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Abstract

In this dissertation, we study some problems related to the convergence in distribution of func-
tionals of Gaussian processes. The approach used to address the problems presented in this thesis
is based on Malliavin calculus techniques.

In Chapter 1, we prove the convergence in distribution of sequences of 1t6 and Skorohod in-
tegrals with integrands having singular asymptotic behavior. These sequences include stochastic
convolutions and generalize the example /n fol 1" B:dB; first studied by Peccati and Yor in 2004.

In Chapter 2, we prove a functional central limit theorem for the spatial average of the mild
solution to the 2D stochastic wave equation driven by a Gaussian noise, which is temporally white
and spatially colored described by the Riesz kernel. We also establish a quantitative central limit
theorem for the marginal and the rate of convergence is described by the total-variation distance.
A fundamental ingredient in our proofs is the pointwise LP-estimate of the Malliavin derivative,
which is of independent interest.

In Chapter 3, we prove a quantitative central limit theorem for the spatial average of the mild
solution to the 1D stochastic heat equation driven by space time white noise with an initial con-
dition given by an independent white noise. As part of this chapter, we also prove the existence,
uniqueness, stationarity and differentiability (in the Malliavin calculus sense) of the mild solution.

The projects in this thesis are joint work between the author and professors David Nualart,
Denis Bell and Guanqu Zheng. The first chapter corresponds to the research article [3] by Denis
Bell, the author and David Nualart. The second chapter consists of the manuscript [15] by the
author, Guanqu Zheng and David Nualart. Lastly, chapter three represents the most recent work

between the author and David Nualart.
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Resumen

En esta tesis, estudiamos algunos problemas relacionados con la convergencia en distribucion de
funcionales de procesos Gaussianos. El enfoque utilizado para abordar los problemas presentados
en esta tesis se basa en técnicas de calculo de Malliavin.

En el Capitulo 1, probamos la convergencia en distribucién de sucesiones de integrales de It
y Skorohod donde los integrandos tienen un comportamiento asintético singular. Estas sucesiones
incluyen convoluciones estocésticas y generalizan el ejemplo /n fol t"B;dB; primeramente estudi-
ado por Peccati y Yor en el aiio 2004.

En el Capitulo 2, demostramos un teorema limite central funcional para el promedio en es-
pacio de la solucién de la ecuaciéon de onda estocéstica en dimension dos dirigida por un ruido
Gaussiano que es blanco en tiempo y espacialmente coloreado descrito por el nicleo de Riesz. En
este capitulo, también establecemos un teorema limite central cuantitativo donde la convergencia
es cuantificada empleando la distancia de variacién total. Un ingrediente fundamental en nuestras
demostraciones es la estimacién puntual de la norma L? de la derivada de Malliavin, la cual tiene
un interés independiente.

En el capitulo 3, probamos un teorema limite central cuantitativo para el promedio en espacio
de la solucion de la ecuacién de calor estocdstica en dimension dirigida por un ruido Gaussiano que
es blanco en espacio y tiempo, y donde la condicién inicial es dada por un ruido blanco indepen-
diente. Como parte de este capitulo, demostramos también la existencia, unicidad, estacionaridad
y diferenciabilidad (en el sentido de calculo de Malliavin) de la solucién.

Los proyectos de esta tesis son un trabajo conjunto entre el autor y los profesores David Nualart,
Denis Bell y Guanqu Zheng. El primer capitulo corresponde al articulo [3] de Denis Bell, el autor
y David Nualart. El segundo capitulo consta del manuscrito [15] del autor, Guanqu Zheng y David

Nualart. Por dltimo, el capitulo tres contiene el trabajo mds reciente entre el autor y David Nualart.
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Introduction

The Malliavin calculus is an infinite-dimensional differential calculus whose operators act on func-
tionals of an underlying Gaussian process. It was first introduced by Paul Malliavin in the 1970s
to provide a probabilistic proof of Hormander’s hypoellipticity theorem. The theory was further
developed to incorporate other significant applications including stochastic calculus for fractional
Brownian motion, anticipative stochastic calculus, stochastic partial differential equations, limit
theorems for functionals of Gaussian processes, and mathematical finance.

The problems studied in this dissertation correspond to particular cases of limit theorems for
functionals of a fractional Brownian motion (fBm for short) and limit theorems for random fields
arising from stochastic partial differential equations (SPDEs for short). The former is presented in
Chapter 1, whereas the latter is developed on Chapter 2 and Chapter 3. In all three chapters, the
problems are address by using an approach based on Malliavin calculus.

In this introduction, we give some motivation and a literature overview for the chapters devel-
oped in this thesis. This introduction also serves to briefly describe our projects and present the
main contributions of our work.

Our discussion about Chapter 1 begins with the study of the convergence in distribution of the

sequence of Skorohod integrals given by
1
F,= / nf1"Bf §BI,
0

where B is a fBm with Hurst parameter H in the range (1/4,1). For this sequence, it is known
that F,, converges in law to a random variable of the form /HI'(2H )B{I Z, where Z is a standard
normal random variable, which is independent of the fBm Bf{ , and I' is the Gamma function. We

proceed to recall some previous work where this convergence result has been proved.



The paper [40] by Peccati and Yor was the first to prove this result in the particular case when
H = 1/2. In this case, fBm coincides with the classical Brownian motion and the Skorohod inte-
grals are, in fact, It0 integrals. This case was also considered by Peccati and Taqqu in [39] and by
Nourdin and Nualart in [25].

The case H € [1/2, 1) was covered by Nourdin, Nualart & Peccati in [29] by means of a general
theorem from Malliavin calculus. Their arguments provided quantitative bounds for the rate of
convergence of the sequence F, in terms of the Wasserstein and Kolmogorov distances. Lastly,
Pratelli & Rigo studied the case H € (1/4,1) in [42], and improved the rates of convergence
previously obtained by Nourdin, Nualart & Peccati in [29].

In this context, our motivation in Chapter 1 was to develop a new approach to prove conver-
gence in distribution of the aforementioned sequence F;,. Roughly speaking, our approach can be
described in two steps. First, we introduce a new sequence of random variables, say G,, and show
that the new sequence is suitably close to F,. Second, we deduce the convergence in distribution
of F, by using G, instead.

As we implemented this methodology, we realized that only specific properties of the function
nft" and the process B were necessary for our arguments to work. This motivated us to consider
a more general problem and study the convergence in distribution of a sequence of Skorohod
integrals given by

1
/ On(t) u; SB
0

where the function ¢, (¢) and the process u; satisfy some suitable conditions. Essentially, this is
how Chapter 1 was born.
To end our discussion about the first chapter, we proceed to record our main contributions there.

These are:

(1) We provide a new approach to study the limit in distribution of the sequence of Skorohod
1

integrals given by F;, = / nt! t”BfI 53{1 , where B is a fBm with Hurst parameter H in
0

the range (1/4,1). More precisely, we prove Theorems 1.2.1, Theorem 1.3.1, and Theorem



1.3.3, which can be applied to the sequence F;, as a particular case.

(2) We apply our methodology to prove Theorem 1.2.5 regarding the limit in distribution of
the stochastic convolution (u*p y,)(t) := / ) Vny(n(t — s))usdBy, where B is a standard
Brownian motion, u; is a suitable process ar(l)d ny?(nt) is an approximation of the identity.
We also establish Proposition 1.2.2 concerning the convergence of the finite-dimensional

distribution of the stochastic convolution.

(3) We obtain Theorem 1.4.1 and Theorem 1.4.3 about the convergence in total variation of the

sequences of Itd integrals studied throughout Chapter 1.

The discussion for Chapter 2 and Chapter 3 is independent of Chapter 1. Generally speaking,
in these chapters, we consider specific stochastic partial differential equations and study central
limit theorems for the spatial average of the solution. The methodology involved in these chapters
is based on what is nowadays known as the Malliavin-Stein approach.

The Malliavin-Stein approach was introduced by Nourdin and Peccati in [26] by combining
arguments from Malliavin calculus with Stein’s method to, among other things, quantify Nualart
and Peccati’s fourth moment theorem in [33]. Roughly speaking, this approach provides bounds
for the distance between the law of the standard Gaussian distribution and the law of a random
variable given by a divergence also known as Skorohod integral (see e.g. Proposition 2.0.8).

Before entering into the specifics for Chapter 2 and Chapter 3, let us provide a brief overview
of some previous work that motivated our results. In this sense, we must talk about the articles
[12], [16], and [17].

The paper [16] by Huang, Nualart, and Viitasaari, is the first of many to study central limit
theorems for spatial averages of solutions to stochastic partial differential equations. In this paper,
the authors consider the stochastic heat equation with one spatial dimension driven by space-time
white noise. An innovative aspect of their methodology is to take into account that the It6—Walsh
integral appearing in the solution of the SPDE corresponds to a particular case of the Skorohod

integral. In this way, the authors implemented the Malliavin-Stein approach to obtain a quantitative



central limit theorem, and also a functional central limit theorem for the spatial average of the
solution. A fundamental ingredient in their arguments is a L” estimate for the Malliavin derivative
of the solution.

Soon after [16] was completed, the same authors and Zheng investigated the same equation
in higher dimension; in their paper [17], the spatial correlation is described by the Riesz kernel.
They were able to obtain similar results to those in [16] by implementing the same methodology.
Finally, in the article [12], Delgado, Nualart, and Zheng considered the stochastic wave equation
where spatial dimension is one and the driving Gaussian noise is white in time and fractional in
space. They also were successful in obtaining similar results to those in [16] by using the same
approach.

The aforementioned articles motivated many results concerning the study of limit theorems for
spatial averages of solutions to SPDE’s. In this context, some important results are [1], [21], [36],
[38], and, of course, Chapter 2 and Chapter 3 in this dissertation.

In Chapter 2, we consider a 2D stochastic wave equation driven by a Gaussian noise, which is
temporally white and spatially colored described by the Riesz kernel. Our main contributions in

this chapter are:

(1) We prove Theorem 2.0.4, which gives a functional central limit theorem for the spatial aver-
age of the solution, as well as a quantitative central limit theorem for the marginal where the

rate of convergence is described by the total-variation distance.

(2) We obtain Theorem 2.0.6, which provides a pointwise LP-estimate for the Malliavin deriva-

tive of the solution.

We end our discussion about Chapter 2 by mentioning that, although, a similar problem was stud-
ied in [12], our analysis in Chapter 2 is significantly different from [12]. This happens because
a few helpful properties of the fundamental wave solution in dimension one do not hold in the
corresponding two-dimensional setting. For example, the fundamental wave solution in dimension

one is bounded, whereas, the fundamental wave solution in dimension two has a singularity. These



differences made our problem more difficult than in [12].

Finally, in Chapter 3, we consider the 1D stochastic heat equation driven by space-time white
noise, with an initial condition given by an independent white noise. In this setting, our study of a
central limit theorem for the solution began with proving results about the existence, uniqueness,
stationarity, and differentiability (in the sense of Malliavin calculus) of the mild solution. Addi-
tionally, since there are two noises appearing in our setting, we needed to incorporate Malliavin
derivatives and divergences for both noises, and we also needed to implement the Malliavin-Stein
methodology for the case of the sum of two divergences. This last point is the main difference

between Chapter 3 and [16]. Our contributions in this chapter are the following:

(1) We prove Theorem 3.2.1 and Theorem 3.2.2 concerning the existence, uniqueness, and sta-

tionarity of the solution to our SPDE.

(2) We establish Theorem 3.3.1, Theorem 3.3.2, Theorem 3.3.6 and Theorem 3.3.7 about the
differentiability (in the sense of Malliavin calculus) of the mild solution, and estimates for
the norm of the Malliavin derivative of the mild solution in terms of the fundamental heat

solution.

(3) We prove Theorem 3.4.1 regarding a quantitative central limit theorem for the spatial average

of the solution to our SPDE.

We conclude our introduction by bringing to the attention of the reader the website

https://sites.google.com/site/malliavinstein/home,

maintained by Ivan Nourdin. In this online address, the interested reader can find many research

articles related to the Malliavin-Stein approach.


https://sites.google.com/site/malliavinstein/home

Chapter 1

Limit theorems for singular Skorohod integrals

In this chapter, we study the limit in distribution of sequences of random variables defined by

Skorohod integrals

1
F, :/ ¢ (t)u, 6B, (1.1)
0

where B is fractional Brownian motion (fBm for short) with Hurst parameter H lying in the
range (1/4,1), u; is a process continuous in L?(Q), and ¢, is a sequence of deterministic kernels
converging to a delta function based at 1 (hence the “singular” in the title of the chapter). We show,
under suitable conditions on ¢, and u, that the couple (B, F,) has a limit distribution of the form
(B, cu1Z), where Z is a N(0, 1) random variable, independent of B and c is a scaling parameter.

The study of limit problems of this type was motivated by the particular case
. 1
E, = / nft"BI §BH. (1.2)
0

For this case, the limit in distribution F,, corresponds to a random variable of the form \/IWB{{ Z,
where Z is a standard normal random variable, which is independent of the fBm B{i , and I" is the
Gamma function. We proceed to briefly refer to some work related to the sequence F,,.

The case H = %, was introduced in Proposition 2.1 of [40]. In this case, Bf’ is standard Brow-
nian motion and the integrals are of classical It6 type. The case of a fBm with H € [1/2,1), was
studied in Proposition 18 of [39], and Example 4.2 in [25]. Quantitative bounds for the rate of
convergence for integrals of the form (1.2) with H > % have been established by Nourdin, Nualart

& Peccati [29] by using estimates derived from Malliavin calculus and, more recently, by Pratelli



& Rigo in [42] for H € (1/4,1), by means of a more elementary argument.

In this chapter, we provide a new approach to study the limit distribution of (1.2). The idea is
as follows. Instead of studying the convergence in distribution of F, directly, we introduce a new
sequence G, 5 (or Gy), and show this new sequence is suitably close to F, in distribution. Then,
the desired convergence in law can be obtained using G,, 5 (or G,) instead. Our main results to
implement this methodology are Lemma 1.1.3 and Lemma 1.1.4.

This approach was based on the following observation. In the Brownian motion case H = 1/2,
the singular asymptotic behavior of the kernels ¢, in (1.1) at the endpoint # = 1 implies that the limit
distribution of the integrals F;, is determined by integration over arbitrarily small time intervals
[1 — &, 1]. This allows for a reduction of the problem whereby the integrals F, are replaced by the

more tractable random variables

1
Gys= M15/ 5 Ou(t)dBr = u;_sl, s, (1.3)
1—

where d € (0, 1), and the integral is an It integral with respect to the Brownian motion B. The It6
integrals [, 5 in (1.3) have convergent variance and are asymptotically uncorrelated with B. Since
I, s and B are Gaussian, the desired result follows by first taking the limit of G, 5 as n — e and
then letting d tend to 0.

The remaining of this chapter is organized as follows. In Section 1.1, we introduce some
preliminary definitions and results which are used throughout the chapter. In particular, we recall
some basic facts of fractional Brownian motion and Malliavin calculus, and we explain how the
Skorohod integrals appearing in (1.1) are defined.

In Section 1.2.1, we implement the aforementioned methodology for the case H = 1/2 (clas-
sical Brownian motion) when the process u; is jointly measurable and adapted. The basic result
in this section is Theorem 1.2.1. As a special case of this theorem, we derive the limit law of the

aforementioned sequence

1
Vn / t"B,dB;.
0



Theorem 1.2.1 is extended in Theorems 1.2.3 and 1.2.4 to double, and multiple, integrals respec-
tively.

In Section 1.2.2, we apply our methodology to address a similar problem for the stochastic
convolution [;” +/ny(n(t — s))usdBs, where B is a standard Brownian motion, u, is a suitable
process and ny?(nt) is an approximation of the identity. Our main results in this section are
Theorem 1.2.5 and Proposition 1.2.7.

In Section 1.3, we study the case of fractional Brownian motion (H # 1/2). Here it turns out

to be more convenient to work with the approximating sequence

1
G, = / 0u(1)u1 5B
0

As is usual in this subject, the cases H € (1/2,1) and H € (1/4,1/2) seem to require slightly
different hypotheses and analyses, with the latter proving more involved. Analogues of Theorem
1.2.1 are presented in Theorems 1.3.1 and 1.3.3 for these two cases. The proof involves the use
of the divergence operator on Wiener space and, in this sense, has a flavor of Malliavin calculus.
As a special case of these theorems, we obtain a different proof for the convergence in law of the
sequence n! [/ "B dB!, for H in the range (1/4, 1), studied in [42].

In section 1.4, we revisit the sequence of Itd integrals introduced in Section 1.2 and study its

convergence in total variation by means of Theorem 3.1 in [28] and Theorem 1 in [41].

1.1 Preliminaries

1.1.1 Fractional Brownian motion and Malliavin calculus

Fractional Brownian motion (fBm for short) with Hurst parameter H € (1/4,1), B = {B 1 €

[0,1]} is a zero mean Gaussian process with a covariance function given by

Ry(t,s) := E[B,B,] = (t2H+s2H — |t —s|2H) ) (1.4)

| =



where 5,7 € [0, 1]. In particular, when H = 1/2, the covariance function (1.4) reduces to s At and
fBm corresponds to a classical Brownian motion.
The covariance function (1.4) induces a Hilbert Space §) which is defined as the closure of the

space of step functions & on [0, 1] endowed with the scalar product

(Lo Lo,5))5 = Ru(2,5).

Then the mapping B : 1o — B! can be extended to a linear isometry between $) and the Gaus-
sian space .74 spanned by B .

The Hilbert space $) plays a fundamental role in this chapter. Consequently, let us record a few
results regarding §) and the inner product (-, -) .

When H = 1, B is just a standard Brownian motion and $ = L([0, 1]). In particular,

1
<ﬁ@@=AfVM@W,

in this case.

When H € (%, 1) , the inner product of two step functions ¢, y € & can be expressed as

1 1
w»mﬂméi¢@wwﬂW%Ma

where oy = H(2H — 1). The space of measurable functions ¢ on [0, 1], such that

1 1
HMQ:@AAW®W®Wﬂ”%W<%

denoted by ||, is a Banach space and we have the continuous embeddings L ([0,1]) C |9| C 5.
When H € (1/4,1/2), the covariance of the fractional Brownian motion B can be expressed

as

SNt
Ry (t,s) = / Ky (s,u)Ky (t,u)du,
0



where Ky (t,s) is a square integrable kernel defined as

s

Kn(t,5) = diy ((EYH (s stn [ th—3<v—s>H—%dv) ,

for 0 < s < t, with dg being a constant depending on H. Two important properties of the kernel

Ky are the following estimates

K (1,9)] < e (1= )5 45773, (15)
and
’%(m <cl(t—s) (1.6)

for all s < ¢ and for some constants ¢y, .

Define a linear operator K}; from & to L2([0, 1]) as follows

! K,
&39)(5) = (Kn(1,9006) + [ (00) 013 0,50 ). 1)
N
The operator K}; can be extended to a linear isometry between the Hilbert space §) and L*([0,1]),

in other words, for any ¢, y € §), the inner product in $) can be written as

(0, 9)5 = (Kud . Ky W) 20,1))- (1.8)

The space of Holder continuous functions of order y > % — H is included in $).

After this brief discussion about the Hilbert space $), let us introduce the elements from Malli-
avin calculus that are used throughout the chapter. We start by introducing the derivative operator
and its adjoint, the divergence.

Consider a smooth and cylindrical random variable of the form F = f (B{I{ yee ,BZ ), where

fe C;"(Rd) (f and its partial derivatives have at most polynomial growth). We define its Malliavin

10



derivative as the $)-valued random variable DF given by
fse

d 8f
DyF = ; 3 Bils- - B o (9)

For any real number p > 1, we define the Sobolev space D!7 as the closure of the space of smooth

and cylindrical random variables with respect to the norm || - [|1, given by
IF|IY, =E(IFI") +E([DF5)

Similarly, we can define the Sobolev space of §)-valued random variables D7 ().
The adjoint of the Malliavin derivative operator D, denoted as 0, is called the divergence op-
erator. A random element u € L2 (Q:$) belongs to the domain of &, denoted as Dom , if there

exists a positive constant ¢, depending only on u such that
[E((DF,u)5)| < cull Fll 2 ()

for any F € D2, If u € Dom &, then the random variable 8 (u) is defined by the duality relationship
E(F&(u)) = E((DF,u)g),

for any F € D'2. We make use of the notation &(u) = fol u, 8B and call &(u) the Skorohod
integral of u with respect to the fractional Brownian motion B. The Skorohod integral satisfies

the following isometry property for any element u € D!?($)) C Dom$:
E(8(u)*) = E(lull§) + E((Du, (Du)*)505),
where (Du)* is the adjoint of Du. As a consequence, we have

E(8()*) < E(|lull§) +E(1Dullfes)- (1.9)
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Another important property used in this chapter is the following Lemma.

Lemma 1.1.1. Let F € D2 and let g € §). Then the process Fg belongs to the domain of 8 and

1
5(Fg) = /0 Fg,6B" = F§(g) + (DF.g)s,.

We refer to [30] and the references therein for a more detailed account of the properties of
fractional Brownian motion and its associated Malliavin calculus (and to [2] for an introduction to

the latter subject).

1.1.2 Stable convergence and technical results

Throughout the chapter we will make use of the notion of stable convergence provided in the next

definition.

Definition 1.1.2. Fix d > 1. Let F, be a sequence of random variables with values in R, all
defined on the probability space (Q,.7,P). Let F be a R%-valued random variable defined on
some extended probability space (Q',. %', P'). That means Q € 7', and the restriction of F' and
P’ to Q coincide with F and P, respectively. We say that F,, converges stably to F, if

limE [Zei<’l’E’>Rd} _F [Zeiww] (1.10)

n—co

for every A € R and every bounded .F -measurable random variable Z.

In our setting, we assume that the fractional Brownian motion B is defined in a probability
space (Q,.7,P), where .% is the P-completion of the c-field generated by BF. Then, condition
(1.10) is equivalent to saying that the couple (B F,) converges in law to (B F) in the space
C(]0,1]) x R (see, for instance, [18, Chapter 4]).

The following lemmas which are a consequence of Theorem 3.1 and Theorem 3.2 in [4], are

the main tool for the proofs of the results in Sections 3 and 4.
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Lemma 1.1.3. Let {F,} be a sequence of random elements with values in a complete separable

metric space (X,p). Assume there are X-valued random elements

that
1) Vo< o < 1: li_r}n E(p(F, F,5)) =0

F, 5. {Gns}, Gs and G such

3) For any 0 < 6 < 1 we have the convergence in law G, s — G5 as n — o,

4) Gg convergesinlaw to Gas 6 — 0

Then F, converges in law to G as n — o

Lemma 1.1.4. Let F,, be a sequence of random elements with values in a separable metric space

(X,p). Assume there are X -valued random elements G, and G such that

1) lim E(p(Fy,Gy)) =0.

n—oo

2) G, converges in law to G as n — oo,

Then F, converges in law to G as n — oo.

We conclude this subsection with the following property of the Gamma function.

Lemma 1.1.5. For any a,b positive

. T(n+an®
lim ————— =
n—e  I'(n+D)

r 1
Proof. This is an application of the well known limit lim <Z+Z Z)
== V2 (Z)
application of Stirling’s formula.

13
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1.2 Singular limits of sequences of Ito integrals

Let B = {B;,t > 0} be a standard Brownian motion. Denote by .%, the natural filtration generated
by B. In this section, we will study the asymptotic behavior of two types of sequences of It6
integrals. First, we discuss a class of integrals on [0, 1] that include a sequence of deterministic
kernels ¢, converging to a delta function based at 1. Secondly, we apply our argument to stochastic

convolutions with similar asymptotic behavior.

1.2.1 Stochastic integrals concentrating atr = 1

Consider a sequence of bounded, nonnegative Borel measurable functions ¢,(z) on [0, 1], that

satisfies the following condition:

1 1-6
(h1) : /¢3(r)dt—>L>o and / ¢2(r)dt —0 forall &< (0,1).
0 0

The aim of this section is to study the asymptotic behavior of the sequence of Itd integrals

1
Fn:=/ Ou(t)uwedBy, n> 1, (1.11)
0

where u = {u;,t € [0, 1]} is an appropriate adapted and jointly measurable process.

Theorem 1.2.1. Suppose the process u is continuous in L*(Q) at t = 1. Assume (hl) holds and

one of the following conditions is satisfied
(i) supsejo 1) E(u7) < oo.
1
(ii) / E(u?)dt < oo and
0

(h2): forall 6 € (0,1) sup @,(t) >0 asn— oo
t€[0,1-9]

Then, the sequence F, introduced in (1.11) converges stably, as n — o to \/Zul Z, where Z is a

N(0,1) random variable independent of the process B.
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Proof. Our goal is to apply Lemma 1.1.3 with the complete, separable metric space (X,p) where
X :=C([0,1]) x R and p((x,y),(x,)')) = ||x — x| + |y —'|. For the sake of simplicity, we will
only prove part (i), the proof of part (i) being similar.

We divide the proof in 4 steps.
Step 1.

Take F;, = (B,fol (pn(t)utdBt) and for each 6 € (0,1) set F, 5 = (B,fllfg (p,,(t)u,dB,). Then

)

i 1-5
E(p(FnaFn,S)) =E ( /0 ‘Pn(t)utdBt

which converges to 0 as n — o by (i) and hypothesis (h1), because

s€[0,1]

1-8 2 1-8
E ( /0 q)n(t)utdBt) < sup E(ud) /0 02(1)dt — 0.

Step 2.
Take G, s = (B, f11_5 On(t)uy_g dB,). Note that

1

On(t)(ur —uy_s) dB;

E(p(F,5,G,5)) =E ( -6

Therefore,

E

1 2 1
( ¢n(f)(”t—”1—8)d3t) ] :/] E[(”t—ul—S)z} ¢,12(t)dt

1-6 -0

1
< sw Blw—un-s7] [ 60,

te[1-6,1]

which implies lim limsupE(p(F, 5,G, s)) = 0, due to (h1) and the L?(Q)-continuity of u; at 1.

8\L0+ n—-oo

Step 3.
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Note that G, 5 = (B, [ 11_ 5 On(t)uy_5 dB,) can be written as

1
Gn,ﬁ = (Bv ul—S/l 8¢n(t)dBl) = (Baul—SZn,B)'

We want to show that for each & € (0,1), (B,Z, 5) converges in law to (B,/LZ) as n — oo with
Z independent of B. In view of the fact that B is a Gaussian process, this will follow from the next

two properties:

i) Forany 6 € (0,1), IE(Zia) — L as n — oo due to (h1).

ii) For any 6 € (0,1), and any 7y € (0,1), ILm E(Z, sB;,) = 0. In fact, for to € (0,1) we have,
n—o0 ’

in view of (h1), that

to fo 1/2
E(Z, 5By,) :/15 O (t)dt < \/t_o(/o q),%(t)dt) — 0, asn — oo.

In particular Z is independent of By, for every 0 <7y < 1 and consequently independent also

from B;.

As a corollary, for each § € (0,1), G, 5 converges in law to (B,vLu; sZ) as n — o with Z

independent of B.

Step 4.
Set G5 = (B, VLu;_sZ). It is clear that Gs converges in law to (B,v/Lu;Z) as § — 0. It
follows from Steps 1 to 3 and Lemma 1.1.3 that (B, fol On(t)u;dBy) converges in law in the space

C(]0,1] xR) to (B, v/Lu;Z). This completes the proof. O

An example of a sequence of functions satisfying condition (h1) with L = % is
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Indeed, a direct calculation for condition (h1) gives

12 n 1
n/t”dt: — = asn— oo,
0 2n+1 2

and

1-6 2n

1-98

n/ tzndt:u%O asn — oo forall § € (0,1).
0 211—’-1

Thus we have proved the following.

Proposition 1.2.2. The sequence of Ito integrals

1
Vn / t"B,dB;
0

converges stably, as n — oo, to %BlZ, where Z is a N(0,1) random variable independent of the

process B.
Remark

(1) We note that Proposition 1.2.2 was obtained by Nourdin, Nualart & Peccati in [4, Proposition

3.7] as a corollary of a theorem proved by Malliavin calculus.

(i1) Theorem 1.2.1 can be extended to processes u continuous in probability at 1 that satisfy
SUPc(o,1] |us| < oo, a.s or fol u?ds < o a.s and (h2). Under these assumptions, the Itd integral
of u is defined using the convergence in probability and the convergence in law is proved

using the truncated sequence (u; AM)V (—M), where M > 0 is an integer.

The next result is an extension of Theorem 1.2.1 to the case of double stochastic Itd integrals,

which is proved by similar arguments.

Theorem 1.2.3. Let u = {u;,,0 <5 <t <1} be a two-parameter process continuous at (1,1) in
the L? (Q) sense. Assume that us; is Fg-measurable for s < t, (h1) holds and one of the following

conditions is satisfied
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(i) Sup (g pyefo,ip B(uz,) <
(ii) fo fo ) dsdt < oo and

(h3): for all & € (0,1), (supg<;<i_5Pn(t)) (Supg<i<y $u(t)) = 0 as n — oo,

Consider the sequence of iterated Ito integrals

1 t
F e / / 0u(5)0n(1)uts By dBy, 1> 1,
0 JO

Then F, converges stably, as n — o to $Luy 1Ha(Z), where Z ~ N(0,1) is independent of the

process B, and Hy(x) = x? — 1 is the second Hermite polynomial.

Proof. We proceed as in the proof of Theorem 1.2.1. We will only prove part (ii), the proof of part

(1) being similar.

Step 1:
Take F,, = (B, fo fo On($)Pn(1)us dBsdB;) and for 6 € (0,1) set
1 t
Fn,B = (B,/ (Pn(S)(Pn(t)us,tstde)-
1-6J1-6
Then

A(1— 5

E(p(FanS (

converges to 0 as n — oo because by condition (ii)

1 ptA(1-8) 2 1 ptA(1-8)
_ 2 2 2
( I/ ¢n<r>¢n<s>us,tstdBt) = [ eweieEad dsar

2 2

< ( sup ¢n(t)> < sup ¢n(t)>
0<1<1-6 0<r<1
/ / )dsdt — 0.
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Step 2.
Take Gy5 = (B, i 5 J1_590(1)0u(s)u1 51_5dB,dB; ). Then

1 t
B(pFs.Gos) = (| [ [ 000,6) s 5.1-5)ama

Therefore

(/11 t5¢n(t)¢n(s)(us,z_”1—5,1_5)stdBf) 2]

§J1
/ qu_ul 51— 5>]¢n()¢n()det
1-6J1- 5

< sup E[(ugr—u_s1_5) </ O (1 df)>
re[1-8,1]

which implies §f§‘ limsupE(p(F, 5,G,s)) = 0, due to condition (h1) and the L*()- continuity

n—yoo

of ug; at (1,1).

Step 3.

The term G,, s can be written as

1 t
Gs= <B7M16,16/1 5 ¢H(Z)¢n(s)stdBt) = (B,uj_s51_5Ry 5)-

1-6
Furthermore, in view of Proposition 4.1.2 in [31], R, 5 can be expressed

1
On(1)dB;

1 t
1 1-6
R, :/ O (5)0n(t) dBsdB; = = ||@uliy 5111172 H ,
37 Jig g OO BB = g IO sl e | gy o

where Hs(x) = x> — 1 is the second Hermite polynomial.

Ji- 5 0n(t)dB,

||¢n1[1 s.ll2 0.1
1.2.1 proves that (B, S, s5) converges in law to (B,Z) with Z independent of B, and it follows that

Set Sn 5

. A similar argument to the one used in Step 3 of Theorem
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(B,R, 5) converges in law to (B, %LHQ (2)). As a corollary we obtain the convergence in law of
(B,uj_g,1_sRn5) to (B,3Lu;_5,1_sH>(Z)), as n tends to o
Step 4.

Set Gs = (B, 3Luy_s_sH>(Z). 1t is clear that G converges in law to G := (B, 3Luj 1H>(Z))

as 0 — 0. Then, the conclusion follows from Steps 1 to 3 and Lemma 1.1.3. O]
Remarks:
(i) The previous theorem applies to the particular case ¢, (1) = /nt", as before.
(i) One can consider the more general situation of a sequence of bounded symmetric functions
,(s,t) on [0, 1], satisfying the following conditions:

(h12): Forall 6 € (0,1)

lim (pnstdsdt—hm//(pnstdsdt L>0.

(h22): For any 6 € (0, 1], supp<s<j_50<s<1 |Pn(s,1)| = 0 asn — oo.

In this case we need to compute the limit in law of /(¢,1(; _s ;j2), which is a more compli-
cated problem that requires additional conditions on the sequence ¢,. We will not treat this

problem here.

Theorem 1.2.3 can be extended to higher dimensions. The proof is similar and omitted.

Theorem 1.2.4. Let u = {u, . ;,,0 <t; <--- <t, <1} be an m-parameter stochastic process,

continuous at (1,...,1) € R™ in the L*(Q) sense. Assume that U .1, is Fy -measurable, (hl)

I [’11

holds and one of the following condition is satisfied:
[) Supy, ..., E( 1217 At ) < oo

ii) / / / ut1 dtldtz -dty, < o and

(h3m): for any & € (0,1), (supg<;<1_5 9n(t)) (Supp<,<; (I),,(t))m_1 — 0asn — oo.
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Consider the sequence of iterated Ito integrals

1 Im 15
Fn = / / / ¢n(t1)"'¢n(tm)”t1,4..,tmdBt1 "'dBtmfldBt,,n n Z 1,
0 0 0

Then, F,, converges stably, as n — oo, to (m!)*lL%ulv,_.yle(Z), where Z ~ N(0, 1) is independent

of the process B and H,, is the mth Hermite polynomial.

1.2.2 Asymptotic behavior of stochastic convolutions

As before, let B = {B,,t > 0} be a standard Brownian motion and set H = L?(]0,)). Consider
a nonnegative, bounded, Borel measurable function y(x) on R, such that [* w?(x)dx = 1. Let
W, (x) = /ny(nx). Then w2 is an approximation to the identity.

Let u = {u;,t > 0} be an adapted, jointly measurable and square integrable process. Define the

stochastic convolution

(g Wy): :/ usW,(t —s)dBs, t>0.
0

In this subsection, we are interested in the asymptotic behavior of (u*p y,); as n tends to infinity.
The limit in law will have the form u;Z;, where Z is a Gaussian process independent of B.

The following theorem is the main result of this subsection.

Theorem 1.2.5. Consider a nonnegative, bounded, Borel measurable function y(x) on R, such
that [~ w*(x)dx = 1. Assume u= {u,,t > 0} is an adapted, jointly measurable, square integrable
process and continuous at a fixed time t > 0 in the L*(Q) sense. Assume one of the following

conditions is satisfied:
i) Timy e [x[y*(x) =0
ii) sup, E(u?) < oo.

Then, the stochastic convolution (u*p W, ), converges stably to u,Z as n — oo, where Z is a standard

Gaussian random variable independent of B.
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Proof. Our plan is to use Lemma 1.1.4. The complete, separable space (X,p) will be X :=
C([()’oo)) x R with p(<x7y)7 (xl7y/)) = Z::Oz_n Supte[n,n—H] |x(t) _x/<t)| + ’y _y/|' We divide the

proof in 2 steps.

Step 1:  Fix the continuity point # > 0. Set
Fy:= (B, (uxg ;).
Let o, be a sequence decreasing to 0 so that noy, — oo. Set
Go = (Byutygy), Sn) = (B, Hy),

where S, = Y (t — 5)dBs with R,(1) = {s > 0: |t —s| < a,}. Note that S, is a centered
Ra(1)
normal random variable with variance

E(s2) = / W2 (t —s)ds = / W2 (r)dr = / V() dz— 1 asn— oo,
Ry(1) |r| <oy, r<t |z|<noy,,z<nt

Our goal is to show that

lim E(p(F;,,G,)) =0 (1.12)

n—yoo

for which it suffices to show (u*p ,); — H, converges to 0 in L?(Q).

Since u(;_g,), 18 F(1_q,), Measurable we can write
H, = Ut—a,)s l[/n(t —S) dBg

Ri(1)

and therefore

B = | BF g WA 5)ds =B g ) [ WR5)dsEGE),
Ru(t) s|<a,s<t
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On the other hand, by Ito’s isometry property we can write

E () = [ BGEWE(—s)ds

That means, E ((u g y,)?) is the convolution of s — E(u?) with y; and in view of either condition

1) or ii) and Theorems 9.8, 9.9 in [45], we deduce
: 21 (2
,}I_ISOE [(uxp y); | = E(u7).
Finally, by Ito’s isometry and the L?>-continuity of u at ¢

E [(u5 Vi) H,) = /R ()E(usu(,_an)+)w3(t—s)ds
(¢

=/q1mwpwﬁwfﬂmﬂmgnﬁa—wds
Ry (1)

FEg),) [ VA9~ E),
(¢

2(Q
as n — oo. Thus (uxp W,); — Hy ﬁ 0 as n — oo, and (1.12) holds.

Step 2:  For each n, u(;_g,), and S, are independent random variables such that u(;_,), con-
verges to u, and Var(S2) — 1. This implies that G, converges in law to (B,u,Z) with Z a standard

normal random variable independent of B, and the result follows from Lemma 1.1.4. O]

As in the proof of Theorem 1.2.5, if o, is a sequence decreasing to 0 so that no,, — oo, we can

consider for each r > 0 the sequence of random variables

st ::/ Y (t — r)dB,. (1.13)
|

t—r|<0y,r>0
The next lemma establishes the asymptotic behavior of the sequence of processes {S',,7 > 0}.

Lemma 1.2.6. The finite-dimensional distributions of the process {S.,,t > 0} introduced in (1.13)

converge stably to those of a centered Gaussian process {Z;,t > 0} independent of B and with
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covariance function given by

1 ifs=t
E(ZZ) = (1.14)
0 ifs#£t.

Proof. Let0 <t <t <--- <t;. We need to prove the convergence in law

Law

(B,S3),....S%) == (B,Zy,...,Z4,)

in the space C(R. ) x R¥. We can choose N large enough so that for n > N, the Gaussian random

variables S become uncorrelated and hence independent. Then as in the proof of Theorem 1.2.5,

it holds that

(S, 8% X% (7, ... 7).
where the random vector (Z;,,...,Z;, ) has a standard Gaussian distribution on R* and is indepen-
dent of B. This completes the proof. 0

Notice that we cannot expect that the convergence in Lemma 1.2.6 holds in C([0,0)). Indeed,
although under some mild conditions the stochastic convolution has a continuous version, the
process Z does not have a continuous version.

The following proposition establishes the convergence of the stochastic convolution as a pro-

cess in the sense of the finite-dimensional distributions.

Proposition 1.2.7. Under the assumptions of Theorem 1.2.5, suppose that the process u is con-
tinuous in [0,0) in the L*(Q)-sense. Then the finite-dimensional distributions of the process
{(uxp yy);,t >0} converge stably to those of {u;Z;,t > 0}, where {Z;,t > 0} is a Gaussian process

independent of B with covariance function given by (1.14).

Proof. Let0 <t <t <--- <t;. We want to show that

(Ba (M *B WH)tl ) (I/t *B Wn)12)7 sy (I/l *B l//n)tk> La_W> (B;utlzt] 7utzzt27 e 7ullzlk)7 (115)
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where the random vector (Z;,,...,Z;, ) has a standard Gaussian distribution on R¥ and is indepen-
dent of B. As in the proof of Theorem 1.2.5, if o, is a sequence decreasing to 0 such that no,, — oo,
we can consider for each ¢ > 0 the sequence of random variables §', defined in (1.13). Then, we

have that, by the proof of theorem 1.2.5, foreachi=1,... k,
. L?
(U*p W)y, — U(—0) . Sn — 0.
Also, by the L*-continuity of u and the Cauchy-Schwartz inequality, we can write
t y L'
”(t,-focn)+Sr; —uyS, — 0.
In particular, the above convergence holds also in probability, so that
Al = (u*g ), — ug, St )
n- njt; 1i¥n
fori=1,...,k. As a consequence,
(An A2, A% 50,0,...,0).
Then by Slutsky’s theorem (1.15) follows from the convergence in law
Law

t t,
(B,M[lSnl youe ,I/l[kSr{c> — (B,I/ltlZ[] yeu ,uthtk),

which is a consequence of Lemma 1.2.6. This completes the proof. [

1.3 Skorohod integrals with respect to fractional Brownian Motion

Consider a fractional Brownian motion B = {BH ¢ € [0,1]} with Hurst parameter H € (0,1).

That is, B is a zero mean Gaussian process with covariance function (1.4). In this section, we
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will study the asymptotic behavior as n — oo of a sequence of Skorohod integrals of the form

1
Fn:/ ¢, (t)u, SB, n>1, (1.16)
0

where u is a stochastic process verifying some suitable conditions. We split our study in two cases

according to whether H > 1/2 or H < 1/2.

1.3.1 Thecase H > 1/2

We will assume the following conditions on the sequence ¢, of nonnegative and bounded functions:
(h4): 1im,, 0 ||9]|3, = L > 0.

(h5): lim, e ||@n ||, = O for some r < Ii{ (where here, and in the sequel, || - ||, denotes the L"-norm

on [0,1]).

We are now ready to state and prove the main results of this section.

Theorem 1.3.1. Assume B is a fractional Brownian motion with Hurst parameter H > 1/2.
Consider a sequence of nonnegative and bounded functions ¢, on [0, 1] satisfying conditions (h3),

(h4) and (hS). Let u be a stochastic process satisfying the following conditions:
(i) Foranyt € [0,1], u, € D'? and the mapping t — |us||1 2 belongs to $.
(ii) u; is continuous in DV att = 1.
(iii) fol (E[|Dsuy|])Pds < oo where 1% +1 =2H, and r is the number appearing in condition (h5).

Consider the sequence of Skorohod integrals introduced in (1.16). Then F,, converges stably as

n — oo to uy\/LZ, where Z is a N(0,1) random variable independent of BY.

Proof. Notice first that conditions (i) and (i) imply that ¢, (¢)u; belongs to D'?($)) C Domd. In
the context of Lemma 1.1.4, the complete, separable space (X, p) will be X := C([0,1]) x R with

p((x,y), (®,y)) = ||x =x|| + [y —'|. We divide the proof in 3 steps.
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1 1
Step 1:  SetF, := (BH, / ¢ (t)u; 6B and H, := (BY, / 0. (t)u; SBH). In order to show that
0 0

lim,, o E(p (Fy, Hy)) = 0 it suffices to prove that

(R

Denoting oy = H(2H — 1), in view of (1.9) we can write

(-
— oy /0 /0 ¢n(t)¢n(s)E{<u,—ul)(us—ul}u—s\w*zdsdz
+ o /O 1 /0 1 (1) 00 (B (D — 1), Doty — 1)) | 1 — s s

:A17n—|—A2’n. (1.17)

2
— 0.

2

< E([l¢n(0) (e — ) [15) +E(9n (1) D (s — 1) |[f5)

Both terms in (1.17) are handled similarly and we will show the details only for the second one.

Let 0 < 6 < 1. Then, separating the second term in two integrals, yields

1 1
A ZOCH/O /0 1{s/\t§176}¢n(t)¢n<s)E[<D<ut_ul)aD(us_ul»ﬁ}|t_s|2H_2det

1 1
+ oy / 0n(1)0n(5)E [<D(u, — 1), D(us —uy)) 5} - sPH2dsdr. (1.18)
1-6J1-6

At this step, note that by condition (i)

//'E we—ur),D(us —ur))g) ||t — s[> *dsd

s/o /O (e

So there is a constant C such that the first term in (1.18) is bounded by

s — up||1.2)t — |2 2dsdt < oo.

C sup  @n(s)0n(2),

sSAt<1—6
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which converges to 0 as n — oo by condition (h3).
On the other hand, for the second term in (1.18), it follows from Cauchy-Schwartz inequality

that

1 1
|| 0u00n(s)E (D~ ). Dl ~ ) e 5P s
1-6J1-6

< s =[] ([ [ o0l 2asar).

te[1-6

By condition (h4), the sequence fol fol 0. (5) P (2)|t — s|*~2dsdt is bounded and by condition (ii)
the first factor tends to zero as § — 0. This shows that A, ,, tends to zero as n — co. Repeating the

same argument, we obtain that Ay , tends to zero as n — oo,

Step 2:  Set

1
G, := (B, MI/O 9(t)8B{") := (B™, u1B1 ).

Applying Lemma 1.1.1 we obtain
E(p(Hy,Gy)) = oy E(|B2yl), (1.19)

where B, ,, = fol fol |t —s|?=2¢,,(1)Dyu; dsdt. Let p be as in the statement of the theorem and note

that p > 1. Applying Holder’s inequality with % + %1 =1, yields

sl < ([ I(E[\Dsul\])pds>; ( [ |z—s12“¢n<r>dr)qu) '

The second factor is the L?-norm of the fractional integral of order 2H — 1 of the function ¢, on
[0,1]. By the Hardy-Littlewood inequality, this factor is bounded by a constant times || ||1-(jo0,1))
where % = %4— 2H —1=2H — % Taking into account conditions (iii) and (hS), we deduce that

(1.19) converges to 0 as n — oo which together with Step 1 implies E(p(F,,G,)) — 0 as n — oo,

Step 3:  In order to complete the proof of the theorem, we need to show G, converges in law in
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the space C([0,1]) x R to G := (B ,\/Lu;Z) where Z is a N(0, 1) random variable independent of
B!, To this end, it suffices to show that (B¥ By ,) converges in law in the space C([0,1]) x R) to
(BH \/LZ). In view of the fact that B is a Gaussian process, this will follow from the next two

properties:
(a): limnHME[Bin] = L, which follows from property (h4).

(b): Forany 1 € [0, 1], lim,,_,.. E[B Lnt | = 0. In fact, using property (h5), we obtain for % + % =1,

1 to
E[BLnt] = OCH/ / 0. ()|t — s 2 dsdr
0 JO
1/r

1 l‘o V/
sfxnrmnur(/ (/ \r—s|2H2ds> dt> o,
0 0

as n — oo, O]

Theorem 1.3.1 can be applied to the example ¢,(t) = nf’t", and in this case, L = HT'(2H).
Indeed, condition (h3) is obvious. Condition (h4) follows from Lemma 1.3.2 below. Condition
(h5) holds for any r < % This means that in condition (iii), it suffices to show that the integral is

bounded for some p > %

Lemma 1.3.2. Foranyn,m € Nand r > —1

/l/lt"sm|t—s|’dsdt— C(m+ DI(r+1) C(n+ DO(r+1)
o Jo (n+m+r+2)LR2+m+r) (n+m+r+2)L2+n+r)

In particular for H > 1/2

n—oo

1 1
lim nZH/O /0 Xy x—y|* 72 dydx =T(2H —1).

Proof. First of all, note that using y = zx yields

X 1
/ Yix—y) dy:xm+1+r/ zm(l—z)’dz:xm+l+rB(m+1,r+l),
0 0
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where B denotes the Beta function. Then

1 rl
//t”sm|t—s|rdsdt
0 JO
1 pt 1 ps
:/ /t”sm(t—s)r a’sdt—l—/ /t"sm(s—t)r dtds
0 JO 0 JO
1

1
:/ t"+m+rHB(m+l,r+l)dt+/ ST 1L 1)
0 0

Bm+1,r+1)+B(n+1,r+1)
n+m+r+2

Y

The first part of the lemma now follows from the well-known relationship between the Beta and

Gamma functions. The second part follows by taking » = m and using Lemma 1.1.5. [

1.3.2 Thecasel/4<H<1/2

We assume the following conditions on the sequence ¢, of nonnegative and bounded functions:
1
(h6): sup, / (P14 (1= 5)?H 192 (5)ds < oo,
0

(h7): For any 6 € (0, 1], we have

n—soo

1-8 1-8 0\’
lim ( / |0 (1) — bu(s) [ (1 — s)H_2dt> ds = 0.
0 s

1
(h8): li_r>n / |(K;¢,)(s)|Pds = 0 for some p > 1.
n=eJo

Theorem 1.3.3. Assume B is a fractional Brownian motion with Hurst parameter 1 /4 < H < 1/2.
Consider a sequence of nonnegative and bounded functions ¢, on [0, 1] satisfying conditions (h3),

(h4), (h6), (h7) and (h8). Let u be a stochastic process satisfying the following conditions:
(i) Forallt €[0,1], u, € D',

(ii) The mapping t — u, is Hélder continuous of order y > 1/2 — H from [0, 1] into D2,
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(iii) We have

1
/0 E(|(Kf,Dur) (5)])ds < oo

where % + é = 1 and p is the exponent appearing in condition (h8).

Consider the sequence of Skorohod integrals introduced in (1.16). Then F,, converges stably as

n— o to Uy VLZ, where Z is a N (0,1) random variable independent of BH.

Proof. Asinthe case H > 1/2, we divide the proof into 3 steps using the same complete, separable
space (X,p).
1 1
Step 1:  Set F, := (B, / 0. (t)u; 6B and H, := (BY, / 0.(t)uy SBH). In order to show that
0 0

lim,, o E(p (Fyy, Hy)) = 0 it suffices to prove that

([ wore-er)

As in the proof of theorem 1.3.1, we can write

([ o)

— 0.

2
< E([19a(r) (ur = u1) 1 5) + E(l¢a()D(ttr —101) 345.5°)

= C17n —|—C27n.

We only work with C; ,,, the analysis of C; , being similar by changing @,(¢)D(u; —u;) and )

appropriately by ¢, (¢)(u; —u;) and R in the argument below. We have, using (1.8) and (1.7),

Con=E <HKH(1,S)¢,1(S)D(MS —ur)

1
= [ @D —) = 0 (6)D(us ) S 1,5)a
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Since

(9n(1)D(us — 1) — G ()D(uts — 1)) = 9n(5)D(ur — tts) + (P (1) — P () Dty — w11,

we obtain

Crp <9E (HKH(LS)%(S)D(% - M1)||1%2([o,1];55)>

1 2
+ 9K (‘ / ¢n(S)D(u,—us)aaﬁ(t,s)dl >
s t £2([0,1]:)
2
+9E(’ )
L2([0,1]:9)

= Rl,n +R2,n +R3,n-
To handle the term R; , we note that, by (1.5), there is a constant dy such that

1
/ (0n(2) — Ou(s))D(ur — Ul)%(t,s)dl

K(1,5)* <dg((1—s)2H71 4321071, (1.20)

We will denote by C a generic constant that may vary from line to line. Then by Minkowski’s

inequality and condition (ii) for any & € [0,1) we obtain

1
Ruw <98 ([ (1,963 D0~ s

0
1
<€ [ Kn(19020) 1D 10) [ s
1-6
<c / Ku(1,5)202(s)(1 — s)27ds
0
1
+C/1 51<H(1,s)2¢>,$(s)(1—s)%zs

=:Ri2n+ R .
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The term Ry; , can be estimated as follows

1
Ri2, <C sup ¢3(s)/ Ky (1,5)%(1 —5)*"ds,
0<s<1-6 0

Taking into account that fol Kr(1,5)%(1 — 5)?Yds < o0, we deduce from condition (h3) that Ri2n

converges to zero as n — o. For Ry, , we can write

1
Ry, < C(8)* / Ky (1,5)%02(s)ds.
0

From (1.20) and condition (h6), we deduce that sup, R , — 0 as 0 | 0. Therefore, we have proved

that

lim Ry, = 0. (1.21)

n—oo

Concerning the term R; ,, using Minkowski’s inequality, the estimate (1.6) and condition (ii), we

2
Ry, = OF (‘ )
L2([0,1];)
OKpy 2

1 1
<c [ ([ olpt -l |5 w0 ar) s
1

2

SC/O i (5) (/s](t—S)Y(t—S)H_mdt) ds

1
<C | 93(s)(1—s)2VH2H"1gs.

obtain

1
/ ¢n(s)D(u,—us)aa¥(z,s>dz

1-6
Then, for any 6 € (0, 1], the integral / 02 (s)(1—5)2"F2H =145 converges to zero as n — oo due
0

to condition (h3), whereas, by condition (h6),

1 1
02 (s)(1—s)2V 2145 < 527/ 02(s)(1—s)*"lds < C8*Y -0,
1-6 0
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as 0 | 0. Therefore, we have proved that

n—oo

Finally for R3 ,, taking 0 < 6 < 1, it follows from Minkowski’s inequality that

1 0Ky 2
o ( |, 005Dt —) it 1 Lzao,m)
[ 0Ky 2
< C/Ov (/Sv (q)n(t) - ¢n(s))“D(u, _l’“)HLZ(Q;ﬁ) 7(2‘,5‘) dt) ds

1-6 1-6 2
< C/O </ (‘Pn(t) - d’n(S))HD(Mz —u1>||L2(Q;ﬁ) ‘ %(Z,S} dt) ds

2

dt) ds

2

dt) ds

1-0 1
e ( [ (0= 9n(5)) 100w~ )2 ‘{%m

1-6

dKy
7(1‘75‘)

e 1 (/ (0006 — () 1D (e — ) 22y

-6

= TNipn+THntT3,
At this step, we study each term separately. For both 75 , and T3, note that 1 — § <t so condition

(i1) gives

HD(MI _ul)HLZ(Q;s’)) < cé’.
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Also, &ﬁ(t,s)' = —aag(t,s) so that

ot

2

dt) ds

2

—csv | 1 (/ 0l ~ o) i) as
2

1 1
<208 [ (Ku(190,6)+ [ (0.0~ 060 %5 1)) as

Bt T <057 [ (/ (0(0)— 0u(5) R

1
+2C327/ KZ(1,5)02(s)ds
0

1
— 20673 + 257 / K2(1,5)02(s) ds.
0

By condition (h4),

1
¢n||% is bounded uniformly in n, and by condition (h6), / K2 (1,5)0>2(s)ds
0
is bounded as well. Therefore,

limsup(7>, +13,) = 0.

510 nP( 2.n 3,n)
Thus, in order to show that C; , converges to zero as n — oo, it suffices to show that, for a fixed
o€ (0,1),

lim 7 , = 0. (1.23)
n—oo

Using Minkowski’s inequality, condition (ii) and the estimate (1.6), we can write

2
dt) ds

0Ky
T(I,S)

1-6 1-6
T = C/o (/ |90 (2) = Gu($)[[[D(ur — 1) [| 2 (02;55)

2

1-6 1-6 3
sc/o (/ |¢n<r>—¢n<s>|<z—s>ﬂ—‘zdr> ds,

which converges to 0 as n — o by condition (h7). This completes the proof of step 1.

Step 2:  Set

1
G, = (B, u1/ 0n(t)8B™) := (B", w1 By ).
0
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Applying Lemma 1.1.1, we obtain

E(p(HnaGn) :E(|<¢H7D”1>YJ)|)' (1.24)

Our goal is to show, using condition (iii), that (1.24) converges to 0 as n — . Fix § € [0,1). We

can write, by Holder’s inequality

E(|(n, Dur)g|) = E(((Kp 9n), (KrDur)) 12(0.17)1)

< II(K};(Pn)(S)!”dS; IE(\(KESDM)(S)I")CIS }]-
y ) U )

The first factor converges to zero as n — oo by property (h8) and the second one is bounded by

condition (iii). Therefore, (1.24) holds, which together with Step 1 implies E(p (H,,G,) — O.

1
Step 3:  As in the case H > 1/2, it remains to show that (B / ¢.(t)8B) converges in law
0
in the space C([0,1]) x R to (B ,/LZ), where Z is a N(0, 1) random variable independent of B,

This claim follows from the next two properties

1
a) Var( / ¢,(t)8B) — L, which follows from condition (h4) because
0

2
lim E ( ) =L
n—soo

1
b) For any 1y € [0, 1], lim;,_e E [B{g / (pn(t)SBﬁ ] = 0. Indeed, we can write
0

/1 0 (2)BY
0

1
E {Bg/o ¢n(t)53?1 = <1[0,to}a¢n>5§
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and

1
(Lios)s On)s | = ‘ | 06 Ko 6)as

<Kz 9nllr 0.1 11 Ke L0401l a(j0,17)

where 117 + }1 = 1. Then the result follows from property (h8) and the fact that
1Kz Lj0.10) 1 29([0,1]) < o°-

This completes the proof. [

Theorem 1.3.3 can be applied to the example ¢, (¢) = nt", when H > %. Indeed, condition
(h4), again with L = HT'(2H), holds by Lemma 1.3.4 below. Condition (h3) is obvious. Property

(h6) follows from the following computations:

[ 2520

1
:nZH/ ((1—S)ZH_1S2n+S2H_1+2n)dS
0

_ nTCH)C(2n+1)  n*PT(2n+2H)
 T(2n+2H+1) C(2n+2H+1)’

which is uniformly bounded by Lemma 1.1.5. In order to show property (h7), we write, for any

0 €(0,1],
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2

1-6 1-6 3
nZH/ / (" —s")(t—s5)T2dt | ds
0 s
1-8 [ f-8n-1 A\’
:nZH/ / Ztksnflfk(t—s)H*?dt ds
0 s k=0
1-5 [ 1-8 O\’
§n2H+2(1—5)2"_2/ / (t—s)272dr | ds
0 s

— Cn2H+2(1 _ 5)2n72

which converges to zero as n — oo.

To show property (h8), we write

p

1 1 1 1
[ ks < e [kagpseaseem [ [ o ee—sial as
0 0 0 s

1
gcn”H/ (1 —s)PH=2) 4 gp(H=3)ygw g
0

1 1 p
+Can+2/ /t”‘l(t—s)H‘édt ds
0 K
=:Bin+Bay.
For the term By ,, we have
g <" TPH=3)+ )l(rp+1) nPH
1ln <
" T(p(H+3)+2+np) p(H-L+n)+1

By Lemma 1.1.5, this term converges to zero as n — oo, provided p < 2. The same conclusion can

be deduced for the term B; , using Young’s inequality.

Lemma 1.3.4. For any H € (0,1/2), we have

lim n||1"|| 5, = /HT (2H).
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Proof. Using the operator Kj; and integrating by parts, we can write

2 2 2 2
M e"||g = n H||K1§(fn)||L2([o,1])

2

1 1
:nZH/ (KH(I,S)S”+/ (t”—s")%(t,s)dt) ds
0 s

2

1 1
:nZH/ (KH(I,S)—n/ t”_lKH(t,s)dt> ds
0 s

1 1 1
:nZH/ KH(l,s)zds—znZH“/ / "' Knt,5)Kp(1,s) dt dsdt
0 0 Js

2

1 1
+n2H+2/ (/ t"IKH(t,s)dt) ds
0 s

:IAl’n -|—A27n -|—A37n. (1.25)
At this step, we work each term in (1.25) separately. Since

7%
Ry (t,s) :/ Ky (t,u)Ky(s,u)du,
0

the first term is Ay, = n*"R(1,1) = n*". Changing the order of integration in the second term

yields

1 t
Agy = 20711 / " Ky (1,5)K(1,s)dsdt
0

1

20?0+ [ IR 1) dt

S— S—

1
:n2H+1/ tnfl(l_i_tZH_(l_t)ZH)dt
0

- nZH—H n2H+]F(n)F(2H—|— 1)
n+2H I'(n+2H+1)

Writing the third term as a triple integral, changing the order of integration and using Lemma 1.3.2
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gives

1 rlopl
Az = HZHH/ / / " UKy ()" Ky (u,s) dudt ds
0 Js Js

1 pt ru
= n2H+2/ / / " Ky (t,5)u" 'Ky (u,s) ds dudt
0 J0 J0O
1 pl1 pt
+n2H+2/ / /t"IKH(t,s)u”IKH(u,s)dsdudt
0 Jt JO
1 pt 1 rl
:n2H+2/ / t"_lu”_lRH(t,u)dudt+n2H+2/ / Y Ry (1, u) dudt
0 JO 0 Jt

n2H+2 1 1
=— //t"-lu"—l(t2H+u2H—\t—uyZH)dudt
0 JO

n2H+1 2H+1 2H+2 . | ol
= T — dudt
2nt2H) | 2n42H) / / = uf™ du

B n2H+l 2H+22F( ) 2H—|—1
" (n+2H) 202n+2H)T(n+1+2H)

Thus (1.25) simplifies to

AT C(2H +1) n?HP2T(n)C(2H +1)
I(n+2H+1) 2(n+H)T(n+1+2H)’

which, due to Lemma 1.1.5, converges to

T2H+1) T(H+1)

F(2H +1) ~ =~ = =~~~ = HT(2H).

1.4 Convergence in total variation for the sequence of Ito integrals

In this section, we study the convergence in total variation of the sequences fol ¢n(t)u;dB; and
(u*p yy), introduced in Section 3. We will do so by using Theorem 3.1 from [28], and Theorem 1
from [41], respectively.

Given two real valued random variables X, Y, we let dyw (X,Y) and dry (X,Y ) be the Wasserstein
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distance and total variation distance between the laws of X and Y, respectively. More precisely,

)

drv(X,Y) := sup IP(X €A)—P(Y €A)|, dw(X.,Y):= sup |E[h(X) — h(Y))]

where the first supremum runs over all Borel subsets of R and the second supremum runs overs all

functions /1 : R — R such that ||A||Lip < 1, where

h(x)—h(y
= sup EEDZHO
x#y,x,yeR |x - y|

We also recall the the Fortet-Mourier distance dpy; given by
dFM(X7Y) = Sup ’E[h(X) - h(Y)]|7
h

where the supremum runs overs all bounded functions & such that ||/ + ||A[|Lip < 1.

Recall that when H = %, the mapping 1y ,; — B; can be extended to a linear isometry between
$ = L%(]0,1]) and the Gaussian space .7 spanned by B. Let us denote this isometry also by B.
For every integer g > 1, we let J7 be the gth Wiener chaos of B, that is, the closed linear subspace
of L*(Q) generated by the random variables {H,(B(h)),h € §,||h||s = 1)}, where H, is the gth
Hermite polynomial defined by

di
Hy(x) = (~1)%e" (e /%),

We denote by 77 the space of constant random variables.
In [28], the convergence in total variation of sequences living in a finite sum of Wiener chaos
Theorem is studied. In particular, as a consequence of Theorem 3.1 in [28], we have the following

result.

Theorem 1.4.1. Under the assumptions of Theorem 1.2.1, assume that for eacht >0 u, € @?:0 I
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Then, there exists a constant ¢ > 0 (independent of n) such that
dry (Fp, VL Z) < cdy (Fy,v/Lu Z)"/ 3+2P), (1.26)

Furthermore, F, converges to \/ZMIZ in total variation as n — .

Proof. Notice that F,, € @?:é ;. As a consequence of Theorem 1.2.1, the sequence F;, converges
in distribution to the nonzero random variable \/ZulZ. Then, by Theorem 3.1 in [28], there is a

constant ¢ > 0 such that
dry (Fy,VLuiZ) < cdpp(Fy,v/Luy 2) /120 51),

Since dry; < dw we obtain (1.26).
On the other hand, it is proved in Theorem 1.2.1 that sup,, E(F,?) < o, and hence F,, is uniformly
integrable. Since E(|F,|) + E(|u1Z|) < oo for all n, it follows that dy (F,, v/Lu1Z) converge to 0 as

n — oo (see section 2.1 in [41]). In view of (1.26), this completes the proof. ]

We remark that the rate provided by Theorem 1.4.1 is not optimal. For instance, in the special

case ¢,(t) = y/nt" and u = B, the rate obtained in [42] is better.

We proceed now to study the convergence in total variation of the stochastic convolution G, :=
(u*p Wy,); by means of Theorem 1 from [41]. In particular, the total variation distance will be

estimated in terms of the sequences
dy = dw(Gn,uZ) (1.27)

and

I,=2 / rE <eirG”> \dr. (1.28)
0

Theorem 1 in [41] will provide not only the convergence in total variation but also a rate of con-

vergence.
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We start by showing that under the assumptions of Theorem 1.2.5, the Wasserstein distance

between G, and u;Z converges to 0.
Lemma 1.4.2. d, defined in (1.27) converges to 0 as n — oo.

Proof. As a result of Theorem 1.2.5, the sequence G,, converges in distribution to u;Z. Further-
more, it is shown in the proof of Theorem 1.2.5, sup, E(G2) < o and hence G, is uniformly
integrable. Then, the conclusion follows because E(|G,|| + E|u;Z|) < oo for all n (See section 2.1

in [41]). ]

As a consequence of Theorem 1 in [41], we obtain our main result of this section for the

stochastic convolution.

Theorem 1.4.3. Under the conditions of Theorem 1.2.5, suppose that C; = E(1/|u;|) < oo, W has

compact support and ug is measurable with respect to ff(s,fﬁ for all s > 0 and some constant

I~ -1
Cy =2supE ((/ y/,f(t—s)ugds) ) < oo, (1.29)
n 0

Consider the sequence defined by the stochastic convolution G, = / W, (t — §)ugdBs. Then, there
0

7> 0. Assume

is a positive integer ng (depending on the support of ¥ and ) and a constant C independent of n
such that

dry (Go,wZ) < CdL>  forall n> no. (1.30)

In particular, G, converges in total variation to u,Z.

Proof. Since y has compact support, there is R > 0 such that y,(r —s) = 0 whenever n|t —s| > R.

Then, we can write

t+R/n
G, :/ W, (t — s)us dBs.
(t—R/n)*

Choose ng large enough so that R/ng < t, and let n > ng. Then, for all s € [t — R/n,t + R/n], uy is
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Z-measurable. Consequently,
; i )2 fHR/" (t—s)ulds 2 w2
() < BB ) = (¢ R ) g (PR o),

Therefore

I, ZZ/MrIE ¢! dr:2/er e 725 VR ds g,
| E(er)lar=2 | B ( )
—JE (/ —r2/2j0 2(t—5)u? zdsdr)
0
oo -1
(/ l//,%(t—s)u?ds) ]
0

=2E

In view of (1.29), this implies

sup I < Cs. (1.31)

n>ny
On the other hand, it is proved in Theorem 1.2.5 that sup,E(G2) < co. Then, it follows from

Theorem 1 in [41] that there is a constant k, independent of n, such that

2/3
dTV(Gn,u,Z)<d1/2(1+C1)+k(1 d1/2> / (1.32)

Therefore (1.30) follows from (1.31) and (1.32). Finally, the convergence in total variation is a

consequence of Lemma 1.4.2. [
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Chapter 2

Averaging 2D stochastic wave equation

In this chapter, we consider the 2D stochastic wave equation

2%u .
52 =Au+ou)W, (2.1)

on R, x R?, where A is Laplacian in the space variables and W is a Gaussian centered noise with
covariance given by

E[W (1,0)W (5,)] = 8ot — ) [x— | 7P (2.2)

for any given 8 € (0,2). In other words, the driving noise W is white in time and it has an homo-
geneous spatial covariance described by the Riesz kernel. Here W is a distribution-valued field and
. . 3 . . .
1s a notation for arg—u:? where the noise W will be formally introduced later.

X10X2

Throughout this chapter, we fix the boundary conditions
d
u(0,x) =1, Eu(o,x) =0 (2.3)

and assume o : R — R is Lipschitz with Lipschitz constant L € (0,0) such that o(1) # 0. It is
well-known (see e.g. [11]) that equation (2.1) has a unique mild solution, which is adapted to the
filtration generated by W, such that sup {E[|u(z,x)|?] : (t,x) € [0,T] x R?} < oo for any finite T

and

ut) =1+ [ [ Gslemn)otatsn) W(ds.ay) 2.4)

where the above stochastic integral is defined in the sense of Dalang-Walsh (see [10, 44]) and
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G;—s(x—y) denotes the fundamental solution to the corresponding deterministic 2D wave equation,
Le.

1
Gi(x) = ————1( [ cn)-
) = 22 e

Because of the choice of boundary conditions (2.3), {u(z,x) : x € R?} is strictly stationary for any
fixed ¢ > 0, meaning that the finite-dimensional distributions of {u(¢,x+y) : x € R?} do not depend
ony; see e.g. [12, Footnote 1]. Then it is natural to view the solution u(z,x) as a functional over the
homogeneous Gaussian random field W. Such Gaussian functional has been a recurrent topic in
probability theory, for example, the celebrated Breuer-Major theorem (see e.g. [5, 6, 34]) provides
the Gaussian fluctuation for the average of a functional subordinated to a stationary Gaussian
random field. Therefore, one may wonder whether or not the spatial average of u(¢,x) admits

Gaussian fluctuation, that is, as R — +oo
does / (u(t,x) — 1) dx converge to N (0, 1), after proper normalization?
{lIxI<R}

Here ¢ > 0 is fixed, u(z,x) solves (2.1) and .#"(0, 1) denotes the standard normal distribution.
Recently, the above question has been investigated for stochastic heat equations (see [9, 16, 17,

35]) and for the 1D stochastic wave equation (see [12]). Our work can be seen as an extension

of the work [12] to the two-dimensional case. In Theorem 2.0.4 below we provide an affirmative

answer to the above question.
Let us first fix some notation that will be used throughout this Chapter.

Notation. (1) The expression a < b means a < Kb for some immaterial constant K that may vary
from line to line.

(2) || - || denotes the Euclidean norm on R? and we write Bz = {x : ||x|| < R}. We define for
eacht € Ry :=[0,00),

Fr(t) = /B (u(t,x)— 1) d. 2.5)

(3) We fix € (0,2) throughout this article and there are two relevant constants cg, kg defined
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r(1-8)

= 7) _ - |
b= %= L dEIE D 26

where J;(-) is the Bessel function of first kind with order 1, given by (see, for instance, [22,
(5.10.4))

T
Ji(x) = %/0 sin® 6 cos(xcos 6)d6. (2.7)

We point out that the quantity kg is finite, since Ji(p) is uniformly bounded on R, and equiv-
alent to constant timesp as p | 0; see e.g. [35, Lemma 2.1]. Furthermore, 47r2cﬁ Kg = f B2 Iy —
z||"Pdydz; see Remark 2.1.3 below.

(4) We write || X||,, for the LP(Q)-norm of a real random variable X.

Now we are in a position to state our main result.

Theorem 2.0.4. Recall Fg(t) defined in (2.5). As R — oo, the process {Rg_zFR(t) 1€ Ry}
converges in law to a centered Gaussian process 4 in the space C(R;R) of continuous functions,

equipped with the topology of uniform convergence on compact sets, where
ISWAYS)
E|9.,%,] = 47rzcﬁ Kp / (t1 —8)(tr — $)E%(s)ds,
0
with & (s) = E[o(u(s,0))] and cg, kg being the two constants given in (2.6). For any fixed t > 0,
dTv(FR(Z)/GR,Z) SR_ﬁ/z, (2.8)

where Z ~ A (0,1) and og := \/Var(Fg(t)) > 0 for every R > 0.

Remark 2.0.5. (1) The limiting process ¢ has the following stochastic integral representation:

(% 1eR,) 2 {an/ot(t—s)é(s)dYSJERJr},

where {Y; : t € R} is a standard Brownian motion.
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(2) We point out that g > 0 is part of our main result. Indeed, it is a consequence of our

standing assumption 6 (1) # 0. In fact, we have the following equivalences:
Ok =0,VR>043R>0, 5. 0p =0 0(1) =0« lim oaRP4 =0.
—»00

The proof can be done similarly as in [12, Lemma 3.4] and by using Proposition 2.32.
(3) The total-variation distance dtv induces a much stronger topology than that induced by the
Fortet-Mourier distance dp;, where the latter is equivalent to that of convergence in law. For real

random variables XY,
dry(X,Y) :=sup |]P(X €A)-P(Y € A)‘, dpm(X,Y) := sup ‘E[h(X) —h(Y)]|,
A h

where the first supremum runs over all Borel subsets of R and the second supremum runs overs all
bounded Lipschitz functions h with ||h||w + ||/'||e < 1. Our quantitative CLT (3.4) is obtained by
the Malliavin-Stein approach that combines Stein’s method of normal approximation with Malli-
avin’s differential calculus on a Gaussian space; see the monograph [27] for a comprehensive
treatment. One can also obtain the rate of convergence in other frequently used distances, such
as the 1-Wassertein distance and Kolmogorov distance, and the corresponding bounds are of the

same order as in (3.4).

Now let us sketch a few paragraphs to briefly illustrate our methodology in proving Theorem
2.0.4. The main ingredient is the following fundamental estimate on the p-norm of the Malliavin
derivative Du(t,x) of the solution u(z,x). It is well-known (see e.g. [24]) that Du(t,x) € LP(Q; $))
for any p € [1,00), where §) is the Hilbert space associated to the noise W, defined as the completion

of C(R . x R?) under the inner product

(Fdni= [ Flsels.2)lly ] Pdyaads 29

—ep [ TG0 Tl -8 s, @.10)
R, xR2
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where cg is given in (2.6) and .7 f(5,§) = [p2 e 8 f(s,x)dx.

Theorem 2.0.6. The Malliavin derivative Du(t,x) is a random function denoted by (s,y) — Dy yu(t, x)

and for any p € [2,) and any t > 0, the following estimates hold for almost all (s,y) € [0,1] x R?:

Gi—s(x =)o (usy)llp < ||Dsyu(t, )|, < Cp 1 L Kps Gims(x =), (2.11)

where the constants Cﬁ,pJ,L and Ky are given in (2.53) and (2.51), respectively.

Remark 2.0.7. Theorem 2.0.6 echoes the comment after [17, Lemma 2.1] and generalizes [12,
Lemma 2.2] to the solution of a 2D stochastic wave equation. Although the expression in (2.11)
looks the same as in [12, Lemma 2.2], i.e. LP-norm of the Malliavin derivative is bounded by
the fundamental solution to the corresponding deterministic wave equation, we would like to em-
phasize that the proof in the 2D setting is much more involved and requires new techniques in
dealing with the singularity of G;_s(x —y) while in the 1D case the fundamental solution is the
bounded function %1{|x_y|<,_s}. Modulo sophisticated integral estimates, our proof of Theorem
2.0.6 is treated through a harmonious combination of tools from Gaussian analysis (Clark-Ocone

formula, Burkholder inequality) and Hardy-Littlewood-Sobolev’s lemma.

Now let us first sketch the main steps for the proof of Theorem 2.0.4 and then we will present
the key steps in proving (2.11).

The typical proof of the functional CLT consists in three steps:

(S1) We establish the limiting covariance structure, this is the content of Section 2.2.1. In particu-
lar, the variance of the spatial average Fg(7) is of order R* B as R — co. As one will see shortly,
the important part of this step is the proof of the limit (2.34): Cov[o(u(s,y)), o (u(s,z))] — 0 as
||y — z|]| = eo. This limit is straightforward when o (u#) = u and in the general case, we will apply
the Clark-Ocone formula (see Lemma 2.1.5) to first represent o (u(s,y)) as a stochastic integral

and then apply the Itd’s isometry in order to break the nonlinearity for further estimations.

(S2) From (S1), we have the covariance structure of the limiting Gaussian process ¢. Then we
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will prove the convergence of {RgszR(t) 1 €Ry}to {% :1 € Ry} in finite-dimensional distri-
butions. This is made possible by the following multivariate Malliavin-Stein bound that we borrow
from [16, Proposition 2.3] (see also [27, Theorem 6.1.2]). We denote by D the Malliavin derivative
and by 0 the adjoint operator of D that is characterized by the integration-by-parts formula (3.6).
Moreover, D!? is the Sobolev space of Malliavin differentiable random variables X € L?(Q) with

E[||DX ||%] < oo and Dom¢ is the domain of J; see Section 2.1 for more details.

Proposition 2.0.8. Ler F = (FU) ... F(") be a random vector such that FY) = §(v\)) for v\ ¢
Domé and F) e D!2, i = 1,...,m. Let Z be an m-dimensional centered Gaussian vector with
covariance matrix (C; j)i<i j<m. For any C? function h : R™ — R with bounded second partial

derivatives, we have

[E[(F)] - E[(2)]] < 214" flE[m,j— (DFO v0)5)?] 2.12)
i,j=

where |1 || 1= sup{‘#;xjh(x)‘ cxeR™ i j=1,...,m}.

In view of (2.4), we write u(t,x) — 1 = 8 (Gy—s(x — %) (u(e,%))) so that Fg(r) can be repre-

sented as

Fg(1) :/B 8(Gi—a(x—x)0(u(e,*)))dx = & (P r(e, %)0(u(e,*))) (2.13)

by Fubini’s theorem, with

P r(ry) = /B Gi—r(x —y)dx; (2.14)

see Section 2.1.2. Putting V; g(s,y) = @ r(s,y)o(u(s,y)), and applying the fundamental estimate

(2.11), we will establish that, for any 1,7, € (0,00),
R*P=8Var((DFg(t1),Viyg)5) SR7P for R> 11+ 1. (2.15)

Then, we will show that Proposition 2.0.8 together with the estimate (2.15) imply the convergence
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in law of the finite-dimensional distributions.
The bound (2.15) for t; = t, =t together with the following 1D Malliavin-Stein bound (see,

e.g. [16, 31, 37]) will lead to the quantitative result (3.4).

Proposition 2.0.9. Let F = §(v) for some $-valued random variable v € Dom . Assume F € D!

and B[F?] =1 and let Z ~ A (0,1). Then,

drv(F,Z) <24/ Var[(DF,v)g] . (2.16)

(S3) The last step is to show tightness, which follows from the tightness of the processes restricted
to [0, for any finite 7. To show the tightness of {Rg_zFR(t) :1 €[0,T]}, in view of the well-
known criterion of Kolmogorov-Chentsov (see e.g. [19, Corollary 16.9]), it is enough to show that
for any p € [2,00),

1Er(t) — Fr(s)ll, < RE 2|t —s|1/2 for s, € [0,T), 2.17)

where the implicit constant does not depend on #, s or R. This will proves Theorem 2.0.4.

Finally let us pave the plan of proving the fundamental estimate (2.11). The story begins with

the usual Picard iteration: We define uo(t,x) = 1 and for n > 0,

Upy1(1,%) = 1+/0t /Rz Gr—s(x =)0 (un(s,y)) W (ds,dy). (2.18)

It is a classic result that u,(,x) converges in L”(Q) to u(t,x) uniformly in x € R? for any p > 2;
see e.g. [11, Theorem 4.3]. Now it has become clear that if we assume (1) = 0, we will end up
in the trivial case where u(z,x) = 1, in view of the above iteration.

For each n > 0, u, 4 (¢,x) is Malliavin differentiable, as one can show by induction on n. Our
strategy is to first obtain the uniform estimate of sup {|| D yun(#,x)|p : n > 0} and then one can
hope to transfer this estimate to || D;yu(z,x)||,. As mentioned before, Du(z,x) lives in the space
$ that contains generalized functions. To overcome this, we will carefully apply the following

4
inequality of Hardy-Littlewood-Sobolev to show Du(t,x) is a random variable in L*5 (R x R?),
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with B € (0,2) fixed throughout this paper.

Lemma 2.0.10 (Hardy-Littlewood-Sobolev). If 1 < p < py < o with p,' = p~! —an™!, then

there is some constant C that only depends on p, o and n, such that

1%l o mry < Cllgllrwr),

for any locally integrable function g : R*> — R, where with o € (0,n),

(1)@ = | =51 "s(3)dy

For our purpose, withn =2, a =2—f, p=2q=4/(4— ) and po = 4/, we deduce from

Holder’s inequality that

Frshon = [ 00—y Pdsdy 219

< ||fHL2‘I(]R2)||127Bg||L4/ﬁ(R2)

< Cplfll2a(m2) |8l 20 (m2), (2.20)

for any f,g € L*(R?); see e.g. [43, pages 119-120].

Once we obtain the uniform estimate of sup {||Dsyun(,x)||, : n > 0} and prove Du(t,x) €
LoP (R4 x R?), that is, (s,y) — D; yu(t,x) is indeed a random function, we proceed to the proof
of (2.11). In view of the Clark-Ocone formula (see Lemma 2.1.5), we have E[Ds7yu,7x]ﬁs] =
G;—s(x—y)o(u(s,y)) almost surely, where {.%; : s € R} is the filtration generated by the noise;
see Section 2.1.2. Then, the lower bound in (2.11) follows immediately from the conditional Jensen
inequality. The upper bound follows from the uniform estimates of ||Dy yu,(t,x)|, by a standard

argument.

Before we end this introduction, let us point out another technical difficulty in this paper. After

the application of Lemma 2.0.10 during the process of estimating ||Dj yut,(2,x)]| . we will en-
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counter integrals of the form

t 1)
/ ( / Gfﬁr(x—z)Gfﬁs(z)dz) dr 2.21)
s R2

where ¢ € (1/2,1) and 8 € [1,1/g]. In the case of stochastic heat equation, the estimation of
the above integrals is straightforward due to the semi-group property. However, for the wave
equation the kernel G; does not satisfy the semi-group property and the estimation of the above
integrals is quite involved. For the case of the 1D stochastic wave equation, as one can see from
the paper [12], the computations take advantage of the simple form of the fundamental solution
(i.e. %1{‘x_y|<,_s}). For our 2D case, the singularity within the fundamental solution G,_;(x —y)
2

puts the technicality to another level and we have to estimate the convolution G, * G%Z ¢ by exact

computations. A basic technical tool used in this problem is the following lemma.

Lemma 2.0.11. For 0 <s <t <o, with ||z|| =w > 0and g € (1/2,1), we have

G % GI1() £ My [P = (5= W) T [P = (54 w)T) T i

1wt tw) (W) —17] T2 (s—w)2] 0T, (2.22)

where the implicit constant only depends on q.

The rest of this article is organized as follows: Section 2 collects some preliminary facts for
our proofs, Section 3 contains the proof of Theorem 2.0.4 and Section 4 is devoted to proving the

fundamental estimate (2.11).

2.1 Preliminaries

This section provides some preliminary results that are required for further sections. It consists
of two subsections: Section 2.1.1 contains several important facts on the function G,_;(x —y) and
Section 2.1.2 is devoted to a minimal set of results from stochastic analysis, notably the tools from

Malliavin calculus.
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2.1.1 Basic facts on the fundamental solution

Let us fix some more notation here.

Notation. For p € R, we write (v)}, =v” if v> 0 and (v)!/ =0if v < 0. Then, we can write
Gi(x) = 5= (12~ |x|P) ;%
2n +
Recall the function ¢ g(r,y) introduced in (3.31):
Pas)= [ Gislry)ix.
Bg

In what follows, we put together several useful facts on the function G(z).

Lemma 2.1.1. (1) Forany p € (0,1) and t > 0.

2 1-2p
/R i G (z)dz = %z”l). (2.23)

(2) Fort > s, we have @; r(s,y) < (t — )1y |y|<rsr} and /RZ @ r(s,y)dy = (t — s)R2.

The proof of Lemma 2.1.1 is omitted, as it follows from simple and exact computations. As a

consequence of Lemma 2.1.1-(2), we have

/R 2 o r(5,2+E) @ r(s,2)dz < m(t — 5)°R%. (2.24)

The following lemma is also a consequence of Lemma 2.1.1.

Lemma 2.1.2. Forty,t; € (0,00), we put

lPR(tlatZ;s) ::Rﬁ_4/IE{4 (PthR(S,y)(Pzz,R(S,Z)Hy_Z”_ﬁdde-

Then

54



(i) Pr(t1,t2;s) is uniformly bounded over s € [0,t; At| and R > 0;
(ii) Forany s € [0,to At], Wr(t1,t2;5) converges to 47172c[; Kg(t1 —s)(t2 —s), as R — .
Here the quantities cg and Kg are given in (2.6).

Proof. By using Fourier transform as in (2.10), we can write

Wr(t,t2;5) :Rﬁ“/2 dxdx’/R4 Gy —s(x—)Gp, s (X' —2)|ly —z|| Pdydz
BR

ettt [ anay [ agerin-ive (SN snle 9IED Y ey

9 1€l
o [ aie [ e tevre SO =S IEIR sin((=s)IEIRT) 5
ﬁ/B%d d /de5 H§HR4 ||§HR*1 ||§|| )

where in the last equality we made the change of variables & — ER™!.
The Fourier transform of x € R? — Lij<iy is & € R? — 27| €|~ (|| €] (see, for in-
stance, Lemma 2.1 in [35]), where J; is the Bessel function of first kind with order 1 introduced in

(2.7). Then, we can rewrite Wg(1,12;5) as

in((t; —s “sin((r, —s -1
cp [, mtgi-taqign]” (OB Sl 2R IR oo,

Since sin((t —s)||E|[R™1)/(||E||R™") is uniformly bounded over s € (0,¢] and converges to ¢ — s as

R — oo, then the statement (i) holds true and
Wr(t1,0235) ~— dnPep gt —s) (12— s).

by the dominated convergence theorem with the dominance condition kg < . 0

Remark 2.1.3. By inverting the Fourier transform, we have

@ Pegs =cp | CoPRIEDIEN2IEN2aE = [ Iyl Py
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2.1.2 Basic stochastic analysis

Let $) be defined (see (2.9) and (2.10)) as the completion of C2°(R x RR?) under the inner product

isho = [ Slo)etoa)ly =zl Pddads for £, € C7 (R x B,
X

Consider an isonormal Gaussian process associated to the Hilbert space $), denoted by W =
{W(¢):9 €H}. Thatis, W is a centered Gaussian family of random variables such that E [W (¢)W (y)] =
(@, y)g for any @,y € §. As the noise is white in time, a martingale structure naturally appears.
First we define .%, to be the o-algebra generated by P-null sets and {W(¢) : ¢ € C*(R;. x R?)
has compact support contained in [0,7] x R}, so we have a filtration F = {% :t € R, }. If

{@(s,) : (s,y) € Ry x R*} is an F-adapted random field such that E[[|®||3] < +ee, then

M, = / D (s,y)W (ds, dy),
[0,£] xR2

interpreted as the Dalang-Walsh integral ([ 10, 44]), is a square-integrable [F-martingale with quadratic

variation given by

Mo :/w ] Rﬁi’(s,y)cb(saZ)IIy—ZII_ﬁddedS = H‘I’('7*)1{-sz}||sza'
1%

Let us record a suitable version of Burkholder-Davis-Gundy inequality (BDG for short); see e.g.

[20, Theorem B.1].

Lemma 2.1.4 (BDG). If {CID(s,y) 1 (s,y) ERy X ]Rz} is an adapted random field with respect to F
such that ||®@||g € LP(Q) for some p > 2, then

2

<4p (2.25)

|| | aGowsa| <ap| [ @)zl Pdydads
[0,r] xR2 [0,f] xR*

p/2

We refer interested readers to the book [20] for a nice introduction to Dalang-Walsh’s the-

ory. For our purpose, we will often apply BDG as follows. If & is F-adapted and ||G;—_e(x —
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*)D(o,%)|| o € LP(Q) for some p > 2, then BDG implies

2

'|/ zGt_S(x—y)(D(S,y)W(dS,dy)
[0,4]xR »

<4p /[ ] R4Gt—s(X—Z)Gz—s(x—y)q)(s,y)q)(s,z)”y_Z”_ﬁdsdzdy
0,¢] X

. (226)
p/2

by viewing f[o xR2 Gi—s(x—y)®(s,y)W(ds,dy) as the martingale
{/ Gi—s(x—y)®(s,y)W(ds,dy) : r € [O,t]} evaluated at at time ¢.
[0,7] xR2

Now let us recall some basic facts on the Malliavin calculus associated with W. For any unex-
plained notation and result, we refer to the book [30]. We denote by C;;(R") the space of smooth
functions with all their partial derivatives having at most polynomial growth at infinity. Let .’ be
the space of simple functionals of the form F = f(W(hy),...,W(hy)) for f € C;(R") and h; € 9,

1 <i < n. Then, the Malliavin derivative DF is the §)-valued random variable given by
" 0
DF= Y ST W) W ()
i=1 YN

The derivative operator D is closable from L”(Q) into LP(€;$)) for any p > 1 and we define D'?
to be the completion of .% under the norm ||F |, , = (E[|F|?] +E[||DF||{]) e,
The chain rule for D asserts that if Fj,F> € DY and h;,hy : R — R are Lipschitz, then

hy(Fy)ho(F>) € DY and by(F;) € D2 with
D(hl(Fl)hz(Fz)) = hz(Fz)YlDFl +hy (F])YzDFz, 2.27)

where Y; is some ¢{F;}-measurable random variable bounded by the Lipschitz constant of &; for
i =1,2; ; when the h; are differentiable, we have Y; = hg(Fi), i = 1,2 (see, for instance, [30,

Proposition 1.2.4]).
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We denote by 0 the adjoint of D given by the duality formula
E[d(u)F] = E[(u,DF)g] (2.28)

for any F € D2 and u € Dom§ C L*(Q;$)), the domain of §. The operator § is also called the
Skorohod integral and in the case of the Brownian motion, it coincides with an extension of the
It6 integral introduced by Skorohod (see e.g. [14, 32]). In our context, the Dalang-Walsh integral
coincides with the Skorohod integral: Any adapted random field ® that satisfies E[||d>||%} < oo

belongs to the domain of § and

5(®) = /0 ) [ @)W ds.dy).

The proof of this result is analogous to the case of integrals with respect to the Brownian motion
(see [30, Proposition 1.3.11]), by just replacing real processes by $o-valued processes, where $)q

is defined in (2.19). As a consequence, the equation (2.4) can be written as
u(t,x) =1+ 8(Gi—o(x— %) (u(e,*))).
The operators D and 0 satisfy the commutation relation
[D,8]V := (D6 —06D)(V)=V. (2.29)

By Fubini’s theorem and the duality formula (3.6), we can interchange the Skorohod integral
and Lebesgue integral: Suppose f; € Domd is adapted for each x in some finite measure space

(E,u) such that [, filt(dx) also belongs to Domd and E [ || fi||3 1 (dx) < o, then

0 (/ fx/.t(dx)> = / O (fx)u(dx) almost surely. (2.30)
E E
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Indeed, for any F € .7,

E|F§( | fit(dx) )| =E(DF, | fus(dx))y= | E(DF, fy)qu(dx)
E E E
— [[ElFsta@) —E|F [ sru].

which gives us (2.30). In particular, the equalities in (2.13) are valid.
With the help of the derivative operator, we can represent F € D2 as a stochastic integral. This
is the content of the following two-parameter Clark-Ocone formula, see e.g. [8, Proposition 6.3]

for a proof.

Lemma 2.1.5 (Clark-Ocone formula). Given F € D'2, we have almost surely

F =E[F] + / E D, F|.Z|W (ds,dy).
R xR2

We end this section with the following useful fact: If {(IJS 1S € R+} is a jointly measurable and

integrable process satisfying f]}h (Var(d)S)) 1245 < oo, then

\/Var (/ <I>sds) g/ \/ Var(®y)ds. (2.31)
R, R,

2.2 Gaussian fluctuation of the spatial averages

We follow the three steps described in our introduction.

2.2.1 Limiting covariance structure

Proposition 2.2.1. Suppose 11,1, € (0,00). We have, with &(s) = E[c (u(s,0))],

E|F F; oo 1SWAYS)
[Rgi) BR(IZ)} RO, an’epig /0 (11 — ) (12 — $)E2(5)ds (2.32)
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with kg = [g2 dE|EB=*I1(|EN)? € (0,00). In particular, for any t > 0,
t
Var(FR(t))Rﬁ_4 R, 47r2cﬁ Kg / (t —5)2E2(s)ds.
0
Proof. Recall that Fg(t) = [y [w2 @1 r(s,y)0(u(s,y))W (ds,dy). Then, by Itd’s isometry,
ISWAYS)
BlF)F)] = [ [ on(s.3)nas.0)ly =2 PE[(u(s.)ou(s,2)] dydzds.
We claim that, as R — oo,
13VAYS)
B[ [ onrlon)@ur(s.2ly =2l Peov[oluts.). olulsz))|dydzds 0. 23
0

Assuming (2.33), we can deduce from Lemma 2.1.2, the stationarity of the process {u(t,x) : x €

R?} and dominated convergence that

ISWAYS)
= lim / E%(s)Wr(11,12;5)ds = RHS of (2.32),
0

where & (s) = E[o(u(s,0))] is uniformly bounded over s € [0,; A1].

We need to prove (2.33) now and it is enough to show for any s € (0,#; A1]

lim Cov[o(u(s,y)),o(u(s,z))] =0. (2.34)

[y=zl|=e

Indeed, if (2.34) holds for any given s € (0,#; At;], then for arbitrarily small € > 0, there is some
K = K(g,s) such that Cov[o(u(s,y)),o(u(s,z))] <€, for |y —z|| > K. By Lemma 2.1.2, we

deduce

RP~ / 0r(5.9) 91 &(5.2)ly — 2l P Cov [0 (u(s,)), & (uls. 2))]dydz
ly—zl|[>K

< eWr(t1,1255) S €,
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while using the uniform L?>-boundedness of u(z,x), we get

Rﬁ_4/ O R(5,)0r(5,2) |y — zl| P Cov]o(u(s,y)), o (uls,z))] dydz
ly—zll<K
< RP / 00 k(5.3) @1 (5,2) [y — ol Pdydz

ly—zl<K

Sy / déuéu-ﬁ(/ ¢,,R<s,z+az><pt,R<s,z>dz)5Rﬁ-2 / dEIIE]P by (2.24)
lEll<K R? Ell<K

<SRP-2 2%,
That is, we just proved for any s € (0,1; At],

Rﬁ—4/R4 00k (5,3) @1k (5, 2) |y — 2| BCov [0 (u(s,)), 0 (u(s,2))] dvdz K= 0,

where the LHS is uniformly bounded in R > 0 and s € (0,#; Af;] in view of Lemma 2.1.2. Then

the claim (2.33) follows from the dominated convergence.

It remains to verify (2.34). By Theorem 2.0.6, for any 0 < s < ¢,
[Dsyu(t, )| p < Gr—s(x— ).
By Lemma 2.1.5,
A
o (u(s,y)) = E[o(u(s,y))] + /0 /R E [Dm,(c(u(s, ") y%} W (dr,dy).

As a consequence,

E[o(u(s,y))o(u(s,2)] = &*(s) + T(s,3.2),

where

1630 = [ [ E(BDa(0uls MIFIED. (0(u(s2)\ 7] Iy 7] Payayar
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By the chain-rule (3.4) for the derivative operator,

DF,Y(G(M(S7y>)) - ESJDM/M(‘S?)])

with X, an adapted random field uniformly bounded by L, where we recall that L is the Lipschitz

constant of o. This implies,

E(E D0 (s 3)| B Dy (0(u(s, )1 5] ) | S [ Drt(s,0) || Pryus, )]

S Gsr(Y=9)Gs—r(Y —2).-
Thus,
1633l [ [ Gerr=2)Ge =271 Pdvavar
Suppose ||y —z|| > 2s, then
Gor(V=)Gor (Y =Y =V 7P < Ger(y= )GV =) Iy = = 29) "
from which we get

|y—zl| e

T(s,,2) < (ly—2l| —25) ° /OS/R‘t Gy o (Y= )Gy (Y —2)dydydr - 0.

This implies (2.34) and hence concludes our proof. 0
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2.2.2 Convergence of finite-dimensional distributions

As it was explained in the introduction, a basic ingredient for the convergence of finite-dimensional

distributions is the following estimate
R*P=3Var ((DFx(11),Viyg)sy) SR P for R > 1) +13, (2.35)

where we recall that V; g(s,y) = @, r(s,y)o (u(s,y)) and ¢  is defined in (3.31).

Note that the Malliavin-Stein bound (2.16) and the above bound (2.35) with #; =, = ¢ lead
to the quantitative CLT in (3.4). In fact, from (2.35) and (2.16), we have for any fixed ¢ > 0 and
Z~ A (0,1),

2 1 4 38
drv (Fr(t)/or,Z) < ?\/Var((DFR(t),V,,R)ﬁ) < ?R“ T, R>2r;
R R

by Proposition 2.2.1, GI%Rﬁ —4 converges to some explicit positive constant, see (2.32). So we can
write, for all R > R;

dry (Fr(1)/or,Z) < CR7P/2,

where R; is some constant that does not depend on R. As the total variation distance is aways

bounded by 1, we can write for R < R;,
dry (Fr(1)/0r,Z) <1< (R)P/?R"P/2 VR <R,.

Therefore, the bound (3.4) follows.

Note that (2.35), together with Proposition 2.0.8, implies the convergence in law of the finite
dimensional distributions. In fact, fix any integer m > 1 and choose m points t1,...,t, € (0,00),

then consider the random vector ®g = (Fg(t1),...,Fr(tw)) and let G = (4 ,...,%,) denote a
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centered Gaussian random vector with covariance matrix (C; j)1<; j<m given by

tiNt;
C,',j = 47I2Cﬁ Kﬁ/ ](ti—s)(tj—s)éz(s)ds.
0

Recall from (2.13) that Fr(t;) = 6(V;, g) forall i = 1,...,m. Then, by (2.12) we can write

E(h(RT20p)) — E(h(G))| < 2|0 ZE(yc,,,-_Rﬁ—4<DFR(¢,~),wﬁR>5}2> (2.36)
ij=1

for every h € C?>(R™) with bounded second partial derivatives. Thus, in view of (2.36), in order to

. B . ..
show the convergence in law of R22dp to G, it suffices to show that for any i,j=1,...,m,

2
lim £ ( Ci; — RP(DFx(1) ,V,i,m‘ ) = 0. (2.37)
—roo :

Notice that, by the duality relation (3.6) and the convergence (2.32), we have

RB_4E<<DFR(ZZ‘) 7th,R>iJ> = Rﬁ_4E [FR(Z‘,')S(V%R)]

R—

:Rﬁ_4E[FR(Zi)FR(Ij)] —M>C,'7j. (2.38)

Therefore, the convergence (2.37) follows immediately from (2.38) and (2.35). Hence the finite-

dimensional distributions of {Rg_zFR(t) 1 € Ry} converge to those of & as R — oo.

The rest of this subsection is then devoted to the proof of (2.35).

Proof of (2.35). Recall from (2.13) that
Fr(1t) :/ (u(t,x)—1)dx=686(V,g) with V,g(s,y) =@ r(s,y)o(u(s,y)).
Bg
The commutation relation (3.7) implies for s <1,

Ds,yFR(t) = Ds,yS(Vt,R) - VLR(Say) + 6(Ds,th,R)~ (239)
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By the chain rule for the derivative operator (see (3.4))

Ds,y[VLR(”a 7)] = (th(r,z)D[G(u(r, 2))] = (PI,R(’?Z)Zr,zDS,y”(’”a 2), (2.40)

where X, ; is an adapted random field bounded by the Lipschitz constant of 6. Substituting (2.56)

into (2.39), yields, for s <t¢,

t
DesFr(t) = puals)o (o) + [ [ @ur(r2)ZraDuutr )W ().

Then, for 71,1, € (0,00), we can write <DFR(t1),V,27R>55 =A| +A,, with

ISWAYS)
A= <Vl1,R?Vl2,R>5§ :/O /]R“ (le’R(S,y)QDQ’R(S,Z)G(M(S,y))G(u(S,Z))”y—Z”_ﬁddeds

and

1\t f
- / / </ / @ R(1,2)ZrDs yu(r,2)W (dr, dz))
0 R4 R R2

x|y =Y 7P Vir(s,y)dsdydy'
(i) Estimation of Var(A1). From (2.31), we deduce that Var(A ) is bounded by

15YAVS| ]/2 2
(/0 (Var/]R4 (ptl,R(s,y)¢,27R(s,Z)G(u(s,y))c(u(s,z))Hy—Z\I_ﬁdydz) ds) . (241

Note that the variance term in (2.41) is equal to

/R3 (pll,R(Sv)’)(ptz,R(SvZ)(Ptl,R(Svy/)(Pl‘LR(SvZ/)”y_ZHiﬁ Hy/ _ZlHiﬁ

x Cov |6 (u(s,y))o(u(s,z)), G(u(s,y’))c(u(s,z’))] dydzdy'd? . (2.42)
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To estimate the covariance term, we apply the Clark-Ocone formula (see Lemma 2.1.5) to write

o (us, 2)) —Elo(u(s,y))o(u(s,2))]

5o (uls,
= [ [ B{pulotutsotus. )7 wanay)
0 /R

Then we apply Itd’s isometry to obtain

Cov [G(u(s,y))d(u(s,z)), G(u(s,y’))G(u(s,z’))} (2.43)

L

x |y—7v| Paydyar,

E{Dyy (o (u(s,y)0(u(s,2))) |7 YE{D,y (o (u(s,y)) o (u(s,2))) I%}]

where, by the chain rule (3.4),

Dyy(o(u(s,y))o(u(s,z))) = o(u(s,y)) s Dryu(s,z) + 6 (u(s,2))ZsyDryu(s,y).

Then by Cauchy-Schwarz inequality and Theorem 2.0.6, we can see that the above covariance term

(2.43) is bounded by

I fo

S [ar [ avayly= 71 (Daputs.2) s+ 1Dcgus. )l
0 R4

Dy (0 (u(s, )0 (u(s.2))) ||| Dy (o(uls))o (s, ) | Ily =7 | Payayar

% (D5, 2)la+ Dy yuls, ') 1)

< /sdr/ dydy ||y =Y | P (Gy—r(z— 1) + Go—r(y = 1)) (Gs—+(Z — V) + Gs— () = 7).
0 R4
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Now we can plug the last estimate into (2.42) for further computations:

Var ([ 0y )00 uls.3)o (5. 2] P
5/0 d/R 1 R(5.3) P r(5,2) @1, R (5,3 )Py (5. )y — 2l PIIy = 2 ~Blly— v/ 7P

X (Gsfr(z —Y)+ G (y— ’}/)) (Gs7r<zl - '}/) + Gsfr(y/ - '}/))d’}/d’}/dydzdyldzl~ (2.44)

In order to obtain Var(A4;) < R¥3P it is enough to show SUPs<1 pry s S R33B with

i [dr [0 n(6.3)00(5:2)0 (5 )0 (5.l =2l Py =21

< |y =Y 7PGy_r(z— )Gy (2 — ¥ )dydy dydzdy'd?

as other terms from (2.44) can be estimated in the same way with the same bound.

For s € (0,t; Ap], we write, using (3.31),

)
7= / dr / / Gry—s (x1 — )Gy -5 (¥ —¥) Gy s (x2 — )Gy s (s — )Gy r (2~ 7)
0 B} JRI2

X Go_r(Z =YY=V Plly =2l Plly — 2 || " Pdyay dydzdy dZ' dx,dx, dxydxb.
Making the change of variables

! ! / / !l / /
<Yv}/7yvzvy < 7x17x17~x27x2> _>R<’}/v'}/7yvz7y < ,XI,XI,XZ,X2>

and using G;(Rz) = R~'G,p-1(z) for every ¢,R > 0 yields

S
R 7 = / dr / / Gry s (51 =) G s (¥ =) Grr s (32— 2) G s (65— 2)
0 Bélt RI12 R

R R R

X Ger(a= NG @~ V) y = | Plly—2ll P — 2| Pdydydydedy'de dxidd s,
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Using the fact (2.23), we can integrate out x,x},x2,x, to bound R143B 7, by

A
—10+3 2 2
R0 —5)2 (1 =) /O dr /Rlzluynwnvz|v|z'|v||y|v|r||<1+<n+zz>R—l}

(& =Ny =7 17P Iyl Pl — 2| Pdydydydzdy'dd.  (2.45)
Suppose R > t; + 1> and notice that

- _ 2T 5
sup [ [ly—z] Py < / ol Py = 2P <
ZGBQ Bz B4 _ﬁ

Therefore, integrating out y,y’ in (2.45), we obtain

7SRO /o dr/Rg Vi vimviy i< Gog (= NG (& =)l =7 | Pdyay dzd?.

R R

We further integrate out z,7’ and use (2.23) again to write

sup J; SREP /Rsl{y|v||y|gz}||?’—7/||_ﬁd7d7/§R8_3ﬁ-

s<t1 Nty
So we obtain Var(A;) < R873B for R > 1) +1,, where the implicit constant does not depend on R.

Next we estimate the variance of A.

(ii) Estimate of Var(A,). Using again (2.31), we write

13PAY) 1
Var(A;) < (/ {Var/ (/ / <Pt1,R(F,Z)Zr.,zDs,y”(",Z)W(dr,dZ)) ly—=y'117P
0 R4 K R2

12 \2 s )
><%Z,R(s,y’)c<u<s,y'>>dydy’} ds) - (/0 VW)‘

As before, we will show sup,<, ., % < R3—3B,

First note that

n
/ ,/Rz P 7R<r’ Z)ZHZDS,yu(r?Z)W(dr» dz) = m&}’(tl)v
N
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where {9, () : T € [5,11]} is the square-integrable martingale given by
T
oy (2)i= [ [ @un(nEeeDulr W (drds).
s JR
Then we deduce from the martingale property that
E[o(u(s,y)Msy(t1)] =E[o(uls,y))EMN(11)|F)] =0,
that is, M (¢;) and o (u(s,)’)) are uncorrelated. Moreover, by 1td’s formula,

11 14
msay(tl)i)ﬁs,j?(tl) = / mS,y(T)dms,'yv(T) +/ ms,'yv(f)dm&y(f) +<ms7yamsfyv>t17
S )

J/

TV
martingale—part

where the bracket (M, M; 5);, between both martingales is equal to

N
[ 0rr e (Desu2)) 1 202Dy () =2 P et

So, using the estimate (2.11), we obtain

E [0, (1) M5 u(s. ) o (s, )|
— B [E (0, (1) 5(01) | 73) 0 (5.3 (5. 3) | 5 ([P M
S [ on 21Dy s 2 Do 2l 2 Pz

5l
/S / /R“ (Pl‘l.,R(r,Z)Grfs(y - Z)(pllaR(nz)Gr*S(y_z)HZ _ZuiﬁdZdZd}’
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As a consequence, the variance-term % is indeed a second moment and

“= /]Rg dydy'dydy' |y =y | P |5 =¥ P ¢ v(s.Y) 91, (s.Y)
X | My (1) MMy (11) 0 ((5,3')) & (5. 3'))
151 ~ ~
s [Var | | dsdzayayasayy—y| P15y P3P
N
X (Pt27R(S,y,)(P127R(S,}7)(P[17R(V,Z)(P11,R(F,Z)Gr—s(y—Z)Gr—s(y—z),
which has the same kind of expression as .7;. The same arguments that led to the uniform estimate

of 7 yields

sup % SRP,

s<t1 Ay

for R > t; +1,, thus we obtain Var(A;) < R873P for R > t; +1,. Hence, for R > t; + 15,
R*P=3Var((DFx(11),Viyr)sy) S R*P~8[Var(A) + Var(A1)] SR7P.

This completes the proof of (2.35). [

2.2.3 Tightness

Set g = ﬁ € (1/2,1). As explained in the introduction, by the Kolmogorov-Chentsov criterion
for tightness, it is enough to prove the inequality (2.17): Forany 7 > 0, p > 2 and for any 0 < s <

t <T <R,

|Fr(t) = Fr(s)||, S RV4V/T=s, (2.46)

where the implicit constant does not depend on ¢, s or R.

Proof of (2.46). Recall that Fr(t) = [y [p> @:.r(s,y)0(u(s,y))W (ds,dy). Then by BDG inequality
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(2.25) and (2.20) we have, with the convention that @, g(r,y) = 0if r > s,

e ~F@ < | [ (@)~ () 0l )) r2) ~ (7:2)

x o (u(r,z)) |y — 2| Pdydzdr

p/2

/Oldr </R2 )((PI,R(F,)’) — (PS’R(r’y))G(”(”,y))‘zqdy> 1/q

S

p/2

Applying Minkowski’s inequality yields

t 1/q
Irte) =)} 5 [ ar ([ 0unt9) = ouate) lotutr)

t 1/q
5/0 ar (/Rz}(pt,R(”’}’)_(Ps,R(r7)’)|2qd)’) . (247)

Note that

0.219) = k()] = Ly [ Gyl
R
ey /B Lyl <s—r} [Go-r(x=¥) = Grr(x = )] dx
R
! /B Lyl 25—} Gr—r(x —y)dx
R

=51+ 5+ S;.

The first summand Sy is bounded by 1,54y (t — )Ly <r+r} < (£ —5)1{|y||<r+s}> in View of Lemma
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2.1.1-(2). For the second summand, we can write

82 < Vrasy Lyl <res) /B Ljj<s—r} [Gs-r(x) = Grr(x) ] dx
R

<1yt ( 1 ! )d
= Hr<stHIVI<R+s} - X
TP <y \ 22/ (s =) = X2 2my/(0 =) =[]

= 1{r<s}1{|‘y”§R+s}\/t — s<\/t +s5—2r—+t— s> by explicit computation

S V= shy<resy

In the same way, the third summand can be bounded as follows

§3 < Lrasy Lyl <ren) /Rz Vsmrg o= Grr ()4 S Ay <pary VI = 5.

Therefore, we can continue with (2.47) to write

t 1/q
HFR(I)—FR(S)HIZ7 5/0 dr (/Rz(t_s)ql{uy'SR—H}dy) S (l—S)(R+t)2/CI.

This implies (2.46). U

2.3 Fundamental estimate on the Malliavin derivative

This section is devoted to the proof of Theorem 2.0.6. After a useful lemma, we study the conver-
gence and moment estimates for the Picard approximation in Section 3.15. The main body of the
proof of Theorem 2.0.6 is given in Section 2.3.2 and we leave proofs of two technical lemmas to

Section 2.3.3. Recall that B € (0,2) is fixed throughout this paper.

Lemma 2.3.1. Given any random field {®(r,z) : (r,z) € Ry x R%}, we have for any x € R%, 0 <
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s<t<ooandp >?2,

t
dr

) dydz Gy—r(x — )Gy (x — 2)@(r,2)@(1r,y) [y — 2] P

R p/2

<Kﬁt S /dr/ dzG4(x—2)||®(r,z || (2.48)

where g = ﬁ € (1/2,1) and the constant Kg only depends on J3.

Proof. By (2.20), there exists some constant Cg that only depends on 3 such that

|z G (=) G =) 2)00) [y =] P

<y ([ arGit te—yatuy)) "

1

2m)l—24 S\ ¢
<6 (B 0= ) [ iyt

(2-29)%

< Kpt /dyGt =)@yl

where we have used the fact that sz (y)dy, with 2¢g < 2, is a finite measure on R? with total mass

%(t r)>~24 in view of (2.23) and we have put Kz = Cg (( 7).~ 2q) 4. Therefore, a further

application of Minkowski’s inequality yields the bound in (2.48). 0

2.3.1 Moment estimates for the Picard approximation

Recall the Picard iteration introduced in (2.18): up(¢,x) = 1 and

Upy1(t,x) = l—l—/ / Gi—s(x—y)0 (un(s,y))W(ds,dy) forn > 0. (2.49)
0 JR?
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Using the estimates (2.26) and (2.48), we can write with 2g = ﬁ €(1,2),p>2andn >1,

lun (2,215 <2+ 8p

X

/ . ths(x —Z)Gt,s(x—y)G(un(s,y))G(un(s,z))||y _ZHiﬁdeZdy
[0/] xR p/2
(2—2q)

2
<24 8Kyt A / s / 2 (2~ 3)||6 (i (5.9)) |3y

Then, using (2.23), we can write

(2-24)2

lun(r )1 <2+ 8Kpe 5 [ [ G2, e=3) (201002 221 (50) )y

1-2
16pKﬁ(27T) 4 2= %;I) 43— ZqG(O)Z
(2—29)(3-2q)
(2-29)2 5
+ 16pKgt 20~ %L /ds/ =) |[ttn—1(s, y)||pdy,

where L is the Lipschitz constant of o. This leads to

t
H,(t) <c —1-(32/ dsH,_1(s), (2.50)
0

where H,(t) = sup,cg2 ||un(t,%) |3,

pKEG(O) t(z 2?3 9,

)
. 2 +2-2¢q
c1:=2+ 3-2g and ¢ := pKﬁL ,
1-2¢
where K = % 16Cg (%) 14 §s a constant depending only on 8. Therefore, by

iterating the inequality (2.50) and taking into account that Hy(z) = 1, yields

H,(t) < ciexp(cat).
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In what follows, we will denote by Cz; a generic constant that only depends on 8 and may be

different from line to line. In this way, we obtain
3B .0
la(t, %)l < (V2+/pCt 7 |0(0)]) exp (pCt* P L?).
As a consequence,

lolun(t2)lly < [6(0)| +L(VZ+yBCh T [0(0)) exp (pCpr> PL2) =50 (25D)

2.3.2 Proof of Theorem 2.0.6

The proof will be done in several steps.

Step 1. In this step, we will establish the following estimate (2.52) for the p-norm of the Malliavin

derivative of the Picard iteration.

Proposition 2.3.2. Foranyn >3 and any p > 2

|Dsyttns 1 (8,0)]| ) < Cp a1 KpsGis(x =), (2.52)

for almost all (s,y) € [0,t] x R?, where Kp, is defined in (2.51) and the constant Cg , , 1 is given by

Cpoprpi= 1+ /PLCyT 2+ pCyLPi 4 Y =P

(k 2)vtk(;é)
k=3 —2)

, (2.53)

with CE a constant only depending on f.

One key ingredient for proving Proposition 2.3.2 is the following Lemma 2.3.3, which is a
consequence of the technical Lemma 2.0.11. Both Lemma 2.0.11 and Lemma 2.3.3 will be proved

in Section 2.3.3.
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Lemma 2.3.3. Forq € (1/2,1), 6 € [1,1/q| and s < t, we have

Ky (2) := / dr[G, «G* (2)]° < (t—s5)' 0GP ) (2.54)

t—s
N

where the implicit constant only depends on q.

Proof of Proposition 2.3.2. Fix (t,x) € Ry x R? and p > 2. Let us first establish the following

weaker estimate:
1y (t,x) € DVP and || Dy yun (t,%) |, < CG—s(x —y), (2.55)

for almost all (s,y) € [0,¢] x R?, where the constant C may depend on . It follows from (2.49) that
the claim (2.55) holds true for n = 0, 1, because Dy yuo(t,x) = 0 and Dy yu; (t,x) = 0 (1)G;—s(x —y).
Now suppose the claim (2.55) holds true for n > 1, then taking the Malliavin derivative in both sides

of equality (2.49) and using the commutation relationship (3.7) and the chain rule (3.4), we obtain

t
Dyt 1(t,x) = Gy—s(x — y)0 (un(s,y)) —1—/ /2 Gr(x— Z)Zg,’;)Ds,yun(ﬂZ)W(d’% dz),
s JR

where {ZS yi(s,y) € Ry x ]Rz} is an adapted random field that is uniformly bounded by L, for
each n. We recall that the constant L is the Lipschitz constant of the function ¢ appearing in (2.1).

It follows that

|Dsytns1 ()| < 262, Gy (x—y) +8p

t
// G,,r(x—z)Gt,r(x—z/)Zgﬁ)
s JR4

by BDG (2.26)
p/2

X Dy yun(r, Z)Z:QDS,)’MW (r, Z/) lz— 4 | “Pdzdrdr

< 2K, G2 (x—y) + 8pL3C2 / |Grer (5= 9)Grsly— o) |2

by applying Minkowski’s inequality and using the induction hypothesis, where k,; is defined in
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(2.51) and $¢ has been introduced in (2.19). Note that Lemma 2.0.10 (see (2.20)) implies

1

t t
2 2 2g \1 w L1 2—
[ l6er= )G =)}, <Cp [ dr(G,G2,) 1 a-y) < i) ),
N N
where the last inequality follows from Lemma 2.3.3 with 6 = 1/¢ and CE is a constant that only

depends on . Finally, using

Gf;@ y) < pna—wkcfxx;w (2.56)

we get || Dy ytn11(2,x)||p < Cpi1Gi—s(x—y) with G, = \/ZK,%’, —|—pL2C2CEth ! and thus by rou-
tine computations, we can show u,(t,x) € D7; see also Step 2. This shows (2.55) for each n.
Moreover, we point out that Dy yu,11(¢,x) = 0if s > 1.

To obtain the uniform estimate in (2.52), we proceed with the finite iterations

Dy yu,hq (t,x) = G;—s(x—y)o (”n(s y))

//@nxmﬂgﬁxa)<wmwwwwm

+k22/s /s /R%Grk—s(zk—y)G(un—k(Say))

n+1—j n
XHGrJ (@i — ) W drgdzy) = Y T, (2.57)

(n)

where T, denotes the kth item in the sum and rg = 7,70 = x. For example, To(n) = G;_s(x —

)0 (un(s,y)) and
l (0
= / /]Rz Gt—rl (-x - Zl)zrl 21 Grl_S(Zl _y)c(unfl <S7y))W(dr17dZ1)-

We are going to estimate the p-norm of each of term Tk(") fork=0,...,n

Case k = 0: It is clear that

1Tl < KpaGr—s(x—), (2.58)

77



where k), is the constant defined in (2.51).

Case k = 1: Applying (2.26), Minkowski’s inequality and (2.20), we can write

T2 < 4p

t
/ /4Gtr1 (X—Z1)G;7rl (X_Z/I>Gr17s(zl _y)Grlfs(le —}7)
s JR

x Jlzt =24 PEEL =Y 62 (w1 (5,))dz1dZy dr,

g

p/2

t
<4pL’k;, / |G\ (x— )Gy, —s(y— )5, dr1  with $ introduced in (2.19)
N

t 1/q
< 4PL2K§JC[3/ </2Glzzr1 (x—21)Gr_ (i —y)dm) dry,
s R
with ¢ =2/(4 — B). Then, we can deduce immediately from Lemma 2.3.3 (with 0 = 1/¢) that
14 2-1
I3 < pL2, Gt G (v =), (259)

for some generic constant CE, which only depends on 3. Taking (2.56) into account, we obtain

1_1
Il < VPLKyChta 2 Gy (x ). (2.60)

Case k = 2: We can write

t
Tz(n) - / 2 W(dry,dz1)Gi—r, (X—ZI)Z£7?ZINr1721
s JR

with N, ;, defined to be

r
i
Ny 2 =/ /R2 Gr,—s(z2 =)0 (un—2(r2,22)) G-, (21 —Zz)Eg,@)W(drzydzz),
S

which is clearly .%, -measurable. Applying again (2.26), Minkowski’s inequality and (2.20), we
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can bound ||T2(") ||f, by

t
9| [ [ Ginem 206 (o=l =4 PEL B Ny oy i
N

7Z]

p/2

t
<apl? [ [ Grenr=2)Grmn (r= )G -<(e1 =) i )
N

< |Nry 21 [ p Ny, 21z = 24| P dzadzydry

/
1721

t 1/q
<apr’cy | ( /.6, (X—ZI)Her,mllﬁqdm) . @.61)
s R
The same arguments used to obtain the bound (2.60) for ||T1(") |p yield
1_1
N 2y < \/ﬁLKmCEt‘! 2Gr—s(z1 —Y). (2.62)

Substituting (2.62) into (2.61) and applying Lemma 2.3.3 with 6 = 1/¢, we obtain

11 t 1/q
17713 < 4pL>Cy( /ALy Gyt [ ( / ZG?qn(x—zl)G%;fS(zl—ym) dr,

N

3.5 21
S p2L4K§7tCEZ“1 zthsq (x—y),

which implies

3 _1
175 < PL2 Kyt G, (x ). (2.63)
In view of (2.56), we obtain
2_
173"l < PL2Kp e Gy (6~ y). (2.64)

Case 3 < k < n: The strategy to handle these cases will be slightly different. We need to get rid of
the power ‘l] in order to iterate the integrals in the time variables and obtain a summable series. We

can write

1
Tk(n) :/ RzW(dﬂ,le)Gt—rl(X_ZI)Z£’117)21NV1,ZI
N
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with ]/\\7,1 z; defined to be

~

Foa= [ [ Gnesla =) (5.)
s<rp<--<rp<r; J R%2

k
-
X I IGrjfl*rj(Zj_l _Zj)zg?;j J)W(drj’dzj)’
=2

which is .%, -measurable. Then, we deduce from (2.26) and (2.48) that

f
2 -~ ~
HTk(n) Hp < 4p / dri /R“ Gr—r, (x— Zl)zg??lerl 21 Gi—r, (x— Z/I)Z£’117)Z/I er 2]
N

x ||z} —z1 H*deldz’l

(2—2¢)
< apkyl2 / dn [ 4Gl =) W

Now we can iterate the above process to obtain

N
7" H 4pI2Kgt' g dr1 dn - S dzy - dzj
k B R2K-2

~ 2
X thrl (x_zl)Grlq r2<Z1 _Z2) Grgz T l(zk—Z_Zk—l)HNrk_l,zk_l ‘ P (2.65)
where N,k 1z 18 defined to be
Tt (n+1-k)
- W (dry,dz) 0 (un—k(5,9))Gry = (zk—1 —2%)Zrpz  Gro—s(z—y)-
S
Therefore, the same arguments for estimating || Tl(") Hf, (see (2.59)), lead to
~ 2 2 2w o1 27

[No v ||, < pip LoCpta ™ Gy, (21 — ), (2.66)

with CZ‘3 being a generic constant that only depends on 8. On the other hand, applying Lemma
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2.3.3 with 6 = 1, we can write

Tk—3
2q 2q
/ dry_» /R Ja—2Gr s, (23 —%-2)G), (22— 2-1)
.

k—1

C2g g1
SETHGT L (k-3 — 2-1), (2.67)

with the convention zg = x and rg = ¢. Plugging the estimates (2.66) and (2.67) into (2.65), yields

Nk
||Tk(n)H12) < KIEJ <pL2CEt2<qu)2> t5—4q—$

1 r T3
></ drl/ drz'--/ d”kl/ dzy---dzg_3dzi—
s s s R2k—4

> >
xGA, (x—z1)--- G, (zk—a—2%-3)

2g—1 2-1
X GrI:]—S_rk—] (Zk—3 - Zk—l)Grk—?—S (Zk—l - y)

By Cauchy-Schwartz inequality and (2.23),

2g-1 24
/R . Gl (s —u1)Gy (e —y)dz

4q—2 =3 V2 s 12+
S Rz Grk_3—rk_1 (Z)dz Grk_1 —S (Z>dz S Cﬁt 4.

In this way, we obtain

2 , 2097 _
HTk(’l)Hp S K]%,t(pLZCBt q )kl6(l q)l{HX—yH<t—s} (268)

t r Tk—3
></ drl/ drz-"/ drk—l/ dzy - -dz3
s s s R2k—6

2 2
X G,z,l (x—2z1)--- Grkq,rrk,g (2k—4 — 2k-3)

The indicator function 17,y ;) appears in (2.68), because

1{|‘Zk71_)’”<”k71_s7sz73_Zk71 <t a—ri_tymli—zi||<t=r1} = 1{\|X—Y\|<f—s}'
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Now, we can perform the integration with respect to dz;_3,...,dz; one by one to get

2 2 2
/]RZk6 dzl .o 'de_3GlErl (X - Zl)Grlq—rz (Zl - Zz) . Gr§74_rk73 (Zk—4 _ Zk—3)

_ k-3 _ _ k-3

_ (277")1 2 Xk 3(},, _r.)2—2q< (277")1 thZ—zq

~\2-2¢ [1(rj-1=r, =\ 2-2g ’
J=1

in view of the equality (2.23). Together with the integration on the simplex {r > r| > --- > r;_3 >
rk—1 > s}, we get

2 2_1)—
HT"(H)HPSWKM R VNS

Thus, taking into account that

2
Loy <r—s) < [27(t = $)] "G (x—),

we obtain for k € {3,...,n},

x 72\k/2
(n) (pCﬁL ) k(l_1
1771, < Kp,t—(k_z)! tXG=2)G, (x—y). (2.69)

Hence, we deduce from (2.58), (2.60) and (2.69) that for any n > 3,

n
[Dyiensr 60|, < YT, < CpopasXpaGrslx—),
k=0
where the constant Cg ,; ; is defined in (2.53). This proves Proposition 2.3.2. O

Step 2. We are going to show that D u(t,x) is a real-valued random variable. As a consequence
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of (2.20), (2.52) and (2.23), we have for any p > 2 and with ¢ =2/(4 —3)

[||Dun+1 t,x ||yj H/ dsHDs.unH (t,x Hﬁ

) 1/q
/ ds (/ |Ds,yun+l<t7x)| qdy)
R, R2

1/q
< /]R ds ( /]R . HDs,yunH(t,x)Hiqdy) by applying Minkowski twice
n

’ 1/q ! 2-2¢
§/ ds (/ ths(x—y)dy) 5/(t—s)4a’s§l.
R, R2 0

One can first read from the above estimates that {Du,(¢,x),n > 1} is uniformly bounded in

p/2

<

~Y

p/2

LP(€;5), which together with the LP-convergence of uy(t,x) to u(r,x) implies the convergence
of Duy1(t,x) to Du(t,x) in the weak topology on L”(Q;$)) up to a subsequence; this fact is
well-known in the literature, see for instance [24]. One can deduce from the same arguments that

{Dun1(t,x),n > 1} is uniformly bounded in L (Q; L*(R x R?)):

p
2q
/]R B2 |Ds,yun+1(t=x)|2qdyds
+ X

P

HDun+1 r,x HLP (Q:L24(R 4 xR?)) -

A L
2

2q 2 < 2q 4 <
< ||Ds7yun+1(t,x)Hp dyds) < Gl (x—y)dyds| <1.
R+XR2 R+><R2

So up to a subsequence, Duy,(t,x) also converges to Du(z,x) in the weak topology on L (Q;qu (R4 x

Rz)). In particular, we have (2g <2 < p < =)

< oo (2.70)

P

sup
(t,x)€[0,T]|xR?

/R . Dy yu(t,x)|*dyds
+ X

and D; yu(t,x) is a real function in (s,y).

Step 3. Let us prove the lower bound. By Lemma 2.1.5, we can write

u(t,x)— 1= /0 /R B [D, yulr, )| 7] W (ds,dy)

83



so that a comparison with (2.4) yields E Dy u(t,x)|.%| = G,—s(x — y)o(u(s,y)) almost every-

where in Q x R, x R2. It follows that

[E(Deyule, 1)\ 5], = Grmslir— ) |0ty

thus by conditional Jensen, we have

HDwu(t,x) Hp > Gt—s(x_y) ||G(M5>y) Hp’

which is exactly the lower bound in (2.11).

Step 4. We are finally in a position to prove the upper bound in (2.11). Put p* = p/(p — 1), which
is the conjugate exponent for p. Let us pick a nonnegative function M € C,(R, x R?) and random
variable 2 € L7 (Q) with || Z°|| , < 1. Since Duy(t,x) converges to Du(t,x) in the weak topology

on L” (Q;L* (R x R?)) along some subsequence (say Duy, (t,x)), we have, in view of (2.52)

/ M(s,y)E[ZDyyu(t,x)]|dsdy = lim M(s,y)E[ZDy yup, (t,x)]dsdy
R xR2

k—oo R, xR2

< Cppuikns [ M(s)Gisa—y)dsdy
R+ XRZ
This implies that for almost all (s,y) € [0,7 x R?,
E [ZDwu(t,x)} < CBps.1Kp i Grs(x—y)
Taking the supremum over {2 : || Z|| ,» < 1} yields

1D yu(t, )] p < Cp s 1.Kps Gr—s(x =),

which finishes the proof.
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2.3.3 Proof of technical lemmas

For convenience, let us recall Lemma 2.0.11 below.

Lemma 2.0.11. For ¢ > s, with ||z]| =w >0and g € (1/2,1)

1-2¢q

1-2
G1%GH(2) Spyeg [P — (=W I+ [P = (s+ W) s

P § a1
F L wieresiw) [(WH)2 =22 T2 [ — (s—w)?] 7772, (2.22)

where the implicit constant depends only on g.

Proof of Lemma 2.0.11. We are interested in estimating

1= [ (=) = le=lP), Y

where (v) 7 =v77 for v> 0 and (v) ? =0 for v < 0. Because the convolution of two radial
functions is radial, the quantity I depends only on s, ¢ and ||z||. Hence, we can assume additionally

that z = (w,0), where w > 0. Note that the integral I vanishes if # + s<w and we can write, putting

x=(¢,m),
I:/R2 (t2_52_n2)IQ(s2_(€ —w)z—nz);qdédn.

Making the change of variables (x,y) = (£ 41?2, (w—&)% 4+ 1?) yields

1

1= 5 [ =01 =) o[ w? =] - (Ewp) P @

where

D= {(x,y) eR:0<x<?0<y<s, (Vi—w)i<y< (\/)_c+w)2}.

To derive the expression (2.71) for I, we have used the fact that the Jacobian of the change of
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variables is

' d(x,y)
a(&,n)

Then, integrating first in the variable y yields

1
1:_/
2 Jo

vl = 2[(vE+ 5] - (Vi)

2

dx(;Z_x)—q/D( )dy (52_y)—q[(\/;+w)2_y}fl/z[y_(\/;_W)z],l/z

where

D(x)={yeR:(x,y)eD} = {yeR:y<s2,(\/)_c—w)2<y< (\/)_H—w)z}
and
g () :/ dy (2 —y) 4 [(Va+w)P—y] Ply— (Va-w?] 2 (2.72)
D(x)

Let us first deal with .7 (x) for every x € (0,£%). There are two possible cases, depending on

the value of x:

(A) When (y/x—w)? < 5% < (vx+w)2,

Z4(x) =/(S (2 =) [(Vxtw? =] [y (va— w2 ay

Vi-wp
< Beta(1/2,1-g)[(Va+wP —5)] [P~ (Va-w?] "
< [(Vatw? =] PR - (i w0 2.73)

Throughout this section, Beta(a,b) denotes the usual beta function:

1
Beta(a,b) :/ 11— x)ldx, a,b € (0,00).
0
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(B) When (/x —w)? < (vx+w)? < 52,

(Va+w)?
yq(X):/(\/i—w)z (SZ—Y)_Q[(\/)_CJrW)Z—yrl/z[y_(\/;C_w)zrlﬂdy

) ) (Va+w)?
< (P~ (Vitw) >—4/
(VE-wp

=Beta(1/2,1/2)[s* — (Vx+w)*] 1 < [s* — (Vx+w)*] %

(Vw2 —y] P y—(vx—w?] ay

Note that three positive numbers a, b, c can form sides of a triangle if and only if the sum of any
two of them is strictly bigger than the third one, which is equivalent to saying that |a — b| < ¢ <

a—+ b. It follows that

(Vx—w)? < s? < (vVx+w)? < /x,w,s can be the sides of a triangle

S(s—w)P<x<(s+w)

Furthermore, it is trivial that (v/x — w)? < (y/x+Ww)? <s?> < x < (s—w)? and s > w.
2
Now we decompose the integral 2I = fé (t? — x)~9.%,(x)dx into two parts corresponding to
the cases (A) and (B):

20 =T, +1,

where

2 A (s+w)? (s—w)2Ae2
Iy = / (t? —x) 9.7, (x)dx and Ip= / (2 —x) 9.7, (x)dx.
( 0

s—w)2

Estimation of I,. We first write, using (2.73),

IAS/(t A(s+w) (l2—X)_q[(ﬁ+w)2_32)}_1/2[3'2—(\/)_C—W)z}_q+§dx

s—w)2

— /t e (12 —x) "1 [(W+s)* —x] _ﬁ%[ —(w—s)?] et [(Vatw? =] dx.
(

s—w)2
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Recall in this case \/x +w > s, which implies (\/x +w)? — s> > x — (s — w)? > 0. Therefore,

2 A(s+w)? ) ) ol S
IA,§/ (2 —x) " [(W+s)>—x] T2 [x—(w—s)?] dx.
(

s—w)2
Now we consider the following two sub-cases:

(A1) If s+w < 1, then for (s —w)? <x < (s +w)? <t, we have, with y =2 — ¢~ !,

(P —x) < [P = (s+w)2] T [(s+w)2—x] T

= [P =(s+wW)?] (s +w)2—x]T".

Thus,

IAS [tZ_(S_FW)z}l—Zq/(HW) [(w+s)2—x}_l/2[x—(W—s)2]_1/2dx

(s—w)2

— Beta(1/2,1/2) [ — (s+w)?]' .

(A2) If (s —w)? < 12 < (s +w)? (i.e. s,w,t form triangle sides), then

I, < - 2 _x)74 5)? —x s x—(w—s)2] " ax
Y G I CERES IS EUES
< §)2 2] ' 2 - ) M (w— )21 2y
<lwas? =21 [ ) e v

S[w+s)? =17 s (12 — (s — w)?] Ak

because fab(b—x)’q(x—a)*l/zdx: Beta(1/2,1 —q)(b—a)_“% forany 0 <a < b <o and

forany g < 1.
Combining (A1) and (A2), we have obtained

1-2¢q 1-2¢q

IA S [tz - (S + W)z] 172‘11{t>s—i—w} + 1{|s—w|<t<s+w} [(W+S)2 - tz} ’ [ZZ - (S - W)z} 2274
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Estimation of Ig. In this case, y/x < s —w and w < s, then
2= (Va+w)?r>(s—w)2—x>0.

Therefore, .7, (x) < [(s—w)? —x] 7 and the quantity Iy can be bounded as follows

(s—w)

(s-wy
Iy (2 —x) 9., (x)dx < / (7 =) [(s— w)? —x] “dx
0

S[P—(s—w)?]' %, (2.75)

because for any 0 < a < b < oo and any p,q € (1/2,1)

a

’ —x) fla—x) 1dx = ’ —a —Py— — _al—— R _

<=0 [y Py S (b -a)
0

Our proof is done by combining the estimates (2.74) and (2.75) to get (2.22). ]
Now let us apply Lemma 2.0.11 to prove Lemma 2.3.3.

Proof of Lemma 2.3.3. Put u = (t —r)AN(r—s)and v = (t —r) V (r —s) and assume u # v. We

apply Lemma 2.0.11 to write

(G}, %G (2)) °< <1{w<,u} (V2= (u=w)? 2 [V (- w)?] 1_2q1{v>u+w}

—g+1 —g+1\ 0
+ 1 -wi<v<ptw} [(W+N)2 - Vz} " [Vz —(u— W)z} q+2>

S gy V2= (= w)?) P02 V2 (e w)?) P02

5(%74)[

+ 1{|u—w|<v<u+w} [(W + .u)z - Vz} vi- ([.L - W)z} )
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where w = ||z|| > 0and 0 > 6(1 —2¢q) > cl] —2 > —1. Define

t
51—
Ks(,]z)(Z)iz/ drl gy V2= (u—w)?] (1-29)

t
8 _
:/drl{w<u}[(v+u—w)(v—u+w)] (1-29)

and note that r —r > r — s if and only if r < ”Ts Then, by exact computations and decomposing

the integral in the intervals [s, ( +s)/2] and [(z +5)/2,1], yields

(1) (t+s)/2 5 5
Ksi @) = Nwers) (t—s=w)°020(t 4 54 w—2r)20"2)gr
S+WwW
—w
+1{W<ﬂ} (t_S_W)a(lfzq)(Zr—i—w—t_s)5(1*2f1)d,,
2 J(t+s) )2

5(1-2q) 1
2(8(1—2¢)+1)

% [(t s w)d(120)+1 _ 8(1-2g)+1

:2><1{w<ths}(t—s—w)

(t _ S)6(172q)+1

< ot — s —w)8(1-29)
~ 6(1-29)+1 Lweszs(t == w)

N

(I o S)S(I—Zq)—l-l(t i s)5(1—2q)1{w<t%s}

_ 54—
< (1= 9)3072041 (1 — )2 — [|2)2]) T ey (2.76)

By the same arguments, we can get

@ e 278(1-29)
K/ (z) = dr[v —(u+w) ] Livsptwy

6(1-2q)

= /tdr[(v+u+w)(v—u—W)} Livspiw

(t+s—w)/2
=L ow (- HW)S(IZQ)/ (t4+s—2r—w)° gy

t

F Loy (0= s+ W) 202 / (2r—s—1—w)*"
(t+s+w)/2
1
=1 _ 6(1-2q) o \8(1-2g)+1
o (=5 5w S P A X2
— S(i_
< (¢ —3)5(1 29)+1 [(l‘ —5)2 _ Hsz} (2 q)l{\|z\|<tfs}~ (2.77)
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Similarly, we first write

1

k0= [ an (w1)? = 2D [y2 (- 20
se A= {lu—wl<v<p+w} [(WTH H—w

! S(l_ 1_ 1

= / drlpy yowep vy [0+ V)2 = w207 (W g = v)2C0) (w v — )39

s(i_ ! 1 1
(6= WP [arty e =)D ey - ),
Recall t —r > r—sif and only if r < H'TS Then
(t+s5)/2 5(1—g) 519
[ e =) vy

) dr(w—t—s+2r)2C D (wit+s—27)3G0

b
- 1{w<t—S}28(]_2q)/ (r_a)_s(j_q)(c_7)5(%_@‘1”;

5 <b= - <c ;- It is easy to show that

—a

b b
[ =@ e =0y — e a2t [0 (1 py3ag
a 0
1
< (C_a)6<1—2q>+1/ BSU-a)(1 — )34-a)g
0

1 1
= Beta(5(§ —q)+ 1>5(§ —q)+ 1))(C—a)5(1*2q)+1.

Therefore,

1

(t+s)/2 5(1—q) 6(l7 )
/ d”l{v—u<w<u+v}(w+#_") U (wtv—p)ae

Sy g WOU2DT < (p )20 =200
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In the same manner, we can get

! 1 1
/ ALy gy (W41~ V)P3=0 (py — )30
(t+s)/2

z+s2+w

= Liwer—s) /ﬂ dr(w—t—s_|_zr)é(%*q)(W_H+s_2r)5(%,q)
o

= 1{W<l—s}28(12q)/1; (C— r)é(%fq)(r_a)s(%fq)dr (278)
1 1
< Ly 220720 (=) 720 Beta(8(5 — ) +1,6(5 — ) +1)

Sy W20 < (p — )02

t — t t
where a = M <b= i <c= ﬂ Thus, we obtain
2 2 2
3 _ S(i—
K3 (@) < (0= 9)2072071 (0 — )2 — 1220100 (2.79)

with 8(¢ —3) <1— 5. € (0,7). Combining the estimates (2.76), (2.77) and (2.79) allows us to

finish the proof. O
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Chapter 3

A central limit theorem for the stochastic heat equation with

random initial condition
In this chapter, we consider the following nonlinear stochastic heat equation

du 10%u 22
o =52 H oW gn for (1.x) € (0,00) xR, G.1)

u(0,x) = & (x),

where o is a Lipschitz function with constant L € (0,00), 1 is a space-time Gaussian white noise
and & is a Gaussian white noise. We consider that both £ and 7 are defined on the same probability
space (Q,.Z,P) and are independent of each other.

As in [44], by a mild solution to (3.1) we mean a random field u = {u(t,x), t > 0, x € R}
satisfying some measurability conditions which will be specified later, and the following stochastic

integral equation,

u(t,x):/Rp,(x—y)é(dy)—i—/Ol/RptS(x—y)G(u(s,y))r[(ds,dy), as fort>0,xeR, (32)

where p;(x) = (27tt)_l/ze_x2/(2t) for (r,x) € Ry x R. As usual in this framework, we set p;(-) :=0
fort <O.

Our main purpose in this chapter is to establish a quantitative central limit theorem for the
spatial average of the mild solution to (3.1). Our main result, Theorem 3.4.1, basically says that if

R

u(t,x) is the mild solution to 3.1, then, after proper normalization, / u(t,x) dx converges in total
—R
variation to a standard normal random variable when R — o~.
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Although the main result in this chapter is Theorem 3.4.1, there are other important contribu-
tions throughout chapter. We proceed now to briefly refer to those. First of all, the existence and
uniqueness of the mild solution in our setting is not directly covered by the work of Le Chen in
[7] or by the work of Dalang in [10]. For this reason, our study of the quantitative central limit
theorem, starts by proving existence and uniqueness of the mild solution. Additionally, we prove
that the mild solution to (3.1) is stationary. Furthermore, since our problem involves two indepen-
dent noises, some modifications to the usual Malliavin-Stein approach are necessary. To starters,
we need to introduce Malliavin derivatives with respect to both noises, and prove the differentia-
bility (in the sense of Malliavin calculus) of the mild solution. Similarly, we need to introduce two
divergences, and include both of them in the implementation of the Malliavin-Stein methodology.

The rest of the chapter is organized as follows. In Section 3.1, we define define the noise 1 and
&, and collect the elements of stochastic analysis, Malliavin calculus and Stein’s method that are
necessary for the rest of the chapter.

In Section 3.2, we state and prove Theorem 3.2.1 and Theorem 3.2.2 concerning the existence,
uniqueness and stationarity of the solution to (3.1).

In Section 3.3, we establish Theorem 3.3.1 and Theorem 3.3.2 about the differentiability (in the
sense of Malliavin calculus) of the solution to (3.1). In the second part of this section, we obtain
estimates for norm of the Malliavin derivative of the mild solution in terms of the fundamental heat
solution. These estimates correspond to Theorem 3.3.6, and Theorem 3.3.7, and represent a key
ingredient in the proof of Theorem 3.4.1.

Finally, in Section 3.4, we present our main result which is the quantitative central limit theo-
rem for the spatial average of the solution to (3.1).

Throughout the Chapter we denote by C a generic constant which can vary from line to line.
However, we will specify dependence where we feel it may be relevant. We also use the following
notation introduced in Chapter 2.

(1) The expression a < b means a < Kb for some immaterial constant K that may vary from line

to line.
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(2) We write || X||, for the L”(Q)-norm of a real random variable X.

3.1 Preliminaries

This section provides some preliminary results that are required for further sections. It consists of
three subsections: Subsection 3.1.1 contains several important facts from stochastic analysis, Sub-
section 3.1.2 is devoted to introduce concepts and results from Malliavin calculus and Subsection
3.1.3 details the so called, Malliavin-Stein methodology. It is worth mentioning that the appli-
cation of Malliavin calculus and the Malliavin-Stein approach in this chapter is slightly different

from Chapter 2 because there are two independent isonormal Gaussian processes involved.

3.1.1 Stochastic Analysis

We start by introducing the white noise in R x R. Denote by L%’JZC(RJF X R) the collection of Borel
sets A C R4 x R with finite Lebesgue measure, denoted by |A|. Consider a centered Gaussian fam-
ily of random variables 1 = {n(A), A € %%}, defined on a complete probability space (Q,.%, P),
with covariance given by

E[m(A)n(B)] =[ANB|.

Note that the mapping 14 — n(A) for A € ,%’]2( can be extended to a linear isometry between
L>(R, x R) and the Gaussian space spanned by 1. In this way, n = {n(h), h € L*>(R, xR)}

is a centered Gaussian family of random variables satisfying

E[(n(h)n(e)] = h&) 2w, «r)»

for all h,g € L*>(R; x R). This makes 1 an isonormal Gaussian process.
Let us now define the white noise on R. Denote by %’}(R) the collection of Borel sets A C R

with finite Lebesgue measure. Let & = {{(A), A € B }} be a centered Gaussian family of random
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variables defined on the same probability space (Q,.%, P) with covariance
E[£(A)5(B)] =[ANB|,

and independent of 1. By proceeding similarly to what we did for 17, we obtain a centered Gaussian
family of random variables & = {&(g), g € L*(R)} such that E[(§(h)&(g))] = (h,8)12(w) » for all
g,h € L*(R). In this way, & is also an isonormal Gaussian process.

At this point, we proceed to set up the filtered probability space. In other words, we introduce
the filtration .%;.

For all r > 0, we take .%, to be the o-algebra generated by the P-null sets and {7 (Tjo,g9xa):0<
s<t,AE€ ,%’]%} Although {.%"},~ defines a filtration, this is not the appropriate filtration for
our purpose because we need to include & as well. To fix this, we denote by .# ¢ the o-algebra
generated by & and we set .Z; := %1 V.Z%. Then, we have constructed a filtration F = {F:1e
R, } suitable for our purposes. Equipped with this filtration, we proceed now to recall some facts
about stochastic integration.

As proved in [44], for any jointly measurable, F-adapted random field {X (s,7), (s,¢) € Ry xR}

such that,

/OM/RE (X (5,7)?] dyds < o,

the following stochastic integral

/ow/RX(W)n(ds,dy)

interpreted as the Dalang-Walsh integral ([10, 44]), is well-defined.
We have now all the necessary concepts to give a precise definition to what is means to be a

mild solution to (3.1).
Definition 3.1.1. A random field u = {u(t,x), (t,x) € Ry x R} is a mild solution to (3.1) if

(1) uis adapted, i.e. for all (t,x) € Ry xR, u(t,x) is .#;-measurable;
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(2) u is jointly measurable with respect to B(R; x R) x F;
(3) u satisfies (3.2) a.s., for all (t,x) € Ry xR.

Let us now recall a fundamental inequality for estimating the L”-norm of a Dalang-Walsh
integral. More precisely, let us record a suitable version of Burkholder-Davis-Gundy inequality

(BDG for short); see e.g. [20, Theorem B.1].

Lemma 3.1.2 BDG). If {®(s,y) : (s,y) € Ry X Rz} is an adapted random field with respect to F

such that ||®|| 2w, «r) € LP(Q) for some p > 2, then

| / &2 (s,2)dzds
[0,/]xR

As a manner of fact, we will often apply BDG inequality together with Minkowski integral

2

/ D(s,y)n(ds,dy)|| <4p
[0,f] xR »

p/2

inequality. Informally, Minkowski integral inequality says that the norm of an integral is less than
the integral of the norm (see e.g. [43, A.1]. The precise statement from combining BDG with

Minkowski’s inequality is the content of the following Lemma.

Lemma 3.1.3. If {®(s,y) : (s,y) € Ry x ]Rz} is an adapted random field with respect to F such

that ||@| 2k, «r) € LF(Q) for some p > 2, then

2
<ap [ [0 padads —4p [ 0(s.2) Bdzds. (33
N [0,f] xR 0

H / @(s,y)n(ds,dy)
[0,4]xR [0,]xR

Most of the discussion in Section 3.3 and Section 3.4 relies on Malliavin calculus. For this
reason, we will introduce some basic elements of this topic in the next subsection. We point out
that the content of Subsection 3.1.2 is slightly different from what is discussed in Chapter 2 because
now we need to incorporate the two independent isonormal Gaussian processes involved. For any

unexplained notation and result, we refer to the book [30] (see also [27, Chapter 2]).
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3.1.2 Malliavin Calculus

Set £ := L*(R) and $, := L>(R, x R). As seen in Subsection 3.1.1 £ = {&(h), h € $;} and
N =1{n(g), g € H2} are independent isonormal Gaussian processes on the same probability space
(Q,.7,P). As it happens, the Hilbert spaces £ and ), can be combined into another separable
Hilbert space, denoted by § := § @ $), consisting of the set of all pairs (hy,h;) where h; € 9,

i = 1,2, and inner product given by

(Cer,1)s (02,32)) 5 = (X1,01) 5, + (X2,32) 5, -

Then, the process X = {X (h,g) = &E(h) +1(g), (h,g) € H} turns out to be an isonormal Gaussian
process.

Denote by C;(R”) the space of smooth functions with all their partial derivatives having at
most polynomial growth at infinity. Let . be the space of simple functionals of the form F =
f(X(h),....X(hy)) for f € C(R") and h; € §, 1 <i < n. Then, the Malliavin derivative DF is

the §)-valued random variable given by
e,
DF =Y 5L (). X))
i=1 9N

Note that since $) = )| b 2, we can project DF onto )1 and $),. In this way, we define DSF and
D' F as the projections of DF onto $); and $); respectively; see e.g. section 5 in [13] for a similar
discussion.

The derivative operators D' is closable from LP(Q) into L”(Q; $),) for any p > 1 and we define
]D,l]’p to be the completion of .% under the norm ||F||; , = (EUF\P] +E[HD’7F|]5’%2]> " :

The chain rule for D" asserts that if F € Dy and ki : R — R is Lipschitz, then h(F) € Dy”
with

D"(h(F)) =Y D"F, (3.4)

where Y is some ¢{F }-measurable random variable bounded by the Lipschitz constant of 4. In
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fact, when £ is differentiable, we have Y = I/(F) (see, for instance, [30, Proposition 1.2.4]).
The following Lemma (see, for instance, [30, Proposition 1.5.3]), provides a useful criteria to

show a random variable F belongs to ]D),l]’p .

Lemma 3.1.4. Let {F,,n > 1} be a sequence of random variables converging to F in LP(Q) for

some p > 1. Suppose that the sequence {a,, n > 1} given by
npe )7 n
an=(BID"ENG,)) " = 1D E s

is bounded. Then F & ]D,lfp .

The divergence operator 0 is introduced as the adjoint of the derivative operator D'l. More
precisely, an element u in Lz(Q,S’Jz), belongs to the domain of 8", if there is a constant ¢, > 0
satisfying

’]E [(D”F, %2} ‘ < ¢\/E|F?| forall F € DY, (3.5)

In particular, for any u € Dom 6", condition (3.5) means that the linear operator F — [E [(D” F,u) 52}
is continuous from D},’z, equipped with the L?(Q) norm, into R. Thus, we can extend this linear op-
erator to a linear operator from L?(Q) to R. Consequently, Riesz representation theorem gives the
existence of a unique element in L2(Q), denoted by 8" (u), such that E[8" (u)F] = E[(u, D"F )y,
forall F € ]D):]’z. In other words, for u € Dom 8", " (u) is the unique element of L?(Q) character-
ized by the duality formula

E[6"(u)F] =E[(u,D"F)g,) (3.6)

forany F € ]D>,17’2.
The aforementioned definitions for ]D),lfp , 01 are minimally modified to define Dé’p and &¢.
Similarly, the chain rule and Lemma 3.1.4 also hold when 1) is replaced by &.

The operators D and 0™ satisfy the commutation relation

(D18 — 81D (V) =V, 3.7)
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which is useful when one needs to take the derivative of an element given by a divergence. The
same relation holds for & as well.
In our context, the Dalang-Walsh integral coincides with 6". More precisely, we have the

following Lemma

Lemma 3.1.5. Any adapted random field ® that satisfies E [HCIDH%Z] < o belongs to the domain of

- /O i /R (s, )7 (ds,dy).

The proof of this result is analogous to the case of integrals with respect to the Brownian motion

o and

(see [30, Proposition 1.3.11]), by just replacing real processes by $),-valued processes.
With the help of the derivative operator D", we can represent F' € ]D>,7 as a stochastic inte-
gral. To be precise, we have the the following two-parameter Clark-Ocone formula, see e.g. [8,

Proposition 6.3] for a proof.

Lemma 3.1.6 (Clark-Okone formula). Given F € ID)#Z, we have almost surely

/ / N FI.Z] n(ds,dy).

Using Jensen’s inequality for conditional expectation, Clark-Okone formula leads to the fol-

lowing following Poincaré type inequality.

Corollary 3.1.7 (Poincaré type formula). If F,G € D2, then

Colr.G) < [ [ 1D, F 100, Glldys.

We finish this subsection with a simple, but important Remark (see Section 3.4).

Remark 3.1.8.

(a) If G(x) € $1, then 8°(G) = /R G(x)& (dx).
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(b) For a process @ = {®(s), s € [0,¢]} such that \/Var(®y) is integrable on [0,¢], we have

\/Var (/th)(s)ds> < /0Z \/Var(®;) ds.

3.1.3 Malliavin-Stein methodology

Theorem 3.4.1 in Section 5 relies on a combination of Malliavin calculus and Stein’s method.
Hence, in this subsection we will introduce basic elements of this methodology. We refer the
interested reader to the monograph [27] for a comprehensive treatment.

Stein’s method is a probabilistic technique which allows one to measure the distance between
a probability distribution and a target distribution, which for our purpose will be the normal distri-
bution. Recall that the total variation distance between two random variables F' and G is defined
by

dry(F,G):= sup |P(F € B)—P(GeB)|, (3.8)
BeA(R)

where Z(RR) is the collection of all Borel sets in R. We point out that dry (F,G) only depends on
the laws of F" and G and defines a metric on the set of probability measures on R. Furthermore, the
topology induced by dry is strictly stronger than the topology of convergence in distribution, see
e.g. [27, Proposition C.3.1].

The following theorem provides an upper bound for the total variation distance between any
random variable and a random variable with standard normal distribution. We refer the reader to

[27, Theorem 3.3.1] for a proof.

Theorem 3.1.9. For Z ~ .4 (0,1) and for any random variable F,

dry(F,Z) < S [E[f'(F)] —E[Ff(F)]], (3.9)

where Fry is the class of continuously differentiable functions f : R — R such that || f||« < \/7/2
and || f' ||l < 2.
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By borrowing ideas from the Malliavin-Stein approach introduced by Nourdin and Pecatti in

[26], Theorem 3.1.9 can be combined with Malliavin calculus to get the following proposition.

Proposition 3.1.10. Ler F = 8% (v)+ 8" (u) for some $)1-valued random variable v € Dom8S and
some $)y-valued random variable u € Domd". Assume F € ]D)é’z, F e ]D),17’2 and E[F?) = 1 and let

Z ~ AN (0,1). Then we have

dry (F,Z) < 2\/5\/Var (DEFv) | -+ var [(DTF, ), (3.10)

Proof. Let f € ry. By our assumption on F and (3.6) applied to 8% and 8", we have

Consequently, by Theorem 3.1.9

drv(F,Z) < sup |E(f'(F)—Ff(F))|

f€STv
= ! — s _ n
o [l (1= otr), —wore, )|
< 2E[ - <v,D5F>ﬁl — (u,D"F)g, } . (3.11)

By using the duality relation (3.6), we have
E [<V’D§F>g + (u,D"F) m} —E {55 (V)F + 8" (u)F] —E(F?) =1.
1

Thus, (3.11) implies

dry(F,Z) < 2\/Var ((v,D5F>YJI + <u,DnF>m>.
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The desired result follows from the well known inequality

Var <<V,D§F>ﬁl +<u,D"F>52> <2 Var (<V,D5F> ) +2Var((u,D”F>ﬁ2>.

1

3.2 Existence, uniqueness and stationarity.

In this section, we state and prove the existence, uniqueness and strict stationarity of the mild

solution to (3.1). The precise statements of our main results are the following.

Theorem 3.2.1 (Existence and uniqueness). There is a unique mild random-field solution u(t,x)

to (3.1) such that for all p>2, T > 0andt € (0,T]

sup|u(, x) ||, < Cb(1), (3.12)
xeR

where b(t) = \/%, and the constant C depends on T, p and the function & (x).

Theorem 3.2.2. Let u(t,x) be the random field given by Theorem 3.2.1. Then {u(t,x) : x € R} is

stationary for any fixed t > 0.

The proof of existence and uniqueness follows the standard Picard’s iteration scheme, while the
proof of stationarity uses the same ideas of the proof of Lemma 7.1 in [8]. We postpone the proof
of these Theorems until Subsection 3.2.2. We do so, to present some results, which are heavily

used in the proof of Theorem 3.2.1 and in Section 3.3. This is the content of the next subsection.

3.2.1 Some basic results

We start this subsection with three simple, but important, observations. We omit their proofs as

they follow explicit calculations and straightforward arguments.

Observation 3.2.3.
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(a) The Gaussian kernel p;(x) satisfies that for any r > 0

(b) Since the function o(x) is assumed to be Lipschitz with Lipschitz constant L, then for any
p > 1 there exist a constant C > 0 (depending on p, L and ¢(0)) such that if z(z,y) is a

random field in LP(Q), then
lo ()l < C+lz)17). (3.13)

(c) Let T > 0. The function b(z) = - satisifes 1 < /Tb(t) for any € (0, T].

i
A key ingredient when working with Picard iterations is a Gronwall type inequality. This is

the content of the following results. We point out that Proposition 3.2.4 and Lemma 3.2.5 are a

consequence of Theorem 1 in [46]. Hence, we refer the reader to [46] for the corresponding proofs.

Proposition 3.2.4. Let T > 0. Suppose a(t) is a nonnegative function locally integrable on 0 <t <
T and g(t) is a nonnegative, bounded, nondecreasing continuous function defined on 0 <t < T,and

suppose u(t) is nonnegative and locally integrable on 0 <t < T satisfying

u(t) <a(r)+g(r) /Ot(t —5) 71 2u(s)ds

on this interval. Then

u(t) < /

Lemma 3.2.5. Let g and u be as in Theorem 3.2.4. Define for0 <t <T

i n/12/2)) (t —S)"/z_la(s)] ds, forall0 <t <T.

[Au](t) = g(t) /Ot(t —r)"2u(r)dr.
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Then for alln € N

[A"u](1) < —(g(tg(rn(}z/)z))" /Ot(t—r)"/ZIu(r)dr (3.14)

One immediate consequence of Lemma 3.2.5, is the following summability condition satisfied

by [A"u](7).

Corollary 3.2.6. Let r > 0. Then,
Y (Am ()"

n=1

converges uniformly on [0, T].

Proof. For n sufficiently large n/2 — 1 > 0. Then (3.14) implies

n gt 1/r n T 1/r

The desired conclusion follows because

i g(T)r(1/2))" 7n/2-1)/r
= (T(n/2) )

<L oo,

by, say, Stirling’s formula and the root test for series. 0

3.2.2 Proof of main results
Proof of Theorem 3.2.1

The proof consist of three steps.
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Step 1:

Consider the Picard iteration scheme

uolt,x) = /R P —y)E(dy)

un+1(t,X)=uo(t,X)+/ /pz_s(x—y)G(un(s,y))n(ds,dy) forn > 0. (3.15)
0 JR

We prove that the following statements hold for all n € N
(i) un(t,x) is well defined and adapted to .7;.

(i) For any p > 2 and T > 0, the following estimate holds forall 0 <t < T

sup [luy (1,x) |5, < Cb(t),
x€R

where the constant C depends on 7', p and the function & (x).

t
(iii) I(t,x) := / / Pi—s(x—y)o (un(s,y)) n(ds,dy) is well defined. Further, there is a version
0 JR

of I,,(¢,x) which is jointly measurable.

Naturally, the proof will be done by induction.
For the case n = 0, statement (i) is clear from the definition of u(,x). Let p > 2. Note that Itd

isommetry and Observation 3.2.3(a) imply

Eid(r,x)] = /R P —y)dy = (47)" Vb (1),

Actually, since ug(t,x) is Gaussian, there exists C > 0 (depending only p) so that E[uf(z,x)] <

CE[u3(t,x)]?/?. We conclude

Huo(t,x)Hf, < Cb(t) forallx € R.
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In particular, for all > 0

sup [luo(2,x) 5, < Cb(t),
x€R

which proves statement (i1) holds for n = 0. For statement (iii), we note that Observation 3.2.3(a),(b),

and the previous inequality imply

/ [ 7 sx=lotuts ) Basdy < / / P2 (6= 3)(1+ lug(5,3)|3) dsdy

/ (14 b(s))ds.
l - S
t
However, explicit calculations show that / - (14b(s))ds < eo. Then
0 )
[ o 2
[ ste=liotunts. ) dsdy <. (.16)

In particular, the stochastic integral

/0/Rpt—s(x—y)(?(uo(s,y))n(dy, ds),

is well defined. In fact, condition (3.16) implies also the existence of a version of I,(¢,x) which is
jointly measurable. This verifies statement (iii) holds true for the case n = 0.

Assume there is n € N so that statements (i), (i) and (iii) hold true for any k € N with 0 <k <n.
Since u,+1(t,x) = ug(t,x) + I,(t,x), it follows that u,, 1 (z,x) is well defined. Further, u,,+(z,x) is

adapted to .%; because both ug(¢,x) and I, (¢, x) are adapted. This verifies statement (i) for n+ 1.
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Letke NwithO <k <n.Letp>2andT > 0. An application of (3.3), implies that for some

constants C,

g1 (2,013 < Cplluo(e,0)1[5+C,

/ ’ [ a0t o)) drde
0 JR

p/2

t
gcpuuo(t,x)y|,%+c,,/o /Rptz_r(x—z)Hdz(uk(r,z))Hp/z drdz

t
< Coluo I+ C, /0 /R P2 2) |0 el 2))|2 drd

At this step, we will introduce some notation. Set

i (1) := sup||ue (1,%) .
xeR

Then, Observation 3.2.3(a),(b),(c) together with the inequality ||ug(z,x) ||12) < Cb(t) imply

1

t—r

ﬁk+1(l‘> < Cb(t) —l—C/Ot ﬁk(r)dr

for some constant C depending on p, T, and the function & (x). In fact, we can rewrite the previous
inequality in the form

i1 (1) < Ch(t) + [Adg] (1), (3.17)

for the operator A introduced in Lemma 3.2.5 with g(¢) = C. By iterating (3.17), we obtain

fins1(t) <Cb(t) +C fAkb(z) + A" gy (1).

k=1
However, since iip(t) < b(t), we conclude
n+1
finy1 (1) < Cb(1) +C Y [A*D] (1), (3.18)
k=1

for some constant C > 0 depending only on p, T and the function ©.
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At this point, we note b(¢) is integrable on (0, 7T]. Then Corollary 3.2.6 (taking r = 1), implies

Z [A%Db] () converges uniformly on (0,T]. In particular, there is a constant C7 depending only
k=1

on T so that Z A*b(t) < Cr for all 1 € (0,T]. However, Observation 3.2.3(c) implies Cr < b(r).
k=1
Therefore, we conclude from (3.18) that forany 0 <t < T

fin11(t) < Cb(t),

where the constant C depends on T, p and the function o (x). This proves statement (ii) holds for

n+ 1. Finally, statement (iii) holds for n+ 1 because

(1+D(s))ds < oo.

—S

t t
1
2 2
—y)||o , dsdy <C
| [ a=nlotmniiasa<c [ ——=
This finishes step 1.

Step 2:

We prove the existence of the random field u(¢,x) which is jointly measurable, .%;-adapted, and
satisfies (3.1) and (3.12). This is done by proving the L?()-convergence of the Picard iteration
scheme.

Let n € N. For each k € N with 0 < k < n, set

Hy(t) = sup ||y 1 (1,%) — e (2,2) |3
x€R

In view of statement (ii) in Step 1, Hi(r) is well defined. Moreover, Hy(t) < b(f) and similar

arguments to the ones used to obtain (3.17) yield the existence of a constant C > 0 so that

Hi(t) < C /0 l \/tl__er_l(r) — AH ().
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We conclude

H, (1) < A™Ho(t) < [A"D](1).

In view of Corollary 3.2.6), we have Z H,,(t)l/ 2 converges uniformly on (0,T] for any T > 0.
n=1
Consequently, u,(f,x) converges in LP(Q) uniformly on (0,7] X R for any 7 > 0. Let us denote

by u(t,x) the L? limit of u,(z,x). Then, we note the following
(1) Each u,(t,x) is jointly measurable and adapted to .%;, so the same holds for u(z, x).

(2) u(z,x) satisfies (3.12). Indeed, this is a consequence of statement (ii) in Step 1 and Fatou’s

lemma.

(3) u(t,x) satisfies (3.2). Indeed, this follows from the definition

i1 (,7) = /R P —y)E(dy) + /0 /R Py (=)0 (n(r,)) 1 (dr, ),

and the fact that u,(¢,x) converges to u(t,x) in LP(Q).

This finishes Step 2.

Step 3:

We prove the uniqueness (up to a modification) of the solution by using Proposition 3.2.4. More
precisely, assume u(t,x) and v(¢,x) are two jointly measurable, .%;-adapted random fields satisfy-
ing (3.2) and (3.12). Let T > 0 and p > 2. Set D(t) = sup,cp |[u(t,x) — v(t,x)||12,. This is well
define because both u,v satisfy (3.12). Similar arguments to the ones used to obtain (3.17) imply

the existence of a constant C > 0 so that

t
1
D(t) gc/ - D(r)dr forall0 <t <T.
0 —r

It follows from Theorem 3.2.4 that R(t) = O for all 0 < < T. This proves the uniqueness of the

solution and finishes the proof.
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Proof of Theorem 3.2.2

Fix t > 0. We start by noticing the following facts

(i) The shift noise &, defined by

ay<¢>:/R¢<x—y>é<dx>, ben

has the same distribution as the noise &.

(i1) The shift noise 7, defined by

0(0) = /R /R O(s.x— ) (ds,dx) ¢ € 5

has the same distribution as the noise 7.

Furthermore, for each y € R, uniqueness of the mild solution imply that {u(z,x+y), x € R} co-
incides almost surely with the random field u driven by &, and 1,. We conclude that the finite
dimensional distributions of {u(¢,x+y), x € R} do not depend on y, in other words, we have
shown the strict stationarity of u(z,x) for t > 0 fixed (see e.g. Lemma 7.1 in [8] for similar argu-
ments).

Before moving to the next section, where we concern ourselves with the differentiability in
the sense of Malliavin calculus of the random field u(z,x), let us record a Remark which will
be important in Section 3.4. We point out that the first part of the Remark is a consequence of

Theorem 3.2.1 and Observation 3.2.3(b), while the second is a consequence of Theorem 3.2.2.

Remark 3.2.7.

(i) The following estimate holds forall p > 2, T >0 and t € (0,7]

sup [|o (u(t,x))1; < Ch(2),
xeR

where b(t) = \/L; and the constant C depends on 7', p and the function o (x).
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(ii) For any r > 0, E(o?(u(r,y)) does not depend on y.

3.3 Malliavin derivatives of u(z,x).

In this section, we prove results regarding the Malliavin derivatives of the mild solution to (3.1.
We point out that the estimates given by Theorem 3.3.6 and Theorem 3.3.7 are key ingredients in

the proof of Theorem 3.4.1 in Section 3.4.
Theorem 3.3.1. Let u(t,x) be the random field given by Theorem 3.2.1. Then u(t,x) € ]Dé’z, and

the derivative D5u(t,x) satisfies

Df”(hx):l?t(x—)’)‘F/o /sz—r(x—Z)Zg(r,z)Dgu(r,z)n(drdz),

where L¢ (1,z) is an adapted random field bounded by the Lipschtiz constant of o (x).

Proof. Consider the Picard iteration scheme (3.15). Since ug(f,x) = / pi(x—2)&(dz), it is clear
R
that ug(z,x) € ]D%’2 and D§ uo(t,x) = pi(x —y). Similarly, if we assume u,(r,x) € ]D)é’2 for some

n € N, then we can apply D% to

e (0.5) = of0.0) + | t [ st tants) nids ),

to obtain that u, 1 (¢,x) € D}:’z and

t
D§Mn+l(t7x) :pt<x_y)+/ /Pl—r(x_Z)Zé,n(raz)Dgun(raZ)n(dradz)v (3.19)
0 JR

where X¢ ,(r,z) is a random field uniformly bounded by L. In this way, we conclude that u,(t,x) €
]Dé’2 foranyt > 0,x€ Randalln € N.

Now, we will prove that for any # > 0 and x € R

2
sup ||Déun(t7x)||L2(Q;le) < oo
neN
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As a manner of fact, we will prove the stronger result

sup ¥, (1) < oo, (3.20)

neN

where W, () := sup ||Dé un(t,x)||i2(g;m).
xeR

Let us start by computing W (¢) explicitly. In this case, D§ uo(t,x) = p;(x—y) and by Obser-

vation 3.2.3(a), we have

I 1
Hence, Wy(t) = ——.
A/t

Let n € N. It follows from (3.19)

1D 0214, B ) < 221 9) 2

t
/ / Prr(x— 2z (1.2) Dt (1, 2)1 (dr, )
0 JR

2
+2

L2(Q:9))

For the moment, let us focus on the second expression. Combining the isometry with the uniform
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boundedness of X¢ ,(,z), we have

2

pl*r(x _Z)Zé,(n) (”yZ)Déun(’GZ)n(d”a dZ)
R

L2(Q:91)

L[] pt_r<x—z>zg,<n><r,z>D§un<r,z>n<dr,dz>)2 dy]
<r? /R /0 t /R pr,(x—2)E [|D§u,,(r,z)|2] dzdrdy
:LZ/Ot/Rp,Z,(x—z) (]E [/R |D§un(r,z)|2dyD dzdr

t
:LZ/O /Rplz—r(x—Z)HD§”n(r7Z)Hiz(Q;ﬁldzdr.

=E

Then

t
HDéunH(t,x)Hiz(Q;m) SZ‘PO(t)—i—ZLz/O A{p?r(x—z)HD§un(r,z)]\1%2(9;51dzdr.

In view of Observation 3.2.3(a), we conclude
W1 (1) < 2% (1) + Ay (1), (3.21)

for the operator A introduced in Lemma 3.2.5 with g(¢) = L?/\/%. We iterate (3.21) to obtain

W, () <2%(1) Z [AR® ] (1) + [A T (1) < 2% (1) +2’§[Ak‘1’0] (1).
=1 k=1

In view of Corollary 3.2.6, we have Z [A¥() (1) < oo . Finally, since n € N was arbitrary, we
k=1
conclude

sup W41 (1) <2%p(1)+2) [ARw] (1),
neN k=1

which proves (3.20).
Taking into account that u,(z,x) converges to u(t,x) in L?>(Q) for all p > 1, we deduce from

Lemma 3.1.4 u(t,x) € Dé’z. In fact, D%u,(z,x) converges to D5u(t,x) in the weak topology of
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L?*(Q:$)) see e.g. [30, Proposition 1.2.3]. Finally, applying the operator D% to both members of

(3.2), we deduce the desired formula for DS u(t,x). O

Theorem 3.3.2. Let u(t,x) be the random field given by Theorem 3.2.1. Then u(t,x) € D}?’p for all

p > 2, and the derivative D"u(t,x) satisfies

t
DIute,) = piss =)+ [ [ prosle=2)Za (2Dt (drd),

ifs <t, and Dgyu(t,x) =0 for s > t, where Xy (1,z) is an adapted random field bounded by L.

Proof. Let p > 2. As in the proof the proof of Theorem 3.3.1, we will use the Picard’s iteration
scheme (3.15). By using similar arguments, we conclude u,(f,x) € }D%’p foranyr >0,x € R and
all n € N. Since u,(,x) converges to u(t,x) in L”(Q) and given Lemma 3.1.4, it suffices to prove

that forallr > 0,x € R

sup ||D?7*un(t7x) ||LP(Q7~62) < e
neN

In fact, we will prove that for any 7 > 0

sup sup sup HDZ*un(t,x)H%p(Q?ﬁz)<oo. (3.22)
neN ref0,7] xeR

Before entering in the details, we make the following important observations.

(i) Forall n, u,(t,x) is adapted and satisfies E(||u,(z,x) ]\%2) < oo, Consequently, D{yu, (t,x) =0
if s > t. The proof of this result is analogous to the case of integrals with respect to the

Brownian motion (see e.g. [31, Lemma 3.4.1]).

(i) If s <t and n > 0, then

D?,yun+1 (tux) = Pt—s(x—)’)G(un(S,y))

" /sl /Rpt_roc —2)Zq (r,2) Dy yun(r,2) (dr d2).
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Indeed, this is a consequence of (3.7) combined with Observation (i) and the fact that the
Dalang-Walsh integral appearing in u,(¢,x) can be written as a divergence. Nevertheless,

it will be more convenient to write

D ity 1(2,%) = pr—s(x —y) 0 (un(s,y))

t
+ / / Prr(x— )T (1 D)DM tn(1,2) 1 (dr, ).
0 JR

As the expression for Dgyun+ 1(¢,x) contains two terms, we will study each of them separately.

Let T > 0. In order to control the term p;_s(x — y)o (un(s,y)), we will prove

sup sup sup||p,_.(x—*)G(un(o,*))HiP(Q;m) < oo, (3.23)
neNte[0,T]xeR

Indeed, by Minkowski’s integral inequality

Ipr-+(5 = )5 (o, Dl = | [ [t e uals. ) avas

p/2
/ / P2 (=)o (uo(s,y)) 2 dyds,

As shown in the proof of Theorem 3.2.1, there is a constant C depending on 7', p and the function

|2 < Cb(s), for all y € R, where b(s) = \/LE Then, Observation 3.2.3(b)

implies the same inequality holds for ||c (uo(s,y)) ||1%7 In this way, Observation 3.2.3(a) implies

o(x), so that |lug(s,y)

" b(s)
_ . p S
[P (=)0 (1ta (N E 5 gc/o eyt
" b(s)
Since explicit calculation show ds is bounded for r € |0, T|, we deduce (3.23).
P /o VATt —s 0.7] 629

t
The term / / Pr—r(x—=2)Xy (r,2) D un (r,2) N (dr, dz) is alittle bit different to control. Burkholder’s
0o JR

inequality for Hilbert-valued process (see e.g [23, page 212]) and Minkowski’s integral inequality,
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yield

p, r(x—=2)Zy(r,2)D .*un(rz)r[(drdz)

<CL2//p,,x 2)
P(Q:5))

X HD up ( dzdr.

hz HLp (Q:55)
(3.24)

Then

1Dt 10 [}y < 2pe—e =)0 (a0, 20 g
2

pt—’"<x - Z)ET] (7‘, Z)D?,yun(rv Z) n (dl”, dZ)
R

LP(Q:9,) '
In particular, (3.23) and (3.24) imply
108t 16,9 gy < C+C /0 t /R P 5= ) [Dhn(r )| g d2dr (329
for all t € [0,T], where the constant C depends on T, p and the function o(x). Set
Va(t) := supHD. i (

t X HLP (Q:;97) °

Note that (3.23) implies V| (¢) is uniformly bounded. Furthermore, (3.25) and Observation 3.2.3(a)

imply
|
Var1(t) <C+C Va(t)d
—H( ) <C+ /0 \/t—_r n( ) .
Iterating the above inequality, and using Corollary 3.2.6 shows that sup sup V,(¢) < e. This

neNrel0,T]
proves (3.22). Therefore, u(t,x) € ]D),lfp for all p > 2. The desired formula for D"u t,x) follows

from applying D" to both sides of (3.2) together with similar arguments to those used in Observa-

tion (i) and (i1) at the beginning of this proof. [

The remaining of this section is dedicated to establishing fundamental estimates for the Malli-
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avin derivatives of the mild solution to (3.1). However, let us make one important comment about
these upcoming results. Until now, we have relied on Lemma 3.2.5 and Corollary 3.2.6 to iterate
recursive inequalities and obtain the summability of the expressions appearing there. Well, obtain-
ing the L? estimates for the Malliavin derivative will continue with this sort of argument, but we
will need other results to replace Lemma 3.2.5 and Corollary 3.2.6. These results correspond to
Proposition 3.3.4 and Corollary 3.3.5.

Let us start by recalling a simple Lemma involving the Gamma function.

Lemma 3.3.3. Let a,3 > 0. Then,

/rt(t—S)a_l(S—r)ﬁ_lds = (t—r)“+ﬁ_l—2<<i)£(§)).

Proof. The proof follows from using the change of variables s = r + z(¢t — r), the definition of the
beta function

1
ﬁ(a,b):/ x4 11 —=x)>"tdx fora,b >0,
0

(a)[(b)

[(a+b)’ -

and the well known relation f(a,b) =

By combining mathematical induction, the previous Lemma and the following property of the

Gaussian kernel

1

2 2 = VvIi—S§ 2 X —
/Rpl—r(x_z)pr—s(z_y)dz_\/é‘-—n_ (l‘—l’)\/m ! pt—s( y),

forany 0 <s <r <tandx,y € R, we can obtain the following Proposition. We leave the proof as

an exercise to the reader.

Proposition 3.3.4. Set h(s,y,t,x) = p> (x—y) for 0 < s <t and x,y € R. Define

t
LA (s, 0,%) = / / P2 (x— 2)h(s,y,r,2) dzdr
Ky R
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1
and [L"'h)(s,y,t,x) :/ /p,zr(x—z) [L"h|(s,y,r,z)dzdr, forn € N, n> 1. Then, for alln € N
s JR

(LR (s,y,1,x) = (Vam)™"2(t —s)”/zwh(s, y,1,%).

An important consequence of Proposition 3.3.4, is the following Corollary.

Corollary 3.3.5. Fix T > 0. Let C € R. Then forany 0 <s <t <T and x,y € R
Z C"[L"h(s,y,t,x) < Crh(s,y,t,x),

o n+1
where Cp = Z (M)_”/ZT"/ZC"%.
2

n=1

Proof. Note that for 0 <s <t <T, we have t —s < T. Then, Proposition 3.3.4 implies

[L"R)(s,y,t,x) < (V4m)~ ”/ZT"/ZF( /Jr)n+1 h(s,y,t,x).

(=

Thus we only need to show that

is finite. However, this is an immediate consequence of say, the root test and Stirling’s formula. [
We are finally ready to prove the estimates for the Malliavin derivative of u(z,x).

Theorem 3.3.6. For any p € [2,), 0 <t < T and x € R, we have that for almost every (s,y) €

[0, T] xR,
| DY ut x)Hp < Cpr—s(x—y)\/b(s), (3.26)

for some constant C which depends on T, p and the function ©.

Proof. The proof will be done in two steps.
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Step 1:

Let p € [2,00). For n € N, set g,(s,y,t,x) := ||D2yun(t,x)||12, where u, is defined by the Pi-
card iteration scheme introduced in (3.15). As seen in the proof of Theorem 3.3.1, we have
Dyuo(t,x) = 0, D{yuy (t,x) = pr—s(x—y) o (uo(s,y)). Therefore go(s,y,t,x) =0 and g (s,y,t,x) =
7 (x—v)||o(uo(s,y)) ||1%7 We deduce from Observation 3.2.3(b) and Step 1 in the proof of Theo-

rem 3.2.1, the existence of a constant C > 0 depending on p and the function o (x) so that
81 (S7Y7t7x) < Cp?,s(x—y)b(s).
Let n € N. We know
t ()
D ity 1(t,x) = pr—s(x — )0 (un(s,y)) + / / pi—r(x—=2)Xy (r,2) D un (r,2) N (drdz),
s JR

where Z%n)(r, z) is an adapted random field bounded by L. This, together with (3.3) imply the

existence of a constant C > 0 (depending on p and the function 6(x)) such that

t
1Dttt (1,0)[12 < Cp2y(x— )| (s, ) |2 +C / /R P2 = D)IDM s (1,2)| B dzdr
A

Consequently, we deduce
2 2 ' 2 2
D160 < Co (s =9)b0)+C [ [ 5 =2 |l (:2)
N
At this point, we rewrite the above inequality as
gn+1 (S7 2, l,X) S Ch(s7y7 I,X)b(S) + C[Lgn] (Sa <, t,X), (327)

where h and L are defined in Lemma 3.3.4 and C > 0 is a constant depending on 7', p and

the function o(x). Iterating (3.27) and using Observation 3.2.3(c) together with the fact that
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g1(s,y,t,x) < h(s,y,t,x), we conclude

ntl
8nt1(8,3,1,x) < Ch(s,y,1,x)b(s) +Cb(s) Y C![Lh](s,y,1,x),
=1

where C depends only on 7', p and the function o(x). Consequently, Corollary 3.3.5 implies
gn(s,y,t,x) < Ch(s,y,t,x)b(s) for all n € N.
Substituting g,(s,y,t,x) and h(s,y,t,x) for their equivalent expressions, yield
D3yt (2,2) I < Cp7s(x = )b(s)- (3.28)

for a constant C depending on 7',p and the function o (x). In this way, we have shown the respective

version to Theorem 3.3.6 for the Picard iterations. This finishes Step 1.

Step 2:

Put ¢ = p/(p — 1) which is the conjugate exponent for p. Let us pick a nonnegative function
M € C.(R4 x R) and random variable 2 € L9(Q) with || Z||, < 1. Since D"u,(t,x) converges to

D"u(t,x) in the weak topology on L” (Q; $),), we have, in view of Step 1

/ M(s,y)E[ZDgyu(t,x)}dyds = lim M(s,y)E[ZDgyun(t,x)]dyds
Ry xR

= JR, xR

§C/ M(s,y)pi—s(x —y)\/D(s)dyds.
R+ XR
This implies that for almost all (s,y) € Ry xR,

E[ZD] u(t,x)] < Cpi—s(x—y)\/b(s)
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Taking the supremum over {2 : || Z||, < 1} yields

IDyu(t,x)]lp < Cpi—s(x = y)v/b(s),

which finishes the proof. 0

We end this section with the corresponding estimate for the L?-norm of D5,

Theorem 3.3.7. Forany 0 <t < T and x € R, we have for almost every z € R,
D¢ u(t,x)||, < Cpi(x—2), (3.29)

for some constant C which depends on T and L.

Proof. The proof is analogous to the proof of Theorem 3.3.6, with only minor modifications.
For example, the Malliavin derivative D& does not have s, but one can follow the same proof
as in Theorem 3.3.6 by taking s = 0. More precisely, set g,(0,z,7,x) := HDfun(r,y)H% Then,
20(0,2,t,x) = p>(x — z) = h(0,z,t,x). Furthermore, the same arguments leading to (3.27), now

imply
8n+1 (O,Z,I,X) < Ch(O,Z,f,X) +C[Lgn] (O,Z,t,X)

This leads to the desired inequality for the Picard iterations. From there, similar arguments to those
in Step 2 from the proof of Theorem 3.3.6, yield the desired result. We leave the remaining details

to the reader. ]

3.4 Quantitative Central Limit Theorem

This section is dedicated to proving a quantitative central limit theorem for the process F(t), where

R
Fr(1) ::/ u(t,x)dx, (3.30)

—R
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and u(t,x) is the random field from Theorem 3.2.1. Our precise statement is the following.

Theorem 3.4.1. For everyt > 0, there exist a constant c(t), such that

dry (FR(I‘)’Z) < ()R,

ORr
where og = +/Var(Fg(t)) and Z has law N(0,1).

The proof of this Theorem is postponed to Subsection 3.4.2. We do so, to introduce some
technical results, which are used when proving Theorem 3.4.1. These results are presented in the

next subsection.

3.4.1 Some Prerequisites

First, we need to establish the behavior of 6z as R — oo. To this end, let us introduce some notation.

For R > 0 and y € R, we define

R
@ .r(s,y) ;:/ pr—s(x—y)dx. (3.31)

—R

As it happens, studying o as R — oo can be achieved by understanding (¢; z(s,®), ¢; z(s,9)),> (R)-

This is the content of Lemma 3.4.2.

Lemma 3.4.2. Lett,tp > 0 and let 0 < s < t; Atp. We have

2R
\/HQQDll,R(Say)(th(S?y)dy:Z/o pt1+t2—25(2)(2R_Z)dZ'

Proof. We start by noticing that p,,_s(x' —y) = p,—s(y —x’). Then, Tonelli’s theorem and the
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semigroup property of the Gaussian kernel, imply

R R
/ O R(S,Y) @, (s5,y)dy = / / / Pi—s(x—=y)pr—s(x' —y)dxdx'dy
R RJ—-RJ—-R
R R
= / / / Pi—s(x =) pr—s(y — x)dydxdx’
—RJ—-RJR
R R
:/ / pt1+t272S(x_xl)ddel'
~RJ-R

By using the change of variables u = x —x’ and v = x +x’, we obtain

/l\%(ptl, (S y)(sz Sy // p11+12 2Y dVdI/l

where R, is the square with vertices (2R,0), (0,2R), (—2R,0) and (0, —2R). At this point, we
note that both the region R, and the function p; ,,_2,(u) are symmetric. Hence, we can integrate

only in the part where u,v > 0 and multiply by 4. Thus,

1 2R r2R—u
/R(PZL,R(SJ.V)QDIQ(S?)))dy:‘I" E/Ov /0 pt1+t2_zs(u)dvdu

2R
=2 [ s sl @R )
0

A simple application of Lemma 3.4.2, leads to the following Proposition.

Proposition 3.4.3. For any t|,t; >0

1 1\
lim L (1) Fi(1)] = 242 / o(r)dr,
0

R—o R

where p(r) = E(c?(u(r,y)). In particular, for all t > 0 we have that 63 ~ R as R — o».

Proof. Recall that

®(t1) /(Ptl, (0,y)W(dy)+ //(Ptl, 1,2)0(u(r,z))n(drdz),



and similarly Fg(f;). Further, each stochastic integral satisfies an isometry and they are uncorre-

lated because 11 and W were independent. It follows

FElF() ()= [ 000 00)0usO) a5+ [ (3 [ 00000000ty ) Bl uts ) s,

where we are using Remark 3.2.7(ii) to move E[c?(u(s,y))] outside the integral in y. Moreover,

by our previous Lemma

1 [e]
lim — (pl‘l (07)’)(P127R(07)’) dy = 2/ pl‘1+l‘2—25<u) 2du=2
0

R—= R

This together with the dominated convergence theorem gives the first assertion of the result. The

second assertion follows directly from the first. 0

We end this Subsection with the following Lemma, which is a technical result whose purpose

is to simplify some calculations in the proof of Theorem 3.4.1.

Lemma 3.4.4. Let 0 <s<r<t. Set

Ssre(R) := /R X /R O r(5,Y) 0 r(8,Y )0 R (1. 2) Pr—s(2— ¥) Pr—s(z — ¥ )dzdydy'.

Then, Ss»;(R) < 2R for all R > 0. In fact, the same inequality holds for

T4 (R) = /R X /R O R(5,9) 07 (5,5 ) Ps—r(y — 2)Ps—r () — 2)dzdyay ,

when 0 <r <s<t.

Proof. For the sake of simplicity, we will only prove the inequality for S;,;(R), the proof of
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T (R) being similar. In view of (3.31), we can write

srt / / /pt sx ypt s(x _y)pt r(x Z)
R2 RR

X pr—r(& = 2)pr—s(z=y)pr—s(z =Y )dzdxdx'dzdx dydy'.
Now, we interchange the order of integration to d¥dX'dy'dydzdxdx'. Then, we make the following
observations

(i) The integrals of p,;_,(¥—z) and p,_,(¥ — z) with respect to %X are bounded by 1 because

we can replace [—R, R| by R.

(i) When we integrate y, y', we can use the semigroup property. In fact, we can use this property

again when we integrate z.

In this way,

Ssra(R) < / Part2r—as(x—x')dxdyx'.
[—R7R}2

Integrating x over R and then x’ over [—R, R] yields the desired result. 0

We are finally ready to prove our main result from this Section.

3.4.2 Proof of Theorem 3.4.1.

Let ¢ > 0.Thanks to Fubini’s theorem for stochastic integration, and in view of (3.31), we can write

/‘PzROy (dy) + //(PtR r,2)0(u(rz))n(drdz).

In fact, by Lemma 3.1.5 and Remark 3.1.8(a), we can express

Fr(t) = 85 (ve(t)) + 8" (ug(1)),
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where vg(t) = ¢ r(0,y) and ug(t) = 119 1¢: r(r,2)0 (u(r,2)). Proposition 3.1.10, implies

F 2v2
dry ( 1;5:),2) < GLI%—\/Var [<D§FR,VR>51] + Var [(D”FR,MR)m]. (3.32)

In view of the basic inequality va+b < y/a+ Vb for a,b > 0, we deduce from (3.32) that

dry (F’;Z) ,Z) < % <\/Var [(DéF,v>ﬁl] + \/Var [<DnF,u>mD .

On the other hand, Proposition 3.4.3 implies G,% ~ R as R — oo. Therefore, it suffices to show the

existence of two constants ¢ (¢) and ¢, (¢) so that

\/Var [<D5FR(I),VR(t)>ﬁJ < c1(t)VR, (3.33)

\/Var [(DWFR(t),uR(t» m} < e(t)VR, (3.34)

Let us start with the part corresponding to D%. For this case, vg(r) = ¢ £(0,y) and

t
DEFR(t) = 12 (0,2) + /O /R 00r(5.9)55 (5,9)DSu(s,y)n (ds, dy),

Consequently,

(Dfrete) @), = | oul0.0)d:
—}—/R(Pt,R(O,Z) (/0’/R(p,?R(S,y)Z‘,g (s,y)Dfu(s,y)n(ds,dy)) dz.

Note that since the first term is deterministic, it has variance equal to 0. Thus, we only need to

consider

Var ([ 0s02) ([ [ oatsyize(rnDiutmiana ) az).

Then, the isometry of the stochastic integral together with Cauchy-Schwartz and the estimate
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IDSu(r,)|l2 S pr(y—z) (Theorem 3.3.7), imply

Var ¢ r(0,z2) Z <pf,R(r,y)Zg(r,y)Dfu(r,y)n(dr,dw dz
R 0 JR

t
:\/RZ (pt,R(Oaz)(Pl,R(oazl)A /I%(PIZ,R(";)})]E|:’Z%(ray)Dg(r,y)Df/(l’,y)‘i| dydl’dzdzl
t
<I? /R 2 ®.r(0,2) ¢ r(0,2) /0 /R ¢2R(r,y)HD§ (r,y)HzHDf,(r,y)szydrdzdz'
t
= C/o </Rz/R(p”R(O’Z)‘P’MO’ZI)‘P%R("»y)pr(y—z)pr(y—z’)dydzdz'> ds

for some constant C depending on ¢ and the function ¢ (x). Since the expression inside the paren-

thesis corresponds to the function S ,.,(R) introduced in Lemma 3.4.4, this same Lemma implies

Var ( | 0ux(02 ( [ [ oatszetomnt u<s,y>n<ds,dy>) dz) < 2CR,

which leads to (3.33).
We now study the term corresponding to D", The proof is similar to the proof of Theorem 1.1

in [16], although some adjustments are necessary. First, unlike [16], we do not have the condition

sup sup|[o(u(s,y))lp <ee,
0<s<tyeR

in our setting. Additionally, the function b(s) = \/% appears in our estimates for the L”-norm of
Dy yu(t,x), whereas the estimate corresponding estimate in [16] (Theorem A.1) involves only the
fundamental heat solution.

Recall that for this case, vg(s,y) = 1(o(s)@r.r(s,y) 0 (u(s,y)) and

Dl Fr = @, r(s,y) / /(p;R 5,2)X1(s,2) D u(s,z)n (ds, dz),
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where X (r,z) is a bounded random field. It follows,

<DnFR,vR / /q)tR S z (u(s,z))dzds

+/0 /prz,R(s,y) u(s,y) (//fpm r,z)2" (r,2)DY u("Z)n(dr,dZ))dde-

Then Remark 3.1.8(b), implies

\/Var [(DnFR,vmﬁJ <A +As (3.35)

where

! 12
A :/0 < /Rz ‘P%R(Say>2<Pr,R<s7y’)Cov[62<u(s,y))cz(u(s,y'))]dydy') ds
and
Az :/Ot (/}R2 O R (5,Y) P r(s,Y)
' 1/2
X/ /R"’IZ’R(F’Z)E["(”(W>>G< u(s,))Z (1, 2)DDu(r, ) u(r, z)]dzdrdydy) ds.

At this point, we divide the proof in two steps.

Step 1:

Let us estimate the term A;. In fact, we start by estimating Cov[o?(u(s,y))o?(u(s,y’)). It is for
this term that we need the Poincaré type inequality and the chain rule. More precisely, Corollary

3.1.7, implies

Cov[o?(ul(s.y))o / / 101,62 (u(s,) 2| D62 (s, |2 dedr
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However, by the chain rule

D6 (u(s,y) =20 (u(s,y)) " (s,y) D] u(s,y),

where the random field is uniformly bounded. Additionally, we have a similar expression for

D/.6%(u(s,y'). An application of Cauchy-Schwartz leads to

COV[GZ(M , ))02(”(57)’/))

(s,y
<1’ /OM/R lo (u(s,y))llallo(uls, ¥ )41 D (s, y) 4l Dfu(s, y) |4 dzdr
SLZ/ / o (u(s,))llallo (s, y)) lallDLuls, ) la 1D s, )14 dzdlr
0 JR

where for the last step, we used D,.;u(s,y) = 0 if r > 5. Note that in the context of the term A, we
have s < . Therefore, for the term A, we are considering 0 < r < s < ¢. Then, in view of Remark

3.2.7 and Theorem 3.3.6, we conclude

Cov[Gz(u(s,y))crz(u(s,y/)) < Cb(s) /()S/Rps_,(y—z)ps_,(y/—z)b(r)dzdr. (3.36)

where the constant C depends on ¢ and the function ¢ (x). We are finally ready to estimate A;.

In view of (3.36) and Lemma 3.4.4, we have

t 1/2
A= /0 ( /R 2<P{‘:R(s,y)fPt%R(w')COV[Gz(u(S,y))Gz(u(s,y’))]dydy’) ds

SC/OI (/ @ r(5,7)* 01 R (5,Y) / /ps r(y = 2)ps—r(y' —z)b(")dzdrdydy’)1/2 ds
_c/ \/_(/ mdr)l/zdsgc\/ﬁ/o W(/Osb(r)dr)l/zds.

As a manner of fact, explicit calculations show that

/OIM(/Osb(r)dr>l/2ds<oo.
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This leads to A; < v/R as desired.

Step 2:

Now we estimate the term A;. We start by applying Holder’s inequality to obtain

E[o(u(s,y))o(u(s,y) g (r,2)Diyu(r,2)D] ju(r,2)]

< L?||o(u(s,y))llallo(uls,y) 4l DIu(r.2) [4]1D] yu(r, 2) |-

Then,

t t
Ay <L / ( / / / O (5,9) 0 (5,5 )07 R(1,2)
0 s JR2JR

<o, )l ) 4D ) 41D 2) sz ar) ' .
We note that since 0 < s < r < t, Remark 3.2.7 and Theorem 3.3.6, imply
E[o(u(s,y))o (u(s,y")Z5 (n2)Dyu(r,2) D u(r,2)] < CO* () pr—s(y = 2)pr—s(z = ¥).
for a constant C depending on ¢ and the function & (x). It follows,
1/2

A2 S /0 tb(S) ( /S l { /R X /R <Pz,R(s,y)cvr,R(s,y')ﬁva(nZ)Prs(y—Z)prs(z—y')dzdydy’] dr) ds.

Again, we use Lemma 3.4.4 to obtain
t
Ay < \/ZR/ b(s)\/t —sds.
0

t
Explicit calculations show / b(s)\/t —sds < . Consequently, Ay < +/R. This, together with
0

Step 1 and (3.35), prove (3.34). The proof is now complete.
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