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Abstract

Parameter estimation has wide applications in such fields as finance, oil deposit de-
tection, etc. In this dissertation, we discuss the parameter estimation problems in a

stochastic differential equation and a partial differential equation.

In chapter one, we provide a general moment estimator for the Ornstein-Uhlenbeck
Process driven by a-stable Lévy motion. When the noise is an a-stable Lévy motion,
the process does not have the second moment which makes the parametric estimation
problem more difficult. In this case, there are limited papers dealing with the paramet-
ric estimation problem. In previous work, one can only estimate the drift parameter
0 assuming the other parameters (¢, ¢ and 3) are known and under discrete observa-
tions. In most literature, one also needs to assume that the time step 4 depends on n
and converges to 0 as n goes to infinity. This means that a high frequency data must
be available for the estimators to be effective. The main mathematical tool that we
use is ergodic theory and sample characteristic functions so that we can estimate all
the parameters simultaneously. We also obtain the strong consistency and asymptotic

normality of the proposed joint estimators when the time step 4 remains constant.

In chapter three, we describe how to use implicit sampling in parameter estimation
problems where the goal is to find parameters of a partial differential equation, such
that the output of the numerical model is compatible with data. We could generate
independent samples, so that some of the practical difficulties one encounters with
Markov Chain Monte Carlo methods, e.g. burn-in time or correlations among depen-
dent samples, are avoided. We describe a new implementation of implicit sampling

for parameter estimation problems that makes use of a class of overlapping Newton
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Krylov-Schwarz algorithms to solve it. With a reasonably large overlap, the Newton
Krylov-Schwarz method is scalable and capable of finding the solution with noise.
The comparison with BFGS method demonstrates the superiority of our method. We
also use the local Karhunan-Loeve expansion to reduce the dimension of the parame-
ter which enables the parallel and efficient computation of a possibly large number of

dominant KL modes.

Another important topic considered in this dissertation is in chapter two, a novel ap-
proach for solving optimal price adjustment problems, when the underlying process
is geometric Brownian motion process. Several countries use the administratively-set
fuel prices close to their international free market counterparts. However, chasing a
global market price of energy has the disadvantage that the domestic prices need to
fluctuate daily. This creates uncertainties for households and firms and expose them
to global price shocks. In chapter two, we offers a model of adjustment rule which is
based on optimal lower and upper price barriers. Once the ratio of the domestic and
global price hit the bounds, the domestic price will then be readjusted to the original
desired level. We offer a procedure to use expected hitting time approach to solve the
model, which does not require solving a PDE or running Monte-Carlo simulations. We
characterize the optimal policy behavior as a function of underlying parameters and

also compare the gains from adopting an optimal policy versus a mechanical policy.
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Chapter 1

Generalized moment estimators for o -stable Ornstein—Uhlenbeck

motions from discrete observations

In this chapter, we study the parameter estimation problem for discretely observed Ornstein-
Uhlenbeck processes driven by o-stable Lévy motions. A method of moments via ergodic theory
and via sample characteristic functions is proposed to estimate all the parameters involved in the
Ornstein-Uhlenbeck processes. We obtain the strong consistency and asymptotic normality of the
proposed joint estimators when the sample size n — oo while the sampling time step h remains

arbitrarily fixed. And the numerical simulation illustrate our result.

1.1 Preliminary

Definition 1.1. Generalized Ornstein-Uhlenbeck processes driven by Lévy processes satisfies the

following stochastic Langevin equation

dXt == —GXtdt‘l‘st, t Z O
(1.1.1)

Xo = X0

where 6 is an unknown parameter, {L;,7 > 0} is a one-dimensional Lévy process. Lévy processes

are closely related to stable distributions.

Definition 1.2. A random variable 7 is said to follow a stable distribution, denoted by 1 ~



Sa(0,B,7), if its characteristic function has the following form:

exp{—c%u|®(1—iBsgn(u)tan %¥) +iyu}, ifa+#1

exp{—olul (1+iBZsgn(u)loglu|) +iyu}, ifo=1

In the above definition & € (0,2],0 € (0,), € [—1,1], and y € (—oo,o0) are called the index of
stability, the scale, skewness, and location parameters, respectively.
We shall assume y = 0. This means that we consider only strictly o -stable distribution. If in

addition B = 0, we call n symmetric ¢ -stable. Note that 7 is strictly stable (a = 1) if and only if
B =0.

Definition 1.3. An .%; — adapted stochastic process {Z;},. is called a standard o -stable Lévy
motion if

1) Zy=0,a.s.;

(i) Z; — Zs ~ Sq ((r—s)l/a,ﬁ,o) £>5>0

(i11) For any finite time points 0 < sg < s1 < --- <y, < oo, the random variables Z, Z;, —Z;

00" -

Zg, , are independent.

Suppose that {L,,# > 0} is a Lévy process generated by the triplet (0,p, 1), i.e. the distribution

of L; has characteristic function

¢r,(u) =E [ei”L’} = exp {itlu+t/
R\{0}

(e" —1—iuxlp(x)) p(dx)} JueR

where D = {x : |x| < 1} and p is the Lévy measure given by

c )
p(dx) = le_a 1(0700) (x)dx—|— Wl(_w’o) (x)dx

where 1 < o < 2,c1 > 0,c >0, and c; + ¢ > 0. It is easy to see that (2.1) can be written as

or, (u) = exp{it (l +/x|>]xp(dx)) u—to%u|*|1—Bsgn(u)tan (?)} }

2
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where 6% = —(¢; +¢2)I'(—a)cos(wa/2) and B = (c; —c2) /(c1 +¢2). Then, by the 1t6-Lévy

decomposition, we have

1 t
L= M—f—/ / xN(ds, dx) +/ / xN(ds,dx)
0 Jlx<1 0 J|x|>1

where N(dt,dx) is a Poisson random measure defined by

N((()?t]?A) = Z Ia (ALS)

for A € Z(R\{0}) and AL; = Ly — L,_ denoting the jump of Ly at time s, and the compensated

Poisson random measure N (dt,dx) is given by
N((Ovt]vA) = N(<07t]7A> —1p (A)

with

p(A) = /A p(dx)

The Itd6-Lévy decomposition can be rewritten as

t
L :),H—/ / xN(ds,dx)+t/ xp (dx)
0 JR\{0} x|>1

- ()LJF/XZpr(dx))t+/OZ/R\{O}XN(dSadx)

(1.1.2)

Let
m=A +/ xp (dx)
lx[>1
Then
m=A+ <! :Clz



Denote

t
Zt:// xN (ds,dx)
0 JrR\(0)

Then Z; is a ¢ -stable Lévy motion and Z; — Z; ~ S, (G(l‘ — s)l/“,[LO) forany 0 <s <t < . We
can renormalize Z, and define Z, = Z,/o. Then we can easily see that {Z,,¢ > 0} is a standard o
-stable Lévy motion (see Janicki and Weron [22]) so that Z; has a stable distribution Sy (1, 3,0). It
is clear that L, = mt + 6Z; and E [L;] = mt. If we assume 0 > 0, then X; is ergodic and the solution

of the SDE (I.1.1)) can be written in the following way:

t
X, :6_9’x+/ e =941,
0

t t (1.1.3)
=e x4 m/ e 00=S)gg 1 G/ e_e(t_s)dZs
0 0

The general properties of generalized Ornstein-Uhlenbeck processes driven by Lévy processes
have been comprehensively studied in the monograph of Sato [40] We shall use some important

results in Sato [40] freely.

Lemma 1.4. The generalized Ornstein-Uhlenbeck processes {X;,7 > 0} (generated by the triplet
(0,p,A) ) have a unique invariant distribution . which is self-decomposable and generated by

the triplet (0, v, u) with

v(B) = %/Rp(dy) /0°° g (e_sy) ds,B € #B(R)

and

A1 y
u=—+—/ =ip(dy
0 0 Jjy>1 1yl (@)

Proof. By Theorem 17.5 of Sato [40], we only need to verify that the Lévy measure p satisfies the

following condition

/ log x]p(dx) < oo
|x[>2



In fact, we have

C
[ oehip@) = [ toglel (kg om0+ g1 o) )
x|>2 X [x]

|x|>2

* logx ~2 log(—x)
:C1/2 de—i—cz/m de

:(c1+cz)/ logx-x~17%dx
2

1
— 1t (10g2+—) < oo
(04 (04

This completes the proof. ]

. In the following, we consider the case when m = 0, i.e the Ornstein-Uhlenbeck processed
driven by the a-stable Lévy motion. We can easily find that X; converges weakly to a random

variable

X, = G/ e %az,
0

Theorem 1.5. (Ergodic theorem)(Luis Barreira, Yakov Pesin[28]])

lim = Y £(%,) —Ef (%)

n—eoon =1

almost surely, where we recall that the distribution of X, is the invariant measure of the o -stable

Ornstein-Uhlenbeck motion X;.

Theorem 1.6. (A more sophisticated ergodic theorem)(Luis Barreira, Yakov Pesin[28]])

1y 2.2
lim — Zf(th7XIk+1) = Ef (XO?X[I)
k=1

n—oon

where X; satisfies with initial condition Xy having the invariant measure (namely, Xy and

X, have the same probability measure) and being independent of the o.-stable motino Z;

Note that the explicit forms of the probability density functions of X, and the joint probability

density function of Xy, X;, are unknown except for some very special parameters. However, it is



possible to find the explicit forms of the explicit forms of the characteristic functions of X, and that

Of X(), th .

Definition 1.7. 1. Strong Consistency: For every € >0 X, < u if
P(0;05 - Uz, {[Xi(0) —ul > €}) =0

2. Asymptotic Normality. We say that 0 is asymptotically normal if

A

Vn(6—6p) =N (0,03)

where Ggo is called the asymptotic variance of the estimate 0. Asymptotic normality says that

the estimator not only converges to the unknown parameter, but it converges fast enough, at a rate

1//m.

1.2 Introduction

Let (Q,.#,P) be a basic probability space equipped with a right continuous and increasing fam-
ily of o-algebras (.%;,t > 0) and let (Z;,t > 0) be a standard o-stable Lévy motion with Z; ~
S«(1,B,0), where « is the stability index and B € [—1,1] is the skewness parameter (we shall
briefly recall the relevant definitions in next section). The so-called ¢-stable Ornstein-Uhlenbeck
motion X = (X;,# > 0), starting from a point xy € R satisfies the following stochastic Langevin
equation

dX, = —6X,dt +6dZ,, t€[0,), Xo=~xo, (1.2.1)

where 6, o are some constants. Recalll that if 8 > 0, X; is ergodic and it converges in law
to the random variable X, = o f0°° e~ 95d7Z,. From the above definition we see that the a-stable
Ornstein-Uhlenbeck motion X; depends on the following parameters: the stability index , the
skewness parameter f3, the drift parameter 6 and the dispersion parameter 6. In this work we

assume that the values of these parameters are unknown but the o-stable Ornstein-Uhlenbeck
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motion (X;,# > 0) can be observed at discrete time #; (For simplicity, we let #; = kh for some fixed
h > 0). We want to use the available data {X; .,k =1,2,---,n} to estimate the parameters o, 3, 0,
and o simultaneously.

The parametric estimation problems for diffusion processes driven by a Lévy process such as
compound Poisson process, gamma process, inverse Gaussian process, variance gamma process,
normal inverse Gaussian process or some generalized tempered stable processes have been studied
earlier. Let us mention the following works: Brockwell et al. [5], Masuda [31], Ogihara and
Yoshida [33]], Shimizu[41], Shimizu and Yoshida [42]], Spiliopoulos [44]], and Valdivieso et al
[46]]. In these works it is considered the quasi-maximum likelihood, least squares estimators, or
trajectory-fitting estimator and it is also established the consistency and asymptotic normality for
those estimators. Masuda [13] proposed a self-weighted least absolute deviation estimator for
discretely observed ergodic Ornstein-Uhlenbeck processes driven by symmetric Lévy processes.
For some recent developments on estimation of drift parameters for stochastic processes driven by
small Lévy noises, we refer to Long et al. ([26], [25]) as well as related references therein.

However, all aforementioned papers did not cover the case that the noise is given by an «-
stable Lévy motion. When the noise is an a-stable Lévy motion the process does not have the
second moment which makes the parametric estimation problem more difficult. In this case there
are limited papers dealing with the parametric estimation problem. Let us first summarize some
relevant work. Hu and Long ([18]], [17]]) proposed the trajectory fitting estimator and least squares
estimators for the drift parameter 6 assuming other parameters «, 3, and ¢ are known and under
both continuous or discrete observations. They discovered that the limiting distributions are stable
distributions which are different from the classical ones where asymptotic distributions are normal.
Fasen [10] extended the results of Hu and Long [|17]] to high dimensions.

To deal with the discrete time observations, which is the common practice and the main focus of
this paper, in most literature, one needs to assume that the time step /# depends on n and converges
to 0 as n goes to infinity. This means that a high frequency data must be available for the estimators

to be effective. In some situations such as in finance high frequency data collection is possible.



But in many other situations high frequency data collection may be impossible or too expensive.
To construct estimators applicable to this situation, one has to find consistent estimators which
allow A to be an arbitrarily fixed constant. Along with this line, some progresses have been made
in Hu and Song [[19] and Hu et al.[16] for Ornstein-Uhlenbeck processes or reflected Ornstein-
Uhlenbeck processes driven by Brownian motion or fractional Brownian motions as well as Zhang
and Zhang [39] for Ornstein-Uhlenbeck processes driven by symmetric o-stable motions. The
idea is to use the ergodic theorems for the underlying Ornstein-Uhlenbeck processes to construct
ergodic type estimators. The strong consistency and the asymptotic normality are proved when the
time step 4 remains constant (as the number of sample point n goes to infinity). However, in the
above papers, one can only estimate the drift parameter 8. There have been no available estimators
simultaneously for all parameters. The main goal of the present paper is to fill this gap. We want
to simultaneously estimate all the parameters 6, a,c and 8 in the a-stable Ornstein-Uhlenbeck
motion. We still use the generalized method of moments via ergodic theory. But since the a-stable
motion has no second or higher moments we shall use the sample characteristic functions. Namely,
we use the following the ergodic theorem: lim,Hoo%ZZ:l f(X,) = Ef(X,) almost surely, where
we recall that the distribution of X, is the invariant measure of the a-stable Ornstein-Uhlenbeck
motion X;. However, this cannot be used to estimate all the parameters 6, o, c and B since we
cannot separate all the parameters in the stationary distribution of X,, (see Remark . The idea
is then to use a more sophisticated ergodic theorem: limn_mﬁzz:l f(X, X)) =Ef (X0, X:,),
where X; satisfies with initial condition X, having the invariant measure (namely, X, and
X, have the same probability measure) and being independent of the o-stable motion Z;. Note
that the explicit forms of the probability density functions of X, and the joint probability density
function of Xy, X;, are unknown except for some very special parameters. However, it is possible to
find the explicit forms of the characteristic functions of X, and that of Xo,th. These characteristic
functions will be used to construct estimators for 6, a, o and f3.

To validate our approach we have done a number of simulations to illustrate our estimators.

First, we simulate some data from assuming some given values of o, 3,0 and o. Then we



apply our estimators to estimate these parameters. The numerical results show that our estimators
are accurate and converge fast to all the true parameters. Our estimators work for all fixed 2 > 0
(even large h) although we list only 2 = 0.5 (which is already big enough). As discussed in Rosinski
[20] and Zhang [38]], the Euler scheme in simulating Ornstein-Uhlenbeck process driven by a Lévy
process is seldom used. To save computation time we find a way to simulate the a-stable Lévy
motion {Xj;,,k = 1,--- ,n} in a straightforward way without any extra computations.

We note that another method of estimating all the parameters for time series models is the
ECF (empirical characteristic function) method discussed in Knight and Yu [23]] and Yu[21]]. They
fit the ECF to the theoretical one continuously in frequency by minimizing a distance measure
between the joint CF (characteristic function) and joint ECF. Under certain regularity conditions,
they established consistency, asymptotic normality, and the asymptotic efficiency of the proposed
ECF estimators. The i.i.d. case was discussed much earlier by Paulson et al. [35]] and Heathcote
[7], where they called it the integrated squared error method.

In this project, we employ the well-known generalized method of moments (GMM) for param-
eter estimation. GMM is referred to a class of estimators which can be constructed by utilizing the
sample moment counterparts of population moments. It nests the classical method of moments,
least squares method, and maximum likelihood method. GMM has been extensively studied and
widely used in many applications since the seminal work of Hansen [27]]. In particular, GMM has
been successfully applied to parameter estimation and inference for stochastic models in finance
including foreign exchange markets and asset pricing in Hansen and Hodrick [14], Hansen and
Singleton [[15]. For a comprehensive treatment of GMM, we refer to Hall[1]. For generalization
and improvement on GMM, we refer to Qian and Schmidt [37]] and Lynch and Wachter[29]

In Section 1.3, we recall some basic results for ¢-stable Lévy motions which we need in our
work. In Section 1.4, we construct estimators for all the parameters in the a-stable Ornstein-
Uhlenbeck motion by using ergodic theory and sample characteristic functions. The consistency
of the estimators is established. The asymptotic normality of the joint estimators is obtained and the

asymptotic covariance matrix is computed. The asymptotic covariance depends on the parameters



we choose in the characteristic function. We also design a procedure of selecting the four grid
points used for the parameter estimation in certain optimal way. Section 1.5 provides validation
of our estimators from numerical simulations. The values of the (true) parameters are given and
then they are used to simulate the o-stable Ornstein-Uhlenbeck motion X;. With these simulated
values we compute our estimators and compare them with the true parameters. Numerical results
show that our estimators converges fast to the true parameters. Finally, all the lemmas with their
proofs, proof of Theorem [[.9] and the explicit expression of the crucial covariance matrix defined

in Section 1.4 are provided in Section 1.6.

1.3 Limiting distributions of ¢-stable Ornstein-Uhlenbeck motions

We first recall some basic definitions. A random variable 7 is said to follow a stable distribution,

denoted by n ~ Sy (0, B,7), if its characteristic function has the following form:

. exp{—o%u|* (1 —ifsgn(u)tan &%) +iyu}t, ifa#1,

o ) — Efgim] — | PO Iu1® (1= Bsen)an ) + i}
exp{—olu| (1 +iBZsgn(u)log|ul) +iyu}, ifa=1.

In the above definition ¢ € (0,2], o € (0,00), B € [—1,1], and y € (—oo,0) are called the index of

stability, the scale, skewness, and location parameters, respectively.

When Z is an a-stable Lévy motion, the stochastic Langevin equation (I.2.1)) has a unique

solution which is given explicitly by
t
X; = e—"fx0+o/ e 9947, (1.3.1)
0

It is known that the a-stable Ornstein-Uhlenbeck motion X; has a limiting distribution which co-

incides with the distribution of X, = ¢ f0°° e~ 95dZ,. Tt is also well-known that X; is ergodic. This

10



means that for any function f : R % R such that E|f(X,)| < o we have

lim — Z f(X;) =E[f(X,)] (1.3.2)

n%wn

almost surely. The explicit computation of the above right hand side is usually difficult for gen-
eral function f since the the explicit form of the probability density function of X,, is not avail-
able. But when f has some specific form (the characteristic function), it is explicit which is
given below. The limiting random variable X, is a-stable with distribution (%)1/ *S«(0,B,0)
= Sa(G(ﬁ)]/ % B,0) (via time change technique and self-similarity). So the characteristic func-

tion of X, in this one-dimensional case is given by

¢ () = E[exp(iuX,)] = exp{— Zglul* (1 - iBsgn(u)an ) |, ifa#1,
exp{—2|u| (1+iB2sgn(u)loglul)}, ifa=1.

(1.3.3)

Remark 1.8. Since the probability distribution is uniquely determined by its characteristic func-
tion we see from the above expression (1.3.3) that the probability distribution function of Xy is a
function of g—g. We cannot separate &, ¢, and 0. This further implies that for any measurable

function f the expectation E|f(X,)] is also a function of "9 when it is finite.

The ergodic theorem can then be written as

lim — Zexp X)) =¢u), ueR, as. (1.3.4)

e |

This identity will be used to construct statistical estimators of the parameters appeared in (1.2.1]).
One may think to use the ergodic theorem (1.3.2)) to estimate all the parameters: There are
reasons to support this thought; one may choose f differently to obtain sufficient large number
of different equations, which may be used to obtain all the unknown parameters. However, this
is impossible in our current situation since in the stationary distribution, as we can see from its

characteristic function (1.3.3), one can only estimate Z 9 as a whole. For example, one can not

11



separate ¢ and 6 in the characteristic function ¢ () of X,.. This forces us to seek other possibilities.

To this end we shall use the ergodic theorem for X;, — X, ,. More precisely, from Theorem 1.1 of

Billingsley [34], it follows

1 (%%
}iirgo;l;exp[iu(X,k X, ) = E[e’”(x"—XO)] almost surely, (1.3.5)

for arbitrarily fixed u € R, where X; satisfies the Langevin equation (T.2.1)) with Xy = X,,. To make
this formula (1.3.5)) useful for the statistical estimation of the parameters, we need to find the
explicit form of the characteristic function of X, — Xo. From (T.2.1), we have

h
X, =e 9%+ Geeh/ e%dz,
0

and

h
X —Xo=(e " -1 X+ Ge_eh/ e%dz, .
0

- N —aon\ 1/ .
Note that Xy = X, and e 9" foh edz,~ o ( 1_39 9h> Z1. Note also that X, and e 9" foh edz,

are independent. Therefore, we find

Elexp{iu(X, —Xo)}]

y(u) =
B h

Elexpiu(e " — 1)%o)}|E[exp{iuce " / e%dz,)]
0

oxp{ ~ T [(1— %)% (1+ iBsgn(u)tan )

+(1—e %) (1—ifsgn(u)tan GF)] }, if o0 # 1;

_20‘(1—e’9h) . _
exp{ = |u|}, ifa=1.
(1.3.6)

12



1.4 Moment estimation of all parameters

In this section, we assume that all the parameters 6, o, o and 8 involved in the a-stable Ornstein-
Uhlenbeck motion (X;,# > 0) are unknown and we want to estimate them based on the discrete
time observations {X;,,---,X;, }, where as in the last section #; = kh for some fixed time step /.
As we explained in Remark or paragraphs after that remark, we cannot use alone to
estimate all the parameters in the o-stable Ornstein-Uhlenbeck motion X; given by (I.2.1). As

indicated in Section 2, we shall use e.2.5a which motivates us to set % ’]’.: | oMKt =Xt )

= y(u).

We define the empirical characteristic functions ¢, (1) and ¥, (v) as follows:

A

n 1 n
On(u) := % Z’] exp(iuX;;), Wn(v):= . Z’] exp [iv(X;; — Xi;_,)]-
j= j=

Motivated by (1.3.4) and (1.3.5)), we can estimate all the parameters by matching the empirical

characteristic functions ¢, (u) and y,(v) with the corresponding theoretical characteristic functions

¢ (u) and y(v), respectively as given as follows

On(u) = ¢ (u); (1.4.1)
Un(v) = w(v), (1.4.2)

where u,v are two constants to be appropriately chosen so that the parametric estimators for all

parameters can be constructed.

1.4.1 Methodology of parameter estimation

Now we provide the details to obtain the estimators for the parameters in the order of «, 8, ¢, and

B. We shall first find the moment estimator for o.

13



1.4.1.1 Estimator for o

Choose any arbitrarily two non-zero values u; and u; such that u; # u;. Then, we have

) 20“

log(—log | (u;)|°) = log oy + alog|u|, (1.4.3)
) 20¢

log(—log|¢(uz)|7) = log Py + alog|us|, (1.4.4)

where ¢ (u) is defined in e.2.1. Subtracting the equation e.3.6 from e.3.5, and replacing ¢ («) with

its estimated value @, (u) as indicated in (T.4.1), we find an estimator of & as follows

log (10g|<l§n(u2)|)
A log [ (u1)]
an - ‘u2| . (1.45)

ur |

log

Since for any fixed u € R, ¢, (1) converges to ¢ (u) almost surely, we see that &, converges to o

almost surely.

1.4.1.2 Estimator for 0 given o

To construct an estimator for 6 (which depends on the estimation of ), we need to use the

characteristic function y(u) of X;, — Xy. It is easy to verify from the expressions (I.3.3) and

of ¢(u) and y(u)

log [y(u)[? —oha —abh
eV _ (- - . 1.4.
oglo(uz — 1 7¢ ) e (140
For any arbitrarily u, denote
log | y(u)|?
— oI\l 1.4.7
Tog [0 (u) (14D
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and rewrite equation (1.4.6)) as
(1—e Mo p 120 —§, (1.4.8)

This is a nonlinear algebraic equation of 8, when « and & are considered as given. To simplify

notation, we denote A = ¢~ 9" and then 8 is related to A via
0 =—logA/h.
With this substitution, the equation can be written as an equation for A:
(1-2)%+1-A%=3. (1.4.9)

Let §) (a,d) denote the solution of the above equation. Then we can construct an estimator for 6
by

A

6, = —log <in) /h, where - g(&n,&). (1.4.10)
Here &, is the estimator for a defined by (I.4.5]) and

5 log|n(us)P

= = 14.11
log [¢u(u3) (141D

with @, (u3) and ¥, (u3) being defined by (T.4.1)) and (T.4.2) when u = u3 # up # u;. Since &, — «

a.s. and 6, — 0 a.s., we have 4, — A a.s. and 6,, — 6 a.s.

Our estimator 6, depends on the function &, (a, 8), which is the solution to (1.4.9)). This is a simple
algebraic equation. There are many methods to solve general algebraic equation numerically. Here

we shall use the Newton’s method. Denote

g(A) =g(A, 600, 8,) =(1 =) % +1-2% _§,.

15



For any fixed value of 8, we can always choose / fixed but small enough (e.g. 0 < h <In2/6
) such that A = ¢~ %" € (3,1) and 0 < 8, < 1. Note that g is decreasing with derivative g (1) =
— 0 [A% T (1-1)%" 1) <0for A € (%, 1), g(%) —1-6,>0and g(1) = —§, < 0. Hence there
is a unique root for g(4) in the interval (%, 1). Namely, there exists a unique o € (%, 1) such that
g(in) = 0. Then, the Newton’s method to approximate A, is as follows. First, we define Ao = %
Then, we define

A
At 1 :/lmm—M, m=0,1,2, (1.4.12)
g()tn,m)

12—&,, 7(171)2—&,,
lzfan(lfl)zfan

Note that g (1) = 6, (¢, — 1) >0if 1 <&, <2and A € (1/2,1). In this case, we
have global convergence of the Newton’s iterations {A, ,}:_,. In fact, let the approximation error

at the (m+1)-th interation be &, 11 = Ay mt1 — ﬁ,,, By e.3.13, we have

g(Anm)
n,m —Cnm — 7 7 . 1.4.13
Enm+l = En, 8 ()Ln,m) ( )
18 (&)

Then by Taylor expansion we find that &, ;11 = Sz’m < 0, where émm is between A, ,, and

2, n
8 (ln,m)

A,,. This implies that A, ,, < A, for each m > 1. Since g is decreasing, we have g(4,,,) > g(in) =0.
Thus &, mt+1 > €m and Ay i1 > Ay for each m > 1. Hence, the two sequences {8,17,”};:1 and

{Anm}o_, are increasing and bounded from above. Thus there exist &, and A; such that

: _ * : _ *
lim g,,,=¢,, limA,,=A4,.
m—>oo m—>oo

Thus, by e.3.14, it follows that

(1.4.14)

This implies that g(A*) = 0 and consequently A* = A,,.

Now, when 0 < &, < 1, we can use similar arguments to show that Newton’s method converges
to the unique root A of g(A) from any starting point (namely we have global convergence of the

Newton’s method).
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1.4.1.3 Estimator for o given o and 6

Next we turn to the estimation of ¢. Let 7 = % and o is related to T by

1 1 logO —log?2
c = exp{OgTJr Oga;— o8 o } (1.4.15)
logt+logo+log O —log?2
logo = p” .

Thus, the estimation of ¢ is reduced to the estimation of 7 since we already have estimators for o
and 6.

To obtain an estimator for ¢ (or for log ¢), we may use any one of the equations e.3.5 and e.3.6.
However, we shall use both of these two equations in the following way, which will eliminate the
explicit dependence on o. Multiply equations e.3.5 by log|u;| and multiply equations e.3.6 by

log |u;|. Taking the difference yields

_ log (|ur])log (—Tog ¢ (u2)|?) —log (|us|)log (~log |¢ (1)[*)

log T - (1.4.16)
log ]
From this identity, we construct the estimator for 7 as follows
. log(Ju1])log (—log|@u(uz)|*) —log (Juz|) log (—log|@u(ur)
log1, = (fer ] ( ) ] ( ) , (1.4.17)
log T
where @, (u) is given by (T4.1) . Thus, we can construct the estimator for & by
log %, +log &, +log §, —log?2
5, :exp{ 08 Tn Ogo‘”(; 08Fn — OF } . (1.4.18)
n

Based on the almost sure convergence of ¢, (u) to ¢ (1), we see easily that 6, — o almost surely.
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1.4.1.4 Estimator for 3 given «, 6, and ¢

Finally, we discuss the estimation of the skewness parameter B € [—1,1]. Note from (1.3.3)

that for @ # 1, we have

arctan <§i£)—(u)) = ﬁ%tan (%) lu|%sgn(u), (1.4.19)

where 3(¢(u)) and R(P(u)) are the imaginary and real parts of the complex valued function ¢ (u),
respectively. In order to make sure that the right hand side is in the range of arctan, choose u = uy
in e.3.26 such that —% < 2 tan (%%) |u|%sgn(u) < & . Replacing ¢ (us), o, 8, and & by §, (ua),0,

6,, and 6,, we can construct an estimator of 3 as follows

- 6,6, arctan|( oy sinuaX;,) /(X cosuaXy;)]

, = . g (1.4.20)
6, " tan( 0y, 7w /2) |ug|% sgn(uy)
When o = 1, we have
B O arctan[(Y}_; sinuaX;;) /(L cosusX;;)] | (1.421)

6,2 log Jus|sgn(us)

By the almost sure convergence of &, 6,, 6, and gﬁn(u4), we can easily get the almost sure con-

vergence of f3, to B.
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1.4.2 Joint asymptotic behavior of all the obtained estimators

In this subsection, we are going to study the joint behavior of the estimators of all the param-
eters «, 0,0, and B. We let n = («,0,0,8)" and 9, = (&n,én,frn,ﬁ,,)T. Our main task is to
compute the asymptotic covariance of the estimators of all the parameters «, 8, ¢, and 3. We want
to compute the covariance matrix of the limiting distribution of \/n(f), — n). Due to the difficulty
that the o-stable Ornstein-Uhlenbeck motion has no second moment, we shall discuss how to find
the asymptotic covariance matrix of 1/n(f), — 1) in detail.

For any nice function f denote

1 1
Z and T,(f -

]:

=I'—‘

n
Z (Xt — X)) (1.4.22)
]:

3

Let F,,(x) = cos(ux) and G,,(x) = sin(ux). Then @, (u) = S,(F,) +iS,(G,) and |, (u)|* = S2(F,) +
S;%(Gu) Let an - Sn(Ful)a Vn2 == Sn(Gul)a Vn3 - Sn(Fug)a Vn4 - Sn(Guz), Vn5 - Sn(Fu3)a Vn6 -
Sn(Gus)s Va1 = Tn(Fuy), Vs = Tu(Guz)s Vo = Sn(Fuy)s Vato = Su(Gy, ). We need first to compute

the asymptotic covariance matrix associated with
T
Vo= (anaVn27Vn37Vn47VnSaVn6;Vn77Vn8>Vn97Vn10)

Then we shall use this computation to find the asymptotic covariance matrix of 7.
To compute the asymptotic covariance matrix associated with V,, we consider the functional

Su(f) and T,,(f) as a special case of

1 n
o Z X’J I’X’J
j:

:

where f(x,y) is a function of two variables. It is well-known that for two functions f(x,y) and
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g(x,y), the asymptotic covariance cov (R,(f),R.(g)) of R,(f) and R,(g) is given by

Org := lim cov (Ry(f),Ra(g)) = cov (f(Xo,Xn),g(Xo,Xn))

n—soo

+Z cov (f(Xo,Xn), 8(Xjn, X j1yn)) +cov (¢(Xo, Xn), f (Xjn X 1))

The asymptotic covariance matrix of V;, will then be given by the covariance matrix

Zio == lim (cov (Vi V)1 <xs<10 = (Oge 1<ki<10, (1.4.23)
where
[ g1(xy) = Fu (), g2(x,) = Gy (x), 83(5.3) = iy (),
S (x,9) = Gy (%), g5(x,) = Fiz (), g6(x,¥) = Gus (%),
g7(x%,y) = Fuis (y —x), g8(x,y) = Gus (y —x),
| 8o(x,y) = Fu,(x), g10(x,y) = Gu, ().

Let v = (v1,v2,...,vi0)", where v; = E[g;(X0,X1)],j = 1,2,...,10 . The explicit expressions of
the elements in the covariance matrix Xy will be provided in the Appendix. For z = (zy, ... ,zlo)T,

we define the following functions

71(z) =log (—log(zf +23)), t(z) =log(—log(z3+23)),

sy log(@t) 6y 210
,)/3 (Z) - log(Zg‘f‘Z%), ’}/4(Z) aI‘C'[an 2

Then, basic calculation shows that

%(n) = 91(v) = log (25 ) + tlog ],

| =0 =10g (37 ) + atogl,
%) 1= H(v) = (1= e M) 4 1 — =00,
1a(n) = Ta(v) = B g tan (%E) |ua| *sgn(us).

Let 9(z) = (11(2), %2(2), 13(2), fa(2))T forz e R10,  #1)(z) = (?

Zk>1gjg4,1gkglo’ and y(n) =



(m(m), (M), 5(n),14(n))". We have

% B —271 % B 22

dz1  (F+B)log(+73)" Jdn (7 +23)log(z] +23)
M _ . _In _,
dz3 dzio

Ip —223 I _ —224

dzz  (Z+2)log(B+2)" du  (B+2)log(Z2+22)
) I P I .
G T T T ame

dy  —2zslog(z+zg)  In  —2zlog(s +zg)

dzs  (Z+2)log?(2+22) 9z (2+22)logk(Z2+22)
% B 227 % B 228
27 (B+z3)log(2+22)" 9dz  (F+23)log(2+22)
I _ 9B, IB_9B _,
071 dzs  dzg  9dzo

%: —<10 874: <9 %:...:%:0

dzg  m+z,  dzo mB+z, du dzg

Let®,(n) = (Cbl,n(n%q’Z,n(n),q>37n(17),‘1>47n(77))T, where q)j,n(n) = %(Vn) _7’1'(77)7 Jj=1,2,3,4.

Then, we know that 1), is the generalized moment estimator of 17, which satisfies

D, (7)) =0.
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Basic calculation gives

In _ 1 dyy 1 In _a In

Jo ~logo g Hleglml Fo =g G55 3~

% _ 1 dp_ 1 Ip a Ip

9q ~lego g tlogll Sa =5, 55=5 550

9% _ (1—e ¥ %log(1 —e ") + Ohe*",

Ja

% — othe (1 — ¢ M@ 4 qpe— @Ok,

ays Iy

g6 " ap ="

vy Po*|us*sgn(ug) oan 1 on T ,/Qam

da a6 log(oul)an (557 ) — o an (57 )+ 5 sec? (7))

vy o om o

36 = Pogron (3 ) hul"senlw),

N o o

o = B tan (5 ) fua|“sgn ).

dyy  o“ an o

35 = o () bl “sentus).
Note that

Vi @a(n) = =Vyr(n), (1.4.25)

where

Inm Inm Inm Inm)

Jda d20 do daB
875(77) 875(917) 373(17) 3752;1)
\% = o ° 1.4.26
n¥(n) Inm) Inm Inm  In(m) ( )
Jda d20 do daB
Inm Inum Jdum Jdum)
da 90 Jo Jp

For convenience, let I(n) = V,¥(n).

Finally we have the following main result.

Theorem 1.9. Fix an arbitrary h > 0. Denote n = (o, 0,6, B)" and 1, = (04,, 6, 6n,[§n)T, where

&, 0,, 6, ﬁn are given by (1.4.5), (1.4.10), (1.4.18), (1.4.20) and (1.4.21), respectively. Then we
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have the following statements. (i) The ergodic estimators M), converges to 1M almost surely as

n — oo, (ii) As n — oo we have the following central limit type theorem:

V(M —1) 5 N(0,%s), (1.4.27)

where

Now we provide all the necessary lemmas with their proofs and the proof of Theorem 3.1.

LetU = (Uy,Us,...,Uj0)T ~N(0,X10). Then, we have the following result:

Lemma 1.10. We have the CLT
VaV,—v) 4. (1.4.28)

Proof. Let U = (U, Us,... ,Ulo)T be a normally distributed random vector with mean 0 and co-
variance matrix 21o. Then for any non-zero vector a = (ay,as,...,ai9)’ € R'°, we have a’ U ~
N(0,a”£1pa). By the Cramer-Wold device (Theorem 29.4 of Billingsley 1995), it suffices to prove
that

al \/n(V, —v) 4 aTy.

Define K = a’ (g1,£2,...,810)7 and K = K — E[K(X0,X;)] = a’ (81,%2,---,810)7. Note that the
underlying Ornstein-Uhlenbeck process is stationary and exponentially o-mixing (see Theorem
2.6 of Masuda 2007). Then by the univariate CLT Theorem 18.6.3 of Ibragimov and Linnik (1971)

for stationary process with a-mixing condition, we have

a’ \/n(V—v) = VaTy(R) % N(0,67), (1.4.29)

where

o = Eu[K* (X0, X)) +2 Y Eu[K (X0, X)) K (Xjn, X1 1)) = @’ Zyoa.
j=1
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Therefore, we have a’ \/n(V,, —v) 4 aTU for any non-zero a € R1°. The proof is complete. 0 [

Lemma 1.11. We have the following CLT
Vn®,(n) % 7V U (1.4.30)

Proof. Note that \/n®,(n) = /n(§(V,) — 7(v)). The result follows directly from Lemma and
the delta method (see, e.g., Lemma 5.3.3 of Bickel and Doksum 2001). O L]

Now we are ready to prove our main result Theorem 3.1.

Proof of Theorem[1.9] (i) It is obvious since each component of 7, converges to the corresponding
component of 11 almost surely as n — oo as discussed in subsections 3.1.1-3.1.4.

(i1) By Taylor’s formula, we have
1
@A)~ @) = | a0 +5(7—m)ds- (=), (1431)
Let I,(n) = — fol Vi ®,(n + (. — n))ds be invertible. Note that ®,(f),) = 0. Then, we have
Va(fi = 1) = (l(n)) " - v/n@u(n). (1.4.32)

Note that (I,(n))~" — (I(n))~" as. since A, — N a.s. Therefore by using Lemma and

Slutsky’s Theorem, we have

Vi, —n) % am) " 1w

The proof is complete. 0
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1.4.3 Optimal selection of the four grid points {u,uy,u3,us}

Following some ideas in Zhang and He [48], we shall discuss how to select the four grid points

{uy,us,u3,us} in certain optimal way. We first choose a relatively extensive grid set consisting of

ka
AK: {?J(: 1727"' 7K}7

where a is a fixed positive number, and K is a relatively large positive integer. For example,

K grid points defined by

we can set a = 5 (or 8, 10 etc) and K = 200 (or 400, 500 etc). For a finite set A, we use
min —argminyc4 f(x) to denote the minimal value of x € A that minimizes f(x). Note that the
values that minimize f(x) are not always unique. We will use the following two steps to select four

grid points {uy,up,u3,us} optimally.

Step 1. We choose

* * * * Ak Ak Ak Ak
{u17u27u37u4} = {M17n7u2,n7u3,n7u4,n} C Ak

arbitrarily in an increasing order, i.e. u] < u5 < uj < u;. Then we compute A, = (&, 6,1, G, ﬁn),
i = Za(A, @07 .43, 05 ., 43, }) (Which is the matrix X4 computed by replacing 1 with 7}, in
Theorem 1.9) as well as the closeness measure m(X} ) = tr(X} ,) (namely the trace of £ ).

Step 2. Adjust the location of {u},u5,us,u;} to {uf*, u5*, uy*, uy*} by

kk Ak . . A Ak Ak Ak
ui" = @y}, = min—arg min o m(Z4(Ay, {u, 13 s 03 u47n})),
uc{ucAy:u<ity , uti; .}
kk Ak . . 2~ Ak Ak Ak
uy" = iy, = min—arg _min (g (A, {07, u, 005 10, 1)),
uc{u€Ag:ays <u<dy, uds ,} ’
)% Ak . . A Ak¥k Ak Ak
uy" = i3, = min—arg _min A m(24(nn,{ul’n,uz’n,u,u47n ),
uc{u€Ag:a5% <u<dy , u#is ,}

Kk pwk : : A faRk akk sk
Uy = Uy, =mn-—arg mn m(z‘4<nna{ul.n7u2,n7u3,nau})>'
uc{ucAy:u>ay" uti; ’

Step 3. Compute m (X}’ ), where
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ok ~ Rk Sk Kk
Z4,n:Z4(nn7{”l YUy Uz Uy )

Then compute
m(X} ,)

Step 4. If p, > € (a pre-specified error value like 0.001), then set {u}™, u5*, u3*, u;* } tobe {uj,us,u3, us}

and repeat steps 2-3; else stop and output

k% k% k¥ ok
{M],MZ,M?,,I/M}:{MI yUy ,Uz Uy g.

Thus, we get our optimal selection of four grid points {u,u;,u3,us} and the corresponding
estimator ), in terms of these four points.

The explicit expressions of the elements in the covariance matrix X are given in this subsec-

tion.

1.4.4 Computation of the covariance matrix X

By using the characteristic function ¢ (u) given in (1.3.3)), we define
Ao(u) = E(cosuXp) (1.4.33)

a a
= exp{ — %]u\“}cos (%]u\“ﬁ sin(u)tan%) :

Bo(u) = E(sinuXp) (1.4.34)

(04 [0

= exp{ — %|u|a} sin (%Maﬁ sin(u) tan %) :
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Computation of Og 4,. From the definition of g; we have

Ogiy = cov (cosuiXo,cosu1Xp),+ Z cov ( cosulXo,cosulX-h)]
J=1

= E((cosulXo)z)—(E(COSMl ))

+2 Z {E(cosui Xocosu1 X ;) — E(cosu1 Xo)E(cosui Xj)} -

J=1

The first term in (1.4.35)) is given by

- 2u X, 1 1 1 -
E((cosu1 %)) = ( ot )_TEE(coszulxo)
1 1
— 1242
5 T740(2m).

To compute the second term in (1.4.35)) one needs

E(COS ulX()) = Ao(ul).

(1.4.35)

(1.4.36)

(1.4.37)

Notice that E(cosu; X ;) = E(cosu;Xo) and then the second summand in the sum of (I.4.33)) is also

given by the above formula. We write

. - o ik
uXo +vXjp = (u+ veig]h)Xo + VGeGJh/ e%dz,
0

and then we see

Elexp{iuXo +ivX;;}]
o _rih
— Efexp{i(u+ ve~ O %o E[exp{ivae®h / %dz,)]
0

a . .
= exp{ — %[|u+ve‘9/h|“(l —iBsin(u+ve %" tan %)

+v]*(1 — e %) (1 — iB sin(v) tan %)]} :

27
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Let

Aj(u,v) (1.4.39)
= E(cos(uXo+vX;1))

_ _G_a —0jh|o o1 ,—0Bjh

—exp{ — ol ve O 4 b (1 - 0

(wftan7[\u+veefh|asin<u+ve—"fh>+ v|*(1 —e‘“e’h”m(v”)’

Bj(u,v) (1.4.40)
= E(sin(uXo +vXjn))

— _G_a —0jho a1 __ ,—abjh

= expq — s {luve M4 v (1 — e )]

in (2 an & 0jhag; —0Jh) | (@] _ o @OIhY g
sin aeﬁtan > [lu+ve”"|“sin(u+ve ")+ [v|* (1 —e )sin(v)] ).

From this computation we have the following formula for the first summand in the sum of

e.6.7.

E(cosui (Xo+Xjn)) + E(cosui (Xo — X;n))
2
Aj(ur,ur) +A;(ur, —u)

= > . (1.4.41)

E(cosu; Xycos ul)zjh) =

Substituting (1.4.36)-(1.4.37)), (1.4.39), and (1.4.41)) into (1.4.33) gives the computation for

Gglgl'

Computation of Og,,,. From the definition of g, we have

Ogg = cov (sinuXo,sinuiXo)+2 ) [cov (sinuXo, sinui Xjp)]
j=1
= E((sinul)?o)z) — (E(sinulffo))z
+2 ) E(sinu Xosinu Xj;) — E(sinu Xo)E(sinui X ) . (1.4.42)
j=1
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The first term in ((1.4.42) is given by

N 1 —cos2u X, 1 1 N
E((sinuiXo)?) = E(%) L Eosauy
1 1
= —— —An(2u1). 1.4.4
3~ Ao(2u) (1.4.43)

The other terms appeared in (1.4.42) are given by

E(sinui1Xo) = Bo(u1) (1.4.44)

and

E(cosui (Xo —th)) —E(cosui (Xo "‘th))
2
Aj(uy,—uy) —Aj(uy,u)

= 5 (1.4.45)

E(sinuJ(o sin ulth) =

We can get Oy, from equation (T.4.42).
The method of getting Gg,¢,, Ogu04s Ogsgs» Ogegsr Ogogo aNA O, 0\, are essentially the same as

Og, ¢, and Og,,, by simply changing the value of u.

Computation of Og,4,. From the definition of g7 we have

Oge; = cov (cosus(X;, —Xo),cosuz (X, —Xo))

+2 ) [cov (cosuz (X, — Xo),cosusz (X j1 10— Xjn))]
=
= E((cosuz(X, —X0))?) — (Ecosuz (X, — Xo))?
+2 Z E(cosuz(Xy — Xo) cosuz (X j 1), — Xjn))

j=1
—E(cosu3 (X, — Xo))E(cosus(X(j+1yn — Xjn)) - (1.4.46)
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The first term in (1.4.46) is given by

cos2u3 (X, — Xp) + 1 )

E((cosu3()?h—)?o))2) = E( >

+ ~E(cos2u3 (X, — Xp))

Ay (=2u3,2u3). (1.4.47)

==

The second term in ((1.4.46) is given by
E(COSM3(X;1—X0)) ZAI(—M3,M3). (1.4.48)
For any real numbers u and v we have

u(Xn — Xo) +v(X(jr10 — Xjn) (1.4.49)
= [u(e_eh —1) +v(e_9(j+])h — e_ejh)]Xo

+/O uGe_eheesl[07h](s)dZs+/0 vce_e(jH)heesI[O’UH)M(s)dZS

|
S

vGeiGjheesl[O’jh] (s)dZ;.
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Therefore, we have

w;(u,v) = Elexp{iu(X, — Xo) + iv()?(jﬂ)h —Xin)}]
= Elexp{ifu(e " —1) +v(e_9(j+])h — e 9M)1Xy)
E[exp{i(uce_eh/ eesl[07h] (s)dZs — vce_ejh/ eesl[o7jh] (s)dZs
0 0
+VG€9(j+1)h/0 P 1o, (510 (5)dZ}]

o% , '
= €Xp { - %Hu(e_eh — 1) + v(e—9(1+1)h _ e—@]h)|a

(1—iB(u(e 0" — 1) +v(e OGN _ e_ejh))tan%)

+|ue—9h+ve—9(j+l)h _ve—th|Oc<ea0h_ 1)

an

(1— i (ue " 4 ve 0L+ —ve_ejh)taHT)
F( = e (1 — @O0 (1 1B (v)tan 2T
o —00h : s
+v|[*(1—e )(l—lﬁ(v)tanT)]}. (1.4.50)
Then the first summand of the sum in (I.4.46) is given by
E(cosus(Xy — Xo) cosuz (X j 1), — Xjn))
1 L . - -
= 5 |E(cosus((Xy —Xo) + (X(j11)p — X))
+E(cosuz((Xn — Xo) — (X(j1)n — Xjn))
1
= EEK [wj(uz, uz) +wj(us, —u3)] . (1.4.51)

Then we can get Oy, ¢, from equation (T.4.46)).
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Computation of Oggyq,. From the definition of gg we have

Oggs = cov (sinuz(X, —Xo),sinuz(X;, — X))

+2 Z [COV (sinu3 (Xh —X()), sinu3 (X(jJrl)h —th))]
j=1

—  E((sinus(X, — %0))?) — (Esinus (X, — %))

+2 Z E(sinu3 (Xh —X()) sinu3 (X(j—f—l)h —th))
j=1
—E(sinug(f(h —XO))E(sinu3 (X(jJrl)h —th)) . (1452)

E((sinusz (X, —Xo))z) —E (1 — cos 2u3 (X, —Xo))

2

1 1 - -

=5 EE(COSZM3(X;1 —Xo))
1 1

= —— A1 (—2u3,2u3). 1.4.
) 1(—2u3,2u3) (1.4.53)
Esinu3()zh —X()) = Bl(—u3,u3). (1.4.54)

E(sinuz (X, —Xo) sinus (X 1y, — Xjn))
= % [E(cos (u3(Xy —Xo) —uz(X(j110 — Xjn)))
— E(cos(u3(Xy — Xo) — u3(X(j 10— Xjn)))]

1
= 593 [wj(ug,—ug)—wj(u3,u3)} ) (1.4.55)

Then we can get O, from equation (1.4.52).
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Computation of Og4,. From the definition of g and g> we have

Og5, = COV (cos u1 Xo, sinu Xo) + i [cov (cosul)?o,sinul)?jh)
j=1
+cov (sinui Xo,cosu1 X )]
= E(cosu1 Xosinu1 Xo) — E(cosu1 Xp)E(sinu1 Xp)
+ i [E(cosuiXosinui X ;) — E(cosui Xo)E(sinui X )
=1

J
+E(sinui Xocosui X ) — E(sinui Xo)E(cosui Xn)],

where

- - E(sin2u X, 1
E(cosu Xpsinu Xp) = M = EBO(ZMI);

E(cosuiXo) = Ao(u1),

E(sinu; Xo) = Bo(uy),

E(sinu; (Xo -i-th)) — E(sinu (XO _thD

E(cosuiXosinui Xjp) = 5
_ Bj(w,u) = Bj(ur, —u)
~ 2 ~ 7 ~ ~
E(sinuKocosu Xn) = E(Sinul(X0+th));’E(Sin”l(XO_th))
_ Bj(w,m) +Bj(ur, —ur)
2

Similarly, we can get Og,g,, Ogsgq> Ogogio DY Changing uy to uo, u3 and uy.
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Computation of Oy, 4,. From the definition of g and g3 we have

Og,9; = cCOV (cos u1Xo,cosurXp) + Z [cov (cosu Xo,cos uzX'jh)
j=1
+cov (cosurXo,cosui X )]
= E(cosuiXocosurXo) — E(cosu1 Xo)E(cosurXo)

+ Y |E(cosurXocosuX ) — E(cosur Xo)E(cos uz X )
=1

+E(cosuXocosu1 X ) — E(cosuXo)E(cosui Xjn) |
where

E(cosui XocosuyXp)
1 - -
= E[E(cos(ul +u3)Xo) + E(cos(u; — uz)Xo)]
1
=3 [Ao(u1 +uz) +Ag(ur —u2)],

E(COSMIX()) ZAo(ul), E(COS MzX()) ZA()(l/lz),

Ecos(u X+ uz)?jh) +Ecos(ur Xp — ”2th))

E(cosuiXocosunXj) = :
_ Aj(ur,uz) +A;(ur,—uz)
~ 2 N ’ B 5
E(cosuXocosu1 Xj) = ECOS(“2X0+M1X_,'h)J;Ecos(uzXo—uIth))
_ Aj(ug,un) +Aj (w2, —y)
> :

Then we can get 0y, ¢, from equation (1.4.62).

Similarly, we can get Oy, g<, Og, 49> Ogsg5> Ogsg9> ANd Oy
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Computation of Og4,. From the definition of g and g4 we have

J

Oges = cov (cosuiXo,sinuaXo) + Z [cov (cosul)?o,sinuz)zjh)
i=1
+cov (sinupXo, cosu1 X )]

= E(cosuiXosinuyXo) — E(cosu; Xo)E(sinuaXo)

E(cosuiXosinupXj) — E(cosu1 Xo)E(sinua X )

+
s

j=1
+ Z E(sinuy Xy cos ulth) — E(sinuyXy)E(cos ulffjh) , (1.4.67)
j=1
where
. . 1 . .
E(cosui XosinupXy) = E[E(sin(ul +uz)Xo) — E(sin(u; — up)Xo)]
1
= 5[30(M1+M2)—BO(M1—M2)], (1.4.68)
E(COS ulX()) =A0(u1), E(Sinuz)zo) = Bo(uz), (1.4.69)
- - Esin(u X, Xip) —Esin(u; Xo — uX;
E(cosui Xosinup X,) = sin(u1 Xo + w2 X . sin(u1Xo — u2 X))
_ Bilwu) = Bj(w, —u) (1.4.70)
2
- - Esin(us X, Xip) — Esin(uaXo — ui X
E(sinupXocosu1 X)) = sin(uaXo +u1X;n) . sin(uxXo — 1 X))
_ Biluz,m) = By, i) (1.4.71)

2

Then we can get Oy, ¢, from equation (T.4.67).

Similarly, we can get Oy, g,, Og,g0> Ogsg2> Og3ge> Oggior Ogsga» Ogsga» Ogsgior Ogoga Ogoge» aNd

Og,g Dy changing the value of u; and u,.
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Computation of Og,q,. From the definition of g, and g4 we have

J

Oge, = cov (sinuXo,sinuXo) + Z [cov (sinul)zo,sinuz)zjh)
=1
+cov (sin MQX(), sin ulijh)]

= E(sinuﬁ?o sinuszo) — E(sinul}zo)E(sinuszo)

_|_
s

E(sinulf(() sin uzijh) — E(sinulf(o)E(sin uz}?jh)

.
I
—_

_|_
s

E(sinupXosinu1 Xj;,) — E(sinuaXo)E(sinu; X ),

.
Il
—_

where

- - 1 - ~
E(sinu; XopsinupXp) = E[E(cos(ul —up)Xo) — E(cos(uy 4+ u2)Xo)]
1
= 5 Ao(ur —uz) = Ao (w1 +u2)],

E(SinLth()) = Bo(ul), E(Sinuz)z()) = Bo(uz),

Ecos(ui Xo — Mz)?jh) —Ecos(ui1Xo + ”2)?171))

E(sinui XosinuxXj) = .
— Aj(uy, —uz) —Aj(uy,uz)
- 2 5 ’ _ 5
E(sinupXosinuy Xj,) = Ecos(uzxo—ijh)—2Ecos(u2X0+u1th))
_ Aj(”2a—141)—Aj(u2,u1)
2 :

Then we can get Oy, ¢, from equation (1.4.72).

(1.4.72)

(1.4.73)

(1.4.74)

(1.4.75)

(1.4.76)

Similarly, we can get Og, ¢, Ogr010> Ogugs> Ogago» ANd Ogeq,, Dy changing the value of uy and u5.
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Computation of O, 4. From the definition of g7 and gg we have

Ogrgs = cov (cosuz(Xy, —Xo),sinuz (X, — Xo))

Z cov (cosusz (X, — Xo), sinug()?(jﬂ)h—)?jh))

+cov (sinuz(X;, — Xp),cosuz (X(j+1)h —Xjn))]

= E(COS us (Xh —X()) sin us (Xh —}Z()))
—Ecosuz(X;, — Xp))Esinusz (X;, — Xo))

+ Z (cosus (X, — Xo) smu3(X(]+l)h —th))

—E(COS usz (Xh —XO))E(sinu3()~((j+1)h —th))

+E(sinuz (X, — Xo) cosuz (X(j+1)h —Xin))

—E(sinuz(Xy — Xo))E(cosuz (X ;1 1yn — Xjn))],

where

¢ _ ¥ 5o in2u3(X), — X
E(COSM3(Xh_XO)SiIlug(Xh_XO)):E(Sm u3 (X, 0))

2

1
— —Bl(—2u3,2u3),
2
E(cosus(Xy —Xo)) = Ay (—u3,u3),

E(Sil’lug,(f(h —X())) = Bl(_u37u3)a
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E(cosug(Xh—Xo)sinu3()~((j+1)h—)zjh)) (1.4.81)

1 ) - - N
= 5 [E(sin(u3 (X, —Xo)) +u3(X(j 10 —Xjn))

—E(sin(u3 (Xh - Xo) —Uu3 (X(j+1)h - th))

1
= 55 [wiuz,uz) —wj(us, —u3)],
E(sinu3()~(h—)20) COSM3(X(j+1)h—th)) (1482)

o . o
i) E(sin(us (X — Xo)) +us(X(j1)n — Xjn))

+E(sin(u3()2h —Xo) —u3 (X(j+1)h _th))

1
= 53 [Wj(ug,ug) +w_,-(u3,—u3)} .

Then we can get 0y, ¢, from equation (1.4.77).

Computation of Og4,. From the definition of g and g7 we have

Oge; = cov (cosuiXo,cosuz (X, —Xo))
+ il[cov (cosu1Xo,cosuz(X i1y, — Xjn))
=
+cov (cosuz (X — Xo),cosu1 Xj;)]
= E(cosui Xocosuz (X, — Xo)) — Ecosuy XoE cosus (X, — Xo))
+ i"][E(cos u1 Xo cos u3(X(j+1)h —th))
=
—E(cosu1Xo)E(cosuz(Xj1 1), — Xjn))
+E(cosuz (X, — Xo) cosu1 X )

—E(cosus (X, — Xo))E(cosui Xjn))] . (1.4.83)
Note that

Ecos L@,(Xh —X()) = Al(—ug,ug),ECOS l/tl)Z() :A()(Ltl). (1.4.84)
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We write

uRo +v(X(jrin—Xjn) = (u+ve PUTDE =0 g,

) (j+1)h ) jh
+vce_9(f+1)h/ eestx—VGe_efh/ e%dz,.
0 0
Let

pj(u,v) := Elexp{iuXo + iv(X 11y — Xjn) }]
— Elexpfifu+ v(e~ 00— -0
= E[exp{i(vcee(jﬂ)h/ eesl[()?(ﬁl)h] (8)dZ
0
—voe [ )z
=exp?{ — G—a[|u+v(e_9(j+])h —e 9@
o0
(1— i (u+v(e U+ _ e—"fh))tan%)

(1= e (1 — e @) (14 iB(v) an )

+[v]%(1—e M) (1 —iB(v)tan%)]}. (1.4.85)

Then

E(cos u1 Xpcosuz (X(j-i—l)h - th))

1 - - ~
= > E(cos(u1 Xo + u3 (X(j+1)h _th))

+E(cos(u1)~(o —us (X(j+l)h _th))

1
= ESK [pj(ur,uz3)+pj(ur, —u3)] . (1.4.86)

39



We write

uXj, +v(X, —Xo) = (ue " +v(e " —1))X,

_jh h
+u6e_efh/ eests—I-vcre_eh/ e%az,.
0 0

Let

Ki(u,v) = E[exp{iuf(jh + iv(X, — Xo) }]

= E[exp{i[ue %" +v(e~ %" — 1)]Xo)

ik h
xE[exp{i(uGe_efh/ eests+VGe_9h/ e%5dz)]
0

0

— ex _G_a —0jh ~0h _ )|
=exp ae[ue +v(e )|

(1—iB (ue™ %" 4 y(e=Oh —

1))tan%)

+|Me—9jh+ve—6h|a(ea9h o 1)

, o
(1= iB (e~ 1 ve~ o) tan )

+u (1 — e~ U=y (1 — i (u) tan%)]} .

Then

E(cosus (Xh — Xo) cos MIth)

Then we can get 0y, ¢, from equation (1.4.83).

, and Og,,,.

2
(1.4.87)

% E(cos(u1 X, +u3 (X, —Xo)))
+E(cos(u1 X — u3 (X — Xo)))

1

Ecﬁ [K’j(ul,u3) + Kj(ul,—ug)} . (1.4.88)

By changing the value of u;, we can get O, 4, ,0gs,
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Computation of Oy, 4. From the definition of g and gg we have

Oges = cov (cosuiXo,sinuz (X, —Xo))
+ ) [cov (cosui Xo,sinuz(X ;1) — Xjn))
j=1
+cov (cosus (X — Xo),sinui X )]

(o)

= E(cosu1 Xosinuz(X;, — Xp)) — Ecosuy XoE sinuz (X;, — X))
+ i[E(cosulXo sinug(X(jH)h —th))
j
—E(cosu1 Xo)E (sinus (X4 1y, — Xjn))
+E(sinu3 (X, — Xo) cosui X )

—E(Sinu3()zh —Xo))E(COS ul)?jh))] y
where
ECOSLth() :Ao(ul), Esinu3()~(h —X()) = Bl(—u3,u3).

By equations (1.4.85) and (1.4.87), we get

E(cosu; Xosinus (X(j+1)h —Xjn))

o .
= 5 | ECsin(ur %o+ u3(X(j-1 — Xin)
—E(sin(u1 Xo — u3 (X(j+1)h —th»

1
=53 [pj(ur,uz) — pj(ur, —us)] ,
E(sinuz (%), — Xo) cosu1 X 1,)

= % E(sin(u1 Xjn +u3(Xp — Xo)))
—E(sin(u1 X, —u3(Xy — Xo)))

= %S [Kj(ul,m) — K;j(ur, —u3)} .
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Then we can get 0y, 4, from equation (1.4.89). By changing the value of u1, we can get O, ¢ .05 g

and Ogqgq .

Computation of Og,e,. From the definition of g and g7 we have

Note that

Oge, = cov (sinuXp,cosusz(X;, — X))

+ ) [cov (sinu; X, cosus (X 1) —Xjn))
j=1
+cov (cosus (X, —Xo),sin ulth)]

= E(sinu; Xy cosuz(X;, — Xy)) — Esinu1 XoE cosuz (X, — X))

+ [E(SinulXoCOSM3(X(j+1)h_th>)
j=l1

—E(sinulffo)E(cos ug(X(j+1)h —th))

[

+E(cosus (Xh — Xo) sin M1th)

—E(cosuz (X, —Xo))E(sinui X))

Esinu Xy = Bo(uy), ECOSug(Xh —X()) = A (—u3,u3).

By equations (1.4.85)) and (1.4.87), we get

E(sin ulX() cos us (X(j—f—l)h — th))

1 . & %
= 3 E(sin(u;1 Xo + u3 (X(j+1)h —Xjn))
+E(sin(uy Xo — u3 (X(j-i—l)h _th))

1
— ES [pj(l/tl,lxlf;) +Pj(ul,_”3)]
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and

E(cosuz (X, — Xo) sinu1 X ;)

| P 5 ¢
=3 E(s1n(u1th+u3(Xh—X0)))

+E(sin(u1 X, — uz (X, — Xo)))

1
= 53 [y (ur,u3) + 16 (ur, —us)] -

(1.4.96)

Then we can get Oy,,, from equation (1.4.93). By changing the value of u;, we can get O,g,,

Ogegr> and Oy 0g,

Computation of Gg,g,. From the definition of g, and gg we have

Og)g3

Note that

ESinI/th() = Bo(ul), Esinu3()~(h —X()) = Bl(—u3,u3).

cov (sinuy Xy, sinuz (X, — Xo))
+ i"l[cov (sinu Xo, sinuz (X j1)n — Xjn))
+é(:v (sinuz (X, — Xo), sinui X )]
E(sinui Xg sinus (X, — Xo))
—Esinu XoEsinuz (X, — X))
4+ i[E(sinul)?o sinus3 (X110 —Xjn))
=

—E(sinu; Xo)E(sinus (X4 1)n — Xjn))
+E(sinuz (X, — Xo) sinui X )

—E(sinuz (X, — Xo))E(sinu1 X;5))] -
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By equations (1.4.85)) and (1.4.87), we find

E(SinI/thO Sil’ll/t3 (Xv(j+1)h —th» (1499)
1 - - -
= 5 E(COS(MIXQ—u3(X(j+1)h—th))

—E(cos(u1 Xo + u3 (X(j+1)h —Xjn))

= 5oy, —s) )]

E(sinuz (X;, — Xo) sinu1th) (1.4.100)
1 - ~ ~

=3 [E(cos(ur1Xjn — u3 (X, — Xo)))

— E(cos(u1 X5+ uz(Xy — X0)))]
1

=% [ (w1, —uz) — i (ur,u3)] -

Then we can get Gy, ,, by equation (1.4.97). Similarly, we can get Oy, ¢, ,04.g.a0d Oy, g -

Thus, we have obtained the explicit expression of Xjo = (Og,¢,)1<ki<10-

1.5 Simulation

In this section we shall validate our estimators discussed in Section 1.4. We consider the following

specific a-stable Ornstein-Uhlenbeck motion determined by (I.2.1])) which we restate as follows:
dX; = —-0X,dt+odZ;, Xy isgiven. (1.5.1)

First we describe our approach to simulate the above process. There have been numerous schemes
to simulate the above process. However, in all the existing schemes one needs to divide the interval

[0, 7] into small intervals 0 = o < t; < --- < ty = T = nh such that the partition step size t; | —t; =
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h goes to zero. This means that we would need to simulate #/1/h many random variables. As we
need n — oo and we allow / to be a constant, this will require too large amount of computations.
For this specific equation (I.5.1I), we shall use the following scheme. This scheme may also be

useful in other applications. For our scheme we can allow z = h. From (I.5.1) we see easily that
t
X=X o [z,
N

Thus
(k+1)h
kh

Since f(r) = ce Ok+1)h=r) 5 a deterministic function we see that

(k+1)h J (k+1)h &
& / o Okt D= g7 4 / fe0dt| Dz,
k k

h h

where DZ, are iid o-stable random variables. Janicki and Weron (1994) proposed numerical sim-
ulation of independent -stable random variables. However, there is an error in Janicki and Weron
(1994), which is corrected in Weron and Weron (1995). We shall use the following formula to

simulate DZ;:

cos(Uy — a(Upg+C))
Wi

1-a
D7, :Dsin(aUk—HxC)( ) /cos(Uy)@ .

Here, Uy are iid uniformly distributed on (—7%,7%), W; are iid exponentially distributed with mean
€1
1, D= (1+p?tan* 4%)? and C = (arctan(f tan &F)) /ot

Then, we have the iteration as

X1 =e "X+ 0 (1—e *Mapz, .

RI—

(6ax)

To be specific we choose the following baseline parameter values and simulate the process in the

interval [0, 7] with nh = T = 10000. We shall fix 2 = 0.5. For the four grid points u;, u3, u3 and
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u4, we select them in a certain optimal way which is discussed in detail in the Subsection 3.3 and
here we choose the a = 12, K = 120 and € = 1073, Values of the four parameters used are given
in Table 2.1l Here we use two sets of values.

Table 1.1 Parameter for the following
tables.

Variable B a |o |6

Assumed Value | 04 | 1.7 02| 2

Assumed Value | -0.6 | 0.6 | 04 | 5

The following two tables give the mean and standard deviation of the estimators with the first
set of assumed values as the value n changing from a smaller value to a greater value. For the
grid points, we are choosing them in the optimal way. So they are different for different sample
paths, here we just list one set of values. The optimal grid points we got from one sample path is
{4.97,5.92,6.04,10.80}. We can see that as the value of n is getting larger, the standard deviation

will become smaller.

Table 1.2 Mean the estimators &, 6, &, B with 2 = 0.5 through 500 paths at
different value of n. Case: « =1.7,0 =2,0=0.2,=04

Mean n (x10%)
0.8 1.2 1.6 2
o 1.7008 1.69458 1.6980 1.6994
0 2.0158 2.0117 2.0087 2.0049
c 0.2007 0.1989 0.1997 0.1998
0.3975 0.4063 0.4009 0.4029
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Table 1.3 Standard deviation of the estimators &, 6, &, 3 with h =0.5
through 500 paths at different value of n. Case: « =1.7,0 =2, 0 =0.2,

B=04
Std n (x10%)
0.8 1.2 1.6 2
o 0.0233 0.0229 0.0169 0.0162
] 0.0716 0.0604 0.0492 0.0405
o 0.0069 0.0066 0.0060 0.0051
0.0573 0.0435 0.0312 0.0278

The following two tables give the mean and standard deviation of the estimators with the sec-
ond set of assumed values as the value n changing from a smaller value to a greater value. In
this case, 0 < @ < 1 and B < 0. And the optimal grid points we got from one sample path is

{0.2,3.08,6.05,9.03}. It will be different for other paths.

Table 1.4 Mean the estimators &, 0, &, 3 with 2 = 0.5 through 500 paths at
different value of n. Case: ¢« =0.6,0 =5,0=0.4, 8 =-0.6

Mean n (x10%)
0.8 1.2 1.6 2
a 0.5926 0.5874 0.5907 0.5958
0 5.0948 5.1334 5.1137 5.0479
c 0.3933 0.3888 0.3919 0.3925
—0.6378 —0.6560 —0.6442 —0.6018
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Table 1.5 Standard deviation of the estimators &, 6, &, 3 with h =0.5
through 500 paths at different value of n. Case: &« =0.6, 06 =5, 0 = 0.4,
B =-0.6

Std n (x10%)
0.8 1.2 1.6 2
o 0.0188 0.0185 0.0160 0.0118
6 0.5300 0.3922 0.2761 0.2101
c 0.0547 0.0312 0.0279 0.0271
0.0639 0.0627 0.0515 0.0446
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Chapter 2

The Expected Hitting Time Approach to Optimal Price Adjust-

ment Problems

In this chapter, we offer a novel approach for solving optimal price adjustment problems, when
the underlying process is a Geometric Brownian Motion (GBM) process. Our approach relies on
characterizing the cumulative cost of deviation and the cost of adjusting price until the hitting time
of the lower or upper barriers. Using this approach, we are able to derive an analytical expression
for the cost function, that does not require solving a PDE or running Monte-Carlo simulations. We
apply our framework to the real world problem of adjusting domestic energy prices in countries

that adopt administratively-set energy price rules.

2.1 Preliminary

Definition 2.1. A stochastic process S; is said to follow a GBM if it satisfies the following stochas-
tic differential equation (SDE):

dSt - ,UStdt "’ GS[dVV[
where W; is a Wiener process, and u (drift) and o (volatility) are constants.

Most economists prefer geometric Brownian motion as a simple model for market prices be-
cause it is everywhere positive (with probability 1), in contrast to Brownian Motion, or even Brow-
nian Motion with drift. Furthermore, as we see from the stochastic differential equation for geo-
metric Brownian motion, the relative change is combination of a deterministic term similar to the

inflation or interest rate plus a normally distributed random term. For an arbitrary initial value
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So, by a straightforward application of Itd’s lemma the above SDE has the analytic solution:

o2
S; = Soexp ((“_7) t—i—GVVt)

The above solution S; (for any value of t) is a log-normally distributed random variable with the

expected value and variance given by

E (S[) = S()e‘ut
Var (;) = S3e2Ht (e°2’ - 1)

Properties 2.1. The product or quotion of two uncorrelated geometric Brownian motions remains

geometric Brownian motion.

Proof. Let

dY/Y = adt + bdWy
dZ|Z = fdt+ gdWy

where (dWy,dWz) = 0, consider the process U =Y * Z. By applying the Ito’s lemma, we have

dU =ZdY +YdZ +dYdZ
=ZY (adt +bdWy) +YZ (fdt + gdWz)
+YZ (adt +bdWy) (fdt + gdWz)
=U(a+ f)dt +UbdWy +UgdW;,
Thus
dU /U = (a+ f)dt + bdWy + gdWy

= (a+ f)dt ++/b*+ g*dWy
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Definition 2.2. (First Hitting Time) The mathematical definition for the first hitting time H = H,,,
for the real valued stochastic process V to reach (or cross) the barrier a or b, assuming that the

process starts with V(0) < (a,b), is given by the equation:

H=H,,=min{s:V; ¢ (a,b)}

2.2 Introduction

Several countries use the administratively-set fuel prices (which are offered in domestic currency)
close to their international free market counterparts ([8]], [24]). However, chasing a global market
price of energy/fuel has the disadvantage that domestic prices need to fluctuate daily. This creates
uncertainties for households and firms, and exposes them to global price shocks. A solution be-
tween the two extremes, one totally floating and one completely detached from global prices, is to
fix prices for a certain time interval (e.g., a season or a year) and then re-adjust and announce new
prices at the beginning of the new period.

The limitation of the adjustment on a fixed time interval is that if global prices deviate too much
from the domestically announced prices, one side of the domestic market may bear large costs. For
example, if the global price starts rising or the country’s domestic currency devaluates quickly, the
domestic prices may become too cheap (compared to the global benchmark) and the government
needs to fill the gap by paying a large subsidy. On the other hand, if global prices drop significantly
(similar to what happened after 2008 or in 2014), domestic prices will be more expensive than the
global equilibrium price and consumers are forced to pay an extra price. Given the high level of
volatility in global fuel markets, those deviations from the optimal level are likely and can include
substantial costs.

We offer a model of adjustment rules which is based on optimal lower and upper price barriers.
Instead of adjusting domestic prices in calendar time, the policy maker observes the dynamics of
global prices and the exchange rate. More precisely, the policy maker observes the system up to a

certain random time as opposed to a fixed time horizon, known as a sequential plan. The domestic
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price will be intact as long as the ratio of global and domestic prices (using the same currency)
stays inside of the optimal range. Once the ratio of the two prices hits the lower or upper bound,
the domestic price will then be re-adjusted to the original desired level. We formulate this intuitive

rule as a simplified impulse control problem and solve it explicitly.

2.3 Model

We first present a general form of the model and its solutions and then discuss the specific appli-
cation of domestic energy price setting in Section[2.5]
The regulator is controlling a stochastic process R = (R, : > 0). We assume the process follows

a Geometric Brownian Motion (GBM) structure:

dR
i udt +cdW, € (—oo,00) 0 € (0,00), (2.3.1)

where W = (W; : ¢t > 0) is a standard Brownian motion on a filtered probability space (Q,.7, P).
The process R = (R; : t > 0) is assumed to start from 1 but through the time it can become bigger
or smaller than 1.

We assume that when R deviates from 1 (in either direction) the system is out of the desired
condition and incurs some deviation costs. The controller’s goal is to keep the process R as close

as possible to 1, while minimizing the recurring cost of adjusting the process.

(s,S)-Policies We assume that the regulator is committed to a (s,S)-type policy, in which the
process is reset to R = 1 once it hits either the lower or upper barrier (see Figure 2.1). Several
papers (e.g., [45]) have shown that the (s,S)-policy is the unique optimal for such impulse control
problems. Thus, given a (s, S)-type policy as given, we focus on characterizing the optimal values
of upper and lower barriers (henceforth, denoted as U* and L*, respectively)

Cost structure: The regulator will choose to adjust the stochastic process only when the process R

deviates substantially away from 1. This is determined by two boundary values L < 1 < U. When
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Upper barrier
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I

Time

Figure 2.1: Conceptual Model of the Problem. The process is reset to one (the desired level) once
it hits either the upper or the lower bound.

the process R hits one of the boundaries L or U at time ¢, then the process is reset to its initial level
at time ¢. The principle to choose the optimal lower and upper boundaries L* and U* is through the
following three functions.

The cost function C(R) maps the level of deviation from the equilibrium level to a penalty.
A popular choice of C(x) = ¢ (x — 1)? is a quadratic function that penalizes positive and negative
deviations in a symmetric manner. Since the process R is always positive, when R; > 1 is arbitrarily
large the penalty can be arbitrarily large. However, when R, < 1 is small, the penalty cannot be
arbitrarily large since R, is always positive. For this reason, we use the cost function C(x) =
ci(x—1)2+ cz(% —1)%. The part (x — 1)? penalizes the deviation above the equilibrium price
and the part (% — 1)? penalizes the deviation below the equilibrium price. The penalty weighting

constants ¢1 and ¢, can be chosen differently.

2.3.1 Optimization Problem

Since the regulator brings the process back to R = 1 after every adjustment, we do not need to solve
an infinite horizon problem. Our approach enables us to focus only on a single cycle of adjustment.

In this way, we do not need to include a discount factor, which is essential to make sure the sum of
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infinite series of costs is a bounded function.

The cost function Z(L,U) (for single cycle) is given by:

H(LU) 2
Z(LU) = m{E[/O [cl(Rt—l)z—f—cz (1%—1) ]dt]} (2.3.2)

Cost of Beviation
Ki(L) Ky (U)
E[H(L,U)1gm)-r]  E[H(L,U)Lg@m)—u]’

N J/

Cost of Adjusting

+

(2.3.3)

where H = H(L,U) is the first exit time of the GBM (R;) from the region between lower and
upper bounds (L,U). The integral term in (2.3.2)) captures the implicit costs of tolerating a devi-
ation from the equilibrium price until price adjustment, whereas the terms in (2.3.3)) represent the
expected cost of adjusting the process. In (2.3.2)), c1,c» € (0,00) are given constants representing
the weights for each associated unit deviation cost. Also, the constants Kz (L),Ky(U) € (0,00) in
(2.3.3) represent the cost of adjusting R from the lower boundary L and upper boundary U, respec-
tively. Our goal is to determine two optimally chosen adjustment barriers L* and U*, such that the
cost function is minimized.

min Z(L,U). (2.3.4)
L<1<U

The factor gz in (2.3.2)) and the terms E[H L0 Tngr 2] EHED Iag o] (2.3.3) divide
deviation and adjustment costs by the length of the expected adjustment cycle. Thus, we express
both components of the cost function as the stream of per unit of time (e.g., equivalent annualized

costs if the time unit is one year) cost flow.

2.4 Analysis

Our problem can be classified as a special class of optimal stopping time problems if we replace
the first hitting time H(L,U) by a general stopping time. This problem has been studied by many

researchers. It can be related to a variational inequality or free boundary problem ([3[], [36], [43]]).
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However, as in many stochastic control problems it is usually impossible to find the explicit so-
lution. In our model, we shall use the explicit computations for expectations of the hitting time
H(L,U) and associated cost functions to obtain the explicit formula for the objective function.
Then we can minimize such a function to obtain the optimal barriers L* and U*.

We decompose the cost function Z(L,U) into multiple components. First, we shall deal with
the cost of deviation terms. Note that since both the upper limit of integration and the integrand
are random variables, calculating the cost of deviation terms requires knowledge about the joint
distribution of the integral of the instantaneous deviation cost function and the first hitting time. In
other words, we find the join probability distribution of M| and M,, where M| = | f(f Rldtl,ne€ Z
and M, = H(L,U).

If we expand the squares in the cost of deviation term in Z(a,b), we will encounter the follow-

ing expectations:
H(LU) H(LU)
() E / Rdt|, (I)E / Rdr| , (IN) E[H(L,U)],
0 0

H(LU) 4 H(LU) 1
/ —dt|, (V)E / —dt| . (2.4.1)
0 R, 0 R;

All the above quantities can be computed explicitly by using some special functions such as

(IV) E

Bessel functions. Recall the GBM process in (2.3.1)). Letting v = # {u—30%}, we see that

R, =exp {0‘2 vt + oW, } Then, the cost function is explicitly given by:

1 H ) H Hl Hl
Z(L = —— E R:dt —2cE R, dt E —dt —2cE —dt
LU) = EmEo) [Cl /0 e /o e /0 R /o R, }

t

Ki(L) Ky(U)
+(c1+c2)+ n
(c1 +¢2) E[H(L,U)lgu)=r] = E[H(L,U)Lg)-v]
1 K (L) Ky(U
= m[cl(ll)_ZCl(I)+C2(V)—2C2(IV)]+(Cl+c2>_ l(él ) _ l(jéz ),
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where

D=-L"/ U, ()=-L"%-U"%, )=-6-%,

V)=-L"2~U"%, (V)=-L"6-U"8. (24.2)

(I): Using [4, Formula 3.20.7(a), (b)] with o =0, § = %, and y? replaced by /27, we have

H(LU)
Eexp (—y/ R,dt)
0
H(LU) H(LU)
= E{exp (—Y/ det) RuLv)=L ¢ +Eqexp <—7/0 th’> ?RH(L,U)=U}

S L Sl frﬂ’ : % = &) 243
LIV Sy (R2T Wy vy, (2 2Ly ’ h
where the special functions Sy (x,y), Iy(x), Ky(x) are defined as follows:
(Sv(x,y) = (xy) " (I ()Kv () = Ky (1) Iy (v)) 5 (24.4)
oo (%)v+2k
I =) ——; 245
Vi) k;)k!r(v+k+1) (24.5)
T

Kv(.x) = 251n vn) (I_v<x) _Iv(x)) (2.46)

From the equation (.1.1)), we see that

H(LU) d
E / Ridt| = ——
0 ' dy

Thus, computation of the term E [ fg{ LY) tht] can be given by computing %, g1(7). To com-
7=0

pute this derivative, we first substitute the expression of K into the expression for Sy in (.1.2) to

g1(y)-
Y=0
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obtain

S00) = 5o )<xy>—V(1v<x><1_v<y>—1v<y>>—(1_v<x>—1v<x>>1v<y>)

2sin(vmw

T

- ZSin(VTC) (xy)_v(l\/(x)[—v(y) _I_V(X)Iv(y)) . (247)

Then, we have

g1(y) =LYA1(7) +U"Ax(y),

where

1) — 1y ( ﬁ)lzw\

2 (22T
2Ly 1 gy (B (BT

Ay(y) =

I2|v|( )I ZM(
12|v|(2ﬁ) 2|v|(2

R

and

ﬁ

Do (B (B2TEY 1 (BT ) Iy (2TE

Ay(y) = .
Iz\v\(zm) o (BEE) — 1 g ( @T)Im(z@)

ﬁq

(e}
To compute the derivative of g; (), we need first to compute the derivative of the modified Bessel
function 7, in ((I.3). We shall use the series expansion to compute the relevant derivatives. First,

by the definition of the modified Bessel function /,,, we have

) vV 2yU
I (2\/2')/_U) Z ( ZYU)Z‘VH‘Z]( 2,}/U |v‘ Z ( Y )
2V  KCQ2V[+k+1) o2 KL 2|v|+k+1)

I
—

2yU |y, 1 2yU
o) (F(2M+1) T TRV 2) +"(Y2))'

Similarly, we have

I2|v|(

2\/W 29L.y I 2L
)= (v + o o).

Again by the definition of the modified Bessel function of negative index, we have

I—2|v|(

2V2y0, 29U, 1 2yU
c )= o? ) | |( (—2|v|+1)+02I‘(—2|v|+2)+0<y2))'
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Thus, we can compute the derivative of A;(7) and A,(y) as follows:

o = da AI(Y):Alll(Y)Alz('}')_Allz(Y)All(Y)
dyly=o AL(Y) y=0
2 2l — vl _ vl _p—Iv 2Vl g —Iv+T o —Iv+T g1V
= _— L - —L — L L LU
{62(_2|v’+1)(U U-U + + )
2 AVl WVlgr _ 7=Vl gVl o IVIFL _-2lvipIvi+
— — —~ LV gy
+oapn @ =M - M LMo + )
/(U /LM — (Lo, (2.4.8)

and from noticing A1 = As;, we have

oh = — Az(},):A/21<7’)A22(7)—A,zz(Y)AZI(?’)
dYly=0 A5 (7) =0
2
= {W(U—IVLZV_U—vL_Uv+UvL_|_U—v+1_U—|v|+1Lz|v|)
+62<2|i|+1)(UV|L2|v|_U|V|_UV|L_U|V|+1L2|V|+U|v|+1_|_UVL)}
/(0L = (L/u)MP. (24.9)

Combining all of the above computations, we obtain the following explicit expression for the first

term (I) in (2.4.1).

Proposition 2.3. The term (I) in (2.4.1)) is given by the following explicit formula:
H(LU)
(I)=E / Rdt| = LYo —U" a5, (2.4.10)
0

where 27| and <% are defined by (.1.7)) and (.1.8)), respectively. We can further simplify the expres-

N 2U—-L+UY(L-1)+L2(1-U))
( ) - 62(2V+ 1)(U_2V _L—2v)

Similarly we can find the explicit formula for the other terms. And we can find the explicit

computation in the appendix.
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2.5 Application to Energy Pricing Adjustment

In this section we consider the problem of domestic fuel pricing adjustments to provide a showcase
for applications of the model, and to estimate some empirically calibrated parameters to observe
the behavior of the model.

We use historical time-series data of gasoline prices and also the exchange rate fluctuations of a

typical oil-based economy to estimate the drift and volatility of the underlying stochastic processes.

2.5.1 Setup

The global price of fuel P = (Pf;,t > 0) is given by a geometric Brownian motion (GBM) process:

dP,
=6 — ygdt + 66dWg (2.5.1)
Pg

and the exchange rate E = (E',r > 0) follows a GBM process:
dE
f = Ugdt + ogdWg (2.5.2)

where Wi and Wr are one-dimensional standard Brownian motions. We also assume that the
shocks to global price and exchange rate are independent, namely, (dWg,dWg) = 0.

We call the domestic price optimal when the domestic price is equal to international price
multiplied by the current exchange rate. The optimal domestic price Pp = (P},,t > 0) is simply
given by the domestic equivalent of the global price: Pp = PgE. Since both P and E are GBM, it

follows that Pp is also a GBM process, following the dynamics of

dP,
=D = updt + opdWw. (2.5.3)
Pp

Supposing at time 0 the government sets the domestic price at its equilibrium price and defining
the equilibrium domestic price at time ¢ = 0 by P = PgEo, the gap price will be the ratio of the

administrative price (which is equal to P}) to the hypothetical equilibrium price given by:
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R, = ; (2.54)

Denote

Q
Il

1 1
oz+0z  and vz?{uc%—ug—i[oéjtcé]}.

Then

R, =Roexp{c?vt+oW,}, t>0, (2.5.5)

is a GBM, where W is a Brownian motion. We assume Ry = 1. We can then use the ratio process as
the underlying process and apply the results obtained in the previous section. The solution of the
model enables us to characterize the optimal barriers for adjusting the prices and also to calculate
the expected saving associated with intermittent adjustment of domestic prices, in comparison to a
policy of no adjustment or continuous adjustment.

We use empirical data (collected from the publicly available sources of US Energy Information
Administrative (EIA) (for fuel prices) and the Central Bank of Iran (for exchange rate)) on Pg, Pg to
estimate the set of model parameters of, 0g, UG, U and hence obtain estimates for mean up and
volatility parameter op of the Pp process. The negative deviation cost parameters ¢, represents
the subsidy costs of keeping fuel below the international prices. On the other hand, the positive
deviation cost parameter ¢ represents the distortion in the economy because of setting fuel prices
too high.

Since point estimates for ¢y, ¢y, k., ky are not available, we solve the problem for a wide range
of values for these parameters. We explore the impacts of op on the expected optimized costs,
the width of the adjustment band (U* — L*), and the expected length of the adjustment period

E[H(L,U)|]. We also examine the impact of unit costs ¢y, ¢, and unit adjustment costs kz, ky on
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the optimal barriers L* and U™, and the expected time of adjustment period E[H (L,U)].

The baseline parameter values we considered are provided in Table [2.1]

| Parameter | Definition | Baseline Value | Source
UG Drift of the gasoline price process 0.002 Empirical estimation
oG Volatility of the gasoline price process 0.04 Empirical estimation
UE Drift of the exchange rate process 0.012 Empirical estimation
OE Volatility of the exchange rate process 0.09 Empirical estimation
Up Drift of the R process 0.009 Empirical estimation
Op Volatility of the R process 0.1 Empirical estimation
cl Cost of deviation 8 Assumption
&) Cost of deviation 12 Assumption
kr Fixed cost of upward adjustment 100 Assumption
ky Fixed cost of downward adjustment 100 Assumption

Table 2.1 Key Benchmark Values of Parameter

2.5.2 Behavior of the Cost Function

Before solving the problem to find the optimal barriers, we look at the overall behavior of the

cost function when arbitrary lower and upper barriers are chosen. For our method to work it is

important to observe a smooth and convex objective function, which has a unique minimum. The

behavior of the cost function and the expected hitting times are depicted in Figure[2.2] In the next

step we use a Matlab optimization solver (using the fminsearch() function) to find the set of lower

and upper barriers, which minimize the cost function for a given set of structural parameters.

2.5.3 Sensitivity Analysis of the Optimal Solution

After inspecting the overall behavior of the objective function, we examine the response of the

optimal solution as well as the associated costs and expected adjustment period to changes in the

underlying parameters. One goal of this exercise is to observe the quantitative and qualitative

behavior of the model as a way to backtest the validity and the robustness of the solution approach.
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Figure 2.2: Graph of the cost function (Z(L,U)) for arbitrary (non-optimized) values of lower
and upper bound. We observe a well behaved function, which contains a unique minimum. The
optimal solution will pick values for the lower and upper bounds to minimize the cost function.
As one moves lower and upper bounds closer to one, deviation costs converge to zero; however,

adjustment costs become very large. As we move the barrier away from one, the expected heating
time also significantly increases.
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Figure 2.3: Impact of Adjustment Costs (K7, Ky ) on the Optimal Behavior. We change the value
of fixed costs associated with upward and downward adjustments and observe the response of
the optimal solutions. When adjustment costs approach zero (i.e the optimal solution converges
to instantaneous control) the barriers collapse to one. The response of optimized total costs to
adjustment costs is concave; when the adjustment costs become too large, the problem chooses a
boundary far from one. Since the likelihood of hitting a distant barrier is very small the expected
adjustment costs behave in a concave fashion.

2.5.3.1 Effect of Adjustment Costs

Figure 2.3]plots the behavior of the solution when the adjustment costs associated with upward and
downward corrections are changed. As expected, a higher adjustment cost will further penalize the
model for frequent adjustments. Therefore, the optimal solution tends to widen the barriers and

reduces the frequency of hitting the barriers (of course at the cost of higher deviation costs).

2.5.3.2 Effect of Volatility

Volatility is a key parameter for optimal adjustment policy. A higher volatility is equivalent to a
more turbulent system, which typically requires a more frequent adjustment. In Figure 2.4 we plot

the response of key variables to changes of the underlying process volatility.
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Figure 2.4: Effect of Volatility on the Optimal Solution for a Set of Upward Deviation Cost
Coefficients. We observe a non-monotonic response of the width of the optimal barriers and the
expected hitting times to increased volatility. An increase in the initial levels of volatility causes
the expected hitting times to first increase and then decrease and converge toward zero.
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Observation From the graphs, we find that the optimal barriers L*, U*, the width of the op-
timal control band, (U* — L*), and the expected hitting time, and the minimum cost Z are all
non-monotone with respect to the volatility. This is in line with the intuition offered by [[12]], in
which it shown that the probability of hitting barriers behaves non-monotonically as the volatility

increases. /

2.5.4 Policy Implications

We compare the outcome of our method with a policy, that regulates the process in pre-determined
time epochs. We refer to the former as the “optimal” policy and the latter as the “mechanical”
policy. As a popular example of the mechanical policy, we consider an annual revision of energy
prices and compare it to our (s, S)-type adjustment policy.

To estimate the cost of the mechanical policy, we use a Monte Carlo exercise and simulate
1000 paths of the global price process for 360 months (30 years). Deviation and adjustment costs
for each path is recorded. The exercise is repeated 1000 times to produce a robust estimate. We
assume that the mechanical policy adjusts fuel prices every 12 months (at the beginning of the
fiscal year) regardless of the size of the deviation.

Figure compares the cost behavior of the mechanical and optimal policies and also reports
the gains from implementing an optimal policy. Figure[2.6|provides a more detailed comparison by
breaking down the cost function to adjustment and deviation cost components. We notice that, for
a certain range of the volatility parameter, the mechanical method entails a lower adjustment cost
compared to the optimal one. However, the total cost of the optimal method is always substantially

lower than the mechanical method.

2.6 Conclusion

We introduced a model of costly price adjustments and formulated it as a stochastic optimal control

problem. The key contribution is to offer a new solution approach based on the expected hitting
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Figure 2.5: Gain from Implementing Optimal Policy. We compare the expected cost of a mechan-
ical policy (adjusting every 12 months) with the optimal adjustment solution. When the volatility
is very small, the difference between the two policies converges to zero. As the volatility of the
underlying process increases, the expected cost of the mechanical policy increases in a convex
fashion; whereas, the cost of the optimal solution (which adjusted the location of optimal barriers
in response to changes in the volatility) only goes up linearly. The gains from adopting an optimal
solution is convex in the volatility of the underlying process.
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Figure 2.6: Decomposition of the Gain from Implementing Optimal Policy. As expected, when
the volatility increases the adjustment cost of the optimal solution is larger than the mechanical
policy because the latter does not change the frequency of adjusting; however, the gain from a
lower deviation cost associated with the optimal policy dominates higher adjustment costs and the
optimal policy provides a lower overall cost.
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time to the barriers. This approach allows us to derive closed-form expressions of the cost function,
which does not rely on solving functional equations or PDE representations.

To demonstrate the robustness of the model it is applied to a real-world case of optimal domes-
tic energy price adjustment. We characterize the optimal policy behavior as a function of underly-
ing parameters and also compare the gains from adopting an optimal policy versus a mechanical

policy.
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Chapter 3

Parameter estimation by implicit sampling

3.1 Introduction

In this chapter we describe how to use implicit sampling to find parameters of a PDE equation.
We use the Bayesian approach in which the posterior probability density describes the probability
of the parameter conditioned on data and compute an empirical estimate of this posterior with im-
plicit sampling. The approach generates independent samples and avoid some issues encountered
with Markov Chain Monte Carlo such as the estimation of burn-in and strong correlations among
the samples. We describe a new implementation of implicit sampling for parameter estimation
problems, the Newton-Krylov-Schwarz optimization method which is scalable compared with the
BFGS methods that is used in. We also provide an example involves an elliptic PDE and dis-
cussed the global and local Karhunan-Loeve expansion expansions by which we can get the finite

dimensional approximation of the parameter that we plan to estimate.

3.2 Bayesian Framework

Estimating the parameters in a partial differential equation is a main problem in many applications.
For example, we have a PDE that describes the subsurface flow where we want to know the sub-
surface structures from pressure measurements of flow through a porous medium. The uncertain
quantity in this problem is the permeability which describes the subsurface structures we are inter-

ested in.
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Let me introduce the forward model and inverse problem at first.

Z=F(p)+e

where F' is the forward model, p is the parameter, € is the random error which is assumed to be
Gaussian and Z is the observation data. We want to estimate the parameter p and this is a non-
linear inverse problem. In applications, it can be derived from the discretization of PDEs.

Uncertainty may come from the measurement errors, model errors or the uncertainty of the prior in-
formation. We assume that all available information we already know before the experiment about
the parameter is available and is summarized by the prior probability density function (pdf) po(6).
The Bayesian approach combines the prior information with the likelihood function p(z|0) which
measures how likely the data would be for a given parameter where z denotes the observations to

find the posterior density

p(6lz) o< po(0)p(z|6)

The posterior pdf defines which parameters of the numerical model are compatible with the data
z. It incorporates information from both the historical information and the observations. Our goal
is to compute the posterior function. We do not need a full description of the posterior, instead,
we can estimate and quantify the uncertainty of the parameters by the mean and variance of the
posterior density. If the prior and likelihood are Gaussian, then the posterior is also Gaussian. We
just need to compute the mean and covariance of 0|z. The posterior mean and covariance are the
minimizer and inverse of the Hessian of the negative logarithm of a Gaussian posterior pdf. In
nonlinear and non-Gaussian problems, we can compute the posterior mode or the maximum a pos-
terior (MAP) point by minimizing the negative logarithm of the posterior, and use the MAP point
as an approximation of the parameter 8. The inverse of the Hessian of the negative logarithm of

the posterior can be used to measure the uncertainty of the approximation.
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3.3 Markov Chain Monte Carlo

In the previous section, we introduced the Bayesian inference. Most of Bayesian inference is

concerned with posterior

p(0]z) =< po(0)p(z]0)
without knowing the constant of proportionality. This leads to the general sampling problem:
Suppose we are given a distribution function

p(2)

p()=Zi

where p(z) > 0 is easy to compute but Z,, is hard to compute. So in the Bayesian models where
p(0) = p(z]0)p(6) is easy to compute but Z, = = [, p(0)p(z|6)d6 can be very difficult or
impossible to compute. So the sampling problem is the problem of simulating from p(z) without
knowing the constant Z,,.

The most common choice for exploring the posterior is Markov chain Monte Carlo (MCMC),
which generates a serial of samples to evaluate the statistical information. In this section we will
introduce basics of MCMC and some popular algorithms which are widely used in practice. Monte
Carlo is a technique for randomly sampling a probability distribution and from the samples that are
drawn, we can then estimate the sum or the integral quantity as the mean or variance of the drawn
samples. Markov chain is a systematic method for generating a sequence of random variables
where the current value is probabilistically dependent on the value of the prior variable. Combin-
ing these two methods, Markov Chain Monte Carlo allows random sampling of high-dimensional
probability distributions that honors the probabilistic dependence between samples by constructing
a Markov Chain that comprise the Monte Carlo samples. MCMC is for estimating a quantity for
probability distributions where independent samples from the distribution cannot be drawn eas-
ily. Samples are drawn from the probability distribution by constructing a Markov Chain, where

the next sample that is drawn from the probability distribution is dependent upon the last sample
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that was drawn. So although the first sample may be generated from the prior the sequence is
constructed so that successive samples are generated from distribution that get closer and closer
to the desired posterior. In the following, we will see the design of Metropilis-Hastings MCMC
algorithm.

Suppose we want to sample from a distribution p(x) = p(x)/Z,. To do this we first construct a
Markov chain as follows. Let X; = x be the current state. We then perform the following two steps
repeatedly:

1. Generate Y ~ Q(-|x) for some Markov transition matrix Q. Let y be the generated value.

2. Set X; 1 = y with probability o (y|x) = min{gg—)ycg : %7 1}. Otherwise set X; ] = x.

Claim: The resulting Markov chain is reversible with stationary distribution p(x) = p(x)/Z,. We

can therefore sample from p(x) by running the algorithm until stationary is achieved and then using

generated points as our samples.

Proof. We simply check that p(x) satisfies the detailed balance equations. We have

QO(x]y)
O(y[x)

= min{Q(x]y)p(y), Q(y[x)p(x)}

- p(x) QO(y[x) X
_ {1,_p<y) Q(X‘y)}m ¥)p(y)
= a(x|y)Q(x[y) p(y)

——

P(x]y)

. [ry)
a(¥)Q(yIx) p(x) = m{m J}Q(Y\X)p(X)

P(y[x)

So the Markov chain is reversible and p is therefore the stationary distribution of the Markov chain

since we have

Y P(ylx)p(x) =) P(x|y)p(y) = p(y)

X X

]

However, there are still some practical issues of choosing the appropriate proposal distribution

Q(+|) since it influences how much time is required to reach stationarity and it is difficult to provide
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a theoretical answer of when the stationarity is achieved.

3.4 Implicit Sampling

Implicit sampling method acts as a special formulation of importance sampling to improve sample
performance by providing an important function based on optimization. The importance sam-
pling method is a popular Monte Carlo method which generated independent samples without any
Gaussian assumption. The idea is to draw samples from another easy-sampling importance func-
tion with a weight of each sample instead of drawing samples from the target distribution itself,
which is usually difficult to explore directly. But if the variance of the weights is large, the effective
sample size may be very small and the number of samples required can increase quickly with the
dimension of problem. Suppose we wish to estimate an m-dimensional parameter vector 6 from
data. One can present the posterior by M weighted samples, The samples 6;, j = 1,...,M are
obtained from an importance function 7(0), and the j — th sample is assigned the weight

p(6))p(zl6))

“I" T (e))

The weights describes how likely the samples is in view of the posterior. The weighted samples

{6}, w;} form an empirical estimate of p(0|z) so that for a smooth function u,

M
Ey(u) = Z ”(91)@1
j=0
. M
where ®; = 0;/ 'Zo ®j, converges almost surly to the expected value of u as M — .
]:

Choosing important function appropriately is crucial to the implementation of the importance sam-
ple. A good choice of the importance density should have the following properties:

1. should be easy to simulate.

2. should be close to the posterior density.

For example, if we choose the importance function be the prior, then the weights are proportional
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to the likelihood. There are two scenarios in which the samples we draw from the prior have a
low posterior probability so that the estimate of the posterior is inaccurate. The prior may have
probability mass in a small region of the space in which the likelihood is small. And in second
scenario, the prior may be broad while the likelihood is sharply peaked. Poor choices of the impor-
tance function may lead to huge amount of computational waste on samples that contribute little
or even nothing (e.g. q and p are singular to each other) to the posterior density. And the number
of samples required can increase dramatically with the dimension. So the importance sampling

algorithm cannot be applied to the high-dimensional problem.

The implicit sampling method provides a general framework to construct the importance func-
tion for the importance sampling method, which has a significant overlap with the posterior density.

Let us denote the negative logarithm of the posterior density by F(6)

F(6) = —1log(p(6)p(z]6))

The first step of implicit sampling is to locate the high region of posterior density by minimizing
F(6). we denote ¢ as the minimum value of F(6) and u as the minimizer and it is the same as
finding the MAP (maximum a posterior) point. Our goal is to construct an importance function that
assigns high probability to generate samples around the MAP point. We first pick up a reference
random variable & with pdf g(&) o« exp(—G(§)) and define ¢ = minG. The samples for 6 are

generated by first first drawing samples from & and then solving the algebraic equation

F(0)—¢r =G(§) — ¢c (3.4.1)

By a change of variables, we can derive that the associated weights for the samples are given by
w; o< J(0) where J is the Jacobian of the map from 6 to & provided that the map & — x is one-to-
one and onto. Since the samples of £ are independent and close to the MAP point, the samples of

0 will also be independent to each other and forced to lie near the MAP point u.
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3.4.1 Solving the implicit equation

We want to solve for a Gaussian & with mean 0 and covariance matrix H —1 where H is the Hessian

of the function F at the minimum. With this &, equation becomes
L7
F(6) = ¢r = 5§ HS (3.4.2)

Two strategies [71inearmap| for solving the equation are popular: random and linear map.

Random map. We seek the solution of in the form

0 =pu+A(E)E (3.4.3)

Here A can be computed by substituting into and solving for the scalar A (&) with Newton’s

method. A formula for the Jacobian of the random map was derived in [?77777]:

wes |[J(6)] =

T
Am—léHé' (3.4.4)

VoF -&

where m is the number of nonzero eigenvalues of H.

Linear map. We first expand the F(6) to the second order:

F(8)~ 0r + (0 — ) H(0 — ) = Fo(6)

where H is the Hessian at . We solve the equation

Fy(6) ~ 9 = 5&"HE (345
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We solve the equation

Fo(0) — ¢r = %éTHé (3.4.6)

We simply shift & by the mode: 6 = u + &. The bias created by solving (3.4.6)) instead of (3.4.1)

can be removed by the weights

w o< exp (Fo(6) — F(6))

3.4.2 Optimization

The first step in implicit sampling is to find the MAP point by minimizing F. This can be done
numerically by Newton, quasi-Newton methods. We will introduce how to use BFGS and Newton-
Krylov-Schwarz optimization in the example below. We also compare these two methods and
find that the Newton-Krylov-Schwarz method is scalable which also enables us to do the parallel

computing.

3.5 Application to subsruface flow problem

As a test of the performance of various sampling algorithms introduced in this chapter, we apply
these methods to a subsurface flow problem, where we estimate subsurface subsurface structures
from pressure measurements of flow through a porous medium. (see [9]]) We consider the elliptic
problem

—V-(pVu) = f (3.5.1)

on a domain €, with Neumann boundary conditions, where & is the permeability and describes the
subsurface structures we are interested in, Vu is the pressure gradient across the porous medium
and f represents externally prescribed inward or outward flow rates.

The uncertain quantity in this problem is the permeability parameter p, and we assume for each

p, aunique solution of (3.5.1]) exists. We want to estimate the p on the basis of noisy measurements
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of the pressure at n locations so that we have the equation

z=f(p(u),x,y)+r (3.5.2)

We consider a 2D problem on the domain Q = [0, 1] x [0, 1] and discritize (3.5.1]) with a piece-

wise linear finite element method on a uniform (N + 1) X (N + 1) mesh of triangular elements.

Au=f

where A is a (N +1)% x (N +1)? matrix and u and f are (N + 1)? vectors. We could first decompose
the domain into smaller sundomains and then solve the subdomain interface problem. Then solving
the PDE equivalents to solving the linear systerm.

In the numerical experiments, the data equation is

Z=u—+r

So we assume we have observations on every point and the data are perturbed with a Gaussian
random variable r ~ .47 (0,R) where R is a diagonal covariance matrix. We know the dimension
of p is mesh dependent. So if the mesh is fine, the dimension of p is large. We will introduce two

methods that help us reduce the dimension of p.

3.5.1 The log-normal prior, discretization, and dimensional reduction

We assume that the prior density function is log-normal with exponential covariance function

_ (1 —x)®  (1—y)’
K (x1,%2,y1,y2) =exp | — B - 2 (3.5.3)
X y
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where (x1,y1) and (x2,y2) are the points in the domain and [y, /, are the correlation length. Then

the elements of the covariance matrix X is

Z(iJ):K(xi,xja)’iJj), l?.]:l;,N

where N is the number of grid points in each direction. Then we perform a dimension reduction
by Karhunen—Loeve (KL) expansions [11] and use the resulting low rank approximation of the
covariance matrix X for all subsequent computations. We obtain the low-rank approximation for

the covariance matrix on the grid from the SVD of the covariance:

> =vTAV

where A is a diagonal matrix whose diagonal elements are the m largest eigenvalues of ¥ and V is
an m X N matrix whose columns are the corresponding eigenvectors.

Thus, in the reduced dimension on the grid, the prior is

p ~log.A (i1, £)

With the linear change of the variables

the prior for the variable 0 is

p(0) =N(u,In)

where ut = VT A=03[1 Then p can be written as p = exp(U8) where U = VA% and we will do the
computation in the reduced coordinate 6 instead of the original parameter p. This will reduce the
effective dimension for the parameter p from N2 to m. Local dimension reduction:

We also use a local dimension reduction method [2] which is suitable to the parallel com-
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putation of the KL decomposition. It uses a domain decomposition approach to conventinently
distribute the computational load among several processors and recast in a reduced eigenvalue
problem. The computational domain is partitioned into smaller non-overlapping subdomains, over
which indepedent local KL. decompositions are performed to generate local bases which are sub-
sequently used to discretize the global modes over the entire domain. Later We can see the number
of the iterations are almost the same for the optimization no matter which KL expansion is used

for the vector p.

3.5.2 Optimization

Implicit sampling requires the minimization of F'. In this section, we introduce solve the optimiza-
tion problem using the Newton-Krylov-Schwarz method and BFGS method. The optimization

problem takes the form

J(p):%/g(u—z)zdx%—%/gmﬁdx (3.5.4)

3.5.2.1 BFGS method

Under the discretization, the cost function could be written as

10) =5 [ (Ltu—a)9) s+ [Ipias

L Ty P
=5u—2) Mu—z2)+-p"p

where M = ( i ol ¢ j)i.j’ a is the area of each element, p = exp(U0). Now, let us deal with the
gradient of the cost function VJ.

Since Au = f, where A; j =Y ,px [VO;V;

a4+ A —
8pu-l— p 0
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i.e

du _10A

ap - "
Then 5 5
T u

——=Ww—z) M=——+a;*

Vip(p)=—(AT"M (u—-2)" | | +axp

0A
Ip\2 U

Since p = exp(U0), we finally have
Vol (0) = —UT «diag(p) (A*TMT(u—z))T : +aj*xUxdiag(p) *p

The gradient is used in BFGS method with a cubic interpolation line search (see [32], [30]).

3.5.2.2 Newton-Krylov-Schwarz method

Here, we introduce another method to solve the optimization problem [47]]. Instead of solving the
constraint optimization problems, we turn to solving the saddle point problems associated with the

Lagrangian functional . :

Zipar)=; [

(u—z)zdx—/(V.pvu+f)/ldx+1/ |p|*dx
Q Q 2Ja

80



Find (p,u,A) such that

/

V. =0
V% =0
\

Then we can get

FP =p+Vu-VA=0

FW=_V.(pVA)+(u—2)=0

FA =_V.(pVu)—f=0

\

with boundary conditions

§
u=~0
A=0
P _
\ n

By Galerkin’s method, we can discretize the equations as

Fj(p) =Pne-aj+y Y, uilk/W’iV‘Pk =0

i=1k=1
F;") = Pre kzl Ak / VoVe, + ;(ui — i) / ¢i9; =0

F;” = pnekzl up | VoV — / f9;=0

where a; is the area of the jth element, p,, is the value of p in the element which corresponds to
the u or A, ¢; is the basic functions.

Ordering of unknowns:

We use the so-called fully coupled ordering[47]], by which we mean that all three variables defined

at the same mesh point are always together throughout the calculations. Since here we use the
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piece-wise linear function and KL expansion for p, we cannot use this coupled ordering anymore.

Here, the unknowns are ordered in the order 0, u;;, A;;, that is
T
U= (61,6,...08, Ai1,u11, 221,21, - -, Mgy s Uy )

And we order the functions in exactly the same order

6) (6 0 ) ) M\
F=(RY Ry RN R R B B R ED) =0
The Newton—Krylov—Schwarz (NKS) methods are a family of general-purpose parallel algorithms
for solving systems of nonlinear NKS and it has three main components: (i) an inexact Newton
method for the nonlinear system; (ii) restarted GMRES for the Jacobian systems; and (iii) an

additive Schwarz type preconditioner. Newton iterations are as follows:
U1 = Ue— A (Ue) " F (U)K =0,1,..,

where U is an ininitial approximation to the solution, J (Uy) = F’ (Uy) is the Jacobian at U, , and
A is the steplength determined by a linesearch procedure [9; 10]. Here we do not solve the Jacobian

systems exactly, the accuracy of the Jacobian solver is determined by
[F (Uk) +J (Ux) sell < me[|F (U |-

where 1 € [0, 1). The algorithm can be described as follows:

(1) Inexactly solve the linear system J (Uy) sy = —F (Uy) for sy using a preconditioned GMRES(30).
(2) Perform a full Newton step with Ao = 1 in the direction sy, .

(3) If the full Newton step is unacceptable, we backtrack using the cubic back-tracking procedure
until a new A is obtained that makes U, 4 A;s; an tracking procedure until a new A is obtained that

makes U = Uy + Aysy an acceptable step. (4) Set Uy, 1 = U and return to step 1 unless a stopping
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condition has been met. In step 1 above the vector s; is obtained by approximately solving the

right preconditioned Jacobian system

JU)M ;= —F (Uy)
where M~ !'is a one-level additive Schwart preconditioner and s, = M, ]s;
(4) Set Uy+1 = U+ and return to step 1 unless a stopping condition has been met.
One-level additive Schwarz preconditioning
We first partion the domain into nonverlapping ing subdomains Q;,/ = 1,...,N,. In order to obtain
an overlaping decomposition of the domain, we extend each subdomain Q, to a larger region Q/,
that is, Q; C Q;. On each extended subdomain Q;, we construct a subdomain preconditioner B;

which is the discretization of the Frechet derivative taken at the current iteration,

dF®)  gF®)  F(©)
00 oA Ju

J= JFW  gF)  HFW)
00 oA u

oF®  grM)  gr()
00 oA du

Since p =exp(U % 0), Fy = (g—g)T - F where

9L 9 . Ip2

20, 06, d0y

Ipr 9Py Ip>
o _| o & 7 da
a0

26, 06, d0y

Suppose

air ai - AN

azy azxp -+ AN
U=

anl dp2 - apN
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then

aiipr anzpi aiNp1
dp | aup2 anp a2Np;
060

An1Pn  Gn2Pn AnNPn

9 _ (9pyr 9%

du 06 u

I _ 9Py 9Fp

dL  ‘dA oA

If we write Fy explicitly, we have

dFy dp.r 9F, dp 7 r dp
ST (%) -ﬁ-%+U « repmat (Fp, 1,N) *%
9h _ (9hyr 9P
20 \ap’ a6
ofi _ (9Fur 9P
00 ‘adp’ 96

In the test runs, we stop the Newton iteration if the following condition is satisfied
|F (Ux)| < max { 107°||F (Uy)]], 10—10}
For the Jacobian solver, the GMRES iteration is stopped if
|F (Uy) +J (Uy) s|| < max {10*6 IF (U], 10710}

Once the minimization is completed, we could generate the samples using either the linear map or

random map methods we described above to generate the samples.
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3.5.3 Test case

We next describe our test case with the observation function

z(x,y) = sin(7x) sin(7y)

Test. we take Q = (0,1) x (0,1), and the right side f is constructed such that p = 1+ 6x2y(1 —y)

is the elliptic coefficient to be identified.

3.5.3.1 Results

We can see as the dimension of 0 getting larger, the number of iterations that required by BEFGS
method is increasing. For the Newton-Krylov-Schwarz method, as the dimension of 6 increasing,
the number of iterations almost stay the same. So we can see the Newton-Krylov method is more
scalable and it can be easily implemented in parallel. Also the number of iterations of the local KL
expansion and global KL expansion are almost the same. But the local KL expansion enables the

efficient computation of a possibly large number of dominant KLL modes.

0 5 8 10
BFGS 39 63 75
Function evaluation 86 136 164

Table 3.1 NVM=4, nvm=8, Global KL expansion, BFGS method

0 5 8 10
Newton 5 6 6
GMRES(200) 44 .4 71.67 75.83

Table 3.2 NVM=4, nvm=8, Global KL expansion, Newton-Krylov method

0 5 8 10
Newton 5 6 6
GMRES(200) 46.2 73.3 72.5

Table 3.3 NVM=4, nvm=8, Local KL expansion, Newton-Krylov method
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.1 Appendix for: The Expected Hitting Time Approach to Optimal Price

Adjustment Problems

In this section we are going to provide details on the explicit computations of all the terms (I)—(V)

in Equation (2.4).
(I): Using [4, Formula 3.20.7(a), (b)] with & = 0, B = 1, and y” replaced by /2, we have

H(LU)
Eexp (—’y/ R,dt)
(LU) H(LU)
— E{CXP ( ’}// Rﬂl’l‘) RH LU)= } exp ( /O R;dl) ;RH(L,U)ZU}
L

SZM(zm zﬁ) Sopv( G Eery B
- 2270 2./29L 7 =g1(7), (.1.1)
LIV 8y (RG22  Uvvsy, 2 “:)

where the special functions Sy (x,y), Iy(x), Ky(x) are defined as follows:

(Sv(x,y) = (x9) " (I (0)Kv (v) = Ky () Iy () : (-1.2)
B oo (%)v+2k '

Iy(x) zkgm, (.1.3)

Ky(x) = ZSm”Wr) (Ly(x) = I, (%)) (1.4)

From the equation (.1.1)), we see that

H(L,U) d
E / Rdt| = ——
0 ' dy

Thus, computation of the term E [ fOH )tht] can be given by computing dy g1(7). To com-
=0

pute this derivative, we first substitute the expression of K into the expression for Sy in (.1.2) to

g1(y)-
Y=0
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obtain

S00) = 5o )<xy>—V(1v<x><1_v<y>—1v<y>>—(1_v<x>—1v<x>>1v<y>)

2sin(vmw

T

= s ) OLvO) =Ly (@ ). (.15)

Then, we have

g1(y) =LYA1(7) +U"Ax(y),

where

1) — 1y ( ﬁ)lzw\

2 (22T
2Ly 1 gy (B (BT

Ay(y) =

I2|v|( )I ZM(
12|v|(2ﬁ) 2|v|(2

R

and

ﬁ

Do (B (B2TEY 1 (BT ) Iy (2TE

Ay(y) =
T L (2 (B2, (22 Ny o (R2E)

ﬁq

We denote the numerators of A; and A, by Aj;(y) and Ay (y) and the denominators of A; and A;

by A12(7y) and Ay (), respectively. Thus we can write

A ()
An(y)

A (y)
Ap(y)’

A(y) = Ay(y) = (.1.6)

[Notice that Aj>(y) = A22(7Y).] To compute the derivative of g;(y), we need first to compute the
derivative of the modified Bessel function 7, in (.I.3]). We shall use the series expansion to compute

the relevant derivatives. First, by the definition of the modified Bessel function /,,, we have

I 2yU
Lo (Y, ()22 2 MZ (3L )k
2V & KC2V[+k+1) o2 kL 2M+k+1)
20U vl 1 ZyU
=)\ rep T e olr) ).
Similarly, we have
NW 29L ) 1 2yL
byv( )=(G2) F(2M+l)+62F(2|v|+2)+0(y2) '
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Again by the definition of the modified Bessel function of negative index, we have

2./2yU 2yU .y, 1 2yU
Lo (=5—)=(57) | |(1“(—2|v|+1)“Lcyzr(—2|v|+2)JFO("Z))'

Combining the above computations, we have

v 1 2yU
An(y = U |(F(2|v|+1)F(—2|v\+1)+62F(2|v]+2)1“(—2\v\+1)
+ 2y ) —U—|V|< 1
o’I'(=2|v|+2)['(2|v|+1) C2lv|+ DI(=2|v|+1)

2y 29U
TRV F T2+ 1) | o2V 2TV + 1)> +o(r).

Its derivative is then

DN uny) = oV 2U + 2
ayl, o " 2TV +2)T(—2|v[+ 1) 62T(—2|v|+2)C2[v| + 1)

~lv 2 2U
- |(<72F(2IVI TT(2]v[+1) | o?T(2]v[ +2)L2v] + 1)) +o(7).

As for A1, we have by a similar computation

_ 1 2yU
A — ylvip=vl
ny) = U TR+ D=2V +1) T 2TV +2)T(—2v|+1)
N 27L ) —U_|V|av( !
o’I'(=2|v|+2)['(2|v|+1) C2lv|+ DHI(=2|v|+1)
291 20U

TRV )T (21 1) | o2V 2TV + 1)> +o(r).

Its derivative is

LA = vV = + =
dy o’ T2lv|+2)T(=2|v|+1) o?T(=2|v|+2)['(2|v|+1)
_y-Igi 2L n 2U
oL 2v|+2)T(=2|v|+1) o2T(=2|v|+2)[(2|v|+1)

+o(y).
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We also compute the expression for Ay (7y):

1 2y
Qv+ DT (—2v[+1) T T v+ 2T (—2]v|+ 1)

Au(y) = L7V (F

N 2yL ) —L|"|( 1
o’I'(=2|v|+2)['(2|v|+1) C2lv|+ DI(=2|v|+1)

2vL + 2y ) +o(y%).

TRV 2T (—2v[+1) | o2V + 2T v+ 1)

Hence, the derivative takes the form:

2 2a
—A — L7|v|
dy 21(7) (GZF(ZM +2)T(=2|v|+1) * o (=2|v|+2)C(2|v|+ 1))

—L|V|( 2L N 2 )
o T2v|+2)T(=2|v|+1) oI (=2|v|+2)[(2|v|+1)
+o(y).

Finally, we need the following expression for the denominator of the derivative:

2
1
) C2|v|+1)20(=2|v|+1)

A0y — (U|v|L—v| _ I S +0(7).

Thus, we can compute the derivative of A;(y) and A,(7y) as follows:

o = da Al(y) = AL (NAR(Y) — AL (VANL(Y)
dYly=0 AL =0
- {mw“rlv' M Vg gL VL Yy
+—62(2\i\ ) (U*ZIV|LM My —p MMy it — U2|V|L"+1)}

[/ = (@),
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and from noticing Aj» = Ay, we have

o = — AZO,):A/21(?’)A22(7’)_Alzz(?’)Am(}’)
|y A%L() o
2
= {W(Ulv[,zv —U*ML_UM_I_UML_FU*\VHI_U7|v|+1L2|v|)
+—o2(2|i|+1)(UV|L2|V|—U|V|—UV|L—U|V|“L2|V|+U|V|“+UVL)}
/(LM = (L/u)MP. (.1.8)

Combining all of the above computations, we obtain the following explicit expression for the first

term (I) in (2.4.1).

The term (I) in (2.4.1) is given by the following explicit formula:
H(LU)
(I)=E / Rdt| = —-L") —U" o, .1.9)
0

where 7] and <% are defined by (.1.7)) and (.1.8), respectively. We can further simplify the expres-

sion as
2U—-L+UY(L—-1)+L2(1-U))

= o22v+1)(U~2V —L~%)

(IT): Now we compute the second term (I) in (2.4.1). Using [4, Formula 3.20.7(a), (b)] with

oa=0,B=1,and % replaced by 7y, we have

H(LU)
Eexp —}// R2dt
0
H(L,U) 5 H(L,U) )
= E exXp —'}//0 Rl‘ dt ;RH(L,U):L +E ceXp —'}/\/O R[ dt ;RH(L,U):U

S (Y2 5) S (45 S)

(9

B = £2(7)-
LV (VY YL v, (LY YL
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Then, by (.1.3)) we have that g>(y) = LVB;(y) + U"By(y), where

B = Iy (L1 (8 = 1 (D1 () _Bu
I (FM W (F5) — Ly (F () Br2Y)

B, — IM(@)I—M(ZTYL)—I—IVI(@)I\V\(@a) 2321(7), (.1.10)
I (1 (V) = 11y (L) (Y2E) - B2(1)

Now we can compute By, B12, B>, and By as follows:

V< 1 n '}/UZ

C(|v|+1DT(=|v|+1)  202T(|v|+2)T(—|v|+1)

“sorcrargn) " (e
20°T(—|v[+2)[(|v|+1) v+ D)I(=|v|[+1)

Y yU2
L TR e e (ea) R

Bu(y) = L

 lr—lv 1 YU?
Bu(y) = UML” <F(]v|+l)1“(—|v|+1)+202F(]v!+2)1“(—|v|+1)
N v ) _U—|vL|v|( !
2020 (—|v]|+2)T(|v|+1) C(lv|+1D)I(=|v|+1)

" e ¥ W )+ )
o .
262T([V] + 2)T(— V[ + 1) " 262T(—|v|+ 2)L(|v[+ 1) Y

Also, it can be seen that

1 %
(VI+ DT+ 1) " 262T(v|+ 2)T(— V] + 1)
+ s )—LM( :
2020(—|v|+2)T(|v|+1) L(v|+1)(—|v|[+1)

yL? y
2TV + 2T (—V[+1) | 26°T(—v[+2)T(v]+ 1)> +o(r).

By(y) = LV (F
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By the same method of computing g; (), we have that

d
# = —| By

dyly—o

1

—f—m(UZMLV LWV Vg2 2t g2 UZVL|V|+2)}

/(L = (Lo, (1.11)
% = ay,_ By (7)

= { | | (L2|v|U*\v\_U\V\_U*\V\L2+U2—|v|+U|v|L2_L2|v|U2,|V|)
—|v|+1)
W(UW'L 2lv| _ UIVILZ_U—IVI_U2+VL—2V+U2+|v|+U_|v|L2)}
/(UL = (Lju)V2. G

Then, we have the following explicit expression for the second term (II) in (2.4.1).

The term (II) in (2.4.1)) has the following explicit formula:
H(LU)
() =E / Ridt| =—L"% ~U"%,, (.1.13)
0

where % and % are defined by (.I.11)) and (.1.12), respectively. Further simplifying, we obtain

) — U?—L24U (> —1)+L 2 (1-U?
B 202(v+ 1) (U2 —L~%) '

(IIT): Using [4, Formula 3.0.5(a)] and [4, Formula 3.0.5(a)], we have

E {e*“H(L’U)} = E {e’“H(L’U) ;RH(L,U):L} +E {efaH(L’U) §RH(L,U):U}
= O+ =g(w),
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where

UVVvit2e/o?r _ j—+/vi+2a/c?
Ci(a) = LY , (.1.14)
(U/L)‘/V2+2a/62 _ (L/U)\/VZ-FZOC/GZ

and
() A4 LV e (.1.15)
o = . ..
2 WD)V — (L
Then we have that
€ = %aoq(a)
L 2mu@ M=V L[ /LM 4 U /L) Mo - - 16
= Vo2 [W/L)¥ —(U/D) TP - Lo
ng = %aZOCb(a)
U 2L MUV U U /L)W + (U /L)L - L) L
~ |vie? [(U/L)M = (U/L)-WVI]2 -
In particular, when v < 0,
LY 22U L) +WL{(U/L) Y+ (U/L)Y(U —UY)
a - L /L)~ W/D)P B
_UY 2nLUY—U)—=InU[U/L)"Y + (U/L)")(LY — L)
C— /L)~ (W/L'P -G
(uL)~*

Multiplying the numerator and denominator by

—2v—1—2v» We have the following simplified ex-

pression known in the literature [[6, Equation (56)]

(InL)U =2V — (InU)L™2" +1InU —InL

—t1 -0 = vo2(U -2V — L 2V)

(.1.20)
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The third term (III) in (2.4.1)) is given by the following explicit formula:

() = E[H(L,U)] = -6, — %>, (.1.21)

where ¢ and %, are given by ((1.18) and ((1.19)) respectively.

In summary, the first term in the Cost of Deviation of (2.3.2)) becomes

H(LU) H(LU) H(LU)
ciE / (R, —1)%dt| = clE/ R?dr—zclE/ R.dt+cEH(L,U),
0 0 0

where the above first, second and third expectations are given by (.1.13)), (:1.9) and (.1.21)), respec-

tively.
(IV): We first use [4, Formula 3.19.7(a), (b)] with &« = 0, to obtain

H(LU) 4
Eexp —y/ Edt
0 '
H(LU) | H(LU) q
= Edexp| — —dt | ,R -1 ¢ +ESex —/ —dt | ,R _
P Y/O R, H(LU)=L p{—Y ) R H(LU)=U

L|V|+VSZ|V(§;L\/2;/’@/) UV+VS2|V|(@,ZULE/) —LVD UVD -
o (T 0% PN 1(7) +U"Da(y) = ga(7),
2|V\(ﬁ’6_ﬁ) 2|v|(6\_@70—ﬁ)
where
2y2 2y/2 2,2 2\/2
Di(y) = 12|v\(£)1_2\v\(7‘ﬁy)—I_2|v|(GL\/g)12|v|(Q):D”(},)
12|v\(%)1—2\v\(%)—1—z|v|(%)lz|v|(%) Di3(7)
2v2 242 22 22y
Doty = 12|v\(7ﬁ)1f2\v\(6—@)—1,2|v|(7”)12|v|(6—¢{) _ Dy (y)
Izlv\(%)l—z\v\(%)—I_2|v|(%')12|v|(%2g) Dy (y)

=

(LU)
/ —dt|. The compu-
0 R

t

=E

~—"

- 1

We also need to compute the derivative of g4(7) to find (IV

tation involves in computing the derivative of the modified Bessel function I, as we performed
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earlier. We just list some computation results and omit the details:

Du(y) = UM (F

Dxn(y) = U MLV (F

and

Thus,

D

Dy(y) = L

1 2y
Q[+ DT (—2v[+1) |~ 20TV 2)T(—2|v]+ 1)

+ 2 ) _Ulvl( !
o’ (=2|v|+2)['(2|v|+1) C2lvi+ DI(=2|v|+1)

2y 2y .
TSI+ T2+ 1) | o2UT(~2[v]+ 2TV + 1)) Fo(r);

1 2y
V[ DT(—2v[+1) | 20TV 12T (—2|v|+ 1)
2y ) _UlvlL—lvl( !
o2LT(=2|v|+2)['(2|v|+1) rC2lv|+1D)I(=2|v|+1)
2Y + 2Y )+0(}’2);

TR+ 2T (—2v[ 1) | GPUT(—2v|+ 2TV + 1)

_|_

C2lv|+1D)T(=2|v|+1) o2T(2|v|+2)T(=2|v|+1)
2y ) _ vl ( 1
o2LI(-2|v|+2)['(2|v|+1) C2lvi+1)I(=2|v|+1)

2y 2y
M2V T 2 (—2[v[+ 1) * o2 (=2|v|+2)T(2v|+ 1)) +o(r).

_|_

—!| Di(y)

dy =0

{m(U—ZMLV — LV Myt gy AV VIS VISt v
+m(y2lv|]jlvl Sy e 4y iy e VB B 5 e U2|V|L_"—1)}
/(UL (/v (122)
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D

Dy ()

d
dy
= { 2|v| wy (L2MgVl—y-M_pWp=t =M=t ghvi=t —gvi=1p=2vh

2|v \% —lv|y—1 1% 21V|yr—|v|—1 —|v|—1 vir—1
W@IIUII u-VIL-1 _ gVl _ Mgl g1 vl )}

/DM = (Lo (1.23)

Summarizing the above, we obtain: The fourth term (IV) in (2.4.1) is given explicitly by the

following expression:

(L)
(IV) =E /0 Zdit| = —L'9 -V %, (.1.24)
t

where 7| and %, are defined by (.1.22)) and (.1.23)), respectively. Then, further simplification

shows

AL —U T+ UYA -L Y+ LU 1))
o2(1-2v)(U~?V—L~%) '

(1v) =

(V): Lastly, in order to complete the computation of Z(L,U) it remains to compute the fifth term

. . . H(LU) 1 .
(V) in (2.4.1)). At first glance, there is no relevant formula in [4]] to compute E [ o R_fdt] . This
seems presenting a challenge for the explicit computation of Z(a,b). However, we can overcome

this difficulty by using the following facts:

(i) Letting R, = - = exp(—02v — oW;), R is also a GBM with parameter v replaced by —v

(note that there is no need to replace o by —c since —W is also a Brownian motion);

(i) The first exit time H(L,U) is the same as the exit time of R; from (1/U,1/L).

H(LU) 4 H(5.1) )
E / —dt| =E / R;dt
0 R; 0

and we only need to replace the associated terms in the expression of E [ f(f{ (LU) R,Zdt} with v

Thus, we conclude

replaced by —v, L by %, and U by 5 In this way, we can obtain the following result.
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The fifth term (V) in (2.4.1) is given explicitly by the following:

H(LU) |
(V) =E / —dt| =-L&-U"&, (1.25)
0 R;
where
1
& = {W(L—szlvl —yMp2—y-WopAvighvi=2 p y-Mp2 4 gvi=?y
1
m(LZ|V|U—\V\ —yl_y-Mp2 -2 ylvip-2 _L2|V|U—V—2)}
/() =/
and
1
& = {m(yzlvlgvl M pvig=2 L pvi=2 p-lvip -2 U*2|V|L\V\*2)
1
m(lj\v\(]ﬂv\ Wyl _p2-vig2ivl g -2-lvl —|—L|V|U2)}

/lw/L) = (/L) Mp.

After simplification, we obtain

U72 _L72 +U72V(L72 _ 1) +L72V(1 _ U*Z)

(V) = 262(1 — V)(U_Z" _L—Zv)

KL (L) _|_ Ky (U)
LU):Rg=L) " E(H(L,U):Ry=U)

Finally, for the cost of adjustment term % Gl , it can be expressed by

—KLT(IL)—KUT(;])fromtheequations .1.18)) and (.1.19).
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