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1. Introduction

Many current and next-generation experiments for ultra-high-energy (UHE) neutrino detection
employ radio based methods to sparsely instrument large detection volumes [1–6]. Several experi-
mental efforts use the Antarctic or Arctic ice as their detectionmedium, either directly instrumenting
the ice or monitoring the ice from above. Understanding radio wave propagation within the ice is
therefore crucial to detector construction and event reconstruction.

To that end, a variety of simulations have been developed to model such propagation [7–10].
Ground penetrating radar [11] and ice cores [12, 13] provide a wealth of data on the density of
the ice (which is directly translatable to an index of refraction profile [14]) which largely dictates
propagation. Simulations relying on geometric optics often use functional approximations to
the density profile in order to find fast solutions for propagation. These simulations are often
referred to as ray tracing (RT) methods. Such methods are very useful in Monte-Carlo applications
where a large number of events must be simulated efficiently. Finite-difference time-domain
(FDTD) methods [15] solve Maxwell’s equations on a grid, which allows for solutions to radio
wave propagation to arbitrary precision. This precision comes at a cost, however, making exact
simulations prohibitive for the majority of scenarios of interest to high energy neutrino experiments,
where large volumes and long baselines are common (e.g. for a cylindrical volume of R by Z with
resolution d memory scales with RZd2 and computational time scales with RZd3 ). A third method
is presented here, the parabolic equation (PE) approximation method [16, 17], that is faster than
FDTD (at the expense of some accuracy), and slower than RT, but with the ability to capture effects
(see for example Figure 1) that RT methods do not.

In this proceeding we briefly summarize the PE method, its adaptation to in-ice use, and some
example comparison to other methods.

Figure 1: An example output from the parabolic equation solver for a a data-driven index of refraction
profile, as explained in the text. The PE solver shows detailed structure in the field arising as a result of small
density fluctiations in the index of refration profile.
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2. Parabolic Equation Methods

The parabolic approximation is, simply, an approximate solution to the wave equation that
solve for the fields propagating in only one of two directions (the paraxial direction). When this
approximation is made, the form of the solution is an iterative one, meaning that the solution at
some range (horizontal displacement) step is only dependent upon the solution at a previous range
step, thus eliminating the need to solve the entire domain at every step, as needed in exact solutions.
This greatly increases computational speed.

However, it also introduces errors. The key to the PE method is to find an approximation that
minimizes errors. These methods have existed for many decades, and have been applied to in-air
radio wave propagation [18] and in-water acoustic propagation [16, 19, 20].

The in-ice approximation is first presented in Ref. [17], and has been incorporated into a simple
code, [21]. The derivation of the parabolic approximation and the in-ice form of the expressions
are shown in full detail in the appendix of Ref. [17].

Figure 2: The index of refraction as a function of the depth coordinate z. Shown are 2 different measurements
from the SPICE core at the south pole, as well as a typical functional profile used in RT codes. residuals
below.

3. Ice profile

To outline the need for PE simulations, here we briefly discuss the profile of polar ice. Polar ice
sheets are compacted precipitation. Each annual layer sits on top of those below, compacting them
over the years. This results in a density gradient that is less dense at the surface, and solid ice deep
below. The transition region is called the firn, where the precipitation is being slowly compacted.

This profile is generally described by an exponential function, that reaches an asymptotic value
equal to that of ice at the bottom of the firn. However, the individual annual layers are not all the
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same thickness, nor do they compact evenly. There are, therefore, fluctuations from this functional
profile that will affect radio propagation. The smoothed density d provides an index of refraction
profile as a function of the depth coordinate I via the expression: =(I) = 1 + 0.845d(I). The PE
method attempts to account for realistic fluctuations on top of the smoothed density profile while
still being relatively computationally efficient.

Figure 2 shows two different index of refraction profiles derived from SPICE core data [12] at
the south pole, overlaid on top of a typical functional profile used in RT codes. The question of
note is: how much do these fluctuations affect radio propagation, and how do we simulate it?

4. Results

We show in this section several figures comparing different simulation methods. For figures in
this section, please see figure captions for the geometry of the setup. The first comparison, Fig. 3,
shows a comparison between FDTD, PE, and RT for the case where the ice profile is functional (i.e.
without any density fluctuations).

Figure 3: A comparison between FDTD, RT, and PE methods for a functional index of refraction profile.
The transmitter is at -30 meters depth and 0 range (horizontal displacement), and the receiver is at -25 meters
depth and 100 meters in range.

Fig. 4 shows the same transmitter and receiver geometry as Fig. 3, but with a density profile that
is derived from SPICE core measurements. Notice how the field simulations (FDTD and PE) show
qualitative agreement, and deviate from the RTmethods, particularly in the frequency domain. This
deviation is expected, as the density fluctuations will introduce frequency-specific effects, owing to
their varying length scales.
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Figure 4: A comparison between FDTD, RT, and PE methods for a data driven index of refraction profile
from SPICE core data. The transmitter is at -30 meters depth and 0 range, and the receiver is at -25 meters
depth and 100 meters in range.

Fig. 5 shows a map of the spectrum for a receiver as it is lowered through the ice. The
transmitter is 1 km away and 1 km deep. The evident fluctuations indicate that the received signal
spectrum depends on the position of the receiver, which is of general interest to all in-ice radio
based neutrino detectors.

5. Implications for the Radar Echo Telescope for Cosmic Rays

The Radar Echo Telescope for Cosmic Rays (RET-CR) [22] is a forthcoming experiment to
test the radar echo method for neutrino detection (for details, please see Ref. [22] and our other
contributions to this conference). Because this experiment will be located in the firn, we need to
have a deep understanding of radio wave propagation, which begins with the work presented here.
In-situ density studies, coupled with a multi-pronged simulation approach including PE methods,
will allow us to understand the propagation at our eventual site, and optimize detector geometry.

6. Conclusions

We have presented the first effort to adapt parabolic equation methods to in-ice radio wave
propagation. We have shown simulation comparisons to other existing simulation methods, demon-
strating the PE method’s utility. We have discussed implications for current and future experiments.
We conclude that the PE method is useful for simulating radio wave propagation in the ice.
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Figure 5: The received spectrum as a function of receiver depth for a transmitter at a depth of 1 km and a
range of 1 km.
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