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Abstract

In this dissertation, we study some problems related to the stochastic partial differential

equations, branching particle systems and rough path analysis.

In Chapter 1, we provide a brief introduction and background of the topics considered

in this dissertation.

In Charter 2, a branching particle system in a random environment has been studied.
Under the Mytnik-Sturm branching mechanism, we prove that the scaling limit of this
particle system exists. This limit has a Lebesgue density that is a weak solution to a
stochastic partial equation. We also investigate the Holder continuity of this limit, and

prove itis 1/2 — € in time and 1 — € in space.

In Chapter 3, a theory of nonlinear rough paths is developed. Following the idea of
Lyons and Gubinelli, we define a nonlinear integral of rough functions. Then we study
a rough differential differential equation, and obtain the local and global existence and
uniqueness of this solution under suitable sufficient conditions. As an application,
we consider the transport equation with rough vector field and observe the classical
solution formula does not satisfy the rough equation. Indeed, it is the solution to the

transport equation with compensators.

In Chapter 4, we study the parabolic Anderson model of Skorokhod type with very
rough noise in time. By using the Feynman-Kac formula for moments, we obtain the

upper and lower bounds for moments of the solution.
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Chapter 1

Introduction

This dissertation concerns with several topics in branching particle systems, stochastic partial dif-
ferential equations and nonlinear rough paths analysis. It consists of three research articles, which

are listed as follows,

1. Holder continuity of the solutions to a class of SPDE’s arising from branching particle systems
in a random environment, with Yahozhong Hu and David Nualart, Electron. J. Probab., 24, no.

105, (2019), 1 - 52. [48]
2. On nonlinear rough paths, with David Nualart, ALEA, 17, (2020), 545 — 587, [73]

3. Intermittency for the Parabolic Anderson model of Skorohod type driven by a rough noise, with

Nicholas Ma and David Nualart, Electron. Commun. Probab., 25, no. 48, (2020), 1 - 10. [67]

In paper 1, we study a branching particle system in a random environment, observe that after
an appropriate scaling, the limit of the empirical measures of the system exists as a measure-valued
process. This limit has a Lebesgue density that is a weak solution to a stochastic partial differential
equation. Then, by using the techniques of Malliavin calculus, we find that the solution is jointly
Holder continuous with exponents 1/2 — € in time and 1 — € in space.

In paper 2, we develop a theory of nonlinear rough paths following the ideas of Lyons and
Gubinelli. By a stability analysis, we obtain suitable sufficient conditions for the local and global
existences and uniqueness of the solution to the Kunita-type equation ¥; = £ + f(; W (ds,Y;). Finally
we apply this theory to the transport equation with rough vector fields.

In paper 3, a Skorohod type parabolic Anderson model with rough noise in time is studied.



By using the Feynman-Kac formula for the moments of the solution, we find the upper and lower
bounds for the moments.
In the rest of this chapter, we introduce the background and main results of each topic studied

in the present dissertation in details.

1.1 Branching particle systems in a random environment

The study of branching particle systems started from 1960s, since the pioneer work of Jifina [51]
and Watanabe [82]. It has been found that the limits of empirical measures of branching parti-
cle systems are measure-valued Markov processes. Then, it was investigated that measure-valued
Markov processes are highly connected to stochastic evolution equations by Dawson [20]. The the-
ory of branching particle systems is a combination of spatial motion of particles and a continuous
branching phenomenons. Additionally, it is closely related to a class of semilinear partial dif-
ferential equations. We refer the readers to the monographs of Dawson [21, 22], Dynkin [28, 29],
Etheridge [30], Le Gall [59], Li [62] and Perkins [74] for a detailed account of those developments.

In the last century corner, Wang [80, 81] and Skoulakis & Adler [75] introduced a random
environment applying to the system, where the motion of each particle is governed by a random
environment. On the other hand, Mytnik [70] considered a branching model that a random environ-
ment affects the branching rate of the particles with small perturbation, and Sturm [78] modified
Mytnik’s model such that the branching is a rather rare event and totally depending on the envi-
ronment. In Chapter 2, we study a branching particle system, in which the particle motion follows
Wang’s model, while the branching obeys Mytnik-Sturm’s mechanism.

Consider a d-dimensional branching particle system in a random environment. For any integer
n > 1, the branching events happen at time %, k=1,2,.... The dynamics of each particle, labeled

by a multi-index «, is described by the stochastic differential equation (SDE):

dx®" :dB,“+/ h(y —xX™MW (dt,dy), (1.1.1)
R4



where /i is a d x d matrix-valued function on R, whose entries "/ € L?(R¢), B* are d-dimensional
independent Brownian motions, and W is a d-dimensional space-time white Gaussian random field
on R, x R? independent of the family {B*}. The random field W can be regarded as the random
environment for the particle system. The existence and uniqueness of the Feller process x*” that
solves the SDE (1.1.1) will be proved in Section 2.1.

At any branching time each particle dies and it randomly generates offspring. The new particles
are born at the death position of their parents, and inherit the branching-dynamics mechanism. As
we already stated before, the branching mechanism follows the one introduced by Mytnik [70],
and studied further by Sturm [78]. Let X" = {X/*,# > 0} denote the empirical measure of the
particle system. One of the main results of this work is to prove that the empirical measure-valued
processes converge weakly to a process X = {X;, > 0}, such that for almost every ¢ > 0, X; has
a density u,(x) almost surely. By using the techniques of Malliavin calculus, we also establish the
almost surely joint Holder continuity of u with exponent % — € in time and 1 — € in space for any
€>0.

To compare our results with the classical ones. Let us recall briefly some existing work in
the literature. The one-dimensional model was initially introduced and studied by Wang [80, 81].
In these papers, he proved that under the classical Dawson-Watanabe branching mechanism, the
empirical measure X" converges weakly to a process X = {X;,# > 0}, which is the unique solution
to a martingale problem.

For the above one dimensional model, Dawson et al. [25] proved that for almost every ¢ > 0, the
limit measure-value process X has a density u,(x) a.s. and u is the weak solution to the following

stochastic partial differential equation (SPDE):

ll t
) =0+ [ S0+ s as— [ [ 9.0t Com (as.a)
! V(ds,dx)
- [Vl (1.12)

where ||| is the L?>-norm of A, and V is a space-time white Gaussian random field on R, x R



independent of W.

Suppose further that 4 is in the Sobolev space H3(R) and the initial measure has a density
i € H)(R). Then Li et al. [63] proved that u(x) is almost surely jointly Hélder continuous. By
using the techniques of Malliavin calculus, Hu et al. [44] improved their result to obtain the sharp
Holder continuity: they improved the Holder exponents to be }1 — € in time and % — & in space, for
any € > 0.

In Chapter 2, we are interested in higher dimensions (d > 1). However in this case, the super
Brownian motion (a special case when 4 = 0) does not have a density (c.f. Corollary 2.4 of Dawson
& Hochberg [23]). Thus in higher dimensional case we have to abandon the classical Dawson-
Watanabe branching mechanism and adopt the Mytnik-Sturm one. As a consequence, the difficult
term \/m in the SPDE (1.1.2) becomes u;(x) (see equation (2.2.1) in Section 2.2 for the exact
form of the equation).

We follow the approach introduced in Hu et al. [44] to study the Holder continuity of the
conditional density of a particle motion using Malliavin calculus. However, because of the multi-
dimensional setting considered here, new difficulties arise. On one hand, the integration by parts
formulas require higher order Malliavin derivatives which make computations more complex. To
lower the order of Malliavin differentiability in our framework, we use the combination of Riesz
transform and Malliavin calculus, previously studied in depth by Bally & Caramellino [5] (see
Appendix 2.7 for the density formula that we are using). Another difficulty is the fact that in the
one-dimensional case considered in Hu et al. [44], the Malliavin derivative can be expressed ex-
plicitly and this type of formula for the Malliavin derivative is no longer available here. We have
to use another approach to obtain appropriate sharp estimates. More details are given in Appendix
2.7.

Chapter 2 is organized as follows. In Section 2.1 we shall briefly describe the branching mech-
anism used in Chapter 2. In Section 2.2 we state the main results obtained in this chapter. These
include three theorems. The first one (Theorem 2.2.3) is about the existence and uniqueness of a

(linear) stochastic partial differential equation (equation (2.2.1)), which is proved (Theorem 2.2.2)



to be satisfied by the density of the limiting empirical measure process X" of the particle system
(see (2.1.12)). The core result of this chapter is Theorem 2.2.4 which intends to give sharp Holder
continuity of the solution u;(x) to (2.2.1).

Section 2.3 presents the proofs for Theorems 2.2.2 and 2.2.3. The proof of Theorem 2.2.4
is the objective of the remaining sections. Firstly, in Section 2.4, we focus on the one-particle
motion with no branching. By using the techniques from Malliavin calculus, we obtain a Gaussian
type estimates for the transition probability density of the particle motion conditional on W. This
estimate plays a crucial role in the proof of Theorem 2.2.4. In Section 2.5, we derive a conditional
convolution representation of the weak solution to the SPDE (2.2.1), which is used to establish the
Holder continuity. In Section 2.6, we show that the solution u to (2.2.1) is Holder continuous.

Lastly, the martingale problem (2.3.4) - (2.3.5) is introduced in Section 2.3 to prove Theorems
2.2.2 and 2.2.3. The well-posedness of the martingale problem can be proved under the assumption
that the initial measure has a bounded density. We conjecture that it also holds for an arbitrary finite

initial measure. We will not pursue this in this chapter (see Remark 2.3.12 (ii)).

1.2 Nonlinear rough paths

Nonlinear integrals in the sense of Young have been studied in recent years (c.f. Catellier &
Gubinelli [13], Chouk & Gubinelli [17, 16] and Hu & Lé [42]). In these papers, the authors

consider the following nonlinear integral

t
T :/ W (dr,Y,), (1.2.1)

where W is a function on [0, 7] x R with values in R?, that is t-Holder continuous in time and
A-Holder continuous in space, and Y : [0, T] — R? is y-Holder continuous. Under the assumption

T+ A7y > 1, the nonlinear integral (1.2.1) is well-defined in the sense of Young [86]. That is, .%,



is the limit of the following linear approximations as || — 0

n
Zvvtk 0 Ylk 1 Z [ tk7Ytk 1 W<tk_l’Ytk—1)}’
— k=1

where T = (s =19 <t} < --- <t, =t) is a partition of the interval [s,#] and || := max|<x<, |ty —
fx—1|. As an example, one can define a pathwise nonlinear integral of the form (1.2.1), where W is
a fractional Brownian sheet with Hurst parameters Hy € (%, 1) intime and Hy =---=H; = H in
space, such that Hy + %H > 1, and Y is a d-dimensional standard Brownian motion. By applying
this theory of nonlinear Young’s integrals, Hu & L& [42] studied the following transport equation

with distributional vector field (see also [13, 34]):

iwmmzm (1.2.2)

u(t,x) + Du(t,x) 5

d
ot
where D denotes the spatial derivative operator. The existence and uniqueness of the solution to
(1.2.2) with %lloj% (RY;R)-valued initial condition were proved in [42] assuming that (1 + 4y)7 >

1. They also provided a formula for the solution:

u(t,x) = h(Z,(x)), (1.2.3)

where 4 is the initial condition, Z; is the inverse of Y;, and Y is the solution to the following

nonlinear differential equation:

Y;(x) =x+/0tW(a’s,Ys(x)). (1.2.4)

On the other hand, applying the theory of nonlinear integrals to the stochastic heat equation, Hu
and L& also gave a pathwise proof of the Feynman-Kac formula, which provides an alternative
method to study this topic (c.f. [43, 47] for a probabilistic approach).

The purpose of Chapter 3 is to extend the theory of nonlinear integrals to the case when the



functions W and Y are rougher, that is 7+ A7y < 1. In this situation, Young’s approach fails. The
following example, inspired by the lecture notes from Zanco (see Example 3.6 of Zanco [87]),
provides a non-standard nonlinear rough path behavior in R. Forany n € N, 7 € [0,T] and x,y € R,

we define
Xy (")_l 2 (n)_l 2
F(x,y)=¢€", X"/ = —cos(2nn“t) and ¥, = —sin(27wnt).
n n

Then F (Xt("),y) converges to 1 and Y,(n) converges to 0 uniformly on compact sets as n — oo. On

the other hand, however, the following integral

1

1 4n
n) y(n .
/0 F(dXt( ),Yt( )) =— Z/o exp (ﬁ 51n(n2s)>ds — —T,

by dominated convergence theorem, as n — oo.
In the linear situation, a useful tool to deal with the integration of rough functions is the theory
of rough paths. This theory has been developed from the pioneering work of Lyons since the early

nineties (c.f. Lyons [64, 65]) to study d-dimensional dynamical systems of the form
dY, = f(Y;)dX;, t € [0,T],

where the driven signal X; is a-Holder continuous and & € (0, %] The main idea of the rough path
analysis is as follows. Let p = Léj, and let () be a p-step truncated tensor algebra given by the
expression

%) .=Re®R) e R) & & (R?)"P.
The rough path associated to X is a lifting of X to a TP)-valued function on [0, T]z, denoted by
s(p) (X), in such a way that when X is piecewise differentiable, the function

S(I;) = (1,x] x2

s, sty sty

.,Xjft),



and each component X;l is the ith iterated integral of X on the time interval [s,7] C [0, T]. Suppose

that f is a smooth function, then the integral of f(X) against X on [s,] can be approximated by

[ 100X, SR+ £ OO, 4 7D )X 1.25)

with an error of order O(|r — s|(P*1)®)_ Because (p+ 1)a > 1, the error term vanishes in the limit,
which explains the choice p = Léj This allows us to define the integral by passing the limit as

|| — 0 of the following expression

n p
szl D X’kl fkllk’

k=1i=0

wheret = (s=11 <--- <t,=t).

Suppose that @ € (%, %] Gubinelli (see [37]) generalized the integration of “1-forms”, which
means the integrand is a function f(X;) of the driving signal, to a class of rough functions called
“controlled rough paths”. A controlled rough path (by X), is a function ¥ : [0,T] — R? whose

increment on an interval [s, 7] can be written in the following way: Yy, = ¥/X,,+R?Y ,, for some RY®

8,00
R9-valued o-Holder continuous function Y’ and some R9-valued 2¢-Holder continuous function

RY . In this case, the approximation of the integral is the following
t
/ Y,dX, ~ Y,X,, +Y/X},.
N

For a more detailed account on this topic, we refer the readers to the books of Friz & Hairer [36]
and Lyons & Qian [66]. An alternative approach to deal with the integration of “non-1-forms”
based on fractional calculus was developed in [6, 45].

In Chapter 3, we will extend the nonlinear Young’s integral to the rough case by using Gu-
binelli’s approach, and assuming a Holder regularity of order o € ( %, %] Chapter 3 is organized
in the following way. In Section 3.1 we give brief review of the preliminaries about (linear) rough

paths. In Section 3.2 we introduce a nonlinear variant of rough paths. By definition a nonlinear



rough path is a pair (W, W) such that W(z,x) is a function of two variables, (¢,x) € [0,T] x V,

where V is Banach space. The component Wy, (x,y) should be interpreted as the integral

t
WSJ(xa))):/ DW(dra)/)WV,S(x)?

for any 0 < s <t < T, where DW(r,y) denotes the Fréchet derivative of W with respect to the
spatial argument y. We also assume that (W, W) satisfies certain properties, including o-Holder
continuity and a version of Chen’s relation. Then, a nonlinear rough integral can be approximated
in the following way:

t
/ W(dl",Yr) ~ Wgt(Y) +W571(Y57YS)7
s

where Y is the Gubinelli derivative of Y in the context of nonlinear rough paths. We prove that the
nonlinear rough integral is a nonlinear controlled rough path and we establish some properties of
nonlinear rough integrals.

In Section 3.3, we consider the following rough differential equation (RDE):

Yt:§+/ W(drY,), (1.2.6)
0

where (W, W) is an a-Holder nonlinear rough path. Local and global existence and uniqueness
of the solution to the RDE (1.2.6) are proved in this section. We also obtain some estimates
for the solution to this equation. This type of RDEs was previously studied by Bailleul and his
collaborators (c.f. [2, 3, 4]) under some boundedness assumption of W. Here, we study this
equation via a different approach, and improve their results removing boundedness conditions.
Another approach to equation (1.2.6) was introduced by Brault & Lejay [8, 9, 10]. In these
papers, the authors introduced the almost flow ¢,,(x). In comparison with our setting, ¢ ,(x) is
equivalent to W, (x) + W, (x,x) +x . Then without the analysis of the rough integrals, a solution

to equation (1.2.6) can be constructed as the limit of the following iterations over partitions 7 =



O=tg<ti <<t =t)

¢tnfl>tnon'o¢tlyt0(é)7 a'S|7.L-|—>0'

In Section 3.4, we study nonlinear rough paths as function space-valued linear rough paths.
Then, we prove that under some assumptions, these two approaches are equivalent. Despite this,
we still prefer to keep the analysis in Sections 3.2 and 3.3. Firstly, the approach to define nonlinear
rough paths in Section 3.2 is more intuitive than the latter method based on abstract spaces. Addi-
tionally, in order to interpret nonlinear rough paths as function space-valued linear rough paths, a
stronger assumption is required, namely, the existence of the integral %, = f ! W » @dW,, whereas,
in Sections 3.2 and 3.3, we only need to define the integral W, (x,y) f DW (dr,y)Wys(y).

Section 3.5 contains some applications of nonlinear rough paths. In Section 3.5.1, we provide
a generalized Ito-type formula for (nonlinear) controlled rough paths. In Section 3.5.2 we analyze

the gradient flow of the following equation with spatial parameter,

¥,(x) :x—|—/0tW(dr,Yr(x)),

where x € RY and W : [0,T] x R? — R is a nonlinear rough path. We will prove that under some
assumptions, ¥;(x) is differentiable in x. In addition for every (¢,x) € [0,7] x R¢, the gradient
DY, (x) is an invertible matrix. Thus, for any fixed ¢ € [0,7], by the Inverse Function Theorem
in RY, there exists Z; : RY — RY such that Z(Y;(x)) = ¥;(Z(x)) = x for all x € R?. Assume that

%4

f OC(]R" R). Because the structure of W here is rougher than in Young’s case, it turns out

that h(Z,(x)) does not satisfies the transport equation (1.2.2). In Section 3.5.3 we will prove that

h(Z;(x)) is indeed the solution to the following transport equation with compensators

J W(,x) 1 d(DW (x),W (x) hos
3! u(t,x) + Du(t, ) 3 EDu(t,x) 3
I(W (x),DW (x) o, 1 d(W(x))os
+ 21) u(t,x) y —|—§D2u(t,x)T. (1.2.7)

10



Furthermore, the solution is unique in the space ‘5&3 ([0,7] x R%;R). A similar transport equation
with rough vector field was also studied by Catellier in [12].
Finally, we finish Chapter 3 by providing some examples for nonlinear rough paths and trans-

port equations with compensators in Section 3.6.

1.3 Parabolic Anderson model of Skorohod type

The parabolic Anderson model is a special case of the random Schrodinger equation. The study of
this equation dates back to the late 1950s when Anderson published his ground break paper [1]. In
this paper, Anderson predicted a phenomenon, which is now called the Anderson localization, that
the absence of diffusion happens in a lattice system in a random medium. Because its connections
to other fields in mathematics like branching processes in a random environment, large deviations
and stochastic partial differential equations, as well as numerous applications to physical theories
(c.f. Carmona & Molchanov [11], Hairer [38], Havlin & ben Avraham [39], Zel’dovich et al. [89,
90]), the parabolic Anderson model became a popular topic among probabilistic and mathematical
physicists in recent decades. We refer the readers to the books of Kirsch [54] and Konig [55] for a
detailed survey of this model.

In Chapter 4, we consider the following parabolic Anderson model of Skorohod type

0 1 0
Eu(t,x) = 5Au(t,x)+u(t,x)<>§W(t,x), (1.3.1)

where ¢ denotes the Wick product. The noise W = {W(t,x), (t,x) € R, x R?} is a Gaussian
random field, that is a fractional Brownian motion of Hurst parameter H € (0, %) in time, and has

a correlation in space given by a function Q, namely,

EIW (1, W (s,3)] = 5 (24 +2 — |t —sP)Q(x,y),

for all s, € R, and x,y € R%.

11



A similar equation in the Stratonovich sense, where the Wick product in (1.3.1) is replaced by
the ordinary product, has been studied by Hu et al. [43] and Chen et al. [14]. In these papers,
it has been proved that under suitable sufficient hypotheses on the correlation function Q, the
Stratonovich type equation with bounded initial condition has a unique solution, which admits a
Feynman-Kac representation. Additionally, by using the Feynman-Kac formula for the moments
of the solution, the authors in [14] studied the intermittency phenomenon for the solution. Under

certain assumptions on Q, the inequality holds for some o, 8 € (0,1),

2-B 2H+P

C.exp (infﬁt 1-p ) < E[u(t,x)"} < Crexp (Cnmt I~

forallt > 1, x € R? and n > 1, where C and C are positive constants depending on d, H, &, || o||o-
and C,,C, > 0 depend on d,H, «, ||ug |- and x.

In Chapter 4, we will study the intermittency for the Skorohod equation (1.3.1). The upper
bounds for the moments of the solution can be easily obtained. This is due to the fact that the
solution to the Skorohod equation is bounded by the solution to the equation of Stratonovich type.
For the same reason, to get lower bounds is more involved. By using the Feynman-Kac formula
for the moments, we see that in comparison with the Stratonovich case, the exponent in our case
contains an additional negative term. This increases the difficulty to estimate lower bounds for the
moments. To settle this difficulty, we pin the Brownian motion B, at the middle point /2, and
observe that conditional on B, , = r, B is a Brownian bridge before time #/2, and an independent
Brownian motion after #/2. Then, we estimate the probability of the event that the supremum and
the Holder norm of the Brownian bridge (motion) are bounded above and below by appropriate
constants. This allows us to find a lower bound for the moments of the solution.

Chapter 4 is organized as follows. In Section 4.1, we give a brief introduction on the Malliavin
calculus and present the precise definition of the solution to equation (1.3.1). In Section 4.2,
following the idea of Hu et al. [43], we prove that equation (1.3.1) has a unique solution and give

the Feynman-Kac formula and the chaos expansion of the solution. Then, we provide the upper

12



bounds for the moments. Finally, the lower bounds for the moments are proved in Section 4.3.
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Chapter 2

Branching particle systems and related stochastic partial

differential equations

In this chpater, we consider a d-dimensional branching particle system in a random environment.
Suppose that the initial measures converge weakly to a measure with bounded density. Under
the Mytnik-Sturm branching mechanism, we prove that the corresponding empirical measure X/
converges weakly in the Skorohod space D([0, T]; Mr(R?)) and the limit has a density u; (x), where
Mp(R?) is the space of finite measures on RY. We also derive a stochastic partial differential
equation u,(x) satisfies. By using the techniques of Malliavin calculus, we prove that u,(x) is
jointly Holder continuous in time with exponent % — € and in space with exponent 1 — € for any

e>0.

2.1 Branching particle systems

We split this section into two parts. In Section 2.1.1, we consider a finite branching-free particle
system, and prove the existence and uniqueness of this system. In Section 2.1.2, we give a brief

induction to the Mytnik-Sturm branching mechanism.

2.1.1 Finite branching-free particle systems

In this section, we will show the existence and uniqueness of the finite branching-free particle
system that is determined by (1.1.1). The one-dimensional analogue is given by Lemma 1.3 of

Wang [80].

14



Fix a time interval [0,T]. Let W = {W(¢,x),(t,x) € [0,T] x R¢} be a d-dimensional space-
time white Gaussian random field. For any positive integer n, let {B'},c {1,..ny be a family of
independent d-dimensional Brownian motions that is independent of W. Consider an n-particle
system, where the motion of each particle is described by the following stochastic differential

equation in a random environment W:

dxi :dB;'+/ h(y —x )W (dt,dy), 2.1.1)
R4

with initial condition x6 €R%foralli=1,...n. In the case n = 1, we omit all upper indexes in the
equation (2.1.1) without confusion.

The following hypothesis for /2 will be used throughout this chapter:

Hypothesis (H0). 1 = (h"/),<; j<q4 € H3(RG;RY @ RY). That is, the entries h/ of h belongs to the

Sobolev space Hy(R?).

For k=0, 1,2,3, denote by || - ||+.2 the Sobolev norm on Hy(R%; R ® R?), that is

d d 1
y y }
IhlE2i= Y 107R2= Y, ( [ W) Pax)
ij=1 ij=1 “JRd
d k d
Xy v (/)

ij=11=liy,...i=1

81

mh’j (x) ‘zdx> %

Let p : RY — RY ®R? be given by

p(x) = /Rdh(z—x)h*(z)dz, (2.1.2)

where h* = (hj’.)lgi,jgd denotes the transpose of 4. Then, forany 1 <i,j <d, and x € R4, by

Cauchy-Schwarz’s inequality, we have

d
P < Y A 21742
k=1



We denote by || - ||» the Hilbert Schmidt norm for matrices. Then, by Cauchy-Schwarz’s inequality

again, we have

d 1
ol i=sup o) 2 = sup ¥ P’
xeR4 xR N j=1

1

L ik ki %) 2
<(x Y.l l2ll#7]2| )

ij=1 ‘ k=

d
SO

d
ik=1 k=1

1
ki 2
1913) " < I < 113
Similarly, we can show that the first, second, and third partial derivatives of p are bounded in R4,

We make use of the following notations:

k

plie=sp( ¥ % !aa—

XER =1y eig=1 I,

D=

pit[)’,

for k =1,2,3. Now let us study the SDE’s (2.1.1). These equations are not coupled and we solve
them for each i separately. For this reason in the next theorem, which provides the existence and

uniqueness of the equation (for each fixed i), we suppress the superscript index i.

Theorem 2.1.1. Assume the Hypothesis (HO). Then, there exists a d-dimensional stochastic pro-
cess x ={x;,0 <t < T} that is the unique strong solution to the SDE (2.1.1) (for each fixed i) with

initial condition xo = x € RY.

Proof. We prove this theorem by Picard iteration. Let

t
x,(O) :Bt—i—/o /Rdh(y—x)W(ds,dy),

and let

t
x™ = B, +/0 /]Rd h(y—xgmil))w(d&dy)

for all m > 1. Denote by d,(m) = x,(m) —xt(m_l) for all t € [0, T]. Then dt(m) satisfies the following

16



equation

= / / Ay =) = iy =" )| W (ds,d). (2.13)
0 JRd

An application of the 1t6 isometry yields that

||dt(M)||% :H /t/ h(y—xgm)) _h(y—X§m_l))] W(dS,dY)Hz

—E// th xs —h(y— xg ))Hidyds

—MWﬂ—ZZ:/P” an )

i,j=1
d
=) / [p’f(ds(m Dy p’J(O)] ds, (2.1.4)
i,j=170

since ¢ Ll p(0) = ||h||3- Noticing that p/ has bounded first partial derivatives, we have

! 1
ném%sc/nAW”%w,
0

for some constant C independent of m. On the other hand, we can show that

Bt+/0t/Rdh(y—x)W(ds,dy)—x”j

<t 1|23 + 2]

0
I —xI3 =

By iteration, we can conclude that

1™ <

1 1 .
(m+1),(1+||h||%)fm+l+%||x|]2t , (2.1.5)

which is summable in m. In other words, for any 7 € [0,T], the sequence xt(m) is convergent in

L?(Q). Denote by x; the limit of this sequence.

We claim that x = {x;,0 <7 < T} is a strong solution to (2.1.1) (recall we suppress the super-
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script). It suffices to show that as m — oo,

/O t /R dh(y—x§m>)W(ds,dy) — /0 t /R h(y = x;)W (ds,dy)

in L?(Q) for all € [0, T]. We can easily check this convergence by arguments similar to those in
(2.1.3) - (2.1.5).
Suppose that there are two solutions x and x to the SDE (2.1.1). Let d = x —Xx. Again, by a

similar argument as in (2.1.3) - (2.1.5), we have the following inequality

t
13 <C /0 Iy 3ds.

Notice that
ldi]13 < 2l|xlI3 +2[1% 12 < 4(r +e[A]13) < oo.
An application of Gronwall’s inequality yields ||d;||5 = 0. ]
While equations (2.1.1) can be solved separately for each fixed i the solutions x!,...,x" are not

independent since they all of them depend on the common random environment W. It is easy to

see that (x!,...,x") is an nd-dimensional Feller process governed by the generator
(n) Lo (n)
A f(yl,...,yn)zi(A +B") f(y1y---39n), (2.1.6)

where A® is the Laplace operator in R"?,

n d - aZf
BYfGr,...ov) =Y Y Pk, — i)

— , 2.1.7)
Ky dg=1i,j=1 Iy, Iy, O0hs ")

and yx = (y;,...,y¢) € R? for all k= 1,...,n. This is similar to (1.19) of Wang [80] for the one-

dimensional case.
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2.1.2 The Mytnik-Sturm branching mechanism

In this section, we briefly construct the branching particle system. For further study of this branch-
ing mechanism, we refer the readers to papers of Mytnik and Sturm [70, 78]).

We start this section by introducing some notation. For any integer k > 0, we denote by Cé‘ (RY)
the space of k times continuously differentiable functions on R¢ which are bounded together with
their derivatives up to the order k. Also, Hy(R?) is the Sobolev space of square integrable functions
on R? which have square integrable derivatives up to the order k. For any differentiable function ¢
on RY, we make use of the notation d,...;,, ¢ (x) = ﬁ(p(x)

We write Mp(RY) for the space of finite measures on R We denote by

D([0,T],Mr(R?)) the Skorohod space of cadlag functions on time interval [0, T], taking values

in Mp(R9), and equipped with the weak topology. For any ¢ € C,(RY) and u € Mp(R?), we write

(n,0) = u(9) := Rd¢()€)u(dx}- (2.1.8)

Let & :={a=(ap,t,...,ay), 0 €{1,2,3... },04 € {1,2}, for 1 <i <N} be a set of multi-
indexes. In our model .# is the index set of all possible particles. In other words, initially there
are a finite number of particles and each particle generates at most 2 offspring. For any particle
o= (a,t,....,on) € L letoe—1=(0p...,0n_1), —2 = (p,...,0n-2),..., —N = ()
be the ancestors of a. Then, || = N is the number of the ancestors of the particle a. It is easy to
see that the ancestors of any particle & are uniquely determined.

Fix a time interval [0,7]. Let (Q,.%,P) be a complete probability space, on which {B* ¢t €
[0,T]}ge.s are independent d-dimensional standard Brownian motions, and W is a d-dimensional
space-time white Gaussian random field on [0, 7] x R? independent of the family {B%}.

Let x; = x(xo,B%*,r,t), where 0 < r <t < T, be the unique solution to the following SDE:

t
X = X0 +Bf‘—Bf‘+/ /dh(y—xs)W(ds,dy), (2.1.9)
r JR
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where xg € R?, r € [0,¢) and & is a d x d matrix-valued function. We assume that & satisfies
Hypothesis (HO).

Foranyr € [0,T], lett, = % be the last branching time before ¢. For any a = (o, &y, - - ., Oy ),
if nt, = |nt| <N, let & = (0, . .., ) be the ancestor of o at time 7. Suppose that each particle,
which starts from the death place of its parent, moves in R¢ following the motion described by the
SDE (2.1.9) during its lifetime. Then, the path of any particle o and all its ancestors, denoted by
x", is given by (

X (xg’CO,B(O‘O),O,t> , 0<r< %,

o,n Oy ,n
Xy =X = x(x

o—1, 1 N+1
T B% ty,1), <t < NE

ty n .’

d, otherwise.
\

Here x}, € R? is the initial position of particle (o), &b limgy,, x%~1" and 9 denotes the
“cemetery”’-state, that can be understood as a point at infinity.

Let & = {&(x),x € RY} be a real-valued random field on R¢ with covariance

E(E(X)E()) = k(x,y), (2.1.10)

for all x,y € R?. Assume that & satisfies the following conditions:

Hypothesis (H1). (i) & is a symmetric random field, that is P(§ (x) > z) = P(§(x) < —z) for all
x€RY and 7 € R.
(ii) sup E(|&(x)|P) < oo for some p > 2.
x€R4

(iii) K is continuous and bounded on R x RY.

For any n > 1, the random field & is used to define the offspring distribution after a scaling \/lﬁ

In order to make the offspring distribution a probability measure, we introduce the truncation of
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the random field &, denoted by £”, as follows:

Vi, ifE(x) >/,
§"(x) =4 —v/m, if&(x) < —v/n, (2.1.11)

E(x), otherwise.

The correlation function of the truncated random field is then given by

Ka(x,y) = E(E"(x)E" (1))

Let (§);>0 be independent copies of &". Denote by &' and £/~ the positive and negative part
of & respectively. Let N*" € {0,1,2} be the offspring number of the particle & at the branching
time “XH . Assume that {N*",|a| = i} are conditionally independent given " and the position

of o at its branching time, with a distribution given by

P(Na” 2’617 z+1 ) %érﬁ( ’;)’
L)

(Nan_olgl, i ) % n7<

PN = 1]g!x ,H)—1—7|é|( )

For any particle oo = (0, ..., 0y ), ¢ is called to be alive at time ¢, denoted by a ~,, ¢, if the

following conditions are satisfied:
(i) There are exactly N branching before or at ¢: |nt| = N
(i1) o has an unbroken ancestors line: oy_j+1 < N a—in foralli=1,2,...,N.

[Introduction of N*" allows the particle @ produce one more generation, namely, produce new
particle (o, N*™"). However, (,0) is considered no longer alive and will not produce offspring

any more.] For any n, denote by X" = {X/",t € [0,T]} the empirical measure-valued process of the

21



particle system. Then, X" is a discrete measure-valued process, given by

}: 8 g, (2.1.12)

ot

where &, is the Dirac measure at x € R?, and the sum is among all alive particles at time 7 € [0, T].

Then, for any ¢ € Cz(R?), with the notation (2.1.8), we have

x0)= [ 0w = ¥ ot

OCN}’l

2.2 Main results

Let (Q, 7, {F: };c[0,1), P) be a complete filtered probability space that satisfies the usual conditions.
Suppose that W is a d-dimensional space-time white Gaussian random field on [0,7] x R?, and V
is a one-dimensional Gaussian random field on [0, 7] x R¢ independent of W, that is time white

and spatially colored with correlation x defined in (2.1.10):

E(V(,2)V (5.9)) = (t As)K(x,),

forall s,z € [0,7] and x,y € R?. Assume that {W (z,x),x € R?}, {V (¢,x),x € R’} are .%;-measurable
forall € [0,T], and {W (t,x) — W (s,x),x € R?}, {V(t,x) — V(s,x),x € R?} are independent of .%,
forall 0 <s<t<T.

Denote by A* the adjoint of A, where A = AW is the generator defined in (2.1.6). Consider the

following SPDE:

t d t
w0 =00+ [ auas— Y [ [ -] widsay)

i,j=1

! V(ds,dx)
+Am@—7;< (2.2.1)

Definition 2.2.1. Let u = {u,(x),t € [0,T],x € R?} be a random field. Then,
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(i) u is said to be a strong solution to the SPDE (2.2.1), if u is jointly measurable on [0,T] X
R? x Q, adapted to {Zi}ieo,r) and for any ¢ € C2(RY), the following equation holds for

everyt € [0,T]:

IRd(])(x)u,(x)dx:/]Rd(])(x),l,t(x)dx—l—/Ot /Rqu)(x)us(x)dxds

+/Ot/Rd [/Rdvq)(x)*h(y—x)us(x)dx W (ds, dy)
+ /0 t /R G0V (ds, ), as. (2.2.2)

where the last two stochastic integrals are Walsh’s integral (c.f. Walsh [79]).

The solution to (2.2.1) is said to be pathwise unique, if whenever u and u are two solutions
to (2.2.1), then there exists a set G € .F with probability one, such that u;(®) = u;(®) for all

t€10,T] and o € G.

(ii) u is said to be a weak solution to the SPDE (2.2.1), if there exists a filtered probability space,
on which W and 'V are independent random fields that satisfy the above properties, such that

u is a strong solution with this probability space.

Let X" = {X/",0 <t < T} be defined by (2.1.12). In order to show the convergence of X" in

D([0,T]; Mr(R)), we make use of the following hypothesis on the initial measures XZ':

Hypothesis (H2). (i) sup ]X(gn)(l)| < oo,
n>1
(ii) X2 = Xo in Mp(R?) asn — o.
(iii) Xo has a bounded density .

In Section 2.3 we prove the following two theorems.

Theorem 2.2.2. Let X" be defined in (2.1.12). Then, under hypotheses(H1I) and (H2), we have the

following results:
(i) X" = X in D([0,T],Mp(R%)) as n — oo,
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(ii) The limit X = {X,,t € [0,T]} is a continuous Mr(R?)-valued process. In addition, for almost

all 0 € Q and everyt € [0,T), as a finite measure on R, X;(®) has a density u;(x, ®).

(iii) u={u;(x),t €[0,T],x € R} is a weak solution to the SPDE (2.2.1) in the sense of Definition

2.2.1.

Theorem 2.2.3. Assume the Hypotheses (HI1) and (H2) (iii). The SPDE (2.2.1) has a jointly
continuous strong solution, which is pathwise unique in the space of jointly continuous solutions

in the sense of Definition 2.2.1.

The last main result in this chapter is the following theorem concerning the Holder continuity

of the solution to the SPDE (2.2.1).

Theorem 2.2.4. Let u = {u;(x),t € [0,T],x € R?} be the strong solution to the SPDE (2.2.1) in
the sense of Definition 2.2.1. Then, for any By, B, € (0,1) and p > 1, there exists a constant C that

depends on T, d, h, p, B1, and B,, such that for all x,y € Rland0<s<t<T
1 1
lete (x) — s ()5, < Cs™2 (Jx —y|Pr + | — s]2P2).

Hence by Kolmogorov’s criteria, u;(x) is almost surely jointly Holder continuous on (0,T] X R,

with exponent By € (0,1) in space and B, € (0, %) in time.

2.3 Proof of Theorems 2.2.2 and 2.2.3

We prove Theorems 2.2.2 and 2.2.3 in the following steps:

(i) In Section 2.3.1, we show that {X"},> is a tight sequence in D([0,T]; Mr(R)), and the

limit of any convergent subsequence in law solves a martingale problem.

(i1) In Section 2.3.2, we show that any solution to the martingale problem has a density almost

surely.
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(i11) In Section 2.3.3, we show the equivalence between martingale problem (c.f. (2.3.4) - (2.3.5)

below) and the SPDE (2.2.1). Finally, we prove Theorems 2.2.2 and 2.2.3.

2.3.1 Tightness and martingale problem

Recall the empirical measure-valued process X" = {X*,r € [0,T]} given by (2.1.12). Let A = A()
be the generator of one particle motion defined in (2.1.6). For any ¢ € Cg(Rd), similar to the

equality (49) of Sturm [78], we can decompose X/’ as follows:

X'(0) = XJ(9) +Z(9) +M"(¢) + Bl (¢) + Ul (9), (2.3.1)
where
Z" = X" (Aop)d
"(0) /0 "(A0)du
M (0) =M (9)= - Y Y o X)) (N 1),
B(9) / sy + Y [ Vo) asy).
and

Sn+
U () = / / V(XY hy — x3YW (du, dy)
s,,<t,, (ansn R4

+ O;nl /t /R ) V‘P(xg’n)*h(y—X3’")W(du,dy)>.
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Notice that

2
dydu

Vo (") h(y —x")

sn+%
E )
o~y S S Rd
non n

sn+l
< I
jof=[sn| Jsn IR

<2" ™ 'Nol|@ 1.1z < oo,

d
VO (") h(y —x;")| ydu

where Ny denotes the number of initial particles, that is a finite integer. Therefore, by the stochastic

Fubini theorem (c.f. Lemma 4.1 on page 116 of Ikeda & Watanabe [49]), we can write:

t
0r@)= [ [ (] V90 hor—x)x,(an))W (du ).
0 JRI \JRE
As in Sturm [78], consider the natural filtration, generated by the process X"
Fl'=o0 ({x“’”,N“’”Ha| < |nt]FUu{x®" s <t |of = Lntj}) ,
and a discrete filtration at branching times

Fi=o(ZrU" o =nt}) = F)

Then, B'(¢) and U?(¢) are continuous .%/-martingales, while M”" (@) is a discrete Z'-martingale.

Lemma 2.3.1. Assume Hypotheses (HO), (H1), (H2) (i) and (ii). Let p > 2 be given in Hypothesis

(HI). Then, for all ¢ € C}(R?),

(i) IE( sup ]X,”((p)\p), E( sup ]M[b’"((]))|p> and ]E( sup |Ut"(¢)]p> are bounded uniformly

0<t<T 0<t<T 0<t<T
inn>1.

(ii) E( sup ]B;’(¢)|P> 50, asn — o,

0<t<T
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Proof. (i) By the same argument as that for Lemma 3.1 of Sturm [78], we can show that

5 sup W) <c [ E( s x10)9)a

0<t<T 0<s<t

where the constant C > 0 does not depend on n. Again similarly as Strum did for (58) of Sturm

[78], we can also deduce the following inequality

E( sup |Xt"(1>|p) §C<1+E< sup |ij;"(1)|p))

0<t<T 0<t<T
T
<ci+C [ B( sup X)) )ar,
0 0<s<t

where C1,(C; are constants independent of n. Notice that

Nn
sup |X(1)] <20,
0<t<T n

that is bounded for fixed n. Then, it follows from Gronwall’s inequality that the sequence

{E <Oiltl£T x() |p> }n>1

is uniformly bounded in n.

The uniform boundedness of collections

E( sup [x/()") and E( sup [M}"(9)/")

0<t<T 0<t<T

follows immediately.
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We estimate U/"(¢) as follows:

_ / | /R d /R V() h(y = WX(d) )W (du,dy) )

2
/ y Z (9¢ h (y—x)X] (dx)) dydu
_ / / Vo ()" (x — 2) Vo (o)X (dx) X (dz)du
0 JRIxRA

T
<o 1613 /0 X2(1)Pdu. (232)

Thus by (2.3.2), Burkholder-Davis-Gundy’s and Jensen’s inequalities, we have

P P p r
E( sup [U7(9)1") < E(U"(0))7) < cpllpl2ollf .75 E( /0 Xt (1) du)

0<t<T

g P
<collpl2lo I TEE( sup [x/(1))"). 23.3)
0<t<T

that is also uniformly bounded in n.
(ii) Note that {B*} are independent Brownian motions. Then, by Burkholder-Davis-Gundy’s
inequality, we have

B( s BO)F) <3| L B E( / S"+'l’rv¢<x3"">\2du)

n

0<t<T <T,, Q~pnsy

+ ¥ E( / Vo () du) |
Qront
2 4 2 2 2 n p
=ZE( [ [ Vo)X, (dx)du) < 29|} TE( sup [XI(D)]) >0
0 JR4 n 0<t<T
because E( sup |X/"(1)[P ) is uniformly bounded in n. O
0<I<T

As a consequence of Lemma 2.3.1, the collection

{ sup [x7(9)P, sup |M}"(9), sup |Uf(9)P}

0<t<T 0<t<T 0<t<T
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is uniformly integrable.

Definition 2.3.2. Let {X*} be a collection of real-valued stochastic processes. A family of stochas-

tic processes {X*} is said to be C-tight, if it is tight, and the limit of any subsequence is continuous.

Lemma 2.3.3. Assume Hypotheses (H0),(H1),(H2) (i) and (ii). For all ¢ € C2(RY), M""(¢),
Z"(9), and X" (¢) and U™ (@) are C-tight sequences in D(]0,T],R).

Proof. By an argument to that used by Sturm in the proof of Lemma 3.6 in Sturm [78], we can
deduce the C-tightness of M”"(¢) and Z"(¢).
We prove the tightness of X/"(¢) by checking Aldous’s conditions (see Theorem 4.5.4 of Daw-

son [21]). By Chebyshev’s inequality, for any fixed ¢ € [0,T], and N > 0, we have

P(X!(9)] > V) < E(X0))7) < B sup [X(9)7) 0.

0<t<T

uniformly in n as N — o by Lemma 2.3.1 (i).

On the other hand, for any n > 1, we extend X" to the time interval [0, 7, + ,ll] in such a way
that X" performs the same diffusion/branching mechanism as before on [T, T, + %] Denote by
X" ={X"(t),t € [0,T, + 11} the extended process. Then, by Theorem 10.13 of Dynkin [27], we
know that X" is a strong Markov process on [0, T}, + 1.

Let {7, },>1 be any collection of stopping times bounded by 7" and let {3, },>1 be any positive
sequence that decreases to 0, such that 7, + 8, < T. Then, due to the uniform boundedness of

E( sup |X/'(¢)|P ) and the strong Markov property of X", we have
0<t<T

(‘ fn+5 Xz, (¢ } ) <‘ n+6 (‘P)} >8>
=P(\f§n<¢> ~Xp(0)| > €) < S%E( % () -%(0))

<ﬁcpupu 9112 [E( sup [xP(01) +E(IX()I )| 0.

as n — 0. Thus both of Aldous’s conditions are satisfied, and then it follows that X;*(¢) is tight in
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D([0,T],R).

Recall the decomposition formula (2.3.1):

X['(9) = X3 (9)+27(9)+M/"(9) +B}(9) + Ul'(9).

Notice that X"(¢), Z"(¢), M*"(¢) are tight sequences as proved just above, X}(¢) converges
weakly by assumption, and B/(¢) converges 0 in L?(Q) uniformly for all ¢ € [0,7] by Lemma
2.3.1 (ii). As a consequence, U"(¢) is tight in D([0,T],R). In addition, by Proposition VI1.3.26 of
Jacod & Shiryaev [50], every limit of a tight sequence of continuous process U"(¢) is continuous.

It follows that U"(¢) and X" (¢) are C-tight sequences in D([0,T]; R). O

Let . = .7 (R%) be the Schwartz space on R?, and let .7 be the Schwartz dual space. Then,

we have the following lemma:

Lemma 2.3.4. Assume Hypotheses (HO), (H1) and (H2) (i), (ii). Then,
(i) {X™},>1 is a C-tight sequence in D([0,T]; Mp(R%)).
(ii) {B"}n>1, {MP"},>1, and {U"},>1 are C-tight in D([0,T];.").

Proof. Let R4 =R9U {9} be the one point compactification of RY. Then, by Theorem 4.6.1 of
Dawson [21] and Lemma 2.3.3, {X"},> is a tight sequence in D(]0, T):Mr(R?)).

On the other hand, by the same argument as in Lemma 3.9 of Sturm [78], we can show that any
limit of a weakly convergent subsequence X" in D([0,T|; M F(I@d)) belongs to C([0, T]; Mr(R?)),
the space of continuous My (R?)-valued functions on [0,T]. Therefore, {X"},> is a C-tight se-
quence in D([0, T]; Mg (R4)).

To show the property (ii), notice that . C C,% (RY). Then, by Theorem 4.1 of Mitoma [69],

{B"}n>1, {MP"} 51, and {U"} > are C-tight in D([0, T];.%"). -

Proposition 2.3.5. Assume Hypotheses (HO), (HI),(H2) (i) and (ii). Let X be the limit of a weakly

convergent subsequence {X"}i>1 in D([0,T];Mr(R?)). Then, X is a solution to the following
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martingale problem: for any ¢ € C2(R?), the process M(¢) = {M;(¢): 0 <t < T}, given by

Mi(9) :=X,(9) — Xo(9) — /O X,(AQ)ds, (2.3.4)

is a continuous and square integrable ftx -adapted martingale with quadratic variation:

oD = [ [ VoL ol Vo0 X, (a)ds

T /0 /R 4o K(x, )9 (x) @ (v)Xs(dx) Xs(dy)ds. (2.3.5)

Proof. Let {X™};>| be a weakly convergent subsequence in D([0,T]; Mr(R?)). By taking fur-
ther subsequences, we can assume, in view of Lemma 2.3.4 (ii), that {B™ };>1, {M”"};>1, and
{U"};~ are weakly convergent subsequences in D([0,T];.7").

Then, by Skorohod’s representation theorem, there exists a probability space (ﬁ,:@:j’), on
which (Xv e MO Bk U7 ) has the same joint distribution as (X", M>"% B U") for all k > 1,
and converge a.s. to (X,M” B,U) in the product space D([0, T],MF(I@‘{)) x D([0,T],.7")3.

Then, for any ¢ € ./, (X"%(¢),MP"(¢),B™(¢),U™(¢)) converges a.s. in D([0,T],R)*.
Since { sup |X"(¢), sup |MP" (), sup |U" ((p)\z} is uniformly integrable, the conver-

0<I<T 0<I<T 0<i<T n>1
gence is also in L2([0,T] x Q).

For any 7 € [0, 7], let

M (9) == X"(9) — Xg*(¢) — /O X (A@)ds = M (¢) +B* (9) + U™ (9).

Then, it converges to a continuous and square integrable martingale M(¢) = M?(¢) +U(¢) in
L2(Q) with respect to its natural filtration.

The next step is to compute the quadratic variation of M(¢). Notice that W and {B%*} are
independent, then U" and B" are orthogonal. As a consequence, U and B™ are also orthogonal.
On the other hand, M?”(¢) is a pure jump martingale, while U"*(¢) and B™(¢) are continuous

martingales. Due to Theorem 43 on page 353 of Dellacherie & Meyer [26], M?"(¢), B™*(¢)
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and U (¢) are mutually orthogonal. By the same argument as in Lemma 2.3.1, we can show that
(MP1(9)+BP(9) + U™ (6))e = (M"(6) e + (B""(9)): + (U™ (9)), are uniformly integrable.
Then, by Theorem 11.4.5 of Perkins [74], we have

(MPH() + B2 (9) +T™(9))e = (MP™(9))s + (B"™(9)): + (U™ (9)):
= (M(9))e+ (U(9))r = (M(9))r

as k — o in D(]0,T],R) in probability.

On the other hand, by the same argument of Lemma 3.8 of Sturm [78], we have

(V1P(9)) = Tim (W1 (9 / L, k000X a X dy)ds, as

kﬁoo

For (U(¢));, by (2.3.2), since X (¢) — X (¢) in L2([0,T] x Q), it follows that

Tim (07 (6)) = lim / /R VO PO T )
// P (x—2)V ()X, (dx)X,(dz)du.
RIxRd

As a consequence, M = {M,,t € [0,T]}, where

F1,(0) = % (9) — Xo(0) — /0 X,(A0)ds = HP(0) + Bi(0) + Tr(0).

is a continuously square integrate martingale with the quadratic variation given by the expression
(2.3.5).
Finally, by the same argument as in Theorem II in Section 4.2 of Perkins [74], we can show

M(¢)isan.¥ X -adapted martingale. O
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2.3.2 Absolute continuity

Assume Hypotheses (HO) and (H1). Let X; be a solution to the martingale problem (2.3.4) - (2.3.5).
In this section, we show that for almost every ¢ € [0,T], as an Mg (R?)-valued random variable, X,
has a density almost surely.

Foranyn>1, f € Cg(R”d), and u € Mp(R9), we define

() = / [ f ) - (d).
]Rd Rd

We derive the moment formula E(X,”"(f)) of the process X. In the one-dimensional Dawson-
Watanabe branching case, Skoulakis & Adler [75] obtained the formula by computing the limit
of particle approximations. An alternative approach by Xiong [83] consists in differentiating a
conditional stochastic log-Laplace equation. In current chapter we use the techniques of moment
duality to derive the moment formula. It can be also formulated by computing the limit of particle
approximations.

For any integers n > 2 and k < n, we make use of the notation x; = (x,i, e pcg) e R4 and
x=(x1,....x) €R™. Let @7 : C2(R™) — CAR™), and F"), G : C}(R™) x Mp(R) — R be
given by

(@5}1)f)(x1,...,xn)::K(xi,xj)f(x1,...,xn), i,je{1,2,....n},
FO(f,1) == u®"(f),

and

I .
GO (f ) =AM+ 5 Y u @),

1<ij<n

i#)

where k € CZ(R*) is the correlation of the random field £ given by (2.1.10), and A™ s the
generator on n-particle motion defined in (2.1.6).

Lemma 2.3.6. Let X; be a solution to the martingale problem (2.3.4) - (2.3.5). Then, for any n > 2

33



and f € Cg(R”d ), the following process

FO(f,X,) — /O G (f, Xs)ds

is a martingale.
Proof. See Lemma 1.3.2 of Xiong [84]. [

Let { T,(") }1>0 be the semigroup generated by A, that is, T,(") : C2(R™) — C2(R™), given by

Tt(n)f(xlv"'?xn) = /Rndp(t7(x1""7xn)v(yl7'"7yn))f(y17"'7yn)dyl dym

where p is the transition density of n-particle-motion.

Let {S,(Cn)}kzl be i.i.d. uniformly distributed random variables taking values in the set {®;;,1 <
i,j <n,i# j}. Let {74 }x>1 be i.i.d exponential random variables independent of {S,(Cn)}kz 1, with
rate A, = %n(n —1). Let o =0, and n; = Z{:l 7; for all j > 1. For any f € C2(R"), we define
a C}(R™)-valued random process ¥ = {Y,("),O <t < T} as follows: for any j >0 and ¢t €

v =1 s gipmginrin ¢ (2.3.6)

) st
“njti T

Then, Y™ is a Markov process with YO(") = f. It involves countable many i.i.d. jumps S,(C"), con-

trolled by i.i.d. exponential clocks 7. In between jumps, the process evolves deterministically by

(n)

the continuous semigroup 7;

(n)

. Notice that the exponential clock is memoryless, and the semi-

group 7, is generated by a time homogeneous Markov process. Therefore, Y (") is also time

homogeneous.

Lemma 2.3.7. Foranyn > 2 and f € Cg(R"d), let Yt(n) be defined in (2.3.6). Then

E( sup [%" ()]} < || flleeexp (|lillcat) - 237)

xeRnd
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Proof. Since Tt(n) is the semigroup generated by a Markov process, for any # > 0 and f € le (R),

HT,(n)fHoo < || |l- By definition of the jump operators {Sg-")}jzl, it is easy to see that HSy’)f||oo <

| K[|0|| £ ||co- Thus we have

E( sup 1)) < Ifll X (11200, <)

xeRnd j=0

Notice that 7); is the sum of 1.i.d. exponential random variables. Then, we have

- ;
P(nj<t)=1 —exp(—?tnt)JZ (/IZ) =exp(A(t' —1)) M’ff)],
=0 K J!

for some ¢’ € (0,7). Therefore, (2.3.7) follows from (2.3.8) and (2.3.9).

Let H™ : C2(R™) x Mr(R?) — R be given by
HY (1) := G (f,1) = MF ) (f ).
Lemma 2.3.8. Let n > 2 and u € Mp(R?). Then, the process
() t (n)
FO¥" ) —/0 HO (v w)ds

is a martingale.

Proof. Let u™ be any finite measure on R". Then, we have

B ") =B ) +E (R 0 g, <)) +0(0).

For the first term, we have

E(u® (%) o) =™ (G £)P(5 > 1) = n (T ) exp(—Aat)).
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For the second term, since 71, 7, are independent, then for any 0 < s <¢, we have
P(ti+m>t,1 <s) / / A2 exp(—Au(s1+ 2))dsads) = Ayse M (2.3.13)

Note that by Lemma 2.3.7, \Y.(n)| is integrable on [0,T] x R™ x Q with respect to the product
measure df x 4" (dx) x P(do). Then, by (2.3.13), Fubini’s theorem, and the mean value theorem,

we have

E(“( )( v ) 1{n1<t<n2})
1 / | BT ) ) exp () ) @)ds
2 Rnd ]

:%exp(—l,,t) y (T T™ £) (x)u™ (dx), (2.3.14)

1
t10 t 2

By Proposition 4.1.7 of Ethier & Kurtz [31], the following process:

t
n n n n 1 n n n n
(! ))—/O[u”(fﬂ s X @ v |as, (2.3.15)

1<i,j<n

i#j
is a martingale. Then, the lemma follows by choosing u( n) — = u®n, [

By Lemma 2.3.6, 2.3.8 and Corollary 3.2 of Dawson & Kurtz [24], we have the following
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moment equality:

E(X2"(f)) =E {X(;@"(I’t<"))exp ( /O t itndsﬂ = exp (%n(n - 1)z)E(X§"(n(”))). (2.3.16)

Lemma 2.3.9. Let n > 2, and let f € C2(R™).

(i) The following PDE

o (x) =AMy, (x)+ 5 Y K(x)v(t,x), (2.3.17)

with initial value vo(x) = f(x), has a unique solution.

(ii) Let X = {X;,t € [0,T]} be a solution to the martingale problem (2.3.4) - (2.3.5). Then,

E(X2"(f)) =X5" (o). (2.3.18)

Proof. Firstly, we claim that the operator Al = %(A—l—B(")) is uniformly parabolic in the sense of
Friedman (see Section 1.1 of Friedman [35]). Because A is uniformly parabolic, then it suffices to
analyse the properties of B"™). Forany k= 1,...,n,i=1,...,d,and & € R, let & = (£},...,&F).

Then, we have

2
dz > 0.

n

d .. | £ J
Z Z p”()ck1 —xkz)glélglgz - /Rd

kiko=11,j=1

n

Y h(z—x)é

k=1

Thus B™ is parabolic. On the other hand, by Jensen’s inequality, we have

2 n

dz<nlpll» Y &[>
k=1

n

Z h* (Z —xk)ék

k=1

n d - o
Y ¥ plen, g &= [

kika=1i,j=1

It follows that A" = s(A+ B™) is uniformly parabolic.

Since h € H3(R:RY @ RY), p(x—y) = [pah(z —x)h*(z — y)dz has bounded derivatives up

37



to order three, then by Theorem 1.12 and 1.16 of Friedman [35], the PDE (2.3.17) has a unique
solution.

In order to show (ii), let

5 () = E(r" (x)),

where Y™ is defined by (2.3.6). By the same argument as we did in the proof of Lemma 2.3.7, we

can show that for any 7 € [0,T] and x € R

E( sup ‘A(”)Y,(") (x)‘) < oo,

xeRd

Then, by the dominated convergence theorem, we have

Let ,u(”) be any finite measure on R"?. Recall that the process defined by (2.3.15) is a martingale,

then the following equality follows from Fubini’s theorem:

u @) =E (" ") = u®(f) + /0 (" E(ADY"))ds

+% L A<w@muﬁ—uwﬂ%wS

1<ij<n

/<u Di)ds+s Y / ), k(i) — 1]7)ds.

1<ij<n

i

In other words,

< G f— / vs—— y (k(-i,~j)—l)\73}ds>:0,

1<ij<n

i#j
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for all u™ € My (R"?). 1t follows that v = {v;(x),z € [0,T],x € R} solves the following PDE

v (x) = A7 (x) +% Y [k(xix) — 1n), (2.3.19)

1<ij<n

i#j

with the initial value vo(x) = f(x). This solution is unique by the same argument as in part (i).

Observe that

vi(x) 1= 7 (x) exp (%n(n - l)t), (2.3.20)

solves the equation (2.3.17). Therefore, (2.3.18) follows from (2.3.20) and the moment duality
(2.3.16). [

In Lemma 2.3.9, we derived the moment formula for IE(X,(") (f )) in the case when n > 2. If
n = 1, the dual process only involves a deterministic evolution driven by the semigroup of one
particle motion, which makes things much simpler. We write the formula below and skip the

proof. Let p(¢,x,y) be the transition density of the one particle motion, then for any ¢ € Cz(R?),

B00) =X(1"0) = [ [ plernotiato(a

The existence of the density of X; will be derived following Wang’s idea (see Theorem 2.1 of

Wang [80]). For any € > 0, x € R4, let pe be the heat kernel on RY, that is

pe(x) = (2%8)_% exp <— g)

Lemma 2.3.10. Let X = {X;,t € [0,T]} be a solution to the martingale problem (2.3.4) - (2.3.5).

Assume that the initial measure Xo € Mr(R?) has a bounded density u. Then,

T
//E(‘Xt(pg(x—-))‘2)dxdt<oo, (2.3.21)
0 JRA
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and

T
lim /0 /Rdﬂz(p(,(p81 (x =) = X, (pey (x — -))| ) dxdt = 0. (2.3.22)

£1,610

Proof. Let I'(¢,(y1,y2);r,(z1,22)) be the fundamental solution to the PDE (2.3.17) when n =2
(see Chapter 1 of Friedman [35] for a detailed account on existence and properties of fundamental

solutions to parabolic PDEs). We write y = (y1,y2) and z = (z1,22) € R?. Then, for f € C7(R??),

() = || D026,

is the unique solution to the PDE (2.3.17) with initial condition vy = f. Thus by Lemma 2.3.9, we

have

E[X;(psl (x— )X (pey (x — ‘))]

- / / T(t,y;0,2)pe, (x — 21)pey (x — 22)d2XE2(dy). (2.323)
RZd RZd

By the inequality (6.12) of Friedman [35] on page 24, we know that there exists Cr,A > 0, such

thatforany 0 <r <t <T,

T(z,y;r52)] < Crpes 1 —21)per(y2 —22). (2.3.24)

t—r
7

Therefore, by the semigroup property of heat kernels and Fubini’s theorem, we have

T
| [ BB tx =) (pestr— )]
0 R4

T
:// / F(t,y;O,z)pgl+gz(zl—z2)de§92(dy)dt (2.3.25)
0 R2d JR2d

From (2.3.24), (2.3.25) and the fact that Xy € Mg (]Rd ) has a bounded density u, it follows that

(2.3.21) is true.
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Let ./ be the function on R??, given by

T
- / / L(,y;0,2) X5 (dy)d.
0 RZd

Notice that fix 0 < r <t < T,TI(¢,y;r,x) is uniformly continuous in the spatial argument (see (6.13)
of Friedman [35] on page 24). As a consequence . is continuous. Therefore, by (2.3.24) and the

continuity of ./, the function .#" on R¢ given by

N (x) = Rd///(zl,m —x)dzy,

is integrable and continuous everywhere. It follows that

lim //Rd (X, (pey (— ))Xs (pey (v — )] dxdr

€] ,82—>0

= lim %( )p81+82(zl Zz)dZ

£,6—0 Jp2d

= lim </V( )Pey+e, (¥)dy

£1,6—0
/ / / (t,:0, (x,x)) X5 (dy)dxdt (2.3.26)
Rd JR2d

Therefore, (2.3.22) is a consequence of (2.3.26). ]

Proposition 2.3.11. Let X = {X;,t € [0,T]} be a solution to the martingale problem (2.3.4) -
(2.3.5). Assume that the initial measure Xy € MF(Rd) has a bounded density l. Then, for almost

everyt € (0,T], X; is absolutely continuous with respect to the Lebesgue measure almost surely.

Proof. As proved in Lemma 2.3.10, for any x € R? and €, | 0, the sequence {X;(p%, ) },>1 is Cauchy
in L>(Q x R x [0,T]). Then, it converges to some square integrable random field. By the same
argument as in Theorem 2.1 of Wang [80], we can show that the limit random field is the density

of X; almost surely. O

Remark 2.3.12. (i) The assumption in Proposition 2.3.11, that the initial measure has a bounded

density, cannot be removed. Actually, if we choose Xy = &y, the Dirac delta mass at 0, then
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fo JgaT'(2,0:0, (x,x))dxdt behaves like fo t=2dt, which is finite only if d = 1. This is another
difference from the one dimensional situation, in which case Xo(1) < oo is enough to imply
the existence of the density (see Theorem 2.1 Wang [80] for the Dawson-Watanabe branching

model).

(ii) The method of duality is conventionally used to prove the well-posedness of martingale prob-
lems arisen from branching mechanisms. In the one-dimensional Dawson-Watanabe model,
Wang proved the well-posedness by solving a moment problem (see Section 4 of Wang [81]).
This requires a moment bound of the form Y- r"E(|X;(1)|")/n! < e for some positive r.
However, this method does not work in our model and here is the explanation. In the next
section, we will prove that the density u is a solution to equation (2.2.1) and when h = 0, we
have that E({(u;,1)") behaves like c1¢2"" for some € > 0 (c.f. Theorem 4.4 of Chen et al.
[15] and Theorem 4.3 of Hu et al. [41] for some sharp bounds of similar SPDE’s). There-
fore, the condition Y,, | r"E(|(u;,1)|")/n! < oo for some positive r cannot be satisfied in our
model. In the next section, we prove the well-posedness of the martingale problem (2.3.4)
- (2.3.5) by the Yamada-Watanabe argument assuming the existence of the density. Without
the existence of the density, we are currently not able to use the moment duality to show the

well-posedness of the martingale problem. We are not pursue this in the current chapter.

2.3.3 Proof of Theorems 2.2.2 and 2.2.3

The proof of Theorems 2.2.2 and 2.2.3 is based on the equivalence of the martingale problem
(2.3.4) - (2.3.5) and the SPDE (2.2.1).

The equivalence between martingale problems and SDE’s in finite dimensions was observed
in the 1970s (c.f. Stroock & Varadhan [77]). An alternative proof given by Kurtz [58] consists of
the “Markov mapping theorem”. In a recent paper, Biswas et al. [7] generalized this result to the
infinite dimensional cases with one noise following Kurtz’s idea. Here in the present chapter, we

establish a similar result with two noises by using the martingale representation theorem.
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Proposition 2.3.13. Let u € C,(RY) N L' (R?) be a nonnegative function on R?. Then, u= {u;,t €
[0, T} is the density of a solution of the martingale problem (2.3.4) - (2.3.5) with initial density U,

if and only if u is a weak solution to the SPDE (2.2.1).

Proof. If u is a weak solution to (2.2.1), then, as a consequence of 1td’s formula, u is the density of
a measure-valued process that solves the martingale problem (2.3.4) - (2.3.5). It suffices to show
the converse statement.

Let X = {X;,r € [0,T]} be a solution to the martingale problem (2.3.4) - (2.3.5) with initial
density p. Then, by Proposition 2.3.11, for almost every ¢ € [0,T], X; has a density almost surely.
We denote by u; the density of X;.

Consider M = {M,,t € [0,T]} defined by (2.3.4) as an .'-martingale (see Definition 2.1.2 of
Kallianpur & Xiong [52]). Then, by Theorem 3.1.4 of Kallianpur & Xiong [52], there exists a
Hilbert space #* D L?(R¢), such that M is an .%#*-valued martingale. Denote by .7 the dual
space of JZ*.

Let $; = L>(R%;R?), and let £, be the completion of .7 with the inner product

@005 = [ ke )9()0()dsdy.

Consider the product space $ = $1 x . Then, § is a Hilbert space equipped with the inner

product

<(¢17¢2)7 ((pla(P2)>gj = <¢1,(P1>551 + <¢27 ¢2>5§2‘

For any t € [0,T], let ¥, : 7 — § be given by ¥, (¢)(x,y) = (‘P,l(q))(x),‘l’tz(q))(y)), where

Wl (9)(x) = / Vo () h(x—y)u(y)dy,
Rd

and
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Then, for any ¢, ¢ € 7, we have

(M(9),M(p)); = /O V() P (x — 3) V)X, (dx) X, (dy)ds
[ Ko (@ s
0 JRIxRA

- /0 (@4(0),05(9))5ds.

Therefore, by the martingale representation theorem (c.f. Theorem 3.3.5 of Kallianpur & Xiong

[52]), there exists a $)-cylindrical Brownian motion B = {,,0 < < T}, such that
1
M(9) = [ (W(9).am).
Let B! = {B/(9),t € [0,T],¢ € H:1} and B> = {BZ(9),1 € [0,T],¢ € H,} be given by
B, (9) =B:(9,0) and B (@) = B,(0,9).

Then, B! and B2 are $'- and $2-cylindrical Brownian motion respectively, and they are indepen-

dent. As a consequence, we have

M,(9) :/Ot</RdV(l)(z)*h(-_z)Xs(a’z),d‘B}>+/Ot<¢us,d%?>. (2.3.27)

Let {e;};>1 be a complete orthonormal basis of §);. Then, by Theorem 3.2.5 of Kallianpur &

Xiong [52], V = {V;,t € [0,T]}, defined by
Vii= Y Bi(e))e,
j=1
is a .’-valued Wiener process with covariance

E[V(0Vi()] =sAt | klx)o()o()dxdy

R4 x R4
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for any ¢, ¢ € .. Therefore, by (2.3.27) and the equivalence of stochastic integrals with respect
to Hilbert space valued Brownian motion and Walsh’s integrals (c.f. Proposition 2.6 of Dalang &

Sardanyons [18] for spatial homogeneous noises), u is a weak solution to the SPDE (2.2.1). ]

Proof of Theorems 2.2.2 and 2.2.3. By Propositions 2.3.5 and 2.3.13, the SPDE (2.2.1) has a weak
solution, that can be obtained by the branching particle approximation. We do not prove the con-
tinuity here, because later in Section 2.6, we will show that the solution is not only continuous,
but also Holder continuous. The continuity of u yields an improved version of Proposition 2.3.11.
Namely, if X; is a continuous measure-valued process (e.g. the limit of the particle approximation),
then it has a density for all 7 € [0, T] almost surely.

In the next step, we prove the pathwise uniqueness of equation (2.2.1). Assume that u and
u are two continuous strong solutions to (2.2.1) with initial condition u. Let d = u—u. Then,
d={d;(x),t €[0,T],x € R?} is a solution to (2.2.1), with initial condition y = 0, that is continuous
in two parameters. Thus d is also the density of a solution to the martingale problem (2.3.4) -
(2.3.5), with initial measure Xp = 0. By the moment duality (2.3.16), for any ¢ € CZ(RY), we

have
E(d,, $)* = exp(t)E(Xo(¥,*)) =0,

where Y2 is the dual process defined by (2.3.6) in the case n = 2. Since d is continuous in ¢, it
follows that u = u almost surely. Therefore, by the Yamada-Watanabe argument (c.f. Yamada &
Watanabe [85] and Kurtz [57]), we obtain the strong existence and weak uniqueness of equation
(2.2.1). This proves Theorem 2.2.3. Recall Propositions 2.3.5 and 2.3.13. The weak uniqueness of
equation (2.2.1) also implies that every limit of the convergent subsequence of {X"},~ constructed
in Section 2.3.1 is continuous (see Lemma 2.3.4) and unique in law. In other words, {X"},>1 is
convergent in D([0, T]; MF) to a continuous Mg (R?)-valued process in law. The limit has a density

almost surely, that is a weak solution the SPDE (2.2.1). ]

1d;(x) may be negative for some (¢,x) € [0,7] x R?. In this case d; is considered as the density of a signed measure
v, where |v|(1) < |u;(1)|+ |#(1)] < o0 a.s.. The moment duality still holds.
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The following corollary is a direct result of Theorem 2.2.3 and Proposition 2.3.13.

Corollary 2.3.14. Assume Hypotheses (HO),(HI), and assume that Xy € MF(]Rd) has a bounded

density. Then, the martingale problem (2.3.4) - (2.3.5) is well-posed.

2.4 Moment estimates for one-particle motion

In this section, we focus on the one-particle motion without branching. By using the techniques of
Malliavin calculus, we will obtain moment estimates for the transition probability density of the
particle motion conditional on the environment W. A brief introduction and several theorems on
Malliavin calculus are stated in Appendix 2.7. For a detailed account on this topic, we refer the
readers to the book of Nualart [71].

Fix a time interval [0,7]. Let B = {B;,0 <t < T} be a standard d-dimensional Brownian
motion and let W be a d-dimensional space-time white Gaussian random field on [0, 7] x R¢ that
is independent of B. Assume that & € H3 (Rd ‘RY @ R4 ). Forany 0 <r <t <T, we denote by

& = &, the path of one-particle motion, with initial position &, = x. It satisfies the SDE:

t
é,:x—kBt—Br—k// h(y — &)W (du,dy). (2.4.1)
r JRA

We will apply the Malliavin calculus on & with respect to the Brownian motion B. Let H =
L?([0,T]; R?) be the associated Hilbert space. By the Picard iteration scheme (c.f. Theorem 2.2.1
of Nualart [71]), we can prove that for any t € (1,T), & € N,>1D3P(RY). Particularly, D& satisfies

the following system of SDE’s:

d t
DYE =6~ ¥ /9 /R Oh(y - E)DYENWR(ds,dy), 1<ik<d,  (242)
Jija=1

for any 6 € [r,7], and Dg{) E'=0forall 6 > t.
In order to simplify the expressions, we rewrite the stochastic integrals in (2.4.2) as integrals

with respect to martingales. To this end, let M = {M;,r <t < T} be the d X d matrix-valued
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process given by

d t
M=Y [ [ atsowt@s.d).
k=1Jr JRI
where g : Q x [,T] x R — RY @ RY is given by
gzj(tvy):alhﬂ%y_ét)a 1§17]7k§d

Notice that M; is the sum of stochastic integrals, so it is a matrix-valued martingale. The quadratic

covariations of {M"/ }ld j=1 are bounded and deterministic:

(M M2y = / / 0, W (y — &) 9, h72K (y — &) dyds (2.4.3)
k 1

z—r§: ahhk O (y)dy := Q11 (= 1) < ||h]|32( — 7).

Now the equation (2.4.2) can be rewritten as follows:

d t
) / / DY Ejamil, 1<ik<d. (2.4.4)
j=1/6 JRI

Lemma 2.4.1. Forany0<r<t<T,x€RY lety = Ye, be the Malliavin matrix of & = ™ then

Y is nondegenerate almost surely.

Proof. We prove the lemma following Stroock’s idea (see Chapter 8 of Stroock [76]). Let Ag(r)

be the d X d symmetric random matrix given by

L
=Yy plegi

Then, the Malliavin matrix of & is the integral of Ag(¢):

1
%:/Admw



By (2.4.2), (2.4.3) and It&’s formula, we have

() tlD() =8Ok j — Z lD éklde” Z g;k)ésték)éfszfzi
kl 1 k2 1
o o [ Wk p® gk
+ Y Q,{;{/ 0 gk plb) gl g,
Ky =1
Therefore,

£) =1 — /Gt Ao (s)dM, — /el M A (s)

d t
+) / / 8k (s,y) A (s)8k(s,y)dyds. (2.4.5)
k=176 JRI

For any 6 € [r,7], we claim that Ag(¢) is invertible almost surely, and its inverse By (¢) satisfies the

following SDE:

0) =1+ /9 Bo(s)dM" + /9 dM,- B (s) (2.4.6)

d t
Ly / / (5105, Bo (5) + 84(5.7)Bo (5)g] (5.7) + Bo (s)g] (5.y)%) dyds.
k=170 n

Indeed, by 1t6’s formula, we have

d[Ag(t)Be(t)] = —dM; - [Ae(t)Be(t)] + [Ae(t)Be(t)|dM; 247)
d
([ (3008000097~ 650030 B 0 0.9 ).

Note that Ag(¢)Bg(t) = I solves the SDE (2.4.7) with initial value Ag(6)Bg(0) = I. Therefore, the
strong uniqueness of the linear SDE (2.4.7) implies that A, ' () = Bo(¢) almost surely.

Denote by || - ||> the Hilbert-Schmidt norm of matrices. By Jensen’s inequality (see Lemma
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8.14 of Stroock [76]), the following inequality holds almost surely

= | 20(a0)

It is easy to show that sup ||[|Be (t)||2H2p < oo for all p > 1. Therefore, the right-hand side of
IS
(2.4.8) is finite a.s., and thus 7J; is nondegenerate almost surely. [

/r ' Bo(1)d6 H2 (2.4.8)

<#)
) (t=1)?

We denote by 6; = 7! the inverse of the Malliavin matrix of &. In the following lemma, we
obtain some moment estimates for the derivatives of & and o;. Before estimates, we introduce the

following generalized Cauchy-Schwarz’s inequality.

Lemma 2.4.2. Let ny,n, be nonnegative integers, uy € L*?(Q; (H®™)), and uy € L*?(Q, (H®™)),

then uy Quy € LP(Q; (H®(n1+n2)))’ and

(2.4.9)

[leer ® w2l ooy en ||, < [eeallggom ||, N2 rone

2p°
Proof. The lemma can be obtained by the classical Cauchy-Schwarz inequality. [

Lemma 2.4.3. Forany p>1and 0 <r <t <T, there exists a constant C > 0, that depends on T,

d)

h||32, p, such that

max | |DE!la],, <C(t—r)7. (2.4.10)
max ‘a}f'Hzp <C(t—n)", 2.4.11)

max Do ]|, <c. (24.12)
max, 1D/ 22|, <C(e—r)?. (2.4.13)
max H 1D26 || e ,, <l "3, (2.4.14)
max, [1D°&! [l g7es |, <C(e —=r)?. (2.4.15)
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Proof of (2.4.10). By (2.4.3), (2.4.4), Jensen’s, Burkholder-Davis-Gundy’s, and Minkowski’s in-

2
)
s g (s k+ZH/ [ pietam])
[ pderas,

<d(d+1)+2¢cpd(d+ 1|13, Z / 1Dy €l3,ds. (2.4.16)
Jk=1

equalities, we have

d ) £i12 d d t ) e i .
L Ioiel, < & (s K [ [ pidsian

2

<d(d+1)+(d+ 1)cp . Qjﬁ

Thus by Gronwall’s lemma, we have

Z HD 2 ||2 <d(d+1)exp (2cpd(d+1)||h]3,T) :=C. (2.4.17)
i,j=1

Therefore, by (2.4.17) and Minkowski’s inequality, we have

i |12 SHAIGPE S0 2
0zl = | ¥ [ 10§ gras| <3 [ o0 <),
k=171 P k=1Yr

O
Proof of (2.4.11). In order to prove (2.4.11), we rewrite the SDE (2.4.6) in the following way:
ik ! kyj i
U + Z [31 1 Mjkl + Z / ﬁezJ (S)dM;kz
/q 1 k=1
l k k l k k k
* k@/ﬁﬂ ¥ (o [ et
ki kz— k| k2 1
’;2,;’2‘1 / B (s) (2.4.18)
k1 ,kz 1

Similarly as we did in step (i), by Burkholder-Davis-Gundy’s, and Minkowski’s inequalities, we
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can show that the martingale terms satisfies the following inequality

o

For the drift terms, by Minkowski’s and Jensen’s inequality, we have

H / Bl (s) dsH (-6 / Hﬁ"l"z (2.4.20)

Then, by (2.4.18) - (2.4.20), and Gronwall’s lemma, we have

/ 185 (5)][3,ds- (2.4.19)

2p

d

Y|

.. 2
g0l <c
i=1

2p

Thus by Minkowski’s and Jensen’s inequalities, we have

Therefore, (2.4.11) follows from (2.4.8), (2.4.21), Minkowski’s and Jensen’s inequalities. [

‘1)l de <c@—r). (2.4.21)

Proof of (2.4.12). By integrating equation (2.4.5) on both sides with respect to 8, and applying the

stochastic Fubini theorem (c.f. Lemma 4.1 on page 116 of Ikeda & Watanabe [49]), we have

t t t
"= / Ao ()dO =I(t —r) — / YodM, — / M’ -y, (2.4.22)

d t
+) 85 (3,5)%egm (v, 5)dyds.
m=1Jr JRY

51



Taking the Malliavin derivative on both sides of (2.4.22), we have the following SDE:

(k) ik kij o iky ky1j
Z 9 Vs' dMs Z }/ d( M )

k1 1 k1:1

/ ykzdekzl /7/(2]01 Mkzl)
kz 1 kz 1
d
+ Y ( o / yklkzds) (2.4.23)

ky,ko=1

where
k .. d s .o k . .
DYMI=-Y / /R Ohh?" (v - £) DY ELW (dr, dy). (2.4.24)
i1,ip=1

For the first and the third term, by similar arguments as in (2.4.16), we can show that

[ian, s

To estimate the second and the fourth term, notice that by (2.4.10), we have

t .
2 /9 DY)k H;pds. (2.4.25)

j .
ma = ma D¢, .D H
1<0.j<d v »  1%hj<d ’< S DS 2p
< max. |[1D& [, max H||Dg, ””H <C(t—r). (2.4.26)

Therefore, by (2.4.17), (2.4.24), (2.4.26), Jensen’s, Burkholder-Davis-Gundy’s, Minkowski’s, and

Cauchy-Schwarz’s inequalities, we have

2
| ) ea(ebme), <e

<C(t—r). (2.4.27)

Y Haé"l|!4p||D gk|[;,ds
2=
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For the last term, by Minkowski’s and Jensen’s inequalities, we have

| [ oas]) <a-o [ Iofn B as <7 [ |pg e s

Combining (2.4.23) - (2.4.28), we obtain the following inequality

d .
5 Il G, < [ 3 108 s+ cae

17]:1 7]_

where ¢y, ¢, dependson T, d, ||h\|§,2, and p. Thus by Gronwall’s lemma, we have

> o} W, <=’

i,j=1

It follows that
1101, < €t —r?
Notice that ,0; = I, a.s., as a consequence, D (¥%0;) = DI = 0. That implies
Do/ = — Z c,''Dy'"* 6.

i1,ir=1

Then, (2.4.12) follows from (2.4.9), (2.4.11), (2.4.31) and (2.4.32).

(2.4.28)

(2.4.29)

(2.4.30)

(2.4.31)

(2.4.32)

]

Proof of (2.4.13). Fix 0 <r <t <T. Forany 0,6, € [r,t], let 6 = 6; VV 6,. Taking the Malliavin

derivative on both sides of (2.4.4), we have the following SDE:

kl ,kz kl k2) £ 1 i
91792 f - Z 91 6> 6 dMj
J1=1

J17/27./3 1

33

S [ [ ot gl wh s,

(2.4.33)



Similarly as in (2.4.16), we can show the following inequalities

t 2 t
ki .k j i ky,k i112
| [ pgreami|” <caplnla [ IIDG' €3, ds (2.434)
6 2p 0 P

and

t 0. - W (y— D(kl) sz(k2) BWI (ds.d 2
i1 (v = &s) 0, & 6 & (ds,dy)
6 JRd 2p
t . .
< cpllhl32 /9 \}Dg’jl)gsﬂHip||D(9’;2)éjg3HipdsgC(r—r). (2.4.35)

Thus combining (2.4.33) - (2.4.35), we have
L k) eil)2 4t k) el
1,82 1,82
Y [pgs a5, <er X ) Ioba? €15 s +exte—n)
1= 1=
Then, it follows from Gronwall’s lemma that
d (ki,k2) gi112
Y [|Dg'5 &l |5, < Cle—1). (2.4.36)
i=1

The inequality (2.4.13) is a consequence of (2.4.36), Jensen’s and Minkowski’s inequalities. [

Proof of (2.4.14). For any 6,6, € [r,t] and 0 = 6,V 65, by taking the Malliavin derivative on both
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sides of (2.4.23), we have

d
kik2) jj k,k k1) i k i1 j
i == X () pia im0 via (o))

i1=1

d
Z (/ kz ’)/uld( (ky) lej / Ysuld Glilb];Z)M;”))

i1=1

d k k) z i ' (kt) i j iri
£ (oo +/9 e (o)

=1
d kz 2 Jj ) il 2J kl k2) 3 rigi
Z 7/ d M 7’1 d 91 6, Mg
=1
+ i < 11, k1 k2) ’}’lllzds> (2.4.37)
| i2,] 91 6, /s o
1171
where
plkuke) g gij / / i iy w1 ( g) kl glzD 5]3W]1(drd )
0,6, Vs hja.ish (¥ = Gr y

A Jz J3=1

// a»]zhmy &r) ekllbkzz 5rj2le(d”ad)’)-

]1]2 1

By (2.4.17), (2.4.26), (2.4.30), (2.4.36), Burkholder-Davis-Gundy’s, Minkowski’s and Holder’s

inequalities, we have the following inequalities

(ki k2) 2 kika) i ||2
| [ oiesy soam [, <cani [[I0Gig e s, @aaw
W/ g ( “M”N) 0
2p
(1) i HD gn|” as <@ —r), (2.4.39)
4p
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and

2
i kl,kz ij
H/ ’}/ d 01 62 MS 2p

. k . . 2
g%( | [ [ oo mabit -8 D g0l giwh as.an),
Jtj2,j3=1

P
2
I ) = ca(h+1).

P

ki ,k 7 i
S| [ o - g e as,an

J1,j2=1

We estimate I, I» as follows:

I <

Py HV"H@IID 8|5, 106 & g s < €t — ),
J2,J3=

and

L <d|h|3, Z HV’”||4PH oo &R ds <Ct—r* <CT(t—r).
Jo=1

Thus we have

H/ ya (DY 2w | < ey (2.4.40)
0,6, M ) = r)’. 4.

Therefore, combine (2.4.37) - (2.4.40), we have

k2) (k1 ka)
Z H 6]?7922 ?/j <01t—r e Z/ 9117}922 ¢ pa’s,
i,j=1
By Gronwall’s lemma, we have
(k1.k2) jj1(2
Z |D 911922 WHzp <C(t—r), (2.4.41)

7.]_
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which implies

(119

10 2|, <Ca=n)2.

By taking the second Malliavin derivative of y;0; = I, we have

D*c = Z o/ (D*'"2 6 + DY ® D6, 4+ D6> @ Dy'"?). (2.4.42)
11 12 1
Then, (2.4.14) can be deduced by (2.4.9), (2.4.11), (2.4.12), (2.4.31) and (2.4.42). O

Proof of (2.4.15). For any 61,6,,05 € [r,t], let 6 = 6,V 6,V 65. Taking the Malliavin derivative
on both sides of (2.4.33), we have

i ko k (ks o)
D(911,9227933 & = / / ajzwhlh —&)D 911922 énD 5!*WJI (ds,dy)
]17]27]3 1

(kika k3) ¢ j i
// aj2h1J1y és) 011922933 éSJZWJl(dS,dy)

J1,2=1
/ / aj27]37]4hljl 55) §J2D §J3D ésj4WJl (ds dy)
j17jz7j37/4 1
S [ ot e ol bwh as.an
J1:J2,J3=1
/ / D ish (v — ENDYVEL DY EB W (ds, dy). (2.4.43)
J1:J2,J3=1

By (2.4.17), (2.4.36), Burkholder-Davis-Gundy’s, Minkowski’s, and Holder’s inequalities, we have

the following inequalities:

(kik2) ¢ jo y(ks) £ 2
H// &szhl] y— és) 911922 gsszg;)éS]SWkl(ds’dy)HZP

<cpllhl3, / DG 62 &2 15, D6 €21y ds < €t =2, (2.4.44)
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a hljl (k1,k2,k3) j2Wj1 ds.d 2
§S) 0,,0,,6; S5 ( Sy )’) 2

<plllB. / D58 6115,
and

H/ / Opp.in ™ (v = &)DGV EP DR EP DY EP W (ds, dy>H2

2p

<collRs [ [D4VEE] R D485 1D 653, ds < o)

Thus combining (2.4.43) - (2.4.46), by Jensen’s inequality, we have
d (ki,kak3) g i (k1 kaks) gi1)2
1,/2,/3 1,R2, 3 1
S Iogss sl <o & [ 106885 s+
=1 =1
Then, the following inequality follows from Gronwall’s lemma
(ki ko k3) g2
Z H 911,922,933 gllHZP S C(t - r)'

Therefore, (2.4.15) is a consequence of (2.4.47).

(2.4.45)

(2.4.46)

(2.4.47)

]

In the next lemma, we derive estimates for the moments of increments of the derivatives of &

and o;.

Lemma 2.44. Forany p>1,0<r<s<t<T,and 1 <1i,j<d, there exists a constant C > 0

depends on T, d, p, and ||h||3 2, such that

I\)\’—‘

max H||D§t DE! HHHz <C(t—s)2,

1<i<d
i ol <c—r)Es—r) N —s)
max o -0 ZP_C( r) 2 (s—r) (t—s)2,
Do’ — Dol H <C(t—r)"2(t—s)?
max (1067~ DoV lu|, <C(t—r)73(—s)*,

max H]|D§, ~D*¢! 72|

max 2 gC(t—r)(t—s)i.
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Proof of (2.4.48). (i) By (2.4.4), we have

DY —DYE = §411,,(0 Z DYEjam]

0vVs

Thus by (2.4.17), Burkholder-Davis-Gundy’s, Jensen’s, and Minkowski’s inequalities, we have
k) gi k) gil2
DY) &~ DYES < Clo11,(0) + (1 —5)].

Thus we can show (2.4.48) by Minkowski’s inequality:

T R N AT PSS e
H”Dét _Dgs”HHzPSkZl/': HDG gl‘ _DO §S||2pd9
d t t
SZC(/ 5,~kd9+/ (t—s)d@) < C(t—3s).
k=1 s r

]

Proof of (2.4.49). Note that 6; — 65 = 0y (¥s — %) Os. Then, by (2.4.11) and Holder’s inequality, it

suffices to estimate the moment of ; — 7. By (2.4.22), we have

t d t
] ik kij ik koi
Y~y =5t —s) Z Ytdm =Y [ ydmp?
ki=1vs ko=1YS

d
o f [

ky,kr=1

Then, by (2.4.26), Minkowski’s, Jensen’s, and Burkholder-Davis-Gundy’s inequalities, for all 1 <

i,j <d,we have

[ ){j||§p <C((t—s) >+ (t—r)(t—s)+ (t—r)(t—9))

<C(1+T)*(t—r)(t —s). (2.4.52)
Then, (2.4.49) is a consequence of (2.4.11) and (2.4.52). ]
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Proof of (2.4.50). By (2.4.23), we have the following equation:

k L k .. d t k . . d t . k .
Py Dy == Y. | DPyiamii— Y, | yiha(pfm)

ki=178Vs ki=176Vs

d t i ) ] d t ) r )
_ Z/ Dg)}{?]defZl— Z/ }{j”d(Dg)Mifz’)

ky=1 OVs k=1 PAVAY

¢ i [ (k) e ke

1

+ Y (Qk;j/ DY)y,

kyko=1 OVs

Then, by (2.4.17), (2.4.26), and (2.4.30), Burkholder-Davis-Gundy’s, Jensen’s, Minkowski’s, and

Cauchy-Schwarz’s inequalities, we have

|06 =g Il < ea

2 L (k) ik (12
h||3,2{ Y [ IDg vy, du
k=17 0Vs

d t /
ki |12 || pF)gka |2 (k) ko |2
S Nl A e Ry M e R

SC(t—r)z(t—s).
This implies
(103 =D, <ct-nie—s)t, (24.53)
p
By (2.4.32), we have
i, d L
Dol Dol = Y (o' Dy o — ol Dy
i1,ir=1
d g . . - d N . L
_ Z Gtm (D,},[le —D'}’Slm) G;ZJ—i— Z <th11 _ O'S’”>D’}’;”26,l2]

i1,ir=1 i1,ip=1

d
ii] [ynjili ij ij
+ ) oDy (G, — GS”) :

i1,i=1

Thus (2.4.50) follows from (2.4.9), (2.4.11), (2.4.31), (2.4.49), and (2.4.53). ]
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Proof of (2.4.51). Let 6 = 01V 6, by (2.4.33), we have the following equation:

d t

ke k (k1 k2) : (kika) g ivee i

D(9117922)§’ 911922 gl Z / ajzhm( g“) 911922 é#W“(du,dy)
j1a=176Vs JRd

Y [ om0 Ganf ol Wi auay),

J1j2,g3=1

As a consequence, by (2.4.17), (2.4.36), Burkholder-Davis-Gundy’s, Minkowski’s, and Cauchy-

Schwarz’s inequalities, we have

It a3, <eo] £ e [ 104758015

e LTy A

JuJ2
<C(t—s) (2.4.54)
Therefore, we obtain (2.4.51) by integrating (2.4.54) and Minkowski’s inequality. 0

We define the following functionals of &

QU

)60 ==Y 8(o'gl). 1<i<d, (24.55)

j:

and

(i.5)(& 1) ZG o(&, 1) DEN), 1<ij<a. (2.4.56)

A more detailed description of these functionals can be seen in Appendix 2.7. In the next lemma,

we establish moment estimates for the functionals H;)(&;, 1) and H(; (&, 1).
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Lemma 2.4.5. Suppose that h € Hz (Rd;Rd & Rd), then the following inequalities are satisfied:

max [|Hy (&, 1)]|,, < Clt—r)"2, (2.4.57)

1<i<d

(2.4.58)

max HH(iJ)(éz, 1)H2p <Clt—r)".

1<i,j<d

Proof. Due to Meyer’s inequality (c.f. Proposition 1.5.4 and 2.1.4 of Nualart [71]), it suffices to

estimate

cand [0 (6/'DE/) |-
P 2p

ID(0/'DE/) =2 ,

|16/ D&/, .
p
By (2.4.10) and Lemma 2.4.2 - 2.4.3, we have

o/ ||, [lIp&lal|, <ct—r2,
P 4p

16/ pE/ 1|, <|
2p

o/ p2E/
10708 e

< |[Ipo; @ DE/ | o2
2p

<[00I H\|D§x|rHH4p+1

|10 (o7 DEl) o2

o/|, ||1D%&/ =2,

4p‘

4p

SC(I_")%a

and

[10? (6/'D&7) 1o, <|ID%67" & DE/ e
P 2p

.
e D e,

+[IDo & 28] 02

<C(t—r)

The above inequalities hold for all 1 < i, j < d. Then, (2.4.57) and (2.4.58) follows.

The next lemma provides the moment estimate for the increment of H(; (&,1).

62



Lemma 2.4.6. Suppose that h € H3(RY;R? @ RY). Then,

_1 1 1
max |Hiiy (&, 1) —H) (&, 1) Hzp <C(s—r) 2(t—r)"2(t—s)2. (2.4.59)
Proof. Notice that, by definition, we have
Hip(&:1) — Hiy(6,1) == Y 8 (/D& ) + Y. 8 (o/'DE])
j=1 j=1
d L L
=- Z <GtﬂD(€,tJ - o-slegsj> .
j=1
Thus by Meyer’s inequality again, it suffices to estimate
I i=||l6/'D& — o/'DE! ||, and 1> = 1D (0/'DE ~ 07 DE]) l1gea |
p

For I;, we have
1< Il (o — o) DEN |, +||lloi" (D& —DE) I, -
2p 2p
Notice that by Lemmas 2.4.2 - 2.4.4, we can write

I (o7 = of') DI, <ot~

1 1

<C(t—1)"2s—r) 2 (t—s)2

 IDEdla,

and

o/’

ID&/ — DE/ |

4p‘

i/ (P&’ &) I, <]
2p 4p
1

<Ct—r) " t—5)2 <Clt—r)"2(s—r) " 2(t —s)2.

—_
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Thus combining the above inequalities, we have the following estimate for /;:

=

L<Ct—r)2(s—r) 2(t—s)2. (2.4.60)

By Lemmas 2.4.2 - 2.4.4, we have the following estimate for />:

L <||Do" @ D&/ ~ Do} © DE! o/'D’¢/ —ol'D¢}

+

2p,H*? 2p H®?

<|IpIu|, I (P&~ D&) |, +|1 (ot~ D) l1u|, [11DE ],
4p 4p 4p

ji 26 _ pREi ji _ i 2¢)
+ol, [10° = D8 ]|, + [0 =, 1D° 2],
<C(t—s). (2.4.61)
Therefore, (2.4.59) follows from (2.4.60), (2.4.61) and Meyer’s inequality. L]

The next lemma shows that £ is a d-dimensional Gaussian process in the whole probability
space. Notice that, however, conditionally on W, the process & is no longer Gaussian, because it is

the solution to a nonlinear SDE.

Lemma 2.4.7. The process & given by equation (2.4.1) is a d-dimensional Gaussian process, with

mean x and covariance matrix
Yor = (tAs— r) I+ p(O)), (2.4.62)

where p(0) is defined in (2.1.2). Moreover, the probability density of &, denoted by pe (y), is

bounded by a Gaussian density:

k_2
Jﬁ;ﬂ), (2.4.63)

Pe(y) < (27t —r) Fexp (- ——
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where
k=[2(d|n]55+1)]) " (2.4.64)

Proof. Since B is a d-dimensional Brownian motion and W is a d-dimensional space-time white
Gaussian random field independent of B, then & = {@,r <t < T} is a square integrable d-

dimensional martingale. The quadratic covariation of & is given by

d t
LEN =8t —r W* (& — y)h/* (& — y)dyds
g &h=ae—n+ X [ [ e (& ey

= (8i;+p"(0)) (t—r). (2.4.65)

Note that p(0) is a symmetric nonnegative definite matrix. As a consequence, I + p(0) is strictly
positive definite, and thus nondegenerate. Therefore, we can find a nondegenerate matrix M, such
that M*(I+p(0))M =1. Let n = M, then n = {n,,r € [0,T]} is a martingale with quadratic

covariation

d
<nianj>l = (t_r> Z Miklek2<6k17€k2>l = 6ij(t_r)'

ki ka=1
By Levy’s martingale characterization, 1 is a d-dimensional Brownian motion. Then, &€ = M~!n
is a Gaussian process, with covariance matrix (2.4.62).
Since for any t > r, X, :=X;, = (t —r)(I 4+ p(0)) is symmetric and positive definite, the prob-

ability density of the Gaussian random vector & is given by

1 1
_ X (2.4.66)

Pe) = e p(—50-0E"0-x).

Recall that p(0) is symmetric and nonnegative definite. Then it has eigenvalues A} > A, > --- >

Aq > 0. Let A be the diagonal matrix with diagonal elements A;,...,A;. There is an orthogonal
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matrix U, such that p(0) = U*AU. Let k be defined in (2.4.64). It follows that

d
J+1< Y 1pY )+ 1< lplle 1< dlb32+1= 5
ij=1

Thus for any nonzero x € R4, we have

1, ko1 /o, 2%
EX Zl 1X—:X XZEX <ZZ - t_—rl>x
1 -1
- *U*(I A —2kI)U >0,
2=t U+ =

because (1 + ?L)_l — 2kl is a nonnegative diagonal matrix. Thus for any x,y € R?, ¢ > r, we have

exp(—%(y—x)*):tl(y—x)> < exp(—@), (2.4.67)

On the other hand, we have
% | = U T+ 2)U(t—r)| > (t—r)". (2.4.68)
Therefore, we obtain (2.4.63) by plugging (2.4.67) - (2.4.68) into (2.4.66). L]

Denote by PV, EY, and || - Hlv}/ the probability, expectation and L”-norm conditional on W. The

following two propositions are estimates for the conditional distribution of &.

Proposition 2.4.8. Fix 0 < r <t < T and recall that & = & = x. Let ¢ > 0, choose p €
(0,c\/t —r]. Then, for any py,pa > 1 and y € RY, there exist C > 0, depending on pi, ps, ¢
I

2, and d, such that

klx —y|?
p(t—r) >’

[P 06—t < Py <cexp(- (2.4.69)

where k is defined in (2.4.64) and p = p1 V pa.
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Proof. Let p = p;1V pa. Then, by Jensen’s inequality, we have

1 w
[Pt —st<or| = |Itgemlly]| < Ile-snll,

We consider two different cases.

(i) Suppose that 2p < [x—y|. If |& —y| < p < ¢yt —r, then
x_
& —x| > [x—y[—|& =y > x—y[—p > —

and equivalently {|& —y| < p} C {|& —x| > @} Then, by Lemma 2.4.7, we have

1
P

p Hl{éx|z“"}m{@y|<p}H,, = C[Vdp sup - pe,(2)

| ‘>\x ¥l

[2¥ (& -1 <o)

2\
<C [vdcd (27) "% exp (- M)} (2.4.70)

t—r

d

T2
r(1+4)
(ii) On the other hand, suppose that 2p > |x —y|. Then |x —y| < 2p < 2¢y/t —r. Thus by

is the volume of the unit sphere in R,

where V; =

Lemma 2.4.7 again, we have

N\Q.

HPW<I§t—y!§p)"ll o <C(Vap?(2m(t—r)) )%
<cractom) e (% )
p
<C(Vye! (2m) %)%ekTeXp< %) 2.4.71)
Therefore, (2.4.69) follows from (2.4.70) - (2.4.71). ]

Denote by p" (r,x;t,y) the transition probability density of & conditional on W. In other words,
pY (r,x;t,y) is the conditional probability density of & = &*. The existence of p" (r,x;t,y) is

guaranteed by Theorem 2.7.3. By applying Theorem 2.7.4, we can further obtain the following
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estimate:

Proposition 2.4.9. Forany0<r<t<T, p>1, andy € R% there exist C > 0, depending on T,

d,

h||3.2, p, and g, such that

2 .
k=] )>(t—r)_2, 2.4.72)

[P (58,9, < Cexp (— 6pd(i—1)

where k is defined in (2.4.64).

Proof. Choose py € (d,3pd), let p» =2py, and p3 = p’;f’;l = p;. Then, by (2.7.12) and Hélder’s

inequality, we have

[P, <€ max {1 16—t < 200% | | (bt 6 D

i
X [5+ l11HG) & DI, | - (2.4.73)

By Jensen’s inequality, we have for any 1 <i<d

| ey &0l | < o & Dy, < 1 G Dl - 2.474)
and
HHH(i)(éz, I)HZHQ, < || Hiy (& Dl g, (2.4.75)

Let p = —Vt4_r. (2.4.72) is a consequence of (2.4.73) - (2.4.75), Lemma 2.4.5, and Proposition
2.4.8. [

68



2.5 A conditional convolution representation

In this section, we follow the idea of Li et al. (see Section 3 of [63]) to obtain a conditional

convolution formulation of the SPDE (2.2.1). Consider the following SPDE:

t
ut(x):/ [,L(z)pW(O,z;t,x)dz+// PV (r,z:t,x)u(2)V (dr,dz), (2.5.1)
R4 0 JRd

where W and V are the same random fields as in (2.2.1), p" is the transition density of & given by
(2.4.1) conditional on W.
In order to define the stochastic integral on the right-hand side of (2.5.1), we introduce the

following filtrations. First, for any ¢ € [0, T], we set
Fr =0 {W(s,x),(s,x) € [0,T] x R} v 6{V(s,x),(s,x) € [0,1] x R9}. (2.5.2)

The stochastic integral in (2.5.1) is defined for all .%;-adapted processes. But later we will see
that the solution u, as a limit of Picard iteration, is in fact adapted to a smaller filtration defined as

follows: for any ¢ € [0,7T],
% = G{W(va)a (va) € [Oat] X Rd}\/G{V(s,x),(s,x) € [O7t] X Rd} (253)

Definition 2.5.1. A random field u = {u;(x),t € [0,T],x € R¢} is said to be a strong solution to the

SPDE (2.5.1), if the following properties are satisfied:
(i) uis %;-adapted.

(ii) u is square integrable in the following sense:
T
E( / lt (x)|2dxdt> < . (2.5.4)
0 JRA

(iii) The stochastic integral in (2.5.1) is defined as Walsh’s integral and the equality holds almost
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surely for all t € [0,T] and almost every x € R%,

Lemma 2.5.2. Assume that x and |\ are bounded. Then the SPDE (2.5.1) has a unique strong
solution (in the sense of Definition 2.5.1). Denote the solution by u = {u;(x),0 <t < T,x € R?}.

Then, for any p > 1, the following inequality holds:

sup sup ||us(x)[]2p < oo. (2.5.5)

0<t<T xcRd

Proof. We prove the lemma by the Picard iteration. Let uo(¢,x) = p(x) and let

t
up(t,x) = Rd,u(z)pW(O,z;t,x)dz—l—/O /dew(r,z;t,x)un_l(r,z)V(dr,dz), (2.5.6)

foralln>1and 0 <t <T. Since W and V are independent, then V is a martingale with respect
to the filtration {.%; },c, 7). Notice that for any r € [0,7T], .7 includes all the information of W,
and p" depends only on W. Then, p¥ (r,z;t,x) is .#,-measurable, and by induction u,_(r,z) is
F,-measurable for all [r,¢] C [0,7] and x,z € R¥. Thus the stochastic integral is well-defined, and
u, is an .#;-adapted random field. In addition, we know that pW(r,z;t,x) is ¥;-measurable, and
by induction we can assume that u, | (¢) is ¢,-measurable as well. Thus the stochastic integral in
(2.5.6) is %,-measurable. Therefore, the limit of u,(¢,x) in L?(Q), if exists, is also %,-measurable.

Let d,(t,x) := uy41(t,x) — uy(¢,x). Then
t
ai)i= [ [ M ztnd (v dnds).
0 JR
For any p > 1, let
0= | lanle. )y 25.7)

We aim to prove the existence and convergence of {u"},>1 in L*”(Q;L*(R%)) by showing that

d(t) is summable in n. Then, we will show that the limit is a solution to (2.5.1).
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By the definition of u,(t), Burkholder-Davis-Gundy, Minkowski’s and Cauchy-Schwarz’s in-

equalities, we have

t 2
) el [ (10" a0, (0] ) dra 2538)

By the Markov property, p" (r,z;¢,x) depends only on {W(s,z) —W(r,z),s € (r,t],z € R}. On
the other hand, d,,_1(r,z) depends on V and {W(s,z),s € [0,7],z € R?}. Thus, p¥ (r,z;¢,x) and

d,—1(r,z) are independent. That implies
E(|p" (nz:t,x)dn1(r2) ) = E(|p" (nz:t,2) PP )E(|du-1 (r,2) 7). (2.5.9)

Then, by (2.5.8), (2.5.9), Young’s convolution inequality, Fubini’s theorem and Proposition 2.4.9,

we have

t
GO <eplcle [ [ [ 10" a0l (rzn)apds
0 JRIXRI JRA
X \|dn—1(r,21) 2pldn—1(r, 22) ll2pdz1dzodr

t k o 2
SC/ (t—r)_%exp<— 21— 2|
0

Tapd 2 7)1 (5 20)llpldn 1 (722) 2pderdezdr

<C / L (r)dr (2.5.10)
0

where C > 0 depends on p, T, d, h, and || K||co-

Thus by iteration, we have

t n 19
d;;(r)gc"// / di(r)dry---dry, (2.5.11)
0 JO 0
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To estimate dg‘, we observe that

a0)= [ || [ @) =) 0,50,
+/Ot /deW(r,z;t,x)u<z)\/(dr,dz)H;dx

2
<3/ / u(z)p" (0,z:t,x dzH dx—|—3/ / ,u(x)pW(O,z;t,x)dzH dx
R4 Rd W JRA 2p

+3/Rd //Rd (r.2:8,%) ()V(dr,dz)‘;

By an argument similar to the proof of (2.5.10), we can show that dj;(¢) < C. Therefore, we have

t n rn tn
d (1) gc// / 1dry...dr,=C-. (2.5.13)
0 Jo 0 n!

Notice that \/d" () is summable in n and the corresponding series is bounded on [0,T]. Therefore,

dx. (2.5.12)

for any fixed t € [0, T], {u,(t,-) }n>0 is convergent in L??(Q;L*(R¢)). Denote by u;(x) the limit of
this sequence. We claim that u = {u;(x),t € [0,T],x € R?} is a strong solution to (2.5.1). Clearly

u satisfies (2.5.4) and is ¥;-adapted. Therefore, it suffices to show that as n — oo,

t t
/ / PV (122t Yun(r,2)V (dr, dz) — / / oY (rzst, Yl o)V (dr,dz) (2.5.14)
0 JRA 0 JRd

in L?7(Q) for all ¢ € [0,T]. Actually, by Burkholder-Davis-Gundy’s, Minkowski’s, Young’s con-
volution inequalities, and the fact that {p" (r,z;¢,x),x,z € R?} and {u,(r,z) — u(r,z),z € R} are

independent, we can write

H/I/dew(r,z;t,x) (un(l’,z)—u(r,z))V(dr,dz)Hzp

<C// ||tn(r,2) — rz)”zpdzdr

This implies that (2.5.14) is true. As we discussed before, the limit u(z,x) is ¢;-measurable, it

follows that u(t,x) is a strong solution to (2.5.1).
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In order to show the uniqueness, we assume that v = {v;(x),# € [0,T],x € R?} is another strong

solution to (2.5.1). Let d; (x) = u;(x) — v;(x) for any t € [0,T] and x € R“. Then,

d;(x) = /0 l /R Pz ) @)V (drdz).

By the Ito isometry, Minkowski’s and Young’s convolution inequalities and the fact that the fami-

lies {d,(x),x € R?} and {p" (r,z;,x),x,z € R} are independent, we have

t 2
[ JdlBar< [ sup a3 ( [ 19" rze0)],dz) ar
R4 0 R4

xeRd

t
<C / / \|d,(x)|3dxdr. (2.5.15)
0 JRY

Notice that by definition,

/||dt(x)||%dx§/ E|u,(x)|2dx—|—/ E|vt(x)|2dx<oo
R4 R4 R4

for almost every ¢ € [0,T]. As a consequence of Gronwall’s lemma and the fact that dy = 0, the
inequality (2.5.15) implies d(t,x) = 0, a.s for almost every (¢,x) € [0,T] x R¥. It follows that the
solution to (2.5.1) in the sense of Definition 2.5.1 is unique.

In order to obtain the uniform boundedness (2.5.5), we need to estimate the following expres-

sion when applying the Picard iteration:

dy(t) == sup ||du(t,x)]13,,
xeRd

instead of d(¢) defined in (2.5.7). By a similar argument as we did before, the following inequality

can be proved:
n

~ T
d},l(l') < Cm,

where C > 0 is independent of n. Then, the inequality (2.5.5) follows immediately. [
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Proposition 2.5.3. Assume that k and p are bounded. Let u = {u;(x),0 < t < T,x € R} be the
unique strong solution to (2.5.1) in the sense of Definition 2.5.1. Then, u is the strong solution to

(2.2.1) in the sense of Definition 2.2.1.

Proof. Let u = {u;(x),t € [0,T],x € R¢} be the unique solution to the SPDE (2.5.1), and write
Z(dt,dx) = u;(x)V (dt,dx) for all t € [0,T] and x € R¥. Then, it suffices to show that u satisfies the

following equation:

(1.0) =(.9)+ | t<us,A¢>ds+ [ [ wevonts—ywias.ay

/ o (x)Z(ds,dx), (2.5.16)
R4

for any ¢ € C; (R?).

Denote by

EV(0(&) = B(0EIW& =) = [ 0@p" (o2

As u is the strong solution to (2.5.1), the following equations are satisfied

(ur,9) = (uEY.(0(&)) >+// Z(ds,dz),

/(us,A(]) ds_/ (WLEY (A9 (&) >ds+/ // ' (AD(&))Z(dr,dz)ds,

and

/Ot/ (us, VO™ h(y —-)) W (ds,dy) = // (1, BY (VO (&) h(y—&)) )W (ds,dy)

/ /Rd / / (VO (&) h(y— &) Z(dr,dz)W (ds,dy).

Notice that ¢ € C2(R%), h € H3(R;R? @ R?), and ||u,(x)||3 is integrable on [0,7] x R?. These

74



properties allow us to write

T
E</0 /Rd|V¢<§s)*h(y_5s)|2dyds> < T||¢||17m||h||% < oo,

T T
E/ // |AQ (&) ||k (z1,22)ur(z1)ur(22)|dzidzadsdr
0 0 R4 x R4
T
<1161zl K- / / 1t (0) 3 xdr < oo,
0 R4

and

E(/OT /OT /Rd /RdXRd ‘V‘p(gs)*h(y_§S)|2’K(Z1,Zz)ur(zl)ur(zz)|ddeIdZ2dsdr>

T
(2] K]l / / 1t ()| Bl < oo,
0 R4

Thus by the stochastic Fubini theorem (c.f. Lemma 4.1 on page 116 of Ikeda & Watanabe [49]),

<ll¢

1,00

we have

.00~ (0:0) — [ {ucgtds— [ [ vo iy sy @5.17)
(B (960060~ [ a0(gaas— [ [ vo(&yn-awiasan))
[ [ B (0@ [aot@rar— [ [ Vol htr—&w(andy)z(ds.do)

The last stochastic integral in (2.5.17) is well-defined, because the integrand is .%s-adapted where

Fy is defined in (2.5.2). Notice that by Itd’s formula, we have

0(5™) =00+ [ Ao(Ear+ [ Vo a,
+/t/Rd VO (&) h(y — &)W (dr,dy). (2.5.18)

Then, (2.5.16) follows from (2.5.17) and (2.5.18). [

75



2.6 Proof of Theorem 2.2.4

In this section, we prove Theorem 2.2.4 by showing the the Holder continuity of u,(x) in spatial

and time variables separately:

Proposition 2.6.1. Suppose that h € Hz (Rd),

K||e < o0, and p € L! (Rd) is bounded. Then, for
any0<s<t<T,x,ycR? B e (0,1) and p > 1, there exists a constant C depending on T, d,

113 2

o0y

K|

i w» P, and B, such that the following inequalities are satisfied:

i () — r(x) | <Ct2 (v — )P, (2.6.1)

i (x) = 5 (x)|5,, <Cs2 (¢ —5)2P. (2.6.2)

Then, Theorem 2.2.4 is simply a corollary of Proposition 2.6.1. In order to prove Proposi-

tion 2.6.1, we need the following Holder continuity results for the conditional transition density

PV (r,z:t,x):

Lemma 2.6.2. Suppose that h € H; (Rd), 0<r<s<t<T,x,yeR? and B (0,1). Then, there

exists C > 0, depending on T, d, ||h||3 2, p and B, such that the following inequalities are satisfied:

/d 1Y (rzt,y) = p¥ (21,2 |, de <C(e —r) 2P [y — P (2.6.3)
R

—_

HpW(r,zt,x) —p" (r,z;5,x) Hzpdz <C(s— r)*%ﬁ(t —5)2P, (2.6.4)
R4

Before showing the proof, let us firstly derive a variant of the density formula (2.7.11). It will
be used in the proof of (2.6.4). Choose ¢ € C; (R"), such that 1p(0,1) < ¢ <1p(94), and its first and
second partial derivatives are all bounded by 1. For any x € R? and p > 0, we set ARES gb(%).

Assume that F satisfies all the properties in Theorem 2.7.3. Let Q,, be the n-dimensional Poisson
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kernel (see (2.7.10)). Then, the density of F can be represented as follows:

pr)= Y E|[0,,0.(F —x)(DF . DF2), 62'H (F,93(F))|
i,j1,j2=1

=5 |(pou(F . ¥ Hor.o5m)eiorr) |

i,jo=1
- i E|0u(F ) il 8 |Hiy (F.03(F))o ™ DF 2| |
= Joa=
__ iE [0u(F —x)H(i) (F, 65(F))]. 065

Let & = & be defined in (2.4.1).
Proof of (2.6.3). Choose py € (d,3pd), let pp =2p1, and p3 = % = p,. Then, by (2.7.13) and
Holder’s inequality, for any fixed z,x,y € R and p > 0, we can show that
Y

1(2) :=|Ip" (r,z:t,%) — PV (z:,5) |1 2p

<Cly—xl [P (&~ v <4p) | max {1 &5 0IE) |

6p 1<i<d 6p
12 w VW
* (525 I g, + 11 (& DI, )
where T = cx+ (1 — ¢)y, for some ¢ € (0, 1) that depends on z, x, y.
Letp = \/%Tr. Similarly as proved in Proposition 2.4.9, we can show that
_dgl k|t —z)?
I(z) <Cly—x|(t—r) 2 exp(— )
@ =Chdte=n 69V )i 7
<Cly—x|(r— 1)~ ex (—M> (2.6.6)
== P\ 6pd(t—r)/)° >

where k is defined in (2.4.64) and C > 0 depends on 7', d, p, and ||||3 2.
Notice that even if we fix x,y € R4, 7 is still a function of z that does not have an explicit
formulation. Thus it is not easy to calculate the integral of I directly. Without losing generality,

assume that x = 0, and y = (y;,0,...,0), where y; > 0. Then 7 = ((1 —¢)y,0,...,0), where
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c=c(z) €(0,1). Letk = 61)%. For any z = (z1,...,24) € R?, we consider the following cases.

(a) If z; <0, then

ex <_k|f—_z|2)<ex (_M>
p 6pd(t—r)/ — p t—r/)’

(b) If z; > yy, then
(©)If 0 < z1 <y1, then

where 1) = (z1,0,...,0).

Therefore, combining (2.6.6) - (2.6.9), we have

/ H(@)de < Cly—al(t—r)F (h+ bt Es),
R

where

I] / dZ]/ exp |—>dzd...d22,
Rd-1 -
y ZI2
12—/ le/ exp )dzd...dZZ,
Iyl Rd-1

|Y| klto — 2
13:/ dzl/ exp —lO—Z’>dzd...d22.
0 Rd-1 t—r

By a changing of variables, it is easy to show that

k|z)? -
11-1—12:/ exp(— id >dz:k_%(t—r)%.
R4
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For I3, we compute the integral as follows:

=2k T (1 -7 |yl (2.6.12)
Thus combining (2.6.10) - (2.6.12), we have

| 1z <= Hyl+ =) P

—C[(t—r) 2 fy—x|+ @ —r) " y—xP]. (2.6.13)

It is easy to see that the inequality (2.6.13) holds for all x,y € R,

On the other hand, by Proposition 2.4.9, we have
/RdI(Z)dz < /Rd 1Y (rz3t,3)|lap + |[P" (r,z38,%) || 2pdz < C. (2.6.14)
Therefore by (2.6.13) and (2.6.14), for any B, 3, € (0, 1), we have
/Rdl(z)dz < C[(t — r)*%Bl ly —x\ﬁl +(t — r)*ﬁz ly —x|2ﬁ2}

Then, (2.6.3) follows by choosing 8 = B; = 2f;. ]

Proof of (2.6.4). Let p; =+/t —r and p» = /s — r. By density formula (2.6.5), we have

’pW(I’,Z;l,X) _PW(’%Z;SHC)‘

B {1048 —2) = Qu(& — )] Hzy (6,95, 6)) |

N

<

i=1

+ i ‘EW {Qd(éz —X) [H(u)(éw 05, (&) = Hii) (s, ¢32(55))} } ’

4D (2.6.15)
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Estimation for I;: Note that by the local property of 6 (c.f. Proposition 1.3.15 of Nualart

[711), H; ;) (§s,¢p2(§s)) vanishes except if & € B(x,4p;). Choose p; € (d,2pd]. Let p» =3p; and

+ = 1. Thus, by Holder’s inequality, we have

Py :

11115, <d||1150ap,) (E)lp, L6, 11Qa (& = %) = Qa(Es = )15, |,

< max [[I1H(;) (&: 65,61y (2.6.16)

By Proposition 2.4.8, and the fact that p, = 3p; < 6pd, the first factor satisfies the following

inequality

L k|z— x|
a0 ()5 g, = [BY (18—l < 4p2)™ g, < Cexp (= pm5)- @617

By Lemmas 2.4.5 and 2.7.2, for all 1 <i < d, the last factor can be estimated as follows:

1
Hl S S ="
1H . (Es. 05, (E)Ips |, < p2+

<C(s—r)~. (2.6.18)

2
oy 112G (&5 DI e, + 111y (G- Dl

We estimate the second factor by the mean value theorem. Let n; = |& — x| and 1, = |& — x|

Then, we can write

Ay (logny —logmy), ifd =2,
Qi(&—x)—Qu(&s—x) = ’ )

—A Y Y] ifa >3,

Thus, by the mean value theorem, it follows that

_ ca|n — 2
|Qd(§l‘_x) _Qd(és_x” - |C771 +(1 _ C)nz‘d_la

where ¢ is a constant coming from the Poisson kernel, and ¢ € (0,1) is a random number that
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—(d-1)

depends on 1y and 1,. Notice that f(x) = x is a convex function on (0,c0), and P(1; > 0) =

P(n, > 0) = 1, then we have

S+ (1= ma V< Em [V 1 |(1 = Omo 7Y, s,

Letg = p ‘ then + L — 1 Agaconsequence of Holder’s inequalit , we have
9= P2~ p3 ! ! ¥

I — 12| W

HICm +(1=8)ml!
< cllim =2l | 167+ (1= ol 70 ”Hj”

(2.6.19)

110a(& —x) ~ Qal&~)% s, < ca

P3l6p

12p

<l = mellapa | 160 Y]], IO =0m 1T ]

<&~ &llpal 1 =571, + =501 -

The negative moments of & — y can be estimated by (2.4.57), Jensen’s inequality, and Lemma

2.7.6:

& =] <€ ma (1G],

< -5 2
<C1n<11a<deH (&,1) le  SCle—r) 7. (2.6.20)
Then, by (2.6.19) - (2.6.20), we have
1 _d-1
11Qa(& —x) = Qa(&s =0y lg, < Cle—5)2(s—r) 7. (2.6.21)

Thus combining (2.6.16), (2.6.17), (2.6.18) and (2.6.21), we have

—

k|z—x|
6pd(s— r))(s_ r)

d+1

HIlepSCeXP(— T (1—)2.
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This implies

D=
=

[ Il (s =r) 250
Rd

(2.6.22)

Estimates for I,: Recall that % = ((DE', DET) )4

ij=1 = Or . By computation analogue to
(2.6.5) going backward, we can show that

EY [Qd(ét —Xx) (H(i.,i)(éta Op, (&) — Hi i) (Ss, ¢I)§2(é~‘)))]
d

Jis2=1

— ¥ B [9,04E 00" D&k (&.05,(8)) o]

- Z EY [%Qd (& — x)<D§/2,D5s“>HH <€S’¢P2( )>

J1:J2=1

—E¥ [a.Qd(@ —X) ( (i) <€t,¢,’§1(§z)) —H (55’%{2(53)))]
LY B (3,06 00

| J* — DR, DE ) ) (&, 03,(&) ) o)
Jja=
=J1+ /. (2.6.23)
By Lemma 2.7.2, we have
Hiy (& 03, (8)) — Hiy (6095,(8)) | <093, (&) — 29, (&) (2.624)

+ 0, (&) | Hiiy (&, 1) — Hpy (&, 1| + [Hiy (&, 1))

Op, (&) — 0, (Gs)| -
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By the mean value theorem, for some random numbers cy,c; € (0,1), we have

o(*2)—o(2)

Op, (&) — 0, (Gs)

- ‘ lB(x,4p1) (éf) \% lB(x,4p2) (és) ‘

=1 ap) (&) V 1p(xapy) (Es)|
S R ]

p2 P1 p2
< 1prapy) (&) V 1 ap,) (&) %— &p;x : (2.6.25)
and
05 (&) — Ao (&) (p{larp( )—p;laiq)(‘gsp;x)‘ (2.6.26)
1 —x e & —x  E—x
< |varo (™ +(1_Q>5p2 ) (-2 2.627)
+[003(8)] |-~
pil(lB (dpy) (&) V g apy) (&) p_lx (és) B é :
Choose ¢ € (d,3pd]. let p = ;. p2 = 2q. p3 = 4q. Then,

1 2 1 1 2
—_—t—=—4+—4+—=1.
pr p2 p1 p2 P3
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Then, by (2.6.24) - (2.6.26), and Holder’s inequality, we have

Will2p <py ' [110:Qa(& —

SN[ PYSPPRTC-A R PR C-S

6p
gt_x_gs_x
p1 P2 P2lep
+ 1910 & = )15 g | o) (&)1, | 10T =022 |,
+ 1112128 =013 g | 1 a0cap ) VG (B 1) = i (& DI,
+[|10:Qa (& — leH6p ||1B(x,4p1)(§z)\/13(x,4p2)(5s)||p2 6
S — 5 —x
(e W J [COCRRTA
=L+ L+ 13+ Ly. (2.6.28)
In order to estimate the moments of épl é;) we rewrite this random vector in the following
way:
ét_x_gs_x:ét_é_i_(gs )(1 i)—l— _ <L_i>
p1 p2 P1 p1 P2 p1 P2

It follows that

‘ ép—lx B &p;lezpvm < (=2 =&l 1200
—}—(t(t—_r):)é—(s(s_rrz Hés ZHlZpd"’|Z x|((t r);l(s(S_—r)ré)z

According to Lemma 2.4.7, &

— &, and & — z are Gaussian random vectors with mean 0, and

covariance matrix (t —s)(I + p(0)) and (s — r) (I + p(0)) respectively. Therefore, we have

S —x G—x 1 1 (t—r)z—(s—r)%
‘ P P H12pd<cpd(t_r) =3l pa (t—r)2(s—r)2
+|Z_x|(t—r)21—(s—rl)7
(t—r)2(s—r)2
<C(Jz—x[(s—r) %+1)(t—r)*%(t_s)%

(2.6.29)



Therefore, by (2.6.29), Proposition 2.4.8 and Lemma 2.7.6, we have

Li+Ly <Clt—r)"% [exp <_ M) Texp <_ Mﬂ

6pd(t—r) 6pd(s—r)
x (14 |z—x|(s—r)"2)(t—s)?, (2.6.30)
and
Lo+ Ly <C(t —r) "2 ex (—M>(s—r) 2(r—s)t. (2.6.31)
2T = P 6pd(s—r) A

Plugging (2.6.30) and (2.6.31) into (2.6.28), we have

/ il dz < C(s —r) "2 (1 —5)2. (2.6.32)
R4

For J;, notice that, by definition,

. d s ) )
0§~ pef 0Ny = Y. [ (05" - D ek D e de.

k=1

By (2.4.2), we have

D(ek) 5t &jz - 1[s t] ]2k Z 1 rl / (ek) éridM;ﬁ-

By a argument similar to the one used in the proof of Lemma 2.4.3, we can show that

[1,4(0) (DY &2 ~DYER) |3 < Cyy(B) (i —s).
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Therefore, by Holder’s and Minkowski’s inequalities, we have

|0z e peall, < % [ lnato) DYER) |, 1042 40

N\’—‘

<C(s—r)(t—s)2. (2.6.33)
Choose ¢ € (d,3pd]. Let py = 44, p» = 2q and p3 = 6¢. Then pll + piz + p% = 1. Thus, by
(2.6.33), Holder’s inequality, Lemmas 2.4.3, 2.4.5, 2.7.6, and Proposition 2.4.8, we have

d
allzp < X 1 1atsapn) (€15 lop 125200 (& =)l
J1,J2=

% (D& = D&, DEM )l 15, 115 (855932 ) s 110 U s,

Me=xt Y (=25 — 5y (s— )
W)(t—r) (t—s)2(s—r) 2.

—_

<Cexp ( —
As a consequence, we have
/ Wl dz < C(t )2, (2.6.34)
R4

Finally, combining (2.6.22), (2.6.32) and (2.6.34), we have

—

/ ||pW(r,z;t,x) —pV(r,z;5,x) H2de <C(s— r)_%(t —5)2. (2.6.35)
R4
On the other hand, by (2.4.72), we have

/Rd 12| 2pdz < /Rd 1P (nzt. ) |2p + 1P (r235,)||2p < C. (2.6.36)

Thus (2.6.4) follows from (2.6.35) and (2.6.36). [

Proof of Proposition 2.6.1. By the convolution representation (2.5.1), Burkholder-Davis-Gundy’s,
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and Minkowski’s inequalities, we have

i) =)oy < || [ 06 (" O.zi8.9) = P (0.5:,0) |
2p
| [ 6 sy —pW<r,z;t,x>>v<dz,dr>H
0 JR
<l [ 1P 0.z05) =" ©.50.9), d2
R4
1

1l ([ ([ hte) (0" 2t ) =" (w2580 | ) ar )

1
=1 +||x|2h. (2.6.37)

2p

Note that /| can be estimated by Lemma 2.6.2. For b, recall that u(r, z) is independent of p" (r,z;¢,y).

Then, by Lemma 2.5.2 and 2.6.2, we have

1

2 2
Izg(/ sup ||u,(z H2p / Hp (r,z;t,y) — (rz;t,x)Hzpdz> dr)
zeR4

<Cly - x|ﬁ</0(r—r) ﬁdr) < Cre y—x|P. (2.6.38)

m

Therefore (2.6.1) follows from (2.6.3), (2.6.37) and (2.6.38).

The proof of (2.6.2) is quite similar. As in (2.6.37), we can show that

ot (x) = us (x) |, < HuHoo/RdHPW(O,z;t,x)—pW(O,z;s,x)Hzpdz

+C||K||i{/st su[LH”r(Z)H%P </]Rd pr(r,z;t,x)H2pd2>2d7’:| 3

zeR
1
1 W 2 2
+Clx||2 [/ sup ||u,(z H2p / H (rzt,x)—p" (r,z:5,x)) Hzpdz> dr} :
ZERA
Then, the estimate (2.6.2) follows from (2.6.4), Proposition 2.4.9 and Lemma 2.5.2. [

2The same idea has been used in the proof of Lemma 2.5.2.
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2.7 Appendix: a brief introduction on Malliavin calculus

In this section, we present some preliminaries on the Malliavin calculus. We refer the readers to
book of Nualart [71] for a detailed account on this topic.
Fix a time interval [0,T]. Let B= {B},...,B¢,0 <t < T} be a standard d-dimensional Brow-

nian motion on [0, T]. Denote by . the class of smooth random variables of the form

G=g(B,,....B,) =g (B,ll, B B}m,...,Bg) , @2.7.1)

where m is any positive integer, 0 < < --- <1, < T, and g: R™ _ R is a smooth function
that has all partial derivatives with at most polynomial growth. We make use of the notation
x= (), <i<m.1<k<q fOF any element x € R4 The basic Hilbert space associated with B is H =
L*([0,T];RY).

Definition 2.7.1. Forany G € .7 given by (2.7.1), the Malliavin derivative, is the H-valued random

variable DG given by
dg

m
DYG=Y 25 (B,,....B,) 1, (8), 1<k<d, 6€0,T]

k
i=1 axl

In the same way, for any n > 1, the iterated derivative D"G of a random variable of the form
(2.7.1) is a random variable with values in H*" = L? ([0, T]”;]Rd"). For each p > 1, the iterated
derivative D" is a closable and unbounded operator on L” (Q) taking values in L” (Q; H®"). For any
n > 1, p > 1 and any Hilbert space V, we can introduce the Sobolev space D™” (V) of V-valued

random variables as the closure of . with respect to the norm

n
2 2 ka2
IG5 5w =IGl7r @) + X ID Gl umerey
k=1
2 n

=[E(IGIV)] 7 + Z ([yelm)

SIS}

By definition, the divergence operator § is the adjoint operator of D in L?(Q). More precisely, &
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is an unbounded operator on L? (Q; H), taking values in L?(€). We denote by Dom(§) the domain

1
youn

of 8. Then, for any u = (u u?) € Dom(8), &(u) is characterized by the duality relationship:

for all for all G € D!? = DI2(R).
E(8(u)G) =E((DG,u)y). (2.7.2)

Let F be an n-dimensional random vector, with components F e ]D>171, 1 <i <n. We associate
to F an n X n random symmetric nonnegative definite matrix, called the Malliavin matrix of F,

denoted by yr. The entries of yr are defined by

v/ = (DF',DF’), = Z / Wride. (2.7.3)

Suppose that F € ﬂplezvl’(R"), and its Malliavin matrix yr is invertible. Denote by of
the inverse of yr. Assume that G}j S ﬂplelvl’ forall 1 <i,j<n LetGEe ﬂpzl]]])l’z. Then

GG;;j DF* € Dom(8) for all 1 < i, j,k < n. Under the hypotheses, we define
Hy(F.G) =Y 6 (GofipF7), 1<i<n. (2.7.4)
j=1
If furthermore H ; (F,G) € ﬂpzﬂ[))lvl’ for all 1 <i < n, then we define

H; ;)(F,G)=H; (F.H;(F,G)), 1<ij<n. 2.75)

The following lemma is a Wiener functional version of Lemma 9 of Bally & Caramellino [5].

Lemma 2.7.2. Suppose that F € N,>D*P(R"), (y;l)ij = GI{J € Np>1D*P forall 1 <i,j<n, and

NS Cg (R™). Then, for any 1 <i <n, we have

Hy (F,¢(F)) =0i¢(F) + ¢ (F)H;)(F,1). (2.7.6)
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Suppose that F € N,>1D*P(R") and ¢ € C2(R™). Then, for any 1 <i,j < n, we have

H j) (F,0(F)) = 09;;¢0(F) +9;¢(F)H;)(F,1)
+9;9(F)H ) (F,1) + ¢(F)H; j)(F,1). 2.7.7)

Proof. For any F € N,>1D*?(R") and ¢ € C}(R"), it is easy to check that ¢(F) € N,>1D'7.

Then, H;)(F, ¢ (F)) is well defined. For any G € D'2, by the duality of D and &, we have

E (H) (F,0(F))G) =— Y E (8 ( DFJ)G)

J=1

;E (6(F)a (DFI,DG),, ). (2.7.8)

On the other hand, by the product rule for the operator D, we have

E (§(F)H)(F Z]E(< I'DFI.D(9(F)G)) )

=— ZE <¢(F)G£i <DFj,DG>H> Z E (G&,ﬁ) J”<DFJI DF]2> )
j=1

J1,j2=1

Note that oF is the inverse of Y = ((DF',DF/) H) j=1» then

m
Y E (Gaqus( )oj'! (DF7', DF ) . ) —E(Go¢(F)). (2.7.9)
J1,j2=1
Then, (2.7.6) follows from (2.7.8) - (2.7.9). The equality (2.7.7) can be proved similarly. [

The next theorem is a density formula using the Riesz transformation. The formula was first
introduced by Malliavin and Thalmaier (see Theorem Section 2.3.23 of Malliavin & Thalmaier

[68]), then further studied by Bally & Caramellino [5].
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For any integer n > 2, let Q,, be the n-dimensional Poisson kernel. That is,

Aslloglx|, n=1,
0u(x) = (2.7.10)
AN X n> 2,

where A, is the area of the unit sphere in R”. Then, d;Q,(x) = c,x;|x|", where ¢; = A5 I and
cn=(%—-1A, ! forn>2.

The theorem below is the density formula for a class of differentiable random variables.

Theorem 2.7.3. (Proposition 10 of Bally & Caramellino [5]) Let F € N,>1D*?(R"). Assume that
(v = O'F € Np>1DYP forall 1 <i, j <n. Then, the law of F has a density pr.

More precisely, for any x € R" and r > 0, let B(x,r) be the sphere on R" centered at x with
radius r. Suppose that ¢ € C}(RY), such that 1(0,1) < ¢ < 1p(02), and V9| < 1. Define ¢ :=
¢(%“)f0r any p > 0 and x € R". Then,

|

N
Il
—_

pr(x) E(0iQn(F —x)H;(F, 1))

E(9,0n(F —x)H(;) (F, ¢ (F)))

I

I
—_

I

I
—_

E(13,,,,, (F)8iQu(F —x)H (F, 95 (F))). 2.7.11)

The next theorem provides the estimates for the density and its increment.

Theorem 2.7.4. Suppose that F satisfies the conditions in Theorem 2.7.3. Then, for any p» > p1 >

n, let p3 = %, there exists a constant C that depends on p1, p> and n, such that
n—1 1
pr(x) <CP(|F — ﬂ<2pﬁ%2%JHH (F D" (E+HH@@HHb)}' (2.7.12)

If furthermore, F € ﬂp21D3’p(R"), for any x1,xy € R", we can find y = cx; + (1 — ¢)xp for some

¢ € (0,1) that depends on x1, x. Then, there exist a constant F the constant C that depends on p,
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P2, and m, such that

1
|pr(x1) — pr(x)| < Clx; —x2|P(|F —y| < 4p) 73

n—1 1 2
xlg}’a}én[”H (F 1| (pqt;uH(,-)(F,l)HerHH(,.,J.)(F,l)quﬂ. (2.7.13)

Remark 2.7.5. The inequalities stated in Theorem 2.7.4 are an improved version of those estimates
by Bally and Caramillino (see Theorem 8 of Bally & Caramellino [5]). We refer to (see Lemma
7.3.2 of Nualart & Nualart [72]) for a related result. For the sake of completeness, we present
below a proof of Theorem 2.7.4. The proof follows the same idea as in Theorem 8 of Bally &
Caramellino [5]. The only difference occurs when choosing the radius of the ball in the estimate
for the Poisson kernel. If we optimize the radius, then the exponent of ||H;y(F, 1)||, is n—1, instead

of% >n—1in Bally & Caramellino [5].
In order to prove Theorem 2.7.4, we first give the estimate for the Poisson kernel:

Lemma 2.7.6. Suppose that F satisfy the conditions in Theorem 2.7.3. For any p > n, let ¢ = ——

Then, there exists a constant C > 0 depends on m and p, such that

n—1

sup [|9iQn(F —x)||, < sup (2.7.14)

xeR” xeR”

P — x|~ 1” < C max |[He (F )|}

1<i<n

Proof. Assume that

|PF || := sup pr(x) <
xeR4

Denote by M = sup ||H;(F,1)||,- Then by Holder’s inequality, for all x € R9, we have

1<i<n
pr(x) =) E(9:Qn(F —x)H < ) 1190n(F =) llgl1Hy (F, 1),
i=1 i=1
<n sup |F—x]_(”_l)H M,
xeR? q
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which implies

PPl < 1 sup
xeR?

|F—x|—("—1>H M. (2.7.15)
q
In order to estimate |||F —x|~"~1)]||,, choose any p > 0. Then for all x € R”,

B {070 = [y o)y
_/ y—x["" D (y )dy+/ ly— x|~V (y)dy
s ly—x|>p
p
S”pFHoo\/ r_(n_l)qrn_ldr+p_(”—1)q
0

prllep! DD 4 p=(n=Dlg (2.7.16)

751

where ky , = [1 — (n—1)(g—1)]"!. The last equality is due to the fact that 1 — (n—1)(g—1) > 0.
Combining (2.7.15) and (2.7.16), we have

! 1=(n=1)(g=1)

1 1
1Pl < [nk,?,quFllip ¢ 4+p iy (2.7.17)

By optimizing the right-hand side of (2.7.17), we choose

- [(n—l)q "

_1
|"Iprl=n.

Plugging p* into (2.7.17), we obtain

1 (n_ l)q % (n_ l)qM _q("nfl) a1
el < (ko + [ DM p
Then, it follows that
o < = 1 n .
Il < " = C a1 (F, 1)1} @7.18)
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where C is a constant that depends on p and n. Thus (2.7.14) follows from (2.7.17) and (2.7.18).
The result can be generalized to the case without the assumption ||pr|«~ < o by the same

argument as in Theorem 5 of Bally & Caramellino [5]. [

Proof of Theorem 2.7.4. Choose p, > p1 > n, let p3 = p’;‘plil and g = pl . Then 1 ;T piz + p% =1.

Thus by density formula (2.7.11) and Holder’s inequality, we have

)< 3 1015 s 1 @F =)l (05 (27.19)

Then, (2.7.12) is a consequence of (2.7.19), Lemma 2.7.2 and 2.7.6. The inequality (2.7.13) can

be proved similarly. [
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Chapter 3

Nonlinear rough paths

In this chapter, we develop the theory of nonlinear rough paths. Following the ideas of Lyons and
Gubinelli, we define the nonlinear rough integral fs ! W (dr,Y,), where W and Y are only o-Holder
continuous in time with o € (%, %] Also, we study the Kunita-type equation ¥; = £ + fé W (drYy),
obtaining the local and global existence and uniqueness of the solution under suitable sufficient
conditions. As an application, we study transport equations with rough vector fields and observe
that the classical solution formula for smooth and Young’s cases does not provide a solution to
the rough equation. Indeed this formula satisfies a transport equation with additional compensator

terms (see (1.2.7)).

3.1 Preliminaries

Fix a time interval [0,7]. Assume that o € (4, 3. Let V and K be Banach spaces. We follow the
construction of Friz & Hairer [36, Chapters 2, 4] to introduce the basic framework of the theory of

(linear) rough paths.

Definition 3.1.1. (i) €%([0,T];V) is the space of functions on [0, T taking values in'V such that

the following o-Holder seminorm is finite

®
|®]e == sup sl (3.1.1)

s#t€[0,T] |t — 5]’
where @, := P, — Dy,
(ii) €([0,T)%K) is the space of functions on [0,T)? taking values in K and such that the fol-
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lowing a-Holder seminorm is finite

¥
|¥|lq:= sup M (3.1.2)

s#t€[0,T) £ —s|*

A V-valued rough path, introduced below, is defined as a pair of a rough function and a double

integral term.

Definition 3.1.2. The space of rough paths €*([0,T];V) is the collection of pairs X = (X,X)

satisfying the following properties:
(i) X € €%([0,T];V).

(i) X € €3([0,T)*;VRV), where V®V is the tensor product space equipped with the projective

norm.

(iii) (X,X) satisfies Chen’s relation: for all (s,u,t) € [0,T]?,

Xop = X — Xy = X u © Xz (3.1.3)

)

Here X has to be interpreted as a version of the following double integral:

t t r
/Xw@dX,:/ / dX, ®dX, = X,.
N N N

Let X € €%([0,T];V). We define rough paths controlled by X as follows:

Definition 3.1.3 (Definition 4.6 of Friz & Hairer [36]). Let X € €%([0,T];V). An element Y €
€*(|0,T];K) is said to be controlled by X, if there exist functions Y' € €*([0,T];£(V;K)) and

RY € €2%([0,T)%K), such that

Yo = Ys/(Xs.,l) +RSYJ

)
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for any s,t € [0,T]. Here £(V;K) denotes the space of continuous linear operators from'V to K

equipped with the operator norm. The function Y’ is called the Gubinelli derivative of Y .

Denote by 22%(K) the space of such pairs (¥,Y’). With an abuse of notations, we sometimes
write Y € 23%(K) instead of (Y,Y’) € 23%(K).

Suppose that X € €%([0,T];V) and (Y,Y’) € 23*(£(V;K)). Then, the Gubinelli derivative
Y’ takes values in .Z(V;.2(V;K)), which can be identified with £ (V ® V;K). The next theorem

defines the (linear) rough integral.

Theorem 3.1.4 (Theorem 4.10 (a) of Friz & Hairer [36]). Let X = (X,X) € €*([0,T];V). Suppose

that (Y,Y') € 93%(ZL(V;K)). Then the following “compensated Riemann-Stieltjes sum”

n n
ZEkaq: Z Ytk 1 Xlk 150k +Yz:( 1(th—lvtk)}’ (3.1.4)

converges as |tt| — 0, where T = (s =1 <ty < --- <t, =t) and || = maxj<x<y |ty —tx—1|- Denote

by Zs:(E) the limit of (3.1.4). Then, 7 ,(E) is additive, that is Zs(Z) = Zsu(E)+ Zu:(E)

forany 0 <s <u <t <T. Moreover, the following estimate is satisfied for all 0 <s <t < T,
| Z5(E) = Zsal ¢ < kar(IX el IR |20+ X[ |2 1Y) It =517, (3.1.5)

where ko = (1 —2173%)~1. By definition, the rough integral of Y against X = (X,X) is defined as

follows, forall 0 <s <t <T,

t
/ Y,dX, = 7,(Z). (3.1.6)

Similarly we can define the rough integral f; Y, dX, € Vi@V, , for any X = (X,X) €
€*([0,T];V1) and (Y,Y’) € 23%(V3). Theorem 3.1.4 can be proved by using the following Sewing
Lemma. In this case, Y =30 > 1 and ko comes from inequality (3.1.7) below. The Sewing Lemma
is cited from Lemma 2.1 of Feyel & De la Pradelle [33] (see also Gubinelli [37]). It will also be

used later in the theory of nonlinear rough paths.
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Lemma 3.1.5 (Sewing Lemma). Let B € (0,1], and let E € ‘Kzﬁ([O,T]z;K). Suppose there exist

C > 0 and y > 1 such that the following inequality holds:
16E (s, u,t)|[k := [|Ess — B — Bl < Clt =57,

for any 0 < s <u <t <T. Then there exists a unique (up to an additive constant) function

Z(E) € €P([0,T);V), such that the following inequality holds
|.754(8) = Bsullx = | A(E) = Fs(E) = Eallx < (1 =277 Clr — 5. (.1.7)

Moreover, /M(E) can be represented as follows,

n
Hsi(E) = lim Z . (3.1.8)

|| —0 ;=)
where m = (s =ty <t} < --- <t, =t) and the limit is independent of the choice of T.
The next proposition shows that the rough integral is controlled by X.

Proposition 3.1.6 (Theorem 4.10 (b) of Friz & Hairer [36]). Suppose that (X,X) € €*([0,T];V)
and (Y,Y') € 23%( <L (V;K)). Let

t
Z[ — / Yrer.
0

Then, Z is an a.-Holder continuous function taking values in K. Moreover Z is controlled by X

with Y as a Gubinelli derivative.
In the next proposition, we define the integration of two controlled rough paths.

Proposition 3.1.7. Let V, K| and K, be Banach spaces. Suppose that X = (X,X) € €*([0,T];V)

and (Y,Y') € 23*(Ky).

(i) [Remark 4.11 of Friz & Hairer [36]] Suppose that (Z,Z') € 93%(K). The following limit
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exists

n

lim Z [Ztk, Oy 4t (Z/

|0 ;= fiet

®Yl‘;_l)(xtk,1,tk)j|7 (319)

where 1 = (s =1ty <t < --- <t, =t) and defines the integral f; Z,®dY,.

(ii) [Proposition 7.1 of Friz & Hairer [36]] Let Y : [0,T]?> — K| ® K| be given by
t
Ys,t:‘/v Yr®dYr_Ys®Ys7t, (3.1.10)
S

and the integral in (3.1.10) is defined by (3.1.9). Then, Y := (Y,Y) is a rough path. Suppose
that (Z,Z') € 23%(K,). Let Z, = Z}Y/ for all t € [0,T). Then, (Z,Z') € 23%(K;). In addition,

the following equality holds

t t
/ Z,®dY,:/ Z,&dY,, (3.1.11)
N N

where the integral on the left-hand side is in the sense of Theorem 3.1.4, and the integral on

the right -hand side is in the sense of (3.1.9).

Remark 3.1.8. Assume the conditions of Proposition 3.1.7 (i) where K, = £ (K;K). Then,

t n
/ Z:dY, = |71ri|§10 Z [Z,k_l Yy 00) + (Ztlqut;H )sz—latk] ) (3.1.12)
s k=1
and
t n
. 1oyl *
/s 42, (1r) = 71r1|g0k2’1 [ka—l»lk(Ylk—l)+ (Z[k—lY[k—l)th—lvtk}’ (3.1.13)

are well-defined, where 1 = (s =ty <t; < --- <t, =t), (ZjY]) : V®V — K is given by

(ZY))(x,y) = Z/(x) [V ()]
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and * denotes the transpose operator on the tensor product space VRV, namely, (x Qy)* =y ®x.

Next, we define the “quadratic compensator” as follows (c.f. (2.7) of Keller & Zhang [53] for

an equivalent definition in finite dimensions). It will be used in Section 3.5.

Definition 3.1.9. Let X = (X,X) € €%([0,T);V). Suppose that (Y,Y') € 23*(K;) and (Z,Z') €

Z2%(K,).

(i) The quadratic compensator (X) is a function on [0,T)? with values in V @V given by
<X>S,t ::XS,I‘ ®Xs,t _ZXS,I‘~ (3114)
(ii) The quadratic compensator (Z,Y) : [0,T]> — K> ® K] is given by

t
<Z7Y>S,l = ZS,[®Y§',Z‘_2/ Zs,r®dYr- (3.1.15)
N

Remark 3.1.10. (i) Similar as the quadratic variation of Ito processes, the following equality

holds:
t
(Y, Z)s0 = / Y/ ©Zd(X),. (3.1.16)
N
(ii) Particularly, if K = £ (K1;K), we write
t
<<Z,Y>>S7t ::ZS,IYS,I‘ —2/ ZSJdYr (3117)
N
and
t
(Y, Z)ss 1= Zs Vss —2 / dZ,(Ys,). (3.1.18)
N

(iii) It is easy to verify that (X) € €3%([0,T);V ®@V). Similarly, (Y,Z), (Z,Y), (Y,Z)) and (Z,Y)

are also 2a.-Holder continuous in corresponding spaces.
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Finally, we finish this section by introducing the following Taylor’s theorem (c.f. Theorem
4.C of Zeidler [88]) for Banach space valued functions. It will be used frequently in estimating

residuals.

Theorem 3.1.11 (Taylor’s Theorem). Let V and K be Banach spaces. Assume that the map ¢ : V —
K is €" in the sense of Fréchet differentiability. Then for any v,h € V, the following generalized

Taylor formula holds
n—1 1
O+ R)=0()+ Y. 1 DO 4R,
k=1""
where the residual R, satisfies the following inequality

1
IRallx < — sup [ID"@ (u+Th)h™"|x.
n:o<r<i

3.2 Nonlinear rough integrals

3.2.1 Definitions

Fix a time interval [0,7]. Suppose that @ € ( %, 1]. In this section, we aim to define the following

nonlinear integral:

/S Wdry,).

Here W 1s ar-Holder continuous in time, and differentiable in space, and Y is a-Holder continuous.
The idea is as follows. Assume that Y is controlled by W, that is Yy, = W;,(¥s) + O(|t — 5]>%).

Then, we approximate the nonlinear integral by the following expression:

t t t
/ W(drY,) ~ / W(drY,)+ / DW (dr,Y,)Y,
S S A
t 1t
%/ W<dr7Ys)+/ DW(dr>Ys)Ws,r(Ys)
N N
t

W, (Y,) + / DW (dr, )W ,(x)

(xy)=(¥s.Y;)’
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with the error of order O(|¢ —s|>*). This allows us to pass to the limit as || — 0 in the following

expression

n I
Wi n (Y )+ / DW (dr,y)Wi,_, (x : ]
; [ t— 1lk Ik—1 ey ( y) i l7r( ) (xa)’):(Yfk—wY’k—l)

where T = (s =1y <t; < --- <t, =t). The limit is the desired nonlinear integral.

To this end, we need to introduce the following definitions. Let n be any nonnegative integer.
We denote by .#, the set of all multi-indexes B, of length n+ 1. That is, B,, = (Bo, - .-, Bn), where
Bo, - - ., By are nonnegative real numbers. These multi-indexes will be used to characterize the

growth of a function and its spatial derivatives.

Definition 3.2.1. (i) ‘5‘”‘”([0, T] x V;K) is the space of functions such that the following semi-

norm is finite:

i 1D* @y (x) [l ¢, v i)

p )
k=05#t€[0,T] |t —s|*(1+ ”xHV)ﬁk
xeV

(3.2.1)

|1Plep, =

where D¥ is the k-th Fréchet derivative operator, and £1(V;K) is the corresponding space
of linear operators. That is, £0(V;K) = K and £x(V;K) = L (V;£4_1(V;K)) for all k =
1,2,...,n

1 R2
(ii) ‘Kza’ﬁ whi ([0,T)? x V%K) is the space of functions such that the following seminorm is finite:

n IDFY (%) ¢, (v2k
=Y sup - o (322)
Eo smclor) = s+ ) (14 ol )
x=(x1,%)€V?

where £,(V*; K ) are the corresponding linear spaces of derivatives and the product space

V2 is treated as a Banach space equipped with the norm ||x||y2 = ||x1||v + [|x2]lv.

For any positive integer m < n, we write B, —m = (Bo, ..., Bu—m)- Then, by definition, it is easy

to verify that €8 ([0,T] x V:K) ¢ €%P»—([0,T] x V;K). Let ﬁn,ﬁn € #,, we write B, < En
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if By < P forall k=0, ...,n. Then, €%Bn([0,T] x V:K) C CK“’B"([O,T] xV;K)if B, < En The
1 R2
space ‘Kza’ﬁ P "([0,T]? x V?;K) also has a similar property. Given a multi-index B, where n > 1,

we make use of the following notations:

a1 =By, By1)and B,* 1 = (By",..., By1), (3.2.3)

where S := max{fy,..., B¢} and B := max{Bi,...,Bis1} forall 0 <k <n—1.
Given multi-indexes B, B} and B1*, let ® € €%F2([0,T] x V;K) and let ¥ € ‘Kzamm* ([0,T)? x
V?2;K). We make use of the following notations: Z% : [0,7] x V> — K and 2% : [0,T]> xV* = K

are given by
R (x,y) 1= ®;(y) — D;(x) — DD (x)(y —x), x,y €V (3.2.4)
and
D (x,y) = Wos(y) — Py (x), X,y € V2. (3.2.5)

The following lemma provides the estimates for 2%, 2% and their derivatives. It will be used in
the proof of the stability of nonlinear rough integrals.
Lemma 3.2.2. Suppose that #% and 2% are given as in (3.2.4) and (3.2.5), respectively. Then,

forany x,y €V, and x = (x1,x2),y = (y1,)2) € V2, the following inequalities are satisfied:

1
1% (x, )| <5l (1 +[Ixllv + Iy llv) P2 [y = [l I =51, (3.2.6)

1 2
1259 Ik Il p1 2 (1 e llv + i llv) P+ [y =+ [yallv) P

X ||y —x]|y2|r — s]*. (3.2.7)

a.B; ) .B}.83 2 2. 1.2 12
If furthermore ® € €*P3([0,T] xV;K) and ¥ € 6, ([0,T)* xV*;K), then, forallz' ,z= € V*,
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the following inequalities are satisfied:

D225, (6 y) 21 22) |k <[Pl py (1 [lelly + [[yllv) =Y

[y =¥ llz2llv + Iy —xllv llz1 —z2]lv]lr —s|* (3.2.8)

and

1 1 2 2
D25 (x,y)(2",2°) [k <I¥llq gy g2 (1+ by + Iy llv)PYP2 (L el + [z v )PP

X [Hy —X||y2 szHvz + 2" = Zszz] |t —s|%. (3.2.9)
Proof. Inequality (3.2.6) is a consequence of Taylor’s Theorem 3.1.11 and the linearity of D:

1
1253 (. 9) 1k <7 ,%p ID* @y (Tx+ (1= 0)y) (y =,y =) [

<t<1

1
<5 Pl (1 +[lxllv + Il )Ly =l = s

For inequality (3.2.8), we assume that & € €%P3([0,T] x V;K). Then, by differentiating 9?;1;

on the spatial argument, for any (x,y), (z1,22) € V2, we have

DA (x,y)(21,22) = — D®yy (x)(21) = Dy (x) (21,5 = %) + Dy (x) (1)

+ D®y () (22) — Dy (x)(22)
:D(I)SJ (y) (22) — D<I>s7t (.X) (Z2) - qu)s,t (.X) (Zl Y — .X)
=D® 1 (y)(22) — DDy (x) (z2) — D*®y(x) (22,7 — x)

+D*®g,(x) (22 — 21,y — X).

104



By Taylor’s Theorem 3.1.11 again, we can deduce that

IDDy 4 (v)(22) — Dy 1 (x) (22) — D* Py (x) (22,5 — 1) Ik

1
<5 sup [[D°®y(Tx+ (1= 1)y)(z2,y —x,y =) ||x.
0<7<1

Thus inequality (3.2.8) is a consequence of above two inequalities. Inequalities (3.2.7) and (3.2.9)

can be proved similarly. [

In the rest of this chapter, we focus on the case when K = V. A nonlinear rough path is defined

as follows.

Definition 3.2.3. Assume that n > 1. An a-Holder continuous nonlinear rough path W on the

space € %Bn ([0,T] x V;V) is defined as a pair (W, W) that satisfies the following properties:
(i) We€%Bn([0,T]xV;V).
(ii) W e %zm’m’l’ = ([0, T)> x V2, V), where B:_| and B}* | are defined in (3.2.3).

(iii) (W, W) satisfies Chen’s relation:
Wi (x,5) = Wiu(x,5) = Wi (x,) = DW s (v) Wsu (%)), (3.2.10)

for all (x,y) € V* and s,u,t € [0,T).
The collection of such rough paths is denoted by €8 ([0,T] x V;V).

Remark 3.2.4. (i) In the smooth case, W can be interpreted as the following integral

/DW(dr,y)(Ww(x)):/ %DW(r,y)(Ww(x))dr:Ws7,(x,y).

This explains the choice of the multi-indexes B, _, and B* | in point (ii) of Definition 3.2.3.

For example, assume that W is twice differentiable with growth index B,. Then, one can
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bound the growth of Wy ; as follows

Wt (x,)lvav <limsup Yo [ LDW (-1, y) Wy, () |66 — tis
(L+ [lxllv)Po(1+|lyllv)Pr ~ |z 1=0 (1 flxllv)Po (1 + [lyllv)Br

<[WIig,le—sl-

By taking the derivative of Wy, it can be deduced that the growth of DW ,(x,y) is bounded

by BoV Bi and B V By in x and y,respectively.

(ii) By definition, we can deduce that ‘5“’3}7([0, T xV;V)C %O"Bi_m([O, T|xV;V) forallm €

{0,...,n} and B} < B2.

(iii) Assume that W (t,x) = W;(x) where W, € £ (V;V). Then the nonlinear rough path degener-

ates to the linear rough path. In this case, DW,(x) = W; and thus
t
Wealy) = | W(ar)O8, ()
N
Let W = (W, W) € €%P»([0,T] x V;V). We make use of the notation

Wi, == W]

aB, T Wllapg: g - (3.2.11)

n—1Fn

Notice that %8 ([0,T] x V;V) is not a linear space with the usual addition and scalar product.
Thus || - |4, is not a seminorm in the usual sense. We introduce the pseudometric on %8 ([0, T] x
V,V) given by

Pap, (W W) = W —W|lgp, +IW—Wyp: g . (3.2.12)

n—1"Fn—1

Consider the following equivalent relation: W ~ W if and only if there exists f € €Pn (V;V) such

that W(z,x) — W (t,x) = f(x) for all (¢,x) € [0,T] x V. Then, p, g, is really a metric on the quotient
space €%Br([0,T] x V;V)/ ~.
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Let W € €%Bn([0,T] x V;V). Like in the linear case, we also define the space of nonlinear

rough paths controlled by W.
Definition 3.2.5. The space of basic nonlinear rough paths controlled by W, denoted by c%%,“, is the
collection of pairs (Y,Y) € €%([0,T];V) x €*([0,T];V) (see (3.1.1)) such that, for all s,t € [0,T],

Yo =W (Ys) +RY,, (3.2.13)

)

where RY € €2%([0,T)*;V) (see (3.1.2)). The function Y above is called the Gubinelli derivative

of Y with respect to W.

Remark 3.2.6. (i) In the linear case, the set of controlled rough paths is a linear space. How-
ever, in the nonlinear case, the set 5“2,“ does not need to be a linear space with the usual

addition and scalar product, because it may be not closed under these operations.

(ii) Assume that V =R and W (t,x) = xW,, then the controlled rough path satisfies the following
equality

Ys,t = YsWs,t + R?,z:
which coincides with the classical definition (see Definition 3.1.3) in the linear case.

iii) With an abuse of notations, we sometimes write Y € &% instead of (Y.,Y) € &2%.
w ’ w

Suppose that W, W € €%B»([0,T] x V;V). Let (¥,Y) € &% and (?,?) € gv%/o‘. A “distance"
between (Y,Y) and (Y ,17 ) is defined as follows (c.f. Friz & Hairer [36, Section 4.4] for the linear

case):

d Y.Y),(Y,Y)) = [|¥ =Y+ [|R" = R" |20 (3.2.14)

a,W,VNV ((

Notice that the definition of d, ,,, 7 does not include the term ||Y — Y || Indeed, this term can be
estimated in terms of d, ((v,y), (Y, ?)) as it is shown in the next lemma. On the other hand,

one will see in the next lemma, that ||Y — Y ||, depends also on ||W — WHa,ﬁ] without a factor
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T%. If we include ||W — WHaﬁ] ind, 5 ((Y,Y), (Y, ?)) , the absence of this factor 7% will cause
difficulties in the proof of the existence of solutions to RDEs in Section 3.3. For this reason, the

term |W — W /|4 p, is not included in d_, , 5 (¥, ¥), (¥, 7)), and it is treated independently.

Lemma 3.2.7. Let W,W € €%B1([0,T] x V;V). Suppose that (Y,Y) € &R and (?,f’) € éa“%a.

Then the following estimate holds:

1Y =Y llo S(L+[¥ [lo) W = W | g, (3.2.15)

+ Wl g, (14 1Y [l + 1Y [l) Pt [¥o = Yol v

T+ Wl g, ) (LY oo+ 1Y [[)P 5 (Y1), (V. 7).

Proof. Since Y and Y are controlled by W and W respectively, then we have

[ Yss — Y

v <[ Wea(55) = W (Bl + [ Wor (85) = Wae (V) +[|RY, — R -
Notice that by Taylor’s Theorem 3.1.11,

[Wer (¥5) = We (V)] < sup [[DWe (e (1= D)¥ )0, ~¥)ll,
<t<

W llag, (14 1 [leo + ¥ |oo)PHIYy = Yy
On the other hand, for any Y € €*([0,T];V) we have

¥sllv < [[¥ollv + 1Y = Yollv < [IYollv + [[¥[las®.
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As a consequence, we can write

1Yo = Yo llv <IW =W llgp, (14 [[¥ [l) e — 5|
WL, (14 1Y [l + 1Y [) P (¥ = Yollv + 1Y =¥ |o) £ — s

N

This proves inequality (3.2.15). [

Applying Lemma 3.2.7, the supremum norm of ¥ — Y can be estimated as follows:

1Y =Pl <IYo — Tolly +T2(¥ — Pla (3.2.16)

ST+ [|Y o)W —W |

a,B3
+ (1T (1 +[Wllgpy) L+ ¥ oo+ Y]] P (1Yo — Yollv + %0 — Yollv)

+ T2 (1 + (W |5, ) (L ¥ oo + 1Y o) Prd 3 7 (V7). (V,T)).

Both inequalities (3.2.15) and (3.2.16) represent how the difference between Y and Y depends on

W —W| ap 1Yo —170||V and d Y,Y), (17,17)) As we stated before, the factors T* and T2%

a,Ww <(

in each inequality are critical for the existence of the solution to equation (3.3.1) in Section 3.3.

Remark 3.2.8. d i defined in a subspace of €*([0,T];V) x €*([0,T];V) is not a metric,
because the values of Yy,Yy or YO,§0 may differ even if d,, ,, 5 ((Y,Y), (?,?)) =0. Foranyy =
(v1,y2) € V2, let

&5 ={(V,Y) € &%, (Yo, Yo) = (1.32) }.
Then dogw = do,ww is really a metric on éav%,‘);
The next lemma shows that é”v%,‘); is complete under the metric dg w .
Lemma 3.2.9. Suppose that W € €*B: ([0,T] x V;V). Lety = (y1,y2) € V2. Then (éav%,‘;,dmw) is

a complete metric space.
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Proof. Suppose that {(Y",Y")},>1 C 5‘42/0; is a Cauchy sequence under the metric dow. We
first show that {(Y",¥" RY")},>| converges to (¥,¥,RY) in the product space €*([0,T];V) x
¢*([0,T];V) x €3%([0,T)?; V) equipped with the Holder seminorms. Notice that €% ([0, T];V) is

complete with respect to the norm

1Y llze(o,rv) = [Yollv + [[¥ -

Thus there exists ¥ € €%([0,T];V), such that Y — Y as n — o pointwise and in €*([0,T];V).
Next, we will show the convergence of {RY"},>1. Fix (s,¢) € [0,T]?. Then, for and n,m > 1, we
have

RS —Ri7 v < [t —sP* IR — R |2

Therefore, {RE’Z }n>1 18 a Cauchy sequence in V, and thus has a limit denoted by R};l. On the other

hand, we can show that

. IR, —RG v _ IRE; — R llv
limsup sup —F———="— <lim lim sup ———7>"—=0.
n—reo  s-Lrc[0,T] |t —s| N=re0M=2 ¢ 41€[0,T) |t —s|

This implies that, as a sequence of functions, {R"" },>1 is also convergent in €3%([0,T]*;V). To
prove the convergence of {Y"},>1, it suffices to show that {Y"},> is Cauchy in €*([0,T]; V) with
the a-Holder seminorm. Notice that for any n,m > 1, Y" and Y™ are both controlled by W, then,

as a consequence of Lemma 3.2.7, we have

1" =Y la STE(1+ (Wl g, ) (L ¥ oo 4 17| o) P

X dy gy iy (VLX) (Y ¥™)). (3.2.17)

Observe that

sup [[¥" [l <y2+T%sup [|[¥"||q = C < co.
n>1 n>1

Therefore, {Y"},> converges to a function Y in €*([0,T];V).
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Finally, notice that for any s,z € [0, T],

Yy, = lim ¥}, = lim [W,,(Y")+RY,] = W,,(¥;) +RY,. (3.2.18)
n—oo 7’ n—oo ’ K
Thus (Y,Y) € &3% with the remainder R O

In the next theorem, we define the nonlinear rough integral of a basic controlled rough path

against a nonlinear rough path.

Theorem 3.2.10. Suppose that W = (W, W) € €*B2([0,T] x V;V). Let (Y,Y) € 2% We define

E € 62([0,T)% V) as follows:

(x]

st — Ws,t(Ys) +WS,Z(YS>YS)-

Then the following limit exists

n

Hsi(E) = ‘;i‘glok:litk,l,zk (3.2.19)
where T = (s =1ty <t < --- <t, =t). Moreover,
| 75t () — Essl|y <G|t —s?, (3.2.20)
where

C1 = kat|[Wila, (14 2[7[|oo) VP (14 201¥ ) PP (1Y o+ Y15+ ¥+ IR [20) " (3.221)

and kg, is defined in (3.1.5).
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Proof. Forany 0 <s <u <t <T, we write

O8sur =51 — Bgu— Zuy (3.2.22)

- [Wu,t<Yu) - Wu,t(Ys)] + [WS,I(YS7YS> - WS,M(Y.S‘aY.S‘) _Wu,t(YmYu)]-

According to Lemma 3.1.5, to prove (3.2.19) and (3.2.20), it suffices to show that ||§Z; /||y is of

order O(|t — s|>*). Recall notations (3.2.4) and (3.2.5). Since Y is controlled by W, we can write

Wit (Vi) = Wit (Ys) = DWa (V) (Y ) + 20 (Y, Vo)

)

=DW,s (Ys) Weu(Ys)) + DWit (V) (RY,) + 2y (Ys, Vo). (3.2.23)
On the other hand, by Chen’s relation (3.2.10), we have

Ws,t (Y57 YS)_WS,M(YS7 Ys) - Wu,t (Yua Yu)

= DWois (Ys) Wsu(Ys)) — 2y (Y5, Ys), (Y, Vo)) (3.2.24)

Notice that, by definition, W € €, “P1P1" (0, 712 x v2,) where Bt = (Bo, Bo v B1) and Bi* =
(B1,B1V Bz). Combining (3.2.22) - (3.2.24), with (3.2.6) and (3.2.7) and recalling (3.2.11), we

obtain the following inequality

16E s

% (3.2.25)

<[DWous (Y) [y v IR

1 2 3
vt 5IWilap, (1 +20[¥ [l) P2 | [ ]e — 5>

+ {1 Wllag g o (L4 20Y )T (1420 o) (1Yl + ¥ N ) 2 — 5>

<[ Wliagy (1421 [|oo) VP (14201 o) PP (Y o+ Y118+ 1Y Nl + (IR |20 I — .

Thus we complete the proof by applying Lemma 3.1.5. 0

Notice that _Z,(Z) in Theorem 3.2.10 can be expressed as the limit of sums over a sequence
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of partitions 7" as || — 0. As a consequence of this fact, one can show that _Z;;(Z) is additive.

Therefore, we can define the nonlinear integral of ¥ against W on any time interval [s,7] C [0,T]

by Zs:(E), thatis
t
/ W(drY,) = #:,(Z). (3.2.26)

By definition, we can easily verify that ¥ in Theorem 3.2.10 is also ¢-Holder continuous.

Recall that B} = (Bo, Bo vV B1) and B7* = (Bi1,B1 V B2). Thus we have the following estimate,

1Esullv <IWse (¥s)llv + Wi (¥, ¥) [l

<[|w|

By (14 ([ [|oc) P — 5]

+ Wl pr g (14 17 [loo) PO (1 4 1Y )P 2 — 5. (3.2.27)

The following estimates follow from (3.2.20) and (3.2.27):

/ W(ar ¥,

Vv

<NEsellv + 11750 (E) = Es
\4

§C2]t—s]°‘, (3.2.28)
where
Cy = 1T + [|W||gp, (14 ¥ ]|) P + T W|l20,p: g (1 + ¥ ]|eo)Po (14 [ ]| o) Pr.

Remark 3.2.11. 7o define a nonlinear rough integral, the growth condition on (W, W) is not neces-
sary. In fact, let %,‘jjf([o, T| x V;V) be the collection of pairs (W, W) such that W : [0,T| xV —V
is a-Holder in time, and twice differentiable in space with locally bounded spatial derivatives, W :
[0,T)?> xV —V is 2a-Holder continuous in time, and differentiable in space with locally bounded
spatial derivative, and Chen'’s relation (3.2.10) holds. For any W = (W, W) € %l‘jf([o, T xV;V),

and (Y,Y) € &3%, the expression (3.2.19) is still a well-defined nonlinear rough integral. However,
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the growth condition is really needed to consider the global existence of RDEs (see Section 3.3.2).

3.2.2 Properties of nonlinear rough integrals

In this section, we present some properties of nonlinear rough integrals. The next proposition
shows that the nonlinear rough integral is a basic nonlinear controlled rough path (see Proposition

3.1.6 for the linear result).

Proposition 3.2.12. Let W = (W, W) € €*B>([0,T] x V;V). Suppose that (Y,Y) € EF*. Let

Z:[0,T] — V be the nonlinear rough integral of Y against W in the sense of (3.2.26):
t
Z; = / W (drY,). (3.2.29)
0

Then, Z is controlled by W: (Z,Z) = (Z,Y) € &3%.

Proof. Let Ri, :=Zs; — Wi (Y). Then by (3.2.20), we can write

=0, =] / W(dRY,) W,y (¥)

\%
<l F54(8) = Esally +1[Wes (¥, X5) v

<Cilt =P + [ Wllag g5y (14 1V [l) 2 (14 1Y [l) P |1 = 52,
where C is the constant appearing in (3.2.21). It follows that

IR |20 <ka|[Wlg (1+2][¥ )P (1 42]]Y || o) PP

X (LT[l + Y g+ 1Y oo + 1R [120)] (3.2.30)

As a consequence, Z is controlled by W with the Gubinelli derivative Z =Y. [l

In the next proposition, we consider the stability of nonlinear rough integrals.
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Proposition 3.2.13. Let W,W € €%F3([0,T] x V;V). Suppose that (Y,Y) € &% and (17,17) €
@@v%“. Define

1 t
7, = / W (dr,Y,) and Z, — / W(dr.Y,).
0 0

Then (Z,Y) € é"v%,“ and (Z,I?) € éav%“ by Proposition 3.2.12. In addition, the following inequality

holds:

d Z,Y),(Z,Y)) <C3pq g, (W, W) +Cs(|[Yo—Yollv + Yo — Yollv)

a,Ww,w ((

+Csdy 5 (1Y), (V,Y)), (3.2.31)

a,W,W

where

Hk
2

C3 =2ka(1+ T2 (14 [Wlg)(1+2[[¥ oo+ 2[|¥[[oo)P (14 2/[ [l +2[[¥ || o) P2 VP

<[V 1Y o+ 1Y Nl + 1Y o+ 1Y Nl + (Y 1Y [l00)* + 1R ||2a]

Kk
2

Cs =5ka(1+T*([Wlley +[IWIZ,) (1420 [l 217 o) (14 2][¥ [l +2[|T || o) P2 HF1

< (LY o+ 1Y Nl + 1Y o+ 1Y Nl + (Y e+ 1Y ]00)* + 1R |20

*%
2

Cs =6kaT*(1+ T)(1+ [Wlig) (1 4+ 20 o+ 207 )5 (14 2] [l 2] )5 4P

< (LT o+ 1Yo+ 1Yl + 1Y o) +T2* (1Yl + 1Y [la)® + T#[[RY || 20]

By = max{po, B, B2} and B;* = max{Bi, B2, B3 }.

Proof. Due to Lemma 3.2.7, it suffices to estimate ||RZ — RZ||»q. Let Z and Z be the approxima-

tions of Z and Z respectively. That is,

st — Ws7t (Ys) +Ws,t(YS7Ys) and is,z‘ = Ws,t(Ys) +Ws7t(?says)-

[x]

Set A== —&. Then by Proposition 3.2.12, we know that

||RSZJ _RitHV < ||Zs,t _ZSJ - AsJHV + ||Ws,t(YS7Ys) - Ws,t(?ﬁi) HV (3232)
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Due to the Sewing Lemma 3.1.5, to estimate the first term on the right-hand side of (3.2.32), it

suffices to estimate ||0A||y. Taking into account formulas (3.2.22) - (3.2.24), we can write

—8As 10 = [DWit (V) (RY,) = DW,s (Vo) (RY,)] + [BY: (Y, V) — Y, (V. Vo)
+ [ 27 (1, Y2), (B Y)) = 20V, Vo), (Vs Vo))

=J1 +Jr+ /3, (3.2.33)

where 2V, %W, 2V and 2V are defined as in (3.2.4) and (3.2.5), respectively.

Estimates for J;: Triangular inequality implies that

1llv <[|DWer () (RY,) = DWour (%) (RY) |,
+{| DWas (¥) (RY) — DWas () (RL)
{|DWas (7) (L) — DWas (F) (RL, ),

<[w —w|

a8 (LY [|oo)PIRY |2t — s

+ (W]

By (1 [V oo 1 o) 2 1Y = Yol |y [ R [ el — 51>

+ W llap, (14 Y [lc) PHIRY = RY |2l — . (3.2.34)

Plugging (3.2.16) into (3.2.34), we have

11 [lv S{(l T L+ Wlgp,) (LY flo 4 [[Y flo) PP (14 o)
< |IRY[|2a|[W — W/l g,

+(1+T)(|W|

aps F W15 g ) (1 1Y oo+ [[¥ [l) PP
X (L[ [l + (1Y [l)P [ RY |20 (1Yo = Yollv + [[¥o = Yollv)
+ (IW g + W15, g, ) (LA 1Y oo+ ¥ )PP (14 (¥ oo (17 ]| )P

% (14 T2%|RY a)dy 7 (Y V), (?,?))}p—sﬁa. (3.2.35)
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Estimates for J,: In order to bound J,, we decompose J, as follows
D=2V (Yo ) + (20 (Y5, Ya) — Ry (Y, X)) o= T3 + 3.
By (3.2.6), we can write

1 _
|12l <501 +2[[Y[l) Y [ W W

o pslt —sI°% (3.2.36)
Thus, using Taylor’s Theorem 3.1.11 and inequality (3.2.8), we have

155]lv < sup [|DZBY; (T¥s+ (1— 7)Y, 1Y+ (1= D)Y,) (Y — Yo, Y =),
7€[0,1]

<t — 5| *Wl g, (1 + 2117 [|oo +2[[¥ [l c) 2P
X [+ (1= 1) Yol P 1Y = Yallv + 1%+ (1= ) ¥sullv | (¥ =Y )sallv]
<Wllaps (14 2]1Y [l + 21| [|o0) Y3

< [DUIY N+ 1Y [la)*[[Y =¥ lloo (Y llee + 1Y ) 1Y =¥ llo] |7 — 5%

Applying (3.2.15) and (3.2.16), and putting together the terms with ||W — VT/Ha,m, (1Yo — Yollv +

1Yo — ?QHV) andd, i ((v,Y), (?,?)) respectively, we have

131y <[ W = Wllap, +F> x (1Yo~ Tollv + 1Yo~ Yollv) (3:237)

Py Xy (01, (F,7)) [ =512,

a,Ww,w (<

where

Fy =Wl g, (14 2]Y [l +2][¥ )55 (14 [[¥ ) o

X ((||Y||oc+||I7”a)+Ta(||Y||a+||?Hoc)2),
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By =(1L+T%)(IW g s + W g,) (14 201Y oo 2017 o) 2755 (14 ¥ [l + [[¥]] o) P

< (Y e+ 1Y 1le) + (1Y [l + [V 1))

and

Fy =(|[Wlla,p, + Wl g,) (14201 lloo +2[[¥ [[c) 25 (14 [ oo 4 V]| )P

< (TN o+ 1Y o) +T* (Y flo + 1Y [])?)-

Estimates for J3: Similarly, we decompose J3 as follows

B3 =2 (1, Y2), (T Ya)) + [ 20 (7, Y2), (T Ya)) = 20 (Voo Vo), (Vi Ba)) ]

=J3 +J3,
The estimate for J31 can by obtained by inequality (3.2.7), that is

M3 v < (142017 [|oo) 2P (14 21[ [|oo) PP (1Y [+ Y )

X |[W —Wl|aq g5 gyl — sI*. (3.2.38)
To bound J32, we apply Taylor’s Theorem 3.1.11 and get

12y < sup [|[DDYIE(D)) (¥ — Yy ¥e— Vo Yu— Vi Y — ) ||,
0<7<1

where & (1) = 1(Ys, Yy, Yy, Yy) +(1— 1) (?S, K,?u, Y,.). Therefore, using inequalities (3.2.9), (3.2.15)
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and (3.2.16), we can show that

120y <[ (14T [Wllag gy gy (142117 oo+ 2] F [l B2 (1 + 2] ¥ [l + 27| o) P2 P
< (1 e+ 1Y Nl + ¥+ 1Y |a) IW — Wl g,
31T (Wl + [WIZ) Y N+ 1 e+ ¥ o+ 1Y 1)
X (1 2])Y oo 2 P [l )PE (14 2][¥ oo+ 2]V | o) B2 P
< (1Yo =Yollv + Yo — Yol|v)
201+ T (Wl + IWIZ) (1 + T (Y o+ ¥l + 17l + 17 1))

*%
2

X (LA 20Y [l 42017 o) (14 2[[¥ [l + 21| [| o) P21

X d

Therefore, combining (3.2.33) and (3.2.35) - (3.2.39), we have

18 As usllv

*%
2

S{(l T L+ W) (1420 [l 4201 o) 27 (14 20[¥ o + 2|7 [| o) 2+

< (¥ llee 1Y e+ 1Y e+ 1Y o+ 1Y o+ 1Y Nle0)> + IR |20] Poc (W, W)

*k
2

+ 4L+ T¥)([Wllegy + Wz, ) (14 201Y oo £ 2117 [|o0) 7 (14 20 ¥ oo +2][¥ [l) P2 +P1

X (1Y la+ 17 1la + 1Y la+ 1Y la+ (Y la+ 1Y ]|0)* + [|RY [|20]
x (|[Yo — Yollv + Yo — Yollv)

H%
2

FA(L+T) (W]l + W12, (1420 oo+ 2] 7 [loo)P2 (14 2[[¥ oo -+ 2[|¥ [|oo) P2 TP

X [+ T oo+ 1Y lac+ 1 o+ ¥ [l) + T2 (Y o+ (1Y @) + TR [|2a]

wii (V1) (7. 7) ]I = s, (3.2.39)

X de’V?((Y,Y),(?,?))}|I—S|3a. (3.2.40)
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On the other hand, by (3.2.7) and (3.2.16), we can show that

W, (%3, %) = Wiy (Y, Xo) v = || (W = W), (¥, X) — 2% (4, Ys), (Y5, T) |,
§{<1+T°‘)(1+ W]l ) (1 [[7 [fow A+ 1Y [|ea) VP 4 [[Y [ oo + || ¥ || o) P VP2
X Pa,ﬁg (W’/Wv)

+2(1+T)(||[W

& T IIWIZ) L+ [V ]]eo + Y [Joo) POVPIPL L[| oo +- [T ]] o) PrVP2
x (/Yo —Yollv + 1Yo — Yol|v)
+2T%(1+T) (Wl + W5, (1+]Y o + 1Y [Joa)POVPIFPL (1 4 || ¥ || oo + || || o) P VP2

X da’WW((Y,Y),(?,?))}|r—s|2°‘. (3.2.41)

Recall inequality (3.2.32). Inequality (3.2.31) follows from (3.2.15), (3.2.40), (3.2.41) and the

Sewing Lemma. This completes the proof of the proposition. [

3.3 Rough Differential Equations

Let o € (4,3], B3 = (Bo,- .., B3) where B > 0,k =0,...,3, and let W = (W, W) € %P3 ([0, T] x
V;V). That is, W is a-Holder in time, and three times differentiable in space with growth multi-

index B3, W is 2a-Holder in time and twice differentiable in space with growth multi-indexes

B3 = (Bo,BoV Bi,BoV BiV Ba) and B5* = (B, B1V B2, B1 V B2V B3), and (W, W) satisfies Chen’s

relation (3.2.10). In this section, we study the following nonlinear RDE:

Y, =& +/ W(dr,Y,). (3.3.1)
0

Definition 3.3.1. An o-Hélder continuous function Y is said to be a solution to (3.3.1), if (Y,Y) €
éav%,oz EEy and equality (3.3.1) holds for all t € [0,T| where the integral on the right-hand side is a

nonlinear rough integral in the sense of Theorem 3.2.10.
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3.3.1 Local existence

In this section, we establish the (local) existence of a solution for equation (3.3.1) using Picard
iteration method. To this end, we introduce the following notation. Let ® € €% ([0, T];V). For any

0<s<t<T, we write

,_ [Py lv
afse] = SUP @
uFve(s,t] |V - u|

1|

We also define dy 4 |5, in a similar way, where we recall Remark 3.2.8 for the definition of dw q.

Theorem 3.3.2. For any & €V, there exist a positive number h, such that the RDE (3.3.1) has a
solution Y on [0,h] with initial condition Yy = &. In addition, the following inequality holds on

[0, 4]:
1Y o, < 521 k(14 [[Wlleg ) (14 1E [[v) ™, (3.3.2)

where 1 = Bo Vv B1 + B1 V Be.

Proof. Choose h € (0,1]. Let

(Y2, 70) = (& +Wo,(€),E), €0,

Then (Y°,YY) € éav%,oé ¢ ) With the remainder RY) =0 for all (s,£) € [0,h]%. Due to Proposition

st —

3.2.12, for any n > 1, we can recursively define an element (Y",Y") € 5&,‘? £.8) given by

t
yrtl=¢ +/ W(drY!"), te€l0,h].
0
By (3.2.30), the following inequality holds for all n > 1

n+1 —
IR llaec 0.1 <kaclWllegs (14 201§ 1v)" [1+28% (I[Y" | o + V"]

afon)]” (3.3.3)

X [T+ (1" oo, + HYnH%x,[O,h] V" oy + HRynHza,[o,h])}-
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By iteration, we know that (Y"1, ¥") € éﬁ,a’(é’é), which implies that

yn+l

1" Mo < W llapy (L 1E v + [Vl o) +R¥|IR

20,0, (3.34)

Choose 7 = [512kg (1 + |[W||, )(1+2||€|lv)"]"@. We claim that for any & € [0,/;] C [0,1],
1Y"[] 0, @nd [|R" |24 [0,5) are bounded uniformly in 7. To prove this claim, for any & € [0, 4], let

Jn.8n Ry xRy — R, be given by
106 3) = Wil (14201 & ) (14 4h%) P [1 4+ A% (25 45 +x)]

and

gn () = [Wllap, (14 1 [lv + %)% + 1.

Then it is easy to see that f and g are both increasing in each argument 4, x and y. Let

Wil

Xl=—
2(1 + ||W <g3)

-

W
b2 gy — Wl

1+ [We !

It follows that for any & € [0,h;] C [0,1], x € [0,x;] and y € [0,y], the following inequalities hold

fh(xay) thl (xlayl)

2AWle, WA [ W@

k[ Wil (1+2]1€ 1) 57 (1+ : 3 )

alie T+ Wi, (+HWle)? T 200+ [Wlles)
Wil

<kal Wl (14201& )" 5"+ = ¢ B <

(1+[Wlis)

and

Wby @
a7ﬁ3(1+||§HV>ﬁ°+W\3’VH<@ B

gn(x,y) < gn (x1,y1) < 2||W| Vi
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From inequalities (3.3.3) and (3.3.4) we can show, by a recursive argument, that

max{ |[Y"[lo jo.} < gm (x1,31) =512k |[W]|e (1+2[|€]|v)"

<52k Wl (14 [[Elv) " (3.3.5)

and

’ 52n+4
glgg{llRY 2o} < X1 ="— kgl W1l (14 [Wleg, ) (1421 [|v) >
<SG Wllag, (14 [IW L) (L (1€ [lv)*7, (3.3.6)

provided that ||Y°| ao,)) < y1 and |RY 0]\2067[07;1] < x1. Indeed, by definition, we know

a0, 17O

. 0
that [|Y]| ¢, 10 = IR" |26, [0,5y = 0- and

1Yl o) < IW llaps (LN IV)™ < i

As a consequence, we conclude that [|Y"|[4 [0, and [|R"[|2¢ (0,4 are bounded uniformly in n for

h € (0,h]. This also yields that

Y H W H%’@
n <

—wi TSy < T[Sy (3.3.7)
+[[Wlle

By (3.3.5), (3.3.7), Proposition 3.2.13 and the fact that 0 < h < hy = [5" kg (1 +||W||4,) (1 +

2||& HV)YI]_é < 1, we get the following estimate

oy o (YY), (Y, Y"1)) < Csdg o (YY", (Y"1 ¥"2)),
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where

*%
2

Cs =6kah®™ (1 +h*)(1+ Wl ) (14 20|Y " |l jo.) +201Y "™ e j0.1)

X (L20Y" o jou +2Y" 72| pith

., [0.1])
X [1+ha(2||yn_l||a,[0,h]‘|'||Yn||(x,[0,h]+”Yn_ZHa,[O,h])

+R (v afo)> IR |20 01

a o T 1"

<120 % 5P PP U (14 [W|o ) 2(1+ (| € v ) B HPBupe,

Let 5 = B5* + B3 + B1 = max{Bo, B1, B2} + max{Bi, B2, B3} + B1. and let Cg = 120 x 5%2k¢. Then,

we have

da,W,[O,h] ((Yn-‘rl ’ Yn)’ (Yn’ Yn—l))

<Co(1+ [ Wil 21+ & Iy 2R g g0 (¥ ), (7 ¥72)). 338)

Choose hy = [2Cs(14 ||[W||,)2(1+ | E|lv)%) @ < hy < 1, and let h € (0, hy]. Then by (3.3.8), we

have the following inequality

o (V1Y) (YY" 1) < Sdow (YY), (v Y"72).

| =

This yields that

Z doc,W,[OJz} ((Yn+17Yn)7 (anYn_l)) < oo
n=1

Due to Lemma 3.2.9, we can conclude that (Y™, Y"~!) — (Y,Y) € gv%,ozé g) @sn— eo. By Lemma

3.2.7 and Proposition 3.2.13, we have forany 0 < s <t < h,

Vv Vv

:H[W(dﬁYr”)—/stW(dr,yr)

SCda,W{O,h] ((Yann—l)’ (YvY)) |t _S|a7

t
yol / W(dr,Y,)
S
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for some constant C > 0 uniformly in n. This implies that equation (3.3.1) holds for all 7 € [0, A].
Finally, inequality (3.3.2) follows from (3.3.5) and the fact that (Y,Y) is the limit of (Y”,¥"~1) in

2
S e.g): -

3.3.2 Uniqueness and global existence

In this section, we prove the uniqueness of a solution for equation (3.3.1). We also present some

hypotheses that imply the global existence of a solution for this equation.

Theorem 3.3.3. For any time interval [0,T| and initial value & € V. There exists at most one

solution to equation (3.3.1).

Proof. Suppose that Y and Y are two solutions to (3.3.1) with initial condition & on [0,T]. By

Proposition 3.2.13, the following inequality holds on [0,4] C [0, 7], assuming h < 1.

da,W7[O7h] ((Y,Y), (?7?» < CSda7W7[O,h] ((Y7Y)7 (?7?»7 (3.3.9)
where

Cs =12kah®(1+[W (1 4+ 2] o+ 27 ) (1 4+ 2 o+ 2/ ¥ )5 +P

< (L (Y e+ 17 o+ 1Y e+ 1Y o)+ 1Y lloe + 1Y 1) + 1R 2]

Choosing & small enough, (3.3.9) yields that ¥ = Y on [0,h]. Notice that the choice of & doesn’t
dependent on the initial value. Therefore, by iteration, we can extend the uniqueness to any time

interval [0, 7. O

As stated in Section 3.1, the linear growth of the vector field cannot guarantee the global
existence of a RDE driven by a linear rough path. This is also true in the case of nonlinear
rough paths. In order to obtain the global existence, we introduce the following growth con-
dition of W. Let W = (W, W) € €%B3([0,T] x V;V), let 1, = Bo V Bi1 + B1 V B2, and let p» =
max{Bo, B1, B2} +max{pBi, B2, B3} + B1.

125



Hypothesis (H). % -r+n <L
A similar condition in the linear situation can be seen, e.g., in [6, 19, 60].

Theorem 3.3.4. Under Hypothesis (H), the RDE (3.3.1) has a solution on any time interval [0, T].

By Theorem 3.3.3, this solution is unique.

Proof. Let &1 = 2C6(1+ ||[W||¢)*(1 + ||€ ||V)72]_5 where Cg = 120 x 5%k is the constant ap-
pearing in (3.3.8). Then, by Theorem 3.3.2, the RDE has a solution Y!) on [0,&;] with initial
condition YO(I) =&. Wedenote by & = Yg(ll) the terminal value of Y. In order to extend the solution

to the entire interval [0, T'], we consider the following RDE

t t
Yt:Ys+/ W(dr,Y,)+/ (dr,Y,). (3.3.10)
N N

By Theorem 3.3.2 again, equation (3.3.10) has a solution Y@ on [€1,€] + &) with initial con-
dition Y, = &, where & = [2Cs(1 + ||[W||%)*(1 + IE|lv)%]"@. By iteration, we have a se-
quence {&,},>; with values in (0,1), such that the equation (3.3.10) has a solution ¥**1) on
(M M) = (X4, €, X0 €,11] with initial condition ¥, ") = &, := ¥\") and &, = [2Cs(1 +

IWlle)2(1+ | Eallv) %]~ @. By (3.3.2) we have the following inequality

SM2 Wi,
2C6(1+[[Wllg)

1Enctlly < YDl <[|Eallv + & 1Y " Vo < N1 Eallv + S(1+ || llv)n .

Recall the assumption % — 7%+ 7 < 1. By the mean value theorem for real valued functions, there

exist 7 € [0,1], such that

»
» 52y1+2||W o
(I [18wstllv) @ < |14 [IGullv +

&3 _
: 1+ Eallv Nn-"nr
2o+ W2\ T elv)

(14 [|Ellv) & + [52142(2C6) ™ (14 [|&allv) ]

n_
% (14|l + 7521 2(2C6) " (14 [[Eallv) %] @

X (3.3.11)
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By definition we know that y; < 7». This implies

n_

(14 [|Ealy + 75212(2C6) (14 [|Ealv) 7] @ !
11k
(1+||§n||v) Xmax{l [ 5271+2(2C6) l}a }

2 v
=[14+5212(2C6) ™ E D14 ) E (3.3.12)
As a consequence of inequalities (3.3.11) and (3.3.12) , under the assumption (H), we can write

n n P ERER/AVS a2
(T+[1&nr1llv)e §(1+H€nllv)a+—[1+52”“(2C6) e (14| &ally)t 2t e

n
<I+&) & + 2 [14+ 571720001« (3.3.13)

It follows that

Y n
a1 Z12Co(1+ [Wlle 2l 7 [(1+ 1601 Iv) & + 2 [14+ 5172 (2c0) 1) =] (3.3.14)

Y —1
=&+ (2Ce(1+ Wl ) * 2 [1 4 521200 1] = (6 4 Ko) !

Observe that the constant Ky is independent of n. Thus by iteration, the following inequality holds

Y e, i = oo, (33.15)
n=1

=0 81 + nK()
In other words, we can extend the solution to any time interval [0, 7. ]

Assume that the derivatives of W are all bounded, that is B3 = (By,0,0,0). Then, Hypothesis
(H) is equivalent to By < a and it coincides with Besali and Nualart’s condition for global existence

(see Theorem 4.1 of Besalu & Nualart [6]).
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3.3.3 Properties of the solutions

Assume Hypothesis (H). In this section, we prove some properties of the solution to the RDE
(3.3.1). The first proposition below provides an estimate for the Holder norm of the solution to

(3.3.1). Before stating the proposition, we first prove the following lemma.
Lemma 3.3.5. Suppose that X € €%([0,T]|;V). Let 1= 0=ty <ti <tr <...,t, =T) be a
partition. Then,

1X[[o <n'™* max [[X||q
<n

< -« ‘
[max 1 < (T/|=l) lmagn”XHa,[tkftk_l]

Tk—Tk—1 <k

Proof. For any 0 < s <t < T. There exists 0 < k; < kp < n such that s < k;y < kp <t. Then by
Jensen’s inequality for convex function f(x) = |x| o, we have
||X§‘,t \% < HXSJkl HV + HX[k] atk|+l HV + Tt + HXleatHV

[t —s|* ~ [t —s[*
|tk1 _s|a+'”+|t_tk2|a

< max HXHOQ[Ik—tkfl] X

1<k<n |t — 5|
< ma X[y sl
= gllfzn o, [t —ti—1] |t —s|0‘
The lemma is then proved. 0

Proposition 3.3.6. Assume Hypothesis (H). Let Y be the solution to the RDE (3.3.1) with initial

condition & € V. Then the following estimate holds:
Lo, (SN —a)KT
¥l < cl[Wiligy (14 [|€ )7 Ta e 1050 (3.3.16)

for some c depending on o and B3, where

Y2

_112vi
Ko = (2Cs(1+ [Wllg,)?) = = [1 457172 (2C0) 1] @

RI—

and Cg = 120 x 5%k, are the same as in (3.3.14) and (3.3.8), respectively.
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Proof. Let & = 2C6(1+ |W||)*(1+ & |ly)%]~@. Theorems 3.3.2 and 3.3.3 imply that there
exists a unique solution to (3.3.1) with initial condition ¥y = & on [0, €;]. Denote the solution
by Y(). Then, proceeding with a similar argument as in Theorem 3.3.4, we obtain a sequence
{r+Dy -, where Y "*1) is the unique solution to RDE (3.3.10) on [1,;, 1] = Y7 &, ZZLI &
(n+1)

with initial condition ¥,\""" := & = ¥,") and &,.1 = [2C(1+ |W||¢;)2(1 + |&:]lv) 2] @ By

inequalities (3.3.2), (3.3.13) and an iteration argument, we have the following estimate:

n  (n+1 VI B
POl <52k Wi { (14 1810+ P EDE [y 20000 B 33a7)

In order to obtain (3.3.16), we consider the following two cases. Firstly, if 7 < g1, then (3.3.16)
holds by taking n = 0 in (3.3.17). On the other hand, for any 7 > &;, there exists a positive integer

N, such that ny < T < ny41. Notice that by (3.3.15), we have
N N 1
>Y &, Z 'y Kon) ' > K — (log(g; ' + KoN) —log(g; ).
n=1 n=1
Recall that & = [2Cs(14 ||[W||¢)2(1+ ||€[lv) %]~ @ and
vy

Ko = (2Cs(1+ [W]l)?) @ 72[1+52%+2(2C) e

It follows that

SIE

1 _
N < (eFTHoe(er) — gty — kol (Ko — 1)[2Ce(1+ W igy)2(1+[|E|lv) ™
Ko 1 0 3

o _
= 14520200 7T (14 g ) B (T ). (33.18)
Let Y be the solution to (3.3.1) on [0, 7] with initial condition &. Then, combining Lemma 3.3.5,

(3.3.17) and (3.3.18), we have

- M-
IV[le <N"% max [[Y®|lq <c(l+][E|ly)n+ " el n Tkl
1<n<N+1
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for some ¢ depending on o and B3. This completes the proof of the proposition. O

The next proposition provides the dependency of the solution to (3.3.1) on the initial condition

under Hypothesis (H).

Proposition 3.3.7. Assume that W = (W, W) satisfies the conditions in Theorem 3.3.4. Let Y and Y
be the solutions to the RDE (3.3.1) with initial conditions & and E , respectively. Then the following

estimate holds
daw ((V,Y),(Y,Y)) < (T4 V 1)||E—E]lv, (33.19)

W%, & and &.

where c is a constant depending on o, B3,
Proof. By Propositions 3.2.13 and 3.3.6, and the fact that ¥ and Y are solutions to (3.3.1), we can
write for any & € [0, 1],

da7W7[O7h] ((Ya Y)7 (?7 ?)) <cj ||§ - EHV + Czhada,W7[O,h] ((Y7 Y)a (?7 ?))] ’ (3.3.20)

1

%> @, Bz and &, E Let € = (2c1)*é A(2c) @ AL

where ¢y, ¢, are constants depending on |W

It follows that

dow 06 (YY), (V.7)) <2¢1 (& —E|y (33.21)

on [0, €]. By iteration, we have that for any n > 1,

da,W,[ne,(rz—b—])e] ((Y,Y), (?7?)) < 2c¢ HYnS - ?nSHV;
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and

e — Yaelv <I1¥n-17e — Yo )ellv +€* 1Y =Yl e (n1)e ne]
<Y 1)e = Yo n)ellv + €%daw ((n-1)ene) (V. Y), (Y,Y))

<2)1Y (- 1ye = Yu-n)ellv-

Thus we can write

o me s 1ye (V,Y), (V,7)) <27 ey ]|€ —E]ly.

In order to obtain the global distance, we proceed as follows. If 7 < g, then (3.3.19) is a direct
consequence of (3.3.21). It suffices to consider the case when T > €. Let N be the positive integer

such that Ne < T < (N + 1)&. Due to Lemma 3.3.5, the following inequality holds

dOﬂ,W((Y7Y)7 <?7?)) < (T/g)lia max {da,W,[ns,(n+1)£] ((Y,Y), (?7?))} < CTTI?O{H& - EHV,

0<n<N

for some ¢ > 0 depending on a, B3, ||W||¢, & and E . This completes the proof of the proposition.

]

Due to Propositions 3.3.6 and 3.3.7, we can deduce the following corollary.

Corollary 3.3.8. Assume Hypothesis (H). Write Y (&) for the solution to the RDE (3.3.1) with

initial condition & € V. Let K be any positive constant. Then,

(i) |Y(&)]|o is uniformly bounded in the space {&,||Elly < K}

(ii) The constant c in (3.3.19) is fixed in the space {(5,5), IEIlv + HEHV <K}.
Remark 3.3.9. As a consequence of Proposition 3.3.7, we have the following estimates

I¥ =Flla < (T 1)]1E = E]lv,
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and

sup ||V —Yilly <[1+T(TV1)]|IE=E|v.
1€[0,T]

v, & and E

W|

for some constants c¢ depending on o, B3,

3.4 A functional approach to nonlinear rough paths

Let V be a Banach space. In this section, we consider the nonlinear rough path defined in Section
3.2 as a €Pn (V;V)-valued linear rough path. We will show that the two approaches are equivalent
under some assumptions.

We start this section by defining the space €8 (V;V):

Definition 3.4.1. Ler B, = (Bo, .-, Bn) be a multi-index, where B > 0 for all k € {0,1,...,n}. The
space C5'3"(V;V) is the collection of continuously differentiable functions on V with values in 'V,

equipped with the norm:

1[I0 () llgy v

19llg, = Y sup

Soxev (1 |lxllv)Px

It is easy to see that (£P»(V;V),||-| g,) is a Banach space. In the following lemma, we show
the equivalence of the spaces €%([0,T]; €»(V;V)) and €%P»([0,T] x V;V) defined in Definition
3.2.1.

Lemma 3.4.2. (i) Let ® € €%P([0,T] x V;V) be defined by (3.2.1) with &y € €B(v;V).
Then, ® € €%([0,T]; €B(V;V)).

(ii) Conversely, if ® € €%([0,T];€B"(V:V)), then & € €%P([0,T] x V;V).

Proof. (i) Fix t € [0,T]. We can show that

1%llg, < [[Pollg, +1Posllap, < 1Pollg, +T%P]

a»ﬁn < oo
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Similarly forany 0 < s <t < T, we have
[Psellp, < Pllap, It — 5%

It follows that as a ¥»(V;V)-valued function, ||®||q < [Pl g, < oo

(ii) We estimate ||P|| g, as follows:

Y DD, ()l [P

B
[Pllep, = ) sup = <|[®lla-
P k:zbs;éte[o,ﬂ |t —s|* (L +xllv)Pe sscior) 1t —s|* ’
xeV
As a consequence, ® € €% ([0,T] x V; V). O

Letn > 1, and let (W, #) € €%([0,T];€B"(V:V)) be a €B»(V;V)-valued linear rough path in
the sense of Definition 3.1.2. Then, # € €3%([0,T]%;€P(V;V)®2). We define W: [0,T]?> x V2 —

V as follows:
Ws7l‘(xay) = @(2)%,t(x7y)a (341)

where 2@ : €Bn(V,V) @ €Pr(V;V) — €Br1Br 1 (V x V;V) with the multi-indexes B | and
B:* | defined in (3.2.3), is given by

2(",0%)(x,y) := D> () (¢ (x)),

for all (¢',¢%) € ¥F»(V;V)? and (x,y) € V2. One should notice that the operator 2(2) can be ex-
tended continuously to the tensor product space €8 (V;V)® €B»(V;V), and it is a linear operator

on this space. We can also define
7N (9',9%)(x,y) := D¢ (x)(9°(x)) (3.4.2)
for all (¢',¢2) € €B»(V;V)2, and continuously extend it to €B»(V;V) @ €B»(V;V). In the next
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proposition, we show that (W, W) € €%B»([0,T] x V; V).

Proposition 3.4.3. Let W = (W, %) € €%([0,T]:€B"(V;V)), and let W : [0,T)*> x V2 =V be
given by (3.4.1). Then (W, W) € €%B»([0,T] x V;V).

Proof. According to Lemma 3.4.2, we know that W € €%B»([0,T] x V;V) and this implies that
W e %;a’ﬂ;’l’ﬁzil([O,T]z x V2;V). Tt suffices to verify Chen’s relation (3.2.10). Recall that
(W, #) € €%([0,T];¢B"(V;V)) satisfies Chen’s relation (3.1.3), and the operator 2 is linear
on €B»(V.V)®€B(V,V). It follows that

WSJ(X,_))) _Ws,u(xuy) - Wu,t(x7y) = @(2) (%,t - WS,M - Wu,t)OC?y)

=97 (Ws,u ® Wu,t> (x,y) = DW, ) (Ww(x)).

As a consequence, (W, W) € €%B»([0,T] x V;V). O

Remark 3.4.4. Proposition 3.4.3 shows that W can be constructed from % . However, generally
we are not able to recover W from W satisfying Chen’s relation (3.2.10). In other words, the
nonlinear integral fol W (dr,Y,) and the nonlinear RDE (3.3.1) can be studied using the approach

of Section 3.2 even if W does not exist.

Let W= (W, %) € €%([0,T];¢B"(V;V)). In the theory of linear rough paths, under the as-
sumption that ¥ € Z23*(.Z(€P(V;V);V)), the rough integral of Y against W is well-defined. The
nonlinear rough integral defined in Section 3.2 can be also interpreted as the linear rough integral.
In this case, the controlled rough path ¥ belongs to a proper subset of Z3%(.% (€Br(viV)V)),
that is equivalent to 5‘%,“ in the sense of Definition 3.2.5. To describe this subset, we introduce the
following special class of operators in .Z (%87 (V;V);V). Forany x € V, let £: €B»(V;V) = V be

given by

X(9) := ¢ (x). (3.4.3)

Then x € Z(¢P(V;V);V) with operator norm bounded by (1 + ||x||y)%. Let n > 1 and let W €
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€%([0,T];4P(V;V)). We introduce the space of basic controlled rough paths of a €B»(V;V)-
valued rough path as a subspace of 23%(.Z(€B"(V;V);V)), where 22 (L (€B(V;V);V)) is
defined as in Definition 3.1.3. Here, the state space of W is &P (V;V). Additionally, assume that
(@, ") € 22%(L(€PBr(V;V);V)). Then the state spaces of % and % are Z(¢P»(V;V);V) and
L(EB(ViV); L(€Br(V:V);V)), respectively.

Definition 3.4.5. A pair of functions (%, %") € DX (L (€P(V;V);V)) is called a basic rough
path controlled by W, if there exists a pair of functions (Y,Y) € €*(V;V) x €%(V;V), such that
forallt €[0,T), % =Y, and for all (¢1,¢,) € €P(V;V)?

Y (91,02) =Y, (91,02) := 2 (1, 92) (11, Y,) = D (1) (91 (1)) (3.4.4)

We write c;“’vv%,a for the collection of such pairs.
The next proposition provides the equivalence between the spaces (;5‘%/06 and éa‘%,“.

Proposition 3.4.6. Let n > 1 and let W € €%([0,T);6B"(V;V)). Then by Lemma 3.4.2, W €

€%Bn([0,T] x V;V) as well. In addition, the following properties hold:

(i) Let (Y,Y) € &3% in the sense of Definition 3.2.5. Then, Y, Y e gv%,a in the sense of Definition

3.4.5, where Y, and 17,’ are given by (3.4.3) and (3.4.4) respectively, for all t € [0,T].
(i) Conversely, let (Y,Y') € &3% with associated pair (Y,Y) € €*(V;V)2 Then (Y,Y) € &%,
Proof. (i) By assumption Y € €*([0,T];V). It follows that

1%,

[Plla= sup 2@y oy gy 100 0@y

s#t€[0,T] |t - S|a s#1€[0,T] 0£pc€Pn(ViV) |t - S|aH¢||[in

<L+ )P Y [0

This implies that Y € €%([0,T];.2(€B"(V;V);V)). Similarly, since ¥ € €%([0,T];V), we can

135



deduce the following inequality:
17"l < (LY fl) 2 (U1 o) NY o+ (14 1Y (o) P (LA Y )P [Y

It suffices to estimate the reminder term. Recall that Y’ is defined as in (3.4.4). Then, for any

¢ € €P»(V;V), the remainder th(q)) can be written as follows,

R{(9) = 0(Y) — 9 (¥s) — Do (Ye) W (V).
Due to Taylor’s Theorem 3.1.11 and the fact that (Y,¥) € &2%, we have

o . 1
RS (9)lv <[ID¢ (¥s)Ys; — D (Ys)Wss (Ys)|[v + 5 sup ID?¢ (TY; + (1= )Y (Yo Vs lv
0<7<1

=|| D@ (Ys)[Wy s (Ys) + R, — DO (Ys) Wy, (Ys) |lv

1
5 sup [[D29(TY,+ (1= D)) (FsYar) v
0<t<1

1
<1l 5 (1 1Y )Y I+ (1 Y )P IRY ] 1 — 522

This implies R € €3%([0,T); £ (€B(V;V);V)). As a consequence, we conclude that Y,Y') e
foa

(ii) To prove the converse result, it suffices to show that RY € €2%([0,T];V), where

)

RY, =Y, — Wy, (Yy).

Let K be the closed convex hull of the set {¥;, € [0,T]}, and let K is a compact set in V whose
interior contains K. Choose a function ¢ : V — V that is infinitely differentiable and satisfies the

following properties:

a) ¢(x) = x for all x € K. That implies D¢ (x) = I and D*¢(x) = 0 for all x € K, where I denotes

the identity operator in .Z(V;V).
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b) ¢(x)=xp €V forall x ¢ K.
¢) ¢ and all its derivatives are bounded.

Then, it is easy to check that ¢ € B (V;V) for any multi-index B,. In addition, we can show that

IRV Ilv = 19 (%) = 9 (¥e) = Do (X)) Wes (80)]lv = [RL,(0) v < IR laall I, I — s12*.

In other words, RY € €2%([0,T];V), and thus (Y,Y) € &3°. O
In the next theorem, we will show the equivalence of two rough integrals.

Theorem 3.4.7. Let W = (W, %) € €%([0,T];¢B2(V;V)). Due to Proposition 3.4.3, we can

construct (W, W) € €%P2([0,T] x V;V). Assume that (YY) € éan%,a with associated pair (Y,Y) €

c?v%,o‘ by Proposition 3.4.6. Then, the following two rough integrals coincide,

t t
/ W(drY,) = / 7,dW,, (3.4.5)
N N
where the integral on the left-hand side is in the sense of (3.2.26), and the integral on the right-
hand side is in the sense of Theorem 3.1.4.

Proof. Let Eg; and is,t be the approximations of the integral on the left and right-hand side, re-

spectively. That is,

(x]

= Ws,t (Ys) +WS7Z‘(YS‘5 Ys) and is,t = /Y\svvs,t + /Y\slyﬂs,t-

st

Here IA/S’ acting on %5, is a continuous extension of formula (3.4.4) to the tensor product space

¢P2(v,v)®2. By definition of W and (¥,Y’), we have
?sWs,t +/Y\vs/Ws,t - WS‘J(YS) - @(2)%,I<Y57Ys> - WS,I(YS) +WS,Z(Y.S‘7YS)'

This implies the equality (3.4.5). 0
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At the end of this section, we provide an alternative approach to study the nonlinear RDE
introduced in Section 3.3. Let W = (W, #) € €%([0,T];¢B3(V;V)). Then, the RDE (3.3.1) can

be also understood as the following equation:

Y, =&+ / 5(Y,)dW,, (3.4.6)
0

where § denotes the Dirac delta operator, that is & : V — Z(4P3(V;V);V) is given by 8(x) = x.
A function Y € €*([0,T];V) is said to be a solution to (3.4.6), if (¥,8(Y)) € Z3*(V) and the
equality holds. On the other hand, suppose that Y is a solution to (3.4.6). Then, (Y,Y’) € g‘%,“
with associated pair (Y,Y) € &3%. Therefore, Y is a solution to the equation (3.3.1) in the sense of
Definition 3.3.1.

On the other hand, notice that as an .¥ (‘5[33(V;V);V)-Valued operator, 0 is three times dif-
ferentiable. More precisely, the derivatives of § can be written as follows D*§(x)(¢) = D*¢ (x)
for k = 1,2,3. Thus ||D*8(x)|| < (14 ||x||v)P¢ for all k =0,1,2,3. Then the (global) existence
and uniqueness of equation (3.3.1) can be derived by the theory of linear rough paths (c.f. Lejay
[60]). For other conditions that implies global existence, we refer the reader to the papers of Lejay
[60, 61]. We did not consider Lejay’s condition for global existence in Section 3.3, because we
doubt whether it is applicable in our setting. Under the basic assumptions in Section 3.3, there may
not exists # such that W = 2%/ . In this case, the result of linear rough path cannot be directly

applied without any changes.

3.5 Some applications of nonlinear rough paths

3.5.1 An Ito-type formula for controlled rough paths

In this section, we follow the idea of Section 3.4 to consider the nonlinear rough path as a ¢ B (V;V)-
valued rough path. Then, we aim to generalize the 1t6-type formula (3.12) in Hu & Lé [42] proved

in the nonlinear Young’s case.
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Theorem 3.5.1. Let W = (W, %) € €%([0,T);6B3(V;V)). Assume that (Y,Y') € 23%(V) and

(2,Z') € DZ*(L(V;K)). Then, the following Ité-type formula holds

t t t
/ Z,dW (1Y) = / ZW(drY) + / Z,DW (1,Y,)dY,

S N S

-|—%[/stZrDZW(r,Y,)d(Y>,—|-/tZ,d«X,Y))r—i—/tZrd((Y,X»,}, (3.5.1)

N N

where

Wl‘k,l,l‘k} ) (352)

Tk—1

t
X, = / DW(dnY,) = lim [DW, (Y, )+ (2?)%Y,
0 || —0

(29)2Y (91, 62) == D*$a(Y/§1) € L (V3 V).

The first three integrals in (3.5.1) are rough integrals in the sense of Proposition 3.1.7 (ii), while the
last three integrals on the second line are Young’s integral. In the above expressions, (Y), (X,Y)

and (Y, X)) are 2at-continuous functions defined in Definition 3.1.9 and Remark 3.1.10.

Formula (3.5.1) provides the total differential dW (z,Y;) of W (z,Y;), that means, heuristically,
dw (t,Y;) = %W(t,Y,)dt. Comparing with the classical 1td lemma, the function W in Theorem
3.5.1 is not differentiable, but only a-Ho6lder continuous in time. In this case, the assumption that
Y is controlled by W ensures that W (dt,Y;) is well-defined as the differential of the rough path
G, = [y W(dr,Y,) controlled by W.

In order to prove Theorem 3.5.1, we should make each integral in (3.5.1) to be well-defined.

The first lemma below shows that F; = W (¢,Y;) is controlled by W.

Lemma 3.5.2. Let W € €%([0,T);4P>(V;V)), and let (Y,Y') € 23%(V). Denote F; = W(t,Y,).

Then, F € 23%(V).
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Proof. By Taylor’s Theorem 3.1.11 and the fact that (Y,Y’) € Z3%(V), we get

Fyp =F — Fy = Wy (Ys) + [Wey (V) — W (Yy)] + Wi () — Wi(Yy)

=YWy + DW,(Y5) [, We +RY, ]+ O(|[ ¥y [7]).

This yields that (F,F') € 23%(V), where F' :=Y +DW (Y)Y € Z(€P>;V). O

Suppose that W = (W, %) € €%([0,T];¢B3(V;V)). As a consequence of Lemma 3.5.2, the
integral f; ZdW (r,Y,) = fs[ Z,dF; is well-defined as the integral of two controlled rough paths in
the sense of (3.1.12). Additionally, by Taylor’s Theorem 3.1.11, we can approximate this integral

in the following way:

t
/ Z,dW (r,Y,) = ZFs, + ZLF! W5+ O(Jt — s[3%)
S

1
=ZWs 1 (Yy) +ZDWs ((Ys) Y5 o + ZDWs(Yy) Y5, + EZsDst(Ys) (Yo, Ysr)

+ Z Y Wi+ Z.DW (5, Y)Y W5 s 4 O(|t — s%), (3.5.3)

where

ZY,(91,62) = Z((91)[92(¥5)),

and

Z.DW (s, Y;)Y{ (91, $2) = Z;(1)[DW (s, ) (¥{(92))],

for all (¢1,¢,) € €B3(V;V)2.
The next lemma provides a generalized version of Theorem 3.2.10. The proof is similar and

we omit it.

Lemma 3.5.3. Let (W, %) € €%([0,T];6B2(V;V)), and let (Y,Y') € ZZ*(V). Then, the following
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limit exists and defines an additive function:

/W (dr,Y,) := lim Z [W,HJ,((YS)—FY,]( lYtH_@( )7/ m]

[ =0 =]

where Y/Y, 7 (91,62) := Do (Y)Y, ($1)] for any (1, 92) € €P2(V: V).

For all 7 € [0, 7], let G; := f(; W (dr,Y,). Then, a similar argument as in Proposition 3.2.12 im-
plies that (G,Y) € &% or equivalently (G,Y) e 23 (V). Therefore, the integral |, f ZW(drY,) =

fs 'Z,dG,, defined as in (3.1.12), can be approximated in the following way,

t
/ ZW(dnY,) =Z,Gs + ZF W+ O(Jt — 53¥)
)

=Z W, (V) + ZY Y DO W s + Z YW+ O(Jt — s3%). (3.5.4)

Assume that (W, %) € €%([0,T];¢B3(V;V)). Let H, = ZDW(1,Y,) € £ (V;V) for all t €

[0,T]. By a similar argument as in Lemma 3.5.2, we can show that

Hy; = Z\Wy . DW (s,Y;) + ZY,DW; ; + Z:D*W (5, Y;)Y! Wy, + O(|t — s|>%).

In other words, H is controlled by W. This allows us to define f f Z,DW (r,Y,)dY, = fs ! H,dY, by

(3.1.12). In addition, we can approximate this integral as follows,

t
/ Z,DW (1,Y,)dY, =Z;DW (s,Y;)Ys; + ZLDW (s, Y)Y W5, (3.5.5)
S

+ ZY, 2 VY! W + Z,D*W (5, Y)YY! Wy + O(|t — s]%),
where 2(1) is defined as in (3.4.2),

ZDW (5,Y,)Y{(91,92) = Z(91)[DW (s, Y;) (Y{(62))],
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Z,Y,2VY! (91, 82) = Z,[Do1 (Y)Y, (92)],

and

ZD*W (5,Y5) YY) (91, 82) = Zs[D*W (5,Y;) (Y] (1), Y] (92))],

for all (¢1,9,) € €P3(V; V).

By a similar argument as in Theorem 3.2.10 and the Sewing Lemma, we can show that the
limit in (3.5.2) uniquely exists. It allows us to define X; to be the limit. In addition, we can
verify that X € @‘%,O‘(.ﬁf (V;V)). Thus the three quadratic compensator terms on the second line
of (3.5.1) are all well-defined, and according to Remark 3.1.10 (iii), (¥) € €2%([0,T;V @V)
and (X,Y),(Y,X) € €5%([0,T];V). Therefore, the integrals on the second line of (3.5.1) can be

interpreted as Young’s integrals. We can approximate them as follows:

t
/ ZAX YY)y = ZDWyy (Y)Y, — 2Z5,7VY Wy + O( — /%), (3.5.6)

t
/ Z(Y, X)), = ZDWy ,(Yy)Ys; — 2ZY]Y, PP W+ O(|t — 5|°%), (3.5.7)
N

and

t

/ Z.D*W (r,Y,)d(Y), = Z;D*W (5,Y;) + O(Jt — s|>%).
N

Notice that, by definition,

t
(Vs Yoy Yoy = 2Wes =¥y Yo =2( [ K0t~V ,,)

N

=Yy @Yy —2(Y, @Yy, + VY[ W5y — Yy @Yy,) + O(|t — 5>%).
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This allows us to write
t
/ Z, = Z,D*W (5,Y,) [V, @ Yy, — 2Y]Y W5, ] + O(Jt — s|>%) (3.5.8)
S

As we approximated all the integrals in (3.5.1), the proof of Theorem 3.5.1 is straightforward.

Proof of Theorem 3.5.1. Denote by LHS and RHS the left and right-hand side of equation (3.5.1)

respectively. Recall equality (3.5.3), that is,

1
LHS =ZWs, (Y;) + ZiDWs (Vo) Yo+ ZDWs(Y5)Yos + S ZD W) (Yo o)

FZI W1+ ZDW (Y)Y Wy 4 O(t —5).
On the other hand, combining (3.5.4) - (3.5.8), we have

1
RHS =Z, Wi o(Y5) + ZDWy (Vo) Yo+ ZuDWy(Vo) Yo - 5 ZDP W) (Yo V)

+ ZY W+ ZDW (Y)Y W5y + O(Jt — 5P%),
as well. Since & € (%, 3], it follows that equality (3.5.1) holds forall 0 < s < < T. O

3.5.2 RDEs with spatial parameters

Let (W, #) € €%([0,T];4P3(R%;R?)), and let W be given by (3.4.1). Assume Hypothesis (H).

Then, due to Theorem 3.3.4, for any fixed x € R¢, the following equation

Y (x) :x+/0tW(dr,Yr(x)), (3.5.9)

has a unique solution Y (x) on [0, T]. In this section, by studying the gradient in x of ¥;(x), we will
show that ¥;(x) is invertible in x, and the inverse is controlled by W as well.
In the next theorem, we follow the idea of Hu & L& [42] to show that ¥;(x) is differentiable

in x. Before presenting the theorem, we introduce some notations. Let M be a d X d matrix. We
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define the operators ML MM : (R? @ RY)®? — R? @ R as follows, for any (A,B) € (R? @ RY)?,
MEA®B)=M-A-Band MM (A®B)=A-MM.B. (3.5.10)
For any d x d matrices M, M,, we define the operator {M|,M,} : RIQRY 5 R by

(M, M}A =Y MM ARR forall A € RY @ RY. (3.5.11)
ki ko k3

These operators appear when we approximate matrix-valued rough integrals.

Theorem 3.5.4. Let (W, %) € €%([0,T]; P> (RY;R?)). Assume Hypothesis (H). Let Y = {Y;(x),t €
[0,T],x € RY} be the unique solution to (3.5.9). Then for anyt € [0,T), Y, is differentiable, and the

gradient DY; satisfies the following equation:
t
DY;(x) = I+/ dF,(x)DY,(x), (3.5.12)
0
where I denotes the d x d identity matrix and F (x) is a d X d matrix-valued function given by

F(x):= /OZDW(dr,Yr(x))

that is defined in the sense of (3.5.2). Moreover, for everyt € [0,T] and x € R%, DY, (x) is invertible,

and its inverse (DY,(x))~! =: M, (x) satisfies the following equation:
t t
M(x)=1— / M, (x)dF,(x) + / (M, (x)]"d (F (x)). (3.5.13)
0 0

where (F(x)), is the quadratic compensator of F(x), which is an (R? @ RY)®2-valued 2o--Holder

continuous function on [0,t], and [M,(x)]" : (R? @ R?)®? — RY @ R is defined as in (3.5.10).

Proof. Fix x € R?. Let e be a unit vector in R?. For any & € (0, 1), we write

i 1 Wt he) — ().
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We claim that as & | 0, nth converges to the solution to the following equation

1 '
= e+/ dF(x)n, = e+/ DW (dr,Y,(x))n;. (3.5.14)
0 0

Firstly, we show that (3.5.14) has a unique solution. Notice that F(x) is defined as a nonlinear

rough integral. Then, by Proposition 3.2.12, F(x) is controlled by DW and thus by W. That is,

~

Fya(x) = DWy (Ys(x)) + O(|r = s*) := (Ys(x) D)Wy, + O(|r = 5%),

where Y.(x)D is considered as an a-Hélder continuous function on [0, 7] that takes values in
(€83 (R, RY); £ (R?;RY)). Here Y is defined in (3.4.3). We can also directly define the opera-
tor Y;(x)D by the former expression. DW; ;(Ys(x)) is just an approximation of the integral without
the double integral term, thus the error is O(|t — s|>*). By Proposition 3.1.7 (ii), F(x) can be inter-
preted as a linear rough path. Thus, equation (3.5.14) is a linear RDE. According to the theory of
linear RDE (c.f. Theorem 2 of Lejay [60]), this equation has a unique solution.

On the other hand, by Corollary 3.3.8, ||n"||¢ is uniformly bounded in 4 € (0,1). As a conse-
quence of the Arzela-Ascoli theorem, there exists a sequence {;, },>1, such that, as n — oo, h, | 0,
and 1/ converges to some function 1, in €% ([0, T];RY) for any fixed o’ € (0, ). In addition, by

the Sewing Lemma, 1/ satisfies the following estimate
nes = DWy (% ()" + D5y (Ys(x), Y5 (0) (", ") + O(|t = sP**) + O(ha),  (3.5.15)

forall 0 <s <t <T.Letn— . The estimate (3.5.15) implies that 7, satisfies the RDE (3.5.14).
Therefore, DY;(x) exists and is the unique solution to (3.5.12).
To prove the invertibility of DY;(x), we follow Stroock’s idea (see Chapter 8 of Stroock [76]).

Let M;(x) be the unique solution to the linear RDE (3.5.13). By (3.1.16) and It6’s formula for linear
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rough paths (c.f. Theorem 3.4 of Keller & Zhang [53]), we can deduce the following equation:

DY, (x)M;(x) :I+/O a’F,(x)DY,(x)M,(x)—/O DY, (x)M,(x)dF,(x)

n /0 (DY, ()M, ()| d(F (x)) — /0 (DY, (x)M, () d(F (x)),.

where [DY,(x)M,(x)[M is a linear operator on (R? ® R?)®? defined as in (3.5.10). Notice that
DY, (x)M;(x) = I solves this equation. Thus the uniqueness of linear RDEs implies that M, =

(DY), O

Remark 3.5.5. By taking further spatial derivatives on both sides of (3.5.12) and (3.5.13), we can
show that DY; and M; are both twice spatial differentiable with locally bounded derivatives. On
the other hand, since Theorem 3.5.4 shows that DY,(x) is invertible in x for all (t,x) € [0,T] x R,
by the implicit function theorem, we deduce that for any fixed t € [0,T), Y; has an inverse Z; such

that Z,(Y;(x)) = Y, (Z(x)) = x.
In the next lemma, we prove that fix x € R?, Z(x) is controlled by W.

Lemma 3.5.6. Let Y (x) = {¥;(x),t € [0,T]} be the solution to the RDE (3.5.9), and let Z; = ¥, !

be the inverse of Y. Fix x € RY. Then Z(x) is controlled by W.

Proof. Recall that for any ¢ € [0,T], Z is the inverse of ¥; and DY;M, = I. Therefore, we can

deduce that
[ = Dx = DY;(Z;(x)) = DY;(Z;(x))DZ;(x).
This yields that
DZ,(x) = M;(Z;(x)). (3.5.16)

Fix (¢,x) € (0,T] x R?. Lety = Z(x). Then x = ¥;(y). Notice that a similar argument as in

Theorem 3.5.4 implies that M, (x) is differentiable in x and the derivative is locally bounded. Thus
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by Taylor’s Theorem 3.1.11, the following equality holds for all s € [0,7)

Zs,t (x) :Zs(Ys(y)) - Zs<Yt (y))
== DZ(Y,(y))Yss (y) + Ot — s]*)

= — My(Z;(x))Ys s (Z(x)) + O(|t = 5*%).
On the other hand, by Proposition 3.2.12, we have
Yo (x) = Wes (Ys(x)) +O([t = ).
Combining above two inequalities, we can write
Zy1(x) = —My(Zy(x))Ws 1 (x) + O(|t — 5]*%). (3.5.17)
Let Z'(x) = {Z/(x),t € [0,T]} where Z(x) : €83 (R?;RY) — R is given by
Z/(x)® := —M,(Z;(x))P(x).

Then it is easy to check that Z/(x) € .2 (€P3(R%;RY);R?), and thus (Z(x),Z'(x)) € Z3*(RY). [

Remark 3.5.7. (i) One may find that Z/(x) = —DZ,(x). But they are totally different objects.
Z/(x) is the Gubinelli derivative that represents the proportional changing rate to W of Z;(x)

with respect to the time argument, while DZ;(x) is the spatial derivative of Z; for fixed t.

(ii) By taking derivative on both sides of (3.5.16), we have

D?Z;(x) = DM, (Z;(x))M;(Z:(x)).
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Recall that Y is the solution to RDE (3.5.9), thus
Yiu (%) = Wes (Ys(x)) + Wi (Y (x), Ys(x)) + O(Jr = s]°%).

This allow us to deduce an estimate, which is more precise than (3.5.17) and will be used in

Section 3.5.3 below. We start with the following equation

Zsy(x) = = My(Z(x))Y5.1(Zi(x)) — %DMs (Z1 ()M (Z4 (%)) Y54 (Z2 ()2
+0(|t — s]’%)
=—M(Z;(x)) Wy (Ys(Z1(x))) — My(Z(x) ) Wis,r (Ys(Z1 (x)), Ys(Z4(x)))

- %DMS(Z’ (x))My(Z1 (x)) Yo (21 (x) 2 + O(Jt — s]*¥). (3.5.18)
Notice that
My(Z4 ()W, (Y5(Z0(x)), Y5 (Z0(x))) — My (Zs(x)) Wy (x,) = O(jt — s%)  (3.5.19)
and

My (2 ) Wi (Yo 24 (2))) — My (Z,(6) Wi (5 (2 ()

=DM, (Z,(0)) 25 () Wes (V24 () (3.5.20)
M (Zy(3)) DWo. (2, () DYs (2, () Zes () + Ot — 5[2%)

— — DM (Z,(5) M (25 (3)) Wy ()

— My(Z(x))DWy , (x) DY (Zs (x) )My (Zy (x) )Wy, (x) + O(|t — 5]>%), (3.5.21)
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where foralli=1,2,....d,

(DM, (Z4(x)) My (Z0(2) Was (1) ]

d iky
=y MR g )M (2, ()W (W,
kykp k3=1 &xkl |

Therefore, combining formulas (3.5.18) - (3.5.20), we have

Zs1(x) :%DMS (Zs(x)) M (Zs(x) )Wy 4 (X)®2 + M;(Zs(x)) DWs 1 (X)W 1 (x)

— M (Z () W 1 (x) — My (Z (%)) W, (x,%) + Ot = s]°%). (35.22)

3.5.3 Rough partial differential equations

Let €3

loc

(R4;R) be the space of functions that are locally bounded and have locally bounded first,

second and third derivatives. Suppose that & € % (R?;R). In this section, we will show that

loc

u={u(t,x) = h(Z,(x)),(t,x) € [0,T] x R?}, where Z(x) is defined in Section 3.5.1, is a solution

to equation (1.2.7). Moreover, the solution is unique if 4 € ¢* (Rd;R)).

loc

Definition 3.5.8. Let (W, #) € €%([0,T];€P3(R?;RY)), let W : [0,T]? x (RY)? — R? be given
by (3.4.1), and let h be a real-valued function on RY. A function u = {u(t,x), (t,x) € [0,T] x R}
is called a solution to equation (1.2.7) with initial condition h, if the following properties are

satisfied.:
(i) u(0,x) = h(x) for all x € R%.
(ii) u is twice spatially differentiable everywhere, and Du(-,x) is controlled by W for all x € R?.

(iii) The following equality is true for all (t,x) € [0,T] x R?

u(t,x) :h(x)—/o Du(r,x)W(dr,x)—{—%/O Du(r,x)d{(DW (x),W (x))),

o4 [ Duteaev @, ov ey, + L [ Patrmaw, 652
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where the first integral is defined as follows,

/ODu(r,x)W(dr,x) ::/0 Du(r,x)dW,(&) ey

the quadratic compensators
<<DW(X)=W(X)>>SJ = «DW,W»SJ(&I’52)|(§17§2):(x7x)a

(W (x),DW (x) s := (W,DW )5 (&1,62) | (&1,6)=(xx)’

and

(W(x))ss = (W >st(€1762)‘ (&1.6)=(x.x)

are defined by (3.1.15), (3.1.17) and (3.1.18) respectively, Dzu(r, x) is considered as a linear

operator from R @ RY — R, that is

u(t,x)M = i 82 M’J
Pt 8x,8x1

for any d x d matrix M = (M"/ ) and the last three integrals are in Young’s sense.

L,j=1

In the next theorem, we will show that i(Z;), where Z; is defined as in Lemma 3.5.6, is a

solution to equation (1.2.7).

Theorem 3.5.9. Ler (W, %) € €%([0,T];€B3(R%:R?)), and let W be given by (3.4.1). Assume
Hypothesis (H). Let Y be the solution to the equation (3.5.9), and let Z, = Yfl forallt € [0,T].
Suppose that h € € (R%R). Then, u(t,x) = h(Z(x)) is a solution to (1.2.7) in the sense of

Definition 3.5.8.

Proof. We prove this theorem by checking every property in Definition 3.5.8. By assumption, we

know that u(0,x) = h(Zy(x)) = h(x). In addition, since h € €

loc

(R%;R) and Z(x) is twice spatial
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differentiable, we can show that
D[h(Z(x))] = (Dh)(Z:(x))M:(Z:(x)) (3.5.24)

and
D*h(Z:(x))] = (D*h)(Z(x))M;(Z:(x))* + (Dh) (Z:(x)) DMy (Z: (x)),

where (Dh)(Z;(x))DM;(x) is a d X d matrix with components

[(Dh)(Z:(x))DMy(Zi (x))] Y = Z —h (Z(x aix]M’”(Zz( x)).

Recall that M;(x) is the solution to the linear RDE (3.5.13). Then we can write
My (x) = =My(x) Fy (x) + O(Ir = s*%) = =M (x)DWys (Y (x)) + O(r — s*%).
Combining this fact with (3.5.17), we can deduce that

My(Z(x)) = Ms(Z5(x)) = Mi(Z:(x)) = Ms(Z(x)) + Ms(Z(x)) — Ms(Zs(x)) (3.5.25)
=M;1(Zi(x)) — DM;(Zy(x))Zs, (x) + O(Jt — 5*%)
=M (Zs(x)) + My, (Z: (x)) = Ms 1 (Zs(x))]
— DMy (Zy(x)) M (Z5(x))Ws.s (x) + O(|1 — s|*%)

= — My (Z(x)) DWy 1 (x) — DMy(Z,(x)) My (Z5(x)) Wi (x) + O([r = 5*%).
Let M/ (Z;(x)) : €3 (R4, RY) — R? ® RY be given by

M(Z,(x))® := —M,(Z;(x))D®(x) — DM, (Z, (x))M; (Z, (x)) D (), (3.5.26)
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where
DM 2 )M () 2] = T afk MY (2,(x))MP% (2,()) ()

for any (¢,x) € [0,T] x R?. We can show that
M'(Z(x)) € €%(0,T]; L (€B3(R%;RY); R @ RY)). (3.5.27)
Thus formulas (3.5.25) - (3.5.27) imply that
(M(2(x)),M'((x)) € Zif (L (P (RERY); R 0 RY)).
In a similar way, recalling (3.5.24) and (3.5.25), we can also deduce that

D[h(Z,(x))] — D[h(Zs(x))] = (Dh)(Z(x))M;(Z(x)) — (Dh)(Zs(x) )My (Zs(x))
=(Dh)(Z:(x))[M:(Z:(x)) — Ms(Zs(x))] + [(Dh)(Z(x)) — Dh(Zs(x))|M;(Zs(x))
=(Dh)(Zs(x)) [ — M(Z;(x) )DWSJ (x) — DM(Zy(x) )My (Z; (x))WS,, (X)}

— D*h(Z(x)) M (Z5 (%)) We (x)Ms(Zs(x)) + O(|1 — s*).
As a consequence, D(h(Z(x))) € 2% (R?) where the Gubinelli derivative
[Dh(Z(x))] : €83 (R R?) — RY
is given by

[D(h(Z(x)))]'® = — (Dh)(Z (x)) DM, (Z;(x))M; (Z: (x) ) P(x)
— (Dh)(Z:(x))M: (Z:(x)) DD(x)

— (D?h)(Z(x) )My (Z, (x)) @ (x)M; (Z; (x)) (3.5.28)

As a consequence, properties (i) and (i1) of Definition 3.5.8 are satisfied.

152



In the next step, we will prove equality (3.5.23) by a similar argument as in Theorem 3.5.1. For

any 0 < s <t < T, as a consequence of Taylor’s Theorem 3.1.11, we can write

h(Zi(x)) = M(Zs(x)) =(Dh)(Zs(x)) Zs.1 (x) + %(Dzh) (Z5(x))Zs4 (x) 7% + O(|t = s]°%)

=1 + L+ O(|t — s]>%). (3.5.29)
By (3.5.22), we have
I} = — (Dh)(Zs(x) )M (Zs(x) )Wy 1 (x) — (Dh)(Zs(x) )Ms(Zs(x) )W (x, x) (3.5.30)
+ %(Dh) (Z5(x)) DM (Zy (x) )M (Z5(x) ) W 1 (x) 2
+ (Dh)(Zs(x))My(Zs(x)) DW 1 (x)Ws 1 (x) + O([t — 5[>%),
and
14) :% [(Dzh) (ZS(X))MS(ZS(X))WSAX)} : [MS(ZS(X))WSJ(X)} + O(|t - 5|3a)7 (3.5.31)
where

(Dh)(Zs(x)) DMy(Z; (x)) My (Z5(x) ) We s (x) 7

4 dh oM
= 5o (Z:00) =5, — (Z ()M (Z,(0)) WG (W (x).
ki ky=1 xkl 3

geeey

Recall that D[h(Z(x))] is controlled by W with Gubinelli derivative given by (3.5.28). Due to

Theorem 3.1.4, the integral | " D[h(Z,(x))]W (dr,x) is well-defined and it can be approximated as
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follows

/ DIR(Z,(x))IW (dr,x) = (Dh)(Zs(x))Ms(Zs(x) ) W1 (x)

—{(D*h)(Zs(x))M(Z4(x)), My(Z(x)) } #54 (x, %)
— (Dh)(Zs(x))M(Zs(x) )W, (x, %)

— (Dh)(Zs(x)) DMy(Zy(x) )My (Z(x)) W54 (5,) + O (It = s°%), (3.5.32)
where {(D?h)(Z,(x))M;(Z(x)),My(Zs(x)) } is defined as in (3.5.11),
W ) = [ DWW (@) = 250
and

(Dh)(Zs(x)) DM (Zs(x) ) M (Zs (x))%,t (x,x)

d  9p oMk’ ok ok
= Z, s Z, Msz4 A 7/534 7
kh_%l&xkl( (x)) s (Zs(x)) (Zs(x))#57™ (x,x)

Taking into account Definition 3.1.9 and Remark 3.1.10, we can write

(W x))s.0 = W () ©Was (o) = 25,4 (x, %),

(DW (x), W (x) 5.0 = DWi s (X)W s (x) — 2W, (x, x)

and

(W (x),DW (x) )5 = DWy 1 (x)W 1 (x) —2W, 4 (x, x).
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Therefore, combining (3.5.29) - (3.5.32), we have

h(Zi(x)) = h(Zs(x)) +/ DIr(Z,(x))IW (dr,x)

1

=5 (D) (Z5(x))My(Z5(x)) [(DW (x), W (x) )1 + (W (x), DW (x) )

+ % {(D*R)(Z,(x))M(Z5(x)), M (Zs(x)) } (W (1))

+ %(Dh)(Zs(X))DMs(Zs(X))Ms(Zs(X)) (W (x))s +O(It —s*%).

On the other hand, by the theory of Young’s integral, we can show that

[ P W@+ [ Dz .ow ),
+ [ D),

0
=(Dh)(Zs(x))My(Zs(x)) [{DW (x), W (x) ) + (W (x), DW (x) )s.1]
+{ (D*1)(Z4(x))M(Z5(x), M (Zs(x)) } W (x))

+(Dh)(Zs(x)) DMy(Z(x) )M (Z5 (x)) (W (x)) s +O(It —5%).

It follows that (3.5.23) holds if u(t,x) = h(Z;(x)) for all (t,x) € [0,T] x R?. O

Remark 3.5.10. The formulation of equation (1.2.7) looks odd. We will provide a Brownian ex-

ample to this equation in Section 3.6.2, and will see that it is an application of Ito’s formula.

In the next theorem, we will show that the solution is unique in the space %lgf([o, T] x RY)

provided that (W, #") € €*(|0,T];¢B+(R4;R)) and h € €

loc

(R4 R).

Theorem 3.5.11. Let (W, #) € €%([0,T];€B3(RY;R?)), and let W be given by (3.4.1). Assume

Hypothesis (H). Let h € €~

loc

(R4;R). The solution to the RPDE (1.2.7) exists and is unique in the
space ‘5&3([0, T] x R%;R).

Proof. Firstly, we show the existence of the equation (1.2.7) in the space CKI‘;‘L’,Z'([O,T] x R%;R).

Due to Theorem 3.5.9, it suffice to show that 4(Z) € %,fjf([o, T] x R4 R).
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Notice that DZ, (x) = M, (Z,(x)), D*Z,(x) = DM, (Z:(x))M;(Z(x)), and

D’Z,(Z(x)) =D*Mi(Z(x))M; (Z(x))M; (Z4(x))

+ DM, (Z:(x)) DMy (Z; (x) ) M; (Z;(x))

for all (¢,x) € [0,T] x R?. Fix x € RY, the functions M, (x), DM;(x), D*M,(x) and D3M;(x) are
all solutions to corresponding linear RDEs driven by a-Holder linear rough paths. Thus M;(x),
DM, (x), D*M,(x) and D*My(x) are all a-Holder in time and locally bounded in space. Recall

that h € ¢*

loc

(R4;R). As a consequence (Z (x)), D[h(Z(x))], D*[h(Z/(x))] and D?[h(Z(x))] are
all a-Holder in time and locally bounded in space. In other words, we can conclude that h(Z) €
€%2(10,T] x R%:R).

In the next step, we will prove the uniqueness of RPDE (1.2.7). Suppose that u € €%3([0,T] x
Rd;R) is a solution to (1.2.7). Let Y be the solution to RDE (3.5.9). Then, by Taylor’s Theorem

3.1.11, we can write

u(t, Yy (x)) — u(s, Ys(x)) =us+ (Y5 (x)) + Dus 1 (Y5 (x))Ys s + Dus (Y5 (x)) Y0 (%)

1
+ED%S(YX(X))YS,,()C)@Z+0(|t—s|3°‘). (3.5.33)
Notice that as a solution to (1.2.7), u satisfies the following equality for all x € R,

s+ (x) = —Dus(x)Ws 1 (x) + O(|t — 5]*%).

It follows that fix x € R?, u(x) is controlled by W (x). As a consequence, Du(x) is also controlled
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by W (x) with the Gubinelli derivative —D?us(x). Therefore, the following estimate holds

tts 1 (Ys(x)) = —Du(s, Y5 (x)) Ws s (Ys(x)) + Du(s, Y5 (x)) #54 (¥ (x)., Y5 (x))

)

—~

+ 5 Du(s,x) [(DW (Y5 (x)), W (Ys(x)) . + (W (Y5 (x)), DW (¥ (x)) D]

+ =D*u(s,x) (DW (Yy(x)))s. + O(|t — s]>%). (3.5.34)

=N =

In addition, recall that Y is the solution to (3.5.9). Then, (3.5.34) implies that

Duig 1 (Ys(x)) Yy (x) = — D?u(s, Yy (x)) Wy, (Yy(x)) Wi (Y ()

)

— Du(s, Y (x)) DWy.s (Y (x))Was (Y (x)) + O(Ir = s**). (3.5.35)
Also, we have the following estimates

Dug(Y;(x))Yst(x) =Dus (Y5 (x)) W 1 (Ys(x))

+ Dug (Y, (%))W, (5 (x), Y (x)) + O(|f — 5]39), (3.5.36)

)

and
D?uy (Y (x)) Y (x) 22 = DPug (Y (x)) Wy (Ys(x)) 2% + O(|t — 5%). (3.5.37)
Combining (3.5.33) - (3.5.37), we have

u(t,Y,(x)) = u(s,Y;(x) = O(|t —s]**).

Because o € (%,%], it follows that u(¢,Y,(x)) = u(0,Yp(x)) = h(x). In other words, u(t,x) =

u(t,Y:(Z(x))) = h(Z/(x)) for all (¢,x) € [0,T] x RY. This completes the proof of the theorem. [J
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3.6 Examples

In this section, we provide some examples for nonlinear rough paths and transport equation with
compensators. More precisely, in section 3.6.1, we construct a nonlinear rough path as the compo-
sition of a smooth function and a linear rough path. Then, we prove the double integral term of the
nonlinear rough path can be represented as the rough integral in the sense of the classical theory
of linear rough paths by using It6’s formula. In Section 3.6.2, we give an example for the transport

equation in the Brownian case, and show that the equation is just an application of 1t6’s formula.

3.6.1 Nonlinear rough paths as compositions of linear rough paths

In this section, we consider a special class of nonlinear rough paths that are constructed by com-

positions of some nonlinear functions and linear rough paths.

Definition 3.6.1. Let m be a positive integer. The space %m B (V2,V) is the collection of function
f:V? =V that is m times differentiable in the first argument with locally bounded derivatives
and n times differentiable in the second argument with the growth given by B,. That is, for any

compact set K CV

n |IDED fxy) s,

1Ak m g, = Z ) sup

J=0k= OXEK (L+[yllv)B

(3.6.1)

where Dy and D; are the partial derivatives of the first and second argument, respectively, and

B is the corresponding linear space of derivatives.

Let f € ‘Kl'gcﬁ” (V2 V), and let X = (X,X) € €%([0,T];V) be a V-valued linear rough path. We
aim to interpret W (z,x) = f(X;,x) as a nonlinear rough path with suitable parameters m,n € N. Due
to Definition 3.2.3, an a-Holder nonlinear rough path contains a a-Holder continuous function W

and a 2o-Holder continuous function W that defines a version of following double integral:

t
/ DW(dray)st,r(x) = Ws.,l'
s
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As W(t,x) = f(X;,x), we expect that W is defined via the theory of linear rough paths by the

following expression

W) = [ 83 0600) = 80s0) ), (3:62)

where g(t,y) = D2 f(X;,y) and gs,(y) = g(¢,y) — g(s,y). Applying It6’s formula for linear rough
pahts (c.f. Theorem 3.4 of Keller & Zhang [53] for finite dimensional cases), the integral on the

right-hand side of (3.6.2) can be defined as follows

[ star)(06,09) = [ D1y () 05,0005,

1

45 [ Daf ) £ (X) (363

In the next proposition, we will show that (W, W) is a nonlinear rough path where W (¢, x) = f(X;, x)

and Wy, (x,y) is defined in (3.6.2).

Proposition 3.6.2. Assume thatn>1, and f € Cﬁli’f" (V2;V). Suppose that X = (X,X) € €*([0,T]; V).
Let W (t,x) = f(X;,x), and let W be defined by (3.6.2) and (3.6.3). Then W := (W, W) € €%Bn(]0,T] x
V,V).

Proof. We prove this proposition by checking the properties in Definition 3.2.3. Let K be the
closed convex hull of the set {X;,7 € [0,T]}. Then K is a compact subset in V.

(i) For any k € {0,...,n} and z; = (z1,...,z) € V¥, by Taylor’s theorem 3.1.11, we can show

that

1D We s (x) (24 v =1 D5f (Xi0) (24) = D5 f (Xs,0) (0) v

< s?p ] 1D1D5 £ (2 + (1 = 7) X5, ) (z2) (Xs )| v
1€l0,1

k
ks (TTaillv ) IX (1 + xlv )l — s/
i=1

< f]

This implies that W € €%B([0,T] x V;V).
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(i) a) Fix (x,y) € V2. Set h(z) = I*¥(z) := D21 f(z,y)(f(z,x)) for all z € V. Then, h is an

Z(V;V)-valued function on V. It is easy to verify that 1 € €7,

loc

(V;V). Let Y; = h(X;), and let

Y/ = Dh(X;) = Da11 f(X:,y)(f (X;,%)) + D21 f (X;,y) D1 f (X1, ),

forall t € [0,T], where Dy f(X;,y)D1f(X;,y) is considered as an operator on V x V with values in

V, that is

DZIf(Xtuy)le(th)(xth) = Dzlf(Xt7Y)(D1f(Xt7)’)(x2),xl)-

By Lemma 7.3 of Friz & Hairer [36], (Y,Y’) € 23%(£(V;V)). In addition, by Taylor’s theorem

3.1.11, we can easily show that
1l < 201f 1 5.8, (14 xllv)P (14 [lyllv)Pr X o (3.6.4)
and
IR [l20c < 211f 1% 5., (1 + lellv) P2 (1+ [IylIv) PHIX I3 (3.6.5)

Let Z, := Y,X;, + Y/X;, for any (s,#) € [0,7]%. The following estimate follows from (3.6.4),
(3.6.5) and Theorem 3.1.4:

t
’ / Yrer_Es,t
N

v ko (|1X [l R |20 + X |2 1Y [l ) [ = 51>

<2ka[|Ifl1% 35, (1 + Ixlv) P (1 + [Ivllv) P 1 I3

+I171

k3.8, L+ )P+ )P X el Xl2a] [ =P (3.6.6)

On the other hand, by Taylor’s theorem, there exists § = cX; + (1 — ¢)X; for some ¢ € [0, 1] such
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that

E:s,t _gs,t(y) (f(XS7x))

—DZIf( sJ)(f(Xs»y) Xst) +D211f< Say)<f(XS>x)7XS,l)

+D21f( Svy)D1f< Say) (DZf(Xtay)(f(XSax)) D2f( Say)(f(Xs’x)»

=Ds11f(X. Say)(f(XS?x)7XSI)+D21f( X, ¥)D1 f (X5, )X

2D f(E W) (X)) Xr Koy

It follows that

125 — 850 () (F X)) v <|201f 7 3.5, (1 el )P (14 [yl )P 1K 2ce

1
+§||f||?<,3,ﬁn(1+IIXI|v)ﬁ°(1+||y||v)ﬁ‘||X||<zx 1=

Finally, by definition

<X>s,t = Xs,t & Xs,t - ZXs,la

which implies that

(X ll20c < 1IX 115+ 211Xl

Therefore, Young’s integral term can be estimated as follows

/ Dot f (X ) f (2 ), |

N

< SupHDzuf 2,9)f(z,x)(X)s,

zeK

<117 5.8, (1 I3l )2 (L4 v )P (X + 201X 2a0)-

Recall that

Wi (x,y) / 9 ) (£ (X)) — 31 (9) (£(X5,2))
-f

YdX gst Xsax))+;/ D211f( r»y)f(erx)d<X>r'
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Thus by combining (3.6.6) - (3.6.8), we have
[W(x,3) 2 < CO+ [lxllv) P (14 yllv)P,

where the constant C depends on &, || f||x 3 g, [| X[« and [|X][2q.
(i1) b) The next step is to estimate the spatial derivatives of W. Observe that W consists of
three terms: the rough integral, Young’s integral, and g, (y)(f(Xy,x)). Consider g (y)(f(X;,x))

as a function of (x,y) € V2. Then, for any (z1,23) € V2,

Dgs+(y)(f (Xs,x)) (z1,22) =[D2f (X1, y) = Do.f (X5, 9)| (D2 f (X, y) (z1))

+ D22 f (X;,y) — Do f (X5, )] (f (Xs,¥),22)-

For the rough integral term, we compute the derivative of its approximation. That is, for all

(z1,22) € V2,

DE;;(21,22) = Da1 f(Xs,y) (Do f (Xg,x) (21), Xst) + D212f (X5, y) (f (X, %), X515 22)
+D211f(XS,y)(DZf(Xsax)(Z1)7XSJ)DZIIZf(XS7y)(f(stx)7XS,t7Z2)

+ Do f(Xs,y)Di1of (X5, X)(Xsz,21) + Darnf (X, y) D1 f (X, %) (X1, 22),

where

Do1 f(Xs,y)Di2f (Xs,x)(z1,22,23) = Da1 f (X, ¥) (21, D12 f (X5, %) (22, 23))

and

D212f(XS7y)D1f(XS7x)(Z17Z27Z3) = D212f(XS7y)(D1f<XS7-x>(Z2);Z17Z3)'

By the sewing lemma, we can show that forall 0 <s <t < T,

Y DE; — 7(DE),

|| —0
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in .Z(V?;V) uniformly on compact sets in (x,y) € V2. Therefore,

Hs1(DE) =D 75,(E) :D[/IDZIf(Xryy)fQ(r;x)er :

By a similar argument in (ii) a), we can show that

D[ [ 22100005 1%, | ~ D ()£ 0800)

is 2a-Holder continuous in time. Moreover, the growth is of order By V By in x, and B; V B, in y.
Young’s integral term can be also estimated by using the sewing lemma and get the same result.
Finally, by iteration, we conclude that W & ‘522 *Bo1Bis ([0, T]2 x V2 V).

(111) Notice that the linear rough integral on the right hand side of (3.6.2) is additive, Chen’s

relation follows immediately. [

Let W(t,x) = f(X;,x) for all (r,x) € [0,7] x V. In the next lemma, we show that a rough

function controlled by W is also controlled by X.

Lemma 3.6.3. Suppose that f € %li’ﬁ' (V2 V) and X € €%([0,T);V). Let W(t,x) = f(X;,x), and

C

let (Y,Y) € &2% in the sense of Definition 3.2.5. Then (Y,Y') € 22%(V) in the sense of Definition

3.1.3 for some Y' € €*(V; L (V;V)).

Proof. Let RY :[0,T]*> — V be given by
Rh{z =Lyt — Ws,t(Yv) — Ys,t - [f(XhYs) - f(Xst)]

forall 0 < s <t < T. Then, RY € €?%([0,T];V). Additionally, applying Taylor’s theorem 3.1.11,

one get

. . . 1 .
1F (X, Ys) = f (X5, Yo) lv < [1D1f (X5, Yo) X llv + Sl{tplliﬂl)llf(fxﬁ(l — )X, X)X v
€0,
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LetY':[0,T] — Z(V;V) be given by Y/ := D1 f(X;,Y;) for any ¢ € [0, T]. Then it follows that

1
Yor =¥ Xoillv < SIDVLf (x4 (1= 0)X V)X lv + (IR Iy (3.6.9)

On the other hand, by using Taylor’s theorem 3.1.11 again, we have

1Y5 vy =ID1Lf (X0, Ye) = Dy f (X, Yol o vivy

— SI[lp } D1 f (T + (1 — 1) X, T 4 (1 = 1)Y) X 4| 2y
7€l0,1

+ ID12f (2X; + (1 — 7)X;, TY, + (1 — 7)Yy Yy,

vyl (3.6.10)

Similarly as in Proposition 3.6.2, let K be the closed convex hull of {X;,0 <7 < T'}. The equalities

(3.6.9) and (3.6.10) yield that
1Yo < I fllk 2,8, [(L+ 1 1o)UY [l + (1417 [|oo) PO 1 X || o]
and
IR |20 < —I\fllxzﬁ,,(1+!|Y\! )Po X112+ 1R 26,

where ﬁft =Y — YS’XSJ for all 0 < s <t < T. This completes the proof. O

In the next theorem, we prove the equivalence of linear and nonlinear rough integrals, provided

that (W, W) is given in Proposition 3.6.2.

Theorem 3.6.4. Suppose that [ € (5130?2 (V%V) and X = (X,X) € €%([0,T];V). Let (W,W)
be defined in Proposition 3.6.2, and let (Y,Y) € éauz,“. Then by Lemma 3.6.3, there exits Y' =
D\ f(X,Y), such that (Y,Y') € 23%(V). In addition, the following equality holds for all 0 < s <

t<T,

t t t
/ W(dr,Y,) = / Dy f(X,,Y,)dX,+% / Di1f(X,,Y,)d(X),, (3.6.11)

N
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where the integral on the left hand side is the nonlinear rough integral in the sense of Theorem
3.2.10, the first integral on the right hand side is the linear rough integral in the sense of Theorem

3.1.4, and the last integral is Young’s integral.

Proof. Let & and Z be the approximation of left hand and right hand sides of (3.6.4) respectively.

That is
Es,t :Ws,t(Ys) +D21f(XS7Ys)f<XsaYs)Xs,t +D211f(X57Ys)f(XS7Ys)Xs,t
. 1 )
+ D71 f( Xy, Ys) D1 f (X5, Ys) X + EDZIIf(XﬁYs)f(XS7Ys)<X>SJ
— [Dof (X:,Ys) f (X5, Ys) — Do f (X, Ys) f (X5, Y] (3.6.12)
and
Eor =D1f (X5, Ys)Xss + D11 f (X, Ys) X + D12 f (X, Ys) D1 f (X, V) X
1
+ EDllf(Xs,Ys) <X>s,t7
where
DZlf(XS7YS)D1f<XSaYS)(Z17Z2) = D2lf(XS7)]S)(le(XS?YS)(ZZ%ZI)?
and

Diof (X5, Ys)D1 f (X, Y5)(21,22) = D1of (X5, Ys) (z1, D1 f (X, ¥s) (22)).-

By Theorem 3.1.4, 3.2.10 and Proposition 3.6.2, it is not hard to verify that

HZs,t - Es,t||v + ||Zs,t - is,t V= 0(|f —S|3a)7

where Z;, and ZYJ denotes the left and right hand side of (3.6.4). On the other hand, note that by
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definition (X);; = X;; ® Xy — 2X;;. Thus by Taylor’s theorem 3.1.11, we can show that

_ 1
st :le(X57Ys)Xs,t + EDllf(Xw YS)XS,I ®Xs,t

+D21f(XS7Ys)D1f<XSaYS)XSJ +O(t _5‘306)7

and

~ 1
st :le(X37 Ys)Xs,t + EDl lf(Xs; Ys)Xs,t ®Xs,t

+ Do f (X5, Y;)D1 f (X, Ys) X + O(J1 — s]%).

This yields that Z, = Z, forall 0 < s <1 < T.

3.6.2 A Brownian example for the transport equation

In this section, we give a Brownian example for transport equation (1.2.7). Let B={B;,t € [0,T]}

be a one-dimensional Brownian motion, and let By, = %Bil — %(t —5). In other words, B is a

pathwise representation of the iterated 1t6-Wiener integral

t
BSJ:/BSJdBr'
N

Let W(t,x) = xB;, and let #;,(x,y) = xyB,,. Then, a similar argument as in Section 3.6.1 implies

that (W, 7#) is a € (R;R)-valued rough path. Also, we can easily deduce that
Wy (x,x) =xBy s, (W(x,x))s, = szit —2x°By, = x*(t —5),

and

(DW (x), W (x) s = (W (x), DW (x) )5 = x(t = 5).
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This allows us to rewrite the transport equation (1.2.7) as follows

d : 192 5
Eu(t,x) + au(l,x)xB, = au(t,x}x—k Eﬁu(t,x)x .

On the other hand, RDE (3.5.9) in this Brownian setting can be reformulated as follows:

Y (x) +x+ /Ot Y, (x)dB,.

By solving this linear SDE, we get
and its inverse

For any h € € (R;R), let u(t,x) = h(Z;(x)). Then, It&’s formula yields that
t t
u(t,x) =h(x) —/ W (Zy(x))Zy(x)dBy +/ W (Zs(x))Zs(x)ds
0 0
1 t
4 [ @)z 0%
0

Using chain rule, we can write

P d / -
ou(t.x) = 5-h(Z(x) = 1 (Z(x) Zs ()"

82
ﬁu(t,x) = 1"(Z(x))Z:(x)?x 2.

Therefore, (3.6.14) can be reformulated as follows
to "o
u(t,x) :h(x)—/o au(s,x)des—I—/o au(s,x)xds
1 (" 9?

+§ ; Wu(s,x)xzds,
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and thus u is a solution to equation (3.6.13).

As we have seen in the example, quadratic compensators W, ;(x,x), (DW (x),W(x)), and
(W(x),DW (x)))s, come from the quadratic variation of the Brownian motion. If we define the
stochastic integral in the Stratonovich sense, namely, B, = %Bit, such quadratic compensators
disappear. In other words, the solution formula provides a solution to the classical transport equa-

tion in the Stratonovich sense (c.f. [32, 34, 56] for similar equations).
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Chapter 4

Parabolic Anderson model of Skorohod type

In this chapter, we study the following parabolic Anderson model of Skorohod type

%u(t,x) = %Au(t,x}+u(r,x)<>%W(t,x), (4.0.1)

where ¢ is the Wick product, and W is a Gaussian random field that is fractional Brownian in
time with Hurst parameter H € (0, %] and has correlation Q in space. By using the Feynman-Kac
representation for the L7 () moments of the solution, we find the upper and lower bounds for the

moments.

4.1 Preliminaries

Let W = {W(t,x),(t,x) € R; x R?} be a Gaussian random field defined on a probability space

(Q,#,P) with correlation

EIW ()W (5,3)] = 2 (2 + 2 — |t — sP") 0(x.y),

2

for all s, € Ry and x,y € R?. We assume that the covariance function Q satisfies the following

conditions:

Hypothesis (H1). There exist constants o € (1 —2H, 1] and C; > 0 such that

O(x,x) + Q(y,y) —20(x,y) < Ci|x —y[**, (4.1.1)
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for all x,y € R<.

Hypothesis (H2). There exist constants B € [0,1) and C, > 0 such that for any M > 0,

' inf 0(x,y) > CM?P. (4.1.2)
mlnd(|x,~| Alyil) >M

geeey

On the other hand, let §) be the Hilbert space defined as the completion of the linear span of the

indicator functions of rectangles of R, x R with respect to the inner product

1
(Lo g0 o)< fon))o = 5 (7 + 52— |t =5 Q(x, y),

for all s,t € Ry and x = (x1,...,x4),y = (V1,...,vq4) € RY, where Loy = e, 1, and 1j ) =

—l[xﬁ()] if x; < 0. For any function % € §), we write

W(h) = /Ow /Rdh(t,x)W(dt,dx),

where the integral is the It6-Wiener integral. Then, {W (h),h € $} is an isonormal Gaussian pro-

cess on ), that is, a centered Gaussian family with covariance

o

(1) 2

2 d"
H,(x) = eTEe_ , xeR.

Let H,, be the closed linear subspace of L?(Q) generated by the set of random variables {H,(W (h)),h €
9, ||h||ls = 1}. The space H,, is called the n-th Wiener chaos. Denote by $*" the n-fold tensor
product space of . We write I, for the isometry map between $H®" (with the modified norm

Vn!|| - ||gen) and Hy, given by I,(h®") = H,(W (h)). It is known (c.f. Lemma 1.1.1 and Theorem
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1.1.2 of Nualart [71]) that

(i) H,, and H,, are orthogonal if n # m. That is

E(FG)=0, VFeH,,GecH,,n#m.

(i) Any square integrable W-measurable random variable F' can by uniquely represented as the

following orthogonal Wiener chaos expansion

F=E(F)+ ) L(f), (4.1.3)

where f, € H°" are symmetric.

By above properties and the isometry between $*" and H,, for any F € L?>(Q) has the chaos

expansion (4.1.3), the following equality holds
E(F?) =E(F)*+ Y 0!l full§en-
n=1

Let F,G € L*(Q). Suppose that F = E(F) + Y I,(f,) and G = E(G) + ¥.°_; In(gm). Then, by
definition, the Wick product of F and G can be written as the following expression, if the last series

is convergent in L?(Q),

o5

FoG=E(F) Y. hn(gn)+E(G)

m=1 n

In(fn)+ Z In—o—m(fnégm)a

1 n,m=1

gk

where f,®gm is the symmetrization of f, ® g,, in HZM),

Remark 4.1.1. The assumption F,G € L*(Q) does not imply the convergence of F ©G. We refer the
readers to the book of Hu [40] for a detailed account on the Wick product and sufficient conditions
for the existence of F ©G.

Let u = {u(t,x), (t,x) € R, x R?} be a W-measurable random field. Suppose that E[u(t,x)?] <
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oo for all (t,x) € Ry x R?. Then, u(t,x) has a Wiener chaos expansion as follows

[o)

u(t,x) =E(u(t,x)) + Y In(ha(-,1,x)). (4.1.4)

n=1

In the following, we define the Skorohod integral and the solution to the Skorohod type stochastic
partial differential equation (SPDE) (4.0.1). For more details on this topic, we refer the readers to

Hu and Nualart [46].
Definition 4.1.2. A square integrable random field u of the the form (4.1.4) is called to be Skorohod

integrable, if E(u) € $, h, € .6®("+1)f0r all n > 1 and the series

5(u) = /0 /R )W (,2) 1= W (E@) + T b )

n+1)

converges in LZ(Q), where Zn is the symmetrization of h,, as an element in §@0F)  The collection

of all such random fields is denoted by Dom(9).

Definition 4.1.3. Let ug be a bounded measurable function on RY. A random field u = {u(t,x) €
Ry x Rd} is said to be a (mild) solution to the SPDE (4.0.1) with initial condition ug, if for any

(t,x) € Ry x R? the random field

{I[O,t] (s) /Rd ptfs(x_Z)M(S,Z)l[()’Z] (y)dz,(s,y) € Ry x ]Rd}

is an element of Dom(9d), and the following equality holds almost surely,
ule) = [ p=yuotdy+ [ [ (Log(s) [ proste— (s, 210, 0)dz) 6W (s.9)
R 0 R4 R4

2
where p;(x) = (27rt)*%e_% denotes the heat kernel on RY and the last integral is the Skorohod

integral in the sense of Definition 4.1.2.
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4.2 Feynman-Kac formula, chaos expansion and the upper bound

Let B be a standard d-dimensional Brownian motion independent of W. For any (z,x) € R, x R?,

let Bf = x+ By, and let gﬁx : R, xR? — R be given by

gru(rnz) =1 (Nl g j(2)- 4.2.1)

Then due to Theorem 2.2 of Chen et al. [14], we know that g; , € $). Since the Feynman-Kac
representation for the Stratonovich type equation has been already established in [14], then by the

same argument as in Section 6 of Hu et al. [43], we can immediately derive the following theorem.

Theorem 4.2.1. Suppose that Q satisfies Hypothesis (HI). Let B be a standard d-dimensional
Brownian motion independent of W. For any (t,x) € Ry X RY, let gﬁx be defined in (4.2.1). Then

for any bounded measurable function ug on RY, the process u = {u(t,x), (t,x) € Ry x R?} given

by

1
u(t,x) = [uo (By) exp (W (gr) — 5 lgrall5)] (4.22)

is the unique (mild) solution to (4.0.1) with initial condition u.

Remark 4.2.2. We can further deduce that u(t,x) has the following chaos expansion,

n=0
with
1 1 n
hn(t,x)(r,z) = ;E[Ho(w)gﬁx(h,m) - 'gﬁx(rnaZn)} )
where {B*}>| are independent copies of B, v = (ry,...,1;) € R andz = (z1,...,2,) € (RY)".

The next theorem provides an upper bound for moments of the solution to (4.0.1).
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Theorem 4.2.3. Suppose that uy is bounded and Q satisfies Hypothesis (H1). Let u be the solution

to equation (4.0.1). Then for all positive integer n, t > 1 and x € R%, the following inequality holds,

2—a 2H+a>
)

E[u(r,x)"] < Cyexp <Cnmt —a

where C > 0 depends on d,H, ., ||ug|| and Cy > 0 depends on d,H , o, ||up || and x.

Proof. Recall that {B*};~ are independent d-dimensional Brownian motions and gfi 1s defined
in (4.2.1). By the Feynman-Kac formula (4.2.2), we can write the moment formula for the solution

as follows

Elu(r.x)) = B[ [TuoB e (5 ¥, (&8ss )] (423)

k=1 1<i#j<n

Combining (4.2.3) and Theorem 3.1 in [14], we can deduce that

1 2-a 2H+a

Elu(t, )] <EP[[Tuo(Bfexp (5 ¥ (ehsfi)s )| < Coexp (Cnl=ar ).
k=1

2

1<i,j<n
The proof of this theorem is completed. ]

Remark 4.2.4. An alternative proof of Theorem 4.2.3 can be established by the chaos expansion
of the solution to the SPDE (4.0.1) and the hypercontractivity property of fixed Wiener chaos (c.f.
Huetal. [41]).

4.3 Lower bound for the moments

In this section, we prove the following theorem, which provides a lower bound for the moments of

the solution to the SPDE (4.0.1).

Theorem 4.3.1. Suppose that ug is bounded, inf, 4 ug > 0, and Q satisfies Hypotheses (H1) and

(H2) with oo = B. Let u be the solution to equation (4.0.1). Then there exists a positive integer N
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depending on d,H and o, such that for alln > N, t > 1 and x € RY, the following inequality holds,

E [u(t,x)"] > Cyexp (Cn%zzf’faa>, 4.3.1)

where C > 0 depends ond,H, o, ||ug||c, inf, cga tto and C, > 0 depends ond ,H , o, ||uo|

ooy 1IN, cpa U

and x.

Proof. We follow the ideas of Chen et al. [14] and Hu et al. [41] to prove this theorem. Without
loss of generality, we assume that ug = 1. Recall that {Bk}kzl are independent d-dimensional
Brownian motions and gﬁi is defined in (4.2.1). By the moment formula (4.2.3) and Lemma 4.2
of [14], there exist a Gaussian process X = {X (x),x € R?} with correlation E[X (x)X (y)] = Q(x,y)

and an independent fractional Brownian motion B= {E,,t € R} with Hurst parameter H, such that

E[u(t,x)"] = EBexp {EXB[ ( ZX )2] - % é ”ng; 523} (4.3.2)

Due to Lemma 4.3 of [14], we know that there exists a constant Cy > 0 depending on H such that

Exﬁ[%( Oti:zn‘ix(B;'”‘s)dﬁs)z] 2CH[ ( Z O(B'*, BI™) ) }qu] w (43.3)

i,j=1

On the other hand, by (2.2) and (2.12) of [14], we have

168 1B = Bl = [ 0 (0(B5" B+ 0(B. B, o

tlan [ [ P12000,0- 5 Baae, @34
0 JO

where oy = 2H(2H — 1) and

(“V¢7 V)= [ (Ous W) + O (v, W) — O(us W) — Oy, W)
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Recall that Q satisfies Hypothesis (H1). Thus it is easy to deduce that

0(6,6 —r,B"* B") < %|B"9 — B, | (4.3.5)
and
10(x,y)] < (€} 1x[*+0(0,0)/2)(C} [y + 0(0,0)'/?). (43.6)

To simplify the computations, we assume that Q(0,0) = 0. In the general case, the proof can be
done in a similar way without significant differences. Let M > 0 and let € € (0, %) Consider the

following events

Gy(M) = inf B >M}, Gi(M)= sup  |BX| <4M
1<i<n,1<j<d 1<i<n,1<j<d
s€[t/2,1] s€[0,¢]

and
Bi7x7j _Bi:X,j 16M
G%<M>={ wp (B =Bl TOMY
I<i<ni<j<d  |u—v|[27¢ 127¢
0<v<u<t
where B**/ denotes the j-th component of B* for j=1,...,d.

On G} (M), by Hypothesis (H2) and using the assumption that & = 8, we have the inequality
& .o N\am . 12H t 5ok o 12H
[ / (X omBi) as] " =| / (Con?IMP) ¥ ds|
0 N 5

,j=1

=2"2H o M?%2H (4.3.7)
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On G3(M), using (4.3.6), we get that

t ) ) . . !
/92H—1[Q(B’éx,B’éx)+Q(B;f9,3;ie)]d9 g/ 021 =12C,14vVdM|**d6
0 0

=24 g g—le M4 (4.3.8)

Finally, on Gg (M), using (4.3.5), we get

t 0 t r0
~ . . C, r16v/dM 20
// rzH_zQ(G,G—r,B”x,B”x)drdGS// r2H_2—21< vd r%_£> drd@
0 J0 0 J0

1
r2-¢

28a71daC1M2at2H
= . 4.3.9
(2H+a—20e—1)2H+ o —2a¢) ( )

Set Go(M) = ﬂizl GS(M). Due to inequalities (4.3.2) - (4.3.4) and (4.3.7) - (4.3.9), we obtain
Elu(t,x)"] >exp [(cin® — con)M**** | P[Gy(M)], (4.3.10)

where

28a72d(xcl |OCH|

=2"%¢,C d o=2%"14%C :
“l 2bH ANe @ 1+(2H+a—-2as-—1)(2H+a—-2ae)

For any x = (x,...,x;) € RY, let {B/*/ } < j<a be independent one-dimensional Brownian mo-
tions such that B/ starts from x; for all j = 1,...,d. For any j, let G/(M) be the event given

by

. i i BJY-BY  16M
G/ (M) ;:{ inf [BJY|>M, sup |BY| <4M, sup B < } (4.3.11)
s€lt/2,] s€[04] 0<v<u<t |u—v|27¢ 127 ¢

and denote G(M) = N_, G/(M). Since {B"*},<;<, are independent d-dimensional Brownian
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motions starting at x = (xi,...,xy), the following equality holds

d
P[Go(M)] =P[G(M)]" = [ PG’ (M)]"

J=1

This allows us to rewrite (4.3.10) in the following way,

d
Elu(,x)"] >exp [(c1n® — con)M>%1*H ] HIP (4.3.12)
j=l1

In order to estimate P[G/(M)], we pin the Brownian motion B/+*/ at 1 /2, and obtain that

) aM
P[G’(M)] :/M IP’[ ‘Bt/z = r}qt/z(r—xj)dr
o ;
Z/ZM P[G/(M )‘Btj/zj = r]q)2(r—x;)dr, (4.3.13)

where ¢;(x) = (ZEI)_% exp[—x?/(2t)] is the one-dimensional heat kernel. Notice that conditioned
on BJ;ZJ = r, the process {BJ’ /s €[0,2/2]} is a Brownian bridge, denoted by Y = {¥;,s € [0,7/2]},
such that Yo = x; and Y, , = r. In addition, the process {Btj;zj s~ s €]0,/2]}, denoted by Z =

{Z;,s € 0,t/2]}, is a standard Brownian motion independent of Y. Let Ay,...,A4 be the events

given by

Alz{ sup |Zs|§M}, A2:{ sup |Ys|§4M},
s€[0,/2] s€[0,/2]

Z,, Z | &M Y, — Y, &M
Az = sup S ; , Ag= sup <~ .
0<u<v<t/2 |u—v| r27¢ 0<u<v<t/2 \u—v|z &€ 127¢

Observe that for any 0 < v < t/2 < u <t,itis easy to see that

~ips o~ S x SIXi 15X
|B.I£7Xj_ v7 {|B[/2j BV ]| ’Bu J _ [/2 }
u—v|3¢ t/2—v|27€ Ju—t/2)27¢ )
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X

It follows that conditional on B 2 ="
~j7)C‘ ~j,)€‘
BUY B Y, — Y| Zu— Z,|
sup ————— < 2max sup ————, su e v
Osveust fu—v[2"" 0<veust/2 |u—v[2 7€ 0sv<uss/2 u—v[2 ¢
and thus
BIY —BY| _16M
{ Sup B = |§ i D A3NA4. (4.3.14)
O<v<u<t |u—v|27¢ (1€

Moreover, if we restrict r € [2M,3M] as in (4.3.13), the following inclusion is true,

{ inf B > M, sup |B)Y
selt/2 wefou]

<4M} oA N4y, (4.3.15)
Therefore, by (4.3.11), (4.3.14) and (4.3.15), we have for r € [2M,3M],
. 7 . 4
PG/ (M)|B]Y =] > P( [ Ax).
k=1
Because Y and Z are independent, we can write

p( ﬁAk) —1-( CJA;) > 1 —P(AS|JAS) —P(45] JAS)
k=1 k=1

Z]P(Al)P(Az) +P(A3)P(A4) —1. (4.3.16)

Estimation of P(A;): It follows from Doob’s martingale inequality that

_ t
P(A1) = 1~ P(AT) > 1 - ME(ZP) =1 - 51 (43.17)

Estimation of P(A3): Recall that € € (0,1/2). By Kolmogorov’s continuity criterion (c.f. The-

orem 3.1 of Friz and Hairer [36]), there exists a modification of Z, denoted by Z, and a random
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variable K, such that
Zu—Z7

sup 2 1V‘ <K, and ]E(|Kg|%)§Cgl2,
0<u<v<t/2 ‘M—V|7_8

where C¢ > 0 is a constant depending only on €. Combining this fact with Chebyshev’s inequality,

M\ % te
8 ) E(|Ke|?) > 1 -2 8Ce—g. (4.3.18)

1

P(4s) = 1 -P(45) 2 1 - (17,

we have

Estimation of P(A;): Let B be a one-dimensional standard Brownian motion. Then the Brownian

bridge Y has the same distribution as the process ¥ = {¥;,0 < s < ¢/2} where
(4.3.19)

~ 28 ~
Yo=xj+Bs— ?(B,/z —r+x;).

Thus, we can deduce that

. 2s 2sr  ~
P(AS) :P[ sup ‘(1 - —)x, = 1B,-=B,,
0<s<t/2 ?
gp( sup |By| + |Byo| > 4M —r— |x,-|) < IP’( sup |By| > 2M—L”‘f’).
0<s<t/2 0<5<t/2 2
Assume that % > max{|x|,...,|x,|} and recall that r € [2M,3M)]. It follows that
~ M 8t

sup |By| > Z) >1- 0. (4.3.20)

P(A2) = 1 — P(AS) > 1 —IP’((K 0
<s<t

Estimation of P(A4): Due to (4.3.19) and the fact r € [2M,3M], we have
~ =~ ~ ~ 1
Y, —Y, B,—B,| 2lu—v|2TE ~
Tu Bl Bam Bl Y (Bl 44
lu—v|z7¢ t
li ~
227%(|By o] + M)

B
<KB + e

|u—v|%_8

Y
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forall 0 <v < u<t/2, where Kf is the almost surely upper bound of the (% — €)-Holder norm of

2

Bon [0,/2] and ]E[|K§|s] < Cet?. Therefore,

Y., 8M
P(A4):1—P(Ag):1—113>< sp el 8 )
0<u<v<t/2 lu—v|278 (27¢F

1

1 ~
~ 227¢IB M - te
>1 —P(K§+ 1 Bl ) >1-[2071C+2¢ BB F]—. (4321
t2~¢ 127 ¢ €
According to inequalities (4.3.17), (4.3.18), (4.3.20) and (4.3.21), and choosing
8 \1/2 (2¢71C.+2¢3E|By | \e/2
M > C gl% = max{ (—) , ( et [B1] ) }t%, (4.3.22)
’ 1-+/3/2 1—-+/3/2
we can make P(A;) > +/3/2 forall k = 1,...,4. Thus by (4.3.16), we have
. 4 1
' DX
P[G/(M)|B/ ] =r] = ]P(/Dl Ap) > 5 (4.3.23)

Plugging (4.3.23) into inequality (4.3.13) and recalling that M satisfies (4.3.22) and %4 > |xj|, we

can write

: 1 M : M 16M2 Cre _16m? 16M2
P(G/ (M >—/ drq,;5(x) —r) > e > —e 1 >e 1 . 4.3.24
( ( ))—2 o qt/Z( )— \/4-_7U = \/4—71_ = ( )
Combining (4.3.12) and (4.3.24), we have
E[u(t,x)"] >exp [(clnz — con) M — 03nM2t_1} , (4.3.25)

where c3 = 16d. Let N be the smallest integer such that cin — ¢y > 0. Then, for any n > N, by

maximizing the function

FM) = (e1n? — exn)MP*42H — exnh®|
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we find

1
Mo = (a(cin—cp)cy 2T 72, (4.3.26)
such that
o % 1 2H+a
sup f(M) = f(Mp) =(1 —a)aT-acy "“n(cin—cy) ot 1-a
M>0
>(1—a)arac, (¢ —cy/N)ntat e, (4.3.27)

Notice that for any # > 1 and n > N, the number M, given by (4.3.26) satisfies the following

inequality
1 -
My > max{(oc(clN — cz)c;1t2H+O‘) Z*Z“I%, (a(cln — cz)cgl) 2*Z‘J‘t%}. (4.3.28)
Let
_ 2-2
ro(e) = max {, 20 Cal2maxtle. o )P 20t 7y
1 ca
and let
cal2max{[xi,.... x|} 2\ e [, 3Cie %\
fo(x) ::max{l,( — > ,<—€> }
OC(ClN— C2) OC(ClN— 02)
Then, for any
(t,n) € Ly :={(s,m) e Rp x N;s > 1,m > ng(x)}, (4.3.29)
or
(t,n) € Ly :={(s,m) € Ry x N, s >1o(x),m > N}, (4.3.30)
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by using (4.3.28), we have % > max{|xi|,...,|xgs|} and My > Cl’gt%. This implies that if (#,n) €
L1 ULy, inequality (4.3.25) is true when M is replaced by M. In this case, it follows from (4.3.27)

that

Elu(t,x)"] > /™) > exp [(1 — at)aTac; 7 (c1 — ¢y /N)nt a1 1 | (4.3.31)
On the other hand, let M| = max{2|xi|,... ,2|xd|7C1,8t0(x)%}. Then for any
(t,n) € Ly :={(s,m) e Ry x N, 1 <5 <1y(x),N <m <np(x)}, (4.3.32)

inequality (4.3.25) is true when M is replaced by M. In this case, we can deduce that

Elu(z,x)"] >exp [(clnz — con) M — csnMit

. _ 2—-a 2H+a
> inf {exp [(cln2 — o) M3 — esnMir! — ConT=ar 1w ]}

2—a 2H+o
—Cexp (Con'fat i ) (4.3.33)

where Cp = (1 — a)aT@c, " %(c; — c/N). Notice that {t > 1,n> N} = Ly ULy UL3 where L,
L, and L3 are defined in (4.3.29), (4.3.30) and (4.3.32) respectively. Therefore, by (4.3.31) and

(4.3.33), we have inequality (4.3.1). This completes the proof of this theorem. [
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