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Abstract: We study the fractional diffusion in a Gaussian noisy environment as described by
the fractional order stochastic heat equations of the following form: D,ga)u(t, xr) = Bu +
u - WH, where D§“) is the Caputo fractional derivative of order v € (0,1) with respect
to the time variable ¢, B is a second order elliptic operator with respect to the space
variable z € R% and W* a time homogeneous fractional Gaussian noise of Hurst parameter
H = (H,y,---, Hy). We obtain conditions satisfied by « and H, so that the square integrable

solution w exists uniquely.
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1. Introduction

In recent years, there have been a great amount of works on anomalous diffusions in the study
of biophysics, and so on (see, for example, [1-4], to mention just a few). In mathematics, some of
these anomalous diffusions (such as sub-diffusions) can be described by the so-called fractional order
diffusion processes. As for the term “fractional order diffusion”, one has to distinguish two completely
different types. One is the equation of the form dyu(t,r) = —(—A)*u(t,z), where t > 0, z € RY,

a € (0,1) is a positive number 9; = % and A = Zle 8;, is the Laplacian. This equation is not
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associated with the anomalous diffusion. Instead, it is associated with the so-called stable process
(or, in general, the Lévy process), which has jumps.  Another equation is of the form
Dlgo‘)u(t, x) = Au(t,z), where D™ is the Caputo fractional derivative with respect to f.
It is also possible to use the Riemann-Liouville fractional derivative instead of the Caputo
one (see [5] for the study of various fractional derivatives). This equation is relevant to
the anomalous diffusion that we mentioned and has been studied by a number of researchers.
Let us mention a few recent publications concerning the applications of subdiffusive fractional
equations. The work in [3] studied the applications to the transport in biological cells. The
work in [6,7] studied the fractional chemotaxis diffusion equation. The work in [4,8] studied
the morphogen gradient formation. Anomalous electrodiffusion in nerve cells is studied in [9].
The work in [10,11] studied subdiffusive transport equations; it was argued that it is unlikely that a
Caputo form of a transport equation can be derived from a chemotaxis model on the lattice, and the
use of the Riemann-Liouville-type equation was strongly advocated if the anomalous exponent « is
space dependent.

If one considers the anomalous diffusion in a random environment, then this naturally leads to the
study of a fractional order stochastic partial differential equation of the form Dga)u(t, x) = Bu(t,z) +
u(t, z)W (t,z), where B is a second order differential operator, including the Laplacian as a special
example, and W is a noise. In this paper, we shall study this fractional order stochastic partial differential
equation when W(t, x) = WwH (x) is a time homogeneous fractional Gaussian noise of Hurst parameter
H = (Hy, -, Hy). Mainly, we shall find a relation between o and H, such that the solution to the
above equation has a unique square integrable solution.

If o is formally set to one, then the above stochastic partial differential equation has been studied
in [12]. Therefore, our work can be considered as an extension of the work [12] to the case of fractional
diffusion (in Gaussian noisy environment). Let us also mention that when we formally set o = 1, and
we recover one of the main results in [12] (see Remark 3 in Section 2 below). Thus, our condition (2.10)
given below is also optimal.

Here is the organization of the paper. The main result of the paper is stated in Section 2. In our
proof, we need to use the properties of the two fundamental solutions (Green’s functions) Z(t,x, &)
and Y (¢, x,&) associated with the equation Dt(a)u(t, x) = Bu(t,z), which is represented by Fox’s
H-function. We shall recall some most relevant results on the H-function and Green’s function Z (¢, z, £)
and Y (t,z,&) in Section 3. A number of preparatory lemmas are needed to prove our main result, and
they are presented in Section 4. Finally, Section 5 is devoted to the proof of our main theorem.

2. Main Result

Let:
92

8
B= Z a; ;(z 81:18963 + Z bi( 8% + c(z)

i,j=1 J=1
be a uniformly elliptic second-order differential operator with bounded continuous real-valued
coefficients. Let uy be a given bounded continuous function (locally Holder continuous if d > 1).
Let {WH(z),2 € RY} be a time homogeneous (time-independent) fractional Brownian field on
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some probability space (£, F, P) (like elsewhere in probability theory, we omit the dependence of
WH(z) = WH(x,w) on w € ). Namely, the stochastic process {WH(z),z € R?} is a
(multi-parameter) Gaussian process with mean zero, and its covariance is given by:

E (WH(QE)WH(?J)) = H Ry, (i, 9i) (2.1)

=1

where Hy,--- , Hy are some real numbers in the interval (0,1). Due to some technical difficulty, we
assume that H; > 1/2 foralli = 1,2, --- ,d. The symbol E denotes the expectation on ({2, F, P) and:

1 _ . .
RHz(xzuyl) = 5 (|‘W'C’L‘|2H‘Z + |yi‘2HZ - |xl - yi‘2Hz) ) vxzayz eR

is the covariance function of a fractional Brownian motion of Hurst parameter H;.
Throughout this paper, we fix an arbitrary parameter o € (0, 1) and a finite time horizon 7" € (0, c0).

We study the following stochastic partial differential equation of fractional order:

D™ u(t,z) = Bu(t,z) +u(t,z) - WH(z),  te€(0,T], zeR?;

2.2)
u(0, ) = uo(z),
where:
D®u(t, z) = _t |9 /t(t — 1) %u(T, 2)dT — t"*u(0, 1)
! T —a) ot S, ’ ’
is the Caputo fractional derivative (see, e.g., [5]) and W# (z) = 8;v1(-9'L~1833 p WH () is the distributional

derivative (generalized derivative) of W, called fractional Brownian noise.

Our objective is to obtain condition on o and H, such that the above equation has a unique solution.
However, since W is not differentiable or since W (x) does not exist as an ordinary function, we
have to describe under what sense a random field {u(t, x),t >0,z € Rd} is a solution to the above
Equation (2.2).

To motivate our definition of the solution, let us consider the following (deterministic) partial
differential equation of fractional order with the term u(t,z) - W¥(z) in Equation (2.2) replaced
by f(t,x):

D™ a(t,x) = Bu(t,z) + f(t,x),  t€(0,T], zeRe;
(0, z) = uo(x),

(2.3)

where the function f is bounded and jointly continuous in (¢, z) and locally Holder continuous in x.
In [13], it is proven that there are two Green’s functions {Z(t, z,€), Y(t,2,8),0<t <T,x,€ € Rd},
such that the solution to the Cauchy problem Equation (2.3) is given by:

u(t,z) = /Rd Z(t,x,ﬁ)uo(é)c%—l—/o ds /Rd Y(t—s,z,y)f(s,y)dy. (2.4)

In general, there is no explicit form for the two Green’s functions {Z (¢, z,€), Y (¢, z,&)}. However,
their constructions and properties are known (see [13—15] and the references therein). We shall recall
some needed results in the next section.
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From the classical solution expression Equation (2.4), we expect that the solution wu(¢,x) to
Equation (2.2) satisfies formally:

uta) = [ Z(t..ue df*/dS/Rd — s, y)uls, )W (y)dy.

The above formal integral [} ds [,. Y (t — s, z,y)u(s,y)W* (y)dy can be defined by Ito—Skorohod
stochastic integral [, [fg Y(t —s,z,y)u(s, y)ds] WH (dy), as given in [12].
Now, we can give the following definition.

Definition 1. A random field {u(t,x),Ogth,xE]Rd} is called a mild solution to the
Equation (2.2) if:

(1) u(t, x) is jointly measurable in t € [0,T] and x € R%;
(2)V(t,x) € [0,T] x RY, fot Jea Y (t = s,z y)u(s,y)dsWH (dy) is well defined in L* = L*(Q, F, P);

(3) The following holds in L>:
t
ut) = [ 2t u©dc+ [ [ V- sagus Wi @)
R4 0 R4

Let us return to the discussion of the two Green’s functions { Z (¢, z, ), Y (¢, z,£)}. If « = 1, namely,

if Dga) in Equation (2.3) is replaced by 0; and B = A := Z (931., then:

=1

_ )2 ey {12 EP
Z(t,z, &) =Y(t,x,&) = (4nt) exp m . (2.6)

In this case, the stochastic partial differential equation of the form:

Ju(t, x)
ot

= Au(t,z) +u- W (z), r € RY, (2.7)

was studied in [12]. The mild solution to the above Equation (2.7) is proven to exist uniquely
under conditions:

d
Hy>1/2, i=1,---,d and Y Hy>d-1. (2.8)
The main result of this paper is to extend the above result in [12] to our Equation (2.2).

Theorem 2. Let the coefficients a;j(x), bj(x),i,5 = 1,--- ,d, be bounded and Hélder continuous with
exponent .

Let a;;(x) be uniformly elliptic. Namely, there is a constant ay € (0, 00), such that:

d
Z (0)&& > aglél? ¥ €= (&, £) €RY
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Let ugy be bounded continuous (and locally Holder continuous if d > 1). Assume:

: if d=1,2,3,4
H; > , _ (2.9)
1-2- 1 if d>5
and:
d 1
S Hi>d—2+—. (2.10)
(6%
=1

Then, the mild solution to (2.2) exists uniquely in L*(Q), F, P).

Remark 3. (i) If « is formally set to one and B = A, then H; > 1/2 implies Condition (5.8). Thus,
Condition (2.10) is the same as Condition (2.8) (which is a condition given in [12]). Therefore, in some
sense, our condition (2.10) is optimal.

(ii) Since H; < 1 forall i = 1,2,--- | d, the condition is possible only when o > 1/2.

3. Green’s Functions Z and Y

3.1. Fox’s H-Function

We shall use the H-function to express the Green’s functions Z and Y in Definition 1. In this
subsection, we recall some results about the H-function and the two Green’s functions. We shall follow

the presentation in [16] (see also [13] and the references therein).

Definition 4. Let m,n, p, q be integers, such that 0 < m < q,0 < n < p. Let a;,b; € C be complex
numbers, and let «;, 3; be positive numbers, i = 1,2,--- p;j = 1,2,--- ,q. Let the set of poles of the

gamma functions I'(b; + [3;s) not intersect with that of the gamma functions I'(1 — a; — «;s), namely,
—b; —1 l—a;+k
b‘l: l_Oa]-) } {aik: ,]{3:0,1,}:(8
{ ! /Bj ﬂ Q;
foralli=1,2,--- . pandj =1,2,--- ,q. The H-function:

o=l )

is defined by the following integral:

_ / bj + Bjs) I1ita T(1 — ai — i)
27” Hz =n+1 a] + ;s ) ?:m—l—l F(l — bj — ﬁjs)

where an empty product in Equation (3.1) means one and L in Equation (3.1) is the infinite contour,

mn
Hpq

2%ds, z€C, (3.1)

which separates all of the points bj, to the left and all the points a;, to the right of L. Moreover, L has

one of the following forms:

Case 1. L = L_, is a left loop situated in a horizontal strip starting at point —oo + 1¢1 and terminating

at point —oo + i¢pg for some —o0 < Py < Py < 00;
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Case 2. L = L. is a right loop situated in a horizontal strip starting at point 0o + 1¢1 and terminating

at point 0o + s for some —oo < P1 < g < 00;

Case 3. L = L, is a contour starting at point v — 100 and terminating at point 7y + 100 for some
v € (—00,00).

To illustrate L, we give the following graphs.

[

PN e LN o AN
(NN

€

Case 1 Case 2 Case 3

The integral Equation (3.1) exists when »%_, 8; — >0 a; > 0 (see [16], Theorem 1.1).

Example S. To compare with the classical case o = 1, we consider the case m = 2, n =0, p = 1,
g=2,a1=a1=by=p01 =0y =1and b, = %l. Let L = L_,. Then, we have:

H20 > (17 1) — L F(g + S)F(l + S) Zﬁst
2@, (1, omi J,  T(1+s)
1 d
— —_— F - _sd
omi ) TG He)zrds
= Z lim (s+ - +v)(z+s)2z7°
=0 saf(%Jrv) 2 2
= _ Fv+2+s+1) i
- Z lim d aN <
Ll G 01 (1 )
- v 1 v
= sz/Z(—l) N
v=0
= zPexp(—2). (3.2)

3.2. Green’s Functions Z and Y When B Has Constant Coefficients

In this subsection, let us consider Z and Y when the operator B in Equation (2.2) has the
following form:
d 52
B=Y ay>——,
Z ij 8@89&]
1,J=1
where the matrix A = (a;;) is positive definite. In this case, Z and Y (we call them Z; and Y} to

distinguish from the general coefficient case) are given as follows.

7r_d/2 d ) —d/2
Zo(t,l') = W { Z A xixj}
i,j=1
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d
1 .
XH%S |:Z_1t_a E A(U)inx]’ ((

ij=1

where (A7) = A~! and

_d/Q : —d/2 .
Yb(t,l') W{ZAJZ‘.CEJ] t

d
1 ) (@, )
20| 24—« (%3) o o . )
x His {415 E AW gx; (g D, (11) }
ij=1 ) I )

It is easy to see that for the constant coefficients, both of the Green’s functions are homogeneous in
time and space. Namely,
A (t,%,f)IZO(t,I—f), YE)(t,.T,€> :YE)(t,I—f)

In particular, when o =
Equation (3.2) of H(z) that:

1, it is easy to see from the above expression and the explicit form

— &) @)}

—d/2 Jet(A)1/2
) et(A)”/“exp m

AGd)
Zo(t, @, &) = Yo(t,x,§) = (47 {_Zw 1 (;

which reduces to Equation (2.6) when A = [ is the identity matrix.
With the above expressions for Z; and Y, and the properties of the H-function, one can obtain the

following estimates.

Proposition 6. Denote:
p(t,:v):exp(—at_ﬁmﬁ), t>0, zeR?, (3.3)

where and in what follows the positive constants C and o are generic, which may be different in different

occurrences. Then, we have the following estimates:

Ct 2p(t,x) when d=1
|Zo(t,2)| < § Ct==[|log 22| + 1]p(t,2) when d=2 (3.4)
when d > 3,

Ct=e|z[>~p(t, z)

(t,r)] < Ct~%p(t,z) means that there are positive constant C and positive

where, for instance,
constant o, such that the above inequality holds.

Proof. Denote R = |z|*/t*. From [13], Proposition 1, it follows that when R < 1, we have:

Ot 2 when d=1

[ Zo(t, )| <  Ct=[|log 5 i |+1] when d=2
Ct=|x|?~4 when d > 3.
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Since when R < 1, p(t, x) is bounded from below. This proves the inequality Equation (3.4) when
R <1

When R > 1, then by [13], Proposition 1, we have |Zo(t,z)| < Ct~% p(t,z). It is clear that this
implies the inequality Equation (3.4) when d = 1 and d = 2. Now, we assume that d > 3. We have:

2\ 21
Zo(ta)| < Cr¥pt,a) < Crofaf (l) p(t, )

tOé

< C’t_a|x]2_dp(t, x),

g
where we used the fact that ('x‘ ) p(t, x) < p(t, z) for a different o in the later p(¢, z). [

Similarly, we can use [13], Proposition 2 (for the d = 1 case), and [13], Section 4.2 (for the d > 2
case), to obtain the following estimates for Yy (¢, x).

Proposition 7. We follow the same notation p(t, x) as defined by Equation (3.3). We have:

(i) When d = 1, we have the following estimates:

Ct27'p(t,x) when t |z|*>>1
Yo(t, < 3.5
Yolt, z)| < { Ctz 1 when t%|z|* < 1. (3-5)
(ii) When d > 2, we have the following estimates:
(Ct-1p(t, ) when d =2
Ct=271p(t, z) when d =3
Yo(t, 2)| < ol (3.6)
Ct=* ' log 5|+ 1p(t,z) when d=4
Ct= Yaz|*p(t, v) when d>5.

3.3. Green’s Functions Z and Y in the General Coefficient Case

If the coefficients of B are not constant, then the Green’s functions Z and Y are more complicated
and may be obtained by a method similar to the Levi parametrix for the parabolic equations.
Denote:

M€ = 3 o) = o (€ o tr = €6
) Zoltsr — £.6) + eV olt 1~ )

K(t,z,§) = Z[aij(m)—aij(f)]a B Yo(t,z — &, )

+sz'<x>ai< 6.8+ cl@¥ilta — €.6).
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Let Q(s,y,&) and (s, y, &) be defined by:

Qta.6) = Mtr.O)+ [ ds [ K= 52000y

t
B2, = Klto9)+ [ ds [ Kit=sa)0(s.0.6)dy
0 R4
The following proposition is proven in [13] (see the Section 2.2 of that paper).

Proposition 8. Let the coefficients a;;(x) and b;(x) satisfy the conditions in Theorem 2. Recall that vy is

the Holder exponent of the coefficients with respect to the spatial variable x. Then, the Green’s functions

{Z(t,z,£),Y(t,x,&)} have the following form:
Z(tax7§) - Zo(t,l' - 57&) + VZ(t,ZE,f),
Y(t,z,8) =Yo(t,x = &8 + W(t z,8), (3.7)

where

Vy(t,x,€) = /dS/RdYo —5,1,9)Q(s,y,&)dy;

0

Vy(t,x,€&) = /OdS/Rd —s,2,y)P(s,y,&)dy

Moreover, the function Vz(t, x, &), Vy (t, x, §) satisfies the following estimates.

(Ot Vgt a —6), when d=1;
Ct%—a t,fL’— , Whel’l d:27
Vz(t,z,6)| < ra " ° 9
CtT—a|x_£|2—d+fy—Vop(t7x_5)7 when d=3ord>5;
|ty — g2 o —€), when d—4
and:
(Ctoc—l-i-(’Y—l)%p(t, r—§), when d =1,
! ta—¢), when d = 2
Vi (t,2,6)] < rhe=d) o
CtO0tNG 1| — ¢2-d+0=10)/2p (¢ 3 — €) | when d=3ord>5;
Gt — g2tz - €), when d = 1.

Here, v is any number, such that 0 < vy < v, and in the case d > 3, the constant C depends on .

4. Auxiliary Lemmas

To prove our main theorem, we need to dominate certain multiple integrals involving Y (¢, z, ) and
Z(t,z,€). Since both Y (¢, x,£) and Z(t, x, ) are complicated, we shall first bound them by p(t, z — &)

from the estimations of |Yy (¢, z,£)| and |Vy (¢, x, £)|. More precisely, we have the following bounds for

Y(t,x,§).
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Lemma9. Letz € R t € (0,T). Then:

Ct71+%p(t, T — 5)7 d= 1;
Ct'p(t,z —§), d=2
Cr =08 g - =gl - ), d=4;
Ct=0=0)§ =1 — ¢|2=d+0—0)/2p(t. x — €), d=3 ord > 5.

Y(t,z,8)] < (4.1)

Proof. We shall prove the lemma by the above different cases. First, when d = 1, by Proposition 7,

we have:

Ctalp(t,x =€), t e =& > 1;
Ct271 e — €2 < 1.

‘%(tax_gaf)‘ < {
If t=|z — £|* < 1, then:

Yotz —&,€)| < Ct'te .

Therefore:
Cte O3 p(t,x — &) + Ct ' 3 p(t,x — €)
Ct="ip(t,z —€).

IN

IN

Now, we consider the case d = 2. From the following inequalities:

Vi (t,2,8)] < COEp(t,x —§);
Yo(t,z — & &) < Ct 'p(t,z —¢§)

we have easily:
We are going to prove the lemma when d = 3. From Proposition 7, we have:

Yo(t,x —&,6)| < Ct 2 'p(t,x —€)

_ Ot—(v—vo)%—1|x _ §|—1+(7—vo)/2

1—(y=70)/2

z_¢ Ptz —€)

t2
< Ct—(v—w)%—l|x — §]‘1+(7_70)/2p(t, r—§).

Combining this inequality with Proposition 8, we obtain:
Y (t,2,6)] < Ct7070 3 g — 700 2p(t 0 — €).

We turn to consider the case d = 4. Proposition 7 yields that for any 6 > 0, the following holds true:

wir—gol < oot [(ELEY 4 (L0 Y e

z ¢

_ —a—1 t ’ ’1: B €|2 %
S G
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If k”t_—fF > 1, then:

As a consequence, we have:

N 9
patto - 6.9l < cr () wiea - .

If ‘xt_—fP < 1, then the above inequality is obviously true. Now, we can choose # > 0, such that
—260 > (=2 4 v — 2vp). Thus, we have:

Yo(t,z — €,8)] = Ot Hadt(220=(=2467=200))3 5 _ ¢| =247~ 20
—20—(—24+v—270)
r—§

< OO g — g (e — ).
Combining the above inequality with Proposition 8, we have:

Y (t,2,8)] < Ct 07205 g — g7 20p(t, 0 — €)
+CEOFDE g — TR0 (1 — €)
< Ct—(7—2~/o)%—1|x _ §|—2+7—2~mp(t’ T — 5)

since —(v —27)5 — 1< (o +7)F — 1.
Finally, we consider the case d > 5. From the estimates: |Yy(t, 2—&,€)| < Ct= Lo =& Ip(t, 1 —¢€)
we obtain:

2—(v=70)/2

:E—_S p(t,l‘—f)

a

t2
< I P02 ( 0 — ).

Yo(t,x —€,6)] < Ct=0otMi=l |y _ ¢2md+(3=0)/2

Therefore, we have:
Y (t,2,6)] < Ot~ 003 g — gm0y t 2 — ¢).
The proposition is then proven. [

The bound Equation (4.1) will greatly help to simplify our estimation of the multiple integrals that
we are going to encounter. However, when the dimension d is greater than or equal to two, the multiple
integrals are still complicated to estimate, and our main technique is to reduce the computation to one
dimensional. This means that we shall further bound the right-hand side of the inequality Equation (4.1)
by the product of functions of one variable. Before doing so, we denote the exponents of ¢ and |z — £| in

Equation (4.1) by (4 and k4. Namely, we denote:

(—1+¢, d=1;
—1, d=2;
Ca= . (4.2)
—(v=2%)5 -1, d=4
—(v =) -1, d=3ord>5
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and:
0, d=1,2;

ke =94 —2+ v — 270, d =4, 4.3)
2—d+(y—v)/2, d=3ord>5.

. - _2 .
From now on, we shall exclusively use p(t, z) = exp ( — ot~ 7= |z|2==) to denote a function of one

variable. However, the constant o may be different in different appearances of p(¢,z) (for notational
simplicity, we omit the explicit dependence on o of p(¢, x)).
With these notation, Lemma 9 yields:

Lemma 10. The following bound holds true for the Green’s function Y :

d
V(t,2,8)| < C Tt i — &l p(t, 2 — &) (4.4)
=1

Proof. It is easy to see that:

d 1/2 d
|z| = (Z xf) > max |x;| > H \:czﬁ :
: 1<i<d p

Thus, for any positive number o > 0, |z|~* < H?Zl |z 4.

On the other hand,

1 1

) d a o

2l = [Zm\?] z{max\xirﬂ

' 1<i<d

=1
d

2

> el
=1

Combining the above with Equation (4.1) yields Equation (4.4), since the exponents in |x — £| in

S

= max |m,|ﬁ >
1<i<d

Equation (4.1) are negative. []

Lemma 11. Ler —1 < 8 < 0,2 € R. Then, there is a constant C, dependent on o, o« and 3, but
independent of £ and s, such that:

sup/ zPp(s,z — &)dw < CsFT5
R

£eR

Proof. Making the substitution x = ys2, we obtain:

2
« « ﬁ
/ 2lPp(s,z — )dx = sF+3 / rmﬁ-exp(—a )dy
R R
< (/ ry|5dy+/exp(—o—
ly|<1 R

aB o
< Cs2 12

3
Yy——=

S2

Yy— —=
S

7))

since the two integrals inside the parenthesis are finite (and independent of s and £). [
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The following is a slight extension of the above lemma.
Lemma 12. There is a constant C, dependent on o, o and 3, but independent of £ and s, such that:

sup/ 2| [log ||| p(s, x — €)dx < Cs¥+8 [1+ |logs]] .
¢eR JR

Proof. We shall follow the same idea as in the proof of Lemma 11. Making the substitution z = ys?2,

we obtain:
[ 1l o el s, 2 ~ )
R
e [ ¢ |
<00 [y oglull + [ogs) e (= oly— 5|7 o
R §2
2
g 2—a
y— —= dy
S2

< osFH (14 llogs\)(/ W ogalldy + [ exp (— .
ly|<e R
< CsTT5(1+ |logs|).

This proves the lemma. L[]
Lemma 13. Let 6, and 05 satisfy —1 < 01 < 0 and —1 < 0y < 0. Then, for any py, 7 € R, p; # 7o,

(i) If 01 + 6, = —1, then:
/ o1 — 71| |p2 — p1|Pp(s2 — s1, p2 — p1)dpr < C + Cllog(ps — 11)| .
R

-7 |1+91+92‘

(ii) If 01 + 0 < —1, then:
/ |Pl - 71|91|P2 - Pl\ezp(sz — S1,P2 — P1)dpl < 0\02
R

Proof. Without loss of generality, we suppose 7, < po. We divide the integral domain into four intervals
/ o1 = 1| |p2 — p1|p(s2 — 51, p2 — p1)dpr
R

311 —p2

’Pl - 7'1|91 ’P2 - pl‘ggp(SQ — S1,P2 — Pl)dpl

T1+pP2
2

N lp1 — 71| | p2 — 1| p(s2 — 51, p2 — p1)dp

+
311 —
2

3pa—T1

Ip1 — 71| 2 — p1|®p(s2 — 51, p2 — p1)dps

+/
T1tp2
2
lp1 — 71| | p2 — 1| p(s2 — s1, p2 — p1)dp
T1

+ /
3p2—
2

L+L+13+ 1.
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31 — .
Let us consider /5 first. When p; € { n 5 pQ, I —12_'02}, we have [p — p1| > 25, Noticing

p(se — s1,p2 — p1) < 1, we have the following estimate for /5:

T1+p,2

02
— T 2
I, < <p22 1) / |,01—7'1’91dp1
3712—p2

2] T1+p2
— T 2 2 T1
Pz 1) [/ (p1 — Tl)eldpl + / (11 — 01)01d01]

311—p
1 12 2

1+601+62
= C(pz - 7'1) .

With the same argument, we have:
1+601+62
I;<C (Pz —-T 1) .

Now, we study /;. The term /4 can be analyzed in a similar way. Since p; < 371; L2 < 1 < po,
we have:

IA
N
)

311 —p2
2

I < (11— p)"" 2 p(sq — 51, p2 — p1)dp1 -

— 00
To estimate the above integral, we divide our estimation into three cases.
Case (i): 01 + 6 < —1.
In this case, we bound p(sy — s1, po — p1) by 1. Thus, we have:

371—p2

ST1 P2 1+61+02
2 1 —
L < / (11— p1)""*%2dp, = (p2 Tl) :

T 146, + 6, 2

Case (ii): 0 + 0, = —1, 2572 > 1.

In this case, we have ‘ISTIT*”"’ < 71 — 1. Thus, we have:

T1—1
I < / (m1 — P1)71P(32 — 51, P2 — p1)dp

—0o0

T1—1
< / p(s2 — s1,p2 — p1)dps

—0o0

< / p(s2 — s1,p2 — p1)dp

o0
which is bounded when s; and s, are in a bounded domain.
Case (iii): 01 + 0, = —1, 257 < 1.
In this case, we divide the integral into two intervals as follows.
871—p2

ho= / (11— Pl)el+92p(32 — 51, p2 — p1)dps

7_1_1 37’1;P2
< / (11— p1)"'p(s2 — s1, p2 — p1)dp +/ (11— p1) " 'p(s2 — 51, p2 — p1)dps
—0 T1—1
3712—1’2 '
< C+/ (11— p1) " 'dpy
T1—1

< C+C‘1H(p2—T1>|
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Similar argument works for /,. Combining the estimates for [, k = 1, 2, 3,4 yields the lemma. [

Lemma 14. Let 0, and 0 satisfy —1 < 01 < 0,—1 <6y < 0and 01 + 205 > —2. Let 0 <ry <ry <T
and 0 < s1 < so < T. Then, for any py, 7 € R, p1 # o, we have:

/ lp1 — 71|% o2 — p1|%2 |70 — T1|%2p(s2 — 81, p2 — p1)p(re — 71, T2 — T1)dprdTy
R?

a(f1+02+1) a(fo+1)

O(SQ — 51) 2 (7”2 — 7”1) 2, 61 + 02 > —1;
< { Ofrg — 1) 522, Oy + 0y < —1; (4.5)

a(0a+1)

C(ro—r1) 2 [1+|log(ra —m1)|], 01+ 602 =—1.

Proof. First, we write:
I = / |P1 - Tl|91‘,02 - 01’92‘72 - 71’9217(82 — S1,pP2 — Pl)P(Tz — 71, T2 — Tl)dpldTl
R2
= / f(71, p2, 51, 89,01, 02) |10 — 71| p(rg — 71, 79 — 71)d71 (4.6)
R

where:
(71, p2, 51, 82,01,02) = / Ip1 — 11| |p2 — p1|Pp(s2 — 81, p2 — p1)dps .
R
We divide the situation into three cases.

Case (i): 0, + 0y > —1.
In this case, we apply the Holder’s inequality to obtain:

01
01+0,
f(71,p2,81,82,61,62) < {/ lp1 — 71|" 2 p(sy — 51, pa — Pl)dm}
R

)
01469
{ / |,02 - P1’€1+02p(52 — S1,P2 — pl)dm}
R

a(01+02) | o
2 +3

< C(SQ — 81>

— )

4.7)

where the last inequality follows from Lemma 11. Substituting the above estimate Equation (4.7) into
Equation (4.6), we have:

I = /f(717p27$1,32,91,92)’7'2—71‘9217(7“2—7“1,72—7'1)6571
R
a( ) a
< 0(32—81) 61;92 +2/|7'2—7'1|02p(7’2—7“1,7'2—71)d7'1.
R

Using Lemma 11, again we have,

(01+62) | aby
2 +2 +

(rg —r1)

w[Q

I S C(SQ — 81)

Case (ii): 61 + 0y < —1.
In this case, from Lemma 13, Part (ii), it follows:

(71, p2, 1, 892,01,02) < C|p2 — 71‘91+92+1 _
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Hence, we have:

I < C/|:02_7'1|61+62+1’7'2—71|02p<7”2—7"1,72—71)d71-
R

Now, since from the condition of the lemma, 6; + 26, +1 > —1, we can use Holder’s inequality, such
as in the inequality (4.7) in Case (i), to obtain:

I < / |02 71 |91+92+1 Tl|02p(7"2 — T, T2 — Tl)dTl
a(91+2@2)

< CO(rg—r1)

Case (ii1): 01 + 09 = —
In this case, we first use Lemma 13, Part (i), to obtain:

f(7_17p2a S1, 82791792) S C [1 + |10g ’pQ - 7_1||] .

Thus, using Lemma 12, we have:

I < C/{l + |log |pa — 71|} T2 — 7'1\92]9(7“2 —ry, T —71)dn
R

a(fo+1)
< C(rg—r1)” 2 [L+[log|ry — ] .

The lemma is then proven. [

Corollary 15. Let 6, and 0, satisfy —1 < 61 < 0,—1 < 6y < 0and 0,+205 > —2. Let0 <r; <ry <T
and 0 < sy < sg < T. Then, for any p1, 7 € R, p1 # T, we have:

/ lp1 — 71|% o — p1|2 |70 — T1|%2p(s2 — 81, p2 — p1)D(T9 — 71, T2 — T1)dprdT
R2

a(61+2609+2) a(01+205+2)

C(s2 — s1) Z (rg — 1) T ; 0 + 0y # —
Clsa— 1) T (ra—r1) 5 [L+|log(rs — r1)| + [log(ss — s1)[] ; 61+ 6=~
4.8)

Proof. Consider first the case 6, + 6, < —1. Denote the integral on the left-hand side of Equation (4.8)
by /. Then, the inequality Equation (4.8) implies:

a(01+207) |

ISC(TQ_Tl) 2

In the same way, we have:
a(01;292>+a

1 < C(SQ — 81)

Now, we use the fact that if three numbers satisfying a < band a < ¢, then a = a'/%a'/? < b'/2c1/2,
a(0142605) a(01+42602)
I< C<7,2 _ 7’1)714 2 +a/2(82 . 51)714 2’ +a/2

which simplifies to Equation (4.8). Exactly the same argument can be applied to the case
01+ 0, = —1 and the case 6; + 0, > —1. Thus, the inequality Equation (4.7) implies Equation (4.8). [
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Lemma 16. Let py,--- ,p, > 0. Then for any T’ > 0,

T”HZ:1 F(pk)
prtdpa+1)]

/ (S0 — Sn1)P" 1o (82— s1)P b T ds = (4.9)
0<s1<<sn<T F(

Proof. This is well known. For example, it is a straightforward consequence of Formula 4.634 of [17]
with some obvious transformations. [

Lemma 17. Assume that ug is bounded. Then:

sup/Rd Z(t,x,§ug(&)dé < C.

z€R

Proof. We use Z(t,z,&) = Zy(t,x — &,&) + Vz(t, z,). Since ug is bounded,

/ zou,:c,f)uo(f)ds] < ¢ [ 1tz 0
R4 R4

which is bounded by the estimates in Equation (3.4) and a substitution £ = = + ¢2y. In fact, we have,
for example, when d > 3,

(2-d)

/ Zo(tz — E)|de < o/ prog B e g s Y < OO < C
R4 R4

Similarly, using the estimation for V (¢, x, £) given in Proposition 8, we can bound [, |Vz(¢, x, &) |d¢
by a constant. In fact, for example, when d = 3, we have:

/ |VZ(t,{L‘,§)|d£ < Otm;_a/ t%twwp—’m—leXp{_U|y|ﬁ}dySCt% <c
R4 Rd

The other dimension cases can be dealt with the same way. [

5. Proof of the Main Theorem 2

Change t to s and x to y, and the Equation (2.5) for the mild solution becomes:
u(s,y) = /Rd Z(s,y,&)uo(§)dE + /08 /Rd Y (s =7y, 2)ulr,2)WH(dz)dr.
Substituting the above into Equation (2.5), we have:
sta) = [ 2w ui@er [ [ V(- s 2060 Ou(e e )i
+ /t /S /R ) Y(t—s,2,9)Y (s —ry,2)u(r,2)WH (dz)drWH (dy)ds .
o Jo Jre

We continue to iterate this procedure to obtain:

u(t,z) =Y U,(t,x), (5.1)
n=0
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where VU, satisfies the following recursive relation:
Woltr) = [ 2tz Ou(e)s

\IjnJrl(t:w) = / /d -5 y ‘Ijn(say>WH(dy)d87 n = 07 17 2: o
R

To write down the explicit expression for the expansion (5.1), we denote:

fn(tax;wla"' >xn) = / / Y(t_snvmaxn)"'Y(SZ —51,$2,$1)Z(81,1[1,5)’&0(6)(15(15, (52)
w JRE

where:
T, =0<s <s1<--<s <t and ds=dsidsy---ds,.
With these notations, we see from the above iteration procedure that:
\Ijn(tvx) = In(fn(ta 23))
= fult,zy g, 2 )WH (dzy )WH (day) - - WH (dz,)

Rnd
= fult,ziay, - ) WH (do))WH (day) - - WH (dxy,) (5.3)
Rnd
where I,, denotes the multiple It6-type integral with respect to W (x) (see [12]) and fn (t,z;xq, -+, xy)
is the symmetrization of f, (¢, z;z, - , x,) with respect to 1, - - - , xp:
~ 1
fn(tax;l‘h"' 7l'n):m Z fn(t,l',l’“, axin)7
i1, ,in€o(n)
where o (n) denotes the set of permutations of (1,2,--- ,n).

The Expansion (5.1) with the explicit Expression (5.3) for ¥,, is called the chaos expansion of
the solution.

If Equation (2.2) has a square integrable solution, then it has a chaos expansion according to a general
theorem of It6. From the above iteration procedure, it is easy to see that this chaos expansion of the
solution is given uniquely by Equations (5.1)—(5.3). This is the uniqueness.

If we can show that the series Equation (5.1) is convergent in L*(Q), F, P), then it is easy to verify
that u(t, ) defined by Equations (5.1)—(5.3) satisfies Equation (2.5). Thus, the existence of the solution
to Equation (2.2) is solved, and the explicit form of the solution is also given (by Equations (5.1)—(5.3)).
We refer to [12] for more detail.

Thus, our remaining task is to prove that the series defined by Equation (5.1) is convergent in
L?(2, F, P). To this end, we need to use the lemmas that we proved in the previous section.

Let now u(t, x) be defined by Equations (5.1)—(5.3). Then, we have:

Elu(t,r)*] = ZE[ (fu(t, ) )r
= Z:n'<];n7fn>H

n=0

IN
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where:

n

<fn7 fn>H = /2 4 H @H(uh Ui)fn(uh T 7un)fn(/U17 e 7Un)du1dvldu2dv2 tee dundvn (55)
REE =1

and the last inequality follows from Holder inequality. Here, and in the remaining part of the paper, we
use the following notations:

U; = (uil,"'yuid)7 dui:duil...duid7 7::172’...7/’7/
d
(Ui, vi) - = HSOHJ‘(WJ’UU) = HHJ(2HJ = 1)|ug; — vy [P
o ey

We use the idea in [12] to estimate each term ©,,(¢,x) = n!{f,, f,)g in the series (5.4). By the
defining formula (5.2) for f,,, we have:

outr) = n [ [ Tleutes=m) V(= sna.6) -+ Yise = 51.6.6)
n i=1

. /d Z<Sl’ 51’ gO)UIO(éO)dfO ' Y(t —Tn, T, nn) T Y('r2 — 71,72, ?71>
R

'/d Z(r1,m1, Mo)uo(no)dnodédndsdr.
R

Application of Lemma 17 to the above integral yields:

O,(t,z) < Cn'/ / ngDH — Sp, T, &n) - Y (82 — 81,8,&1)
T2 ]R2n
Y(t Tn, T nn) o Y(TZ — T, N2, Wl)ddeder

Using Lemma 10 for the above integral, we have:

O,(t,z) < C”n'/ H@m (t, 2,8, r)dsdr, (5.6)
T i=1
where:
$d L
@i,n(tuxiv , I / {H@H Pk — Tk } |t_5n’ dd|xi_pn| ddp(t_smxi_pn)
]RZn
e lsy — 31|7|Pz — p1| 4 p(s2 — 51,02 — p1)
Sd Lz Sd
At —rul |z — | p(t — Ty — 7)o — 1|
"7’2 — Tl‘po(TQ — 71,72 — Tl)dpdT.
Here, we use the notation p, = &; and 7, = 7, kK = 1,-- - , n. The quantity ©, ,, can be written as:
¢ ¢ ¢ ¢
Oin(t, xS, 1) = [t —sp| @[t —ro| @ - |5y — 51| @ |ro — 1| @

/2 {HsoH Pk — T }Ixi—pnﬁp(t—smxi—pn)
]Rn

|$z - Tn’ d P(t — Tn, T4 — Tn) T |ﬂ2 - Pl|7dp(52 — S1,P2 — Pl)

|y — Tll%ip(rg — 11,7 — 71)dpdT . (5.7)
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From the definition Equation (4.3) of x4, we see easily that ¢ > —1. We assume:

2
2H, + = > 0. (5.8)
Under the above condition, we can apply Corollary 15 with 6, = 2H; —2 > —1,0, = * > —1to

the integration dp;dr; in Expression (5.7) (Condition (5.8) implies that 8, + 26, > —2). Then, when
01 + 6, # —1, we have:

¢ ¢ 9 ¢
Oinl(t,zi,8,1) < Clt — sn| @ |t — 1| @ - |55 — 50| |rg — 10| @
.|32 B 81|%+H¢§:nda|r2 _ T1|%+H¢fé:nd

Kd
/ {Hmpk —m} 20— pul Fp(t = s 20— pr)
R2n72 k:2

kd Jate A
vy — Tl T p(t — 10y i — T0) -+ [p3 — p2| @ p(s3 — s2, 03 — p2)

ool = T A p(rs — ro, T3 — T2)dpy - - - dpodry, - - - dTy .

Repeatedly applying this argument, we obtain:

@i,n(ta fi, Sa r) S Cn H |tk+l - tk|£i|sk‘+l — Sk b ) (59)

k=1
where we recall the convention that ¢,,,; = ¢t and s,,,1 = s and where:

_ Ca | Hid+ Ky
=g T g @

Substituting the above estimate of ©; ,, into the expression for ©,,, we have:

4

n

On(t,z) < C"/ H(5k+1 — sk)f(rkﬂ — rk)fdsdr
T2

n k=1
n 2
= C" H(Sk-i-l — Sk)ZdS] s
T =1
where:
d |H|loe kg d

Now, we apply Lemma 16 to obtain:

[ re+1) 77
Onlt,z) < C [m}

o
r2n(f+1))
This estimate combined with Equation (5.4) proves that if:

20+1)> 1, (5.10)

then Y77, ©,(t, x) is bounded, which implies that the series (5.1) is convergent in L*(Q, F, P).
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Now, we analyze the above condition (5.10). By the definition of /, this condition can be written as:

H
(g o ey
> 2
or: 1 9
H| > —L g 2 G.11)
(6% (8%

Using the definitions of x4 and (; defined by Equations (4.2) and (4.3), we see that the right-hand side
of Equation (5.11) is:

E IR TEP . when 4 1
_%_ _é(_l)zé when d =2
—at @20+ (=205 +1) =3+2  when d=4
—L_24d-2 4+ 2((y—9)2+1)=L-2+d when d=3ord>5.

\

Summarizing the above computations, we obtain that Condition (5.11) or Condition (5.10) is
equivalent to:

d 1
ZHi>d—2+a. (5.12)

=1

When 6, + 65 = —1, Corollary 15 implies that, for any € > 0,

/ o1 = 11| pa = pr| (2 — | p(s2 = 51, p2 — p1)p(r2 — 11,72 — T1)dprdmy
RQ

S C<S2 _ 81) a(921—1+5) (7,2 _ rl) 04(92+41++5)
Now, we can follow the above same argument to obtain that if:

20+ 1) > 1, (5.13)

where ( = 45atdo then Y°°° O, (t, x) is convergent in L*($2, F, P). In the same way as in the case
01 + 6, # —1, we can show that Condition (5.12) implies Equation (5.13).
Now, we consider Condition (5.8). From the definition Equation (4.3) of x4, we see that when
d = 1,2,3,4, H; > 1/2 implies Equation (5.8). When d > 5, then Condition (5.8) is implied by
the following:
2 7

H>1-2__1
it 70T 2

by choosing ~y, sufficiently small. Theorem 2 is then proven. [l.
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