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Abstract

The problems studied in this thesis are problems concerned with Vafa-Witten theory in Physics
which gives a relationship between Physics and mathematics through a deep relationship called
S-duality and providing new relationships between various invariants. This deep study intertwines
number theory, arithmetic geometry and representation theory and algebraic geometry enabling us
to recover beautiful interesting formulas. Sheaves on Deligne-Mumford stacks are related to this
study [16] following a large body of work of several people in the related fields [33], [32].

In this thesis we mainly study two important problems concerned with sheaves on Deligne-
Mumford stacks. We mainly study sheaves on smooth toric Deligne-Mumford stacks and Bogomolov-
Gieseker inequality for modified semi-stable sheaves on tame smooth Deligne-Mumford projective
stacks in any dimension.

In chapter 2 we recall the definitions and preliminaries on Deligne-Mumford stacks. Then we
recall the important notion of semi-stability modified to the setting of projective Deligne-Mumford
stacks. We restate the notions of modified slope and define semi-stability analogously. We impose
a condition §4.1.2, with which we work in the rest of chapter 4 and chapter 5.

In chapter 3 we first study toric Deligne-Mumford stacks and torsion free toric sheaves on
them. We give examples of toric Deligne-Mumford stacks, torus actions on Deligne-Mumford
stacks and prove a gluing formula for torsion free toric sheaves on a Toric Deligne-Mumford stack
generalising [20], [9], [36] on any arbitrary toric Deligne-Mumford stack.

In chapter 4 we generalize the Bogomolov-Gieseker inequality for semistable coherent sheaves
on smooth projective surfaces to smooth Deligne-Mumford surfaces. We work over positive char-
acteristic p > 0 and generalize Langer’s method to smooth Deligne-Mumford stacks.

In chapter 5 we generalize the Bogomolov inequality formula to higher dimensions and to

Simpson Higgs sheaves on tame Deligne-Mumford stacks.

1l



Acknowledgements

I would like to thank and express all my gratitude to my advisor Professor Yunfeng Jiang for
introducing me to the subject, for constantly motivating me during the process and bringing up
interesting problems in the course. I would also show my gratitude towards Professor Purnaprajna
Bangere, Professor Satya Mandal and Professor Yuanqi Wang for their help and mathematical dis-
cussions that helped me a lot in these years. I am also indebted to Professor Indranil Biswas and

Professor Mattia Talpo for many helpful mathematical discussions.

I am indebted to Jayan Mukherjee, Debaditya RayChaudhury, Prashanth Sridhar, Bhargob J

Saikia for all their help during my duration of stay.

v



1 Introduction

1.1

Outline

Contents

1.2 Convention . . . . . . . . . e

2 Preliminaries on stacks and modified stability

2.1

22

Preliminarieson stacks . . . . . . . . .. ... Lo
2.1.1  Stacks . . . oL
2.1.2  Algebraic Stacks . . . . . . ... L L
2.1.3 Quotient Stacks . . . . . . ...
2.1.4 Smooth Algebraic Stacks . . . . . . .. ... L L
2.1.5 Deligne-Mumford Stacks . . . . . ... ... ... L
2.1.6  Tame projective Deligne-Mumford stacks . . . . . . ... ... ... ...
Preliminaries on modified stability . . . . . .. ... ... ... .. .. ...,
221 NoOtations . . . . . . . v v i e e e e e e
2.2.2 Modified stability . . . . . .. ...

3 Toric Deligne-Mumford Stacks

3.1

Toric Deligne-Mumford stacks . . . . . . . .. .. ... ... ... ... .. ...
3.1.1  Algebraic Group Actions on Deligne-Mumford stacks . . . . . ... ...
3.1.2 Definition and Construction using Gale Duality . . . . . . ... ... ...
3.1.3 GITdata . . ... ... . . e
3.1.4 Example . . . .. .
3.1.5 Extended Stacky Fans . . . . ... ... ... ... ... .. .. ...,



3.1.6  Inertia stack of a Toric Deligne-Mumford Stack . . . . . . ... ... ... 20

3.1.7 Open substacks of a Toric Deligne-Mumford stack . . . . ... ... ... 20
3.1.8 Torus ACtions . . . . . . . . ... e e 21
3.2 Coherent sheaves on Toric Deligne-Mumford Stacks . . . . . . . ... ... ... 23
3.2.1  S-family of Toric Sheaveson [(C)Y/H] . . . . . . . . ... ... ..... 24
3.2.2  Stacky S-family on [(C)4/H] . . . . . . . . .. 25
3.2.3  Gluing Formula for torsion free sheaveson X(X) . . . .. ... ... ... 26
Bogomolov Gieseker Inequality 33
4.1 Bogomolov-Gieseker inequality . . . . . . .. ... .. ... ... ... 33
4.1.1 fdHN property . . . . . . . . . . . e 38
412 Condition % . . . . . . ... e 39
4.1.3 Twodimensionalcase . .. ... ... ... ... ... ... ... 40
4.2 Bogomolov inequality for parabolic sheaves . . . . . . . ... ... ... .... 44
42.1 Rootsurfaces . . . . . . . .. e 44
422 Parabolicsheaves . . . . . . . . . ... L 45
4.2.3 Equivalence of categories . . . . . . . ... Lo o 46
4.2.4 Parabolic Bogomolov inequality . . . . . . ... ... ... .. ...... 47
4.3 A K theoretic decomposition of Wonrootstack X . . . ... ... ... .. ... 50
4.3.1 Elementary Transformation of Vector Bundles . . . . ... ... ... .. 52
432 Example . . .. . . . e 53
4.3.3 K-theoretic decomposition in terms of Parabolic components . . . . . . . . 55
Higher dimensional case of Bogomolov-Gieseker Inequality 57
5.1 Higherdimensioncase . . . . . ... ... .. ... 57
5.1.1 Thm'(rk) implies Thm>(rk) . . . . . . . . . . . . . ... . ... 58
5.1.2  Thm’(rk) implies Thm*(rk) . . . . . . . . . . .. 59
5.1.3 Thm?(rk) implies Thm*(rk) . . . . . ... ... .. ... ... ...... 60

vi



5.1.4 Thm*(rk) implies Thm?(rk) . . .
5.1.5 Thm?(rk—1) implies Thm'(rk) .

5.2 Bogomolov’s inequality for Higgs sheaves

Vil



Chapter 1

Introduction

We study two important concepts on Sheaves on Deligne-Mumford stacks in this thesis. The
problems we study have deep connections to Physics and have been useful in computing Vafa-
Witten invariant [33],[32]. These ideas are very useful in proving powerful relations between
generating functions and modularity properties connecting number theory and algebraic geometry.

We concentrate mainly on semi-stability and recall the setting as in [28]. We fix a condition
and work with it as the assumption on generating sheaves in chapter 2 handy for uses in chapter
four and five.

In chapter three we discuss about Smooth Toric Deligne-Mumford stacks which are very im-
portant algebro-geometric objects as their geometric properties translate into the combinatorics of
their fan structure. They provide important testing grounds for various physical theories and con-
jectures motivated from Physics. For introduction to Smooth Toric Deligne-Mumford stacks we
refer to [4],[8]. The Torus fixed locus is important in the context of computing DT invariants and
Vafa-Witten invariants [35], serving as a motivation to investigate our case. We give conditions for

a Gluing Theorem handy for our purposes to compute equivariant Picard Groups.

We obtain a characteristic function similar to [20] by defining the dimension of the fine
graded pieces of each {F(m),m € X(T)}, which will be instrumental in the construction of the
pure equivariant sheaves with a fixed characteristic function ( see [9] ).

Extending the work of Klyachko, Perling, Kool, we develop a combinatorial method to describe
the pure equivariant sheaves of any rank and on an arbitrary smooth projective Toric Deligne-

Mumford stack of any dimension. Following the methods of [20], one can construct the moduli



stack of equivariant pure sheaves on X(X) with fixed characteristic function y. The torus action
extends to the moduli stack of Gieseker stable sheaves on the Deligne-Mumford stack with respect
to a Modified Hilbert polynomial ( i.e, w.r.t a generating sheaf ).

For torsion free sheaves equivariant under torus action with fixed characteristic function, we
hope to match GIT semi-stability and Gieseker semi-stability . This lets us have a stratification
of the stable locus of torus fixed points of Gieseker stable sheaves in terms of the stable locus of
torus fixed points with fixed characteristic function which are very combinatorial in nature. Using
that we hope to obtain a combinatorial description of the torus fixed p-modified stable torsion
free coherent sheaves on the Deligne-Mumford stack purely in terms of moduli stacks of pure
equivariant sheaves with fixed characteristic function.

Using this decomposition as in [20], we can compute generating functions of Euler character-
istics of moduli spaces of modified u- stable sheaves with respect to a modified Hilbert polynomial
on smooth proper Toric Deligne-Mumford stacks ( See [36] for analogous applications on smooth
projective toric Hirzebruch orbifolds. ).

In the fourth chapter we discuss about the discriminant of a coherent sheaf and conditions
enabling its positivity. Let X be a smooth projective surface over an algebraically closed field « of
characteristic zero. The Bogomolov-Gieseker inequality is a famous formula for slope semistable
torsion free coherent sheaves on X, which says that the discriminant A(E) = 2rk(E)cy(E) —
(tk(E) = 1)c1(E)? > 0 if E is slope semistable. This formula has many important applications
such as the construction of Bridgeland stability conditions for surfaces.

If the base field « is of positive characteristic p > 0, and X is a smooth projective surface over
k. Let F : X — X be the absolute Frobenius morphism of X. A torsion free coherent sheaf E is
called strongly slope semistable if any Frobenius pullback F*E is slope semistable. For a strongly

slope semistable torison free coherent sheaf E on X, the Bogomolov-Gieseker inequality

A(E) =21k(E)c2(E) — (tk(E) = 1)e1 (E)* = 0



still holds, see [22, Theorem 3.2]. In general if E is just slope semistable, the inequality has
a correction term depending on the prime number p, see [22, Theorem 3.3]. The Bogomolov
inequality formula in positive characteristics has applications to prove the boundedness for the
moduli functor of semistable coherent sheaves on X, and the restriction theorem of slope stable
torsion free coherent sheaves on X to a divisor D inside X.

In this thesis we prove the Bogomolov-Gieseker inequality for slope semistable torsion free co-
herent sheaves on a smooth two dimensional Deligne-Mumford stack X (called a surface Deligne-
Mumford stack). See for instance [17]. We work on tame surface Deligne-Mumford stacks which
means that the orders of the local stabilizer groups of X are all coprime to the character p. We use
the modified slope semistability of Nironi [28] defined by generating sheaves = on X. One motiva-
tion for our study on the Bogomolov-Gieseker inequality for slope semistable torsion free coherent
sheaves is the Vafa-Witten theory for projective surfaces and surface Deligne-Mumford stacks in
[33], [16], where the Bogomolov-Gieseker inequality for the modified semistable sheaf E will
make the moduli space of Gieseker stable sheaves on a root stack surface X empty for ¢, (E) < 0.
The Vafa-Witten theory for surface Deligne-Mumford stacks has applications to prove the S-duality
conjecture in [35] which is a functional duality for the generating functions counting SU(r) and
LSU(r) = SU(r) /Z,-instantons, see [14], [15]. On the other hand, the Bogomolov-Gieseker in-
equality for slope semistable torsion free coherent sheaves on a surface Deligne-Mumford stack X
is interesting in its own since it will prove some restriction theorem of slope semistable sheaves
on X to a large degree divisor inside X. This will have applications to the reduction of the moduli
of stable Higgs bundles on surfaces to the moduli space of stable Higgs bundles on curves, which
is related to the Langlands duality and mirror symmetry between the moduli spaces of SL, and
PGL,-Higgs bundles on curves.

Let us first state our main result. We fix X to be a surface Deligne-Mumford stack, and a
polarization (E,Ox (1) = H) where E is a generating sheaf on X and Ox(1) a polarization on
the coarse moduli space X. We choose the generating sheaf = to satisfy the condition that its

restriction to any codimension one component in /X is a direct sum of locally free sheaves of the



same rank. Here /X| C IX is the components in the inertia stack /X consisting of codimension
one components. Then in this case the modified slope of a torsion free coherent sheaf E is given

by:

deg(E)
Ha(E) = ==
rk(E) 1k (E)

where deg(E) = ¢ (E) - H. The modified slope semistability of a torsion free sheaf E is equivalent

to the orbifold semistability of the surface Deligne-Mumford stack X where the slope is given by

_ deg(E)
H(E) = 3
We can not prove a Bogomolov-Gieseker inequality formula for a modified slope semistable

torsion free sheaf E for a arbitrary general generating sheaf =, where the modified slope uz(FE) is

rk(E) deg(E)

RE) plus the contributions from codimension one components /X; C I1X. We do not know

if such an inequality holds for general modified slope semistable torsion free sheaves, except that
we can show it holds for root stacks and a special choice of generating sheaf. This has applications
to the calculation of Vafa-Witten invariants for root stack surfaces in [16]. For a root stack X
(associated to a pair (X, D) where D C X is a normal crossing divisor) over a smooth surface X, a
choice of generating sheaf will gives the equivalence between the category of coherent sheaves on
X and the category of rational parabolic sheaves on (X, D).

Our main result is:

Theorem 1.0.1. (Theorem 4.1.9) Let X be a two dimensional smooth tame projective Deligne-
Mumford stack and let 2 be a generating sheaf such that its restriction to every component in 1X;
is a direct sum of locally free coherent sheaves of the same rank. Then if E is a strongly modified

slope semistable torsion free sheaf on X, we have
A(E) > 0.

We prove Theorem 1.0.1 by a method of Moriwaki which is generalized to surface Deligne-
Mumford stacks, plus the calculation using orbifold Grothendieck-Riemann-Roch formula for the

surface Deligne-Mumford stack. In order to prove the theorem we review the basic knowledge of
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coherent sheaves over a tame Deligne-Mumford stack X, the Frobenius morphisms and the basic
properties of slope modified semistable torsion free sheaves on X. In particular we generalize one
of Langer’s inequality involving maximal and minimal modified slopes in the Harder-Narasimhan
filtration of a torsion free sheaf E to smooth Deligne-Mumford stacks.

As the first application of the Bogomolov-Gieseker inequality in Theorem 1.0.1, the Bogomolov-
Gieseker inequality for surface Deligne-Mumford stacks in characteristic zero holds by the stan-
dard method of taking limit. The second application is to prove the Bogomolov-Gieseker inequality
for rational parabolic semistable torsion free sheaves on (X, D) by relating the rational parabolic
sheaves on (X, D) to torsion free sheaves on the root stack X associated with (X, D).

We generalize Langer’s results (the four theorems in [22, §3]) for higher dimensional smooth
Deligne-Mumford stacks X for a special choice of generating sheaf such that the modified slope
is equivalent to the orbifold slope of X. We also provide one restriction theorem for slope stable
torsion free sheaves to a large degree divisor in X. The proof is similar to [22, §3], and we put
these arguments in chapter five. The restriction theorem will have applications to the reduction of
the moduli space of Higgs sheaves on a surface or a surface Deligne-Mumford stack to the moduli
space of Higgs bundles to a large degree curve inside the surface or the surface Deligne-Mumford
stack.

We also prove the Bogomolov inequality for semistable Simpson Higgs sheaves on tame Deligne-
Mumford stacks in chapter five 5.2 generalizing the method in [24]. We should point out the Higgs
sheaves here are not the Higgs sheaves in [33], [16], where the Bogomolov inequality may involve

correction terms.

1.1 Outline

Here is the short outline for the thesis. In chapter two we review the definitions of stacks and def-
initions of modified slope stability for torsion free sheaves on a tame projective smooth Deligne-
Mumford stack X.

In chapter three we define Toric Deligne-Mumford stacks and discuss toric torsion free coherent



sheaves on Toric Deligne-Mumford stacks. We prove a gluing formula analogous to [20] for arbi-
trary smooth toric Deligne-Mumford stack

In chapter four we prove the Bogomolov-Gieseker inequality formula Theorem 1.0.1 in §4.1, and
the Bogomolov inequality for rational parabolic sheaves for (X, D). Finally in chapter five we
generalize the results in [22, §3, §5] to higher dimensional smooth tame Deligne-Mumford stacks.
We also prove the Bogomolov inequality for Simpson Higgs sheaves on tame Deligne-Mumford

stacks in chapter five, 5.2.

1.2 Convention

In the third chapter we work on C.

While working with a torus we use 7 to denote orbifold torus and 7 to denote a Deligne-Mumford
torus. We mention the use of 7 for both the cases later in chapter three explicitly stating it. G
denotes an affine algebraic group and X (G) denotes the character group of G.

In the second fourth and fifth chapter, we work over an algebraically closed field « of characteristic
p > 0 throughout of the paper unless otherwise mentioned. All Deligne-Mumford stacks are tame.

We denote by G,, the multiplicative group over «.



Chapter 2

Preliminaries on stacks and modified stability

2.1 Preliminaries on stacks

2.1.1 Stacks

Definition 2.1.1. Let C be a site, ([Sta] for definitions). A category fibered in groupoids, p :
F — C is a stack if for every object Y € C and covering {f : X v~ Y}, the functor F(Y) —

F{f: X Y}) is an equivalence of categories [Sta]. The functor can be described as (E) —
(f*(E),0can)-

2.1.2 Algebraic Stacks

Denote a scheme by S.

Definition 2.1.2. A stack X /S is an algebraic stack if the following are satisfied.
i) The diagonal A : X — X X5 X is representable.
ii) There exists a smooth surjective morphism nt : Z — X with Z a scheme.

Often we mention Artin stacks to relate to Algebraic Stacks.

2.1.3 Quotient Stacks

Let X be a scheme, G be a smooth group scheme over spec(C). Define [X/G] to be the stack
whose objects are given by the following.

e Let T be a scheme over spec(C).



Define triples (7, P,n : P — X XT) where « is a G7 — equivariant morphism of schemes and P is
a Gt —torsor on the big etale site of 7.

e The morphisms between two triples (7', P,x) and (7', P’,n’) are given by a pair of morphisms
(f:T"—>T,fY:P — f*P)and f" being a compatible isomorphism of pullback of G- —torsors.

e Examples include [ X /G| where X is a scheme and G acts on X.

2.1.4 Smooth Algebraic Stacks

We say X is smooth if there exists a smooth scheme Z as in condition ii) which is smooth.
e Examples of main interest include:
e Smooth Artin stacks of the form [X/G] where X is a smooth quasi-projective scheme and G is

an affine algebraic group in characteristic 0, with a G action on X.

2.1.5 Deligne-Mumford Stacks

We say X is Deligne — Mum ford if the following is satisfied.

e In condition ii) we assume the 7 to be an etale covering.

e Examples of interest include the following.

e Global Quotient stacks of the form [X/G].

e In particular, let X be a Noetherian scheme of finite type and let smooth G be acting on X with

finite reduced stabilisers then [ X /G| is Deligne-Mumford.

2.1.6 Tame projective Deligne-Mumford stacks

Let X be a smooth DM stack over an algebrically closed field k, with finite diagonal, which is
equipped with a projective coarse moduli which is a scheme denoted by (X, ). Such stacks
are described as projective stacks.

If 7. : Qcoh(X) — Qcoh(X) is exact then we say X is a tame DM stack.



e Examples of interest include Root Stack X where gcd(r, p) =1 on a field of char p, obtained

from r — th root construction.

2.2 Preliminaries on modified stability

In this section we review the modified semistability for Deligne-Mumford surfaces in characteristic
p. Using these some new results of Shapherd-Barron for Deligne-Mumford surfaces are proved in

chapter 4.

2.2.1 Notations

We fix some notations for a smooth projective Deligne-Mumford stack X of dimension d. The
Deligne-Mumford stack X is called tame, if the stabilizer groups of the Deligne-Mumford stack
X are all linearly reductive groups. Equivalently this means the order of the stabilizer group at any
geometric point of 7 : X — X is relatively prime to p.

Let 7 be the index set of the components of the inertia stack /X such that

1x=| |x,.

gel

We always use Xy = X to represent the trivial component. For example if X = [Z/G] is a global
quotient stack, where Z is a quasi-projective scheme and G 1is a finite group acting diagonally on
Z, then IX = | |,)[Z8/C(g)]. Any component X, C X in the inertia stack /X is a closed substack
of X. We denote by /X| C IX be the substack of /X consisting of components X, such that their
codimension in X is one. Let pr : /X — X be the map from the inertia stack /X to X.

For X, we write

Heg(X) = H (1X) = (D H' (X,)
gel

to be the Chen-Ruan cohomology with Q-coefficients. For any torsion free coherent sheaf £ on X,

we use c;(E) to represent the Chern classes of E on X, and ¢;(E) € H* (X).



On the component X, C /X, at a point (x,g) € X,, let

LX = (P (I.X),

0<f<1

be the eigenspace decomposition of 7, X with respect to the stabilizer action and g acts on (T:X), ¢
by eZn’if.
Let E € Coh(X) be a coherent sheaf on X, we have an eigenbundle decomposition of pr* E and

on pr* E|x, we have

P Elx, = €D (pr*E)g s
0<f<1
with respect to the action of the stabilizer of X,, where the element g acts on (pr* E), ¢ by e?mir

Then the orbifold Chern character is:

Ch(E) =P Z 2™/ Ch((pr*E)g.s), 2.1)

gel 0<f<1

where Ch is the general Chern character. Let [,  be the rank of (pr* E), . The orbifold Todd class

of TX is given by

—~ 1 xg,O,i
Td(TX) =P ]_[ | | T 2.2)
gel 0<f<l =0

1<i<rg,f

where (pr*TX),, s has rank rg  and x, r; are Chern roots.

For any coherent sheaf E on X, orbifold Riemann-Roch theorem [34] gives:
Y(X,E)= / Ch(E) - Td(TX). (2.3)
1X

2.2.2 Modified stability

Let X be a smooth tame projective Deligne-Mumford stack of dimension d. We choose the polar-

ization Ox (1) on its coarse moduli space 7 : X — X. Let H := ¢1(Ox(1)). Recall from [28],

10



Definition 2.2.1. A locally free sheaf 2 on S is p-very ample if for every geometric point of S the
representation of the stabilizer group at that point contains every irreducible representation of the

stabilizer group. We call E a generating sheaf.

Let 2 be a locally free (generating) sheaf on X. We define a functor

Fz: DCOhX - DCOhX

F v n,.7 omgo, (B, F)

and a functor

GE . DCOhX e DCOh,\f

Frn'FRE.

From [30], the functor Fz is exact since the dual 2V is locally free and the pushforward p. is exact.
The functor Gz is not exact unless p is flat. For instance, if p is a flat gerbe or a root stack, it is
flat.

Let us fix a generating sheaf Z on X. We call the pair (E,Og(1)) a polarization of X. Let E
be a coherent sheaf on X, we define the support of E to be the closed substack associated with the
ideal

0—>171 —Ox — &ndo,(F).

So dim(Supp F) is the dimension of the substack associated with the ideal 7 ¢ Oy since X is a
Deligne-Mumford stack. A pure sheaf of dimension d is a coherent sheaf E such that for every
non-zero subsheaf E’ the support of E’ is of pure dimension d. For any coherent sheaf E, we have
the torsion filtration:

OcTy(E)c---cTi(E)=FE

11



where every T;(E)/T;-1 (E) is pure of dimension i or zero, see [11, §1.1.4].

Definition 2.2.2. The modified Hilbert polynomial of a coherent sheaf E on X is defined as:
Hz(E,m) = x(X,E®E" ® 1" Ox(m)) = H(Fz(E)(m)) = x (X, Fz(E)(m)).

Let E be of dimension /, then we can write:

i

l
m
Hz(E.m) = azi(E)—
i=0 ’

which is induced by the case of schemes. The modified Hilbert polynomial is additive on short
exact sequences since the functor Fz is exact. If we don’t choose the generating sheaf =, the
Hilbert polynomial H on X will be the same as the Hilbert polynomial on the coarse moduli space
S. The reduced modified Hilbert polynomial for the pure sheaf E is defined as

Hz(E)
azq(E)

hs(E) =

Let E be a pure coherent sheaf. We call E Gieseker semistable if for every proper subsheaf E’ C E,

h=(E") < h=(E).

We call E stable if < is replaced by < in the above inequality.
Definition 2.2.3. (/28, Definition 3.13]) We define the slope of E by

az,-1(E)

ne(E) = az(E)

Then E is modified slope (semi)stable if for every proper subsheaf F C E,

us(F)(=2) < p=(E).

12



The notion of u-stability and semistability is related to the Gieseker stability and semistability

in the same way as schemes, i.e.,
u — stable = Gieseker stable = Gieseker semistable = u — semistable

Remark 2.2.4. Recall that 1X, C 1X is the substack of I1X consisting of components such that
the codimension of X, C X is one. If our Deligne-Mumford stack X is a global quotient stack,
which means X = [Z |G| where Z is a quasi-projective scheme and G is a group scheme acting
diagonally. Assume that we can choose the generating sheaf 2 on X such that its restriction on any
component in 1X; is a sum of locally free sheaves of the same rank. If the sheaf E has dimension
d, then [28, Proposition 3.18] shows that

1 rk(E)

@) az4-1(E) - @ai,d—l (Ox).

degz(E) =

Here ag 4-1(E) = /Xcl(E) -H.

13



Chapter 3

Toric Deligne-Mumford Stacks

3.1 Toric Deligne-Mumford stacks

Toric Deligne-Mumford stacks are generalisations of smooth toric varieties. We recall the con-

struction of the Toric Deligne-Mumford stacks after reviewing basic materials on group actions

[4].

3.1.1 Algebraic Group Actions on Deligne-Mumford stacks

Let X be a Deligne — Mum ford stack and let G be an algebraic group variety acting linearly on
X. We skip the definitions as they can be recalled from [9].
We mention that apart from the group acting on a stack ¢ : G X X — X, we have two natural

transformations given by:

a:¢po(idgxp) = ¢po(uxidy)

and

a:po(eXidy) —idy

where u is the group multiplication satisfying various compatibility conditions [9].

14



3.1.2 Definition and Construction using Gale Duality

Let X be a Deligne-Mumford stack.
Let ¢ : Ap — A; be a group homomorphism of finitely generated abelian groups with free kernel
and finite cokernel.

Applying the contravariant functor Hom( ,C*) one obtains a group homomorphism given by:

[¢G . GA] s GA()]'

One can associate an algebraic stack (Picard Stack) to this construction given by [G4,/G4,]. If
¢ has finite cokernel then this is a Deligne-Mumford stack. Let us recall the notion of Deligne —

Mum ford Tori, which will be denoted as Deligne — Mum ford Tori [8].

Definition 3.1.1. A Deligne-Mumford torus T is a Picard Stack over spec(C) which is obtained
as a quotient [G a,/G a,], where ¢ is the above mentioned group homomorphism with free kernel
and finite cokernel.

2 3

Example 3.1.2. Consider ¢ : 7> — 7 ® Zg given by . One can compute the Deligne —
4 0

Mum ford torus to be isomorphic to [(C*)?/C* X ug] = C*x Bu,.

Remark 3.1.3. Deligne Mumford tori of dimension n is always of the form T X BG where G is
a finite abelian group and T = (C*)" is the coarse moduli space of the Deligne-Mumford torus.
A Deligne-Mumford torus acts on itself by the multiplication map obtained from the Picard stack

Structure.

Definition 3.1.4. A smooth toric Deligne Mumford stack is a smooth separated Deligne Mumford
stack X together with an open immersion of a Deligne-Mumford torus i : T — X. with dense image

such that the action of T on itself extends to an actiona : T XX — X .
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To a Toric Deligne — Mum ford stack one can associate a stacky — fan (N, X, ) as follows
[8]:
Let (N, X, ) be a triple consisting of.
e a finitely generated abelian group N of rank d.
e a rational simplicial fan X inside Q ® N, consisting of n one-dimesnsional cones called rays and
[ top dimensional cones.
Let {p;}i=1(1)» be the rays given by integral lattice points v; such that the rays span N ® Q.

e B:7Z" — N consisting of finite cokernel and free kernel.

The element B(e;) in N ® Q is the image of S(e;) in N ® Q and is on the ray p; where (e, ..,e,) is
the canonical basis for Z", and the natural map N - N®Q sendsm - m® 1.

Choose a projective resolution of N with two terms that is given below.

0—7Z =279 - N 0.

The first map is given by a matrix Q resolving the torsion part of N.
Let B: Z" — Z%*" be a lift of 8.

Consider [BQ] : ZM" — 74+

Consider, DG (B) := coker([BQ]*)

Denote the composition mentioned below:

0—(Z")" = (Z")" —> DG(B)

which we denote as:

(B)" 1 (Z")" - DG(B). 3.1

as the Gale Dual of . Now consider Zy := (C)" —V(Jg), where Js = ([],,¢rzil0 € Z) and

Clz1,22,--52n] 1s the affine-co-ordinate ring of C".

16



Applying Hom(,C") to the above, one obtains
Gﬁ Gy — (C*)n

where, (C*)" acts on Zy, by diagonal action.

We define the quotient stack X := [Zz/Gx] the Toric Deligne — Mum ford stack associated to
the triple (N, %, ).

From [4] we know that X is a smooth, Deligne-Mumford stack with coarse moduli space the

toric variety X (X) associated to X(X) := X.

Example 3.1.5. e X is a toric orbifold if and only if N is free.
e Consider B : 7> — Z given by (m,n) with (m,n) = 1. We obtain [ (C)>=0/(C)*] as the Toric Deligne —
Mum ford stack associated to (Z,Z, 8) where X is the rational simplicial fan formed by two rays

given by m,—n € Z. This is a toric orbifold with (C)* acting by (m,n).

3.1.3 GIT data

Here we mention the construction of the Toric Deligne-Mumford stack from a GIT —data [7].
We associate a GIT — data as follows.

e Let K = (C)* be a connected torus of rank r.

e Let L:= Hom((C)*,K) be the co — character lattice.

elet Dy,D»,..,D, €LY =Hom(K,(C)*).

The characters define a map from K to (C)* and hence defines a map to the torus (C)~ and hence
defines an action on (C)™.

For a subset I c {1,2,..,m} denote the set complement of I by /.

Then we denote

L;:= {ZaiDi’ai €R.a; >0} CL'®R,

i€l

(€)% (C) = {(21,22022m)- 2 #0 for i € I} € (C)™.
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Set, Ly := {0}.
We define the following objects in order to associate a toric Deligne-Mumford stack to the follow-

ing data. Fix a stability condition w € LY ® R. Set,

Definition 3.1.6.
Ay ={Ic(1,2,..,m):weL},

U= [ @) x(©.

I€A,,

X, := [Uy/K].

Note that U,, is invariant under K and hence one can form the stack quotient denoted by X,,.
We denote X,, to be the associated toric stack associated to the data (K,L,D,..,D,,,w). with
particular assumptions on A,, and / [7] one can ensure that X,, is a Deligne-Mumford stack.

Let S c {(1,2,3..,m)} denote the set of indices i such that {1,2,.,m} —{i} ¢ A,,. The characters
{D; :i € S} are linearly independent and every element of A,, contains S C A,,.

Thus one can obtain,

A, = {IUS 1eAy),
U, = U, x (CHIS!,

where we have,

A, = 2{12.m)=(5}

and

U, c (C)" 5],

Finally one obtains:

Xy = [Uyw /G],
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where U, is an open subset of (C)" 15 and

G = ker{K — (C")IS}.

Compare this with the construction using Gale duality discussed here and in [4].

3.1.4 Example

Consider, the following as in the previous discussion. Then,

K=(C)*, Dj=Dy=2,w=1€R.

One obtains the weighted projective stack denoted as P(2,2) as the stack quotient X,, [7].

3.1.5 Extended Stacky Fans

An S — extended stacky fan consists of the following data.

Definition 3.1.7. An S — extended stacky fan consists of the following ¥ := (N, %, (3, 5).

e Let N be a finitely generated abelian group.

e Let X be a rational simplicial fan in N ® R.

e Let B: (Z)™ — N, where we denote B; and B; to be the images of canonical bases of (Z)™ under
B in N and N ® R respectively.

o Let S C {1,2,.,m} with the following conditions. ® Each one-dimensional cone of ¥ is spanned
by El-for a unique i € {1,2.,m} — S, each spanning a one-dimensional cone of X.

e For each i € S, we have b; lies in the support of support of X which we denote as |X|.

The vectors b;,i € S are called extended vectors. Taking S = ¢, one obtains the Toric Deligne-
Mumford stack of [4].There is a one-one correspondence between GIT data and Extended stacky

fans. For the one-one correspondence we site [7]. For extended stacky fans we refer to [13].
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3.1.6 Inertia stack of a Toric Deligne-Mumford Stack

So, from now on let us fix a stacky — fan (N,Z, ). Let us denote see [4]

Definition 3.1.8. The Inertia stack (1X) of X as:

[ x@/em

veBox(X)

where o (V) is the minimal cone containing v.
Define,
Box(X) = U Box(o)

dim(o)=d,oceX
o being a top dimensional cone of dimension d.

For each d dimensional cone o we define

Box(o)={veNyv:=v®l= Z gibi,qi € [0,1)}

piCo

where N — N ®Q given by v — v :=v® 1 is the association and b; is the image of (i) e N® Q

and lies on the ray p;.

3.1.7 Open substacks of a Toric Deligne-Mumford stack

Here we mention the open substack corresponding to a top dimensional cone o is given by
Uy = [(©))(Go)]

where B, : (Z)? — (Z)? given by the d x d matrix formed by the columns of 3, and G, :=
Hom(DG(Bs),(C)*) = Ny

We define N, := N/No, where No is the lattice generated by f; ith column of the matrix B.
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We denote the

7/[(7'1,0'2,..,0'1 = U0'1 XX U0'2a-- XX UO']

is the Deligne — Mum ford Tori T which is the dense open substack of X, extending the action

of itself on the whole X, / being the number of top dimensional cones in X.

Example 3.1.9. Let us the take the example of P(1,2). The global quotient description gives us an

action of (C)* on (C)? - (0) given by

(. (x,y)) = (tx,1%y).

On further investigation one finds the two open substacks correspond to {(2),(—1)} are given by
[(C)/uz2] and (C) respectively. Deligne — Mum ford tori in this case is given by (C)*. This is an

example of a toric orbifold.

3.1.8 Torus Actions

Let T = (C*)¢ be the torus of dimension d and assume it acts linearly on (C)“. By linear ac-
tion we mean that there exists co — ordinates given by x1,x2,..,xg and characters given by

x(my), x(my),..x(mg) such that
Ax; = x(m;)()x;

foralli=1,2,..,d and 1 € T. We say T acts non degenerately if y(m;) where i = 1(1)d forms a
linearly independent set in X (7T) = (Z)¢. Moreover if this set does not span X(7') then we have a
non-primitive action of T on (C)?.
From now on, 7" means the Deligne — Mum ford tori, we stick to the use of torus to mean
Deligne — Mum ford Tori.

In order to uniquely represent the elements of X (7') we introduce the notion of box Br. Each

top dimensional cone corresponds to a maximal open substack in X and let y (m;) be the elements
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in X(T') that generates the non-degenerate, non-primitive action. We define

d
Br(o) = {ve (@) Iv= ) qix(m)lg; € [0,1)}.
i=1

Thus we have:

d
a= b+Zl,~)((m,~)
i=1
a,b e X(T), I; € Z. Without loss of context we mention y (m;) for m; interchangeably.

Remark 3.1.10. We highlight that Box(o) and Boxy (o) may or may not be the same. Take
B (@™ — (@)

3 -2 0
given by . The kernel is given by (2,3,6)Z.
0 2 -1

On computing the Gale Dual of § one obtains:
B ()t >z

and hence obtains the map given by (2,3,6). We can associate the stack P(2,3,6) to this construc-
tion. T —weight for each cone can be found out to be {(3,0),(0,6)},{(0,-6),(3,-3)},{(-2,0),(-6,6)}.
Each of these By (o) have cardinality larger than 3. But cardinality of Box (o) is 3 where o is

given by {(3,0),(0,-1)}.

Let us assume that ¢ : G X X — X be an action on X.
Given a sheaf F on X we want to understand a G — equivariant structure associated to F' denoted

by (F,®)

Definition 3.1.11. Let F be a quasi-coherent sheaf on X. Denote by p> : G XX — X and p3 :
G X G x X — G XX projection on the second and last two factors. A G —equivariant structure on
F is anisomorphism

®: 0" (F) = p5(F)
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satisfying the following co — cycle condition:
Py ®o(idgx o) ®=(uxidy) ®

where, u is the multiplication in G.

Assume G and H are diagonalisable algebraic groups. with character groups denoted by
X(G) and X (H) respectively. Let X be a given global quotient Deligne-Mumford stack i.e given
by [X/H] where H acts on X with reduced and finite stabilisers and X is a scheme. Then [ X /H]|
is a Deligne-Mumford-stack.

Any G action on X commuting with the action of H induces a canonical action on Deligne-

Mumford stack X.

3.2 Coherent sheaves on Toric Deligne-Mumford Stacks

Let F be a coherent sheaf on [ X/H]. See [9] for the next proposition.

Proposition 3.2.1. The category of quasi-coherent sheaves on [ X | H] is equivalent to the category

of H — equivariant coherent sheaves on X.

We come to the problem of describing G — equivariant sheaves on [X/H]| where G action

commutes with H. Then,

Proposition 3.2.2. The category of G — equivariant sheaves on [ X | H] correspond to the category

of coherent sheaves on X with commuting G,H — equivariant structures.

Now, we look at the previous setting with X = spec(R) where R is a commutative Noetherian ring,
equipped with a G, H — equivariant action. Then the action can be extended to a linear G, H com-

muting action on H°(X, F). Then

H(X,F)= (5 H(X,F),
X€X(G)
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yielding a X (G) graded decomposition into G — eigenspaces. Each H*(X, F) v has an induced H

action and can be further written down into H — eigenspaces :

H(X,F), = @ HO(X,F)yy
YeX(H)
The functor H(X,.) gives a decomposition of a G, H — equivariant coherent sheaf on spec(R)

into:

H'X.F)= (5 & H(X.F)py.

X€X(G) yeX (H)
Proposition 3.2.3. Let X = [spec(R)/H], then the category of quasi-coherent sheaves on X is

equivalent to X (G), X (H)— graded R modules.

3.2.1 S-family of Toric Sheaves on [(C)?/H]

We fix a toric Deligne-Mumford stack X and T acts on it regularly. If F is a T — equivariant
sheaf on X then we denote it as a toric sheaf. From the previous discussion as in [9], [20], we
obtain a description of a coherent toric shea f in terms of vector spaces and morphisms between
them. Let T act on (C)“ non-degenerately, then for H°((C)“,0c4) we obtain its decomposition
into eigenspaces with dimension 1 and O otherwise.

Let Sp = {m € X(T)|H°((C)¢,0ca)nm # 0} be the set of weights for which the weight spaces are
non-zero. St forms a semi-group in X (7).

If T acts with the abovesaid characters m; then S7 is generated by {m;};—1(1)¢. Given a T —

equivariant quasi-coherent sheaf F on (C)? we have,

H((©F) = 5 F(m)

meX(T)
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be the graded-module decomposition. This lets us associate vector spaces given by F(m) and x;

being the co-ordinates we get the multiplication by x; gives by denoting y;(m) := x;:
xi(m): F(m) — F(m+m;).

These maps satisfy:

Xj(m+mi)oxi(m) = xi(m+mj)oy;(m).

We define an S — family associated to F.

Definition 3.2.4. An S-family of F is given by.

® F(m)mex(r) a collection of vector spaces.

e Morphisms given by y;(m) satisfying the above co — cycle condition.

e Morphisms between S — families are given by: Let F and G be two S — family then, it is a
Sfamily of morphisms:

{¢(m) : F(m) = G(m) }mex(r)

commuting with y;, i,j =1(1)d

3.2.2 Stacky S-family on [(C)¢/H]

In the same way as above we obtain a stacky S — family associated to a T — equivariant coherent
sheaf F'. In this section we take care of the fine — grading involved due to the action of H through
its characters on each T —weight space.

Let H act through {n;};=1(1)¢ € X(H).

We associate a decomposition on each

F(m)= €5 F(m)y.

YeX(H)
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and multiplication as above gives us:
Xi =i Xm : F(m)y — F(m+mp)pn,.
We associate a collection F' to denote the Stacky-s family associated to F containing the following

information.

Definition 3.2.5. Associate to F the following data.
e A collection of vector spaces (F(m),)mex (1) nex (H)-

e A collection of linear morphisms between vector spaces given by
xi(m) : F(m) = F(m+m;)
satisfying
Xt(m) : F(m)n - F(m+mi)n+ni

and satisfying the co — cycle condition:

Xj(m+mi) o xi(m) = xi(m+mj) o x;(m)

foralli,j=1(1)d,m e X(T),n € X(H).

e Morphisms are analogously defined as in the case of S — family.

3.2.3 Gluing Formula for torsion free sheaves on X (X)

In this section we precisely prove the conditions for which a torsion free coherent sheaf F admits
the gluing conditions on each open substack given by the cones of maximal dimesnsion d. So
we fix o and 0. Let the cones match on d — p rays denoted by A1, 4>, ..,44-, and the other p rays
are different.

Let us first state the Gluing Formula given by:
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Proposition 3.2.6. Let X be a Deligne-Mumford stack with G — action and let U; be a G —
invariant cover by open substacks. Let (F;, ¢;) be a collection of G —equivariant quasi-coherent

sheaves on the U; and assume there are G — equivariant isomor phisms given by

¢ij : Filij — Fjlij

satisfying ¢;; = id and the cocycle identity given by:

Giklijk = D jilijk © dijlijk-

Then there exists a unique G — equivariant quasi-coherent sheaf (F,®) on X together with G —

equivariant isomorphisms given by:

¢;: Fli = F;

satisfying
Gilij = pijobili.

Denote the open substacks correspondingly by U, and U,,. Denote the fiber product

WUIXX(Z)(LIO-Z = [Z]Q/(Go—l XGU-Z)],

where from [4] one can show that

Uy, = [21/Ge,)] = [(C)/G )] Zia = (C)P x (C)*P.

where Z; := (C) The open immersion 1 : Uy, — Uy, is given by T — equivariant map from

d1:21p > 7
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which is also equivariant under the projection given by:
pi:(;01X(}02_9(;mw

fori=1,2.

The T —weights can be computed on each Z; from the 7' — action of it onto itself. g € Gy belongs
to G, iff g.Z; N Z; is non-empty. This gives the G, action on Z;.

In order to glue sheaf F we try to produce a gluing formula in terms of the stacky S — families F
purely in terms of DG (B,) X DG (B.,) representations.

Let us denote for i = 1(1)2
Boxr(0y) = [0,c1,;] x[0,c1,;] X...[0,c1,].

Let T act on Z; by (my;,..mgq;).
We denote F| and F> to denote the restrictions of F' on each open toric substack. Next we denote
by F1.12 the pullback of F| to Z15. We want to compute the associated S — family F (m) where we
give

m= (i__l]"'ll)ml,i"‘ (2—22 +l2)mai+ ..(% +la)ma,
where,

0<i;j<cj, j=1(1)d, i=1,2

We want to compute
pF112(l1, 00, 1g) == Frio(b+1limy g+ .. +1gmg )
In this notation we describe

I I )
F(m)= F((=+1)my i+ (= +l)myi+..(<L +15)myy)
Cl Cc) Cd
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We define the restriction of

Fl|¢l(Z|2) =G1.

Let us fix a box —element b := (é—ll, Z—ZZ, i—‘;) e X(T) = (2)4.

We first restrict F) to (C*)? x (C)4=P c (C)“.

For a fixed (Ip41,..,14) we have ,Fy(l1,,14) stabilise for I1,15,,,1, >> 0.

Thus multiplication by x; (being co-ordinates of Z;) is isomorphism for i = 1(1)p, altering the

fine — grading. We denote the limit by identifying the isomorphism as equality. Thus, identify-

ing F|4(z,,) := G1 we obtain using graded tensor products a S — family given by G 1, where:

»G1(l1,..,1q) =p Fi(c0,00,..,1p41,,10).

For all /1,15, ..,1, >> 0 such that

pF1(l1,12,..1q) =p F1(00,00,..,1p11,..14),

we have

pF1(00,00,1,41,10)1 =p G1(l1,12,..1a)1,

where we have [ € DG (B,).
We observe that the fine —grading of ,G1(l1,..l3); is determined by that of ,G1(0,0,..,1,41,,l4)
given by:

P
bG 1l da)i = G1(0, - pits s la)i 5P 1yny) ® H(X)li"i

where (y)" € DG (B,,), fori=1(1)p.
The action of DG (B,,) on Z; is given by (n;;,n2;,,n4;),i = 1(1)2. We shall suppress the i in this
notation in the calculation of the first part.

We define the fine —grading of the limit vector space by ;, Fy (00, ., p+1, L)1 :=p G1(0,..,  p41, ., La)1.
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Next we compute the S — family for the toric sheaf

pF112(11,12,.10).

This can be computed by using the graded tensor product on ¢; and the C[xi—“l,xfl,x;;'l,x Dl Xd]

module G| one obtains an unique expression in the module G ®C[yli1, .,y;;'l ,Yp+1-,Ydl, given by:

Divoar

R

where,

./ . .
Ip Ip+1 g

*/ */
sk
b

i"=(—,=

ees s 5.
1 C2 Cp Cpyl C4q

€R,
R = [O5Cl] X [O’CZ] X"[O,Cp]a

é i;) i1,+1 iy Gl(lla"ld)l,
(& Tpar )

v .y .
=1 1,—1
1 p p
ai’ = ( 9. 9 -O,O)’
C1 Cp

the weight of the element
£1 £1 1 1
al'/ € C[y;— > ,7; 2 9yp+197d]’
satisfies such that

wt(vi)+wt(ay) =b+1limy,..lymg € X(T).

Next we determine the fine —grading. Denoting the G, X G, action on a;- by (t;7,5;7) € X(DG (By,)) X

X(DG(Bs,)), and assuming that the weight of v; given by
[+t € DG(IBm)

we obtain that the fine — grading of

Do

R
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is given by:

(L,si1) € DG(,Bm) XDG(,BO'z)'

Thus the fine — grading of Fﬁlz at the point (b+1ymy+..+1ymy) € X(T) is equal to:

Sy
1
’ (;’

i'e
leX(DG(Bay))

i E)Gl(ll,l%,ld)l—ti/®ti’®si’
TUCepicpyeq

S |N'";

and then using the earlier definition of fine grading one obtains,

D .

i’eER
1€X(DG (o))

— <

€’ ep’cpr1’ Cd

P
lin;
é ilp_"'l i)Fl(oo3~oo7’lp+l7ld)[—l‘,/ ®tl/®sl’®l_[(X)( n)'
i=1

a

We have suppressed the notation so far but now to find the Gluing formula we have to make
them resurface. So to denote the final formula where we use index 1 and 2 in the subscript to
denote the cones,(41,..44-p) the rays on which they match, we have to observe that F ;5 lives on
b, (11,12, ..1g) and F» 2 lives on p, (11,12, .14). So multiplying by the element in C[y;—" ,yi—'l S Yp+l>Ydl

of weight

d
bl—bz(z li(my;—my;)) € X(T))
i=1

let us denote its fine grading by

(ri,r) € DG(,Bm) XDG(ﬁa’z)

one finally obtains the desired Gluing — Formula. We finally obtain,

Theorem 3.2.7. Let F be a torsion free toric sheaf on X. Then the category of torsion free toric

sheaves is equivalent to category of I-tuples of Stacky S — family given by {F;}, withi,j =1(1)l
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satisfying the following equality of DG (By,) X DG (By;) representations:

@ l./Fl (007'007’lp+],ld)l—l‘i/ ®Si'®Ai',l = @ i'F2(007'OO,7lp+]7ld)l—li/®(ti'+r1)®Ai',2

i’eR; i’€R,
1eX(DG(Boy)) [eX(DG(Boy))
where

p
Apy =] |0 e X (DG (Bo,)
i=1

)4
Apa =] |00 tmarsmy € X(DG(Bo,))
i=1

and i’ defined as before.
As a final application in our upcoming work we compute the T — equivariant Picard Groups
of toric Deligne — Mum ford stacks. Note that the T — equivariant group is different from

Picard Group. See for instance [36].
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Chapter 4

Bogomolov Gieseker Inequality

4.1 Bogomolov-Gieseker inequality

We generalise Bogomolov’s Inequality to the case of higher dimensional Deligne — Mum ford
stacks. We start from a few results in characteristic 0 concerning modified strongly semi —
stable sheaves. Let W denote a modified semi-stable sheaf and semi-stable here refers to modi fied

under condition *, §4.1.2 [28],[21] and semi — stable for projective varieties is defined as in [11].

Theorem 4.1.1. Let X be a smooth projective generically tame Deligne-Mumford stack with finite
diagonal. Let us fix a polarisation satisfying the above condition *, §4.1.2, and let W be a u semi-
stable torsion free coherent sheaf on X. There exists a smooth projective scheme Y, and a finite flat
cover of the Deligne-Mumford stack X which we denote by p : Y v— X. Then p*W is u semi-stable

onY if and only if W is u semi-stable.

Remark 4.1.2. We observe that the proof runs for X normal, projective.

On observation one finds that in characteristic 0, u semi-stable sheaves are closed under tensor
products. Hence from the above theorem we have, semi-stable sheaves on X are also closed under
tensor product.

In characteristic p, strongly u—semi-stable coherent sheaves are defined to be those whose Frobenius
twists denoted as F™ (W) for a coherent sheaf W, are u—semi-stable. From the proof we also
find that if W is strongly u—semi-stable sheaf then p*(W) is again strongly u—semi-stable where
we use Frobenius commutes with pullback. Thus one can establish the semi-stability of strongly

semi-stable tensor products of coherent torsion free sheaves to be so on smooth Deligne-Mumford
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stacks of any rank. Neitherless we generalise [27] method to our case in this chapter where we

prove Bogomolov-Gieseker inequality for surface Deligne-Mumford stacks.

We first fix some notations in characteristic p > 0. We assume X a smooth tame projective

Deligne-Mumford stack of dimension d. Let

be the Deligne-Mumford stack obtained from X by applying the i-th power of absolute Frobenius
morphism on Speck. The geometric Frobenius morphism F, : X — X (1) is defined by the fiber
product X(V = X Xspeck Spec(k) and the absolute Frobenius morphism F : X — X.

We review a bit on the coherent sheaves with connections in [18], where the theory is for
schemes, but in étale topology it works for Deligne-Mumford stacks. Following N.Katz [18], a

connection on a quasi-coherent sheaf E is a homomorphism
VE—->E®Qx

such that V(ge) = gV(e) + e ® dg where g and e are sections of Oy and E respectively over an
open subset of X, and dg denotes the image of g under the canonical exterior differentiation d :
Ox — Qx. The kernel K := K(E,V) of V is the Ox-linear map K =V oV:E — E ®Q§( where
VI:E®Qx — E ®Qf\, is the map defined by V(e ® w) = e®dw — V(e) Aw. A connection
V:E — E®Qy is integrable if its kernel K = 0. Then let MIC(X) be the category of pairs
(E,V) where E is a quasi-coherent Ox-module and V is an integrable connection.

The p-curvature of an integrable connection V is given by a morphism

Y : Der(X) — End(E),

¥(D) = (V(D))" -V (DP),
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where D is a section of Der, (X).
For the geometric Frobenius morphism F, : X — X (M in [18, Theorem 5.1], N. Katz con-
structed a canonical connection V,, on F' ; E which is determined in the following Cartier theorem:
There is an equivalence of categories between the category of quasi-coherent sheaves on X!
and the full subcategory of MIC(X) consisting of objects (E,V) whose p-curvature is zero. The
equivalence is given by: E — (FgE,Vea) and (E,V) — E V. Here the unique Va, on F - E makes
E = (F;E)Vcan, and for a sheaf E, EV is the kernel ker(V) of V.

We first have a result of generating sheaves under Frobenius pullbacks:

Lemma4.13. Let Fy : X — X () be the geometric Frobenius morphism. Then a locally free sheaf

2 is a generating sheaf on XV if and only if F o= is a generating sheaf on X.

Proof. That E is a generating sheaf means it contains all the irreducible representations of the
stabilizer group of X1, Then the pullback F .= contains all the irreducible representations of the

stabilizer group of X since p is prime to all the orders of the stabilizer groups of X. O

Thus from the Cartier’s theorem above, the following is a generalization of [22, Proposition

2.2]:

Proposition 4.1.4. A coherent sheaf E on XV is slope semistable with respect to (H,E) if and

only of F E is slope semistable with respect to (FyH, F3E).

Proof. This is from the modified slope of E is the product of some p-th power with the modified

slope of FyE. O

The following lemma is the generalization of [22, Lemma 2.3]. We recall that a sheaf E is V-
semistable if the inequality of modified slopes is satisfied for all nonzero V-preserved subsheaves

of E.

Lemma 4.1.5. Consider a torsion free sheaf E on X with a k-connection V, and assume that E is
V-semistable. Let 0=EyC E| C --- C E,,, = E be the usual Harder-Narasimhan filtration, then the

induced morphisms E; — (E /E;) ® Qx are nonzero Ox-morphisms.
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Proof. 1f the induced morphisms E; — (E/E;) ® Qx are zero, then it induces a Harder-Narasimhan

filtration for V-connections which contradicts the V-semistability. O

Now we fix some notations for the slopes of a coherent sheaf E on X with respect to the
polarization (E,H). Let

O=EycE|Cc---CE, =E

be the Harder-Narasimhan filtration of E with respect to modified slope stability. We denote by

H=max (E), = min(E) the maximal and minimal modified slope of E respectively. We let

= Fk *E = Fk *E
LE,max(E) = lim H’maX((k ) ); LE,min(E) = lim H’mm((k ) )
g k) (kY
The sequence W is weakly increasing and w is weakly decreasing. Also

Lz max (E) = pimax (E) and Lz min(E) < tmin (E). Suppose that E is slope semistable, then Lz max(E) =
u=(E) (or Lz min(E) = pu=(E)) if and only if E is strongly slope semistable.

First we have:

Lemma 4.1.6. Let E be a slope semistable torsion-free sheaf on X such that F*E is unstable.
Then in the Harder-Narasimhan filtration 0 = Eg C Ey C --- C E,, := F*E, the Ox-morphisms

E; — (F'E/E;) ® Qx induced by V., are nonzero.

Proof. Note that this is Proposition 1 in 2.2.1 where Shepherd-Barron dealt with general slope
stability for schemes. The result for modified slope stability is from Proposition 4.1.4 and Lemma

4.1.5. O

For any divisors H,A, H' - A%~ denotes the integration /(\’Hi - A9 Here We still denote H

and A for 7*H,n* A where 7 : X — X is the map to its coarse moduli space.

Corollary 4.1.7. Let us define
a’E(E) = maX(LE,max(E) - ﬂE,max(E)a,uE,min(E) - LE,min(E))~
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Then let A be a nef divisor for X such that m.(Tx ® 2}, (L*))(A) is globally generated, L is
ample line bundle on X, with index m € Pic(X) and we have

k(E) -1

az(E) < P (maxicksm-1(p=(A® (LY)))).

Proof. This is the proof we modify [22, Cor 2.5]. We modify our case by observing that Z',?z_ll LK

is a generating sheaf on X. So we have

m—1 m—1
7 (m(TX ® Z L) e Z L* s TX
k=1 k=1

which is a surjection. From our assumption 7, (7X ® ZZ’;II L¥)(A) is globally generated. Using

the right exactness of pullback we obtain,

m—1 m—1 m—1
((0Ox(-A))" ® Z LM ' n(TX ® Z LHe Z L*TX
k=1 k=1 k=1
which is again a surjection.
Dualising we obtain,
m—1
0 Qx> (Ox(4))® ) LY
k=1

Tensoring by F*(E)/E; and taking pz . We obtain,

m—1

pEmax((F*(E)/E;) ® Qx) < przmax((F7(E)/E;) ® (Ox(A))" ® Z L¥))
k=1

‘We now use

E,max(E 69F) = max(,uE,max(E)a,uE,max(F))

where E, F are torsion free coherent sheaves.
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Using the above the right hand side reduces to,

maxi<k<m-1 (HEmar(F*(E)|E;@ AQ LY)).

Now we estimate,

pEmax(FEJE;@ A® LX) = uz(Ei1 [Ei) + us(A® LX),

Taking max we obtain,

maxi<k<m-1(Uzmax(F*(E)|E:® A® L*)) = max| < <m-1 (p=(A ® LX) + uz(Eir1 | Er).

Rest of the proof follows [22, Cor 2.5]. O

4.1.1 fdHN property

As in [22, §2.6], a torsion free coherent sheaf E on X has an fdHN property (finite determi-
nacy of the Harder-Narasimhan filtration) if there exists a ko such that all quotients in the Harder-
Narasimhan filtration of (F*0)*E are strongly modified slope semistable with respect to Z. E is

fdHN of it has an fdHN property. Similar to the proof in [22, Theorem 2.7], we have
Proposition 4.1.8. Let E be a torsion free sheaf on X, the E is fdHN.

Proof. Let

O=EycE|Cc---CE,=E

be the Harder-Narasimhan filtration of £. We have the HNP (Harder-Narasimhan polygon) asso-
ciated with E defined by connecting the points p(Ey), p(E1),- -, p(E,) by successively line seg-
ments and connecting the last one with the first one. Here p(G) = (az 4-1(G),az,4(G)). Since the
base field « has characteristic p > 0, there is a sequence of polygons HN Py (E), where HN Py (E)

is defined by contracting HPN ((F¥)*E) along the az 41 axis by the factor 1/p*. All of the poly-
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gons are bounded and HN Py (E) is contained in HN P41 (E). Then the proof of [22, Theorem

2.7] goes through without major changes. We omit the details. O

In this section we always fix X as a smooth tame projective Deligne-Mumford stack of dimen-
sion 2. Interesting two dimensional Deligne-Mumford stacks are reviewed in [16], where the name
surface Deligne-Mumford stack is used. We always fix a generating sheaf = on X and talk about
modified semi-stable sheaves in characteristic p and assume the existence of a 7 ample line bundle

on X.

4.1.2 Condition x

We say a generating sheaf E on X satisfying Condition x if either E = Oy or its restriction on any

component in /X is a sum of locally free sheaves of the same rank as in [28, Proposition 3.18]

and Remark 2.2.4.
We have
1 rk(E)
deg=(E) = ——az4-1(E)— ——=a=z4-1(0x).
egz(E) (E) = 1(E) k(E) “= 1(Ox)
Here deg(E) = [, c1(E)-H™' = az 4-1 (E). Also a=,4(E) =rk(E) k(E)H. Since 58 az,4-1(Ox)
is constant for a fixed polarization Ox (1) = H,E, it is reasonable to use u=(F) = % as the

definition of modified slope.
For any torsion free coherent sheaf E on X of rank rk, recall the Chern character morphism in

(2.1), we rewrite it here

ch(E) =P Z >/ Ch((pr* E)g.s).

gel 0<f<1

We set:
A(E) := Ch{(E)*~2Chy(E) - Chy(E) = 21k(E)c2(E) — (tk(E) — 1)1 (E).

Let F : X — X be the absolute Frobenius map and it is identity in characteristic zero. Note that

a coherent sheaf E on X is strongly modified slope semistable if and only if it is semistable un-
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der Frobenius pullbacks. From [31] we know Lz max(E) and Lz min(E) are well defined rational
numbers. Also we choose a nef divisor A on the scheme X such that 7, (Tx ® 2¥)(A) is globally

generated, and let:

rk(E).(rk(E) —1)(maxi<g<m-1(p=((A) ® L))
p—1

Brke) (A H) = ( )?

e [ being the m— ample line bundle on X.
e m denotes the index of the torsion element L € Pic(KX).

e A is a nef divisor in X such that 7.(T(X) ® Z;’Sl L7")(A) is globally generated on X.

4.1.3 Two dimensional case

In this section we prove the following result:
Theorem 4.1.9. Let X be a two dimensional smooth projective Deligne-Mumford stack. Then if E
be a strongly modified slope semistable torsion free sheaf on X, we have

A(E) > 0.

We use the method of [27]. Let us first prove a lemma.

Lemma 4.1.10. Suppose that E is strongly modified slope semistable torsion free coherent sheaf
of rank tk(E) on X and ¢\ (E)-H =0. Let L be a line bundle on X, then there exists a positive
number M such that

(X, (FY)(E)®L) <M -p"
for sufficiently large integers n.

Proof. First we take a positive integer m such that L- H—mH? < 0. Therefore we have ¢ ((F")*(E) ®
L®H™™) <0. Since (F")*(E)® L® H™ is modified slope semistable, we have H*(X, (F")*(E)®

L ® H™™) =0 (otherwise it will contradicts with the modified semistability). Then we choose a
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general element C € |mH| and consider C = n~!(C), and the exact sequence
0— Ox(-C) — Ox — O¢ — 0.
Tensor with (F")*(E) ® L we get an inequality
WX (F) (E)®L) < h(C.(Fg)"(Elc) ® Lic)

where F¢ is the absolute Frobenius morphism of C, and E|¢, L|¢ are the restrictions to C.

We show that there exists a positive number M such that
h(C.(Fg)'(Elc)® Llc) < M- p".

We prove it for any vector bundle E on C of rank rk(E) and a line bundle L on C. The rank one
case of E is obvious since (F")*E = E®P" and by orbifold Riemann-Roch theorem [34]. General

case is proved by induction on the rank rk(E). Consider an exact sequence
0-G—-E—-Q—0
where G is a line bundle and Q is a rank rk—1 vector bundle, and the exact sequence:
0> (FY'G®L— (FY'EQL— (F")"Q®L — 0.
Thus we have
h(C, (FR)(E)® L) < h°(C,(F2)*(G)® L) +h’(C, (F2)*(Q) ® L).

We are done. m|
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Proof of Theorem 4.1.9

We claim that we can assume c;(E) = 0. Let rk :=[- p/ for some integers [ and j, then [ is
prime to p. Then from [3, Lemma 2.1], since X is a scheme, there is a separable finite morphism
¢ : Y — X such that ¢{(¢*E) is divisible by /. Note that [3, Lemma 2.1] proved the statement for
smooth schemes, but since we are in two dimensional, the argument works for surfaces with at
most of quotient singularities. The coarse moduli space X always has quotient singularities. Let

f:=¢oF/, then c{(f*E) is divisible by rk. We form the cartesian diagram:

J/iwf 4.1
y—L.x

where Y is the fibre product. Then Y is a Deligne-Mumford stack with the stacky locus all

pullback from the stacky locus of X. We set:

E:=f*(E)®Oy (——"1(]1(’5))

Then we calculate

(B)=0; e (B)=F (c2<E> k-l c1<E>2).

21k

deg(E)

K(E)k(5)> {rom

Since E is strongly modified slope semistable with the slope given by u=(E) =
[10, Lemma 1.1], f*E is modified slope semistable. Therefore c2(E) >0 implies that A(E) > 0.

Then we assume ¢ (E) =0. By Lemma 4.1.10, there exists positive numbers M}, M, such that
h(X,(F")(E)) <My -p";  h(X,(F)"(EY) ®wx) < My-p"

for sufficiently large integers n. In the inertia stack /X, 7; denotes the index set such that X, ¢ X
has codimension one for g € 7;. We let 1, denotes the index set such that X, C X has codimension

two, i.e., the stacky locus consisting of points in X. Then by orbifold Riemann-Roch theorem (2.3)
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from [34],

XL (F) (E)) = /, CR(PY () TaTy)
- /X Ch((F")* (E))-Td(Tx)+

+ ) /X > e Ch((F")*(E)g.p) - Td(Tx)g s

gel; ¥ 8 0<f<1

gelh g 0<f<1

= (P BN+ [ rkTa(r)

+Z( /X D el (F) (E)g ) + / > esz.Td(TX)g,f)

gel; \YXs 0<f<1 X 0<r<1

+Z /X Z e - Td(Ty)?

geh ¥ 8 0<f<1

where Td(Tx)? , is the constant term of Td(7x), . By the Frobenius pullback property of Chern
&S g.f- BY |y property

classes we have

XX (FY(E)) = —pPes(E) + /X k- Td(Tx)

+Z(pn Z eszcl((E)gyf)"'/X ( Z eZ”if)-Td(TX)g,f)
g \0<f<1

gelh XgOsf<1
> / > e Td(Tx)),
geh Y Xe \o<f<1 ‘

< (M +M;)p"

Hence for large n, to ensure the above inequality we must have ¢, (E) > 0. We are done. O.

Remark 4.1.11. If the base field k has character zero, and E is a modified semistable torsion free
sheaf on X, then the Bogomolov inequality A(E) > 0 also holds by the standard method of taking

limit, see [22]. We omit the details here, and note that in the character zero case Bogomolov
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inequality for orbifold semistable torsion free sheaves is proved in [19, Lemma 2.5] for surface

Deligne-Mumford stacks with only isolated quotient singularities.

4.2 Bogomolov inequality for parabolic sheaves

In this section we give an application of the Bogomolov inequality in Theorem 4.1.9 to rational

parabolic sheaves on a surface X.

4.2.1 Root surfaces

Let X be a smooth projective surface and D C X is a simple normal crossing Cartier divisor. Let

r € Z-q be a positive integer. The line bundle with the section (Ox (D), sp) defines a morphism
S — [A')G,].
Let®, : [A!l/G,] — [A'/G,] be the morphism of stacks given by the morphism
xeAlx eAly teG,—1 €G,,

which sends (Ox(D),sp) to (Ox(D)®",s,).

Definition 4.2.1. Let X :=+/(X, D) be the stack obtained by the fibre product

J(X,D) —[A'/G,]

n] j@r
X(OX (D)sSD) [A] /Gm] .

We call X = /(X, D) the root stack obtained from X by the r-th root construction.

The stack X = +/(X, D) is a smooth Deligne-Mumford stack with stacky locus D := 771(D),

and D — D is a y,-gerbe over X coming from the line bundle Ogs(D)|p.
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Remark 4.2.2. The general root stacks over a logarithmic scheme X is constructed in [5], and the
pair (X, D) defines a canonical log structure on X. Since we don’t need the abstract language of

log schemes we refer the reader to [5] for details.
Theorem 4.1.9 implies the following result:

Proposition 4.2.3. Let X =+/(X, D) be the r-th root stack corresponding to the pair (X, D), and let
E be a strongly slope semistable torsion free coherent sheaf on X with respect to the polarization

(Ox,0x(1)). Then we have

A(E) = 21k(E)c2(E) — (tk(E) — 1)c1 (E)? > 0.

4.2.2 Parabolic sheaves

Definition 4.2.4. ([25]) Let E be a torsion-free coherent sheaf on X. A parabolic structure on E is

given by a length d-filtration
E=F\(E) D> F2(E) >--- D F,(E) D Frui(E) = E(-D),
together with a system of weights
0<a,ai, - ,aq <l1.

We call E, = (E, F;(E)) a rational parabolic sheaf associated with the divisor D if all the weights
ay,ay, -, are all rational. Let G;(E) = F;(E)/Fi4+1(E). The Hilbert polynomial x(G;(E)(m))

is called the i-th multiplicity polynomial of the weight «;.

As in [25, Definition 1.8], the parabolic Euler characteristic pa—y (E,) of E, is defined as:
d-1
X(E(=D))+ ) aix(Gy). 4.2)
i=0
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The polynomial pa—y (E.(m)) is called the parabolic Hilbert polynomial of E, and the polynomial

pa—x(E+(m))/rk(E) is denoted by pa—pg, (m).

Definition 4.2.5. The parabolic sheaf of E, is said to be parabolic Gieseker stable (resp. parabolic

semistable) if for every parabolic subsheaf Fo of Es with
0 <rk(F) <rk(E)

we have

pa—pr,(m) <pa—pg,(m), (resp.pa—pr,(m) < pa—pg,(m)).

The parabolic degree pa-deg(E,) is defined by

1
pa-deg(E.):/0 deg(E,)da +1k(E) -deg(D).

We set the parabolic slope as pa—u(E,) = %‘%()E'). Then E, is parabolic slope stable (resp.

parabolic semistable) if for every parabolic subsheaf Fo C Eo with
0<rk(F) <rk(E)

we have

pa—u(F,) <pa-u(E.), (resp.pa—u(F,) <pa—u(E,).

4.2.3 Equivalence of categories

For the root stack X = +/(X, D), we choose the generating sheaf E = EBZ.’:OO,\»(Z)%). Let Coh(X)
be the abelian category of coherent sheaves on X, and Par; (X, D) the abelian category of rational

parabolic sheaves on (X, D) with length r. There exist two functors:
Fx : Coh(X) — Par1 (X,D); Ew Fx(E)
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where Fx(E); = n.(E®Ox(-1D)); and
z
G Par, (X.D) > Coh(X): B [ gx(E(LD
where /Z gx(Eq)(L,1) is the colimit of wedges:

g (Ea)(Lm) 222 g (E)(L.1)

hl’mj lw(l)
)

gx(Eo)(m,m) G

w(m

where

1. gx(E.) : Z°x7Z — Coh(X) is a map given by:

(l,m) = Ox(ID)® p*Ep;

2. m > 1is an arrow in Z, and the arrow A, is induced by the canonical section of the divisor,

the arrow f;,, is induced by the filtration p*E,, the arrow w(/) is a dinatural transformation

and G is a sheaf in Coh(X).

We define that a parabolic sheaf E, € Par; (X, D) to be torsion free if Ej is torsion free. Then

we have:

Theorem 4.2.6. ([5, Theorem 6.1]) The functor G x maps torsion free sheaves on X to torsion

free sheaves on X. Moreover, Fx and G x are inverse to each other when applied to torsion free

sheaves.

4.2.4 Parabolic Bogomolov inequality

In this section we apply Proposition 4.2.3 and Kawamata cover of (X, D) constructed in [2] to

deduce the parabolic Bogomolov inequality for parabolic semistable sheaves.
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Let Y — X be the Galois cover with Galois group G = Gal(Rat(Y)/Rat(X)) as in [2]. Let r||G]|,

then by base change of the root stack in the fibre product diagram

<

Y —>
Y —f>
in Diagram 4.1, the Deligne-Mumford stack VY is the root stack of the pullback line bundle ( f*Ox (D), f*sp).

Since the degree of f*Ox (D) is divided by r, the root stack associated this line bundle is trivial.

Therefore we have Y = Y is a scheme and we have the following diagram:

X
s
vy Lo x
and the quotient stack [Y /G| = X.

We are ready to state the parabolic Bogomolov inequality. We set up some notations. First
let W be a coherent sheaf on X. Then from Theorem 4.2.6, there exists a rational parabolic sheaf
(E,F.,a,) such that F; = 1, (WQ®Ox(—iD)) and «; = f

Let D = Zf{: , D4 be the decomposition of D into smooth irreducible components. Let D=
(f*D)req Which is normal crossing. Then f*Dj = kr(f*D)req, Where 1 < A < h, and k) > 1
are integers. The torsion free coherent sheaf W on X = [Y/G] gives a G-equivariant torsion free

coherent sheaf on Y which we still denote by W. Let

be the inclusion and ¢! : D 1 — Y be the inclusion of the component D 1, where D 1= ("D req-

Let H; = E|p/F;(E|p) be the sheaf on D. Then

Hj= @'”Hﬂ
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where 74 : D 1 = D denotes the inclusion. Define G; = HA/ and

i+1
= (fi))* G

Then from [2, Formula (3.15)] we have:

r /’l k/lmi

W= f*E+; ; ; /A (E;},l ®N!DL) 4.3)

in the K-theory K¢ (Y), where N B, = Oy(5 Dl B, is the normal bundle to the divisor D 2
From equivalence between the categories Coh(X) and Par 1 (X,D) in Theorem 4.2.6, the the
main result in [5], by choosing the generating sheaf E = B;_,Ox (iD), W is modified semistable
if and only if the corresponding rational parabolic sheaf (E, F.,.) is parabolic semistable. But
from [2, Lemma 3.13], the rational parabolic sheaf (E, F.,@,) is parabolic semistable with respect
to Ox (1) if and only if the corresponding sheaf W is orbifold semistable with respect to f*Ox(1).

From Proposition 4.2.3, if W is strongly semistable, then
A(W) = 0.

Thus we have

Theorem 4.2.7. ([2]) Let W be an orbifold strongly semistable torsion free coherent sheaf on the
root stack X such that its corresponding rational parabolic sheaf (E, F,a.) is parabolic strongly

semistable, then we have

r

h
Za rip D/l

i=1 A=1

_Zrlzh:(a T 2 DA"‘CYi'dM)
i=1 A=1
1(E)+Zza/z ria- [Dal

i=1 A=1

c2(E)+ci(E)U

1 r h
E(Z Qi Tig D/]
A=1

i=1 A

rk(E)
2 k(E)
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where riy =1k(G; ) and d;y = deg(G; »).

Proof. The Chern class formula cy(W),ci (W) are calculated in [2, §4]. Plug these into the in-

equality A(W) > 0 we get the formula in the theorem. m|

Remark 4.2.8. [2] proves that the orbifold semistability of W is equivalent to the parabolic
semistability of the corresponding parabolic sheaf (E,F,,a.), and the parabolic semistability is

equivalent to the modified semistability of W again for the generating sheaf 2 = GBI.LOOX(Z)%).

4.3 A K theoretic decomposition of W on root stack X

We end this topic by trying to derive a K —theoretic decomposition of a locally — free coherent
sheaf W on the root stack X. We denote the canonical line bundle on X by N.

Denote by R, the u, — gerbe over a simple divisor D in X, the coarse moduli which is a smooth
surface in our case. Denote by m and mg the corresponding coarse moduli maps to X and D
respectively. Denote the parabolic bundle underlying by E. [12]. This construction does not
depend on the dimension and can be extended to SNC case. As in [12] we introduce an elementary
transformation on the bundle W on the root stack X. We note that R is a y, gerbe on D and hence

W|g decomposes into the disjoint sum of weight spaces W; g that is:

r—1 r—1
Wik = @D Wir = 5 Homo, (Ng) . wjmr (Wl ® (Np)")) (4.4)
i=0 i=0

where i varies from 1 to r and Ng = O(R)|g. The twisted sectors corresponding to 1 corresponds
to the fixed part as in [12] and the other summands are the twisted sectors of this bundle W|g over

R. We write this as

WlR = WR,fix @ WR,var

where,

Wr, fix = Trng «(W|R)
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We introduce the exact sequences as:
0 N N N 0 (4.5)
where N is the line bundle on the root stack serving as to the r-th root to 7* D where,

Nr=0(R)|r

Tensoring with W and taking push forward is exact ( & is a finite map in the etale topology) we

obtain

0I—>E(l+1) I—)E(l) |—>gr1(E) —0 (46)

where gr;(E) is the [ th grade of the parabolic bundle with weight /.

Observing and denoting 7g as the coarse moduli map for R we have ,

r—

I
771 (E) Q) Ni = Wi
=0

which agrees with the decomposition of the vector bundle W restricted to the gerbe in terms of the
primitive characters of Z/rZ obtaining a decomposition of W in Ko .;(R) in terms of the parabolic
components.

In order to obtain a K —theoretic decomposition of W in Ko .;(X) in terms of the parabolic bundle
{E..1/r}, we follow [12] in order to do the necessary computations. In order to do so we use the

following exact sequence:

0 (NI QW) s (NT@W) s (NF @ W|g) -0 4.7)
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4.3.1 Elementary Transformation of Vector Bundles

We follow [12] to construct a K theoretic decomposition of the bundle W. and mention the neces-
sary exact sequences:

O eW)— Wi Wlgyar— 0 (4.8)
0 W|R,var ®N}\é = €(W)|R = W|R,fix =0 (49)

where W|g rir and W|g .4, are the components of W|g on the gerbe over D.

Define p(W) to be the largest non-zero integer k such that

(NR)* @ mpmr.(WIR® (NR)"))

1S non-zero.
We also we observe from [12] that if,

p(W) =0,

then

W =" (7. (W))

on X.
We begin with a lemma, If p(W) > 0, then p(e(W)) < p(W).

We further observe applying .., and using the fact that

F*WR,var =0,

for any coherent sheaf W on X and hence obtain:

[’ W)] = [ (W)l = [¢2(W)]... = [(W)]

where [V] :=7.(V) is the corresponding push-forward on X.
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For a torsion free coherent sheaf V on X if p(V) =0, then V descends i.e
V~n*nV.
and the fact that p(W) decreases on application of it at most »— times one obtains:
e'W)=n"n.W=n"(E)

where E = Ej is the torsion free coherent sheaf underlying {E, ;/.}. One obtains the K group
decomposition of W as:
Denoting [V] for the isomorphism class of V in K .;(X), we denote e’ (W) by the 1 — st elementary

transformation applied to e'~! (W) which is i —th iteration on W:

r—1
[e!(W)] = [ (W)]+ /(1) €' W)k var]),
i=0

where [V] € K¢ /(X) corresponding to a coherent sheaf V on X (X is smooth) and j : R — X
being the inclusion of the reduced divisor and j : Ko ¢ (R) — Ko e (X).

Summing over i, one obtains the required K group decomposition of W:

r—1
[W]=[e"(W)]+ ) jo([e'(W)lRvar])-
i=0

Hence,

r—1
[W] =[x (E)]+ ) ju([e (W)lRvar]):
i=0

4.3.2 Example

Define p(W) to be the largest non-zero integer k such that
(Np)* @ mprr «(Wlr® (Ng)Y))
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1S non-zero.
We also we observe from [12] that if,

p(W) =0,

then

W =" (7. (W))

on X.
Let us compute p(W ® N™") using the decomposition abovesaid.
We compute,

(W ® N_r)R,var

r—1

=P k- (WIk @ Ng" ® Ni) @ N

i=1

r—1

= P 7k (Wlk fix ® WlR var) @ N @ Ng') @ Ny
i=1

r—1
= P mimr(Wlk i) ® Ni” @ Ng) & (Wlgar ® N ® Ng') ® Ny
i=1

Using, the decompositions of Wz and observing 7, (O(=D)|p) = N" on R, one obtains for the

first summand:
r—1

D mimr - (Wlk i) ® Ng” @ Ng') @ Ny
i=1

r—1

- @n;n&*(n;m,*(mm ® Nz ® Ni') ® N
i=1

r—1

= @n;nR,*(n;nR,*(Wm @ 5(0(~D)|p) ® N5') ® N&.

i=1

r—1

= (P rirr.(ni (x.+(WIR) ® (O(~D)|p)) ® Ng') @ Ni.

i=1
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Observing R is a gerbe over spec C with coarse moduli scheme D, we have:
mr+(Ng') =0 (4.10)

fori > 0 € N and using the projection formula we observe that the first summand is zero.

Let us treat the second summand. We observe:

r—1

@ 75k« (WlRvar ® Ng' ® N7') ® N
i=1

r—

1
(xR« (WIR® N ) ®N%) @ Ni' @ Ni')) ® N
j=1

r—1
*
= D rimn.(
i=1

r-1 r=1
=P i (rrmr(Wlk@ N @ N" @ Ni ) @ Ni.
i=1 j=1
1)If0 < j—i<rthen j—i—r <0, and hence using projection formula and the above discussion
we see that the summand is zero for the case mentioned.
2) In the other case when j —i < 0 we have 7,(O(=D)|p) = Nj" and using projection formula we

have the other term is also 0.

Hence we obtain, p(W ® N™") = 0 from which we conclude,

WeN™ =x*(E(-D)).

4.3.3 K-theoretic decomposition in terms of Parabolic components

We compute

r—1
7o e W)lRvar)
i=0

in terms of the gr;(E) := EE_:-I on X, where j : R — X is the inclusion.

Following the argument of the above computation we establish a recurrence relation between a
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vector bundle V on the gerbe R and (Vg yqr ® NX) Rvar-

(VR,var ® N}%)R,var

r—1
= > 7ir . (Vevar ® Ny ® Ng¥) @ N
k=1

r—1 r—1
_ZanR*(ZanR*(VR@)N @ N, ®Ny® N5 ® Nk
=1 =

r—1 r—1

=> RnR*(ZanR (Ve® N )@ N. '™ @ NE.

Thus, one obtains the recurrence relation:

(€ rwar); = €N V) |Rvar) j+15 (4.11)

1<i+j<p(V),1<j<(r-1),0<i<(r-1).

We observe from the example that if j — 1 —k = 0 then the summand survives and contributes
to the bundle (Vg yqr ® N;el) R.var S€TVINg as an explanation for the recurrence relation. Replacing

W as the vector bundle on X and Wg being the restricted bundle on the gerbe R, p(W) =r—1 we

obtain: |
r—1 r—1 r—j-—
D Wlkvar = Z(Z 75 (8rivj (E)|p)) ® Np. (4.12)
i=0 j=1 i=0

Thus we have:
1

] .
> (mi(grisj(E)|p)) ® N%] (4.13)
=0

r—

r—1
(W] = [x*(E)] +ZJ*

]:
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Chapter 5

Higher dimensional case of Bogomolov-Gieseker Inequality

5.1 Higher dimension case

In this last chapter, we generalize Langer’s argument to higher dimension case. For simplicity of
the calculation of modified slopes, we restrict to a special case of smooth Deligne-Mumford stacks
X = [Z/G] which is a quotient stack such that the action of G is diagonalizable. We still let the
generating sheaf = on X satisfying Condition 4.1.2. Still let d = dim(X) be the dimension of X.

We state several theorems generalizing Langer [22, §3].

Theorem 5.1.1. Let D be a very ample divisor on X and Dy := 7~ (D) and D = n~'(D) for D
a general element D € |D| . If the restriction of a coherent sheaf E on X to D is not modified
slope semistable with respect to H|p and E|p, then let uz ;,r; denote the modified slopes and ranks

respectively in the Harder-Narasimhan filtration of E|p, we have

D rirj(uzi— s j)* < HUAE) +21K(E)* (La max (E) — pz(E), () = L in(E)).  (5.1)
i<j
Theorem 5.1.2. If a torsion free sheaf E on X is strongly modified slope semistable, we have
A(E)-HY2 > 0.
Theorem 5.1.3. If a torsion free sheaf E on X is just modified slope semistable, then we have

H-A(E)-H*? +1k(2)*Bu(r) = 0.
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Before stating the last theorem, we introduce some notations. First for torsion free sheaves

G’,G on X, we set
__al@) a6
YT k(B k(G k(B)rk(G)'

£6

We also set

K*:={D e Num(X)|D*H"? > 0,DH*™" > 0 for all nef H}.

where Num(X) = Pic(X) ® R/~ and ~ is an equivalence relation meaning L ~ L, if and only if

LiAHY2 = L,AH?2 for all divisors A on X.

Theorem 5.1.4. If we have
H-AE)-H*? +1k(2)*Bu(k) < O,

then there exists a saturated subsheaf E’ C E such that fg, r €KT.

We prove these theorems by induction on the rank rk(E), and following Langer’s method. We
only state the parts of the proof which are different to Langer’s method in smooth case and refer
to [22, §3] for detailed arguments in the proof which is the same as Langer. For the induction
process, let Thm' (rk) represent the statement that Theorem 4.i holds for ranks < rk fori =1,2,3,4

and Thm? (rk) represents that Theorem 5.1.2 holds for rk(E) < rk.

5.1.1 Thm'(rk) implies Thm®(rk)

Suppose that the torsion free sheaf E is strongly modified slope semistable with respect to (H,Z),
and A(E) - H*? < 0. We have Lgmax(E) = Lgmin = u=(E). Theorem Thm!(rk) implies that
the restriction of E to H is still modified slope semistable. Since E is strongly modified slope
semistable, (FX)*E is also strongly modified slope semistable, and its restriction to a very general
element in |H| is strongly modified slope semistable. Therefore by induction the restriction of
(Fk)*E to a very general element in H; N---NHy_ for Hy,---,H,—1 € |H| is strongly modified

slope semistable. Therefore we are reduced to the two dimensional Deligne-Mumford stack case.
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Then this is Theorem 4.1.9.

5.1.2 Thm’(rk) implies Thm?(rk)

First note that in this case,

(rk(k(E) = 1) (HE' A\
()

since M = 0. Our polarization is (H,E), we first have the following inequality:
H®- A(EYH'™ +1k(E)*1k(8)” (Lzmax (E) — p=(E)) (uz(E) — Lemin(E)) 20 (5.2)

To prove this inequality, first from the finite property fdHPN in §4.1.8 there exists a positive integer
k such that all the quotients in the Harder-Narasimhan filtration of (F*)*E are strongly modified

slope semistable. Consider the Harder-Narasimhan filtration
0=EyCE|C-CEy=(FYE

andlet F;=E;/E;_, r; =1k(F;), u; = u=(F;). The Hodge index theorem (holds for smooth Deligne-

Mumford stacks) implies that

A(FFY'EYHT? o A(F)HY? 1 cl(F) c(FO\* .
TR Vs ‘rk(E)iZj””( i )H

AR)HT? k(@) :
> _ (1 — 1
_Zi: - Hdrk(E);r,r](uz )

Thm’ (k) implies that A(F;)H9~2 > 0. Therefore by [22, Lemma 1.4], we have

H? A(E)H? .
rk(E) -

—tk(E)tk(E)? (Hzmax((F) E) = pz((F)E) ) (42 ((F*) E) = pz.min ((F)“E)
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Both sides are divided by p%*, we get:
H®- A(EYH? +1k(E)* 1k(8)* (Lz.max (E) — p=(E)) (u(E) = Lemin(E)) 2 0.

It is ready to prove Thm?(rk). Suppose that E is just modified slope semistable. We aim to use
(5.2) and Corollary 4.1.7. The method is the same as in [22, §3.6], and we take an ample divisor D
on X and set H(t) = H+tD. Similar method shows that the Harder-Narasimhan filtration of E with
respect to (H(t),Z) is independent of  when ¢ is positively small. Let0=Eyc E; Cc---CE,, =E
be the Harder-Narasimhan filtration with respect to (H(7),E). We have (since E is modified slope

semistable)

peH(E) 2 puzp(Er) = }E}&Ma,y(z)(El) > }E%/"E,H(t)(E) = pzH(E).
Hence
}E?)ﬂa,max,ﬂ(t) (E) = }i_I}(l)#E,max,H(z) (E1) = uzu(E),

and similarly,

}i_I)%ﬂE,min,H(t) (E) = UEH (E) .

Thus we can apply (5.2) and Corollary 4.1.7, and note M = 0, we get the result

HY - A(E)H"™? +1k(E)* B = 0.

5.1.3 Thm?’(rk) implies Thm*(rk)

If we have the condition in Thm*(rk), i.e., H¢- A(E) H2 +rk(E)2ﬁrk(E) <0. Then from Thm? (rk),
E is not modified slope semistable. Let £’ C E be the maximal destabilizing subsheaf of E and set

E” =E/E’, ¥ =1k(E’), r” =rk(E"). First we calculate:

AE)HS2 | rr'ép, pHY? _AE)H2 AE"H?
tk(E) r” r’ r’ ’
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We also have rk(E)z% > rk(E)z(/% + ﬁrL) Since H? - A(E)H?™? +rk(E)2ﬁrk(E) < 0, and

we require H? > 0, either &2, . > 0 or at least one of the HY - A(E")H/™? +1k(E)*B, and H? -
A(E")HY 2 +1k(E)?B, is negative. Therefore the same argument as in [11, Theorem 7.3.3] gives

the result.

5.1.4 Thm*(rk) implies Thm?(rk)

Suppose that A(E)H?=2 < 0. The condition in Thm*(rk), applying to (F!)*E (since E is strongly

modified slope semistable by the condition in Thm?(rk)), is:
HY - A(F'Y'E)H"? +1k(E)* () < 0

which is equivalent to

[ >

Loe |- 1k(2)*Buk(E)
2 %8\ THAO AEYH 2|

Then for large /, there exists a saturated torsion free subsheaf E’  (F')*E such that & E'(FIY'E €
K*. By “self-duality" property of K™ we have &g/ iy £H?! > 0, which means that the sheaf E is

not strongly modified semistable, a contradiction.

5.1.5 Thm?(rk—1) implies Thm' (rk)

We use I1 = |H| to denote the complete linear system, and let Z := {(D,x) e [IX X : x € D} be the
incidence variety. Let

p:Z—-1Il;, g:Z—>X

be the corresponding projections. For each s € I, let Z; be the scheme theoretic fiber of p over the

point s. Consider the following cartisian diagram:

=

z-1-
T
T

17:/
p

n-‘—z-—"-

s

-

>

61



Then Z is a Deligne-Mumford stack which is given by {(7~1(D),x) : (D,x) e I1xX,x € D}. The
generating sheaf 2 on X is pullback under ¢ and gives a generating sheaf ¢*E on Z which is
relative to I1.

We work on the sheaf ¢*E for a torsion free sheaf E on X, and let

0=EyCE\C---CE,=qE

be the relative Harder-Narasimhan filtration with respect to p o w. This means that there exists an
open subset U C IT such that all F; = E;/E;_ are flat over U and for each s € U the fibers (E,); is
the Harder-Narasimhan filtration of E; = g*E| 7z, for Z; = ! (Zs). From the proof of in [22, §3.9],
the relative Harder-Narasimhan filtration is actually the Harder-Narasimhan filtration of ¢*E with

respect to

(p*On(1)imMg*H ¢*F).

By the finite property in §4.1.1, for the sheaf ¢g*E, there exists a positive integer k such that
all the quotients in the Harder-Narasimhan filtration of (FX)*(¢*E) = ¢*((F¥)*E) are strongly
modified semistable. We will prove the inequality (5.1), and from [22, Lemma 1.5], when ap-
plying to the polygons of the Harder-Narasimhan filtration for modified slopes, we just prove
the case that all the graded pieces F;’s are strongly modified slope semistable with respect to
(p*On(1)*™Mg*H,q*E).

We perform the same argument as in [22, §3.9], and let A C I be a pencil. SetY = p‘1 (A), and
Y =(pon) ' (A) c Z. Since gy : Y — X is the blow up of X along the base locus B of A, we can
view ¢ly : Y — X to be the stacky blow up of X along the locus 8 = n~!(B). If d > 3, then Bis a
smooth connected variety. So 8 is a smooth connected substack, and there is only one exceptional

divisor N for g|y. We write down

c1(Fily) = qlyMi+bN
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where M; are divisors on X which are pullbacks of divisors M; on X and b; are rational numbers.
If the dimension d = 2, then B consists of N = H? distinct points and B consists of N distinct

stacky points. Let Ni,---, Ny be the exceptional divisors of g|y. There exist rational numbers b;;

and divisors M; such that

c1(Fily) = Q|*yMi+Zbiij-
J
Let b; = (X;bij)/N. We have

c1(Fily)p*On(1)q*H?? _M: H'+ ;N
ri I‘k(E) ri rk(E)

HEi =

Thm?(rk —1) implies that A(Fj|y)p*01-[(1)q>"H‘l_2 > 0 for every j. We calculate

* yyd-2 * yyd-2
NA(E)QLyH :ZNA(FI'LV)C]'yH _ N ZI"I" C](E|y)_C1(Fj|y) 2. |* Hd_z
rk(E) . ri tk(E) &40 ri T Ty
i i<j J

2

N Zr.r‘ N ﬁ_b_f 2_ M"_& sz—z
I'k(E) i<j #J ri }"j ri }"j

> | a2 (L b\ (M METY
_rk(E);rlr] AP tnitend B - '

J ri I’j

The last inequality is from Hodge index theorem for smooth Deligne-Mumford stacks, and from

the slope uz;, the last expression above gives

1 2
ZZNbiﬂE,i— M;"i”j(ﬂE,i—NEJ) .

To prove the claim, first (¢|y)«(E;|y) C E implies that

stiMde_l

SIS s E
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which gives the inequality:

2 biN 2 ) k(@) (i, ~ pz max(E)) (5.3)
J<i j<i
Therefore
ZNbi'uE’i:Z(ZNb )(,UEi_ 2i+1)
i i \i<j
ZZ(Zrk(E)Vj(ME,j— zmax(E)) | (Hgi — Hzi+1)
i \j<i
=1k(8) Z k() K~ H) +1K(E) (u2(E) — pzmax (E)) (4= (E) = Mz min(E)).
So we get:

NA(E)q|y, H™
rk(E)

> ; 2r1;15(32j)— 1 rirj (Mg, —,ng’j)Z+2rk(E)(,u5(E) — = max (E)) (u=(E) = pz.min (E)).

We generalize the restriction theorem of Langer to smooth Deligne-Mumford stacks in higher

dimensions. We give a general statement for the (5.2). Recall from Corollary 4.1.7,
a’E(E) = maX(LE,maX(E) - l—lE,max(E)’/JE,min(E) - LE,min(E))~

Let A be a nef divisor for X such that 7.(Tx ® £)(A) is globally generated, then there exists a large

number M > 0 (depending on the data (H,E)) such that

tk(E) -1 (Hd—l A )
< +M|.
Hd

Theorem 5.1.5. Let E be a torsion free sheaf on a smooth Deligne-Mumford stack X. Then we
have

HY - A(E)H" 2 +1k(E)*1k(E)*(Lemax (E) — p=(E)) (u=(E) - Lemin(E)) 20 (5.4)
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and

HY-A(E)H* 2 +1k(E)*1k(E)* (zmax (E) — p=(E)) (uz(E) — pzmin(E)) 20 (5.5)

Proof. The proof of (5.4) is the same as in Claim (5.2). The proof of formula (5.5) is the same as

[22, Theorem 5.1]. a

Theorem 5.1.6. Let E be a torsion free sheaf of rank tk(E) > 2 on a smooth Deligne-Mumford
stack X. Suppose that E is slope modified stable with respect to (E,0x (1) = H). Let D C \|mH| be

a normal divisor such that E|p has no torsion where D = n~'(D)). If

k(E)-1 1 k(E)-1
tk(E) Hark(E)(rk(E) - 1) Herk(E)
then E|p is slope modified stable with respect to (E|p, H|p).
Proof. The proof is the same as [22, Theorem 5.2]. O

5.2 Bogomolov’s inequality for Higgs sheaves

Let k£ be an algebraically closed field of characteristic p > 0 and X be a smooth tame projective
Deligne-Mumford stack of dimension d over k with coarse moduli space 7 : X — X. Let E be a

generating sheaf on X satisfying Condition % in 4.1.2, and let H an ample divisor on X.

Definition 5.2.1. A Higgs sheaf (E,0) is a pair consisting of a coherent sheaf E € Coh(X) and
an Ox-homomorphism 6 : E — E ® Qx satisfying the integrability condition 6 A8 = 0. We say
a Higgs sheaf (E,0) a system of Hodge sheaves if there is a decomposition E = ®E' such that
6:E — E"'®p, Qx
1. We say that (E,0) is slope semistable if u=(E’) < u=(E) for every Higgs subsheaf (E’,0")
of (E,0).
2. A system of Hodge sheaves (E,0) is slope semistable if the inequality u=(E’) < u=(E) is

satisfied for every subsystem of Hodge sheaves (E’,0") of (E,0).
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We recall the main results of Ogus and Vologodsky [29], where the theory is for schemes, but
in étale topology it works for Deligne-Mumford stacks.

Assume that p > 0. Let S be a scheme over k and f : X — S be a morphism of stacks over
k. A lifting of X/S modulo p? is a morphism f: X — S of flat 7./ p>Z-stacks such that f is the
base change of fby the closed embedding § — S defined by p. Let MIC,,_; (X /S) be the category
of Ox-modules with an integrable connection whose p-curvature is nilpotent of level < p — 1. Let
HIG, (X (1)/8) denote the category of Higgs Oy)-modules with a nilpotent Higgs field of level
< p — 1. We have the following theorem of Ogus and Vologodsky ([29, Theorem 2.8])

Theorem 5.2.2. If f : X — S is a smooth morphism with a lifting X0 - §0fX(1) — S modulo

p?, then the Cartier transform

Cxs: MIC,_1(X/S) — HIG,_1(XV/5)
defines an equivalence of categories with quasi-inverse

Cx)s  HIG, ((XV/S) — MIC, (X/S).

Lemma 5.2.3. Let (E,0) € HIG,_, (XV/S). Then we have [C)'(}S(E)] = F,[E], where [-] denotes

the class of a coherent sheaf in the Grothendieck group Ky(X).

Proof. See [24, Lemma 2]. O
Corollary 5.2.4. Assume S = Speck, and let (E,0) € HIG,_; (X/S). Then (E,0) is slope
semistable with respect to (H,E) iff CX,; s(E) is slope V-semistable with respect to (FgH, F;E).
Proof. The proof is the same as that of [24, Corollary 1]. O

Lemma 5.2.5. Let (E, 0) be a torsion free slope semistable Higgs sheaf on X. Then there exists an
Al-flat family of Higgs sheaves (E,0) on X x A such that the restriction (E;,0;) to the fiber over
any closed point t € Al is isomorphic to (E,0) and (Ey,0) is a slope semistable system of Hodge

sheaves.
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Proof. See [23, Corollary 5.7]. |

Proposition 5.2.6. Let V be a torsion free sheaf on X, then

(rank V rank 2)?2

d-2
H2AW) > —d

(Lzmax (V) —p=(V)) (uz(V) = Lz min(V))

Proof. The proposition follows from Theorem 5.1.2 by the same arguments as in the proof of

Theorem 5.1.3. O

Theorem 5.2.7. Assume p =0. Let (E,0) be a slope semistable Higgs sheaf with respect to (H,E).

Then we have H*2A(E) > 0.

Proof. Deforming (E,6) to a system of Hodge sheaves (see Lemma 5.2.5) we can assume that
(E,0) is nilpotent. Now we use the standard reduction to positive characteristic technique, which
we recall for the convenience of the reader (see [26, section 2]). There exists a finitely generated
Z-algebra R C k and a tame smooth Deligne-Mumford stack X—S= Spec R such that X = X Xs
Speck. Let 7 : X — X be its coarse moduli space. We can assume that X = X Xg Speck, m is
induced by 7 after base change, and there exists an ample divisor Hon X extending H and a
generating sheaf Eon X extending 2 such that its restriction to every component in / Xi is a direct
sum of locally free coherent sheaves of the same rank. We can also assume that there exists an
S-flat family of Higgs sheaves (E,6) on X extending (E, ).

Shrinking S, by openness of semistability we can assume that (Ej,8;) is slope semistable with
respect to (B,, Hy) for any s € S. Choose a closed point s € S such that the characteristic g of the
residue field k(s) is > rank E. Then the stack X Xg Spec(R/m?) is a lifting of X, modulo g°. By
Corollary 5.2.4, one can associate to (E,,0;) a slope V-semistable sheaf with integrable connection

(Vs, V) with respect to (F' ;,“ ﬁx, F ; Es). From Lemma 5.2.3, it follows that
H{?A(Vy) = ¢*H{ P A(E). (5.6)

LetO=VyCcV, C--- CV, =V be the usual Harder-Narasimhan filtration of V, then by [16,
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Lemma 2.7], the induced morphisms V; — (V/V;) @ Q %, are nonzero O 5 -morphisms. Take a nef
divisor A on X, such that n*(T;\;Y ®E,)(A) is globally generated. From [16, Proposition 2.10 and

Corollary 2.11], it follows that

HI'A
“is,max(VS) _Nés,min(vs) < (rank Vs — 1) SIF‘INd +M

N

and

rankV; —1
q-1

H¥ 1A
+M

maX(LES,maX(VS) _Mis,maX(VS)’lués,min(VS) - Lgs,min(VS)) <

for some positive constant M. They imply that

rankV; —1 HY 1A
(Lis,max(VS) - Lis,min(vs)) < : ( > +M) .

1-1
q
Hence Proposition 5.2.6 gives

PHAE,) = B2AV,) > - (ralnliVs~1rjln1<E)2 (ranszl— 1)2

N q

Taking sufficiently large g, one obtains

HY2A(E) = H2A(E;) > 0.

Using the same argument in [24, section 6], one can recover [6, Theorem 1.1]:

Theorem 5.2.8. Assume that p =0, d =2, and the canonical line bundle Kx is nef, then we have

i (Tx) < 3ca2(Tx).
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