to be irreducible on the underlying Hilbert space giving a sense of
“minimality” among the representations. Using an arbitrary representation, many general C*-
algebraic questions can be answered as if on a Hilbert space. On the other hand, one can try to
explicitly construct convenient representations to study concrete problems.

Some of the most fundamental properties of unital C*-algebras are summarized as follows.

(i) C*-subalgebras of unital C*-algebras possess spectral permanence.

(ii) *-homomorphisms from one unital C*-algebra into another are contractive and have closed
ranges. In particular, *-monomorphisms from one unital C*-algebra into another are nec-
essarily isometric.

(iii) Closed bideals of unital C*-algebras are self-adjoint.

(iv) Quotient algebras of unital C*-algebras over closed bideals are C*-algebras with the quo-
tient norms.

An element z of a unital C*-algebra is normal if the commutator [z, 2*] := z2* — z*x = 0,
self-adjoint if 2* = x, and unitary if zz* = x*z = 1. A self-adjoint element is precisely a normal
element with real spectrum. A self-adjoint element with nonnegative (real) spectrum is called
positive. Typical positive elements are of the form y*y, (y*y)'/2, for y in the algebra.

Normal elements generate commutative C*-subalgebras, admit the continuous functional cal-

culus, and possess an important property as follows.

Theorem 1.7.8 (Fuglede-Putnam). Let z1, x5 be normal elements of a C*-algebra U. If y € U

and x1y = yxa, then xjy = yxs.
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Another important result is that the unitary elements of a C*-algebra linearly span the algebra

(without taking closure).

Theorem 1.7.9 (Russo-Dye-Palmer-Harris). The convez hull of the unitary elements of a unital

C*-algebra contains the open unit ball in the C*-algebra.

Remark 1.7.10. It follows from this theorem and the bounded functional calculus for unitary

operators that a von Neumann algebra is the closed span of its member projections.

Next, in view of the development in Sections 4.4 and 4.5, we briefly review the basic con-
structions of crossed products of C*-algebras by discrete groups. Given a C*-dynamical system
(A, G, ) determined by a homomorphism « : s € G — a5 € Aut(A) from a discrete group G
into the automorphism group Aut(A) of a C*-algebra A, the algebraic crossed product A X, G
is a *-algebra consisting of finitely supported functions from G to A with addition and scalar

multiplication defined point-wise, and multiplication and involution defined by

(fx9)(s) =Y f(H)aulg(t™"s))

teG

for f,g € A Xy G, s € G. Then, C*-norms are induced by *-representations of A X, G which
in turn are synthesized from covariant representations of (A, G, a). A covariant representation
(p,U) of the given system consists of a representation p of A and a unitary representation U of
G on a common Hilbert space H, such that the automorphism pairs (g, Us - US), Vs € G, are all
covariant in the sense of commuting diagrams intertwined by p. Namely, the following operator

equalities on H are satisfied

plas(a)) = Usp(a)Ur, VYae AseG.
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Every covariant representation (p, U) on H defines a *-representation p X U of A X, G as

(pxU)f = p(f(s)Us € LIH), f€AxuG

seG

with range (p x U)(A X, G) equal to the (pre-closure) *-algebra generated by p(A) and U(G)

in L(H). In particular, if 7 is a faithful representation of A on a Hilbert space H, then

pra€ A @T(at_l(a)) el (@H)
G

teG

U, (@ ht> =@ h. se€CG heH D ||’ <o

teG teG teG
constitute a covariant representation on @, H = I*(G) @ H called the (left) regular covariant
representation. It has the key property that the corresponding p x U, called the (left) regular
*-representation of A X, G, is injective. Now define respectively the universal and reduced

C*-norms for f € A x,, G by

| £l :=sup{||(p x U)f]| : (p,U) is a covariant representation of the system},

fll- == 1l(p x U)fll, where (p,U) is the regular covariant representation.

The completions of the *-algebra A X, G relative to the two C*-norms are called the full and
reduced crossed products, respectively, and are written A x G when confusion is not an issue.
By construction, for every covariant representation (p, U), the contractive *-representation p x U
relative to the universal C*-norm extends to a *-homomorphism from the full crossed product
onto the C*-algebra generated by p(A) and U(G) on the underlying Hilbert space. When (p, U)
is the regular covariant representation, this C*-algebra is by construction isomorphic to the
reduced crossed product, so there also exists a *-homomorphism from the full onto the reduced
crossed product extending the identity map of the dense *-subalgebra A X, G. Note that when
the C*-algebra A is commutative and unital, the automorphic action « of the group G on A

corresponds, via the adjoint map, to a homeomorphic action on the compact Hausdorff space
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M (A). The crossed products in this case are also called transformation group C*-algebras.
Lastly, we discuss the commutator ideal Z. = Z.(U) of a unital C*-algebra U, which is defined
to be the closed bideal of U generated by all the commutators [a, b], a,b € U. Besides the fact that
it is the smallest closed bideal over which the quotient algebra is commutative, the commutator
ideal also has a useful characterization by multiplicative linear functionals. In particular, it

follows that Z, = U if and only if the only multiplicative linear functional on ¥/ is the trivial one.

Theorem 1.7.11 (Arveson [7]). Let U be a unital C*-algebra. Then its commutator ideal
1. = ﬂ{kerm : m is a multiplicative linear functional on U}.

Proof. For every such functional m on U, which must satisfy ||m| = 0,1, one has m([a,b]) =
m(a)m(b) — m(b)m(a) = 0 which implies that the closed bideal kerm D Z.. Thus we have the

following commutative diagram

U/z.

for a multiplicative linear functional m’ on the commutative unital C*-algebra U /Z., so that
kerm = ¢~ '(kerm’). Conversely, every £ € M (U/Z.)|J{0} arises in this manner as m’ from such

functionals m on U. Therefore, the intersection of the kernels equals

o (N {xere s €€ M@/z) U0} }) =0 0) = 7.,

which completes the proof. O]

The C*-algebra generated by analytic Toeplitz operators on the Hardy space [49] as well as
on the Bergman space [99] properly contains its commutator ideal, while the full Toeplitz algebra

on the Bergman space coincides with its commutator ideal [131, 92].
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1.8 The algebra QQC' and the space VMO

Let the unit circle 0D be equipped with the normalized Lebesgue measure dfl. Let L™ =
C(M(L*>)) be the commutative unital C*-algebra of essentially bounded measurable complex
functions on 0D, and H* C L the closed subalgebra of boundary functions of bounded analytic
functions in H*(D). Write C := C(0D) and QC := (H*®+C) (| H> + C for the C*-subalgebras
of L™ consisting of continuous and quasi-continuous functions, respectively. Let us recall the

definition of and basic facts about the spaces BMO and VMO on 0D.

Definition 1.8.1. The mean and mean oscillation of f € L'(9D) over a subarc I C 9D are

_ 1 o._ 1 _
o= gig [0 10 = oo 17— i

Define the sets of functions of bounded and, respectively, vanishing, mean oscillation as

BMO ={f € Ll(a]D) MNfllBmo == SL}prMO < 00},

VMO = {f € L'(0D) : fM° = 0as 6(I) — 0} C BMO.

Sarason [120] introduced the convenient tool of integral gaps for VMO functions.

Definition 1.8.2. The integral gap of f € L'(0D) at A € 9D is defined as

W(f) = liH;fOUP |f(A,A+5) - f(A—cS,)\)l € [0, oa].

Our first lemma extends Sarason’s original statement about vanishing integral gaps.

Lemma 1.8.3. If f € VMO and s,t > 0, then uniformly in A € 0D
%foﬂ | forsts) — fo—son| = 0.
Proof. Set r =s/(s+t) € (0,1) and " = r A (1 —r). Given any € > 0, we have for all sufficiently
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small 9 > 0 and uniformly in A € 9D that

MO 1 A+t6
/
FOZsoatt8) = m /,\35 |f = fo—ssates)|dd < r'e.

Splitting the integral in two, it follows without loss of generality that

1 A+t

75 |f = foa—soat)|dd < r'e.
td J,

Then we can deduce

A+to 1 Ao
r'e > —/ (f = for—ssas))dO| = —/ fdO — fo—ssates)| = | forts) — fo—ssares)-
t(5 A t5 A

In view of fox_ssx+t6) = rfr—ssn) + (1 = 7) far+ts), We have
r'e > 7| fortte) — fossn| = 7 forses) — fo—ssnl,

50 | foa+ts) — fo—ssn| < € as required. 0
Lemma 1.8.4 (Sarason). If f € VMO piecewise on 0D and ~,,(f) = 0 at every end point A,

of the arcs, then f € VMO on OD.

Being able to draw upon standard techniques from real analysis on the circle, one’s treatment
of QC functions becomes very flexible, due to the following characterization of Sarason [119]

obtained on the basis of fundamental results of Fefferman and Stein [57].
Theorem 1.8.5 (Sarason). QC = VMO L*>.

It can be directly verified that VMO is a closed linear subspace of BMO in the semi-norm
|-l Baro and that BMO D L. It is also known ([121]) that the ||-|| pao-closure of C' lies between
QC and VMO. The following result states that certain series of QC' functions, converging

pointwise and absolutely in the BM O-norm rather than in the L®-norm, are still in QC.

Lemma 1.8.6. If the partial sums s, =Y ,_, fr of QC functions f, satisfy sup,, ||sn|lc < 00,

e fellBro < oo, and if s = > _77, fi exists a.e., then s € QC.
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Proof. Evidently, s € L*. it remains to show |s — s,|lpmo — 0, so that s € VMO by the

preceding remark. But this limit follows from the estimate

oo
Is = sullsrro < D I fllsao
k=n+1

by the bounded convergence theorem for integrals, and from Y .- || fxll Bao < oo. O

For any subarc I C JD, consider the averaging functional m; € QC* given by m;(f) = f,
f € QC. Let 1, be a net of subarcs such that lim,, #(/,) = 0. Then the net mj, in the weak-star
compact unit ball of QC* has a subnet converging to a cluster point m € QC™. It turns out that

m is multiplicative on QC'.

Proposition 1.8.7 (Sarason). If lim, 0(1,) = 0, and if lim, m;, = m in the weak-star topology
of QC*, then m € M(QC).

Proof. Fix arbitrary f,g € QC. We have by weak-star convergence that

m(fa) =tim g [ fon while m(fym(g) =tim figs.

Since f,g € VMO and lim,, 6(1,,) = 0, we have lim,, f¢ = lim,, g}’° = 0. Therefore,

1 1
li do — <l — dé
1m 0(1.) /Iw fg fr.on,| < 1 0(1.,) /Iw |f9— fr.91.]
< lim (f77°llgllee + 97,71 fllc) = 0.
This estimate shows m(fg) = m(f)m(g), that is, m € M(QC). O

The next proposition gives a certain type of constructions of QC' functions from given ones.

Proposition 1.8.8. For f € QC andty =0<1t; < .. <t, <1=1t,.1, define

Joretn = [T s fi(e®™) = e on=tit) =0 <t < 1.
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Proof. Writing Ay, := €™ each f; is the dilation to D\ {1} of the rotation by A of the subarc
restriction f|(Ag, Agr1). Therefore, || fr|loo < [|flleo and f is of VMO on dD \ {1} because f is

so on dD. Fix an arbitrary € > 0. It follows that for every subarc I of 0D \ {1} with sufficiently

small 6(1) > 0,

)

1 €
f———i/fwww<-——————ﬁ k=0,1,..n,
TN 2(n+ )| fllz

so that

[l
D
35 -
S—
—
—
=
|
ol
=
D
35~
S—
>\
=
Q,
>
N——
| I
Q,
D

<y | 1L~ 11 (g )
gnuﬁ%zﬁ—ﬁ%[mﬂw<g (1.8.1)

k=0

where the second inequality is obtained by splitting the difference of products in the integrand

into a telescopic sum. Then, the deduction proceeds as

1 1

VY Ya N totn ™ 27T t...4,d0| dO

@) e = gy [ Foe ‘

c 1 n n 1

— — do || db

<2+e<z>/fﬂf’“ H(mn/fk )

€ 6_
<§+§—6

t, 18 of VMO on 0D\ {1}. Since evidently || fi,.. ¢, ]lco <

.....
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To this end, again fix an € > 0. It follows from (1.8.1) that for all sufficiently small § > 0,

€ 1 1+6

n 1 140
5 tnde—H(g / fkde)

n 1 )\k+(tk+17t;€)§
= | dd =TT ——— 4
5 ft, ,t H (tk+1 —tk)(s e f

, (1.8.2)

1t ﬁ 1 A1 (1.83)
== | funndd— —/ Fao )| 1.8.3
8 Jig ! A\ B — )0 s — (s —t0)s

Next, Lemma 1.8.3 with s =t 11 —ty, t = tp1o — tgo1 asserts that for all sufficiently small § > 0,

1 Aeg1+(Ehra—trs1)0 1 Akt1

fdo — fdo| <

¢
3(n+ D%

(tk+2 - tkz—i-l)(S PV <t’f+1 - tk)5 A1~ (tp+1—tk)0

for k=0,....,n—1 and

1 1 ! €
— fdo — —/ de' <
110 /1 (1—1,)6 1—(1—t,)é 3(n+ DI fII%

so that

n

n 1 />\k+(tk+1—tk)5 1 Ak+1
- a0 ) =TT ————— / £do
]];[[) ((tk'i‘l - tk‘)5 Ak H (tk+1 - tk)(s )\k+1f(tk+17tk)5

k=0

Lol m

Now it follows from this estimate and (1.8.2), (1.8.3) that for all sufficiently small § > 0,

That is, y1(ft,...+,) = 0 which completes the proof. O

-----

We also derive an integral characterization for invertible functions in QC'. Its proof will use
a property of M (QC') which has a generalization to M (L), to be proved first with an idea from

the proof of [120, Lemma 7]. There may be independent interest in this property of M (L), for
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Goldstine’s theorem implies that the canonical embedding of the closed unit ball of L' is weak-
star dense in that of the bidual (L')*™* = (L>°)*. Let m; € (L*)* be the averaging functional in
(L>°)*, which is also the canonical embedding in (L')** of the normalized indicator function in

L', of a subarc I C 9D, 6(I) > 0.

Proposition 1.8.9. For every & € M(L*), there exists a collection {I, : w € W'} of subarcs
indexed by a directed set W such that the net {m;, : w € W'} converges to & in the weak-star

topology of (L*°)* while {0(1,) : w € #'} converges to 0.

Proof. Let # be the collection of all pairs (F,¢), where F' is a (nonempty) finite subset of L*

and € > 0. Define a partial order “ <” on # by
(Fl,El)“ < ”(FQ,EQ) <= F; C Fy and €; > €.

Since (Fi2,€12)“ <7 (F1|J Fz, €1 A €2), one has (#,“ <) as a directed set.

Next we construct a subarc I := I, for every w := (F,€) € # satisfying
0(I) < eand |m;(f) —&(f)] <eVf € F. (1.8.4)

To this end define on 9D the function

g=>_If—&(f)ler

fer

Since £(g9) = > _;cp 1€(f) — &(f)| = 0 for § € M(L>), g is not invertible in L>. Therefore, the
Borel subset B := {\ € 9D : g(\) < €/2} has positive measure §(B) > 0. The Lebesgue density
theorem gives Ay € JD such that

lim 0((Ao — 0,0+ 0)( B)

=1.
510 20

Thus one can choose &y € (0,¢/2) and put I = (Ag — do, Ao + Jp) such that 0() = 26y < e,
O(I\B)/(200) < €/(2||f|loc). Using the partition I = (I (| B) | |({\ B), routine integral estimates
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then give m;(g) < e. In particular,

imi(f) = &N = |mi(f = &N < mu(lf = E(N]) <mulg) <e,  VfeF

So the subarc [ fulfills (1.8.4).
To see limye(y «<rymy, = & in (L)%, note that every weak-star neighborhood of £ contains

a basic neighborhood
G(F,e) :={z" € (L) :|2"(f) = &(f)| <€ Vf e F}

for a finite subset F' of L™ and € > 0. By (1.8.4), my, € G(F,¢) whenever (F,e)“ < "w
in 7. This establishes the weak-star convergence of the net of functionals. The convergence

limge <<y 0(1,) = 0 is obvious by construction. The proof is complete. ]

Proposition 1.8.10. If f € QC, then f € QC™! if and only if there exist €,6 > 0 such that

1
’m/ﬁd"\zﬁ

for every subarc I of 0D with 0 < 6(I) < 4.

Proof. Related to the development in [120, p. 822], we claim
M(QC) = {lim (m,|QC) : lim 6(1,) = 0} (1.8.5)
wew wew

where the nets of averaging functionals restricted to QQC converge in the weak-star topology
of QC*. For, if lim,ey (m,|QC) = m in QC* and limyey 6(I,) = 0, then m € M(QC) by

Proposition 1.8.7. To show the other inclusion, the preceding proposition states

M(L*>) C {iler%mlw : }}16171; 0(1,) =0},
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which under the weak-star continuous restriction map r : (L>)* — QC* yields
M(QC) =r(M(L*)) C {lim (m,,|QC) : lim 6(1,) = 0}
weW weW

and asserts equality in (1.8.5).
Hence for f € QC, f € QC™' if and only if mingen gy | f(y)| > 0, which in turn amounts
to the said integral condition due to (1.8.5) and existence of weak-star convergent subnets of

averaging functionals all with unit norm in QC™*. [

In connection with the determination of the essential commutant of all the Toeplitz and
Hankel operators on the Hardy space using Davidson’s determination [45] of that of the Toeplitz
operators, S. Power [104] suggested proving the following result based on the characterization

QC = VMO L*>®. We shall first supply such a proof.
Proposition 1.8.11. H* + C contains no non-trivial ideals of L.

First proof. 1t suffices to show that if f € L* is such that fL>* C H* + C, then f = 0 a.e.
Suppose on the contrary |f| > 0 on a subset of JD of positive measure. Then for some ¢ > 0,
V :={|f| > €} has positive measure, and the Lebesgue density theorem gives a Ay € V' with

lim 0((Ao— 0, +0)V)

=1.
6—0 20

Thus there exists g > 0 such that 6((A\g — 3, \g+0) (V) > § for every § € (0,0p). This yields a

sequence 6, | 0 in (0, dy) satisfying, without loss of generality,

0((Mos do +8a) [\ V) > 0 /2.

Let ¢ := (|f|/f) 10y, ¢ € L and fé = |f|. By hypothesis,
[T on0+60) = [PLone+0) € FLT C H® +C,

so the real function v := |f|1x)x+60) € QC C VMO has a zero integral gap at A\g € D. In
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particular, Y xo+6.) = Yo ro+60) — Po—bn,00) — 0. On the other hand,

1
V(roro+0n) = — | fldO >

1 1)
—- —° >0, Vn.
n J oot AV On

¢ on
2 2

This is absurd, and the proof is done. O

Next, we give a more abstract and shorter proof independent of the results above. Instead,
it exploits the ideal structure of the commutative C*-algebra L> and relies on a theorem of K.

Hoffman stating that the maximal ideal space M(H* + C') is connected (cf. [79]).

Second proof. Suppose H* + C contains a non-trivial ideal J of L>® = C'(M (L)), and let Z(.J)
be the hull in M(L>) of the closed ideal J. Since Z(J) is a proper closed subset of the totally
disconnected M (L), there exists a non-trivial characteristic function 1y € L which vanishes

identically on Z(J). Then, 1y € J € H*® + C due to the radicality of J. This generates a

contradiction since M(H* + C') is connected. The proof is complete. O

Remark 1.8.12. Hoffman’s connectedness result for M (H> 4 C') could also be given an alternate
proof using QC' = VMO (| L. By the Shilov idempotent theorem, we need to show H* + C,
equivalently QQC', does not contain the characteristic function of any Borel subset of JD whose
measure is neither zero nor full. This can be proved by showing such characteristic functions

have nonvanishing integral gaps at some points and thus can not be in VMO.

Let C; € £(L?) be the composition operator by the complex conjugate z — z on 9D and write
f:=C.f = fozfor f e L2 Noting that C:|QC € L(QC), we write § := y o C:|QC € M(QC)
for y € M(QC). Define QC, = {f € QC : f = f}, a C*-subalgebra of QC. To apply the
Allan-Douglas localization principle for Toeplitz and Hankel operators, it is useful to determine

the fibers of M(QC) over M (QC5) as follows.
Proposition 1.8.13 (S. Power [105]). For z € M(QCY), the fiber M,(QC) = {y,y}.

The key to the proof of Power’s result consists in showing the existence of two QQC; functions

f+ associated with any QQC' function f, each of which coincides with f on half of the circle. To
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achieve this, set 0D, = 9D ({32 > 0} and define

f, on oD, f, on oD,
f—l-: . ; f—: .
f, on oD\ oD, f, on oD\ oD,

Since clearly v41(fy) = 0, it follows from construction and the preceding results that fi € QC;
with f; = fon 0D, and f_ = f on 9D\ 9D, fulfilling the requirement.
We shall have more occasions to apply some of these results in the construction of QC

functions pivotal to various operator theoretic problems. See Sections 3.4, 3.5, 4.5, and [147].

1.9 Douglas algebras, GGleason parts, and Hoffman maps

A Douglas algebra B is any closed subalgebra of L* containing H* on the unit circle 9D.
Since H*H® is dense in L, a result proved by R. G. Douglas and W. Rudin in 1969, B
separates the points of M(L>) and is thus a uniform algebra on M (L>). Perhaps the first
important property of Douglas algebras is (strong) logmodularity on M (L), due to |(L>®)!| =
|(H>)~!|. This is especially fortunate since the totally disconnected space M(L>) does not
carry any Dirichlet algebra other than L [79]. It then follows from the general theory of
logmodular uniform algebras that the Shilov boundary of M (B) is M (L>), the restriction map
homeomorphically embeds M (B) in M (H®) as a closed subset, and every m € M (H) possesses
a unique representing measure ji,,, with support set S,, := suppp,, C M(L*®). For z € D —

M(H®), p, is given by

/ fdu, = | fP.d9, fe L™
M(L>) oD

Since the map m € M(H*) — pu, € C(M(L*>))* is weak-star continuous, one has the

isometric *-linear extension
fe L= =CE®) s fecuE™),  fom)= [ o f € M),
M(L>
and the restrictions f|D on the dense [25] subset I < M(H>), which are just the harmonic
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extensions, fill the space h*°(ID). By the Stone-Weierstrass theorem on M (H>),
C(M(H™)) = A(h*(D)) = A(H>(D) | H*(D))

via restriction to D < M(H>). The restriction to M (L>*) C M(H>) of g € C(M(H*)) is the
Gelfand transform of the boundary limit function in L of the restriction g|D € A(h*(D)). In
addition, for a Douglas algebra B, the map f € B — f']M(B) € C(M(B)) is simply the Gelfand
transform of B. We shall use a common symbol to denote an L* function, its bounded harmonic
extension in D, and its continuous extension on M (H*).

The Chang-Marshall theorem is a powerful result on the structure of Douglas algebras. An
immediate consequence is that M(B;) C M(By) = B; D Bs for Douglas algebras By, By. It also

allows for determination of membership of m € M(H>) in M (B) by its support S,,.

Theorem 1.9.1 (Chang-Marshall). Every Douglas algebra is generated by H* and the complex

conjugates of interpolating Blaschke products invertible in the algebra.

Corollary 1.9.2. Let B be a Douglas algebra. Then,
M(B) = {m € M(H®) : u|S,, = const,Vu € B~! an inner function}.

In particular, if m € M(H™®) with Sy, C Sy for some m’ € M(B), then m € M(B).
Corollary 1.9.3. Let B be a Douglas algebra, f € B, m € M(B). Then, f|S, € H®|S,,.

It is well known that S, is a singleton if and only if m € M(L*>), and that S,, = M(L>®) if
and only if m € D < M(H®). The following result covers what lies between these extremities.
Note that when B = H*> + C, the smallest Douglas algebra other than H*>, we have (g :=
BN B=QC and M(H*® + C) = M(H>®)\D.

Proposition 1.9.4. Let B be a Douglas algebra, m € M(H*®) and y € M(Qg). Then, m €
M, (B) if and only if S,, C M,(L*>).
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Proof. Suppose m € M,(B). Then S, is an antisymmetric set for B and is therefore contained

in the fiber M,/ (L>) over some y' € M(Qg). For every ¢ € Qp, we have

ay) = g(m) = / ddiim = a(t)).

That is, y =y € M(Qp) and S,, C M,(L>).
Next suppose S,, C M,(L>). For v € B~! an inner function, v € Qp is constant on
My,(L*>®) D S,. It then follows from the corollary to the Chang-Marshall theorem that m €

M (B). Now for every q € @Qp we have

g(m) = / adiim = q(y),

which amounts to m € M,(B). The proof is complete. O

It was mentioned in Section 1.2 that for a nonconstant inner function v € H*, the essential
range o(u, L>®) = u(M(L*)) = 0D. Under M(H> + C) = M(H*) \ D, one can use the fact
that w(M(H>) \ D) equals the cluster set u(0D) of u at 0D to determine o(u, H* + C). In

particular, the only inner functions invertible in H* 4 C' are the finite Blaschke products.

Theorem 1.9.5. Ifu € H*® is a nonconstant inner function, then
o(u, H® + C) = u(M(H*) \ D) = oD or D

where the former holds if and only if u is a finite Blaschke product.

Proof. One need only prove that, if there exists zo € D such that zy € u(9D), then u is a finite
Blaschke product. To see this, zy ¢ u(JdD) implies that the inner factor of u — 2y is a finite

Blaschke product. In view of the factorization

where the first factor is inner and the second invertible, the Frostman shift (u—zg) /(1 —Zou) = b

47



a finite Blaschke product. So, u is a Frostman shift of b, thus itself a finite Blaschke product. [

Now we look at two ways in which Douglas algebras arise naturally, for which the maximal
ideal spaces are explicitly identified as subsets of M(H®). First, let H*®[g, : « € A] be the
Douglas algebra generated by {ga}aca in L™ over H*. The Chang-Marshall theorem gives

(with minor changes to the proof of [67, Lemma 1.5))

Theorem 1.9.6.
M(H®[go :a € A]) ={m € M(H®) : go|Sm € H®|Sm,Va € A}.

Next, for F' a compact subset of M(L*) such that H*®|F is closed in the sup-norm on F,

define the extension of H* over F' as
Hy ={fel>*: f|[Fe H®|F} =H* +Ip

where Zp == {f € L : f|FF = 0}. It is easy to see that Hg is a Douglas algebra.

Theorem 1.9.7.
M(H) = M(L*)| J{m € M(H>): S,, C F}.

Proof. Clearly, M(L>®) C M(H%). Let m € M(H*) with S,, C F, and consider its representing
measure fi,,, € C(M(L>®))*. If f1, fo € H, then fi|F = h|F, fo| F = ho|F for some hy, hy € H.

So one has

/ fled,um:/ h1h2d/~0m=/ hld,um/ hzdﬂmz/ fld,um/ fodpin,.
M (L) Sm Sm Sim Sm Sm

That is, i, is multiplicative on H7® and so m € M (H’), proving one inclusion.

For the other inclusion, suppose m € M(Hg) C M(H>) but m ¢ M(L>), and we need only
prove S,, C F. Assume not. Then there exist two distinct points £,&' € S, with £ € F'. Let E
be a clopen neighborhood of £ in the totally disconnected M (L>) with E((F J{{'}) = 0. Since
both p,,(E) and p,, (M (L*®) \ E) are strictly positive and F' C M (L*>) \ E by construction, the
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continuous function on M (L)
f o= pm(M(LZ)\ E)lg — pim (E) ar(reon B

is in (H)~'. However, m(f) = fM(Loo) fdu, = 0 generates the desired contradiction. O

For a uniform algebra A, the pseudo-hyperbolic distance p on M(A) is defined by p(m,n) =
sup{|a(m)| : a(n) =0, |la]] < 1,a € A}. One has

p(m,n) <1le |m—n| <2

and these define an equivalence relation m ~ n on M(A). The resulting equivalence classes
form a partition of M(A) into the so-called Gleason parts of M(A). A part is trivial if it is a
singleton. As is common to all logmodular algebras, the nontrivial Gleason parts of M (H>) are
analytic discs [80]. That is, there exist bijective continuous (but not necessarily homeomorphic)
maps L, called Hoffman maps, from D to the nontrivial parts such that f o L € H*(D) for
every f € H*. In fact, the Hoffman map L,, : D — P,, onto a nontrivial part P,, > m with
L, (0) = m is explicitly defined as the point-wise limit L,, = lim, L, in M(H®) for any net
2o € D — M(H®) converging to m [81]. Here,
2+ Zq

L, (z):= 522 z € D.

Consequently, for f € H*, fo L,, = lim, f o L,_ is the point-wise limit of uniformly bounded
analytic functions. Therefore, the convergence of the derivatives (f o L, )% to (f o L,,)®, for
any order k > 0, is uniform on compact subsets of . More generally, for f € L>® = h*(D),
the point-wise convergence f o L,, = lim,, f o L, of uniformly bounded harmonic functions is
uniform on compact subsets, giving f o L,, € h*(D) a bounded harmonic function. Finally, for
f € A(h™(D)), one still has fo L,, = lim, fo L, uniformly on compact subsets of D, by passing
to finite sums of finite products of h> (D) functions and then to the limit in sup-norm.

Each L,, admits a unique, surjective, continuous extension L* : M(H*>) — P, which is
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indeed the adjoint map to the algebra homomorphism f € H>® — fo L, € H>*(D) [22].
Therefore, in view of the dense embedding D < M(H®), the Gelfand transform of f o L,, €
H>(D) for f € H* is exactly f o L, and the unique continuous extension of f o L,, € h*(D)
for f € L>® is also fo L} .

On the other hand, the trivial points of the connected M (H>) form a closed subset properly
containing the totally disconnected M (L*) = 0H*. Actually the set of trivial points is itself
totally disconnected [129]. Although no interpolating Blaschke products can vanish identically

on a nontrivial part, other Blaschke products can. The following result is known (e.g. [23, 130]).
Proposition 1.9.8. If P is a nontrivial part of M(H>) disjoint from D, then P (M (L>) = {).

Proof. Let L be a Hoffman map taking DD onto P. By a result of Hoffman [81], for every n > 1
the nontrivial point L(1/n) € {ux}r \ D for an interpolating sequence {(, 1} in D. Dropping
finitely many points, one can assume ) _; (1 — |G x]) < 1/27, Vn, so that 3 (1 —[Cux]) < oo. If
b is the infinite Blaschke product determined by the zeros {(,x }nx, then b(L(1/n)) = 0 for every
n, and the analytic function bo L must vanish identically in D. That is, b vanishes on P and P.

Since b is unimodular on M (L), the conclusion follows at once. ]

In particular, since the map L* : M(H>) — P takes parts to parts [22, 23], the trivial point
L*(&) € P for £ € M(L™) is not in M(L>), asserting the proper inclusion of M (L) in the set
of trivial points of M (H>).

The Hoffman maps are an indispensable tool in studying the topological structure of M (H>),
the ideal structure of Douglas algebras, and uniform algebras on M (H®) in connection with

harmonic Toeplitz operators on the Bergman space [13, 153, 127].

1.10 Hardy spaces and Bergman spaces

Throughout this section, fix p € [1,00) and let df, da be respectively the normalized linear
Lebesgue measure on JD and the normalized area measure on . For any analytic function

f D — C, the function |f[|P = e?™I/l is subharmonic, so that the integral [,_, |f(r\)[Pdf is
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increasing in r € (0,1) and that

1/p 1/p
sup (/ |f(r)\)|pd9) = lim (/ |f(r)\)|pd9>
0<r<1l \JAecoD =17 \JeoD

while the quantity may be infinite. Naturally then, the Hardy space H?(D) consists of the
analytic functions on D, with point-wise linear operations, for which the quantity above is finite
and defines the norm. For f € HP(D), Fatou’s classical result states that the radial limits
lim, ;-1 f(rA) =: f(X) exist for almost all A € 9D, and a theorem of Hardy and Littlewood

asserts the radial maximal function is p-th integrable on JD, that is, for some constant A,

/ sup [f(rA)[Pdo < AP sup / |f(r\)|Pdf < oco.
A AedD

coD 0<r<1 o<r<1

Therefore, the boundary function f € L? := LP(0D) satisfies

1/p 1/p
1= ([ vrpas) " = i ([ o)

Thus the radial limit induces a linear isometry from HP(ID) onto a subspace HP of LP which
can be shown to be the closure in L? of the polynomials in z. In particular, the Banach space
HP(D) = H? for 1 < p < oo is reflexive and separable.

Szegd’s classical result characterizes moduli of H?P functions in LP.

Theorem 1.10.1 (Szegd). If 0 # h € H?, then [, |In|h||dd < oo. Conversely, if f € LP
satisfies [0 |In|f[|d0 < oo, then |f| = |h| 0-a.e. for some 0 # h € HP.

For all @ € D, the evaluation functionals v, f = f(a), f € HP(D), are in the dual space

HP?(D)* having the following convergence properties.
Proposition 1.10.2. As |a| = 17, ||va|| = o0 and v,/||va]| — 0 in the weak-star topology.

Proof. Suppose the first convergence is false. Then ||v,,, || < M for some M < oo and |a,,| — 17.

Passing to a subsequence if needed, we assume «a,, — Ao, |A\o| = 1. Fix an integer m > p and

-1

note that the nonvanishing analytic function z +— (z — A¢)~' on D has an analytic m-th root f
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with |f(2)| = |z — Ao| /™. The elementary estimate [rA — Xo| > |[rA — r)Xo| for r € (0,1) and

|A| = 1 yields the upper bound

/ FrA)Pde < rpim / A= Ao|P/mdo.
Ae€oD

AeoD

Since the integral on the right is finite due to m > p, it follows that f € HP(D). Thus,
|f(a)| < M||f]| while |f(cn)| = | — Ao| ™™ — 00, and we arrive at a contradiction.

Now for every polynomial p one has p(a)/||va]| — 0 as |a| — 17, because p is bounded on D
while ||va|| — oo. This extends to all f € HP(D) by density and ||v,/||ve|||| = 1. That is, one

has the second convergence in the weak-star topology. ]

Y

In particular, the space H?(D) & H? is a reproducing kernel Hilbert space with kernel K,(z) =
1/(1 — @z) corresponding to the evaluation functional at « € D, where the normalized kernel

ko(2) = Ko(2) /| Kol = /1 — |af?/(1—az) converges weakly to 0 as |o| — 17. It is of interest to
note that the kernel functions are invertible elements in the disc algebra P(ID). It is also obvious
that {z" : n > 0} is an orthonormal basis.

Next we turn to the Bergman space AP(D) consisting of the analytic functions f : D — C,

with point-wise linear operations, such that

1/p r=1 1/p
(L) = ([, o)

is finite and defines the norm. One can identify A?(ID) as a closed subspace of LP(DD). Again,
the Banach space AP(D) is reflexive, if 1 < p < oo, and the polynomials in z are dense. The
point evaluation functionals on AP(D) are bounded and satisfy the same convergence properties
as on H?(D). Note that H>*(D) C H?(D) C AP(D) and that functions in A?(ID) may not possess
boundary limit functions.

The space A%(D) is a reproducing kernel Hilbert space with kernel K,(z) = 1/(1 — az)?* at
a € D, and the normalized kernel k,(2) = K. (2)/|| K| = (1 — |af*)/(1 — @z)? converges weakly

to 0 as || — 17. The kernel functions are again invertible elements in the disc algebra P(D). It
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is also clear that {y/n + 12" : n > 0} is an orthonormal basis.

1.11 Toeplitz, Hankel, and composition operators

We start with multiplication and composition operators on the Banach space X = HP(D) or
AP(D). Every h € H*(D) defines a bounded operator T}, € £(X) by multiplication, T, f = hf,
f € X. Conversely, a function g : D — C is called a multiplier on X if gf € X whenever f € X.

Obviously such g € X. Less obvious is that g must be bounded.
Proposition 1.11.1. Every multiplier on X is in H*(D).

Proof. By definition, every multiplier g on X defines by multiplication a linear map M, from X
into X. Observe that M, has a closed graph in X x X. For, if f, — f and gf, — h in X, then

applying the point evaluations v, € X™* gives

fa(2) = £(2), 9(2)fu(2) = h(z), z€D.

It follows that h = gf = M,f as desired. By the closed graph theorem then, M, € £(X) and
M; € L(X*). Since Mjv, = g(z)v, and v, # 0 (for v.(1) = 1), taking norms in X* gives

l9(2)| < [[M;]|, 2 € D. That is, g is bounded and, of course, analytic. O

Recall that an isometry T' € L(X) is called pure if ())_, T"X = {0}. Purity in the following

result would be immediate by a multiplicity consideration if v had a zero in D.
Lemma 1.11.2. For any non-constant inner function u, T, on HP(D) is a pure isometry.

Proof. Identifying H?(D) and H?, we see T, is an isometry. To show purity, let f € (2, T/ HP.

Then f =u"f,, fn € H?, || f|| = ||fall, Y. On the circle 270D, we have M := maxy-1pp |u| < 1
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and the estimates

| isoras= [ oo
AedD A€0D

M™P n(A/2)|PdO
< /AE&D\f(/)!

< M| full” = M| FIIP.

Sending n — 00, [, _yp [f(A/2)[Pdf = 0 implies f =0 on 27'9D and hence on D. O

Remark 1.11.3. For an inner function u, the orthogonal complement to the closed subspace uH?

in H? is called a model space. Operator theory on model spaces is out of the scope of this thesis.

Relative to the orthonormal basis {z™ : n > 0} of the Hilbert space H?(D), T, is the (uni-
lateral) shift whose self-commutator [T, 7T,] = I — T,T; is the rank-one projection 1 ® 1. On
the other hand, relative to the orthonormal basis {y/n + 12" : n > 0} of A%(D), T, is a weighted

shift for which [ —T7T,, I —T,T; are respectively represented by the diagonal matrices
diag[l — (n 4+ 1)/(n + 2)]n>0, diag[l —n/(n + 1)],>0.

Since the entries tend to 0, both operators are compact. So, in either case, T, is essentially
unitary with essential spectrum o.(7,) = 0D and essential norm ||T;|l. = ||7.]] = 1. It also

follows that compact operators can be characterized in terms of operator norm involving 77'.

Proposition 1.11.4. Let X = H*D) or A% (D). Then T € L(X) is compact if and only if

|\ TT| — 0 as n — oo.

Proof. To prove the sufficient part, write
T=TT!'T"+TI-TT").

The first term || 77777 < ||TT7|| — 0 by hypothesis, while the second term is compact due to

I —T,T; thus I — 17T} being compact. So, T"is also compact.
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Conversely, suppose T is compact but ||T77*|| > € > 0 for a subsequence. Choose, for each
k, fr € X with ||fx]| = 1 and ||TT fi|| > €. Since the sequence {17 fi} lie in the closed unit
ball of the separable Hilbert space X, it has a subsequence, still indexed by £ for notational
simplicity, converging to f € X weakly. Applying the kernels K, € X, a € D, one obtains
a" fir.(a) = f(«), while |fi(a)| < [|Kq| implies o™ fy(a) — 0. Thus T fr, — f = 0 weakly,
and TT' fi, — 0 in norm since T is compact. This contradiction against ||T77 fi| > € > 0

completes the proof. n

Every non-constant analytic map ¢ : D — D defines a bounded (cf. [42]) injective operator
Cy € L(X) by composition, Cpf = fo ¢, f € X. One immediately has the defining property
C3v. = vy(2) for adjoints of composition operators, and the intertwining property CyTy = TyosCy
between composition and multiplication operators. By the open mapping theorem, Cy is a
Banach-space isomorphism if and only if its range is closed. Composition operators on H?(D)

by inner functions are isomorphisms. For the general case, see [28, 158] for characterizations.
Proposition 1.11.5. For any non-constant inner function u, C,, on HP(D) is an isomorphism.

Proof. 1dentifying H?(D) and H?, C,f = f ou for the boundary functions f,u on dD. Since

/ f o ulPdo = / 1Py 6
oD oD

while the Poisson kernel P, ) is bounded away from 0, C, is bounded below. O

Next we introduce the Toeplitz and Hankel operators on the Hilbert spaces H? and A?(D)
respectively. For f € L™, M; € L(L?) denotes the multiplication operator by f on L? whose
compression to the Hardy space H?, Ty := PM|H?, is the Toeplitz operator with symbol f. Let
C: € L(L?) be the composition operator by the complex conjugate z — z on 9D, and define the

Hankel operator H; with symbol f € L* to be the compression of C;M,M; € L(L?) to H?
H; = PC:M_,M;|H* = C:M,(I — P)M;|H>.

Note that the above definition of H  differs from the other familiar definition using (I—P)M;|H? €
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L(H? L*© H?), only by the unitary factor U := C;M, mapping L? © H? onto H?. Under the
canonical orthonormal basis of H?, the matrix forms of general Toeplitz and Hankel operators
display distinctive patterns: Toeplitz operators have constant entries on the diagonals while
Hankel operators have constant entries on the cross diagonals. Conversely, by classical results
of Brown-Halmos and Nehari respectively, all infinite matrices displaying these patterns and in-
ducing bounded operators on H? are given by L> symbols. The following well-known formulas

for the norm and essential norm are useful
| T¢ll = I T¢lle = [ flloos  [1Hyll = d(f, H*), [|Hflle = d(f, H* + C).

Since H* is weak-star closed in L™, it follows from Alaoglu’s theorem that the distance d( f, H>)
for f € L™ is attained. Although no Douglas algebras other than H* and L*° are weak-star
closed in L, H*+(C is among a class of Douglas algebras B for which d(f, B) is always attained.
See [10, 148, 95].

When f € H*, the analytic Toeplitz operator Ty € L(H?) is subnormal with the minimal
normal extension M; € L£(L?), and is unitarily equivalent to the multiplication operator by
f € H>®(D) on H*(D). Similarly, composition operators on H*(ID) have their unitary equivalents
on H?.

Fix an analytic self-map ¢ of . For every A € JD, the strictly positive harmonic function
z2€ D= Pyy(N) =R—"F
admits, by the Herglotz theorem, an integral representation

Pyy(A) = / P.duy, ze€D
oD

for a unique finite positive measure uy on 9D called the Aleksandrov-Clark measure [31, 3, 29] of

¢ at A € OD. Let uj be its singular part (relative to the linear Lebesgue measure) with support

56



set supppy, and define

E(¢) = U SUPP/LS -
AEBD

When the boundary function satisfies |¢| < 1 a.e. on D, E(¢) is known ([90], Theorem 3.1) to
play a key role in determining the essential norm of products of Toeplitz operators and Ci.
On the other hand, every f € L>*(D) defines a multiplication operator M; € L(L*(D)), a

Toeplitz operator Ty € L(A*(D)), and a Hankel operator Hy € L(A*(D), L*(D) © A*(D))
Mfg:fg, gELQ(]D)); Tf:PMf|A2(D), HfI([—P>Mf’A2(D)

where P is the orthogonal projection from L?*(D) onto the Bergman space A*(D). When f €
H>(D) or f € h*(D), one has the analytic Toeplitz operators simply as multiplications, or
the extensively studied harmonic Toeplitz operators, respectively. Although the matrix forms of
these operators on the Bergman space lack the patterns present on the Hardy space, Toeplitz

operators are restrictions on the invariant subspace A?(D) C L*(D) of integral operators

Trg(z) = (Pfg, K.) = (fg,K.)

- [ 1090 0aa(¢) = [ F97900(0), g€ D), f e (D)

where the integral kernel

(2,¢) € (D,da) x (D, da) LO_

(1—2¢)?

has singularities on 9D x 9D with

/D/D ﬁda@)da@ = .
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1.12 C*-subalgebras of the Calkin algebra with nontrivial centers

Various properties of Hilbert space operators can be effectively studied by embedding the oper-
ators in certain C*-algebras. In case these algebras have a reasonably sizable center, the Allan-
Douglas localization theorem gives an isomorphism of the algebra into the direct sum of the
quotient algebras over the ideals generated by the maximal ideals of any central C*-subalgebra.
Although many naturally arising algebras of concrete operators have only a trivial center, mainly
because they contain all the compact operators, their projections in the Calkin algebra often have
nontrivial centers. Hence the localization method is applicable to these C*-subalgebras of the
Calkin algebra to obtain certain essential properties of the operators under study. Moreover,
employing the full center in the localization framework results in a larger number of nonetheless
structurally simpler local (i.e. quotient) algebras than using central subalgebras does, which in
general yields finer results. It is therefore desirable to identify the center itself whenever possible.

We exclusively focus in this section on operators in £ = L(H?) of the Hardy space, where
m:T € L+ [T] € L/K denotes the quotient map onto the Calkin algebra on H?. For a subset
S C L*, T(S) denotes the Toeplitz C*-subalgebra of £ generated by the Toeplitz operators
with symbol in S, TH(S) the Toeplitz-Hankel C*-algebra generated by 7(S) and the Hankel
operators with symbol in S, and TC(S,T") the Toeplitz-composition C*-algebra generated by
T(S) and the composition operators of a collection T" of analytic self-maps of ID. Note that if
S D C, then these operator algebras contain I and thus have trivial centers. The rest of this
section discusses the center of several Toeplitz-Hankel and Toeplitz-composition C*-subalgebras
of the Calkin algebra appearing in later chapters.

It is well-known that the centers of the Calkin C*-subalgebras 7 (L>)/KC and TH(L>®)/K
are respectively T (QC)/K and T(QCy)/K, where QC; is the C*-subalgebra of symmetric QC
functions. In either case, the isomorphism f € QC — [T] € T(QC)/K or its restriction to
QC, allows one to naturally identify the maximal ideals of the center with those of QC' or
QC,. Certainly, T(QC,)/K is also a central subalgebra of the non-commutative TH(PQC)/K,

although it is not known whether its center is indeed larger.
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Next consider TC(L*>,v)/K for a conformal automorphism + of D. The boundary function
of v is a homeomorphism of dD which induces a composition on QC. The QC' functions fixed
by this composition form a C*-subalgebra QC, = {f € QC : f oy = f}, and it is the center of
TC(L>,~)/K. More precisely,

Proposition 1.12.1. The center of TC(L™®,v)/K is naturally isomorphic to QC,.

Proof. Since the commutant of 7(L*)/IC in the Calkin algebra is 7 (QC)/K ([45]), the com-
mutant as well as the center of TC(L>,~)/K is naturally isomorphic to the C*-algebra of QC
functions f satisfying [T¢][C,] = [C,][Ty], hence also satisfying [T}][C>] = [C3][T}] because [Ty]

is normal. However, it is known that for QC' functions f and automorphisms =

[Cv] [Tf] = [Tfov] [Cv]'

Therefore, the condition becomes [T%][C,] = [T}.,][C,]. Since C, is invertible, this in turn

amounts to f oy = f, that is, f € QC,. O

Although it is not clear whether QC, is nontrivial for a general automorphism , it is actually
isomorphic to QC' if v is a rational rotation. See Lemma 4.5.3.

Let PQC C L™ be the C*-subalgebra of piccewise quasicontinuous functions on JD generated
by PC and QC. We now consider Toeplitz-composition C*-algebras with Toeplitz symbols in
subsets of PQC and a composition symbol ¢ being a non-automorphism, linear fractional self-
map of D with ||¢]| = 1. Such ¢ must satisfy ¢(¢) = n for a unique pair {,n € 0D, and the
Krein adjoint (cf. [41]) ¢ of ¢ is of the same type with ¢(n) = (. If { =n and ¢'({) =1, ¢ is

parabolic and takes the explicit form

(2—a)z+al
—alz+ (2+ )

¢(2) =

where a, Ra > 0, is called the translation number of ¢. Otherwise, ¢ is non-parabolic. In either
case, |¢| < 1 everywhere on 0D except (, and the set E(¢) associated with the Aleksandrov-Clark

measures of ¢ is the singleton {C}. Thus, the following lemma is a special case of Corollary 2.2

59



in [88]. In particular, C} is not compact.

Lemma 1.12.2. Let ¢ be a non-automorphism, linear fractional self-map of D satisfying ¢(¢) = n

for some ¢,n € OD. Then for every f € L™ continuous at , TyCy is compact if and only if
f(Q)=0.

Recall that a function f € L* is said to be continuous at ( € JD with f(¢) = c if
lime o | f](C — €,C +€) — ¢|lc = 0, or equivalently f|M(L>) = ¢, for some constant c. It

follows from the preceding lemma that for every f € L*° continuous at both ¢ and 7,

[T7)[Cs] = F(OICy],  [TFICy] = f(n)[Cyl.

Taking adjoints of the latter equality yields [C}][Ty] = f(n)[C}]. Since ¢ is the Krein adjoint of

¥, [C] = [Cg]/s where s = [1/¢'(()| > 0 ([88], Theorem 3.1, 3.6). Therefore, one has as in [88]

[TAICs] = F(OICs],  [CollTs] = F(m)[Col;

[TAIC] = FM)Cy],  [Cu]lTy] = F(OICy].

Let PQC(¢) = {f € PQC : fis continuous at (}. That is, the C*-subalgebra PQC(()
consists of the functions f € PQC of which the Gelfand transforms are constant on the fiber
M:(PQC).

Let ¢ be parabolic. Since Cy is essentially normal [20] and T (PQC')/K is commutative [120],
it follows from the equalities above that TC(PQC((), ¢)/K is commutative.

On the other hand, there are two different cases for a non-parabolic ¢. That is, ¢ # nin ¢(¢) =
n, or ¢(¢) = ¢ =n but ¢'({) # 1. For the first case, define PQC((,n) := PQC({) (N PQC(n),
PQC, = {f € PQC(C,n) : F(C) = f(m)}. By [20], neither TC(PQC(C,n), 9)/K in the first
case nor TC(PQC((),®)/K in the second case is commutative. Their centers are not known, so
it is of interest to identify large enough central C*-subalgebras.

In the first case, reasoning as above yields that [T for every f € PQC¢, lies in the center
of TC(PQC(¢,m),¢)/K. Moreover, since [CF] = [Cyog] = 0 due to E(p o ¢) = 0, one directly
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verifies that [C4C} + C3Cy] = 5[CyCy + CyCy] also lies in the center. Therefore, the relatively
large Calkin C*-subalgebra generated by {[CyCy + CiCy), [Ty] : f € PQC¢,} is central.

For the second case, one no longer has [C;] = 0 since ¢ fixes ¢ € 0D, and it seems impossible
to introduce an element generated by [Cy] in the center of TC(PQC(¢),¢)/K. It is not known
if there exists a central C*-subalgebra larger than T (PQC(())/K, which hinders an effective
application of the localization method in this case. However, essential spectra and Fredholm

indices of a class of operators will be determined via a different approach in Subsection 4.6.2.
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Chapter 2

Analytic Multiplication Operators over Planar Regions

2.1 Overview

A planar region is understood to be a nonempty connected open subset of the complex plane C.
Let Q always denote in this chapter a bounded planar region without assuming finite connectivity
nor boundary regularity, and let D denote the open unit disc. Fix a power index p, p € [1,00)
unless otherwise specified.

Let w be a nonnegative function in L'(, da), da being the Lebesgue area measure on §2, such

that on every K C () compact,
/ w*da < 0o (2.1.1)
K

for some s = s(K) € (0,00). For example, condition (2.1.1) holds for moduli of nonvanish-
ing continuous functions or nonzero analytic functions on €2. The collection W(2) of all such

functions w form a convex cone. The space AP(£2, wda) of analytic functions h on € satisfying

1/p
IAl| = (/ yh|pwda) < oo (2.1.2)
Q

is referred to as the weighted Bergman space with weight w € W(2). Some special cases are
the weighted Bergman spaces AP(DD) with standard Bergman weights w,(z) = (1 +r)(1 — |2]?)",
r > —1, and the spaces A%*(D,|¢?*|da) for polynomials ¢ arising in the (one-variable) essential
normality problem of cyclic Bergman submodules ([53], Sec. 4.1).

Following [112] (also [55, Section 10.5]), the Hardy space H?(2,w) for a fixed reference point

62



w € ) consists of analytic functions h on Q for which the subharmonic function |h[P admits a

harmonic majorant on 2. Equipped with the norm

1Al = u(w)? (2.1.3)

where u is the least harmonic majorant for |h|P, HP(),w) is a Banach space, and a Hilbert space
if p=2.
Let H*(2) be the Banach algebra of bounded analytic functions on € equipped with the

sup-norm ||.||«. Consider the Banach space (Lemma 2.2.1)

X = AP(Q,wda) or HP(Q,w).

It is clear that H>*(2) C X, and that every f € H*(Q2) defines a multiplication operator
Ty € L(X), Tfh = fh, h € X. (By Proposition 1.11.1 and Lemma 2.2.1, H*(Q) is indeed the
multiplier algebra of X.) These operators over general regions were studied in [9] on AP(Q, da),
(34] on HP(Q,w), [12] on A?%(Q,da), and so on.

After establishing some basic lemmas in Section 2.2, a characterization of the commutant
{Ty} is generalized in Section 2.3 from H?*(D) [36] to X, from which the commutant inclusion
result of [36] follows. This characterization and an explicit description of the annihilator (77X )+
serve as the starting point in a duality approach to the commutant problems treated in this
paper. For any univalent symbol &, {T¢}’ is shown to consist only of multiplication operators,
with a partial converse. This result is then generalized to multiple operators, which is of interest
in view of Theorems 2.6.5 and 2.7.10. Let b be a finite Blaschke product with degree n. Despite
the unitary equivalence T, = @, T’ on the Hardy space H?*(D) [47], the similarity 7, ~ €, T, on
the weighted Bergman space A?(ID) [85], and the Riemann surface representations [36, 71, 52] for
operators in the commutant {7}}’, there are no explicit global characterizations of {T,}" (except
for n = 2 on H?*(D) [135]). On the other hand, deep results on the reducing subspaces for T}, on
the Bergman space A%(DD) are obtained in [154, 74, 71, 52, 51]. We give a sufficient condition

in terms of boundary behavior for irreducibility of a k-tuple {7}, ..., 15, } on X, and leave more
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results about {7}’ on A%*(D,wda) to Section 2.7. X-ancestral symbol functions are taken up
following C. C. Cowen’s original concept [36]. It is proved that 7 commutes with no nonzero
compact operators if the cluster set of the X-ancestral f does not exhaust its range.

Reducing subspaces of T.» on A?(D) are obtained in [155, 125]. Over an annulus R = {z :
0<r <|z] <ry < oo}, H*(R) and A%(R) have the orthonormal bases {cy2* : k € Z} for which
T.n is a weighted n-step bilateral shift. The structure allows for characterizations of {T,»}" and
its reducing subspaces [50]. These results motivate the treatment in Section 2.4 of {T.»} on
the Banach space X over R where a matching direct-sum decomposition is not available. We
characterize {T,»} and show it contains a nontrivial idempotent thus making 7.~ reducible,
while T,» does not commute with nonzero compact operators. This leads to the result that
{T.n1,....,Tni } is reducible if and only if ged{n;,...,nx} > 1. Consequently, if S denotes the
restriction to a certain invariant subspace of the analytic Toeplitz operator T, € L(HP(OD)) of
the covering map 7, from D onto R, then the k-tuple of iterates {S™, ..., S™} is reducible if and
only if ged{ny,...,nx} > 1.

The norm and sequential weak closures of the algebra of operators obtained from T by the
analytic functional calculus are characterized in Section 2.5, with mapping properties obtained
for the essential spectrum and Browder’s essential spectrum of operators in the norm closure. On
unweighted Bergman and Hardy spaces Axler [9] and Conway [34] actually identify the essential
spectrum. However, such results are not available in the literature for weighted spaces nor for
Browder’s essential spectrum.

Section 2.6 concerns commutant problems on the Hilbert space H*(D). It has been an im-
portant problem to find symbol conditions under which the commutant of analytic Toeplitz
operators equals that of the operator defined by some inner function. Only sufficient conditions
of varied strength are known ([14, 134, 136, 137, 36]), and under these conditions the inner func-
tion is a finite Blaschke product. Instead, we obtain a sufficient and necessary condition for the
commutant of a family of analytic Toeplitz operators on H?(D) to equal that of Ty for a given
inner function ¢.

The last section treats the corresponding problems on the Hilbert space A%(ID, wda) for w in a
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subclass Wy(D) € W(D). After generalizing from A?(D) to A*(D, wda) the similarity 7, ~ @, T
[85, 71] for a finite Blaschke product b, we obtain various results on {7,}’ using the approach
in Section 2.6. The added generality beyond the standard Bergman weights seems justified by
these results.

For a bounded linear operator 7' € L(E) on a Banach space £ with dual space E*, o(T)
denotes the spectrum and p(7T) its radius, o.(7") the essential spectrum, and 7% € L(E*) the
adjoint operator. For a subset O C L(F) of operators, the commutant is Q" := {T € L(E) : T'S =
ST, VS € O}, and the essential commutant is O, := {T" € L(E) : TS — ST € K(E),VS € O}
where K(E) is the ideal of compact operators on E. For a subset W C E, W+ C E* denotes its

annihilator.

2.2 Preliminary lemmas

We first need a key estimate which in particular implies that AP(Q, wda) is a Banach space, and
that the point evaluation functionals over compact subsets of €2 are uniformly bounded in the

dual space AP(Q), wda)*.

Lemma 2.2.1. Fiz w € W(Q). Then for every K C S compact, there ezists a finite constant

Cx such that
sup |h| < Ckl|h]|, Vh € AP(Q, wda). (2.2.1)
K

Proof. Choose € = ¢(K) > 0 such that K¢ C 2, and let s = s(K¢) € (0, 00) be the corresponding

exponent as in (2.1.1) for the compact K¢. Set

Then p/r =1+ s~ with conjugate index (p/r) = 1+ s. Note that

(r/p)(p/r) = s.
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Also, w € (0,00) a.e. on K¢ so that w™/Pw™"/? = 1 a.e. Using polar coordinates to integrate the

subharmonic function |h|" on D(z,¢), z € K, which satisfies

()" < / (= + SA)[d6, 0 <6< e,
AeoD

and by Hoélder’s inequality with the conjugate indices p/r and (p/r)’, one deduces

1 1
sup |h|" < —2/ |h|"da = —2/ |h|"w"Pw P da
K me? Jxe Te? Jxe

NGl
/ (/DI da)
e

1 T/p /(sp)
= — hlPwda w *da
5 |
TE € Ke

which yields (2.2.1) by letting

1/(sp)
Cx = (me?)~1/r (/w‘sda) < 00.

€

This completes the proof for any h € AP(Q, wda). O]

Actually, we have shown more than (2.2.1), in that the weighted L” norm can be replaced
by the integral over a certain subset of ) containing K. This observation together with the
maximum modulus principle will be used next to show wlg gda for any compact K C Q is a

reverse Carleson measure for the space AP(€2, wda), a fact known [94] for AP(D).

Lemma 2.2.2. Fiz w € W(Q). Then for every K C S compact, there ezists a finite constant

Dy such that for every analytic function h in €,
/ |h|Pwda < DK/ |h|Pwda. (2.2.2)
Q O\K
Proof. Let T' be an envelope of K in (2, and choose ¢ > 0 such that ' € Q\ K. Then it follows
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from the previous proof that for every analytic function h in €2,

1/p 1/p
sup |h| < Cr ( |h|pwda> < Cr (/ |h|pwda) .
r Te O\K

With the maximum modulus principle, this implies

/ |h|Pwda < (Sup|h|)p/ wda < (C’p)p/ |h|pwda/wda,
K r K O\K 0

from which (2.2.2) follows by choosing Dk =1+ (Cr)? [, wda < oc. O

The next lemma collects some basic properties of the point evaluation functionals v,, o € €2,

on X and those of X itself.

Lemma 2.2.3. Let v, be the point evaluation functional on X at o € 2. Then,

(i) The dual Banach space valued function o € Q +— v, € (X*, |.||) is analytic, and its n-
th order derivative v5” € X* equals the n-th order derivative functional at . That is,
ok = h™(a) for h € X.

(ii) The subset {vy, o o e Q,n € N} C X* is linearly independent.

(iii) Fora € Q and a set © C Q having an accumulation point in Q, the linear spans sp{vq, o

n € N}, sp{vg : f € O} are weak-star dense.

(iv) Forp e (1,00), X is reflexive and separable.

Proof. (i). By Lemma 2.2.1 and respectively [112] Lemma 2.3, v, € X*. For each h € X, the
function @ € Q +— v ,h = h(a) € C is analytic. So, by completeness of X and a classical result
[78, Theorem 3.10.1], the function « — v, is norm-analytic. Consider an arbitrary h € X, and

we have

Vah = (im(vars = va)/B)h = lim(h(a + §) — h(a))/8 = K (a).

The proof will be complete after an induction on the order of differentiation.
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(ii). Let oy, 1 < j <k, be distinct points in € such that

k g
> (Ajuaj +) Ajmvg;)) =0 (2.2.3)

for scalars A\j, A;,,. It suffices to show all these scalars vanish. Fix an arbitrary [, 1 <[ < k. For

each m, 0 < m < n;, define the polynomial

pm(z) = (z = a)" [ [ (z = ay)™ .

J#l

Then p,, € H*(Q) C X. Applying (2.2.3) on p,, yields

ny
Apm () + > Xl () = 0.

n=1

Letting m decrease from n; to 0, we iteratively deduce that X\;,, n; > n > 1, and A; all vanish.
This completes the proof.
(iii). Weak-star density of the spans is ensured by the Hahn-Banach theorem and the identity

theorem implying that

ﬂ kery (™ mkerva = ﬂ kervg = {0}.

neN Be©
(iv). X is uniformly convex due to it being isometrically isomorphic to closed subspaces of
certain LP-spaces, p € (1,00), over 2 or dD. Reflexivity follows from uniform convexity by the
Milman-Pettis theorem. So, the weak-star and weak topologies on X* coincide, and the span
(n)

sp{Va, v~ : m € N} in (iii) is dense in the weak and norm topologies. That is, X* and X are

both separable. ]

Remark 2.2.4. Norm-continuity of the function a — v, for X = HP(Q,w) was shown in [34]
Prop. 1.5. Boundedness of the n-th order derivative functionals on X can also be proved directly

by the Cauchy integral formula with Lemma 2.2.1 and respectively [112] Lemma 2.3.

Denote by Z(f) the zero set of an analytic function f # 0 in ©Q and by ms(«) € N the

multiplicity of a zero a € Z(f). The cluster set f(O2) of f € H®(Q) at the boundary Of) is
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defined as
F(09) := () f((0 N Q) = {f(Q\ K) : K C Q compact}. (2.2.4)

e>0

Identifying €2 with its canonical embedding in M (H>(2)), one has the inclusions

FE)\ () C £(092) C f(M(H=(2)\ Q) (2.2.5)

where the latter is indeed an equality if €2 — M (H>°(2)) is dense (i.e. the corona theorem holds
for H>*(Q)). If f has a continuous extension on €, then f(9) coincides with the image of 9

under the extension. We are interested in the case 0 € f(99).

Lemma 2.2.5. Let f € H>®(Q2) with 0 & f(0S2). Then Z(f) is finite and

T X = ﬂ{kerva,kervé”) ra € Z(f),1 <n<my(a)—1}, (2.2.6)
(T;X)* = sp{va, v s a € Z(f),1 <n < myp(a) — 1}, (2.2.7)
Ty is bounded below. (2.2.8)

Proof. By (2.2.4), 0 ¢ f(02) implies that 0 € f(Q2\ K) for some K C € compact. In particular,
Z(f) C K must be finite. Let

e:=1inf{|f(2)]: 2 € Q\ K} >0

and write N for the intersection of the kernels in (2.2.6). It suffices to establish N C Ty X. For
then Ty X = N, hence (2.2.7) holds due to finiteness of the set of the functionals, and (2.2.8)
holds by the open mapping theorem and injectivity of Ty. To that end fix an h € N. That is,
h € X has a zero at every o € Z(f) and

mp (@) = my().

It follows that there exists an analytic function g on 2 such that h = fg = Tyg. It remains to
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show g € X.
Suppose X = AP(Q, wda). Since

/ lg[Pwda < (max ]g|>p/ wda < oo and
K K Q

h|P 1
/ lg|Pwda < / uwala < —/ |h|Pwda < oo,
O\K ok € e Jo

one has g € AP(Q, wda). Next suppose X = HP(Q,w). If u is a harmonic majorant for |h|P on

Q, then u; := u/eP is a harmonic majorant for |g|P so that g € HP({,w). For, clearly
9" = WP /IfIP < u/e’ = uy

on Q\ K. On the other hand let I" be an envelope of K in Q. Since I' is contained in 2\ K on
which the subharmonic function |g|P < uy, one as well has |g|P < w; in the enclosure of I" which

contains K. That is |g|? < u; on Q. The proof is complete. ]

Remark 2.2.6. Since A & f(00) & 0 & (f — A)(02) and kerT;_y = {0} for f — X # 0,
Lemma 2.2.5 implies o.(Ty) C f(02). In fact, Axler [9] on unweighted AP(€2, da) and Conway
[34] on HP(Q,w) have identified o.(7) as the cluster set of f at certain subsets of 0€Q. It
also follows from Lemma 2.2.5 and 2.2.3(ii)-(iv) that if f(ag) & f(0N2) for some oy € €, then
the adjoint 77 on the separable Hilbert space X (when p = 2) is in the Cowen-Douglas class
B,(D(f(cv),9)) [43], with index n = > {ms_j(ae) () : @ € Z(f — f(ap))} and some § > 0 small,
so that the von Neumann algebra {Ty,T7}’ is finite dimensional [52, 51]. Lastly, for Q = D,

0¢& f(OD) = f(M(H>®)\D) =o(f, H*+C) if and only if f has its inner factor a finite Blaschke

product and outer factor an invertible function.

We close this section with a lemma on finite Blaschke products

b(z) = kH f‘f_ _E:z’ GED, n— deg(b) > 1, (2.2.9)
=1

defined on 2 = D and extended to rational functions with poles off D. Finite Blaschke products
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are precisely those functions in the disc algebra with unimodular boundary values. Recall a key

fact (cf. [71], p. 359) that the derivatives &’ are nonvanishing on 9D.

Lemma 2.2.7. Let by, ..., by be finite Blaschke products on D that separate points on 0. Then

there exists t € (0,1) such that
k
M) 205 = by(a) = {a}, t < o] < 1.

j=1

Proof. Suppose not. Then there exist two sequences {a,} and {f,} in D, such that |a,| — 1

and

b;(8,) = b(a,,) while 8, # «, (2.2.10)

for all j and n. After passing to subsequences, we may take that
an — o and 3, — By in D.
By continuity of b;, one has by (2.2.10) that
bj(Bo) = bj(x), Vj. (2.2.11)

Since clearly |ag| = 1, one has in particular |by(5y)| = |b1 ()| = 1 so that |5y] = 1. Now we claim
ag # Po, which would create a contradiction between (2.2.11) and the separation hypothesis on
dD, and hence complete the proof.

Suppose otherwise oy = [y, that is, a,, = ag and 5,, — ag. Since V) (ap) # 0 at ap € ID, by is
locally univalent at «g. Therefore by (3,) # bi(a,) for n large, due to 3, # a,,. This contradiction

against (2.2.10) asserts the claim. O

2.3 Commutants over general regions

A wector-valued functional Banach space F is a Banach space of V-valued, V' a normed linear

space, functions on a set Z with point-wise linear operations, such that point evaluations on
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F to V are bounded. A subset Y C Z is called a set of uniqueness for F' if f € F' vanishing
on Y implies f = 0. The Fundamental Lemma in [36] (p.3) characterizes the commutant of a
multiplication operator on H?(ID) and underlies most results in this direction, e.g. the explicit
representation of the commutants of multiplication operators by covering maps ([36], Thm. 7)
or semiautomorphic functions ([39], Thm. 2.1). This simple lemma is valid on vector-valued

functional Banach spaces with essentially the same proof.

Proposition 2.3.1. Let F' be a V-valued functional Banach space on Z with point evaluations
Vo, @« € Z. Let g : Z — C be such that the multiplication operator T,f = gf is in L(F). For
a€Z and x* € V* put wy - := " 0v, € F*. Then for S € L(F) the following are equivalent
(i) ST, =1,S.
(i) S*wq .+ annihilates (g — g(a))F for every a € Z and x* € V*.

(ili) S*waq+ annihilates (g — g(a))F for every o in a set Y of uniqueness for F' and x* € V*.
Proof. (i)=(ii). ST, = T,S implies S*(T, — g(a)I)* = (T, — g(a)I)*S*, so that ker(T, — g(a)I)*
is invariant for S*, Va € Z. Since

Weqz+ € ker(T, — g(a)])”, (2.3.1)

S*wq o+ € ker(T, — g(a)I)* annihilates ran(7, — g(a)l) = (g — g(a))F.

(ili)=(i). For every f € F,a €Y, z* € V",

0= (S"waz)(9f = g(@) f) = 2" (S(gf) () — g(a)(Sf)(e)) = z*((STy f) () = (TS f)(ex)).
By the Hahn-Banach theorem on the normed linear space V', ST,f —T,Sf € F vanishes on Y.
So, ST, f =T,Sf and ST, =T,S. n

For multiplication operators by functions in H*°(2) on vector-valued functional Banach spaces
on €2, commutant inclusion under analytic composition follows from the above proposition exactly

as the corollaries in [36, pp. 3-4]. More precisely, we have
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Corollary 2.3.2. Let F' be a vector-valued functional Banach space on ). Suppose for every
h € H*(S) the multiplication operator Tpf = hf is in L(F). Then for h € H*®(Q) nonconstant
and g € H*(h(Q)), one has {Th} C {T,on}. If g € H*(h(Q)) is univalent, then {1} = {Tyon}' .

Proof. The argument for the first part using Proposition 2.3.1 rests on the observation that
(goh—(goh)(a))F C (h— h(a))F, due to a factorization ([36], p.4) and the hypothesis that
T, € L(F) for every h € H*()). For the second part, one has h = g~ o (g o h), where the
inverse map g~* € H*((g o h)(Q)). Thus, {T,on} C {T} while {T,,}) C {T,on}, both by the

first part. n

Remark 2.3.3. The first conclusion of Corollary 2.3.2 is equivalent to

{T0}" D {Tyon : g € H>(R())}.

We note in passing that the representation h — T}, of the algebra H>°()) on F' is necessarily

continuous by the closed graph theorem applied to the complete spaces H>*(£2) and L(F'). Also,
in view of the second part of Corollary 2.3.2, one may ask if {7},}' = {T}op}’ for h € H*(2) and
automorphisms ¢ € Aut(Q2). However, neither inclusion is true in general.
Ezample 2.3.4. Let h(z) = 22 € H*®(D) and ¥(z) = (o — 2)/(1 — az) € Aut(D) where 0 #
a € D. Let X = H?(D) or A?(D), and C_; € L(X) be the composition operator defined by
(C_1f)(2) = f(—=2). Evidently, C_; € {T.2}". Suppose C_; € {Ty2} as well. Then, T,2C_; =
C_1Ty2 = Ty2(—»C_y gives ¢*(z) = ¢*(—z), while the latter is false by letting z = . Thus,
{Th} & {Thop} . Taking g = ho), ¢ =11, this also means {Tyos} ¢ {T,}.

It is clear that the preceding results are valid for T}, h € H*(Q2), on X. Proposition 2.3.1
and Lemma 2.2.5 serve as the starting point in the duality approach to commutant problems.

It was proved in [2, Lemma 1.8] that for Q finitely connected with regular boundary, the
commutant {7.}’ on H?*(),w) consists only of multiplication operators, which also holds on

A%(Q, da). We prove this result without any assumption on €.
Theorem 2.3.5. {T.} = {1} : f € H®(Q)} on X. More generally, {Tt} = {1y : f € H*(Q)}
for every univalent function £ € H*((Q).
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Proof. Fix S € {T.}. Since z(0Q) = 0Q Z « for a € Q, it follows from Lemma 2.2.5 that

((z — @) X)* = Cu,, so that Proposition 2.3.1 yields
S*ve = fla)v, (2.3.2)
at every a € () for some scalar function f : 2 — C. Hence

[F(@)l[vall < 157[[[vall-

Because v, # 0, f is bounded by [|S*|| = ||S|| < co. Set g := S1 € X. Applying (2.3.2) on the
function ¢ = 1 gives g(a) = f(«) over Q, so f = g € X is analytic on Q. That is, f € H*(Q2) and
the multiplication operator T} is well-defined on X. Now apply (2.3.2) on an arbitrary ¢ € X

to obtain

(59)(@) = va(5¢) = (5"va)p = fla)vad = f(@)¢(a) = (Ty¢)(ar).

Since this holds for every a € Q, S = T} which proves the nontrivial half of {T.} = {T} : f €
H>(Q)}.
If ¢ € H*(Q) is univalent, then {T¢}' = {T¢..}' = {1.} by the second part of Corollary 2.3.2,

and the conclusion still holds. O

Corollary 2.3.6. If £ € H®(Q)) is univalent, then T is irreducible and {T¢}' = {Ty : f €

H>(Q)} is a mazimal commutative, weakly closed subalgebra of L(X).

The univalence of £ € H*() can be relaxed to £ being univalent on £~(G) for a non-empty

open set G C £(2). See [156]. Theorem 2.3.5 has a generalization to multiple operators.

Theorem 2.3.7. Let fi,..., fr € H®(Q). If there exists a compact K C  such that at every
aeQ\ K,
(i) file) € [5(09), j=1,.... k,
(i) N5y Z(f; — fi@) = {a},
(i) o ¢ My Z(f5),
then{Ty,,.... Ty} ={T, : g € H*(Q)} on X. In this case the k-tuple {Ty,, ..., Ty} is irreducible.
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Proof. Fix S € {Ty,,....,Tt,}'. At every a € Q\ K, we have by condition (i), Lemma 2.2.5, and

Proposition 2.3.1 that
k
vaeﬂsp{vg,vﬁ B Z(fj — fi(a), 1 <n <my,_y@(B) — 1}
7j=1
Using linear independence of the functionals (Lemma 2.2.3(ii)), an induction on k asserts that
k
(\sp{vs. 05”1 B € Z(f; — fi()),1 < n < my_pw(B) — 1}

Jj=1

—sp{vg,vﬁ ﬁeﬂZ 1<n</\J 1M~ g (B) — 1}
These expressions together with conditions (ii) and (iii) yield
S*vy = f(a)vy, Ya € Q\ K (2.3.3)

for some scalar function f: Q\ K — C.
Taking norms in X*, it follows from (2.3.3) that f(«) is bounded on 2\ K. Set g := S1 € X.

Applying (2.3.3) on the function ¢ =1 gives
g(a) = f(a), Va € Q\ K,

so in particular g is bounded on 2\ K. Since the analytic function g is bounded on the compact
K C ), we have g € H*(Q) and the multiplication operator 7} is in £(X). Now apply (2.3.3)

on any ¢ € X to get

(59)(@) = va(5) = (57va)d = g(@)vad = g(a)d(a) = (Ty9)(a)

over 2\ K which is a nonempty open subset of Q. So, the two analytic functions S¢ = T,¢.

That is, S = T,. The rest follows by standard argument. O
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As an application of this theorem, we invoke Lemma 2.2.7 to obtain a simple sufficient
condition for irreducibility of several multiplication operators by finite Blaschke products on the

disc D.

Corollary 2.3.8. Let by,...,b, be finite Blaschke products on D that separate points on OD.
Then {Ty,, ..., Ty, } ={T, : g € H*(D)} on X over D. In particular, the k-tuple {Ty,, ..., Ty} is

rreducible.

Proof. By Lemma 2.2.7 let t € (0,1) be such that ();_; Z(b; — b;(e)) = {a} for all £ < |a| < 1.

Put

K:={z:]z] < t}UZ(bll)

where Z (b)) in D is finite. It is clear that K is a compact subset of D for which conditions (ii)
and (iii) in Theorem 2.3.7 both hold. Also, condition (i) holds for every a € D, for b;(D) = D
while the cluster set b;(0D) equals the range of b; on 0D, which is OD. Therefore Theorem 2.3.7

asserts the conclusion. O

There readily exist examples of finite Blaschke products by, ..., b, separating the points on
dD. By the Stone-Weierstrass theorem, the point-separating condition is equivalent to that the
uniformly closed unital subalgebra of C(0D) generated by by, ..., by and 1/b; = by, ..., 1/b, = by
contains the function z.

By Proposition 2.3.1, for every f € H*(Q),a € Q, the weak-star closure of the linear set
{S*vq : S € {Ty}'} is contained in the annihilator in X* of the range (f — f(«))X. Following
[36], f € H>(Q) is called X-ancestral if the closure equals the annihilator for every a € Q. A key
property of ancestral symbol functions over general regions lies in an extension of [36, Theorem
1] and its corollary, which can be proved in the same way using Proposition 2.3.1 instead. We

state the result but omit the proof.

Theorem 2.3.9. If f € H*(Q) is nonconstant and X -ancestral, and {Ty} C {1}’ on X for
some h € H*(QY), then h = go f for some g € H>®(f()). In particular, if {Ty} = {T}} for f

and h ancestral, then h = g o f for some univalent g € H*®(f(Q)).
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Now we have a partial converse to Theorem 2.3.5. Note that the class of functions f € H*({2)
for which {7} = {T.}, that is, T} is totally abelian, is in general much larger than the univalent

functions. For instance, see [44] for meromorphic functions f acting on A?(D) and H?*(D) with

{Tr} =A{T2}

Corollary 2.3.10. Let & € H>®(S2) be nonconstant. Then & is univalent if and only if {T¢} =

{T.,} and & is X -ancestral.

Proof. Any univalent £ € H>(2) satisfies {(a) ¢ £(09), Va € Q. For, £(D(a,€;)) contains
D(&(a), €2) for some small €1, € > 0, which implies £(2\ D(a, €1)) is bounded away from &(a) by
€5 due to injectivity of £. So, (Tg_g(o[)X)L = Cuv, by Lemma 2.2.5 and ¢ is ancestral. The rest

follows by Theorem 2.3.9. O

Next we establish a relation between ancestral functions and the double commutants of their

multiplication operators, part of which was noticed in the classical context of H%(D) in [36, 39].

Theorem 2.3.11. Let f € H™(S) be nonconstant. If f is X-ancestral, then {T¢}" = {T,of
g € H*(f()} on X. Conversely, if {T}" = {Tyor : g € HX(f())} and {Ty} = {Tp} for

some X -ancestral h, then f is X -ancestral.

Proof. Observe first that {17} = {Tyor : g € H®(f(Q))} is equivalent to {T7}" C {T,of :
g € H*(f())}, for the other inclusion always holds (Remark 2.3.3). Secondly, {77} > T, =
{T¢}" C {T.} while {T,} = {1}, : h € H*(Q)} by Theorem 2.3.5.

Now suppose f is ancestral and S € {T}}"”. From the second observation above, S = T},
for some h € H>(Q2). Then {T}} C {7}, and Theorem 2.3.9 asserts h = g o f for some
g € H®(f(£2)). This proves the first part of the theorem in view of the first observation above.

Conversely, {Ty} = {1},} implies T}, € {T},}" = {Ts}". So, T, = Tyoy, h = go f, and by a
factorization ([36], p. 4),

(h = h(@)X C (f — fla)X (2:3.4)

for any a € 2. Therefore, {S*v, : S € {T}'} = {S*v, : S € {T)}'} is weak-star dense in the
annihilator of (h—h(«a))X, a fortiori in that of (f — f(«)) X by (2.3.4). That is, f is ancestral. [
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Over the disc D, the example ¢ ([39], p. 178) of a semi-automorphic function was shown to
be not H?(D)-ancestral although {73} = {Tyop : g € H®(¢(D))} on H*(D). So, {11} = {Tyoy :
g € H*(f(€2))} alone does not imply f ancestral.

The rest of this section concerns the existence of nonzero compact operators in the commutant
{T+} on X, which was investigated by Cowen [36, 38, 39] in the classical context of X = H?*(D). It
was shown {7} on H?*(ID) contains no nonzero compact operators if the nonconstant f € H>(D)
either is H?*(D)-ancestral ([36], p. 27), or has its {T}} lift to {M;}’ of the minimal normal
extension M; on L?(0D) [38, Theorem 1]. On the other hand, {T,}’ does contain a nonzero
compact operator [39, Theorem 1.1] for the example ¢ of a semi-automorphic function. We adapt
the argument of [36], p. 27, to prove the following nonexistence result on Hardy and weighted
Bergman spaces over general regions. Note that Lemma A in [36], p. 26, on quasi-nilpotence of

compact operators in the commutant remains true in this generality.

Theorem 2.3.12. If f € H>®(Q)) is a nonconstant X -ancestral function and f(ag) & f(O) for

some «q € ), then {Tf}’ on X contains no nonzero compact operators.

Proof. Since the cluster set f(9€2) is compact, it follows from the hypothesis that f(«) & f(09)

for all a in an open neighborhood Uy of oy in €2. Put

Uoo == Uo \ f7H(F(Z(f")))- (2.3.5)

Since f is nonconstant, both Z(f’) and the pre-image under f of any point are countable, so
that f~'(f(Z(f"))) is countable. Therefore, Uy must be uncountable.

Let K € {Ty}' be compact. We shall show K*v, = 0 for all & € Uyy. Then it would follow
that

sp{vg : o € Upo} C kerK™.

Since the uncountable subset Uy, has an accumulation point in €2, the span on the left is weak-star
dense (Lemma 2.2.3(iii)) while ker K* is weak-star closed. Therefore, X* = kerK* and K = 0 as

desired.
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To that end fix a € Uy. Noting that (2.3.5) ensures that Z(f — f(«)) consists of simple zeros

only, Lemma 2.2.5 applies to f — f(a) to give

((f = f(a)X)" =sp{va, : 1<k <1} (2.3.6)

where {ay : 1 <k <1} = f~1(f(«)) consists of distinct points.
Suppose K*v,, # 0. By Proposition 2.3.1, {S*v, : S € {T}}'} C ((f — f(a))X)*. So in view
of (2.3.6)

K*vg = Mg, + @

for some j, 1 <j <[,z €sp{vg, : 1 <k <l k#j}, and A #0. Put

pz)= ][ (-,

1<k<l,k#j

K = (\p(ay)) ' KT, € {T}"

One verifies that
R*va = ()T (v, + 2) = ()™ Ap(; v, +0) = v,

where the second equality is due to T;vg = p(B)vs, VB € 2, while p(ax) = 0 for k # j.

Note that f(a;) = f(c). So one has by Proposition 2.3.1 and (2.3.6) that

{800, : S €{TyY} € ((f = fle)X) " = ((f = f())X)" =sp{va, : 1 <k <1}

Since f is ancestral, the weak-star closure of the finite-dimensional linear set {S*v,, : S € {T}}'},

which is itself, equals ((f — f(c;))X)*. So the above gives
{S™vq, : S € {T4}'} = sp{va, : 1 <k <1}

Thus v, = S*v,, for some S € {T}}', noting o € {ap : 1 < k < [}. Because KS € {Ty} is
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compact, it must be quasi-nilpotent. However, (KS)*v, = v, indicates 1 € o((KS)*) = o(KS).

This contradiction shows K*v, = 0,Va € Uy, and concludes the proof. O

Remark 2.3.13. The condition that f(ag) € f(9€2) for some oy € Q (also see Remark 2.2.6)
is not automatically satisfied for nonconstant f € H*>(Q) ([137, Example 1] where f is in the
disc algebra). On the other hand, suppose 02 has area measure zero and f is analytic in a
neighborhood of Q. Then using local univalence one sees that f(9€), as the image of 9Q under

f, has area measure zero (Proposition 1.1.3) while f(€2) is open, so that the condition is satisfied.

2.4 The commutant of 7.» over centered annuli

This section concerns the monomial multiplication operators T,n =T, n > 1, on X = HP(R,w)
or AP(R,wda) over an annulus R = {z : 0 < r < |2| < ry < oo}. Note that HP(R,w)
isometrically embeds in LP(OR, du,,) [2], where du,, is the harmonic measure on OR for w € R

which is different but equivalent to the linear Lebesgue measure. Put

A= ei27r/n

and define the composition operators Cy, k = 1, ..., n, by the rotations (Cy f)(2) = f(\¥2), f € X.
By [112, Lemma 2.3], composition operators on H?(),w) by analytic self maps of a general region

(2 are bounded. A subclass of weight functions w ensures that Cj is bounded on AP(R, wda).

Definition 2.4.1. For an annulus R = {z : 0 < 7 < 2| < rp < oo}, W,L(R) consists of the

functions w € W(R) such that, for some €, > 0 and B,, € (1, c0),

B, 'w(B) < w(a) < Byw(B) (2.4.1)

whenever |af = [8] € (r1,r1 + €w) U(r2 — €w, 72).
Lemma 2.4.2. If w € W,(R), then Cy, € L(AP(R,wda)).

Proof. Let K = {z : 1 + €, < |2| < ry —€,}. For f € AP(R,wda), Lemma 2.2.2, rotation

invariance of the area measure, and (2.4.1) give the following estimates for the analytic function
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Ckf in R

IWMWSDK/

R\K

|[f(N°2)Pw(2)da(z) = DK/ |f(2)[Pw(A"2)da(z)

R\K

smmLQmwmm@smmmw

That is, ||Cy|| < (DxB.)"/. O

Theorem 2.4.3. Let R={z:0 <1 < |z] <1y <00} andw € W,(R) in case X = AP(R,wda).

(T} = {Zkack Yy € HOO(R)} :

Proof. Let S € {T.n} = {T,-»} ={T.}. By [37, Lemma)] there exist Y}, € L(X), k=1,...,n,

such that

T.-1Y, = \*Y, T, (2.4.2)

S=n""Ta1 > Y (2.4.3)
k=1
noting (77") ™" = Tyu-1. It follows from (2.4.2) that
ViCroi Tt = N "Y1 Oy = XA L0 Y3C g = Tt YiCle
Therefore, Y;,C,,_i, € {T,-1} = {T.} implies by Theorem 2.3.5 that Y,C,_j = T, thus
Y, = T;,.Ch
for some f, € H*(R). Together with (2.4.3), one then arrives at

S = n_sznA zn:Tkak = zn:kaCk
k=1

k=1

where ¥;,(z) := n~12""1 f;(2) are functions in H*(R). On the other hand, operators of this form
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obviously lie in {T.»}. The proof is complete. O
Despite the lack of a basis in X compatible with T}, it does possess a reducing subspace.

Theorem 2.4.4. Let R={z:0<r; < |z] <1y <00} andw € W,(R) in case X = AP(R, wda).

Then T,n on X is reducible for each n > 1.

Proof. Note X\ := e?™/" 2 1 for n > 1. For each 1 < m < n, put

m—1 n
Sm= D AT =Y AT
k=1 k=m

so that s,, + t,, = 0 (by convention s; = 0). Consider the operator
P = ZTkak € {T..}Y, where fi(2) :== A"z +n""h). (2.4.4)
k=1
One has P # 0,1, for Pz = nz? + z # 0, z. It remains to verify P? = P. Now,

PP=3 TGl Co= ) TrTh0inCisk

J:k=1 g.k=1
:z( 5 TWW) o
m=1 \j+k=mn+m

In view of (2.4.4), it clearly suffices to show
Y @ fNz2) = fn(2), Ym=1,..,n. (2.4.5)
Jjt+k=mn+m

Elementary computations yield

() FeN2) = A2 4 n ) + AT (Y,

Z /\_k:sm—l—tm:(),

jt+k=mmn+m

Z )\—j—k:(m_1+n_m+1))\_m:n)\_m.

Jjt+k=mmn+m
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These equalities assert (2.4.5) and conclude the proof. [
The following result is known [47, Corollary 7] for X = H?*(D).

Theorem 2.4.5. Let R = {z : 0 < ry < |z| < ro < oo}. Let ged{ny,...,nx} = n. Then
{Toniy.; T} = {Tn} on X over R.

Proof. Write \; := ™/ j = 1,...k, and A := e?”/". Let S € {Tim,...,Toni}. Since 2"
is continuous on R, the cluster set 2™ (OR) = {z : |z| = {7 or ry’}. Thus for every a € R,
am ¢ 2" (OR) and of course Z (2™ —a™) = {A\T'a : 1 < m < n;} with all simple zeros. Lemma

2.2.5 applies to the function z™ — o™ to yield
(2" — ™) X))+ = sp{w}na :1<m <nj}. (2.4.6)
It follows from Proposition 2.3.1 and (2.4.6) that for every a € R
k
S*v, € m sp{v,\;_na : 1 <m <n;}.
j=1

By linear independence, an induction on k gives

k

ﬂ Sp{v,\;_na 1 <m <nj} =sp{vyme: 1 <m < n}.
j=1
Thus, S € {T.»}' by Proposition 2.3.1. The other direction is trivial. O

Remark 2.4.6. Evidently, Theorem 2.4.4 is valid with ID in lieu of R. Theorem 2.4.5 is also valid

over D, with the same proof using all « € D\ {0}.

Lemma 2.4.7. Let R={2:0<r; <|z| <ry <oo} and w € W,(R) in case X = AP(R,wda).

Then the function z™ is X -ancestral.

Proof. Fix a € R and we have ((2" — a™)X)* = sp{vyre : 1 < k < n} by (2.4.6). Since
the composition operators Cy € {T,n} satisfy Cjv, = vpkq, the function 2" is X-ancestral by

definition. 0

83



We have an immediate consequence to Lemma 2.4.7 and Theorem 2.3.12.

Corollary 2.4.8. Let R={z:0 <1 < |z| <ry < oo} andw € W,(R) in case X = AP(R, wda).

Then T,» does not commute with nonzero compact operators.

The results obtained so far have implications for iterates of the restriction of the analytic
Toeplitz operator T, € L(HP(OD)) on a certain invariant subspace, for covering maps 7 = 7,
from ID. We recall the notations and facts needed now and later in the proof of Theorem 2.5.5.
An analytic function 7 from D onto an open connected planar set €2 is called a covering map
[138] if every z € € has a connected neighborhood A C Q such that 7 conformally maps each
component of 771 (A) onto A, in which case the group G of deck transformations of 7 consists of
all disc automorphisms L € Aut(D) such that 7 = mo L. The class of covering maps is obviously
closed under left and right compositions by conformal mappings. It also follows from the Koebe
uniformization theorem that two covering maps my, mo from D onto €2 must satisfy 7y = mp 0 L
for some L € Aut(D) (eg. [72, p. 1234]). Following [112], composition by 7, 7,(0) = w € Q,
is a linear isometry from HP?(),w) onto the closed subspace H?(D,G) C HP(D) consisting of
G-automorphic functions in H?(D), which in turn is isometric via the radial-limit map to the
closed subspace H?(0D,G) C HP(0D) consisting of those H?(0D) functions measurable in the
o-subalgebra of df-essentially G-invariant Borel subsets of D [59].

For the Hilbert space case, Ty, on H?(0D) was shown in [1, 38] to be reducible by spectral
projections of a certain unitary operator, the product of an invertible analytic Toeplitz operator
and the composition operator by a nontrivial L € G. The question arises as to the reducibility

of iterates of the restriction of 7} on the invariant subspace H?(9D, G). To this we have

Proposition 2.4.9. Let w € Q and 7, 7,(0) = w, be a covering map of D onto Q0 with the
group G. Write S :=T, |H?(0D,G). Then
(i) S is irreducible.

(ii) For Q={2z:0<r; < |z| <ry < oo}, the k-tuple of iterates

(™, ..., 5™}
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is reducible if and only if ged{ny,...,ni} > 1.

Proof. From the preceding discussion, the Banach space isometry of H?(Q2,w) onto H?(dD, i)
is seen to induce a similarity between the multiplication operators Ty on HP(Q,w), f € H*(Q),
and restrictions of the analytic Toeplitz operators To., on the invariant subspace H?(dD, G).
Here f o, refers to the radial limit in H*(9D). Take f(z) = z, and Corollary 2.3.6 gives (i)
under the similarity. Take each f;(z) = 2™, and (ii) follows from Theorems 2.4.5, 2.4.4, and
Corollary 2.3.6. ]

Since covering maps are H?(D)-ancestral ([36], Corollary on p. 22), T, on H?*(0D) does not
commute with nonzero compact operators ([36], p. 27). Using ideas as above, we obtain the

following result on the restriction T |H? (0D, G).

Proposition 2.4.10. Let w € Q and 7, 7,(0) = w, be a covering map of D onto Q with the
group G. Write S := T, |H?(0D,G). Then

(i) S does not commute with nonzero compact operators.

(i) For Q ={z:0<r; <|z] <ry < oo} and n € N, the iterate S™ does not commute with

nonzero compact operators.

Proof. Under the intertwining Banach space isometry between H?(Q,w) and H?(9D,G), (i)

follows from Theorem 2.3.5. To see this, suppose T}, h € H*>(Q2), is a compact operator on

HP(Q,w). Then the spectrum o(7},) = h(2) (see the proof of Theorem 2.5.3(i)) is connected,
while every nonzero point of which, if there is any, is isolated. This forces h = 0. Similarly, (ii)

follows from Corollary 2.4.8. O

Now let 7, be a covering map from D onto the annulus R with 7,(0) = w and group G.

Consider the closed subspace of the Hardy space H?(D)

HY(D,G)={f € H’(D): fo L= f,VL € G},

85



and the closed subalgebra of H>°(D)

H*(D,G)={g9€ H*(D):go L =g¢,VL € G}.

H?(D, G) is an invariant subspace for the multiplication operators T, € L(H?(D)), Vg € H*(D, G)
including m,,. For each k = 1,...,n — 1, the rotation p; : z — Az is a conformal automorphism
of R, so

P O My = Ty, O Ly, (2.4.7)

for some Lj € Aut(D). One has the following simple observation.
Lemma 2.4.11. The composition operator Cr, on HP(D,G) defined by Ly, is in L(HP(D, G)).
Proof. Since the composition operator Cr, on HP(D) is in L(HP(D)), it suffices to show invariance
of the subspace H?(D, G). For each L € G, (2.4.7) gives

myoLyolL =pyom,oL = pgom, =m,o Ly,
so that Ly o Lo L;l € G. Therefore, one has for f € H?(D, G) that

oLyoL=foL,oLoL;'oL,=foLy.
k

That is, f o L, € HP(D, G), proving invariance under C7, . O

Remark 2.4.12. The Lj satisfying (2.4.7) is not unique. Indeed, another L, satisfies (2.4.7) if
and only if L, = L o L, for some L € G. However, the composition operator Cp, on H?(D,G)
is uniquely defined, for fo Ly = foLo L, = fo Ly, Yf € HP(D, G). Also, covering maps onto

annuli have explicit forms, so that the automorphisms L, could be written out.

The development above and Theorem 2.4.3 give the following

Theorem 2.4.13. Let 7, be a covering map from D onto R with 7,(0) = w € R, the group G,
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and the automorphisms Ly. Then on HP(D,G) the commutant

{1 |H"(D,G)} = {ni(Tgk\Hp(]D), G))Cr, : gr € H*(D, G)}, (2.4.8)

k=0

and each operator in the commutant has a unique representation of this form.

2.5 Extensions of the analytic functional calculus

For nonconstant f € H*(Q), it is seen from previous discussions that {T}} C {T,.or}, g €
H*>(f(Q)). By extending the analytic functional calculus for T, further connections between T
and T, will be obtained for g in certain subalgebras of H*°(f(£2)). For K C C nonempty and
compact, let H(K) denote the restriction to K of the algebra of analytic functions in neighbor-
hoods of K, and set R(K) := H(K) in the sup-norm || - || over K.

Let (A, | - ||) be a unital Banach algebra. For a € A, o(a) denotes the spectrum, p(a) the
spectral radius, F(a) := {f(a) : f € H(o(a))} C A the subalgebra obtained via the analytic

functional calculus, and F(a) the norm closure in A. The map
7: fla) € F(a) = flo(a) € H(o(a))

is a well-defined contractive homomorphism and extends by continuity to

T:x € F(a) —» T(x) € H(o(a)) = R(c(a))

where 7(x) is the spectral function [54] of x. It is well known that @ on M (F(a)) is a homeomor-
phism onto o(a) and that

T(x)=do0a! (2.5.1)

in terms of the Gelfand transform & on M (F(a)). In particular, and due to spectral permanence
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in the commutative subalgebra F(a) of A,

o(z) = 2(M(F(a))) = (z0a™")(o(a)) = [7(2)](o(a)). (2.5.2)

Moreover, under any bounded unital homomorphism # of A into another Banach algebra B, it

is easily seen that 6(z) € F(6(a)) with spectral function
7(0(x)) =T(x)|o(0(a)). (2.5.3)
This observation together with (2.5.2) gives

o(0(x)) = [T(0(2))l((6(a))) = [T(2)](0(0(a))). (2.5.4)

For A = H*(2) the analytic functional calculus assumes a natural form, and one can char-

acterize F(a) and identify the spectral functions.

Lemma 2.5.1. For every nonconstant f € H*(Q), one has

(i) g(f) =go f, Vg€ H(f()).

(ii) F(f)={gof:g9€ R(f(Q))}, and for such g the spectral function of go f € F(f) is g.

Proof. Obviously o(f) = f(2). For g € H(f(2)) = H(o(f)) and I' an envelope of o(f) in the

domain of g, the analytic functional calculus for f € H*(2) gives

o(f) = — ]4 9(Q)(C — f) e

2w

with norm-convergence in H*°(2). Applying the point evaluation functionals in M (H>°(2)), one

derives for w € € that

which proves (i).
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(ii). The homomorphism 7 : g(f) € F(f) — glo(f) € H(o(f)) is a surjective isometry, hence

its extension 7 is an isometry from F(f) onto R(o(f)) = R(f(Q2)) such that

The homomorphism « : g € R(f(2)) = go f € H®(Q) is an isometry. Also it follows from
(i) that
T = s|H(f(Q))

so that 71 = k. Therefore, 7! = k and

F(f) =7 HR(f(Q)) = (R(f(Q)) ={go f:g € R(f())}.

In addition, for g € R(f(2)), gof = r(g) =7 '(g9) so T(go f) = g. That is, the spectral function

of go f is g. This completes the proof. [

Next we extend the mapping theorem ([68], Thm. 4; [101], Thm. 1) for the Browder essential

spectrum from F(T') to F(T'). For T € L(F) on an infinite dimensional Banach space F, let

a(T),6(T),n(T),d(T) be respectively the ascent, descent, nullity, and defect of T". Define
O :={T € L(E):n(T)=d(T) < co,a(T) =06(T) < oo},
and the Browder essential spectrum of 7" € L(E) is (written og(7") in [68])
ow(T) = {CeC: (I~ T ¢®).

Proposition 2.5.2. Let T' € L(E) and S € F(T') with spectral function f. Then

e (S) = f(owe(T)).
Proof. Let U be a maximal commutative subalgebra of L(E) containing 7' and therefore con-
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taining F(T) 3 S. Let
0:U—U/UK(E))

be the quotient map modulo the ideal U (K(E) of U. By [68] Lemma 3,
ope(T) = a(0(T)), obe(S) = o(0(S5)), . (2.5.5)

Consider the homomorphism 7 on F(T') relative to U and note that 7(S) = f regardless of U.
It follows from (2.5.4) for A=U and B =U/(U(K(E)) that

a(0(5)) = f(a(6(T))). (2.5.6)

The proof is completed by combining (2.5.5) and (2.5.6). O

For a multiplication operator Ty on X over €2, f € H*({2), the basic analytic functional calcu-
lus states Tyop = Ty(py = g(Ty) for g € H(f(£2)), due to Lemma 2.5.1(i) and the homomorphism

fe H®(Q) — Ty € L(X). The following theorem characterizes F(7}), and extends essential

commutant inclusion and essential spectral mapping to multiplication operators in F(T%).

Theorem 2.5.3. For nonconstant f € H>*(2), one has on the space X that
(i) F(Ty) = {Typos : g € R(f(Q))}, and for such g the spectral function of Tye; € F(Ty) is g.

(ii) For every g € R(F(D), {Tr}e € {Tyer}e, 0e(Tyos) = 9(0e(Ty)), and ose(Tyes) = g(0ne(Ty)).

Proof. (i). In view of the homomorphism f € H*(Q) — Ty € L(X), one has o(Ty) C o(f).
On the other hand, for every a« € Q, 1 & (f(a)I — Ty)X implies f(2) C o(7y) and hence

o(f) = f(Q) C o(Ty). That is, o(Ty) = o(f). Since clearly ||7T%|| < ||f|lc, one further has

[flloe = T¢Il = p(T) = p(f) = I fllco- (2.5.7)

That is, the map f € H>®(Q) — Ty € L(X) is an isometric isomorphism which preserves

spectra. Then the characterization of F(T) follows from Lemma 2.5.1(ii), with g € R(f(2))

being precisely the spectral function of T,of € F(T7%).
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(ii). {Tf}. C {T,or}. follows from (i) and K(X) being norm closed. Consider the quotient
map 60 : L(X) — L(X)/K(X) onto the Calkin algebra. We have by (i) and (2.5.4) the equalities

e(Tgop) = 0(0(Tyor)) = 9(a(0(T7))) = g(oe(TF))-

The remaining statement involving the Browder essential spectrum oy, follows from Proposition

2.5.2. The proof is complete. [

Remark 2.5.4. If f is such that the diameters of the components of C\ f(€2) are bounded
away from zero and that the interior of the closure mo = f(Q), then a result of Mergelyan
on rational approximations (cf. [60], Thm. I1.10.4) asserts R(f(Q)) = H>(f(Q)NC(f(Q)),
so that Theorem 2.5.3(ii) applies to Tyos for analytic functions g on f(£2) with a continuous

extension to f(€2).

The sequential weak and strong closures of F (1) are respectively
./T"(Tf ;w = {T S ,C(X) T =w-lim S,,S, € .F(Tf)},
n—oo

F(Ty ) = {TeLl(X): T=s le Sy Sn € F(Th)}

Although the weak and strong closures of F(T) coincide, it is not clear whether the corresponding

\ \

sequential closures do. The next result characterizes F (1 ) on X and shows F (Tfﬁw =F (Tf53

on AP(Q,wda). On a related note, for finitely connected 2 with regular boundary the weak

closure of F(T3) on H*(Q,w) was shown in the proof of [2], Prop. 1.9, to be {T,: g € H*(Q)}.

Theorem 2.5.5. For f € H*(Q) nonconstant, F (T % on X consists of all Tyoy where g is the

point-wise limit on f(2) of a sequence g, € H(f(2)) satisfying sup,, ||gn|f(2)|lcc < 00. Moreover,

\

if X = AP(Q, wda), then one has f(Tfjw = f(Tfjs.

Proof. Let g be the point-wise limit on f(Q2) of a sequence g, € H(f()) with sup,, ||gn|f(2)]c0 <

0o. Clearly the convergence is uniform on compact subsets and g € H>*(f(Q2)), so that go f €

H>() and T,os is well-defined on X. We have T}, ; = g,(Tf) € F(T}%) for g, € H(f(2)).
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If X = AP(Q, wda), then T, oy — T,05 strongly, for

/| o f)h—(gof h|pwda—/| o fPP|hfPwda — 0 (2.5.8)

by bounded convergence with respect to the finite measure |h|Pwda for each h € AP(Q, wda).
Thus in this case Tjor € ms.

Next consider X = HP(Q,w). Let m,, m,(0) = w, be a covering map of D onto € with the
group G. Fix h € H?(0D, @) and z* € H?(OD, G)*. The functional z* on H?(0D,G) C LP(0D)
extends to a functional on LP(0D) which is in turn given by some u € L?(0D), 1/p+1/q = 1,
noting p # oco. Since the uniformly bounded sequence g, o f o, € H*(D) converges point-wise
onDto go fom, € H*(D), we have by a well-known fact that, upon passing to radial limits in
H>(0D),

gnofom, —gofom, (2.5.9)

in the L'(0D)-topology on H* (D). Therefore,

(T, ofor,h) = /m(gn o fom,)hudf — 8D(g o fom,)hudfd = 2" (Tyofor,h)

due to hu € L*(0D). That is,
Tyogon | H(@D, G) = Tyogor, |HP(9D, G)

weakly in L(H?(0D, G)). In view of the similarity as in the proof of Proposition 2.4.9, T .; —
Tyor weakly in L(HP(Q,w)), so that T,or € F(T} .
Now suppose S = w-limh,,(Tf) on X for a sequence h, € H(o(Ty)). Recall that o(Ty) =

o(f) = f() and h,(Tf) = Th, o It follows from the uniform boundedness principle that

SUP || Th,or || = sup [|hn (T7)]| < oo
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Since |[Thosll = 11 © fllo = Fal £(€2) s, one has
sup [ £ ()]s < o0

By Montel’s theorem, the uniformly bounded sequence h,|f(€2) in H*(f(€2)) has a pointwise

convergent subsequence

hni | F(Q) = h e H=(f(92)).

It then follows from the first part of the proof that h,, (Tf) — Thos weakly, strongly if X =

AP(Q,wda). Now by uniqueness of limits,
S = Thof

is of the desired form associated with the subsequence {h,, }; and its limit h.

Finally noting F (Tfj“’ O F (Tfﬁs, the proof for both assertions of the theorem is complete. [

Corollary 2.5.6. Let f € H*(Q). IfV C X is an invariant subspace for Ty and G,, ¢ o(T¢|V)

for every bounded component G,, of C\ f(2), then V is invariant for all T,s, where g is the point-

wise limit on f(Q) of a sequence g, € H(f(2)) satisfying sup,, ||gn|f(Q)]|ec < 00. In particular,

if C\ f(2) is connected, then every invariant subspace of X for Ty is invariant for all such Tyoy.

Proof. Noting f(€2) = o(Ty), there exists by hypothesis A, in every bounded component G,, of
the resolvent set of T such that A\, I — T%|V is an automorphism of V. Thus (A\,/ —Ty)V =V
and (A, I — Ty)"'V = V because \,I — T} is an automorphism of X. Since F(T}) lies in the
norm closure of the algebra A generated by I, Ty, {(A\I — T¢) '}, ([17] p. 24, Theorem 11) for
each of which V is invariant, the closed linear subspace V' is invariant for the weak closure of
A which contains mw. Since Ty € W“’ by Theorem 2.5.5, V' is invariant for all such

operators, as desired. O

Remark 2.5.7. We discuss two scenarios in which the preceding condition on g is readily satisfied.

Suppose g € H*(f(2)) extends to a function § € H*(A) on some open set A D f(£2). If for
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the first scenario the geometry of the set A allows for the construction of a sequence v, : A,, —
A of analytic functions on open sets A, D A with 1, (z) — z,Vz € A, then one can define
gn = G o ¥,. This happens if for instance A is starlike without centrifugal cuts. The sequence

{gn}n so defined verifies the condition on g in the theorem and corollary, for g, is analytic on

Au D T, Ngalf@lloe < Ngalloe < Nilloer and ga(z) = §((z)) = §(z) = (=) at every
z € f(Q). Therefore, g,(Ty) — T,05 weakly/strongly. The special case of = A = D and an
inner function f will be used to prove Propositions 2.6.2 and 2.7.7. In the second scenario, A is an
annulus with center zg and radii 0 < r; < r9 < oco. Considering the Laurent series of g, one has
g = g1 + g2 where g, is bounded and analytic outside the inner circle and g5 is likewise inside the
outer circle [115, p. 229, Exercise 25(d)]. Define the dilates g1 ,(2) := ¢g1(z0 + (n + 1)(z — 20)/n)
outside smaller concentric inner circles, g2.,(2) := ga(20 + n(z — 29)/(n + 1)) inside larger outer

ones, and put g, := g1, + g2,,. Then it is similarly verified that the sequence {g,}, is analytic

and uniformly bounded on neighborhoods of A and converges pointwise in A to §, so that ¢ again

satisfies the condition. Note that in general H*(A) ¢ R(f(€2)) for f(2) ¢ A, so such Ty, is not

necessarily in F (1) = {Tyos : g € R(f(2))} (Theorem 2.5.3).

2.6 Commutants on H?(D)

In this section H? := H?(D,0) = H*(D) and H*® := H>(D) are the classical Hardy spaces
over the disc. We consider the commutant of a collection of multiplication operators by H*-
composites of a common inner function on the Hilbert space X = H?2.

The method employed in this section is based on unitary equivalence of operators. If ¢ € H*
is a nonconstant inner function, then T, € £(X) is a pure isometry with defect d := dim(X©¢X),
1 < d < Ny, so that a spatial isometry from X onto @, X intertwines Ty and €, 1. (cf. [47]).
In what follows, unitary equivalence of operators on X and on €, X is always relative to this
fixed spatial isometry once an inner function is given. The following simple lemma is included

for completeness.

Lemma 2.6.1. Let H be a Hilbert space. The map S € L(H) — @,5 € LD, H) is an

isometric x-isomorphism. In addition, it is sequentially continuous with respect to the weak
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operator topologies.

Proof. The first part is directly verified. To prove the second let S,, — S weakly in £(H). Then
sup,, ||Sn|| < oo and (S,g,h) — (Sg,h),Vg,h € H. For @zzl Gk, @2:1 hi, € @, H, one has as

n — oo that

which follows from the Lebesgue dominated convergence theorem since

(S, he)| < (sp [[Snl])llgw 1]l ], and
d 1/2
> Sup {11}l [[12] < (sup 150 ]]) (leng2> (Z ||th!2> < oo
k=1 k

That is, @, 5, — @, S weakly in L(P, H). O

Proposition 2.6.2. Let g € H* and let ¢ € H* be a nonconstant inner function. Then Tyoy

is unitarily equivalent to @, T,

Proof. Consider the dilates g,(z) := g(nz/(n + 1)), z € (1 +1/n)D. Then Remark 2.5.7 for

A =D and the inner function ¢ asserts that in the weak operator topology
gn(T¢) — Tgoqb' (261)

Similarly,
gn(Tz) — Tgoz - T97

which in turn yields

P o.(1.) - PT, (2.6.2)

d

in the weak operator topology by the second part of Lemma 2.6.1. Since T} is unitarily equivalent
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to @, T, so is gn(Ty) to gn(P,T-) which in turn equals @, g,(T.) by the first part of Lemma
2.6.1. Passing to the limit, it follows from (2.6.1) and (2.6.2) that T}, is equivalent to €@, Ty,

completing the proof. O

Remark 2.6.3. The above result may be known. The proof is motivated by that of Lemma 1 in

[14] and generalizes it to any g € H* D H(D), and will also be used to derive Proposition 2.7.7

from Theorem 2.7.6.

For a Hilbert space H, let P, Q be the set of (orthogonal) projections on H and @, H,
respectively. The first part of the following lemma is essential to the approach of this and next

sections.

Lemma 2.6.4. Let H be a Hilbert space and S, Ss € L(H), a € A', B € A”. Then one has

D s = (D Ss¥ & NSl = NSs), and

@ d B d «a B
NDsyNe=NBsyNe = Nisy NP =Sy P
@ d B d @ 8

Proof. The basic fact is that, for an operator block matrix [Ay|i<ki<d € L(D, H) with entries

Ay € L(H) and an S € L(H),
[An) € (D SY & A € {SY, Yk, L.
d
Suppose [, {Sa} € (s{Ss}. Then

[Aw) € (D Sa} & A € (){SaY
= Ay € m{Sg}/ = [Akl] € m{@ Sﬁ}l.
B B d
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On the other hand suppose (), {€D; Sa} € 3{D4 S5} Then

Ae( WSt e PAc P S.Y
= PAc( NP s} & A}
d g d B

Finally suppose (), {D; S} N Q C Nz{D, 55} 1 Q. Then

AN NP PaeNEPs.y e
=@PAc( B s [ee A S} [P
d B d B

The implications of the commutant inclusions are therefore established, and those of the com-

mutant equalities follow by symmetry. O

The main theorem of this section gives a sufficient and necessary condition under which the
commutant of a family of multiplication operators equals that of the multiplication operator by

a given inner function.

Theorem 2.6.5. Let {fo}a be a collection in H* and ¢ € H*® a nonconstant inner function.

Then N {17} = {T%} if and only if there exist functions g, € H* such that f, = g, 0 ¢ and
N7y, = {12}

Proof. Let {ga}a be a collection in H*. In view of Proposition 2.6.2, we deduce

(W Tooo} ={Te} & (H{EPT.Y ={EPTY (2.6.3)
& (N} ={T.}, (2.6.4)

the second equivalence due to Lemma 2.6.4.
So, the sufficiency part follows immediately. Now assume () {7}, } = {T,}. Since inner
functions are H?—ancestral ([36], Thm. 2), {Ts}’ C {T},} implies that f, = g, o ¢ for some

function g, bounded and analytic on ¢(ID) [36, Thm. 1]. The inner function ¢ has its range ¢(D)
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an open subset of D with D\ ¢(ID) of zero capacity, so each g, analytically continues from ¢(D)
to D and hence by the monodromy theorem admits an extension in H* (cf. [32]). An appeal to

the previous paragraph then proves the necessity part. O
In connection with the commonly asked questions in [47] about the commutant of a multi-
plication operator on H?, we have

Proposition 2.6.6. If g € H*> is such that {T,}' = {1.}', then for any nonconstant inner
function ¢ one has
(1) {Tyos}' lifts isometrically to {Myos}' of the minimal normal extension Myes on L*(OD).
(i) {Tyop}' contains no nonzero compact operators.

(ili) {Tyos} CH{TY (TF} for the inner-outer factorization go ¢ = xF.

Proof. By Theorem 2.6.5, {1,054} = {T}'. Because {T}} lifts isometrically [38], so does {T o4}’
([38], Corollary on p. 2), which proves (i). Since inner functions are H*—ancestral, {Tyos} =
{T,} contains no nonzero compact operators ([36], p. 27), giving (ii).

To prove (iii) write g = x3 F3 for the inner-outer factorization, so that

goop=(x100¢)(Fio¢)=xF

implies x1 0 ¢ = Ay, F1 0 ¢ = A"'F for some unimodular constant A\. Hence, {T,0s} = {T3} C

{Tuoo} M Tros} = {1} (HTr}" O

2.7 Similarity and commutants on A%(D, wda)

We shall work with a reasonably general subclass of weight functions on D.

Definition 2.7.1. W,(D) consists of the functions w € W(ID) such that, for any M € [1, c0),

there exist €, > 0 and B,, € (1,00) depending on M and satisfying
B, 'w(B) < w(a) < Byw(p) (2.7.1)

whenever |a,|8] € (1 — €,,1) and M1 —|B]) <1 — || < M(1—8]).
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Remark 2.7.2. The standard Bergman weights w,(z) = (1 4+ r)(1 — |2|?)", 7 > —1, are certainly
in the class Wy(DD).

We first establish two lemmas for a general power index p. The first uses essentially the
argument in [53, Sect. 4.1]. The second, for non-radial weights, does not follow from the existing
results found in [42, Sect. 3.1]. Instead, it is inspired by the main features of the proofs in
85, 71].

Lemma 2.7.3. If 1 < p < oo and w € Wy(D), then the set & of polynomials is dense in
AP(D, wda).

Proof. Fix an arbitrary f € AP(D,wda). For r € (0, 1), write f.(z) = f(rz) for the dilate of f
defined and analytic in »~'ID D D. In view of its Taylor series, f, is uniformly approximable on
D by polynomials, a fortiori f, € &2 in the weighted LP norm. We claim sup, || f,|| < oo.

Notice first the subharmonic function |f|P satisfies

/ (N8 < / FENPd6, rt e (0,1).
AeoD

Aeob

With M = 1, there exist ¢, > 0 and B,, € (1,00) such that (2.7.1) holds whenever |a| = |f] €

(1 — €y, 1). Let K = (1 — ¢,)D. Then, invoking Lemma 2.2.2 and polar coordinates, we deduce

for any r € (0,1) that

15, < D / \flPwda
D\K

~ Dy /1 B ( /A N fr(tA)\pw(t)\)cw) ¢t
< DiB. /1 3 ( /A N f(tA)]”dQ) w(t)tdt

1
< DgB? / ( / | f(t)\)|pw(t)\)d0) tdt
1—€w AeoD
= DKBi/ | flPwda < oo.
D\K

Now by reflexivity and separability (Lemma 2.2.3(iv)), the bounded sequence { f,/mn+1)} has

a subsequence converging weakly in AP(ID, wda) to some g, g € &2 where the norm and weak
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closures coincide. Since the point evaluations are all in AP(D, wda)*, one has g(z) = f(z), Vz € D,

by passing to the limit. That is, & = AP (D, wda) as required. O

Lemma 2.7.4. For b a finite Blaschke product and w € Wy(ID), the composition operator Cyf =
fobisin L(AP(D,wda)), p € [1,00).

Proof. Notice that for some finite constant M, > 1 depending on b ([85], p. 2966),
MY (1= 2]) 1= 1b(2)] < My(1 —|2]), =z€D. (2.7.2)

Then there exist ¢, > 0 and B,, € (1,00), depending only on M, such that (2.7.1) holds
whenever |af,|8| € (1 — €,,1) and M, (1 —[8]) < 1 — |a| < My(1 — |B]). Since b(0D) = ID
and ' is nonvanishing on 0D, there exists d,, € (0,€,) such that |b(z)] € (1 — €,, 1) whenever
|z| € (1 — 0w, 1), and that 0 < A; < |b/(2)] < Ay < oo for |z] € [1 — 0y, 1 + dy]. The former

condition and (2.7.2) yield from (2.7.1) that
B 'w(z) < w(b(2)) < Byw(z), |z] € (1 = 6y, 1). (2.7.3)

The latter condition and compactness give a finite cover [ J; A; D {z:1— 2715, < |z| < 1} with
open discs A; C {z:1—0, < |z| <1+4+6,}, 7 =1,...,J, on each of which b is univalent with
inverse map b~

Let K = (1—2716,)D. Consider an arbitrary f € AP(D,wda) and the analytic function fob

on D. Using Lemma 2.2.2, a change of variables by the univalent b on each A; (D, and the left
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half of (2.7.3), one has the estimates

||fob||p§DK/ |fob|pwda§DKZ/ | f o b|Pwda
D\K 5 /A ND

[fIP(wod™)
= Dg / ————da
S [0

DKBw /
flPwda
E NP |/l

D B J D B J
K / fPrwda = 2550 ey

This concludes the proof. O

Although not needed here, C,, € L(AP(ID,wda)) is also bounded below, with a similar proof.
For the rest of the section, fix w € Wy(D), X = A*(D,wda), and write H>* = H>*(D). We

follow the approach used in [71] to derive similarity for Tj,. The core step is a representation as

n [71, Theorem 2.1] for X induced by C, € L(X).
Proposition 2.7.5. If b is a Blaschke product with degb = n, then there are T}, € L(X),

k=1,...,n, satisfying the operator interpolation equation

[=> TF'CT (2.7.4)

k=1

on X. Moreover, if f, f1,..., fn € X satisfy

f=)_TH'Cofs,
k=1

then fk = ka, k= 1, ., n

Proof. The second part follows from the first and the fact ([71], pp. 359-360) that if f1, ..., f, € X
satisfy > o TF'Cyfy, =0, then f1 = ... = f, = 0.
To prove the first part, W. Rudin’s representation [114, Chapter 7| states that for every

polynomial p € 2, there are unique rational functions v, k = 1,...,n, with poles off D that
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satisfy
p= ZTzk*lewh (2.7.5)
k=1

This allows each T} to be well defined as a linear map on the dense (Lemma 2.7.3) linear subspace
P C X by Typ = ¢y € X according to (2.7.5). We shall show the existence of a finite constant
C such that

Vel < Cllpll, pe &, k=1,..,n. (2.7.6)

Recycling the notations and constructions from the proof of Lemma 2.7.4, let € := (2M}) 14,

Then for any |z| € [1 — €, 1], there exist an open disc A,, z € A, C {1 — 2¢ < |z|}, and n local

inverse maps 1 := f1.,..., 00 = Bn. of b defined on A, which satisfy £;(A,) (N Be(A,) = 0
for 7 # k. The latter ensures that the modulus of the n by n Vandermonde determinant with
generators {0} is bounded away from zero on A,.

Consider a finite subcover |, Ay D {1 — € < |z] < 1}. From (2.7.5) the argument used in

[71], before (2.7), leads to the upper bound
b < C’Z lpoBil?, k=1,..,n
=1

on each A;, [ =1,..., N, for a finite constant C’. Note that b=(A; (D) C {1 -4, < |2] <1} by

the left half of (2.7.2), and this implies
w< Bywofy, k=1,...,n

on A;(D by the right half of (2.7.3). Then, using Lemma 2.2.2 with K = (1 — ¢)D we derive
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for each k the following estimates

ol <D [ peltwda < D3 | tuda
D\K A ND
<DKC"ZZ/ Ip o Bj*wda
< Dg(C’ wZZ/ Ip o B|*(w o B;)da
_ DKC’BWZZ/ ip[2w [ [2da
I j=1

Bi(ArND)

< DgC'B,A5Nn|p|*.

This establishes (2.7.6) with C = (D C'B,A2Nn)/2.
Then the bounded, densely defined linear maps T} extend to T € £(X). Since C, € L(X)

by Lemma 2.7.4, both sides of (2.7.4) are in £(X) and agree on the dense & by construction of
Ty. Thus, (2.7.4) holds on the whole space X. O

Exactly as [71, Corollary 2.4], similarity now follows from Proposition 2.7.5 via the spatial

isomorphism V¥ := (11, ...,T,) : X — @, X.

Theorem 2.7.6. If b is a Blaschke product with degb = n, then T, € L(X) ~ D, T. €
L(D, X).

In what follows, similarity of operators on X and on €, X is always relative to the spatial
isomorphism ¥ corresponding to a given finite Blaschke product. The next result generalizes
Theorem 2.7.6 using extensions of the analytic functional calculus. The proof is similar to that
of Proposition 2.6.2, using Remark 2.5.7, Lemma 2.6.1 and Theorem 2.7.6, which is omitted.

The special case of g € H(D) on A%(D) was used to prove the main result in [85], pp. 2980-2981.

Proposition 2.7.7. Let g € H* and let b be a Blaschke product with degb = n. Then Ty, ~
@n Tg'

Using similarity we are ready to obtain several interesting results on multiplication operators
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by finite Blaschke products. Among these, the similarity classification (i) was obtained in [85, 71]
when X = A%(D).

Theorem 2.7.8. Let b, by, by be finite Blaschke products. Then
(i) Ty, ~ Ty, if and only if deg by = deg bs.
(i) If f € H* and {T}' C {T}}', then f = gob for some g € H*.
(iii) {7y, }' C {Th,} if and only if by = B oby for some finite Blaschke product B. In particular,

if deg by 1 deg by, then {1y, } ¢ {Th,} .
(iv) {T,,} = {Tv,} if and only if by = L o by for some L € Aut(ID).

(v) {Tp} contains no nonzero compact operators.

Proof. (i) follows from Theorem 2.7.6 and invariance of the Fredholm index under similarity,
noting ind @, 7. = n(ind7,) = —n by Lemma 2.2.5.
The proof of (ii) uses techniques from the proof of Lemma 3.3 in [85]. Write @, T, = VT,V !

for the similarity. Then the hypothesis {7} D {1,}' implies
(v o'y > {PT1.y (2.7.7)
while Theorem 2.3.5 gives the matrix form
{PT.Y ={[Th,li<ijen : hij € H*}. (2.7.8)

First choose an arbitrary j from {1,...,n} and set h;; = 1 with all other entries zero in (2.7.8).

A consideration in view of (2.7.7) and with each j asserts
U0 @ T; € L(X).

Next @, T. € {,, 1;} implies each T; = T,,, g; € H*, by Theorem 2.3.5 again. Then choose

the functions h;; in (2.7.8) to be either identically 1 or 0 using exactly the patterns in [85], p
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2975, and we have g; = ... = g,, so that
Vvt =T, ge H™
On the other hand, Proposition 2.7.7 states for such g € H* that

VT = P71,

Comparing the last two equalities, we have Ty = T, and f = gob.
Now it follows from (ii) that if {T},}' C {T},}’, then by = g o by for some g € H*®. Write
g = BsF where B is a Blaschke product, s a singular inner function, and F' an outer function.
Then,
by =goby = ((Bs)ob)(Fob)

is the inner-outer factorization for by, which renders F' constant. So we take
bg == (B e} bl)(s O bl) (279)

It is seen from (2.7.9) that B can not have infinitely many zeros in D because by (D) = D, so B is
a finite product. Since s o by is singular, (2.7.9) implies s is constant. This proves (iii) since the
other direction is trivial by Corollary 2.3.2, and since by = Bob; implies deg(by) = deg(B) deg(by).
(iv) follows at once.

To prove (v), suppose [T}, ]1<ij<n, hij € H™, is compact on €, X. Then each Ty, is
compact on X which forces Tj,,; = 0 (by a spectral consideration as before). In view of (2.7.8)

then, {@,, 7.}, and {T}}' as well, contains no nonzero compact operators. O

If degb > 1, then {P,.,, 1>} contains nontrivial projections, thus {73}’ contains nontrivial
idempotents. Note that for X = A?(D), {T;} actually contains projections (cf. [155]), which is

not known for general spaces X.

Remark 2.7.9. Since Aut(ID) consists exactly of the rotations of the Mébius maps, which preserve
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the degree when acting on Blaschke products but not vice versa, one sees from (i), (iv) that
the commutant equivalence classes of finite Blaschke multiplication operators are strictly finer
than the similarity equivalence classes. Also, if b were A?(ID, wda)-ancestral, (ii)-(v) would have
followed from Theorems 2.3.9 and 2.3.12. Although inner functions are H?-ancestral [36, Theorem

2], the argument therein does not work for non-isometries like 7, on Bergman spaces.

The next two results correspond to results in Section 2.6.

Theorem 2.7.10. Let {fo}a be a collection in H* and b a finite Blaschke product. Then
NolZr. Y = {Tp} if and only if there exist functions g, € H™ such that fo, = g, 0 b and

na{Tga }/ = {Tz}/‘

Proof. In view of Proposition 2.7.7 and Lemma 2.6.4, we have

NiTal = (TY = DT = (PTY
& .Y = {1},

This gives the sufficiency part. For the necessity part, {1,}' C {1} for each index a asserts by
Theorem 2.7.8(ii) that f, = g, o b for some g, € H*, and the implications above complete the

proof. O

Proposition 2.7.11. If g € H* is such that {T,} = {1.}, then for any finite Blaschke product
b one has

: , :
(i) {Tyob} contains no nonzero compact operators.

(i) {Tyop} C {D Y (WTIr} for the inner-outer factorization g o b= xF.

Proof. By Theorem 2.7.10, {Tyo} = {T3}’. Then, (i) follows from Theorem 2.7.8(v), and the

proof of (ii) is identical to that of Proposition 2.6.6(iii). O

Jiang and Zheng [85] obtained a similarity classification for a class of multiplication operators
on A%(D): For f,g € H(D), Ty ~ T, on A%2(D) if and only if f = hoby and g = hoby for

finite Blaschke products by, by, degb; = degby and h € H(D). We shall obtain a commutant

classification for a larger class on X.

106



We first need a result on multiplication by outer functions. The proof relies on an argument

used by Cowen ([38], pp. 4-5) for reciprocals of outer functions.

Lemma 2.7.12. Let p € [1,00) and w € W(D). Let f € H*® be an outer function. Then, the

range of Ty € L(AP(D, wda)) is dense.

Proof. We rephrase Cowen’s argument to fit in our setting. Evidently, we can assume || f||o = 1.
Identifying the algebra H> with H>(0D) C L>°(0D), the truncated functions |f|™* An, n € N,
on JD are invertible functions in L*(0D). So there exist invertible H> functions h, with
|hy| = |fI7* An on OD. Note that for each n, ||h,fllee <1 and —In|f| > —In|h,f| > 0 on ID.

Since

/ —In|f]df < oo,
oD

the Lebesgue dominated convergence theorem gives

lim [ —1In|h,f|do =0,

while the outer functions h,, f satisfy

/ 1 | f1d6 = —In 1, (0) £(0)].
oD

Thus lim, e |7, (0) f(0)| = 1. The uniformly bounded sequence {h, f} in H* has a convergent
subsequence h,, f — h € H* pointwise in D. Since ||h|loc < 1 and |h(0)] = 1, h = X a
unimodular constant.

Fix g € AP(D,wda). Since h,, f — X pointwise in D and ||h,, f — A < 2,

[ Vot = APlgiuda -0

D

by bounded convergence relative to the finite measure |g|Pwda. That is, h,, fg — Ag in
AP(D, wda). Thus Ag and ¢ are in the closure of the range of T%. O]

Next, like [85, Theorem 3.1] and [44, Theorem 1.1], we need the space-X version of a result
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of Cowen ([36], Corollary on p. 19) and Thomson [136, 137] originally proved on the Hardy
space H?. This line of results [73, Chapter 3] remains valid on weighted Bergman spaces X, with
identical proofs, based on two facts: First, the reproducing kernels K, € X are co-analytic in
z € D. For, the inner product (K, f) = (f, Kz) = f(Z) is analytic in z for every f € X, that is,
z € D— K; € X is norm-analytic. Secondly, Lemma 2.7.12 ensures ker 77 = ker T} on X for

the inner factor ¢ of f € H*°. Therefore, we state without proof

Theorem 2.7.13 (Cowen-Thomson). Let f € H™. If the inner factor of f — f(a) is a finite
Blaschke product for an o € D, then there is a finite Blaschke product b such that {T¢} = {T,}’

on X.

Denote by CT [44] the Cowen-Thomson class of H> functions f as above. The product of
a finite Blaschke product and an outer function is in CT. Also if f(D) ¢ f(0D), equivalently
o(f,H>®) D o(f,H*+C), then f € CT (Remark 2.2.6), and this subsumes the case of noncon-
stant f € H(D) (Remark 2.3.13). On the other hand it is seen that, using the factorization in the
proof of Theorem 1.9.5, the only inner functions in C7 are the finite Blaschke products. Note in
passing that the Cowen-Thomson theorem together with Theorem 2.7.8(v) eliminates the ances-
tral condition and relaxes the other in Theorem 2.3.12 for the special case of X = A%(D, wda),

w € Wy(D). Now we obtain a commutant classification for {7} : f € CT}.

Theorem 2.7.14. For f,g € CT, {T¢} = {T,} on X if and only if f = hyob and g = hsob
for a finite Blaschke product b and h; € H* with {T),} = {T.}, 1 =1,2.

Proof. Suppose {Ty}' = {T,}' on X. Then Theorem 2.7.13 gives {T}}' = {T,} = {T},} for a
finite Blaschke product b. By Theorem 2.7.10, this implies f = hiob and g = hyob for h; € H*
with {T,,} = {T.}, i = 1,2, as desired.

The other direction follows from Theorem 2.7.10 which gives {T}}' = {T,}' = {T,}'. O

In contrast to finite Blaschke products, {1y} = {1,} does not imply Ty ~ T, despite certain
analogy between the commutant and similarity classifications. For, simply take g = f + o, a a

nonzero constant, and note o (1) # o(Ty) + o. Then, {T}}' = {T,}’ while T} # T,.

108



Chapter 3

Allan-Douglas Localization for Toeplitz and Hankel Oper-

ators

3.1 Overview

Let D be the open unit disc in the complex plane C. L* and L* are the Lebesgue spaces of
square integrable and essentially bounded measurable complex functions, respectively, on the
unit circle 0D equipped with the normalized Lebesgue measure df. H? C L? denotes the Hardy
subspace, and H* C L* the subalgebra of boundary functions of bounded analytic functions
in D. Let C, PO, and QC := (H® 4+ C)(VH>® +C = VMO L* be the C*-subalgebras of
L consisting respectively of continuous, piecewise continuous, and quasicontinuous functions
on dD. Here VMO is the set of functions of vanishing mean oscillation on 9. The C*-algebra
generated by PC' and QC in L™ is denoted by PQC.

For f € L™, M; € L(L?) denotes the multiplication operator by f on L? whose compression to
H? Tj := PM;|H? is the Toeplitz operator with symbol f. Let C; € £L(L?) be the composition
operator by the complex conjugate z — z on D and write f := Csf = fo z for f € L2. Define

the Hankel operator H; with symbol f € L™ to be the compression of C;M,M; € L(L?) to H?

Hy := PC;M_,M;|H?* = C:M,(I — P)M;|H>.
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One has H} = H; and the following crucial identities (cf. [18])

Ty, =TT, + HiH,, (3.1.1)

Hyy = H;T, + T;:H,. (3.1.2)

For a subset S C L™, T(S) and TH(S) are the norm-closed subalgebras of £(H?) generated
by Toeplitz and, respectively, Toeplitz and Hankel operators with symbols in .S, and write Hg :=
{H; : f € S}. Identifying L> functions with their Gelfand transform on M (L>), let S|F be
the restriction of S to a compact subset ' C M(L*>). K(H?) denotes the ideal of compact
operators on H? and 7 : L(H?) — L(H?*)/K(H?) the quotient map onto the Calkin algebra.
The maximal ideal space M(A) of a commutative unital Banach algebra A is endowed with
the Gelfand topology, and the fiber M,(A) consists of extensions in M(A) of x € M(B) for a
subalgebra B.

Noting [18] 2.79(b), a result of Sarason [120] (p. 825) states that for S C L> a module over

C with M(C) = 0D, the sup-norm distances satisfy
d(f,S) = max{d(f|M\(L*>), S|M\(L*>)) : A € D}, [ e L*. (3.1.3)

Sarason indicated the partition-of-unity argument ([118], p. 12) to prove formula (3.1.3), an idea
attributed to [123]. Based on the Allan-Douglas localization principle, we establish in Section
3.2 a distance localization formula for unital C*-algebras with nontrivial centers. The proof uses
intrinsic similarities between the two cases.

While originally used by Douglas to derive various essential properties of Toeplitz operators
on H? [49, 48], the localization principle has had its applicability extended considerably [99, 104,
105, 106, 124, 88]. Also see [18], p. 43. In view of these applications in the Calkin algebra, we
apply the distance formula to show locality of the problem of when the product of two Hankel
operators is a compact perturbation of a Hankel operator. While the important special case of
complex conjugates of two inner functions is solved in [27], the general case is still open. Note

that QC' is invariant under the composition operator C, and M (QC') is invariant for the adjoint
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C%. Writing g := Ciy =y o C; € M(QC) for y € M(QC'), the main result in Section 3.3 is

Theorem 3.1.1. Let f,g € L*°. Then HyH, € Hy=-+K(H?) if and only if for everyy € M(QC')

and € > 0, there exist ¢(y,€),¥(y,€) € L™ satisfying

1(f = &y, )My (L) ||l <€, (3.1.4)
1(g = ¥ (y, €)My (L) <, (3.1.5)
H¢(y7€)Hw(g,e) € Hpw + ]C(HQ) (3.1.6)

Power ([104], Theorem 2.4) showed that the essential spectrum o.(H,) = o(7mH,) of a Hankel

operator is antipodal symmetric if g € L> satisfies
g|M\(L™®) € H®|M\(L*>), X=1,—-1. (3.1.7)

Note that H, = S, in Power’s notation, which does not matter here since z is constant on the
fibers. The commutators [Ty, Hy| := TyH, — H,Ty occur naturally in the theory. For instance,
commuting Toeplitz and Hankel operators with L> symbols were characterized in [96] and the
essentially commuting ones characterized in [75]. Using ideas from [104] and constructing certain
QC functions, we apply the localization principle to establish antipodal symmetry of o [T}, H,]
for arbitrary f € L™ while g € L™ satisfies a condition much weaker than (3.1.7). Let A € dD.
For 0 > 0, let m, s in the closed unit ball of the dual space QC* be the averaging functional over

the subarc (A — d, A + 0) of ID, and define [120] in the weak-star topology of QC*
MY(QC) = {my;s: 0 > 0} | MA(QC) = {limmy g, : limd,, = 0}. (3.1.8)

The main result in Section 3.4 is

Theorem 3.1.2. Let f € L*>. Let g € L™ satisfy
gIM, (L) € H=M,(L®), vy e MYQC)| | M°,(QO). (3.19)
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Then, o.[Ty, Hy] = —0¢[Ty, H,].

We restate Power’s theorem under the weaker condition (3.1.9), a result of independent

interest. In particular, it yields a result parallel to the theorem above.
Theorem 3.1.3. If g € L™ satisfies condition (3.1.9), then o.(H,) = —0.(H,).

In Section 3.5, the difference in strength between conditions (3.1.7) and (3.1.9) will be made
clear using a simple result on support sets which will also yield an equivalent form of (3.1.9). In
addition, we characterize (3.1.9) in terms of QC' functions for conjugates of interpolating Blaschke
products, from which examples are constructed of those products with conjugates satisfying
(3.1.9) but not (3.1.7). These ideas also produce characteristic functions satisfying (3.1.9) but
not (3.1.7). On the other hand, the converse (excluding the trivial case of f = 0) to Theorem
3.1.2 fails. We do not know whether the converse, or certain partial converses, to Theorem 3.1.3
is true. We are also led to ask if there exist f,g € L* such that o.[T}, Hy| is not antipodal

symmetric?

3.2 Localization of distances in unital C*-algebras with centers

The Allan-Douglas localization principle is related to central decompositions of (unital) C*-

algebras and to sheaf theory. This paper uses the following version.

Theorem 3.2.1 ([49, 48, 18]). Let o7 be a C*-subalgebra contained in the center of a C*-algebra
U . For every mazimal ideal o« € M (), let Z, be the closed bideal of % generated by o, and
let &, : U — U ]I, be the quotient map onto the quotient (local) C*-algebra. Then
(i) The map P{Po : « € M(A)} : U — P{¥% /S : a € M()} is an isometric *-
1somorphism.
(ii) Foru e %, the map a € M() — || P (u)|| is upper semicontinuous.

(ili) Forue %, o(u) = J{o(Pu(u)) : a € M(F)}.

The main result of this section states that the distance in a C*-algebra from an element to
a submodule over a central C*-subalgebra equals the maximum of the distances in the local

C*-algebras induced by the subalgebra.
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Theorem 3.2.2. Let o/ be a C*-subalgebra contained in the center of a C*-algebra %, and
M C U be a submodule over of . For every mazimal ideal « € M(<), let &, be the closed

bideal of % generated by o, and let @, : U — U | Z, be the quotient map. Then for v € U ,
d(u, A) = max{d(P,(u), Po(A)) : . € M(H)}.
Proof. First note by Theorem 3.2.1(ii) that the map
ae M) d(Py(u), o (A)) = inf{||Py(u—v)||: ve #}

remains upper semicontinuous, so that its supremum over the compact space M (/) is indeed a
maximum.

Denote the maximum by M and fix an arbitrary € > 0. At every o € M (&),
AP (1), P (M) < M+ € = ||Po(u — va)|| = [|Pa(u) — Po(va)|| < M + €

for some v, € #. Then, for u — v, € %, upper semicontinuity of the map § € M(«) —

|®s(u — v,)]| gives an open neighborhood G, of o with
[®@s(u) = ®g(va) | = [[Ps(u —va)| < M +¢, B € Ga. (3.2.1)

Let {Ga,, ..., Ga, } be a finite subcover of the open cover {G, : « € M (&)} of the compact
space M (&), and let {11, ..., ¢, } be a partition of unity on M (47) subordinate to the subcover.
That is, each ¥y, kK = 1,...,m, is a continuous function on M (&) taking values in [0, 1] and

supported in some G 1 < n(k) < n, such that Y, ¢ = 1. Identifying via the Gelfand

an(k) ?

transform each 1, with an element of o7, we observe that

V=) oWk € M (3.2.2)
k=1

since .# is a module over .«
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Let 5 € M(</). Since ¢y, — ¢(B)e € I3, one has

Ds(r) = Yr(B)Ps(e).

Hence, the image in the local C*-algebra of v € .# defined in (3.2.2) is

m m

(I),B(Ue) = Z q)ﬁ(van(k))®5(¢k> = Z ¢k(ﬁ)®5(van(k))' (323)

k=1 k=1

If £ € {1,...,m} is such that G > B, then [[®5(u) — Ps(va, )| < M + € by (3.2.1). If

A (k)

otherwise G, ,, Z B, then ¥3(8) = 0 since ¢y, is supported in G Therefore, using (3.2.3)

QAn (k)"

and > 7" ¥(5) =1 we have the estimate

NE

[Pg(u) = Pp(v)] < ) r(B)|Pp(u) — Pg(va,q)l

k=1

hE

UV(B)(M +¢€) = M +e.

b
Il

1

We have shown that ||[®g(u — v9)|| = ||Ps(u) — Pg(ve)|| < M + € for every g € M(),
so that |[u — v¢]| < M + € by applying Theorem 3.2.1(i) to u — v € %. Because v € A,
d(u, #) < infg [Jlu — v¢]| < M. The other direction is trivial due to ||®,] < 1, Va € M(<).

This ends the proof. m

Remark 3.2.3. In view of (3.2.2), it suffices to assume A4 + . # C M and M A+ C M, where

&/ is the set of positive elements of .o7.

If the C*-algebra % is commutative, then the localization principle in Theorem 3.2.1 relative
to a C*-subalgebra o/ reduces to the case in which .7, for a € M(&7) is the ideal of the
elements of % vanishing on the fiber M, (%), and ®,, : % — % /.7, is identical via an isometric
isomorphism to the restriction of Z = C(M (%)) to M,(% ). With these observations we have

the following immediate corollary.

Corollary 3.2.4. Let & be a C*-subalgebra of a commutative C*-algebra % , and M C U be a
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module over /. Then

d(u, A) = max{d(u|M (%), M\ M, (%)) : € M()}, u€EU.

Evidently, Corollary 3.2.4 contains Sarason’s result (3.1.3) and Shilov’s result that [123]

d(f, A) = max{d(f| Xy, A|X,) :y € M(Qa)}, [eCX) (3.2.4)

for a uniform algebra A C C(X) on a compact Hausdorff space X, Q4 :== AN A and X, :=
M,(C(X)). For the larger class of .#Z as in Remark 3.2.3, it parallels the Bishop-Glicksberg
theorem for closed ideals of uniform algebras. The proof of the latter is based on different ideas,
and uses the Krein-Milman theorem and the fact that the extreme annihilating measures for the

ideal are supported in maximal sets of antisymmetry for the algebra.

3.3 Compact perturbations of Hankel operators

Consider the C*-subalgebras C; := {f € C' : f = f} and QC, = {f € QC : f = f} of
L. The Allan-Douglas localization principle was adapted to the C*-algebra n7T H(L>) relative
to its central subalgebra 77 (Cs) = C5 [104], and to 7T H(PQC) relative to 7T (QCs) = QC;
[105, 124]. Since Power [104] and M. Hoffman [82] showed that the commutant of 77 H(L>) in
the Calkin algebra is 77 (QC5), the center of @ TH(L>) is precisely nT (QC5). Therefore, one
immediately has the following version of the localization principle for 77 H (L) relative to its
center 7T (QCs) = QC;, where the identification is via f — 77Ty. (Here the ideals .7, are the
Glimm ideals of 77 H(L*).) Theorem 3.3.1(ii) states that restrictions of symbol functions on

fibers dominate the local Toeplitz and Hankel operators.

Theorem 3.3.1. For every x € M(QC5), let . be the closed bideal of #TH(L™) generated by
the mazimal ideal of TT (QCs) corresponding to x, and let ®, : 7T H(L>®) — 7T H(L>®)/.Z, be
the quotient map onto the local C*-algebra. Then

(i) For T € TH(L™®), 0.(T) = J{o(D.(7T)) : x € M(QC5)}.
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(ii) For f € L™ and x € M(QC5), one has
1o (7 Tp) | < WFIMa(L™) oo, [[Pa(mHp) || < | F1Ma (L)oo

Proof. (i) is trivially due to o(7nT) = o(7T, 7 TH(L>)) and Theorem 3.2.1(iii).
For (ii), we use the standard argument by Douglas in [49, Prop. 7.50]. Let M := || f| M, (L*)||x

and fix an arbitrary € > 0. Since the fiber
Mo (L%) C Ue:={& € M(L™) : [f(§)| < M + €},
U, an open subset of M (L), there exists an open neighborhood G, of z in M(QCj) such that
| [{M,(L>):y e G C U (3.3.1)

Choose ¢ € QC; with (M (QCs)) C [0,1], ¥(z) =0, and ¢» = 1 on M(QC5) \ G.. By (3.3.1),
f(1 — 1) vanishes on M (L>*) \ U, while || f(1 — ¥)|Uc||cc < M + €, so

[f(L=)lloe <M +e.
By (3.1.1) and Hartman’s theorem,
Oy (nTy) = Po(Tyy) + Pol(nTr—y)) = Po(wTy)Pu(nTy) + Po(nTr1-y))

where ®,(nTy) = 0 for Y(z) = 0 = 7Ty € F,, and || P (1T 1—y))|| < |f(1 = ¥)||o £ M +e.
Thus we have ||®,(7T})|| < M by sending € | 0.

Similarly, by (3.1.2) and Hartman’s theorem,
Oy (mHy) = Co(mHy)Po(7Ty) + Pu(mHp(1-yp)) = PulmH p(1-y))
where || @y (mHpa—y))|| < [[f(1 = 9¥)||oc £ M 4 €. Thus we have || @, (7Hy)|| < M as well. The
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proof is complete. O]

For z € M(QC5), Power [105] pointed out that the fiber M,(QC) = {y,y}, ¥y = y, and that
y =y if and only if
y € M)(QC)| |M°,(QC) = K. (3.3.2)

We are ready to prove Theorem 3.1.1 by Theorem 3.2.2 and (ii) of Theorem 3.3.1.

Proof of Theorem 3.1.1. Necessity is trivial by setting ¢(y,€) = f,¥(y,e) = g for all y,e. For
sufficiency, fix an arbitrary x € M(QC) with M,(QC) = {y,y} and consider two cases.
First suppose y = 3. Then one has M, (L*) = M,(L>), so that (3.1.4), (3.1.5), and Theorem

3.3.1(ii) give
[Pa(mH ) = Pu(mHyyo))| <€ [[Pa(mHy) = Pu(mHyyo)ll < e
A standard estimate then gives
| (7 H pmHy) = Po(mHoiy, ) THyy.0) | < €l flloo + [19llo0 + €);
while (3.1.6) and y = g imply @ (mHy(y o mHy(ye)) € Pu(mH). Therefore, after sending € | 0,
d(Q,(mHpmHy), Py(nH <)) = 0. (3.3.3)
Next suppose y # 7, and one has

M,(L®) = M,(L>)| | My(L>). (3.3.4)
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For ¢1 = ¢(y,€), 901 = V¥(y, €), 2 = (Y, €), 12 = ¥(7, €), the hypotheses read

1(f = o) IMy (L)oo <& [I(f = d2)[Mz(L7) [0 <6,
1(g = YIMy(LZ) oo <€ [I(g = P2)[My(L>)[loe <,

Hy Hy, € Hie + K(H?), HgHy, € Hiw + K(H?).

Choose n € QC such that n(y) =1, n(y) =0, and set

Ji=n¢1+ (1 —n)os,

k= nY1+ (1 —n)e.

Then one has by (3.3.4) and the construction that

1 = DIMe(LF)|oo <€ [[(g = B)| Mo (L) ]| < €.

As above, it follows that

@, (x HywHy) — @ Hym H)|| < el fll + gl + ) (3.3.5)

where

7THj7THk = 7TH,7¢17TH(1_77)¢2 + 7TH(1_7])¢27TH77¢1

+ wHyg, mHyyy + TH (1), TH (1), - (3.3.6)

For the first two terms of (3.3.6), since mHy, mH,, = mH), for some h € L>, repeated applications

of (3.1.2) and Hartman’s theorem yield

wHyy, mH_pyy, = m1imHy, mHy,n'l_, = 7w HywTh

= rH,nT,n'ly_,, = nHywTh0—y).
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By construction n(1 — n)|M,(L*>®) = 0, so that

Qo (mHyg, mH(1yyp,) = Po(mHp )P (7T 1)) = 0

due to Theorem 3.3.1(ii). Similarly,

(I)x(ﬂ-H(lfn)d)Q 7TH771/)1 ) =0.

For the remaining two terms of (3.3.6), a different arrangement gives

7THT]¢1’/TH”¢1 = 7TH¢17TT777TT777TH¢1 = 7TH¢17TT77777TH¢1,

while 07| M, (L) = 0 implies ®,(77};) = 0. Therefore

Oy (mH g, wHyy,) = 0.

Observing (1 —n)(1 —7)|M,(L>*) = 0 as well, one similarly has

o (mHa e TH—pyy,) = 0.

In view of these assertions and (3.3.6),

(I)x<7THj7THk) =0.

Sending € | 0 in (3.3.5) then gives ®,(mH;mH,) = 0. In particular, (3.3.3) holds.

(3.3.7)

Now set in Theorem 3.2.2 u = tHrH, € n"TH(L>®) = %, o = 7T (QCs) and A = nH .,

and one directly verifies # + # C M, # o/ C A . The latter inclusion is due to

rHynT, = nHy,, he L neQCs.
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Therefore, from (3.3.3) for every x € M(QC5), we arrive at

d(ﬂ'Hf?THg,WHLoo) =0. (338)

By the well-known essential norm formula (cf. [18]) stating that

|\mHy|| = d(h, H>* + C), h € L™,

one has the well-defined linear isometry

h+ (H*®+C) € L®/(H*® + C) v wH, € L(H?)/K(H?),

whose range mH ~ must be closed in the Calkin algebra due to completeness of the quotient space
L>*/(H> 4 C). (This argument is inspired by [117], p. 290). Hence (3.3.8) yields nH;wrH, €
TH e, that is, HiH, € Hi~ + K(H?) as desired. O

Remark 3.3.2. Theorem 3.3.1(ii) also yields a necessary condition for a Hankel operator to be
a compact perturbation of a product of two Hankel operators, and hence in T (L) (see [27,
Sect. 3] for construction of such a noncompact Hankel operator). If for some h, f,g € L™ and
K € K(H?)

Hy,=HH,+ K,

then Hy, for every y € M(QC) \ K° lies in the compact perturbation of the closed bideal J, of
TH(L>®) generated by {T¢ : € € QC5,E(y) = 0}. Indeed, with y # y, we choose n € QC with

n(y) = 1,n(y) =0, and write

mHy = wHymHy = (wHy + 7H ) (T Hyg + 7 Ha-p)g)

to get @, (mHy) =0 as in (3.3.7) for z := y|QCs. That is,

mHy, € Iy, =7J,
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and Hy, € J, + K(H?) as desired. Note K(H?) ¢ J,.

Theorem 3.1.1 gives equivalent local conditions in terms of uniform approximation of L*°
symbol functions on the fibers M,(L*>) over y € M(QC). Theorem 1 in [27] provides sufficient
conditions per support set for the product Hy Hpg,, 01,0> inner functions, and therefore the
product Hzs Hyg, for f,g € H* + C, to be in Hy= + K. It is hoped that these together with
uniform approximation results on fibers of M (L) could be used to approach the compact Hankel
perturbation problem of [27], and that one should have better approximation on the finer fibers
over y € M(QC) than those over A € 0D which only reflect the behavior of symbol functions in
shrinking neighborhoods of A on dD.

3.4 Antipodal symmetry of essential spectra

Let r: M(QC) — M(QC5) be the restriction map and write
KO = T(KO)

for K° defined in (3.3.2). The proof of Theorems 3.1.2 and 3.1.3 requires the construction of QC

functions to go with Theorem 3.3.1.

Lemma 3.4.1. For any open neighborhood U of K in M(QC5), there exist functions qo, q1,q2 €
QC such that Zi:o ¢ =1 qaqqa = G2q2 = 0, and Goqoy = 0 for every b € L™ vanishing on
| M, (L>®) : 2z € U}.
Proof. Fix such U. The subset Ky C M(QC,) is compact since K" is compact in M(QC).
Urysohn’s lemma applies to the compact Hausdorff space M(QCj) to give some py € QCj
satisfying po(M (QC5)) C [0,1], po = 0 on M(QC5)\ U, and py = 1 on Ky. Set p=1—py € QCs.
Then p(M(QCs)) C [0,1], p=1on M(QCs)\ U, and p = 0 on K.

Next define p; € L™ to be p on the upper half of JD and identically 0 on the lower half. Let

p2 = p — p1. That is, ps equals 0 on the upper half and p on the lower half. Obviously,

p1ip1 = p2p2 = 0. (3.4.1)
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Now p € VMO implies, by construction, that p; is of VMO over the upper and lower half of 0D

respectively. Also, p = p implies

+1+6 +1
/ pdf = / pdf, 6> 0. (3.4.2)

+1 +1-6

Moreover, p = 0 on K is equivalent to p = 0 on K°. It follows from the latter and (3.1.8) that

1 +1+6
— pdf — 0 as d | 0. (3.4.3)
20 Ji1-s

Combining (3.4.2) and (3.4.3) gives

1 +14+6 1 +1
—/ pdf = — pdf — 0 as d | 0.

0 Ji1 0 Ja1-s

Therefore, by construction again,

1 144 1 1 1 1+6
- df — — df = — do
5 /1 D1 5 /161?1 5 /1 pdd — 0,

1 [+ 1 1 1 [
- pd@——/ pdﬁz——/ pdf — 0
0 / e 6.1

as ¢ | 0. That is, the integral gaps

Y+1(p1) := limsup

1 +1+6 1 +1
—/ p1d6’ - —/ pldg‘ =0.
440 0 Ja1 0 Ji1-s

It then follows from Lemma 2 in [120] that p; € VMO. So we assert p,p2 € QC.

Note that p(M(QC)) C [0,1] < p(M(L>®)) C [0,1] < p(My(L>®)) C [0,1],¥\ € OD. By
the construction of p; from p and the well-known result (cf. [18, 2.79(a)]) on equality of the
local essential range at A € 0D and the range on M,(L>) of an L* function, one deduces
p1(My(L*>)) C [0,1],VA € 9D, so that p;(M(QC)) C [0,1]. The same holds for p,. Therefore,
there exist [0, 1]-valued continuous functions on M (QC5) and respectively M (QC'), whose squares

equal pg on M(QC5) and respectively py, ps on M(QC), thus giving ¢ € QCs and ¢1, g2 € QC
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such that

It remains to show such qg, q1, g2 satisfy the other two conditions. For k = 1,2 one has by

(3.4.1) that
(Gea)? = a7} = Pipk = 0 = Gigi = 0.
Suppose 1 € L vanishes on | [{M,(L>®) : z € U}. Since gy € QC, one has Gyqot) = g3 = pot)

while pg = 0 on | {M,(L>®) : x € M(QCs) \ U}. So potp = 0 on M(L*>®) and ¢ogorp = 0. The

proof is complete. O

For a unital C*-algebra A and an element a € A, consider the closed span of even and

respectively odd products of a and a* as follows

2m
Se(a) :z@{Hak:ak:aor a*,mZO},

k=1

2n+1
Se(a) :z@{H bk:bk:aora*,nz()}.

k=1

Note S,(a) is a self-adjoint bimodule over the C*-algebra S,(a) with S,(a)S,(a) C Sc.(a). The
following observation is needed in order to apply the results in [103] on odd-even decompositions

of singly generated C*-algebras.
Lemma 3.4.2. S.([T}, H,]) C T(L>) for f,g € L.

Proof. Since [Ty, Hy|* = [H;,T;] = [Hj, Ty], an even product of [Ty, Hy] and [Ty, Hy]* expands
to a sum of products of Toeplitz and Hankel operators each having an even number of Hankel
factors. Invoking the identities (3.1.1) and (3.1.2), an induction on the (even) number of Hankel
factors, and on the gap between the first two Hankel factors, shows that such products of Toeplitz

and Hankel operators lie in 7 (L) (also see [75], p. 133). This completes the proof. O

The proof of Theorem 3.1.2 is modeled after Power’s proof of [104, Theorem 2.4] using instead

the more refined localization in Theorem 3.3.1, and relies on the two lemmas above.
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Proof of Theorem 3.1.2. Tt follows from the discussion preceding the proof of Theorem 3.1.1 that
for every x € Ko, M,(QC) = {y} so that M,(L>) = M,(L>) where y is the unique element of

K° with r(y) = z. Hence (3.1.9) becomes
gIM(L>) € H*®|M,(L>), Vz € Ky,

under the assumption of which the proof will be carried out.
First let x € Ky. It follows from assumption that g|M,(L>®) = h|M,(L*>) for some h € H>,

so that Theorem 3.3.1(ii) gives ®,(7H,) = ®,(7H)) = 0= &, (7T}, Hy]) = 0. In particular,
(@, (x[Ty, H))) = —o(@(x[Ty, 1,]). (3.4.4)

Next consider the case z € M(QCs) \ Ky. Choose an open neighborhood U in M(QC5) of
the compact subset Ky such that o € U. Let ¢ € QC, with ¢(x) =1 and ¢ = 0 on U. It follows
that ¢f = f and ¢g = g on M, (L>) while ¢f = ¢pg =0 on | {M,(L>®) : x € U}. Write a := ¢f
and b := ¢g. Then a =b =0 on | |{M,(L*>) : z € U} while by Theorem 3.3.1(ii)

a=fandb=gon My(L®) = O, (x[T,, Hy)) = Oo(x[T}, H,)). (3.4.5)

In addition, a,b vanishing on | [{M,(L>®) : = € U} implies so for @,b as well. For, given
€ €| {M,(L>®) : z € U}, certainly € o C; € M(L*>). Since (£ o C5)|QCs = £|QC5, one has
EoC; €| M, (L>®) :x € U} as £ does, and the conclusion ensues.

Now let qo, q1,q2 € QC' be the functions constructed in Lemma 3.4.1 that possess the said

properties relative to U. Define a bounded linear operator ¥ € L(7L(H?)) by

U(S) => (xT,)S(rT,,), Se€nL(H).

k=0

Since the commutant of 77 (L>°) equals 77T (QC') and g — 7T, is multiplicative on QC, one has
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for S € 7T (L>) that

2

2
V(S) =Y SaT,nT, =57 Tp =S5

k=0 k=0
So, ¥ = I on w7 (L>®) D Se(m[T,, Hy]) due to Lemma 3.4.2. On the other hand, ¥ = 0 on
S,(w[T,, Hy)). For, each odd product T € wL(H?) of n[T,, Hy] and =[T,, Hy]* equals either
St[To, Hy] or Sw[T,, Hy|* = Sw[Hz, Tz] for some even product S € 77 (L), and therefore by

(3.1.2) assumes the form
T = S1mH, + SemHy + SsmHyy, or T'= SymHg + SsmH; + SemH 3, (3.4.6)

for some S; € ©T(L*),j =1,...,6. Let R := S;mH. be a generic term in (3.4.6) where ¢ € L™

vanishes on | [{M,(L>®) : x € U} as shown earlier. Repeated applications of (3.1.2) yield

2

2 2
U(R) = 8; Y nTy,mHaT, =8; Y alymHey, =—5; Y THge =0,
k=0

k=0 k=0

where we have exploited the implications ¢, € QC = ¢, € QC = nH, = mH; = 0 and the
properties ¢1q1 = Gog2 = Gogoc = 0 due to ¢ vanishing on | [{M,(L>) : x € U}. By linearity and
continuity of W, one concludes that ¥ = 0 on S,(n[1,, Hy]) as desired.

We shall apply throughout this paragraph the results in [103] (cf. [104], Theorem 1.2). Let A
be the C*-subalgebra generated by 7[T,, Hy| in 77 H(L*>). One has the direct-sum decomposition
A = S.(n[Ty, Hy)) @ So(m[Th, Hy]) induced by the idempotent ¥ € L(A) with range S, (7[T,, Hy))
and kernel S,(7[T,, Hy]). Since the bideal ., in Theorem 3.3.1 is invariant for U, there is a unique

idempotent ¥, € L(P,(A)) satisfying the intertwining property
U, ®, = O,V on A, (3.4.7)

where ®,(A) equals the C*-subalgebra generated by ®,(7[T,, Hy]) in the local algebra, and both
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ranV, and ker ¥, are closed. So it follows from (3.4.7) that

ran\lja: = CI):B(Se<7T[Taa Hb])) = (I)x(Se(ﬂ—[Tay Hb])) = Se(q)a:<7r[Taa Hb])),

ker W, D @, (S,(7[To, Hy])) = So( Py (71w, Hp))).
Therefore, one has the direct-sum decomposition

©o(A) = Se(@u(n[Ta, Hy))) @D So(®u(n[Tu, Hy)))

which asserts antipodal symmetry of o(®,(7[T,, Hp])). In view of (3.4.5), then, (3.4.4) stills

holds in this case.

Finally, antipodal symmetry of o.[Ty, H,| follows from (3.4.4) for all z € M(QC;) and The-

orem 3.3.1(1) for [Ty, Hy| € TH(L™).

The proof of Theorem 3.1.3 requires only minor changes and is omitted.

O

Remark 3.4.3. For g € L™ satisfying (3.1.9) and f € L*°, the proofs for [T}, H,| and H, actually

establish the direct-sum decompositions in the Calkin algebra

A(x[Ty, Hy]) = Se(n [Ty, Hy)) @ So(x [Ty, Hy)),

A(mH,) = Se(nH,) @D So(wHy).
For, it is seen from the proof above that
Se(®, ([Ty, Hy])) [ So( @ (w[Ty, Hy])) = {0}, Vo € M(QC).
If S € S(n[Ty, Hy)) ) So( [T}, H,y)), then for every z € M(QC5)
0,(S) € Se(Po(n[Ty, Hy))) () 8ol @u(w[Ty, Hyl)) = {0},

from which Theorem 3.2.1(i) gives S = 0. Thus (3.4.8) and similarly (3.4.9) hold.
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Theorem 3.1.3 has an interesting corollary which would have been available only for continu-
ous Toeplitz symbols under its original condition. Note that if in addition g € PQC' is assumed
in the following result, then o.[Ty, H,] is actually a union of antipodal symmetric line segments,

by the essential spectrum formula [105, Theorem 5] for Hankel operators with PQC' symbols.
Corollary 3.4.4. If f € QC and g € L™, then o [Ty, Hy| = —o [T}, Hy.
Proof. First it follows from (3.1.2), invariance of QC under C, and Hartman’s theorem that for
feQC and g € L™,

w1y, Hy] = m(TyHy) — n(HyTy) = mHj, — wHypg = mH;_p,. (3.4.10)

Then recall for each y € K°, y = 7, hence

(f = PgIM,(L%) = ((f = NIM,(L=))(g1M,(L%)) = (f(y) — f(y))g|M, (L)

= (f(®) = F(Y)gIM, (L) = 0 € HZ|M,(L>).

The proof is complete by (3.4.10) and Theorem 3.1.3. O

For A € 0D and y € M(QC), the fibers F' := M,(L>), M, (L) possess the Clancey-Gosselin
property ([30]; cf. [18, 4.60(b)]). That is, for any inner function u, u|F' € H*®|F < u|F = const.
Hence inner functions u discontinuous at A = 1 or —1 on D do not satisfy (3.1.7) for g = u, albeit
u| M, (L>) over each y € M,(QC) may or may not be constant. See Example 3.5.5 in the next
section for a class of interpolating Blaschke products b discontinuous at A while b| M, (L>) = const
over each y € MY(QC).

We close this section with an application to Hankel symbols ¢ = u or u for quasi-inner

functions u, that is, unimodular functions v in H* + C. Let
Z(u):={me M(H*+C): u(m) =0}

be the zero set of u in M(H> + C). For a subset Q of M(H>™ + C), write Q|QC := {m|QC :
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m € Q} € M(QC). For m € M(H®), let S, be the compact support set of its representing
measure [, on M(L>®), S, a singleton if and only if m € M(L*®), and S,, = M(L*) if and
only if m € D — M(H*). If m € M(H* + C), then S,, C My, joc(L>™) and u|M,oc (L) €
H*®|Mngc(L™). Finally, G denotes the set of nontrivial points of M(H* + C), that is, those
points whose Gleason parts are analytic discs. The following characterization of (3.1.9) for

quasi-inner functions uses the proof of [64, Theorem 3.3].

Theorem 3.4.5. Let u be a quasi-inner function. Then the following are equivalent.
(i) u|M,(L>) € H®|M,(L>), Vy € K°.
(i) Z(u)|QCNK°=0.

(i) (Z(u) ND)IQCNK® = 0.

In this case and for f € L,

oIy, Hy) = —0 [Ty, Hal, 0c(Hy) = —0c(Hy); (3.4.11)

oIy, Hy) = —0 [Ty, Ha], 0c(Hg) = —0.(Hg). (3.4.12)

Proof. 1t is trivial that (i)=-(ii)=-(iii).

Assume (iii) and fix an arbitrary y € K°. Suppose u|M, (L) is not invertible in H>°|M,(L>).
Then u(§) = 0 for some £ € M(H* + C) with S¢ C M,(L>), S¢ not a singleton for |u| =1
on M(L*>®). If £ € G, then we would have y = £|QC € (Z(u)()G)|QC contradicting (iii). By
Corollary 3.2 in [64], the trivial point & € M(H*> + C) \ M (L) then lies in the closure in
M(H> + C) of the subset {x € G : S, C S¢}. Thus for each n € N, there exists z,, € G with
Sz, C Se and |u(z,)| < 1/n. By Theorem 1.2 in [64], the sequence {z,}, in G has a cluster
point x € G. We have S, C S¢ due to each S,, C Sg, and u(x) = 0 for u(xz,) — 0. But
y =z|QC € (Z(u)(G)|QC is again a contradiction to (iii). Therefore, u|M,(L>) is invertible
in H>°|M,(L>), giving u|M,(L>) € H®|M,(L*>). That is, (i) holds.

Now Theorems 3.1.2 and 3.1.3 give (3.4.11). Taking adjoints [T, Hz|* = —[T}, Hg|, H} = Hy,
(3.4.12) follows from (3.4.11). O
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3.5 Investigation of conditions and construction of examples

Recall that a Douglas algebra is by definition a closed subalgebra of L*° containing H*. Let
H>[g] be the Douglas algebra generated by g € L> over H*. For F' a compact subset of M (L)

such that H*®|F is closed in the sup-norm, define the Douglas algebra
Hy ={felL>: f|[F € H°|F}

whose closure in L™ is due to that of H*|F. The maximal ideal space of any Douglas algebra

is identified with its restriction in M (H).

Lemma 3.5.1. For g € L™ and F as above, g|F € H*®|F if and only if g|Sm € H*|S,, for all

support sets S, C F.

Proof. Suppose g|S,, € H*®|S,, for all S,, C F. It is known (Theorem 1.9.7) that for such F’
M(H) = M(L®)| J{m € M(H*®): S,, C F}, (3.5.1)
while Lemma 1.5 in [67] states that
M(H%[g]) = {m € M(H) : g|Sm € H*|Sn}.
It follows from these two equalities and the hypothesis that
M(HE) € M(H>[g)),

so that H*[g] C H by the Chang-Marshall theorem. That is, g € H, and g|F € H*®|F by

definition of H3’. The converse is trivial. O]

Corollary 3.5.2. For g € L™ and A € 0D, the following are equivalent
(i) glMA(L>) € H*[Mx(L>),
(if) glMy(L>) € H*[M,(L>), Yy € MA\(QC).
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Proof. Tt suffices to show (ii)=(i). But this follows from the above lemma, since H>|M,(L>®)

is closed due to M, (L>) being a peak set for H* [93], and the fact {S,, : S,y C My(L>®)} =
Lyenss oy {Sm = Sm © My (L)} O
From this it is clear for general L> symbols that condition (3.1.9) is much weaker than (3.1.7),

because MY (QC) is just a small subset of M,(QC) ([120], p. 823). Next, we use Lemma 3.5.1

to derive an equivalent form of (3.1.9). Define the compact subset of M (L>)
FP(K®) =] [{M,(L>):y € K"}

as the pre-image of K° under the restriction map from M (L>) onto M (QC).
Proposition 3.5.3. Condition (3.1.9) is equivalent to g|F(K°) € H*®|F(K°).

Proof. First we show (H>*+C)|F(K°) C H®|F(K"), so that (H*+C)|F(K°) = H*®|F(K"). Let
h € H* and ¢ € C. Since F(K") partitions in F(K°) (| M;(L>) = F; and F(K°)(\M_1(L>) =
F_1, ¢|F(K?) assumes the constant ¢(1) on F} and ¢(—1) on F_;. For the function ¢ € H* (" C
given by

6(2) = 271 [(e(1) — e(=1))z + (1) + (1),

we have ¢(1) = ¢(1), ¢(—1) = ¢(—1), and (h + ¢)|F(K°) = (h + ¢)|F(K°) € H®|F(K") as
desired.

Next we show the restriction (H> + C)|F(K?) is closed. Write
K" = ﬂ{G : G an open neighborhood of K° in M(QC)}. (3.5.2)

For every such G, choose fg € QC such that fg on M(QC) ranges in [0, 1], f¢ =1 on K° while
fe=0on M(QC)\ G. Consider the compact set F := {y € M(QC) : fa(y) = 1}. Evidently,
fa peaks (cf. [93]) on Fg, so (|, Fe is a weak peak set for QC on M(QC). By construction,
K® C F; C G, so that K° C Ny Fe € NgG = K in view of (3.5.2). It follows that the pre-
image F(K°) in M(L>) is a weak peak set for QC, a fortiori for H* + C, on M(L*). Hence,
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the restriction algebra (H> + C)|F(K?) is closed by a well-known result on uniform algebras (cf.
[93])-

Now that H>°|F(K") is shown closed, the nontrivial direction of the proposition follows from
Lemma 3.5.1 and the fact that {S,, : S,, C F(K°)} = [l cxo{Sm : Sm C M,(L>)}. This

completes the proof. O

For their inherent importance, we shall construct examples of interpolating Blaschke products
b with g = b satisfying (3.1.9), thus showing antipodal symmetry (3.4.11), (3.4.12) for such u = b,
while condition (3.1.7) fails. To do so, we first characterize condition (3.1.9) for g = b in terms of
existence of certain QC functions. For f € L™ and z € D, f(z) denotes the harmonic extension.
Since (3.5.3) is equivalent to lim; 41 ¢(t) = 0 for ¢ € QC ([120], Lemma 5), the characterization
requires that if z, — 41, the convergence be adequately tangential as measured by boundary

behavior of harmonic extensions of QQC' functions.

Proposition 3.5.4. Let b be an infinite interpolating Blaschke product with zero sequence {zy,},,

in . Then condition (3.1.9) holds for g = b if and only if 3¢ € QC,

1 +1+06
(lsl_rf(l) % J.i s ¢df =0 (3.5.3)
and lim ¢(z,) = 1. (3.5.4)
n—oo

Proof. In view of Theorem 3.4.5 (i)<(ii), it suffices to prove the equivalence with
Zb)QC(K* =0 (3.5.5)

in lieu of (3.1.9) for g = b. Since Z(b)|QC and K are compact subsets of M(QC), (3.5.5) is in

turn equivalent to the existence of ) € QC such that

=0 on K, (3.5.6)

=1 on Z(b)|QC. (3.5.7)
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Fix an arbitrary function f € QC. It follows from (3.1.8) that f satisfies (3.5.3) if and only
if it does (3.5.6). We claim that f satisfies (3.5.4) if and only if it does (3.5.7). For, in this case
Z(b) = {zn}n \ D [79] consists exactly of the cluster points of the sequence {z,}, in M(H>). If
(3.5.4) holds for f, and a subnet z,, — m in M(H>), then /i, — juy in the weak-star topology
of C(M(L*)))*, and the implication

f(an) = /M(LOO) fd/’l/ZnB - fdpm = f(m|QC) =1

M (L)

yields (3.5.7) for f. Conversely, any subnet {z,_}., has a cluster point £ € Z(b). Passing to

another subnet still denoted by {z,, }. for convenience, we deduce

Zne =& = flan,) = [EQC) =1

assuming (3.5.7) for f. That is, every subnet of {f(z,)}, has a subnet converging to 1, hence

we get (3.5.4) for f. The proof is complete. O

The following construction of QC' functions is enabled by [70, Lemma 1] which states that for
any pair of concentric subarcs J C I of JD, there exists a [0, 1]-valued function f € C with f =1
onJ, f=0off I, and || f||mo < M/In(6(1)/6(J)). Here M € (0,00) is a universal constant and
| [|Bao is the maximum-mean-oscillation norm. We note in passing that related constructions

using this result are also found in [15, 142], but our focus is condition (3.5.3), (3.5.4).

Example 3.5.5. Given three infinite sequences {7}, {ts }n, {Pn}n of positive numbers under the

following set of conditions

ry>re > — 0, (3.5.8)
>ty > =0, (3.5.9)
1/2> 1 +t,/2, (3.5.10)

Tn = Tnt1 2 tn, (3.5.11)
inf{p,+1 —pn: n €N} >0, (3.5.12)
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> 1/pn < o0, (3.5.13)

write s, := t,e P and choose j, = +1,n € N, at will. Let
Zn = (1 — 8,)e?™™ ¢ D.
The sequence {z,}, is exponential, hence interpolating (cf. [62]), for
(1= l2nse1D)/ (1 = |2ul) = sugr /50 S e7Pm41 fe7Pn < e bnlmnmpn) <

by (3.5.9), (3.5.12). Let b be the interpolating Blaschke product with zeros {z,},. Let J, C I, be
the concentric subarcs centered at z,/|z,| with 0(J,,) = s,,0(1,) = t,, and let f,, be a [0, 1]-valued
continuous function with f, = 1 on J,, f, = 0 off I,,, and ||f.|lsmo < M/In(0(1,)/0(J,)) =

M /p,. By (3.5.9), (3.5.11), the support subarcs {I,,}, are pairwise disjoint. Now define

b= fun O-= > fo, b=bp+¢-

Jn=1 Jn=-—1
pointwise. Evidently, ||¢4|/c < 1. Since the convergence of the continuous partial sums to ¢ is
in the BMO norm due to ) || fullBmo < 0o by (3.5.13), and since VMO D C is closed in the
BMO norm, ¢.,¢ € VMO L>® = QC. The function ¢, vanishes on a subarc (1 — ¢, 1) for
some € > 0 so that the integral gap v1(¢4) = 0 for ¢, € VMO implies

1 1+46 1 1+46
i |, e =l [ o0 =0

and similarly for ¢_. This verifies (3.5.3) for ¢, ¢ vanishing in a neighborhood of A = —1 due
to (3.5.10). Since 1 — |z,| = s, = 0(J,) — 0, J, centered at z,/|z,| and € normalized, ¢ € QC

satisfies ([120], Lemma 5)
1

o)~ g [ ot 0
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while by construction

odd = | ¢ dd+ | ¢_do= | f.d0=0(J,).
In In In Jn

These verify (3.5.4). Therefore, Proposition 3.5.4 asserts condition (3.1.9) for ¢ = b. On the
other hand, s,, — 0 and j,r, — 0 give z, — 1. Thus b is discontinuous at 1 on 0D and condition

(3.1.7) fails for g = b. An easy choice for the sequences is
T'n = (TL + 2)715 tn = (TL + 3)725 Pn = pn’ p> L.

Finally, given j, = £1, {r,}, and {p,}, satisfying (3.5.8), (3.5.12), (3.5.13), one can then
inductively define {t,}, satisfying (3.5.9), (3.5.11), and {z,}, satisfying
—1/2n

P(2ny 2k) = |2zn — 2k| /|1 — Zrzn| > € , n>k.

Therefore, {z,}, can in fact be taken to be a sparse sequence, that is,

T}LIEO Hp(zn, z) = 1.
k#n

Let {z,}, be a sparse sequence constructed in the preceding example. We have shown that
({2} \ D)QC (| MP(QC) = 0, (3.5.14)

while z, — 1 implies
{zatn \D C Mi(H® + C) = ({22} \ D)|QC C M:(QC). (3.5.15)

Consider the injective [83, Lemma 5] thus homeomorphic embedding m € {z,}, \ D — m|QC €
M, (QC) \ MY(QC) by (3.5.14), (3.5.15). Since the Stone-Cech compactification {z,}, of the

discrete space {z, }, is uncountable and totally disconnected, and so is {z,}, \ID = {z. }» \ {20 }n,
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there are uncountably many totally disconnected {y = m|QC} C M;(QC) \ MY(QC) such that
each M,(L>) D S, for a sparse point m € G. Meanwhile, for every y € M?(QC), a refinement
of the argument in [120], p. 826, and [64, Corollary 3.2] give an m € G with S, C M, (L>). We
have therefore the following result on support sets of nontrivial points, part of which will yield in
the next example characteristic functions satisfying (3.1.9) but not (3.1.7). Note that by a result
of K. Hoffman (cf. [79]), M\(H*> + C) for A € 9D is connected and so is its continuous image
M,(QC). Also note that for y € M(QC), M,(L>®) is not a singleton if and only if it contains
S, for some m € M(H™ + C) \ M(L*>) ([84], p. 183), and that such m can indeed be taken in

G. However, it is an open problem if all fibers of M (L>) over M(QC') are non-singleton.

Proposition 3.5.6. Let A € 0D. Then there exist uncountably many totally disconnected y &
My(QC) \ MY(QC) such that each M,(L>*) D S, for a sparse point m € G, while for every
y € MY(QC) there exists m € G such that M,(L>®) D S,,.

Ezample 3.5.7. Choose any y € M;(QC) \ MY(QC) such that M,(L>) contains at least two
distinct points, say &1,&. Let B Z & be a clopen subset of M (L) containing the compact
F(K® | J{&}. The characteristic function 1z € C(M(L*>)) equals 1 identically on each fiber
of M(L*®) over K° so that g := 1y + 1g, V the corresponding Borel subset of dD, satisfies
(3.1.9). But 1g(&) = 1, 1g(&) = 0 imply 1g|M,(L>®) ¢ H>|M,(L>) for 1g is not constant
on the fiber M,(L>) [63, Theorem 2.8]. Thus, 15|M;(L>®) & H>|M;(L>) and g = 1y does
not satisfy (3.1.7). Moreover, a result of Marshall states (cf. [62]) H*®[lg| = H*[u] for some
inner function u, while a result of Younis [150] asserts H>®[u] = H>[b] for some interpolating

Blaschke product b. Then H>®[1p] = H>[b] implies b like 1p satisfies (3.1.9) but not (3.1.7),

giving indirect constructions of such products.

Remark 3.5.8. Incidentally, the Blaschke products b with zero sequence {z,}, C D of Example
3.5.5 satisfy [Hj, T.] € K(H?), due to (z — 2)b € C, while [H, Tf] € K(H?) for a family of QC
functions f. See [15] and [27, Sect. 4] for background and related constructions. To prove the

latter, take any m € {z,}, \ D. Then

y:=m|QC € Mi(QC)\ M{(QC)
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implies y # 7. Let f € QC with f(y) # f(y). Since b|S,, € H*®|S,, due to b(m) = 0, and
(f = F)|Sm = const = f(y) — f(7) # 0 due to S,, C M,(L>®), we have (f — f)b|Sp & H*|S,.
So, (f — f)b & H™ + C, and [Hy, Ty] & K(H?) in view of (3.4.10).

Lastly, the necessity of condition (3.1.9) to Theorem 3.1.2 will be examined. Although the
following example uses PQC' functions for the Hankel symbol, functions of other special types
are readily seen to exist, although not necessarily easy to explicitly construct, that fail condition
(3.1.9). In fact for each y € K° M, (L*>) contains a non-singleton S,,, so that there exists an
inner function (even an infinite Blaschke product) u with |m(u)| < 1. Since the corresponding
m € M(H*) induces an element in M (H*|M, (L)), the unimodular u|M,(L>) is not invertible
in H>°|M,(L>). That is, u|M,(L>®) ¢ H>|M,(L>®) failing (3.1.9) for ¢ = u. However, one

evidently does not know the exact form of such wu.

Ezample 3.5.9. Since M, (PQC) over y € M41(QC)\ K" is a singleton ([120], Lemma 13 and sur-
rounding remarks), M,(L>) is a fiber over a point of M (PQC'). Hence it follows from Corollary
3.5.2 that a function g € PQC satisfies (3.1.9) if and only if it satisfies (3.1.7). By the local ver-
sion of Lemma 10 in [120], closure of the fiber algebra H>|M,(L>), and [18, 2.79(b)], the latter
in turn amounts to the vanishing of the integral gaps v+1(g). Since in particular any g € PQC
with a jump discontinuity g(A+) # g(A—) at either A = 1 or —1 has y,(g) = [g(A+) —g(A—)| # 0,
one has a large class of explicit counter-examples, in view of Corollary 3.4.4, to show that the

converse to Theorem 3.1.2 does not hold.

To conclude this section, we note that although there are Hankel operators with non-symmetric
essential spectra, for instance o.(H,) = [0, 7] if H, is represented by Hilbert’s matrix, the author
has not succeeded finding a non-symmetric essential spectrum of the commutator [Ty, H,| for

any f,g € L*™.
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Chapter 4

Toeplitz, Hankel, and Composition Operators of Special
Symbol Classes

4.1 Overview

Let C; be the composition by the complex conjugate z € D — z € 9D and write f := Csf =
foz f*:= f: f, for any function f on dD. Recall that PQC' is the C*-algebra generated by
PC and QC in L* over the circle 9D. For a subset S C L, T(S) and TH(S) denote the norm-
closed subalgebras of £(H?) generated by the Toeplitz and, respectively, the Toeplitz and Hankel
operators with symbol class S. Also write Hg := {H; : f € S}. Let F(H?) be the set of finite-
rank operators on H?, K(H?) the ideal of compact operators, and 7 : L(H?) — L(H?)/K(H?)
the quotient map onto the Calkin algebra.

In [69, Theorem 10] several sufficient and necessary conditions, (2) through (5), were derived
for the compactness of a finite sum »_,_, Hy, Hy, of products of Hankel operators with L
symbols f and g,. The key to the proof is a distribution function inequality involving harmonic
analysis, which asserts compactness of the sum from condition (2). The main interest, however,
lies in conditions (4) and (5), in terms of membership of certain linear combinations of the symbol
functions in the restriction algebra of H* on each support set in M (L), and in terms of certain
Douglas algebras generated by the symbols, respectively. When n = 1, the matrices A and R
in those conditions are simply scalars and thus explicit, resulting in explicit characterizations
in [154] of compact semicommutators Ty, — TyT, = H iy of Toeplitz operators, which adds to

and provides an alternative proof of the Axler-Chang-Sarason-Volberg theorem [11, 139]. When
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n = 2 and for the commutator [Ty, Ty| = TyT, — T, Ty = H;H_,+ HzHy, a peculiar cancellation
mechanism allows for explicit characterizations of essentially commuting Toeplitz operators [67,
Theorem 0.6, 0.8]. Also see [66, Theorem 20] for the case of HH, + HzH;. However, for a
general sum Hy H,, + Hy,H,, of two products, the lack of knowledge about A and R leaves such
results out of reach.

Hankel operators with PQC' symbols extend those with PC' symbols which continue to be
studied in the recent literature, e.g. [108, 56]. Motivated by the considerations above, and
after obtaining distance formulas from a PQC function to restriction algebras of H>, we treat in
Section 4.3 commutators [Hy, Hy| with f, g € PQC. By (3.1.1) and since PQC is invariant under
Cs, w[Hy, H,] lies in the commutative C*-subalgebra 77 (PQC) of the Calkin algebra, so that the
essential norm ||[Hy, H,l||e = ||7[H, H,]|| and essential spectrum o.[Hy, H,| = o(n[H, Hy]) can
be obtained by Sarason’s description [120] of the Gelfand transform of 77 (PQC'). In particular,
every such commutator is normal plus compact, and the compact commutators are characterized
in explicit terms just like [66, 67, 75]. As a special case, essentially normal Hankel operators with
PQC symbols are characterized. These results have certain contact with the Brown-Douglas-
Fillmore theory.

Recall that for a subset S C L* and a collection I' of analytic self-maps of D, TC(S,T")
denotes the C*-subalgebra of L(H?) generated by the Toeplitz operators with symbol in S and
the composition operators with symbol in I'. Such Toeplitz-composition C*-algebras on H? are
first studied in [87, 88] with the focus on continuous Toeplitz operators and linear fractional com-
position operators. The latter fall into two classes, automorphisms or otherwise, with differing
structures of the algebras. The cases of piecewise continuous Toeplitz operators and composition
operators defined by finite Blaschke products are respectively considered in [122, 76].

For I' a non-elementary discrete subgroup of automorphisms of D, it is shown in [87] that
the Calkin C*-subalgebra C(I')/KC = TC(C,I")/K is isomorphic to the crossed product C' x I'
determined by the homeomorphic action of I' on dD. Extending [87, Theorem 3.1], Section
4.4 shows that the larger algebra TC(QC,I")/K is isomorphic to the crossed product QC x T’

for the action of I' on QQC' by composition, after deriving some properties of the associated
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homeomorphic group action on M (QC'). Then considering in Section 4.5 the special case of
I' being the finite cyclic group generated by a rational rotation v of the disc, the Fredholm
operators in TC(QC, ) are characterized, which generalizes part of the corresponding result in
[86] for continuous symbols. Although certain evidence seems to suggest that the index formula
should extend as well, we have not yet found a proof.

Now let ¢ be a non-automorphism, linear fractional self-map of D with ¢({) = n for a
pair (,n € 0D (that is, Cy is not compact). Then the results in [90] on compact Toeplitz-
weighted composition operators and the explicit formula [41] for the adjoint Cy imply that
continuous Toeplitz operators interact with C, like constant multiples, and that C} equals a
constant multiple of a closely related composition, both modulo K(H?). Letting T' € L(H?)
[T] € L(H?)/K(H?) be the quotient map onto the Calkin algebra, these key properties were
first found and used in [88] to construct an isomorphism of the non-commutative C*-algebra
[TC(C,9)], p(¢) = n # ¢, based on Allan-Douglas localization [49, 18], by which essential spectra
of operators in TC(C, ¢) were explicitly computed. See [89, 110] for further developments along
these lines. On the other hand, for ¢ fixing (, isomorphisms of [TC(C, ¢)] were established
in [109] depending on parabolicity of ¢. In particular, the isomorphism [109, Corollary 6.6] of
the non-commutative [TC(C, ¢)] for a non-parabolic ¢ involves a crossed product of continuous
functions by a cyclic group action of infinite order, under which essential spectra remain elusive.

While piecewise continuous Toeplitz symbols were considered in [122], quasicontinuous sym-
bols have fundamentally different behavior. In fact, PC'()QC = C by Sarason’s characterization
[119] of QC indicates they extend C' in different directions. Section 4.6 investigates Toeplitz-
composition algebras generated by certain PQC' symbols and a ¢ fixing a boundary point. For
the parabolic case, we consider the commutative Calkin C*-subalgebra of the generators and
obtain the complete fiber structure of its maximal ideal space. This is achieved in part by lever-
aging Sarason’s work [120], and in part by a direct-sum decomposition using partial knowledge
of the maximal ideals which then uncovers the complete structure. For the non-parabolic case,
however, we consider a commutative non-self-adjoint Calkin subalgebra instead. The maximal

ideal space is similarly described, and the fairly large yet proper Shilov boundary is identified on
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the basis of the Toeplitz C*-subalgebra and an abundance of singleton fibers. Essential spectra
and Fredholm indices are then obtained as a result of these identifications.

There are several reasons for the choice of the commutative non-self-adjoint algebra in lieu
of the larger non-commutative C*-algebra for the non-parabolic case. The crossed-product ap-
proach as in [109] seems intractable due to the elevated complexity of the PQC' functions. The
localization approach used in [88] derives its effectiveness from the availability of a large central
C*-subalgebra containing a crucial element generated by C, and C} due to [C4]* = 0. For ¢
fixing a boundary point, this critical feature disappears and the localization approach seems in
doubt. On the flip side, one does lose the ability to bring C7 in the combination for spectral
analysis, in contrast to the C*-algebraic approaches.

We end this section by recalling additional notations. The spectrum of an element a of a
unital Banach algebra U is denoted by o(a), or more specifically o(a, U) when subalgebras are in
the context, and the spectral radius by p(a). The maximal ideal space M(A) of a commutative
unital Banach algebra A is equipped with the Gelfand topology, and the fiber M,(A) consists
of the extensions in M(A) of x € M(B) for a subalgebra B. C(Q2) stands for the commutative
C*-algebra of continuous complex functions on a compact Hausdorff space €2, while C' is reserved
for that on dD. The homeomorphism group of Q is written Homeo(2). The automorphism
group of a C*-algebra A is written Aut(A), while the group of conformal automorphisms of D is

denoted by Aut(D).

4.2 The distance from a PQC function to restrictions of H>

For reference throughout this and the next section, we first recall the structure of the fibers
My\(QC) over A € 0D = M (C'), and M,(PQC) over y € M(QC). The closed ideal {f € QC :
f(A+) = 0} of QC corresponds to a unique compact subset My (QC) of M(QC), in that the
ideal consists of all QC' functions vanishing on M, (QC). One similarly determines M (QC).

For 0 > 0, let m, s in the closed unit ball of the dual space QC* be the averaging functional over
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the subarc (A — 9, A + 9) of OD centered at A, and define
MY(QC) :={mys:0 > O}HM(QC) = {limm, 4, : limd, = 0} (4.2.1)
in the weak-star topology in QC*. Sarason proved that [120, Lemma 8]

M (QC) | M7 (QC) = MA(QC), M (QC) (M (QC) = MJ(QC),

and that ([120], Lemma 13 and surrounding remarks) M, (PQC) over y € M (QC) \ M{(QC)
consists of a single functional y=+, whose action on f € PC gives f(A%), while M, (PQC)
over y € MY(QC) consists of two distinct functionals y+,y—, again determined by f(y=+) =
f(A+),Vf € PC. Following [105], the jump of g € PQC over y € MY (QC) is

gy =2""(g(y+) — g(y—)).

Identifying L functions with their Gelfand transform on M (L>), let H*°|F be the restriction
algebra of H* to a compact subset F' C M (L>). For m € M(H*> + C), let u,, be its unique
representing measure on M (L>). The support set of y,, is denoted by S, the smallest compact

subset of M(L*>) satisfying p,,(S,,) = 1. For y € M{(QC), write
Smgs = Sm [ | My (L), Smye = S [ | My—(L™).

Using a key idea from Sarason’s proof of [120, Lemma 10], we have

Lemma 4.2.1. If Sy, 4, Sy # 0, then one has in the sup-norm that
d(g|Sm, H*|S) = |g,], Vg € PQC.

Proof. Since such S, is a set of antisymmetry for H* + (', it is contained in a unique fiber
of M(L*®) over M(QC). It is clear then S,, C M,(L>) by hypothesis, which together with
M, (PQC) = {y+,y—} gives the nontrivial partition S,, = Sy, 4+ || Smy— where g € PQC
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assumes g(y+) on Sy, 4, g(y—) on Sy, ,—. Considering the constant function (g(y+)+ g(y—))/2
in H*, one has that the distance is at most 27 g(y+) — g(y—)| = |gy |-

To prove the reverse direction, suppose ||g|Sy — h|Sn|| = d < |g,| for some h € H*. Then,
one has h(Sp.y4) C D(g(y+),d), B(Smy-) C D(g(y—),d), while D(g(y+),d) ND(g(y—), d) = 0.
It follows from Runge’s theorem applied to the compact D(g(y+),d) | |D(g9(y—), d) in C that the
real non-constant indicator function 1g,, . on S, can be uniformly approximated by polynomials
in h|S,,. Since H*|S,, is closed in the sup-norm, this implies 1g,, . € H*|Sy,, a contradiction
to the fact that S,, is a set of antisymmetry for H>°. Therefore, ||g|S,, —h|Sm|| > |g,|, Vh € H*,

which proves the lower bound for the distance. O

For f € L™ and z € D, let f(z) be the harmonic extension of f at z via the Poisson kernel
P,. Given y € MY(QC), by showing the existence of an S,, satisfying the lemma’s hypothesis, we
obtain the following distance formulas. Such S, for every y € MY(QC) is obtained by refining

an argument used by Sarason ([120], p. 826) which yields such S, only for some y € MY(QC).

Theorem 4.2.2. For A € dD, y € MY(QC), and g € PQC, one has in the sup-norms

d(g| M, (L>), H*|M,(L¥)) = |g,| (4.2.2)

= max{d(g|Sm, H*|Sm) : Sm C M,(L>)}, (4.2.3)

where the mazimum is attained at any Sy, satisfying Sm y+, Smy— 7# 0.

In particular, the following are equivalent:

(i) gy =0,
(i) g[M,(L>) € H*[M,(L>),
(ili) g|Sm € H*®|Sy, for every S, C M,(L>).

Proof. Since y € MY(QC), a net {t,}, C (0,1) exists ([120], p. 822) such that lim, ¢, = 1 and

lim f(t.A) = y(f),  Vf € QC. (4.2.4)

Meanwhile, the net {t,A}, C D < M(H®) has a cluster point in M (H>°). Passing to a subnet
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if needed, we have lim,, t,A = m in M (H*°) for some m € M(H*)\ D = M(H*> + C), due to
lim, t,A = A € 0D in C. Then we have weak-star convergence in the dual space C'(M (L>))*,

that is

lim f(t,0) = lim [ fPdd = / Fdu, Vf € L (4.2.5)
w v Job Sim

Combining (4.2.4) and (4.2.5) yields

y(f) = / fd = m(f), ¥feQCC H®+C.

m

That is, m € M,(H> + C'), which asserts S,, C M,(L*) by a standard fact (cf. [18]). Define
X € PC to be 1 on the half circle originating counter clockwise from A € 0D, and 0 elsewhere.

One has

X(y+) =x(M) =1, x(y—)=x(A-) =0,

and x(t,A) = 1/2 by reflection symmetry of the Poisson kernel P,y on dD about the diameter
[—A, A]. Then (4.2.5) applies to x and yields

1/2=/ xdumz/ Xdum+/ Xpim
m Sm7y+ S,

m,y—

= X(WH)tm (Smyt) + XW=)m (Smy—) = Hm(Smy+)-

In particular, Sy, 4+, Smy— # 0. Since d(g|M,(L>), H*|M,(L>®)) < |g,| by invoking the constant

function (g(y+) + g(y—))/2 again, Lemma 4.2.1 gives

d(g| M, (L>), H>|M, (L))
> sup{d(g|Sm, H*|Sm) : Sm © My(L7)}

Z’gy’

>d(g| My (L), H*|M, (L)),

So, we have equality across, and the supremum is actually a maximum which is attained at any .5,
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satisfying Sp, 4, Smy— # 0. Lastly, (1)< (ii) follows from (4.2.2) and the fact that H>°|M,(L>)

is closed, and (i)<(iii) from (4.2.3) and H°|S,, being closed. O

Remark 4.2.3. Let G be the set of nontrivial points of M (H> + C'), that is, those points whose
Gleason part consists of more than one point [82]. It is known that G C M (H>*+C)\ M (L>). If
y € M)(QC), then there indeed exists n € G such that S, ,+,S,,— # 0. For, let m € M,(H*+C)
and x € PC be as in the proof above. Then in particular m ¢ M (L>). By [64, Corollary 3.2],
me — m in M(H*) for a net {my}, in G with S,,, C S,, C My(L>), so that weak-star

convergence i, — [, of the representing measures gives

[ v
Sma S,

— XApty, = 1/2.
Sm

XA, "‘/ Xy = fm, (Sma,y+)
S,

ma,y+ Mo,y —

Thus, fim, (Smay+) € (0,1) for some m,, and n =m, € G gives S, 1, Syy— # 0.

Analogous to [120, Lemma 10], a global distance formula from a PQC function to H> + C'

in L follows, in terms of the size of the jumps of the PQC function.

Proposition 4.2.4. If g € PQC, then
d(g, H® + C) = max{|g,| : y € M{(QC), X € OD}. (4.2.6)

Proof. Since each maximal set of antisymmetry for H> + C' on M (L*) is contained in a fiber
M,(L>*) over y € M(QC), and (H* + C)|M,(L>*) = H>®|M,(L*>), the Bishop-Glicksberg

antisymmetry theorem gives
d(g, H + C) = max{d(g|M, (L), H*|M,(L™)) : y € M(QC)}.

On the other hand, M,(PQC) over each y € M,(QC)\ M)(QC), X € ID, is a singleton, so that
g € PQC is constant on such M, (L>) and that d(g|M,(L>), H*|M,(L*)) = 0. Thus the above

expression together with (4.2.2) yields (4.2.6) at once. O
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It follows from [120, Lemmas 9, 10] that the distance from a PQC function to H* + C' equals
the distance to the proper subset QC. We give an alternate proof of this fact avoiding some of

the rather involved function theoretic constructions on the circle.
Proposition 4.2.5 (Sarason [120]). If g € PQC, then d(g, H*® + C) = d(g,QC).

Proof. The Bishop-Glicksberg theorem applies to the C*-subalgebra QC on M (PQC') and gives

d(g, QC) = max{d(g|M,(PQC), QC|M,(PQC)) : y € M(QC)}.

One has d(g|M,(PQC), QC|M,(PQC)) = 0 for the singleton M, (PQC) over each y € M)(QC)\
MY(QC), A € dD. On M,(PQC) over y € M{(QC), g assumes two values g(y+), g(y—), while

QC|M,(PQC) consists only of constants. Since for ¢ € C,
2(lg(y+) = el Vlgly=) = ¢l) = lgly+) — el +19(y=) = c| = [g(y+) = 9(y=)[ = 2lgy|
and equality is attainable, d(g|M,(PQC), QC|M,(PQC)) = |g,| for such y. Therefore,
d(g,QC) = max{|g,| : y € MY(QC), A € D},

which together with Proposition 4.2.4 completes the proof. O

Remark 4.2.6. For f € L', Sarason [120] defined its integral gap at A € OD as

1 A+0 1 A
- df — — deo| .
o= |1

m(f) = limsup | < A 5/

510

In the proof of [120, Lemma 10], Sarason also showed, in view of [18, 2.79(b)], that on the coarser
fibers My (L>) over A € oD

d(g|MA(L®), H®|MA(L)) = 27'7,(9) (4.2.7)

= max{d(g|Sym, H®|Sy) : Sy © My(L™)} (4.2.8)
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for g € PQC'. Since H>®|M,(L>) is closed, the following are in fact equivalent:
(i) m(g9) =0,
(ii) g|MA(L>) € H*|M)(L*>),
(ili) g|Sm € H™|S,, for every S,,, C M,(L>).
Therefore, Theorem 4.2.2 and Proposition 4.2.4 constitute a complete analog on the finer fibers
over M(QC) to Sarason’s result, which will be used to analyze Hankel operators in the next

section. This analogy also links v, (g) and |g,| as follows.

Corollary 4.2.7. If A € 0D and g € PQC, then

(g) = 2max{|g,| : y € M (QC)}. (4.2.9)

Proof. One has {Sy, : S C MA(L®)} = |, car, 0oy 1m © Sm C My(L>)}, and g is constant on
Sy for y € My (QC)\ M{(QC) and S, C M,(L>). The conclusion then follows from (4.2.8) and
(4.2.3). O

4.3 Commutators of Hankel operators with PQC symbols

This section concerns the commutator [Hy, H)| = HfH,—H,H; for f,g € PQC. The key starting
point is Sarason’s determination ([120, Lemma 14, 15, 16]; cf. [105, Theorem 4], [18, 4.87]) of
the Gelfand transform of 77 on the fibers M, (7T (PQC)) over y € M(QC) = M(nT (QC)).

Theorem 4.3.1 (Sarason). Let A € dD. If y € M (QC)\ MY(QC), then M,(rT(PQC))
consists of a single functional assuming the value f(y+) at each Ty, f € PQC; If y € M{(QC),
then M, (7T (PQC)) is homeomorphic to [0, 1] via the *~isomorphism between C(M, (7T (PQC)))
and C[0,1] determined by

mTy|My(rT(PQC)) = (t € [0,1] = tf(y+) + (1 = 1) f(y—)), f € PQC.

The algebra PC'is clearly invariant under the action of C5. So are VMO, L*°, and hence QC'.

Consequently, PQC as generated by PC and QC'is also invariant under C. Also, M (QC) C QC*
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is invariant for the adjoint C% € L(QC*), and both C% and C%|M(QC) are homeomorphisms in
the weak-star topologies. The same holds for PQC. Write y := Ciy = yo C; € M(QC) for
y € M(QC) and use the same notation y£ € M(PQC) for y£ € M(PQC). The map C% has

the following properties, part of which was indicated and used without proof in [105].

Lemma 4.3.2 (cf. [105]). Let A € D and y € M(QC). Then,

Proof. Since the map C; takes the ideal {f € QC : f(A+) = 0} to the ideal {f € QC :
f(A=) =0}, and {f € QC : f(A\=) = 0} to {f € QC : f(A+) = 0}, one has by definition
that g € M (QC) if y € M (QQO), from which (i), (ii), and the necessity part of (iii) follow
in view of M (QC)N M5 (QC) = M(QC). The sufficiency part of (iii) follows from (4.2.1),
weak-star continuity, and the fact that my,s, 6 > 0, are all fixed by C%. Finally, (iv) is due to
fO\£) = fOAF) for f € PC, and (v) to C2 = I. O

It immediately follows from definitions and Lemma 4.3.2 (iv) that, for « € C, f,g € PQC,

A€ 0D and y € MY(QC),

(af + g)y = O‘(fy) + 9ys (4.3.1)
fy - _fﬂ’ (4'3'2)
fr=—1 (4.3.3)

The essential spectrum and essential norm of [H, H,] are obtained as follows, after an elementary

identity is recorded:

[tac + (1 — £)bB] — [ta + (1 — )B][ta + (1 — £)8] = £(1 — t)(a — b)(a — B) (4.3.4)
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where a,b,a, f € C, t € [0,1]. The line segment joining «, 8 is written [, f].

Theorem 4.3.3. For f,g € PQC, one has

oc[Hy, H U{ (fy95 — fa9y)s fu95 — Jagy) v € MgiG(QC)ae € (0,m)},

I[Hy, Hyllle = max{|f,g5 — fogy] : y € Mgia(QC), 0 € (0,7)}.
Proof. We have by (3.1.1) that

m[Hy, Hy| = (715, — 7 TmTy) — (715 — w1mTy)

g

=51 — S =S €enT(PQC). (4.3.5)
Thus, it follows from elements of the Gelfand theory that

o[y, Hy] = 0(5) = S(M(xT (PQC)))

= {8, (xT(PQC))) : y € MA(QC), X € 9D},
I[Hy, Hllle = ||| = [S(M(xT (PQC)))

= max{|S(M,(xT(PQC)))| : y € MA(QC), A € D},

where Q| := max{|(| : { € Q} is the radius of any compact set € of complex numbers. Now
apply Theorem 4.3.1 for the Gelfand transform of each term of S on the fibers M, (7T (PQC)).

There are two cases for every A € dD, as follows.
If y € MiF(QC) \ MY(QC), one has S(M, (7T (PQC))) = {0}, for the fiber M, (7T (PQC))

is a singleton whose action on S gives the value

[(fg)(y£) = FlyE)g(yH)] — [(G) (yE) — G(y+) f(yE)] = 0.

If y € MY(QC), then S(M, (7T (PQC))) equals the range of the function

€ [0,1] = ¢¥(t) — ¥¥ (1)
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with ¢¥, ¥ corresponding respectively to Sy, Sy in (4.3.5). Using (4.3.4),

¢¥(t) = [tf(y+)g(y+) + (1 — 1) fy—)g(y—)]
— [tf(y+) + (1 =) fy)ltg(y+) + (1 — t)g(y—)]

= 4t(1 - t)fygy

and similarly ¢¥(t) = 4¢(1 — t)g, f,. So, by invoking (4.3.2),

¢Y(t) — ¥(t) = 4t(1 - )(fygy gyfy) = 4t(1 — )(fygy fﬂgy)'

It then becomes clear that in this case

S(My (7T (PQC))) = [0, fyg5 — f394); (4.3.6)
|S(My (7T (PQC)))| = [fy95 — S9!

Some consolidations using Lemma 4.3.2 are available for the second case. For A =
one has § = y, so S(M,(7T(PQC))) = {0}. For A = ¢? 6 € (0,7), one has § # y and
y € MY(QC) — 5 € M(QC) is a bijection with

f395 = f395 = —(fy95 — f39y)- (4.3.7)

Thus, by (4.3.6) and (4.3.7), the range of S on the union of the two distinct fibers over y and y

is exactly the line segment

(= (fu95 — f39y)> fy95 — f394)
centered at the origin. The proof is concluded by combining these cases. O

It is seen from Theorem 4.3.3 that o.[Hy, Hy| is antipodal symmetric, a property shared
by other classes of operators involving Hankel operators [144]. Evidently, it is also connected.

Moreover, o.[Hy, H,| is a star domain about 0, so that its complement in C is path connected,

149



forcing the Fredholm index
ind(A\ — [Hy, Hy]) =0, X\¢&o.[Hy, Hyl.

Therefore the Brown-Douglas-Fillmore theorem (cf. [49, Chapter 9]) implies that the essentially
normal [Hy, Hy| is a compact perturbation of a normal operator, and that two such commutators
are unitarily equivalent modulo I if and only if they have identical essential spectra given
explicitly as above. In particular, [H;, H,] and [H,, Hf| are unitarily equivalent modulo K.
For f,g € PC, o.[Hy, Hy] reduces to a countable union of line segments thus has zero area
measure, analogous to the case of Hankel operators with PC' symbols. In contrast, based on the

homeomorphism [120, p. 823]
M(QC) = M(SO[0,1)) \ [0,1)

where SOI0,1) denotes the C*-algebra of bounded continuous functions on [0,1) of slow oscil-
lation near 1, it is shown in [105] that any compact star domain € C C about the origin is the
essential spectrum of a Hankel operator with PQC' symbol. This is also true for commutators

assuming () antipodal symmetric in addition. For, if p € PC,q € QC and y € MY (QC), then

(pq)y = 27 (p(A+) — p(A=))a(y),  (pa)y =27 (p(A+) — p(A=))q(D).

So for p € PC continuous except a jump discontinuity at the imaginary unit A = ¢ with p(i+) —

p(i—) =2, and ¢ € QC, the essential spectrum formula gives

e[ Hpg, ] = | J{[—a(y).a)] : y € M(QC)}. (4.3.8)

As in [105, p. 52] choose ¢ € SO|0, 1) such that the range ¢(M(SO[0,1)) \ [0,1)) = €, which is
the cluster set of ¢ at 1. Then the homeomorphism induces a continuous function on M?(QC)

from the continuous function ¢|(M(SO[0,1))\ [0, 1)), which extends to a continuous function on
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M(QC). This gives a function ¢ € QC with ¢(M?(QC)) = Q. Tt follows from (4.3.8) and the

geometric assumptions about € that o.[H,,, H;| = © for such p, q. We summarize these findings.

Proposition 4.3.4. For f,g € PQC, one has
(i) [Hy, Hy) is a compact perturbation of a normal operator.
(i) [Hy, Hy| and [H,, Hy] are unitarily equivalent modulo K.
(ili) o[Hy, H,] is an antipodal symmetric star domain about the origin.

Conversely, given a compact antipodal symmetric star domain €2 C C about the origin, there

exist f,g € PQC such that o.[Hy, Hj| = Q.

Denote by H*®[f1, ..., f»] the Douglas algebra generated by fi,..., f, € L over H*. For an
arbitrary collection {B,}aea of Douglas algebras, Younis and Zheng [151, Theorem 3| proved

that for some constant J > 1

d(f. () Ba) < Jsupd(f,B.), VfeL>.

aeA a€EA

It follows that () ,c, Ba € H* + C' if and only if for some constant L > 0

d(f, H® + C) < Lsupd(f, B.), Vf € L®.

aeA

Noting this fact and applying results from Section 4.2, we set the essential norm zero to char-
acterize the compact commutators of Hankel operators with PQC' symbols, in forms similar to

(66, 67, 75, 149].

Theorem 4.3.5. For f,g € PQC, the following are equivalent
(i) [Hy, Hy| is compact.
(il) fyg5 = fa9y, Yy € MY(QC), X € ID.
(iii) For every m € M(H™ + C), there are a,,,by, € C with |a.,| + |bm| > 0 such that both
(amf + bmg)|Sm and (apm f + byg)*|Sm are in H*®|S,,.

(iv) For every m € G, (iii) holds.

151



(| E™laf +bg, (af +bg)*] C H* + C.

la]+]b]>0

(vi) For some constant L > 0

d(p, H* +C) < L sup d(¢,H*®[af + by, (af +bg)*]), Vo€ L.
la|+[b]>0

Proof. Theorem 4.3.3 gives (i)<(ii), while (iii)<(v) will be proved in Proposition 4.3.7 for any
f,g € L. Also, (v)<(vi) as above. It remains to show (ii)=-(iii) and (iv)=-(ii).

Assume (ii) holds. Every m € M(H* + C) has its support S,, C M,(L>) for a unique
y € M,(QC) which falls in two cases. If y € M,(QC) \ M{(QC), then M,(PQC) is a singleton,
so that any PQC function is constant on M,(L>) D S, giving in particular (iii). Next let
y € MY(QQC). If either S, 4 or S~ = 0, then either S,, € M,_(L>) or S,, C M, (L>), and
we have the same situation as before. It remains to consider S, .+, Sp,— # 0, in which case

Lemma 4.2.1 gives that, for a,b € C,

(af 4+ bg)|Sm and (af + bg)*|S,, € H™|Sm

fua+g,b6=0
o (4.3.9)

fg(l‘f'gyb = O

by (4.3.1) and (4.3.3). Since the system (4.3.9) of two homogeneous linear equations in the two

unknowns a, b has a nonzero solution (a,,, by,) if and only if the determinant

Ty 9y
det = fy95 — f39y, = 0,

fo 95

(iii) is seen to follow from f,g5 = f;9y-
Next assume (iv) holds and let y € M{(QC), A € dD. There exists by Remark 4.2.3 m € G
with Spyt, Smy— # 0. One is again in the situation surrounding (4.3.9), and the assumption

that (4.3.9) has a nonzero solution (a,, b,,) implies f,g9; = fz9,, proving (ii). O
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Essentially normal Toeplitz operators with L* symbols are characterized in [67, Corollary
3.4] in terms of symbol behavior on support sets. Such characterizations for essentially normal
Hankel operators are not available in the literature. We address a special case of this problem
for PQC symbols. Since PC((H* + C) = C and PQC((H*> + C) = QC (by Proposition
4.2.5), there are plenty of non-compact essentially normal Hankel operators with symbols in PC

and PQC'\ PC.

Corollary 4.3.6. For f € PQC, the following are equivalent

(i) Hy is essentially normal.

(ii) Hy is a compact perturbation of a normal operator.

(i) 1f,l = f5], Yy € MY(QC), A € OD.

(iv) For every m € M(H* +C), either both f|S,, and f*|S,, are in H®|S,,, or (Amf + f*)|Sm

is in H*®|S,, for some A\, € OD.
(v) For every m € G, (iv) holds.
(vi)
H[f, () () HM + f1Cc H® +C.

IAl=1

(vii) For some constant L > 0

d(¢, H* + C) < L(d(¢, H*[f, [*]) Vv sup d(o, HEAf + f7])), Vo e L.

I\=1

Proof. Set g = f*, and Theorem 4.3.5(i)(ii) become (i)(iii) here, respectively, noting H} = H -
and using (4.3.3).
Since ind(Al — Hy) = 0,VA & o.(Hy) [106, p. 425], the BDF theorem as before gives (i)<(ii).
See Proposition 4.3.7 for (iv)<(vi). It remains to show that Theorem 4.3.5(iii) with g = f*
is equivalent to (iv) here, since the situation with the equivalence of Theorem 4.3.5(iv) and (v)
here is identical.

First assume Theorem 4.3.5(iii) with g = f* holds. That is, for every m € M (H> +C'), there
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exist apm, by, € C, |am| + [bm| > 0, such that

(amf + b f)|Sm € H®|Sm, (4.3.10)

(G f* + b f)|Sm € H®| S, (4.3.11)

Suppose at least one of f|S,, and f*|S,, is not in H*®|S,,. If f|S,, € H*|S,, and a,, = 0, then
bm # 0 and (4.3.11) creates a contradiction; If f|S,, & H*|S,, and b,, = 0, then a,, # 0 and
(4.3.10) is absurd. Hence, if f|S,, & H*|S,,, then a,b,, # 0, which further implies f*|S,, &
H®>|S,, by (4.3.10) or (4.3.11). One has the same situation with f and f* switched. That is,
either way we have f|S,, € H*®|Sy, [*|Sm & H*®|Sn, and a,,by, # 0, so that (4.3.10) and (4.3.11)

become

(Amf + )| Sm € H®|Sy, (4.3.12)

A"+ IS € HX|S,, (4.3.13)
where A, := @y /by, Multiply (4.3.12) by A, then subtract by (4.3.13) to get
(Al? = 1) IS0 € H®|S.

Since f|S,, & H*®|S,, we have |\,,| = 1 as desired, and (iv) follows.
Next assume (iv) holds. Then we have Theorem 4.3.5(iii), g = f*, with either (a,,, b,,) = (1,0)

or (Ay, 1), noting in the latter case
()‘mf + f*>* - S‘mf* + [ = /_\m()‘mf + f*>

The proof is complete. O

Let k, € H? be the normalized reproducing kernel at z € D,

kz(ezﬂ) _V 1— |Z’2

1— ze®? ’
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For f € L*>® and m € M(H> + C), Lemma 1.5, 2.5 and 2.6 in [67] establish
m e M(H*[f]) < f|Sn € H*|S, < lim ||H¢k,|2 =0 (4.3.14)
zZ—m

where the limit is taken relative to every net of z € D — M (H) converging to m in M (H>).
Using this key relation and following mostly the proofs of [67, Lemma 1.1] and [75, Lemma 16],
we next show (iii)<(v) in Theorem 4.3.5, 4.3.6 for general symbols. Recall that the maximal

ideal space of any Douglas algebra is identified with its restriction in M (H®).
Proposition 4.3.7. For f,g € L*™, Theorem 4.3.5(iii)<(v) and Corollary 4.3.6(iv)<(vi).

Proof. Suppose Theorem 4.3.5(v) holds. Then we have

M(H>+C)cM | () H>®[af+bg, (af +bg)"]

|a|+[b]>0

= |J MH=[af +bg,af* +bg])
|a]+|b|>0

=MH*[f, FD|JMEH=[g,9D |

U M(H>[f + ag, f* + ag*)) (4.3.15)
a#0

with the substitution a := b/a. If m € M(H> + C) is in M(H>™[f, f*]) or M(H*[g, g*]), then
(67, Corollary 1.6] puts f|S,, and f*|S,, in H*®|S,,, or ¢|S,, and ¢*|S,, in H*|S,,. That is, we

have (iii) with (a,, b,) = (1,0) or (0,1). By (4.3.15) it remains to consider

m el ) M(H®[f + ag, f* + ag*])

a#0
= |J M@#H®[f+ag,f +ag)|] U ME=BSf+ 9,8 +g])
0<Jal<1 0<|B|<1

where 8 := 1/a. It suffices to only consider m in the first closure. To this end let m, — m in

M(H®>) for a net m, € M(H®[f + a9, [* + a,9*]), which, by [67, Corollary 1.6] and (4.3.14),
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implies that for each w
B [ Hppaghello =0, im [[Hp. agbal =0

Passing to a subnet of o, € D if necessary, we assume o, — «,, and hence &, — @,, in . From

this point on, the argument in [75], pp. 136-137, shows
it [[Hpopghella = 0, 1 [y, kelle = 0.

That is, both f + a,,g|Sy, and f* + @ng*|S, are in H*|S,,, and Theorem 4.3.5(iii) holds with
(@m,y b)) = (1, ). The implication Corollary 4.3.6(vi)=-(iv) is proved in the same way, if not
easier. We omit the details.

On the other hand, (4.3.14) and the Chang-Marshall theorem (cf. [62]) give the converses.
This ends the proof. m

The determination of essential spectra in Theorem 4.3.3 and characterization of essentially
normal Hankel operators in Corollary 4.3.6 are of interest from a C*- algebra extension perspec-
tive. Let T' = [Hy, Hj| or Hy, where f,g € PQC, and h € PQC is such that H) is essentially
normal. Then the essentially normal operator T" induces via the continuous functional calculus

for 7T a short exact sequence
0—K—C{T}+K — C(o.(T)) — 0. (4.3.16)

This extension of K by C(o.(T)) splits, that is, there exists a *-monomorphism from C(o.(7))
into £(H?) mapping the identity function z to T + K for a compact operator K. This is
because o.(7') C C is a star domain about 0 in either case of T' (see [105, Theorem 5] in case
T = Hy, = S.p), so that it is contractible to 0. Therefore, the group Ext(c.(7")) of equivalence
classes of extensions is trivial ([21]; cf. [49]), and the particular extension (4.3.16) associated

with T" must correspond to the zero element of Ext(o.(7T")). That is, the extension splits.
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4.4 Toeplitz-composition C*-algebras and crossed products

Let 5 : QC — C(M(QC)) be the Gelfand transform. For every v € Aut(D) — Homeo(0D),
the distribution of v on 0D under the linear measure is mutually absolutely continuous, and the
algebra QC on 0D is easily seen invariant under the well-defined composition operator on L
by v. Writing @, € Aut(QC) for the composition ®.f = fo~, Vf € QC, the automorphism
P57t of C(M(QC)) equals the composition \Illf = fo 7, Vf e C(M(QC)), defined by

7 = ® € Homeo(M(QC)). That is, we have the commutative diagram

Bl lﬁ (4.4.1)

C(M(QC)) —2— C(M(QC))

A basic observation is that v maps fibers to fibers. Note in passing that further partitions
of the fibers of M(QC) over D are obtained in [120], which interact with v in a manner more

refined but not needed for the discussions here.

Lemma 4.4.1. If r : M(QC) — M(C) = 0D is the restriction map, then v(My(QC)) =

M, (QC) for A € OD. Equivalently, one has the commutative diagram

M(QC) —— M(QC)

oD ————— 0D
Proof. Since 7y = @7, the diagram amounts to r(y®,) = v(r(y)), Yy € M(QC). To see the latter,

let ¢(z) = z be the coordinate function in C' and we deduce

r(y®,) = (r(y®,))(¢) = (y®,)(¢) = y(v) =v(r(y))

as desired. O

Later proofs will use only a special case of the next result when A = QC.
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Proposition 4.4.2. Let A be a C*-subalgebra of L™ containing C' and suppose A C 0D has zero

0-measure. Then the union of fibers | |,y M\(A) has empty interior in M(A).

Proof. In view of the continuous restriction map r from M (L>) onto M(A), the conclusion

follows from a stronger result, that is, the union of fibers

|| ML) = (] Ma(4))

AEA AEA

has empty interior in M (L*>). Suppose the stronger result is false. Then, since M (L*>) is
totally disconnected, | |, , Mx(L>) contains a nonempty basic clopen set F C M(L*). The
characteristic function 1z € C(M (L)) corresponds via the Gelfand transform to 1 € L™ for a
Borel subset E of dD with strictly positive measure. By the Lebesgue density theorem, the set
of density points of E has positive measure as well. However, since 1 vanishes identically on
the fiber M, (L) over every A € dD \ A, the local essential range of 15 is {0} (cf. [18, 2.79]) at
every A € dD \ A. That is,
(A= A+e)[E)=0

for sufficiently small € > 0. Such X is certainly not a density point of E. So the density points

are all contained in the zero-measure set A. This contradiction completes the proof. O

For a subgroup I' of Aut(ID), the map v + v = @’ is a group isomorphism from I" onto ', both
of which are endowed with the discrete topology. Consider the sub-action of I' C Homeo(M (QC))
on the compact Hausdorff space M (QC'). Recall that a homeomorphic action g - w of a discrete
group G on a compact space € is said to be topologically free (cf. [6]) if the set of fixed points
of the action of any non-identity element has empty interior in 2. The action is said to be
(topologically) amenable ([102], Definition 2.1; also [87], p. 3175) if there exists a sequence of
functions &, : G x Q — [0, 1] satisfying £,(g,) € C(Q) foralln € Nand g € G, 3 ;6a(9,") =1

on 2, and that for every g € G

sup (Z &g g w) — &g g w)y> —0asn— 0. (4.4.2)

weN e

158



Both properties are well-known for the action of I' on 9D, from which we will derive them for

the corresponding action of ' on M (QC), essentially by reduction via Lemma 4.4.1.

Lemma 4.4.3. Let I' be a discrete subgroup of Aut(D). Then the homeomorphic action on

M(QC) of the discrete group T is topologically free and amenable.

Proof. The action on JD of every non-identity element of I" has at most two fixed points \;, Ay €
OD. Therefore, by Lemma 4.4.1, the set of fixed points of the action on M (QC') of every non-
identity element of I is a subset of | |,_, , M), (QC). By Proposition 4.4.2 then, it has empty
interior in M (QC'). That is, the action of I on M(QC) is topologically free.

Amenability of the action follows from a rather trivial fact ([102], p. 1565) involving con-
tinuous maps relative to which actions are covariant, where in this case the covariance is sup-
plied exactly by the commutative diagram in Lemma 4.4.1. For, if a sequence of functions
§n : I'x OD — [0,1] satisfies §u(v,-) € C, 32 cp&a(y,-) = 1 on ID, and that for every v € I'
condition (4.4.2) holds for G =I' and §2 = 0D, then define 7, : I’ x M(QC) — [0,1] by

nn(la y) = 6n(77 T(y))

where 7 : M(QC) — 0D is the restriction map. Obviously, n,(7,) € C(M(QC)) and 3 - ma(7y,-) =

1 on M(QC). To verify condition (4.4.2) for n,, simply note

sup | D (v w) = (7 7))

yeM(QC) \ Jer

= sup (Z [€n (v ))—fn(v'ﬁ(T(y))ﬂ)

yeM(QO) \ gt

= sup (Z (v — &, v(A)M) —0asn—0

xeap \ 5

for every 7 € I, where Lemma 4.4.1 gave the first equality. By definition then, amenability of
the action of I on M (QC') follows from that of I" on OD. O

Now consider the C*-dynamical system (QC, I') with the group isomorphism v € '
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®,-1 € Aut(QC), and the system (C'(M(QC)), I') with the isomorphism v € ' — V-1 €
Aut(C(M(QC))). They determine the crossed products [141] QC x I' and C(M(QC)) x L,
respectively. For every representation p of C(M(QC)) on a Hilbert space H and a unitary

representation U of I" on H such that

p\lllfl/@f = Ul<p/8f)Ul*7 vf € QO) 7 S Fa

the representation pfg of QC' and the unitary representation v — U, of I' on the same space
satisfy, by (4.4.1),
pBLy-1f = Uy(pBf)U.

These relations for every v € I' can be summarized in the following commutative diagram

v
C(M(QC)) ——— C(M(QC))
P P
! oo 1
8| L(H) — s L(H)|s
B P8
d 1
QC i > QC

That is, every covariant representation for the system (C(M(QC)),I') corresponds to one for
(QC,T), and vice versa, via the isomorphism between the two systems. Thus, the crossed
products are *-isomorphic, and the full and reduced versions [141] in either case coincide since
the homeomorphic action of ' on M(QC') is amenable by Lemma 4.4.3. The extension result
below is the main theorem of this section and the basis for the next. The proof follows that
of [87, Theorem 3.1], using instead the properties of the action of I on M(QC). Note that,

obviously, we don’t need T" to be non-elementary as in [87], for L C T(QC).

Theorem 4.4.4. Let I' be a discrete subgroup of Aut(D). Then one has the following short exact

sequence of C*-algebras

0 —K—=TCQRCT) —QCxI"—0.
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Proof. In view of the preceding paragraph, it suffices to find a *-isomorphism
C(M(QC)) xL=TC(QC,T')/K. (4.4.3)
Consider the faithful representation of C'(M(QC)) (cf. [18])

p: Bf € CIM(QC)) > f € QC v [Ty
and the unitary representation of I ([87], p. 3179)
U:iyel=yel = [V,],

both in the Calkin algebra. Here V., = (C’VC’;)_I/ (., is the unitary operator associated with the
polar decomposition of the invertible C.,, for any v € Aut(D). By the deductions leading up to
(3.5) in [87] and noting C, T}, = Tjo,C,, for h € H*, one has

VAITHIVA" = [Trer] (4.4.4)

for all fin H*|JC and thus in QC C H* + C. Therefore, using (4.4.1) for the first and (4.4.4)

for the third equality, one has for all f € QC and v € T that

DU, A (BF) = pBOy 1 f = [Tpor 1] = VylITHIV )" = Uy(p(BN)TL

That is, (p,U) is a covariant representation in the Calkin algebra for the C*-dynamical system
consisting of C(M(QC)), I, and the isomorphism v € L' — ¥,-1 € Aut(C(M(QC))). For the
same reason as in [87], this representation generates the C*-subalgebra 7C(QC,T')/K in the
Calkin algebra.

Therefore, by universality of C(M(QC)) x I, there exists a surjective *-homomorphism 7 :

C(M(QC)) x — TC(QC,T')/K extending the *-representation p x U of the algebraic crossed
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product, and thus satisfying

T(Bf) = p(Bf) = [Ty, Vf € QC (4.4.5)

under the natural embedding C(M(QC)) — C(M(QC)) x I, and

7(1,) =U(y) = [V4-1], ¥y €T (4.4.6)

for the point-indicator functions 1, on I.
Consider the ideal J = ker 7. Since [Ty] = 0 if and only if f = 0, one has J (C(M(QC)) =
{0}. Now because the action of I" on M(QC) is both topologically free and amenable, J = {0}

as in [87]. That is, 7 implements the desired *-isomorphism (4.4.3). O

Corollary 4.4.5. Let I be a subgroup of Aut(D). Then TC(QC,T")/K is the closed linear span
of the set {[Ty][C,] : f € QC,v € T'}.

Proof. By definition, C'(M(QC')) x L is the closed span of the set {(8f)x 1, : f € QC,y € I'}.
In view of the *-isomorphism 7 satisfying (4.4.5) and (4.4.6), TC(QC,TI")/K is the closed span of
TJV,), £ € QC, € T Since [Vi] = [Ti g )[C] for some g € €1 [87, Lemma 3.2], [Ty][V;] =
[T 14)[C] where f/|g] € QC, which completes the proof. O

It is of interest to characterize compact sums of L>°-weighted composition operators. See [19,
90, 88| for various special cases of this problem involving linear fractional non-automorphisms as
the composing functions. On the other hand, the problem for sums of QC-weighted automorphic

compositions has a trivial answer as a direct consequence of Theorem 4.4.4.

Corollary 4.4.6. Let vy, ..., v, € Aut(D) be distinct and let fi, ..., fn € QC. Then > Tr,C.,

1s compact only if f1 =...= f, =0.

Proof. Suppose the sum is a compact operator. Since each [C.,| = [T,,][V,] for some g, € C~*

as above, one has Y, [T}4.][V5] = 0. Take I' to be the subgroup of Aut(D) generated by
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Y1y oy Y. In view of the *-isomorphism 7 again, one has in the algebraic crossed product

Zﬁ(fkgk)1%*1 = Zﬁ(fkgk) * 1%” =7 (Z[Tfkgk][V'Yk]> = 0.

k=1

It follows that each fygr = 0 due to {7 ™'} being distinct. So, f = 0 because g, € C'. O

4.5 Fredholm operators generated by quasi-continuous Toeplitz op-

erators and a rational rotation

Throughout this section, fix a rational number p/q in lowest terms with p # 0, ¢ > 2, and
define the rotation v € Aut(D), y(z) = Az where A = ¢??™?/4. Relative to the orthonormal basis

{1,2,2% ...} of H?, the unitary diagonal composition operator
C, =V, =diag(1, A, .., X 1A L AT L),

from which it is clear the spectra o(C,) = 0.(C,) = {1, A, ..., N7} = {1,279 ... e2mla-D/a},
This section characterizes the Fredholm operators in 7C(QC,v) = TC(QC,I',) where I', =
(W kelZ}=27Z/qZ =:{0,1,...,q—1} is the cyclic group of order ¢ generated by ~. Note that v*
is the k-fold operation on D or D depending on the context, and that addition in {0, 1,...,¢q—1}
is modulo ¢. For the C*-dynamical system (QC,T'y) with the action k € {0,1,...,¢—1} — &« €
Aut(QC) by composition, consider the faithful representation f € QC +— My € L(L?) of QC' as

multiplication operators on L? over dD. This system has its reqular covariant representation on

?;é L? as
f€QC = @iy Myoy
k € {071,...,(]— 1} — Sk
where Sy is the k-step shift operator, S( ?;é gj) = ?;é gj—k, 9; € L*. The corresponding
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*_representation of the algebraic crossed product takes a generic element (fy : 0 <k <¢g—1) to

My, My, My,

Mf107 Mfoov Mf207

q—1
(@ Mfkw-> Sy, = . (4.5.1)
=0

q—1

k=0

| My, oqamt My poqamt oo Mipgoqam

Also, the faithful representation f € QC +— My € L£(L?) induces a *-isomorphism of the ¢ x ¢
matrix C*-algebra M, Q QC over QC' into E(@?;é L?) as

[fiklo<jk<qg—1 = [My, , Jo<jk<q—1, fix € QC. (4.5.2)

Now, in view of (4.5.1) and (4.5.2), the results surrounding Theorem 4.4.4 specialize to I', and
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assert that an isometric *-isomorphism on 7C(QC,~)/K is the norm-closure of the map

q—1 q—1
[Ty )[Cor] = [Ty J[Vyi] € TCQC, /K = (fx: 0< k< q—1)
k=0 k=0
My, My, ]\chi1
quflo'Y Mf007 qu7207 g—1
— eL (@ L2>
=0
Mf10'yq—1 MfQO'yq_l Mfoo,yq—l ]
fO fl fq—l
Jo-107  fooy . fy207
—>
fio qu_l fao fyq_l . foo qu_l

= [fo. f1. s forr] € M, R QC.

Write A, = {[fo, f1, .- fo=1] = fo, f1, s fym1 € QC}. It follows from (4.5.3) that A, is a *

subalgebra of M, @ QC, and it is closed by a per-entry consideration. Therefore, due to density

(Corollary 4.4.5), TC(QC,~)/K consists exclusively of these sums in (4.5.3) and the map actually

defines a *-isomorphism from 7C(QC,~)/K onto A,. In particular, one can identify

q—1
TC(QC,~) = {ZTfkcj YK feQCK e /c} .
k=0

Let det : M,QQC — QC be the surjective *-homomorphic determinant map. In the
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following theorem we use the notation [fo, f1, ..., f—1] at the end of (4.5.3) and similarly use

Jo Ji O
qulof)/ foO’Y fq7207

[f07f17"‘7ftI*1] =
froq®™t faonyt™t L fooniT!

for the harmonic extensions in . We arrive at the main result of this section.

Theorem 4.5.1. Let T = ZZ;E Tka,]yg + K, where [, € QC and K € IC, be an arbitrary element
of the operator algebra TC(QC,~). Then T is Fredholm if and only if g := det[fo, f1,..., f—1] €
QCY, or equivalently, ¢ = det[fo,fl,...,fq,l] 1s bounded away from zero over the annulus

{1 -9 <|z| <1} for some 0 <0 < 1.

Proof. One has (M, ® QC)~! = det ' (QC~') by matrix multiplication rules, and that ATt =
A, N(M, Q@ QC)~* by spectral permanence for the C*-subalgebra A,. These observations and
the *-isomorphism from 7C(QC,~)/K onto A, give the first equivalence.

For the second equivalence, let g be the continuous extension (Section 1.9) of g on M (H®).

Then g € QC ' if and only if § is nonvanishing on M (H® + C), while the latter is equivalent to
inf{|g(z)]: 1 —e< |z <1} >0, 3Fee€(0,1) (4.5.5)

by the dense embedding D < M (H). Since the harmonic extensions in D of QC' functions are
asymptotically multiplicative [49] and the harmonic extension of f;, 07/ in D equals fk oy, g

and ¢ are asymptotically equal in ID. That is,

lim [g(z) —4(2)] =0

|z]—1
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from which the conclusion follows in view of (4.5.5). O

The Fredholm index for operators in 7C(C,~) is computed by Jury [86, Theorem 3.1] via K-
theory and homotopy. Unlike C, the C*-algebra QC' is not singly generated, not even separable,
and its K-theory seems intractable. The rest of this section gives a certain indication that Jury’s
index formula should extend from C' to QC symbols. That is, we tend to think the following is

true although we have been unable to prove it. Continuing from Theorem 4.5.1, is it true that
indT = ¢~ '(indT},) = —¢~" - winding number of 1|(roD) (4.5.6)

forr € (0,1) large enough?

We are led to define QC,, := {f € QC : fo~y = f}, the C*-subalgebra of periodic QC
functions on ¢ cycles forming a partition of 0. Recall that T} for f € QC' is Fredholm if and
only if f € QCL.

Lemma 4.5.2. There ezists a *-isomorphism A from QC., onto QC' such that for any f € QC;l
inTf = q(inTAf). (457)

Proof. Set A\; = €2/ and define the rotation 7, € Aut(D), y1(2) = Ayz. For every f € QC,, due
to QC = VMO () L>™ and periodicity f o~y = foq! = f where pl = 1 mod ¢, the restriction
fI(1, A1) is of VMO on the subarc (1, ;) of 0D and

1 146 1 A1 1 A1+0 1 A1
‘g/ fw—g/ fwkﬁg/ ﬁw—g/ fMM»Q 510 (4.5.8)
1 A Al A

1—0 1—0

Define g(e'*) = f(e/?), 0 < t < 27, to be the dilation of f|(1,\;) to D\ {1}. Then g is of
VMO on 0D\ {1} while

1/1+5 1 1 q 1+6/q q )\1
- gw——/ mez—/) fW——/ fdo
'5 1 0 Ji-s 0 Ji 0 Jxi-s/q

by (4.5.8). So, g is of VMO on 0D and g € QC. Therefore, we have constructed a map

—0, 040
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A f e QC, — g e QC which is clearly a *-isomorphism into QC. Conversely, take any
g € QC, compress it to the subarc (1, A1), and then replicate the compression periodically onto
a perforated circle. By a similar argument, the resulting periodic function f is of VMO on each
of the ¢ subarcs (A¥, \¥™) with zero integral gaps at the end points A¥. So, f € VMO and
f € QC,. Reversing this procedure, one sees Af = ¢g. Thus A is also surjective.

To prove (4.5.7), f € QC;l and g := Af € QC~! imply as before
e :=inf{|f(2)],]§(2)] : 1 =6 < |2] <1} >0 (4.5.9)

for some 0 < § < 1. By the index formula in [49, Theorem 7.36], ind7’; equals minus the winding
number w(f,r) (about the origin) of the curve ¢ € [0,1] — f(re™) for any 1 — 6 < r < 1, and
the same applies to indTj,. For £ =0,...,¢ —1and 1 — 0 < r < 1, let w(f,r, k) be the winding

number of ¢ € [k/q, (k +1)/q] — f(rei™). Since

it suffices to show that for some 1 — 9 < r',r” < 1 and every k =0,...,q — 1

w(f, 1’ k) = w(g,r"). (4.5.10)

To this end, we apply [120, Lemma 5] on the QC functions f, g to assert for some 1 — § <

r” < r’ < 1satisfying 1 — 1" =q(1 —1"),Vk=0,...,q — 1 and Vt € [k/q, (k + 1)/q], that

pooa 2wt 1 ST/
fr'e™) — , fdo| < e/4, (4.5.11)
1—r ei2mt_(1—17)/2
' 1 67;27T(qt—k)+(17,r/l)/2
e —— / | gdf| < ¢/4. (4.5.12)
1—r ez27r(qt7k)_(1_7n//)/2

Note that the first integral for instance is taken over the subarc of OD centered at €™ with

f-measure 1 — 7’ while [120, Lemma 5] uses the arc-length measure (not normalized). By the
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construction of g = Af, 1 — 7" = q(1 —1’), and periodicity of f,

1 ei27r(qt—k)+(1_,r//)/2 q ei27r(t7k/q)+(1_rn)/(2q)
1—7" / gd9 = / Jav

i27r(qt—k)7(17,r.//)/2 1-— T// 7327T(t—k/‘1)7(177'//)/(2q)
1 2Tt (1-17) /2

= / Fdo (4.5.13)

i27rt_(]__,r/)/2

if (1—7r")/2 < gt —k < 1—(1—17r")/2. If not, then either 0 < ¢t — k < (1 —r")/2 or

1—(1—1")/2 < gt —Fk <1. In the former case, write
§ =1 —=7r")/2— (¢t — k)

and (4.5.13) still goes through after splitting the first integral in two:

1 ¢i2r(at=k) 4 (117" /2 q e/ D+(1-1") /(2q) M
1—7"”/'2( gdﬁzl_ " / fd0+/ T
et2m qtfk)_(l_rl/)/z r 1 A

1—0"/q

1 ei27rt+(1_7./)/2 ez’27rk/q
= / fdo + / fde
- T ei2mk/q ei2mk/a_§l /q

1 e’i277t+(17,r./)/2
=1 / fdo

i27rt_(1_1,,/)/2

where the last equality is due to t — k/q+0"/qg = (1 —r")/(2q) = (1 —1')/2. The latter case is

similar. So it follows from (4.5.11), (4.5.12), (4.5.13), and then (4.5.9) that

~

|f(7“/6i27rt> . g(r//ei%r(qt—k))’ < 6/2,

’(1 o S)f(?"lei%rt) + Sg(ﬂ/eimr(qtfk))’ > ‘f(rle’iQﬂ't)’ _ Slf(r/ei%rt) . g(r//emw(qtfk))‘ > 6/2

for every (s,t) € [0,1] x [k/q, (k+1)/q]. Therefore, t € [k/q, (k+1)/q] — f(r'e?™) is homotopic
in C\0tot € [k/q,(k+1)/q] — §(r"e®@=*) and the winding number w(f, ', k) of the former
curve equals that of the latter which in turn equals w(g,”). That is, we have shown (4.5.10) for

every k =0,...,q — 1, as required to conclude the proof of (4.5.7). ]

A key observation is that det(A,) C QC,.
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Lemma 4.5.3. (det[f07 fl, ey fq—l]) oy = det[fo, f1> . fq—l]'

Proof. Let S, be the permutation group on {0,1,...,¢g—1} and define s € S, by sg =1, ..., 5,2 =

q—1,5,-1 =0. Write

[fos f1s s faa] = [ai, §)]o<ij<q—1, [foo v, frov, . famr 0] = [b(i, J)]o<ij<q—1

and use the pattern of these matrices to verify that

b(i,j) = a(i,j) oy = alsi, s5). (4.5.14)

Since the sign group homomorphism sgn : S, — {£1} is invariant under conjugation by s, one

deduces from (4.5.14) that

q— q

1 1
det[b(7, j)]o<ij<q—1 = Z sgn(o) | | b(¢, 0%) Z sgn(o a(si, So;)
0

0ESy =0 0ES, i=
q 1
= Z sgn(o alk,sos H(k)), (k=s;)
0€S, k:O
qg—1
= Z sgn(w H (k,wr), (w=sos™)
weSy k=0

= deta(i, j)]o<i,j<q—1

as required, since (det|fo, f1, ..., fg—1]) oy = det[fo oy, fro7, ..., fe—107]. O

Therefore, if g := det[fo, f1, ..., fg-1] € QC™', then g € QCI" with ¢~'(indTy) = indT},,
so that (4.5.6) can be reduced to the question ind7" = ind7j,? Equivalently, can one find a

continuous path of Fredholm operators joining 7" and Tx,?
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4.6 Toeplitz-composition algebras generated by PQC symbols and a

linear fractional non-automorphism fixing a boundary point

Fix a linear fractional non-automorphism ¢ : D — D satisfying ¢(¢) = ¢ for a unique ¢ € ID.
This section uses notations and basic facts from Section 1.12 to derive some preliminary results
common to the two subsections.

First we need to obtain an explicit description of the maximal ideal space M (T (PQC(())/K)
of the commutative Toeplitz C*-subalgebra T (PQC(())/K of the Calkin algebra. This is done
by describing its fiber structure over the circle, on the basis of Sarason’s work in [120] on that
of M(T(PQC)/K). The key to the leverage on Sarason’s result, Theorem 4.3.1, lies in a lemma

under the following setup: Let

r: M(T(PQC)/K) = M(T(PQC(C))/K), 1= M(T(PQC(C))/K) = M(T(C)/K)

be the surjective restriction maps. Then, r; or is the restriction map from M (7 (PQC)/K) onto
M(T(C)/K). Here M(T(C)/K) = M(C) under the isomorphism f € C' +— [Ty] € T(C)/K, and

r(My(T(PQC)/K)) = rT (\) = My(T(PQC(C))/K), VA € D = M(C). (4.6.1)

Lemma 4.6.1. The map r on the fiber M (T(PQC)/K) is a constant, denoted by (¢) and

determined by
(OTy]) = f(Q), [ ePRCQ). (4.6.2)

For every A\ # ¢ € 0D, the map r on the fiber My(T(PQC)/K) is a homeomorphism onto
MA(T(PQRC(C))/K).

Proof. Let £ € M:(T(PQC)/K), so that {([I.]) = (. It suffices to prove the first part by
showing &([T%]) = f(C) for every f € PQC((). Consider the Gelfand transform of ¢(z) := z —
on M(PQC) with zero set precisely M:(PQC). Then f € PQC(¢) implies that the zero set of
f— f(¢) on M(PQC) contains M;(PQC') which is also the zero set of the closed principal ideal
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pPQC in PQC. Thus f — f(¢) € ¢PQC by radicality of the ideals in PQC'. Hence, for every
€ > 0, there exists g € PQC with ||f — f(¢) — ¢g|lc < €. It follows that

ETs]) = F(O = € T5- 10 DI < [E(TDETL])] + e
= [(€([T%)) = Q&[T + e =€

So, &([T]) = f(C) as required.

To prove the second part, let g € C with g(A) = 1, g(¢) = 0. For & # & € My(T(PQC)/K),
there must exist f € PQC such that & ([T}]) # &([Ty]). Consider the product function gf.
Evidently, gf € PQC(¢) with (gf)(¢) = 0. Since for k = 1,2

(&) (Tys]) = &([Tor]) = S([Te)&r((T7]) = 9(ME&([T]) = & ([TF]),

one has r(&) # r(&). That is, the continuous map r on M, (T (PQC)/K) is injective and hence
a homeomorphism onto M, (7T (PQC(())/K). O

Note in passing that the Toeplitz symbol map ([49]) 7 : T(L>®) — L™ takes T (PQC(()) to
PQC(¢) and satisfies 7(T)(¢) = (O)([T)), YT € T(PQC(()). The fibers of M(T(PQC(())/K)
over 0D are described by the following theorem, whose proof is immediate from Theorem 4.3.1,

(4.6.1) and the preceding lemma. See the beginning of Section 4.2 for notations in Sarason’s

description of M (QC) and M (PQC).

Theorem 4.6.2. The fiber M:(T(PQC(())/K) consists only of the functional (). For every
A # ¢ € D the fiber M\(T(PQC(())/K) is the disjoint union of a family {F, : y € M \(QC)}
of closed subsets, where F, fory & Mf(QC) \ MY(QC) consists of a single functional assuming
the value f(yx) at [Ty] for every f € PQC((), and where F, for y € MY(QC) is homeomorphic

to [0,1] via the *~isomorphism between C(F,) and C|0,1] determined by

[Ty]|Fy = (¢ € [0,1] = tf(y+) + (1 =) f(y—)), [ € PRU(C).
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Next recall the key relation between Toeplitz operators and the composition operator Cj,

[T4][Co] = [CellTy] = F(OICs], [ € PRC(C). (4.6.3)

Lemma 4.6.3. For every T € T(PQC(()),

[T][Cs] = [CollT] = (O (TDIC]-

Proof. If T is a finite product of Toeplitz operators with PQC({) symbols, then the equalities
follow from (4.6.3) and (4.6.2). One completes the proof by passing to sums of products and

then to the closure. O

4.6.1 The parabolic case

Assume in this subsection ¢ is parabolic, that is, ¢/({) = 1 at the fixed boundary point. Then
one has a commutative C*-subalgebra TC(PQC((), ¢)/K of the Calkin algebra. The goal is to
obtain an explicit description of the maximal ideal space M (TC(PQC(¢),¢)/K), so that the
essential spectrum and norm of certain operators of interest can be computed, and that the
Fredholm index can be determined. These results extend Corollary 6.5 in [109] which addresses
the smaller and simpler subalgebra TC(C, ¢)/K.

First note the essential spectrum o.(Cy) has an explicit form. For, conjugating with a rota-

tion, we may take
(2—a)z+a«

o) = oray

¢(1) =1

where «, ®a > 0, is the translation number of ¢. By the half-plane version (0 = 7/2) of Corollary

7.42 in [42], 0(C}) is a logarithmic spiral in the disc from 1 to 0

o(Cy) ={e ™ :t >0} UO _. p—alood]
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Since such a spiral has empty interior in C and no isolated points, Theorem 37.8 in [35] gives

0.(Cy) = 0(Cy) = e~20], (4.6.4)

Note that ¢.(Cy) is homeomorphic to [0, 1] via the modulus map z — |z|.
In view of Theorem 4.6.2, it remains to identify the fibers of M(TC(PQC(C),¢)/K) over
M(T(PQC(C))/K). The fibers over £ # (¢) € M(T(PQC(())/K) are all singletons.

Theorem 4.6.4. For £ # (() € M(T(PQC(C))/K), the fiber Mc(TC(PQC(C),¢)/K) consists

of a single functional vanishing at [Cy).

Proof. Since € # (), A :== &|(T(C)/K) # ¢ € 0D and &([T,]) = g(A) for every g € C. Choose
g € C with g(¢) = 1 while g(\) = 0. Applying any x € M(TC(PQC((), ¢)/K) on the equality
(4.6.3) with f = g gives x(|Cy]) = 0. Since the functionals in the nonempty fiber are determined

by their value at the generator [Cy], the statement is proved. O]

The fiber M (TC(PQC(¢),#)/K) will be identified after several lemmas. Consider the
isomorphism f € C(e=%®) i £([Cy4]) € C*([Cy]) via the continuous functional calculus for the

essentially normal operator Cy. Write

Cole™0l) i= {f € O £0) = 0}, Cul(Cl) i= {F([Cal) : f € Cofe™}.

Lemma 4.6.5. For every T € T(PQC(¢)) and a € Co([Cy)),

Proof. Since the maximal ideal Cy(e~*%) is singly generated by the identity function, f €
Co(e=@0l) can be uniformly approximated by zg, g € C(e~>*). That is, a = f([Cy]) can be
approximated in the Calkin algebra by [Cy]g([Cs]) = 9([Cs])[Cys]. By Lemma 4.6.3,

[T][Colg(ICs]) = (OUTDICelg(ICs]),  g([CaDICHIIT] = (O (TDg([Co])[C].
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The proof is complete after passing to the limit. O]
Lemma 4.6.6. There exists x € My (TC(PQC((),¢)/K) such that x([Cy]) = 0.

Proof. Choose a sequence A\, — ¢ on the circle, A, # . Next choose &, € M, (T (PQC(¢))/K)
for every n. According to the previous theorem, let z,, be the functional in M, (TC(PQC(¢), ¢)/K)
with z,,([Cs]) = 0. The sequence z,, in M(TC(PQC((),¢)/K) has a cluster point z, and

Tp, — X

w

for a subnet indexed by w. Evidently, z([Cy]) = 0. Applying the convergence on [T%], f € C,
yields f(An,) = z([Ty]) while f(An,) — f(C). Therefore, x([T%]) = f(¢) for every f € C, so

z|[(T(PQRC(C))/K) € M(T(PQC(C)/K) = (C)

by Lemma 4.6.1. Such z fulfills the requirement. O]

The next lemma gives an essential norm relation and expresses TC(PQC((),¢)/K as the

direct sum of its Toeplitz C*-subalgebra and a closed ideal of its composition C*-subalgebra.

Lemma 4.6.7. For every T € T(PQC(()) and a € Co([Cy)),
17T+ all > [T (4.6.5)
Consequently, one has the Banach space direct-sum decomposition
TC(PQC(C), ¢)/K = T(PQC()) /K EP Col[Cy)).

Proof. Since the Gelfand transform of the commutative C*-algebra TC(PQC((), ¢)/K is isomet-
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ric, one has the representations

I[T] + all = max{|z([T]) + x(a)| : 2 € M(TC(PQC(C), 9)/K)}, (4.6.6)

1T} = max{|z([T)] : = € M(TC(PQC(C),¢)/K)}. (4.6.7)

We proceed by partitioning M (TC(PQC((),¢)/K) in fibers over M (T (PQC(¢)/K).

As before, the fiber M¢(TC(PQC((), ¢)/K) for any £ # (¢) € M(T(PQC(())/K) consists of
a single functional x vanishing at [Cy]. Thus, [Cy] lies in the maximal ideal ker(z) () C*([Cy)])
of C*([Cs]). Under the continuous functional calculus for [Cy], Co([Cy]) is the closed principal
(and maximal) ideal of C*([C}]) generated by [Cy] because the function ideal is so. Thus, a €
Co([Cy)) C ker(z) and |2([T])+x(a)| = |z([T])| for such z. For every x € M,(TC(PQC(¢), ¢)/K),
z([T]) = (¢)([T]), while z([Cy]) = 0 hence z(a) = 0 for at least one z in this fiber by the previous
lemma. Combining these two cases that exhaust M(TC(PQC((),¢)/K), the norm inequality
follows from (4.6.6) and (4.6.7).

It immediately follows from (4.6.5) that 7 (PQC(¢))/K () Co([Cs]) = {0} and that the direct-
sum is a norm-closed, self-adjoint linear subspace of TC(PQC((),¢)/K containing all of its
generators. The sum is also closed under multiplication, by Lemma 4.6.5, and is therefore a

C*-subalgebra of the Calkin algebra containing TC(PQC((),®)/K. The proof is complete. [

Remark 4.6.8. Incidentally, the two maximal ideals ker(x) (C*([Cy]) = Co([Cy]) for every x €
M(TC(PQC(¢),¢)/K) vanishing at [Cy].

Theorem 4.6.9. The fiber M (TC(PQC((),¢)/K) is homeomorphic to e=?0l wig the map

x € My (TC(PQC(C), 8)/K) > z([Cy)) € e,

Proof. The continuous map is certainly injective on the generator [Cy] with range contained in
0.(Cy) = e~@0=1 (4.6.4), by spectral permanence in the C*-subalgebra of the Calkin algebra.

It remains only to show surjectivity. To this end, fix an arbitrary A € e=*>* and consider the
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multiplicative linear functional

va s a = f([C]) € Co([C]) = f(N).

We claim that the direct-sum linear functional (¢) @ vy defined on
TC(PQC(C), ¢)/K = T(PQC())/KEP Co((Cs))
is also multiplicative. For, given T, S € T(PQC(¢)) and a = f([Cy]), b = g([Cy]) € Co([Cy)),
(7] + a)([S] + b) = [T][S] + [T]b + a[S] + ab = [T][S] + (O)([T])D + () ([S))a + ab

by Lemma 4.6.5, so that

Q) EPual( S]+0)) = (QUINOUS) + O UTDg(N) + (O USDHFAN) + F(Mg(A)
= ({(QUT) + FONUO ST +9(A)

O D oaT]+ a)((¢) P oa([S] + b

as desired. Therefore, x := () P vy € M (TC(PQC(C), ¢)/K) satisfies 2([Cy]) = A, and the

proof is complete. O

Theorem 4.6.2, 4.6.4, and 4.6.9 together determine the behavior of cosets in TC(PQC((), ¢)/K
on its maximal ideal space, from which essential spectrum and norm formulas are derived in the
following theorem for certain combinations of Toeplitz and composition operators. For a bivariate

polynomial p(z, w) = ZO<j+k:<n B; 122w, Bk € C, denote the operator

Jj+k

p(Co, C) = Popl + Y ﬁngSjkz

1<j+k<n

where each (j + k)-tuple {S; 5, : 1 <1 <j+ k} is a permutation of j occurences of Cy and k of
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C3. Note that for any » € M(TC(PQC((), $)/K)

2([p(Cs, C3)I) = p(a([Cy]), 2([Cy]))- (4.6.8)

Let ((¢), A) be the functional x € M (TC(PQC(¢),¢)/K) with z([Cy]) = A. By Theorem 4.6.4

2([Cy)) =0, Ve My:= || MATC(PQC(C),9)/K)| |((¢),0). (4.6.9)

A£CEOD

Theorem 4.6.10. For f € PQC(() and a bivariate polynomial p with p(0,0) = 0,

0(Ty +p(Cs. C)) = oo (T) [ J{F(Q) + (A A) = A € e0T),

T+ p(Co, C)le = [ flloo V max{| F(C) +p(A\,A)] = A € eI},

oo(Tr) ={f(O} | {fyt):y € MFQC)\ MY(QC)}

MACEID

{tf+) + (=0 fly—) : y € MY(QC),t € [0,1]}.

Proof. By spectral permanence, (4.6.8), (4.6.9), p(0,0) = 0, Theorem 4.6.9 and (4.6.2),

oe(Tr 4+ p(Cs, C3)) = {2([Ty]) + p(([Cy)]), 2([Cy))) : € M(TC(PQC(C), ¢)/K)}
= {a([Ty]) s 2 € Mo} [ J{f(Q) +p(\A) - A € emol01}

= oo(Tp) | J(F(O) + 0c(p(Cs, C7)))- (4.6.10)

The essential norms equal the essential spectral radii in this case, while ||T%|le = ||f|le for
any L symbol ([49], Chapter 7). So the essential norm formula follows from (4.6.10).
Considering the fibers of M (7 (PQC(())/K) over 0D, one finds o.(Tf) by Theorem 4.6.2. [

Corollary 4.6.11. For f € PQC(C) and a polynomial p, o.(Ty + p(Cy, C3)) is connected.

Proof. Subtracting a constant from p translates the essential spectrum. So we assume p(0,0) = 0.
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By a theorem of R. G. Douglas ([49], Theorem 7.45), 0.(T%) is connected for any L> symbol.
In view of the homeomorphism z — |z| between e~ and [0, 1], the second set in the union
in (4.6.10) is also connected. Since the two connected sets intersect (both containing f(()), the

union o.(Tf + p(Cy, C})) is connected. O

We note in passing that there are harmonic Toeplitz operators on the Bergman space with
disconnected essential spectra [133].

The next result states that the index of a Fredholm operator in TC(PQC((), ¢) is the same
as that of its Toeplitz component. The interest consists in the fact that the latter index can be

expressed in terms of winding numbers [120, Theorem 4].

Theorem 4.6.12. If T € T(PQC(()) and a bivariate polynomial p with p(0,0) = 0 are such
that T + p(Cy, C}) is Fredholm, then ind(T + p(Cy, Cy)) = ind(T).

Proof. Consider the homeomorphism 7 : z € =%l s |z| € [0,1]. To each t € [0,1], define

ki:re[0,1] — (1 —t)r € [0,1] and put

hy=17lokore C’o(e’a[o’oo]).

Then ho(z) = z, hi(z) =0, and h; depends continuously on ¢ for k; does so. Put

ar = [T] + p(he([Cy]), he([Co))),

and one has a continuous path t > a; in [TC(PQC((), ¢)] joining ag = [T]+p([Cyl, [C}]) to a1 =
[T). Since x(hy([Cy)])) = he(x([Cy))) while 2([Cy]) € e~ for each € M([TC(PQC((), ¢)]),

0.2l into itself while fixing 0, a deduction similar to the

and since h; for each ¢ € [0, 1] maps e~
proof of Theorem 4.6.10 reveals that the range of the Gelfand transform a, is contained in that of
ap, the latter being disjoint from the origin by hypothesis. Thus [T + p(Cy, C7)] and [T] belong
to the same component of [TC(PQC(¢),d)]™ !, a fortiori to the same component of the group

of invertible elements in the Calkin algebra. The index equality, as determined by the abstract

index in the Calkin algebra (cf. [49, Theorem 5.35]), then follows. O
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Recall the closed subset My C M([TC(PQC((), ¢)]) defined in (4.6.9). The first Cech coho-

mology group of a compact Hausdorff space €2 is written H'(€2).
Proposition 4.6.13. H' (M ([TC(PQC(¢), ¢)])) = H'(M,).

Proof. Consider the homomorphism from the abstract index group of [T (PQC(¢))] into that of
[TC(PQC((), ¢)], mapping every component of [T (PQC(¢))]™! to that of [TC(PQC(C),d)] ™
which contains the former. The map is surjective. For, by Lemma 4.6.7 let [T] + f([Cy]) €
TC(PQC(C), ¢)) " where T € T(PQC(C)) and

f € Co(e @0y = 20 (e=al0c]) = {2p(2, Z) : p a bivariate polynomial}

in uniform closures over e~®%>l. Then the component of [TC(PQC(¢),¢)]~" containing [T] +
f([Cy]) contains [T]+ p([Cy], [CF]) for some p with p(0,0) = 0, and in turn contains [T together
with its component of [T (PQC({))]™!, by the proof of Theorem 4.6.12. This verifies surjectivity.

To see that the map is also injective, suppose [T1], [T3] € [T(PQC(())]™" share a common
component of [TC(PQC(¢),¢)|~'. That is

[Th] = [T3]e"

for some a € [TC(PQC(C), ¢)]. It follows that the Gelfand transform a assumes discrete values on
the fiber over (¢) because e? is constant there. Since this fiber is homeomorphic to e~ (The-
orem 4.6.9) and to [0, 1], the range of the continuous function @ on the fiber must be connected
hence constant. Since all other fibers of M ([TC(PQC((),¢)]) over M ([T (PQC(())]) are single-
tons, we assert a € [T(PQC(())]. So, [T1], [T3] share a common component of [T (PQC(¢))] ™,
and the map is injective.

Now the two abstract index groups are isomorphic, so are the groups H*(M ([TC(PQC(¢), ¢)]))
and H'(M([T(PQC(¢))])). But the latter group is isomorphic to H'(M;) in view of the nat-
ural homeomorphism from My onto M ([T (PQC(())]) given by restriction. This completes the

proof. O
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4.6.2 The non-parabolic case

Assume in this subsection ¢ is non-parabolic, that is, ¢'(¢) # 1 at the fixed boundary point.
The C*-algebra TC(PQC(¢), ¢)/K is not commutative because Cy is not essentially normal. Let
A be the (non-self-adjoint) norm-closed algebra generated by {Cy, Ty : f € PQC(()}. Since
A D T(C) D K, the quotient algebra A/ equals the closed subalgebra of the Calkin algebra
generated by {[Cy],[T}] : f € PQC(()}, a commutative Banach algebra containing the C*-
subalgebra T (PQC(())/K.

Lemma 4.6.14. 0.(Cy) = {|z| < /s}.

Proof. Tt is known that ¢'(¢) > 0 (cf. [109], p. 744). If ¢'(¢) < 1, then ( is the Denjoy-Wolff point
[42, p. 59] of ¢, and [42, Theorem 7.26] (][40, Corollary 4.8]) asserts that o(Cy) = {|z| < /s}.
And, since ( is the only point on 0D with |¢(¢)| = 1, [42, Lemma 7.25] (also [40, Theorem 4.6
and p. 97]) asserts that every z, 0 < |z| < /s, is an eigenvalue of Cy of infinite multiplicity.

Therefore,

{0 <zl < Vis} Coe(Cy) C{l2] < Vs}

yields 0.(Cy) = {|z] < v/s}.
If otherwise ¢'(¢) > 1, then ¢/(¢) = 1/¢'(¢) < 1 for the Krein adjoint ¢ of ¢ [88, Prop. 3.4],

and the derivation above applies to 1 at its Denjoy-Wolff point ( to give

0e(Cy) = {Iz] < 1/V/s}.

Since 0.(C}) = s0.(Cy) due to [CF] = s[Cy], multiplying the equality above by s and taking

complex conjugates yield o.(Cy) = {]z| < v/s} again. O

Remark 4.6.15. It follows from the lemma and the essential norm formula [29] in terms of

Aleksandrov-Clark measures that

ICs)lIl = Vs = p([Cy))
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for the non-normal [C}]. It would be interesting to know if this equality, or equivalence, between

essential norm and essential spectral radius extends to polynomials of Cl.

The fibers of M(A/K) over M(T(PQC(())/K) can be similarly described as in Theorem
4.6.4 and 4.6.9 for the C*-algebra case. The counterpart to Theorem 4.6.4 is true for A/K with

an identical proof.

Theorem 4.6.16. For & # (¢) € M(T(PQC(())/K), the fiber Mc(A/K) consists of a single

functional vanishing at [Cy).

To prove the counterpart to Theorem 4.6.9, we need some variants of the three lemmas. We

shall only outline their proof, if not omitting it. Let Py([Cy]) be the norm-closure of

{[Cslp([Cy]) : p is a polynomial}.

Lemma 4.6.17. For every T' € T(PQC(()) and b € Py([Cy)),

Lemma 4.6.18. There exists y € M (A/K) such that y([Cy]) = 0.
Proof. Such y arises as a cluster point as before, using Theorem 4.6.16 instead. [

Lemma 4.6.19. For every T € T(PQC(()) and b € Py([Cy]),
I[T] + bl = [I[T]]]- (4.6.11)
Consequently, one has the Banach space direct-sum decomposition
A/K = T(PQC(C)/K D Ro((Co).

Proof. Relative to the commutative C*-algebra T (PQC(())/K one has

TN = max{[£([T])] - € € M(T(PQRC(C))/K)},
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while relative to the commutative Banach algebra A/K one has
IT] + 0l = max{[y([T]) + y(b)| - y € M(A/K)}.

Partitioning M (A/K) into fibers over M (T (PQC(())/K) and using Theorem 4.6.16 and Lemma
4.6.18, one verifies that the second maximum is no less than the first. Note that y([Cs]) =
implies y(b) = 0 by multiplicativity and continuity. The direct-sum decomposition follows from

(4.6.11) as usual, noting Lemma 4.6.17 and the fact that Fy([C}]) is norm-closed. O

Theorem 4.6.20. The fiber M (A/K) is homeomorphic to {|z| < \/s} via the map

y € Moy (A/K) = y([Cy]) € {l2] < Vst

Proof. Let A([Cy4]) be the non-self-adjoint closed Calkin subalgebra singly generated by [Cy).

The injective continuous map has its range in

a([Col, A/K) C a((Cyl, A((Cy])) = hull(0e(Cy)) = {|2] < V/s}

by Lemma 4.6.14. Conversely, every A\ € o([Cy], A([Cy])) = {|z] < /s} equals m([Cy]) for
some multiplicative linear functional m on the commutative Banach algebra A([Cy4]). Let-
ting m’ := m|Fy([Cy]), one directly verifies that the direct-sum linear functional ({) @ m’ on
A/K =T(PQC(C))/K D Py([Cy)]) is multiplicative using Lemma 4.6.17. Thus, y := (() @ m’ €

My (A/K) with y([Cy]) = m([Cs]) = A, establishing surjectivity and completing the proof. [

The Shilov boundary 9(.A/K) can be explicitly identified. Denote by ({¢), A) the functional
y € Mg (A/K) with y([Cy]) = A

Theorem 4.6.21. With & ranging over M(T (PQC(())/K),

I(A/K) = |_|M§A/IC | {00 ) (A = 0,5}
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Proof. Throughout the proof denote by F' the union on the right side. F' is a closed subset of

M (A/K) because it is the pre-image of a closed set under a continuous function:

F={y e M(A/K) : ly([Co])| = 0, V/s},

noting Theorem 4.6.16.
We shall first show F'is a boundary for A/K. Let T' € T(PQC(¢)) and let p be a polynomial.
Write a = [T] + [Cy]p([Cy]) with Gelfand transform a on M(A/K). By the maximum modulus

principle for analytic functions,

l;?g%l(@(m) +Ap(A)] = Mrllzlgbf/gl@([T]) + Ap(A)]. (4.6.12)

Partitioning M (A/K) into fibers over M (T (PQC(¢))/K), we have by their descriptions

lalloo = sup [£([T])] vV max [(()([T]) + Ap(N)]
££(C) A<Vs

a|Fls = su max Ap(A
i1l = sup IEQTDIV e [{G)(T]) + (3]

and obtain by (4.6.12) ||@||cc = ||@|F'||ce- This norm equality on M (A/K) extends to every element
of A/KC due to the decomposition in Lemma 4.6.19 and density of [Cy|p([Cy]) in Py([Cy]). That

is, the closed subset F'is a boundary, hence
F 2> 0(A/K).
To show the reverse, consider the restriction map r : M(A/K) — M(T(PQC(¢))/K). Since
O(T(PRC(())/K) = M(T(PQRC(())/K)

for the C*-algebra, Theorem 1.3.7 implies that the singleton fiber (Theorem 4.6.16) M(A/K)

lies in O(A/K) for every £ # (). Next, using a cluster-point argument as before, ((¢),0) lies in
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the closure of the union of these fibers, and hence also in the closed set 9(A/K). It remains only

to show for an arbitrary A, |\| = /s, that ({(¢),\) € 9(A/K). To this end let
b= \I|+[Cy] € A/K.

Since (8) = A on L Me(A/K) and (C).p)(b) = A-+ g, |n] < V. [ peaks at ((C),A) with
16]|00 = 2¢/5. This is because for |A| = /s and |u| < /5,

N+ p| =2ys <= pu= A\

The peak point ((¢), A) for A/K must lie on (A/K), as required. O

One should note that Corollary 6.6 in [109] shows the C*-algebra TC(C, ¢)/K isomorphic to
a direct sum involving a crossed product of continuous functions by Z, under which essential
spectra of operators in 7C(C, ¢) unfortunately remain elusive. Letting U be the Calkin algebra

and B = A/K in (1.3.1), one has for every A € A the essential spectral inclusions
{y([A]) sy € I(A/K)} C oe(A) C {y([A]) 1y € M(A/K)}. (4.6.13)

However, a more careful argument captures the entire essential spectrum as follows.

Theorem 4.6.22. For T € T(PQC(()) and b € Py([Cy]), one has in the Calkin algebra that

o([T]+b) = o (1)) [JUOT]) + o (b))

Proof. Putting t = [T] — (¢)([T]), we shall prove the equivalent statement that

o(t+b) =o(t)| o). (4.6.14)

Let % be a maximal commutative subalgebra of the Calkin algebra containing A/K. Since

tb = 0 by Lemma 4.6.17, m(t) = 0 or m(b) = 0 for every m € M (% ). Then every A € o(t+0b) =
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o(t+b,% ) equals m(t + b) for some m € M(% ), which is either m(t) € o(t) if m(b) = 0, or
m(b) € o(b) if m(t) =0. That is, o(t +b) C o(t) |Jo(b).

Conversely, let 0 # X\ € o(t)|Jo(b). Then A = m4(t) or A = my(b) for some my,my € M(%).
Since A # 0, either m4(b) = 0 giving A = my(t+b) € a(t+b), or ma(t) = 0 giving A = my(t+0b) €

o(t+0b). To see also 0 € o(t + b), note that for all polynomials p

(0), O)([Calp(Ca) = 0

so that ((¢),0)(b) = 0 by continuity. But ((¢),0) € 9(A/K) (Theorem 4.6.21) implies that it

extends to some mg € M(% ) with

hence o(t 4+ b) 3 mo(t +b) = 0 as required. So, o(t)|Jo(b) C o(t+0b) and (4.6.14) is proved. [
The essential spectrum formula for a typical operator in A follows immediately.

Corollary 4.6.23. For T € T(PQC(()) and a polynomial p with p(0) = 0,

0.(T +p(Cy)) = oe(T) [ JI(C) () £ Al < s}

Proof. Simply take b = p([Cy]) in the preceding theorem, and notice in the Calkin algebra

a(b) = p(oe(Cy)) = {p() : |A| < V/s} (4.6.15)

by spectral mapping and Lemma 4.6.14. O
Corollary 4.6.24. For f € PQC(() and a polynomial p, o.(Ts + p(Cy)) is connected.

Proof. Take p(0) = 0 and note ({)([Ty]) € 0¢(T¥). The rest follows from the formula above and

the fact that o.(T%) is connected [49)]. O
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It is interesting to observe that the subalgebra A/KC of the Calkin algebra preserves spectra,

thus is a full subalgebra. In other words, the second inclusion in (4.6.13) is indeed an equality.
Proposition 4.6.25. The algebra A/K is a full subalgebra of the Calkin algebra.

Proof. Elements of A/K have the form [T]+0b, T € T(PQC(()), b € Py([Cy]), by Lemma 4.6.19.
By Theorem 4.6.16 and continuity, with ¢ ranging over M (T (PQC(())/K),

y(b) =0, Vye No:= | | M(A/K)| |((0).0). (4.6.16)
§#4(0)

Let p be a polynomial. Then as in (4.6.15) in the Calkin algebra,

a(p((Co])) = {p(V) : Al < V's} = {({Q), M(p([Co]) + A < V/s}

Passing from p([Cy]) to b in the norm limit while noting commutativity, the sets on the left

and right converge in the Hausdorff metric in the space of compact planar sets to o(b) and

{({C), \)(D) : |\| < +/s}, respectively, making
a(b) = {((C), M) : A < V/s}. (4.6.17)

Now it follows from the structure of M (A/K) and (4.6.16), (4.6.17), that

o([T] + b, A/K) = {y(IT]) = y € No} [JUOTD) + ((O), N (0) = A < Vs)
= o(IT) | JUOT]) + o(b))-

Comparing with Theorem 4.6.22, one has o([T] + b, A/K) = o([T] + b) proving spectral perma-
nence for A/K in the Calkin algebra. O

While the closed algebra {[T}] : f € H* + C'} is maximal commutative in the Calkin algebra
[45, Corollary 2], the C*-algebra T (PQC')/K is not [120]. Using Sarason’s construction [118, 120],
we shall show the algebra A/ generated by 7 (PQC(¢))/K and [Cy] is not maximal commutative
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either. That is, its commutant in the Calkin algebra satisfies (A/K) 2 A/K. We are however

unable to answer the much harder question about its double commutant: (A/K)” 2 A/K?
Proposition 4.6.26. The algebra A/K is not maximal commutative in the Calkin algebra.

Proof. Choose A € 0D with A # (. By the argument in the last paragraph of [120, p. 837], and
with A in place of 1 € 9D, there exists a real function v € L*™ continuous at ( € JID such that

[T,,] commutes with 7 (PQC)/K and yet

[T.] & T(PQC)/K. (4.6.18)

It follows from continuity at ¢ that [T,][Cy] = v(C)[Cy] = [Cs][Ty], so that the closed algebra
generated by A/K and [T,] is commutative. It remains to show [T,] € A/K.

Assume on the contrary [T,] € A/K in the sequel. Then by Lemma 4.6.19,

for some T € T(PQC(¢)) and b € Py([Cy]). Let U be the closed subalgebra of A/K generated
by T(PQC(¢))/K and [T;]. Then U is self-adjoint since v is real. Putting u = [T] — [T,] € U,
one has u + b = 0. Considering the fiber structure of M (A/K) over M (U) of the C*-subalgebra
U, one can apply techniques used earlier to deduce u = 0.

To that end, we first show the fiber M (U) over ( € M(T(C)/K) is a singleton, say ((()).
For, the generic generator for ¢ has the form [T%], either f € PQC(() or f =v. Let k € M.(U)
and € > 0 be arbitrary. Choose d > 0 such that || f[(( —9,(+9) — f({)|l < €, due to continuity
of fat ¢, and let g € C be [0, 1}-valued with g({) =1 and g =0 on D \ ({ — ,( + §). Then

[([T7]) = FOI = |s(([T7] = FOUDITD] < I([T7) = FOUDIT]I

= ITts—cnglll < I(f = F(O)glle < €.

That is, x([Tf]) = f(¢), which proves the uniqueness of k. Consequently, if x # ((¢)) in M(U),

then x|(7(C)/K) # ¢ on OD, and an argument similar to that used to prove Theorem 4.6.4 shows
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that M, (A/K) consists of a single functional vanishing at [Cy]. Next, a cluster-point argument
shows the existence of a functional in M (A/K) vanishing at [Cy]. Such functionals must
vanish at b € Py([Cy]) as well. Now one has the following implications, the last of which due to

U= C(MU)) for the C*-subalgebra U,
u+b=0 = (u+b)(M(A/K)) ={0} = u(MWU)) ={0} = u=0.
Therefore,
[T,] = [T] € T(PQC(Q))/K € T(PQC)/K.
This contradiction against (4.6.18) completes the proof. [

The following result is the counterpart to Theorem 4.6.12. The proof is similar and hence

omitted, using instead the continuous path of Fredholm operators

te0,1] = T+ p((1 —t)Cy)

in view of Corollary 4.6.23 applied to the polynomials z — p((1 — t)z) fixing 0.

Theorem 4.6.27. If T € T(PQC(()) and a polynomial p with p(0) = 0 are such that T+ p(Cy)
is Fredholm, then ind(T + p(Cy)) = ind(T").

We mention that in view of the Arens-Royden theorem the counterpart to Proposition 4.6.13,
with the compact subset Ny C M([A]) in (4.6.16) replacing My, would hold if only the algebra

singly generated by [C,] were semi-simple (see Remark 4.6.15).
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Chapter 5

Further Problems

5.1 Lifting subalgebras of commutants of analytic Toeplitz operators

Commutant lifting/extension problems constitute a common theme in Hilbert space operator
theory. Recall that S € £(H) on a Hilbert space H is subnormal if it admits a normal extension
N € L(K) on a Hilbert space K of which H is a subspace. Such a normal extension N is
minimal if K is the smallest reducing subspace for N containing H. Minimal normal extensions
exist uniquely. It is known that not all operators in the commutant {S}’ of a general subnormal
S lift to an operator (i.e. admit an extension) in {N}’ of its minimal normal extension N, and
that the ones which do lift do so uniquely due to a classical result of J. Bram. See [33] for basic
facts about subnormal operators. Write A C L(K) for the weakly closed unital subalgebra of

operators on K for which H is invariant. Then the restriction map
a:Te{NY (A~ T|H e {S}Y

is an injective and contractive Banach algebra homomorphism whose range, called the lifting
subalgebra of {S}', consists precisely of those operators in {S}’ which lift. By the open mapping
theorem, the lifting subalgebra is norm closed if and only if « is bounded below.

Analytic Toeplitz operators T; on H?(0D) defined by nonconstant symbols f € H® C L™

are subnormal with minimal normal extensions the multiplication operators M; on L*(9D). It
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is of interest to identify the lifting subalgebra of the commutant {7}, that is, the range of
a=ay:Te{My} (A~ T|H® € {Ty} .

Note that every 1), € {1y}, h € H*>, lifts to M), € {M;}'. The special case of when the
lifting subalgebra actually equals {7}’ is characterized in [38, Theorem 2|, from which it is
further shown [38, Theorem 3| that all covering maps have this remarkable property besides
inner functions. Parallel to [38, Cor., p. 2] on lifting commutants, the compatibility result [38,

Prop., p. 2|, which amounts to

{T;Y (ran(ay) = {T,}' (ran(ay),  f.g€ H™,

has another immediate corollary on lifting subalgebras.

Proposition 5.1.1. If f,g € H*™ are such that {Ty} C {T,}', then the lifting subalgebra of

{T} is contained in that of {1,}, and the lifting map 04]71 equals the restriction of ogl.

Consider the inner-outer factorization f = ug with a nonconstant inner factor v (so that T,
is a pure isometry), and let {hy }ren be a sequence of H* functions satisfying hyg — 1 pointwise

in D and supy, ||hrglle < 1 (see [38, pp. 4-5]). For A € {T}}, put

Ca:= sup [T ATZ| € [[|A]], 0]

n>0,k>1

An inspection of the proof of [38, Theorem 2] yields a more general result characterizing the

lifting subalgebra itself.

Theorem 5.1.2. For A € {T}}, A lifts if and only if Cx < 00, in which case ||a~*(A)| = Ca
and o' (A)(a"H?) C a"H?*, n=10,1,....

Proof. First suppose A lifts. Since a™'(T}! AT}) = My a ' (A)M]', ||hrglls < 1, and since M
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is unitary on L*(0D),

I3, AT || < (M5, a7 (A) M| = [ My, a7 (A) My M|

= My, 0" (A)MF ]| = [ My guyro™ (A)]| < lla™" (A)].

That is, Cy < |1 (A)]| < .
Next suppose Cy < oo. Following exactly Cowen’s proof [38, p. 5], one has for any n > 0

and ¢ € H? that g "A(g"¢) € H? with [[g7"A(g"®)||2 < Call¢|l2, from which an extension
A € {M;} of A can be constructed satisfying ||A|| < Cy and A(@"H?) C a"H? [38, p. 4]. That

is, A lifts with ||o~'(A)|| = ||A|| = C4 and the said invariant subspaces. O

The first part of the following corollary is due to the preceding theorem and an earlier remark,

while the second part can be proved in the same manner as [38, Theorem 1].

Corollary 5.1.3. The lifting subalgebra of {1y} is norm closed if and only if
C :=sup{C4/||A]| : 0 # A e {T}},Ca < o0} < 0,

in which case the lifting subalgebra does not contain nonzero compact operators.

Remark 5.1.4. For any nonconstant f € H* and ¢ € D, one has {T}' = {Tj_s)} where
f — f(¢) has a nonconstant inner factor hence satisfying the hypothesis for Theorem 5.1.2, while

Proposition 5.1.1 asserts that the two lifting subalgebras are identical as well as the lifting maps.

Motivated by Cowen’s result on covering maps (ie. automorphic symbols), one may attempt
to apply Theorem 5.1.2 to determine the lifting subalgebra for a larger class of symbols. Recall
that f € H™ is called semi-automorphic [39] if f = m o for a covering map 7= on D and a
univalent self map ¢ of D. For such f, Cowen [39] obtains a closed-form description of {7} and

asks what is the lifting subalgebra of {7}’ under the description.
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5.2 Multiplication operators defined by analytic covering maps

Let ¢ € H*(ID) be a covering map onto a planar region {2 with nontrivial subgroup G C Aut(D)
of deck transformations, and consider the multiplication operator Ty on the Hardy space H*(D)
and Bergman space A%(D), respectively. Since ¢ is H?*(D)-ancestral [36, p. 22], Ty on H?*(D)
commutes with no nonzero compact operators [36, p. 27]. Do these properties also hold for
A%(D)? In particular, since the inner factor of ¢ — ¢(a), Ya € D, is an interpolating Blaschke
product, ¢ would be A?(D)-ancestral should the following question have a positive answer:

If a function f € A?(D) vanishes at the zeros {z,}n in D of an interpolating Blaschke product
b, is it true that f € bAZ—(D)?

Consider the zero-based invariant subspace M, := {f € A*(D) : f(z,) = 0}. By the deep
result in [4], the wandering subspace M, © zM, generates M, as invariant space. Hence the
original question of M, C bAz—(]D) reduces to if M, © zM, C bA2—@D>)? Since My © zM, is well
known to be one-dimensional, it further suffices to construct a nonzero element in the former
and prove it contained in the latter.

It is well known that each L € G induces a unitary operator Uy := T;12Cy on H?*(D)

commuting with T, where the square root L''/? € H>*(ID) of the non-vanishing derivative L' €

H>(D) is so chosen that

(Lo JYY? = (Lo 0)JV?  VL,JeG.

This is possible because G is isomorphic to the fundamental group of €2, thus a free group, so
that one just needs to randomly pick the square roots for the generators and then extend the
selection to G accordingly. The map L € G +— U1 € L(H?*(D)) is a unitary representation
of G. Likewise, L € G — V-1 € L(A*(D)) is a unitary representation of G' commuting with
T, on A*(D), where V;, := T,Cy. In the latter case, every unitary operator commuting with
Ty is “almost” given by such Vi, [72, Th. 2.2], and the von Neumann algebra {Ty,T7}’ equals
the weak-operator closure of the linear span sp{V7, : L € G} [72, Cor. 2.5]. Is this also true on
H?(D) with {Uy : L € G}?
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5.3 Spectral theory of multiplication operators

For a non-constant function f € H>*(Q) and X = HP(Q,w) or AP(§2, wda), the point spectrum
o,(Ty) of Ty € L(X) is empty, so that right away 7y has the SVEP (single-valued extension
property). Also, using the facts o(7y) = o(f) = f(Q) and ||T|| = || f||c obtained in the process

of extending the analytic functional calculus for T in Section 2.5, one explicitly computes the

norm of the resolvent of T} as follows

1AL =Tp) "M = 1Tyo-pll = 11/ (A = Pl = 1/d(X, f(Q), YA€ o(T}) = f().

Therefore, growth rate conditions on [[(A — T})7!|| are easy to check. These considerations
appear to suggest an interesting local spectral theory for 7. For instance, one may ask whether
Ty, f a univalent function, satisfies Dunford’s property (C), Bishop’s properties (a), (), the
property (3*), or the Albrecht-Eschmeier property (4), all key ingredients in the theory of spectral
operators and more generally decomposable operators on Banach spaces (cf. [91]).

Recall that the approzimate point spectrum of T € L(X) is defined as

0ap(T) :={X € C: A — T is not bounded below}.

Proposition 5.3.1. For f € H*(Q) non-constant, 0f(2) C 0,,(Tf) C 0.(Ty) C f(09).

Proof. Since o(Ty) = f(2), 0f(Q) = 0o(Tf) C 04y(Tf) by standard facts about Banach space
operators. Next, if A\I — T} has closed range, then it is bounded below by the open mapping
theorem since A\l — Ty = T)_ is injective. This implies 0,,(T) C 0.(T}). Lastly, o.(Tf) C f(052)
due to Lemma 2.2.5 (see Remark 2.2.6). O

The following corollary seems to supplement certain results of [9, 34] on the essential spectrum
o¢(Tf). Note that the property Q° = Q is not a conformal property, that is, f(Q)O = f(€2) does
not necessarily follow from Q° = Q and f being univalent on (counterexamples abound, e.g.

by the Riemann mapping theorem).
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Corollary 5.3.2. If f € H®(Q) is univalent and f(Q)° = (), then ap(Ty) = 0.(Tf) = f(OQ).

Proof. If f € H*(Q) is univalent, then f(9Q) [ f(Q) = 0, see the proof of Corollary 2.3.10.

Thus f(0Q) C f() \ f(£2), which together with (2.2.5) gives f(0Q) = f(2) \ f(€2), while

If () = fF(V)\ () = f(Q)\ f(2) by hypothesis. Now 9f(2) = f(09) forces equalities in the

preceding proposition. ]

5.4 Compact perturbations of Toeplitz and Hankel operators

Let A € L(H?). A consideration of the matrix forms yields the well-known fact that A is a
Toeplitz operator if and only if T; AT, = A, a Hankel operator if and only if T:A = AT,. When
these characterizing equalities are relaxed modulo IC, one has the essentially Toeplitz and Hankel
operators, respectively.

The questions of characterizing compact perturbations of Toeplitz and respectively Hankel
operators in L£(H?) are more involved and can not be based on matrix considerations. The
essentially Toeplitz operators coincide with the essential commutant of 7(C) and constitute a

much larger class than the compact perturbations of Toeplitz operators. In the first edition of

his book [49], which appeared in 1972, R. G. Douglas asked whether

T, AT, — A € K, V inner function «

implies A = Ty + K for some f € L*°, K € K7 This long-standing open problem was solved in
the affirmative by J. Xia [143] in 2009 (although a weaker version was solved by Davidson [45] in
1977). Since inner functions can be uniformly approximated by Blaschke products (Frostman’s
theorem), the condition is the same as if u exhausts all Blaschke products. Does the result remain
true if w is further restricted to certain subsets of inner functions which are not uniformly dense?

Analogous to the Toeplitz case, the class of essentially Hankel operators is strictly larger

[97] than that of the compact perturbations of Hankel operators. In view of the results above
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(especially Davidson’s result), it seems reasonable to ask: If

T;A — AT, € K, V interpolating Blaschke product b, (5.4.1)

or if

T;A— ATy € K, Vf € QC, (5.4.2)

does it follow that A = H, + K for some g € L, K € K7 Notice that (5.4.1) is the same as if
T7A — ATy € K,Vf € H* by the Garnett-Nicolau theorem. Moreover, T;A — AT, € K implies
T,A— AT; € K, and these two conditions together give T;A — ATy € K,Vf € C. That is, (5.4.1)
is indeed the same as if T;A — ATy € K,Vf € H* + C which subsumes (5.4.2). Conversely,

Hartman’s theorem ensures

Ti(Hy+ K) — (Hy+ K)T; € K, ¥f € H* + C.

Thus either implication, if true, would characterize compact perturbations of Hankel operators.

These questions may be investigated from the perspective of operator equations. For f € L*°,
consider the elementary operators V;, W; € L(L(H?)) acting on the operator Banach space
L(H?) as follows:

Vi(A) = T;AT; — A

Wi(A) = T;:A — ATy.

Then, the kernels of V,, W, are precisely the Toeplitz and Hankel operators, the pre-images
VU K), W 1K) the essentially Toeplitz and Hankel operators, and V"1 (V,(K)), W 1(W,(K))
the compact perturbations of Toeplitz and Hankel operators, respectively. Although W, (K)
is uniformly dense in IC [97], neither V,(K) nor W,(K) exhausts K. Notice that the compact
perturbation problems can be rephrased as: If Vy(A) € K (resp. Wy(A) € K) for a natural class

of functions f € L including f(z) = z, is it true that V,(A) € V,(K) (resp. W,(A) € W.(K))?
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This formulation calls for an understanding of the compact operator subspaces V. (K), W, (K)
relative to these conditions.

Another type of characterizations is in terms of convergence of certain operator sequences.
[58, Theorem 4.1] states that A is a compact perturbation of a Toeplitz operator if and only
it TP AT} converges in norm. This result is a special case of a general convergence theorem
[100, Theorem 2.1]. Also, a mixed-type result [100, Corollary 4.5] asserts that A is a compact
perturbation of a Toeplitz operator if and only if A is essentially Toeplitz and n=* >} TFATE
converges in norm, which is again a special case of [100, Theorem 4.3]. The question arises if

similar results hold for compact perturbations of Hankel operators?

5.5 Hankel operators in certain C*-algebras and a problem of Barria

and Halmos

Barrfa and Halmos [16] asked, on the Hardy space H?, whether Hankel operators in the essential
commutant 7 (C)., = {7}, must be in the Toeplitz algebra T (L>)? The answer turned out
to be negative [26, Theorem 4.6], and several concrete constructions of f € QC, g € L,
are known such that the commutators [T, H,| € K, [Ty, H,] ¢ K, so that H, € T(C). but
H, ¢ T(QC)., D T(L*). A naturally revised question would then ask if Hankel operators in
T(QC). must be in the Toeplitz algebra? The question is of interest for T(QC), 2 T(L>)
[142]. Also notice that the characterization of 7 (QC). in [142, Theorem 1.4] does not readily
characterize the symbol functions of Hankel operators in 7 (QC)..

There is an equivalent formulation in terms of Douglas algebras. Define

Br={feL*:HfecT(L”)},
Boc ={f€L>*: Hf € T(QC).},

Bo={feL®: Hf € T(O).},

and notice that inclusions between these Douglas algebras correspond to implications of mem-

bership of Hankel operators in the respective C*-subalgebras of L(H?).
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Proposition 5.5.1. H* +C C By C Boc € Be € L*™.

Proof. T(L*>®) C T(QC)., C T(C). gives By C Boc C Be. Hp € K C T(L™®) forall f € H*+C
gives H* 4+ C' C By, and the inclusion is proper due to the construction in [27, Section 3| of a
noncompact Hankel operator in 7(L>). Bgc is proper in Be as in [26]. To show B is proper in
L, there exists g € L™ with (z — 2)g &€ H* + C because H* + C' does not contain non-trivial

ideals of L>° (Prop. 1.8.8), and [T}, H,| ¢ K implies g & Bc. O

So, the revised Barria-Halmos question asks if By = Bge? It follows from the Chang-
Marshall theorem that By, Bgoc, Be are completely determined by the inner functions invertible
in these algebras. In this regard, one has the following characterizations [147] for Boc and B,

while that for By seems beyond reach at this point.

Proposition 5.5.2. Let u € H*™ be an inner function. Then
(i) w € Be if and only if u|M\(L>) is constant for every A\ € 0D\ £1.

(ii) @ € Bgc if and only if u|M,(L>®) is constant for every y € M(QC) \ M2,(QC).

Proof. Since [Ty, Hy) = nH ;_;), for every f € QC, u € Be (resp. Boc) if and only if

(f— flue H®+C, ¥Yf € C (resp. QO). (5.5.1)

By the Bishop-Glicksberg theorem, the first case of (5.5.1) is equivalent to (f— f)a|My(L>®) €
H>™|My(L>®) for every f € C and A € D\ £1, due to f(+1) = f(£1) for f € C. The latter
is in turn equivalent to u|M,(L>®) € H*|M,(L>®) for every A € 9D \ £1, that is, u|M,(L*) is
constant by the Clancey-Gosselin property of such fibers M,(L>). This proves (i).

Again by the Bishop-Glicksberg theorem, the second case of (5.5.1) is equivalent to (f —
F)aIM, (L) € H®|M,(L*) for every f € QC and y € M(QC)\ ML (QC), dueto f(y) = f(7) =
f(y) for f € QC and y € MY,(QC). The latter is equivalent to u|M,(L>®) € H>®|M,(L>) for
every y € M(QC) \ M2,(QC), that is, u|M,(L>) is constant by the Clancey-Gosselin property
of such fibers M, (L>). This proves (ii). O
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Remark 5.5.3. Recall that for f € L™ and A € 9D, f|M,(L*®) is constant if and only if f is
continuous at A. Thus for u = bs where b is a Blaschke product with zero sequence {z,}, in D,
and where s is a singular inner function with support set S C JD of its singular measure, the
condition of Proposition 5.5.2(i) amounts to both b and s being continuous at every point of the
circle other than +1. That is, ({z,},(0D)JS C {#1} [147], which, in case u = b, reduces to

[26, Prop. 3.5] (see also [15, Prop., p. 1508]), and in case u = s amounts to

z4+1 z—1
= ) € D7 ’ Z 0.
s(z) = exp (le — 1> exp (7‘22 m 1) z r1,7T9

Also, it follows from Lemma 3.5.1 and the Clancey-Gosselin property that u|My (L) is constant
if and only if u|M,(L*) is so for every y € M,(QC), so that the added requirement in (ii) is
precisely that u|M,(L>) be constant for every y € My, (QC) \ MY, (QC).

Specializing Proposition 5.5.2(ii) to interpolating Blasche products and singular inner func-

tions, respectively, we have obtained the following results [147].

Theorem 5.5.4. If b is an interpolating Blaschke product with zero sequence {z,}, in D, then

be Bgc if and only if {z,}n lies in the union of a Stolz angle at 1 and another at —1.
Theorem 5.5.5. The only singular inner functions invertible in Boc are the constants.

Note that Theorem 5.5.4 and the full strength of the Chang-Marshall theorem characterize
Bgc, and that Theorem 5.5.5 equivalently states that the inner functions invertible in Bgc are
all Blaschke products.

Interpolating sequences for certain subalgebras of H* are characterized by Sundberg and

Wolff [132]. For QA := QC' () H* and a sequence {z,}, in D, their key result is that the map

FeQA— (flz)n €1

is surjective if and only if the sequence {z,}, is distinct and sparse. Using this and other
results, [27, Theorem 3] shows that for a class . of sparse Blaschke product b, Hj is a compact

perturbation of a product of two Hankel operators and thus lies in the Toeplitz algebra T (L>).
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In view of distance localization in the Calkin C*-subalgebra [T H(L>)] with respect to the center
[T(QC,)] = QCs, one would have an affirmative answer to the revised Barrfa-Halmos question if
only one could approximate interpolating Blaschke products of the type as in Theorem 5.5.4 by
sparse products in . uniformly on each fiber M,(L>), Vy € M2,(QC). Uniform approximation

results on fibers of M (L>) over M(QC') are seldom found in the literature.

5.6 Toeplitz operators on the Hardy space versus the Bergman space

The differences between Toeplitz operator theory on the Hardy space H? versus the Bergman
space A%(D) are reflected in many well-known results. For instance, Beurling’s classical theorem
states that the wandering subspace M © T, M of any nonzero invariant subspace M for the shift
operator T, on H? is spanned by an inner function, and that M © T, M generates M as invariant
subspace. While the latter remains true [4] for all invariant subspaces of the Bergman shift,
their wandering subspaces can have arbitrary dimension [77]. The full Toeplitz algebra on H>
properly contains its commutator ideal [49], but on A%(D) the two coincide [131]. Yet another
example is that although the essential spectrum of every Toeplitz operator on the Hardy space
is connected [49], there are ones on the Bergman space with disconnected essential spectra [133].

One the other hand, for f € L* with harmonic extension f € h> (D), write Ty for the
Toeplitz operator on H? and T'; the Toeplitz operator on A%(D). Then it is a natural question
to ask about the relation between Ty and 7', although very few results of this kind, if any, are
found in the literature. Let f,g € L*>. Compact semicommutators and commutators of 1%, T,
are characterized respectively in [11, 139, 154] and [67], and those of T}, Ty are characterized
respectively in [153] and [127]. Also see [152]. These characterizations appear in various equiv-
alent forms, some of which are in terms of analyticity of L*° functions on support sets 5, for
the Hardy space case, or analyticity of h*°(D) functions on (Gleason) parts P, for the Bergman
space case. While the former for f € L* always implies the latter for f € h*°(D), the converse
is false in general. Thus it is of interest to consider certain special classes of symbols for which
the converse is in fact true.

Motivated by characteristic symbols and PQC' symbols, let A be a Borel subset of dD. The
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question is if 1, = ¢ € [0, 1] on a nontrivial part P, in M(H>)\ D, must the constant ¢ € {0,1}?

Note that since P, () M (L>) = 0, there does not appear to be an immediate affirmative answer.
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