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FERMI NEUTRINO THEORY 

We recognize the radio-aoti ve /3 -decay as a trans-

formation of a. nucleus of oharge Z into a. new nucleus 

of charge Z ! l with tbe simultaueous emission of a 

negative o:r a positive electron. Early investigations of 

such processes have lead to difficulties in the theoreti-

cal treatment of the (3 ~mission, These difficulties 

are principally based on the fact that if we confine our 

attention to the observable radiations emitted from the 

radioactive souroesl; there is no conservation of meohani-

oal integrals of motion. This may be readily shown by 

the energy equations for the process. 

If we call the energy of the initial nucleus E..c: 

and the energy of the final nucleus Ef , (f1g.l.) then 

the energy set free in eaob process in which E.-c: is 
transformed into E 5- with the simultaneous emission of 

a positive or a negative electron ls LlE == £.,;. - £5-

+~ _: _~------111.--- £ s-

1· ( s, J. 
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The energy of the emitted electron is not a.s one . 
would expeot equal to the well defined amount Ll E 

but .varies between fairly wide limits in a continuous 
spectrum of the type shown in Fig .. 2. 

--,. w 

tn order to maintain the conservation laws then 
we must in some way acdount for the energy difference 

·between 6 E and the energy W ·of the emitted electron .. 

If we call this energy difference w• we may write for 

our energy balance li E = W + W1 (la) 

and eim11e.r1y for any other meoha.tiioal quantity A 
obeying a conservation law (lb) 
where (+) includes the possibility of vector quantities. 
and symmetry properties of the e1genfunot1one. 

No definite information regarding the fate of the 
primed quantities is known at present. It may be lost. 
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which would be a cont.ta.diction of oonserv~tion laws, 
or it may be described by the production of a. second 
particle possessing properties ne~essa.ry tor the mainte.., 
nance of the conservation laws. The treatment ot the 

fJ -decay as a double process, founded-upon the fore-
going evidence, has been common to all theo·retioa.l 
attempts to aooount for the experimental evidenoe.. Beok 

and S1tte2 have tried to connect the f..3 •emission with 
the well established phenomenon of the eleotron pair 
p~oduction according to the D1rao Theory of the electron. 
Following this hypothesis they have been lead to assume 
that one ot the t•o particles is subsequently to be 

. . . 

treated as captured by the nucleus without conservation 

of meohanioa~ integrals~ Their analysis of the empirical 

data howevei, indicated that another assumption is re• 

quired,in addition to the 1ntroduot1on· 0£ the seeond 

partiol'e. The purpose of this assumption was to exclude 

the emission of slow electrons as partioles of lowest 

e.ngula,r momen.tum. 

Deeotibing ( la and lb) by the production ot a 
partiole of extremely high penetrating power, Ferm13 
bas proposed a formalism somewhat similar to that of 

Beck .and Sltte 1n whiob the seoond part1ole (neutrino) 

has the spin momentum !/2. h/2Tr , zero charge and Fermi 
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Sta.t1ist1cs. An additional assumption ls that the mass 
l 
ot the neutrino be zero4 • Beck and S1tte5 immediately 

oritic1sed Ferm1•e treatment because of the laok of~~ 

assumption s1m1 la:t to that which they be.d found indis-

pensable in aooounting for the experimental data•. 

re:rmi state<1l4 howe'V'e:r tha,t while experimental results 
' might be questionable for the low emission energies; 

the neutrino hypothesis would fit the experimental curves 
upon the inclusion of higher values of angular momentum 
transfer. 

A more preotse calculation of the Fermi integrals 
·was therefore desirable; ·and it is the purpose of this 

paper to present a convenient method for the evaluation 
of the Fermi integ;a.lth The treatw.ent permits the 

immediate oaloulat1on of the emission curves for any 

assumption on the angular momentum balance. The results 

confirm the cited oriticism5 of Fermi's pa.per. 

Recent investigations by Alichanjan., Alichanov., and 
Dselepov (Z.e.U, .s,;,, Plrysi1r., il, -~so., 1q-gs ) indicate, 
however, tbat in th& case of heavy nuo.lei a large 
number.of slow electrons ( s • electrons) ma.y be 
emitted. This would agree with Fermi's curve as well 
as with Beck and Sitte•e ourves for s • electrons. 
Viz. Alioba.njan, Alichanov., Dzelepovi Sov. Phys. 
11, 204 (1937). 
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:tn addition to that, they ma.y be of some interest·fo:r 
~f 
the discussion of the /3 -epectra of elements of 
extremely high life period (K1Rb) for lfhiob·· large changes 
_of angular momentum have been suggested. 

This evaluation of the Fermi integra.le for the 
radioactive -decay will not only allow one to dis• 
cuse the rermi theory in the light of experimental evi-
dence, but also aliows one to oaloulate oertain terms 
in the expres&itn for- the cross section for inverse 
processes. Buc:lj expressions being thl!e evalu,itcid w1ll 

allow fc>r an eetimate of tbe numer1oal value of the 
cross section of a neutrino for processes inverse to the 
radio•aot1ve (3 ·-cleoay. These reeulte add turther 
agreement the eeoond section discussion of the d.is-

crepanoies of the Fetni1 theory of the p -deoa.y. 

5 



Evaluation of the Fermi Integrals 

I wieh now to give a t~eatment of the Fermi theory 

of tlie (3 ~decay. I shall first develop a method of 

calculating the Fermi integrals. 

In order that the treatment does not lead to the 

production of a pair of differently charged particles 
we must assume that the processes involved 1n the 

/3 •decay take plaoe entirely within nuolea.r d1mens1ona, 
We shall of oourse sup,,ose that the laws of conservation 
of meoba.nioal qua.nt1t1ea hold and in addition that the 
emission probability ot electrons and neutrinos is pro• 

portiona.l to the respective density functions. The 
lattert tt is to be ~eoalled. is valid for all wave 
e,nission processes known to datel5. If we deny· th.is ass-

umptionl6 we must of neoeaei ty ea.y that the (3 "!"Q.eoay 

is a process d1otinot from all known wave emissions and 

therefore definite physical arguments concerning ita type 

of interaction function will need to be formulated. For 

·the purpose of examining the Fermi theory then we will 

make the three aasumptions in the following treatment. 
l.) Tbe laws of conservation .of mechanical quantities 

hold. 
2.) The emission probability of electrons and neutrinos 

is proportional to the respective density functions. 



3. ) Processes involved in the f3 -decay tike place 

entirely within nuclear dimensions. 

The Fermi theory3 then gives us for the probability 
of /3 "'"'81?11 seion an absolute sq_uare of an invariant exp-
ression which can be written 

Jew) = cl Jt UA Vl' + £ U o(A.:v•} cir-t 16, 

•here U ls the eigenfU11ction of the neutron in the 
1n1t1al nuoleua and V the eigenfunction of the proton 

in the final nuoleus. ol...~ Dirac ma trices. 

In equation (18) the, Dirac theory is assumed for 
both particles. This is certainly 1noompat1ble with the 
experimental evidence of Stern and Rab111• It will -1>e 
shown however ( P.P. 19-20) that the discusa1on is valid 
for any relativistic expression of the type (16),. 
A° , A' , A2 , A~ , are the components of a four veotor 

which depends upon the eigenfunctions of the emitted 
neutrino (l.J) 1) and the eigenfunctions of the emitted 
electron ( 4J). This four vector 1s defined by 

Ao : lf cl lp , 

A~ :-\j) J lp' cf= 
0 _, 0 o 
I o o o 
o o o I 
0 0 _, 0 

17. 
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corresponding to th~ emission-of an electron and a 
neutrino in the positive part of its energy speotrum. 

4' is here understood to refer to an electron emitted 

with the energy W (including m0c2). tp' represents 
the neutrino of energy w• where evidently W + w• : LJ E 

if L1 E ls the energy liberated by the transformed 

nucleus. U and V are assumed to be given. t{ refers 

in particular to a given.angular momentum of the initial 
nuclear state. V refers to the angu+~r momentum of the 

final state. Bessel functions extended over the region 

of nuclear dimensions R will be used for the radial 

dependenoe of 1l and V 

Now as has been pointed out before, l/J and lJ} 1 

(1n polar coordinates) refer to well defined angular 
momenta of the emitted partiolee. We are interested in 
the total number of emitted particles without regard to 
their angular momenta. Assuming then that emission 

probabilities 1n whioh different angular momenta are 
involved may be regarded as independent processes; (16) 

should be evaluated for every possible pair of solutions 

\.j]xa.nd lf"' (liniited by conservation laws) and the sum 
over all of these possible transitions ie then to be 
taken. 

8 



Equation (16) then becomes 
e-

Jo.,= c~ j ¼.i~,.~~.+ #, UJ£;.,«,N>.:) ie. 

where the summation 1e to be extended over all possib;~ 
values and combinations of}{ ; m , )(' , and 1171 1 • I(, }'Y\. 

, 
,refering to the electron Quantum nu1nbers and K , ~' 

to the quantum numbers of the neutrinos. 

Regarding the nucleus as a spherical system the in-
volved eigenfunctions will be of the form 

ct R, J... r R ' Neutron u;m - w>-;j\ u,m = z. L¼-?> -
1..t' R. {J '" R t = w,\,'), ul111 ";:: e. w)\ '71 

'1'11 

Vol. S, (1(, " s cf Proton Wx,,.,' \J. :: z. W~,.,, 
-?\. '>'I 

v: S, (i J s d - w~,,,, V,..-::::: z. W,-'111' 19. 

Electron wi(,t xi( L¼:, 4) wt '-Pl( ::- K 'K'"" 

lJ): XK w:,n, J (D. cf lU = K Wx-~ I{ 

•o< r-t cl.. '°6 'If Neutrino YJ,t', :: ~I<' l¾,Mf, tg, = ,<' WK~' 

r, (.3 ,J Pi i 4)1{, r-i w I 4d I :;::. tr,' UJ /(" /V7 I 
I /( -?'/1 ' 

9 



10 

where A. , 5 , 3 • f ; X , and. CJ) are radial 
funot ions and W P ( fl= o<, (3 J cf ) sphe r1aal bar .. 

monies of the type used in the D1rao .theory of the 
t ' 

elaotron6• Substituting the values ~f CZl. and V into 

(18) we obtain 

Jw i = ct';,:,., If A [ R, s,'c w,: wf +w~ w:.:) + ffz 5)( ulf.~ + ~: w[~.) 

lf ""( ( 19r i" ~-If)~ 
Al ID s*(w o(u,Jll t- w v/ .. , ) + 1?,._ 5, U{,..W;,:,,,' + ~,,,LA{,,,, + L ,,, :z. 1..-,, i-,.,., >-,., ;,. 

20. 

+ I\ [ff, SJ,: UJ.: u/.'.'i-4 "l.: vf.'.)+ ff, s: {,< w,.~wl, .,.,,; w;:_ ui,,".;g 

-r A' [ff, s: (w,: wt- w:,. wf_: )-i- R.,_s; (u( u{-w,.: attfl) 
i 

20a. 



which were obtained by using the values 
0 0 - I O O O -A, 0 

( o o o I 
C) o<, = 

I O O 0 
O ... , 0 0 

o o o I 
0 o I 0 
0 _, 0 0 

_, a o o 

O 0 

A, 0 0 0 

0 ...G- 0 0 

1-

-r(X~is + s,.t )[fl1 s:c "¼!"¼~· - ut-J.') + q~ s;( v{- UJ!:, %i) 
where 

Q :: ( .. u_[UJf 7 wf-~1.) 

21b. 
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Equation (21) is,, very involved and cumbersome to handle; 
We will now show how several simplifications oan be 

\P • . • 
effected which will reduoe (21) to a simple form. Using 
the relationships 

o( I( 
WA")'\ I.Ai..,. ecn. e + 

J -4,· ¢ 
, , , · 0 E 
vvA"" 

23a. 

it is ,:eadily ahown by aubst1tut1on that 

't J" J"* 
ol r1.-/f w.f1 wf1""' = w ¥ w, + ~-?\ W,\..,. W,._,.,., ...,_ ".,. ,._,,,,,, ;.,."" "?I 

The fullctlone 2.c' and Px.• a:re to be exp:ressed 
by Beesel functions. For a neutrino of zero mass these 
reduce to 

·12 

I fo:r I( < 0 23b. 

,---, 
H 

'----'k.' 

where 

for k. ' > o 230, 



For small rad1ue then (inside the nucleus) 

1K' 
oa.n be disregarded 
compared to 

f----1 

k. I 

and a.lso 
,_.., 

I . Jc 
can be disregarded 
oompa.red to 

fx• 

Integrating (21) over the angular dependence, since 
R, , R,., S, 1 S"z vanish beyond R equal to the radius 

of the nucleus and will yield what are essentially 
oone~ants when integrated over the nuoleus, we may write 
equa.tion (21) in the simplified form 

i. 

}( > 0 J (W) = c: 6-J,.l]§li{A 4lx + e'X,Jdr I 22b. 

where o• ie to designate the change in the constant. 

13 



B and B1 are to designate the fact that for given 
transitions, integrations over the angular funotions 
yield constants. This will be more evident in equation 
(43) where these terms are discussed in detail. For 
heavy nuclei ( ,;,-= o.(o) 

xi(/\.., 3 (J)J( h JcL_O 

220. 

Xx"-' "J CD,c J~ K>O 
On the other hand we know that 

JL "V 
-v- -v _L 

A /o 
and therefore we may negleot the seoond terms ( B {/JJ{ resp 

B I XK ) in (22a) and (22b) if 

K'<O It( LO or IC' > o I J<>D 

If however 

I 
orf[. ")O ,K<.O 

both terms become of the same order of magnitude and an 
error of order one oan be expected if we take only the 
first terms of (22a) and (22b) into acoount. The evaluation 
of. only the first parts of (22a) and (22b) immediately 
raises ~he question of whether o~ not one might affect 
the shape of the emission. ourve of JLw> by suoh omission. 

14 



We can easily show, however. that in our approximation 

that : oonstant 

and therefore we may write 

A X K -t- B ip ,c : constant· Q)IC. : constant • X K 

Tbus the uependenc.e o! W in every term of the 
sum (22a) and (22b) is not affected by the oho1oe of the ~-
constants A and B. 

-
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fh$ee oonstderations then allow us to evaluate only 
the non•relativlatlo parts of the integrals. For K' < o , 

K < O end K ';, o , J( >o equation (22) •111 

yield J(w) with an erro:r of approximately 6%,; However 

in oase n. ' < o • Yf / o and }( 1 ? o , fr -< o the 

total probabilltles will not be correct within a factor 
of the order ot magnitude one. It has been shown, however, 

that the shape of the ourvee ie independent of this error 

as ( Cc-,..,,,t({JIC .+~XI<.} may be expresses ae Const • cpl( or 
";.¾• 

Conat·X · 
I( 

We wish to evaluate 1;be>n the simplified integrals 

}( -" o 2~J ------ I Z--
-J (W) ::: C &./A I I· '~ , X .n 1. J_ .)-,. 

I< Jr,.,,/f'1Y1 1 I I It. 1 }(. 
25a. 

and k '>o 

25b. 

where 

is the angular dependenoe. 

16 



.1>,.-Let us then calculate the integrals 

26a. 

and 

86b • 

•• 
The Beisel functions in (26a. &·26b.) along with the 

normalization ooeffioienta take the form (for a neutrino 
of zero mass)• free field solutions. 

,_, - J_ X , VT-
.i.---1 - i!.. --n. '- I Ii..' 

and for the electron 

X-- = f,t, -;{1-t~) 
ft 

27a 

A (~•./1,)~ 
l 3 •-6- - - ( 2-f + 1) 

27a'. 

17 
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where 

ao-:: K - ½A-
r I(~+,/(~~ 

so that 

27b. 

f/4 - Qr,) = vn~-o\1 -t K - -0,,1- (' +-£'z~) 
¥ K~+ 

Then 



·-~~ 
Xn view of the relation 

and 

= I ( y ,ci _,_ i!. + ,:13) (I/ii. '-d.-;: - I 1<.I,.) • - - • (Yr, '- ~' -I Ir I -,,,._· (3). 

0 r c ifK'-.:ii' -/Ir/+ I .,..,-rJ) 1 :::: 

and the last term 

19 

28a. 

28b. 



81.1ibst,itut1ng these values into (2Ga) •gives 
. ' I 

where, sinoe 

a.nd 

(//Kz._<><2+!32.I - - - --V(vnJ.-c<J.'-IK/+l/°+(32.,) 

.y }(2..- r:x..2. -t (3 7...7 
K:j=-o 



: /· 
one obtaina fol! )( • .o 

l'J.'0 -/Ir/+~ J.. ..I, F- IE q -I) 'ff."'1 +~ + I 

(Vx 2 -o<1..' -+ltr'/-t- 1) 

\~ .. 
Combining powers of R, and using the values 

We get 

• 

; 3 le' X K/1 'd.,, ;:c r·e~· e' (& .Jr /lr'l ( ,h.J, f"T'.J ifK~o( ,_ 

21 

30 • 



where 

Notice that the ~igenfunotions has been expressed in 
terms of(~) in these integrals. 
Since 

We have to normalize the integrals in the energy scale 
W instead ot /4 The expression for J{wJ now be• 

comes fr'< O 

22 

32. 
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cle-

( ci{ o<. :.\' VJ r, w. (3x} may be taken as. a w~,,,, ~..,,. + >.,,. >-'""' 
constant for zero transfer of angular momenta and a spherical 

harmonia of higher o;-der for larger values of angular 

momenta t~anster. The integrals can be worked out ex-

pl1o1tely tor any transfer of angular momentum by the 
nucleus and since all those vanish whioh would violate the 
oonaetvat1on of angular momentum we can readily determine 
those transitions whioh contribute to the total emission 

probabilities. ~'"'Jr(.,,., decreases in the region of the 

nucleus with increasing /I(/ and llr1/ 1n proportion 

(J~ }Z/K/ or { ; }Z/lr'/ ': ;~ We thus see we have to consider 
but the lowest transition terms. 

Before preceed1ng with the aotual caloulation lt is 



boat to note that expression (33) holds only for the 
oaee K 1 < O Ot course in particular transfers of 
angular momentWD the function' J(w) must be evaluated 

for (equation 28b.). 

We wish.- to evaluate then 
J~ 

R J TA,' <ff< A'JA 
0 

K 1 ?0 

where of course the expre~u~i<?nta for the neutrino eigen• 
funotions are changed in form from (2?a) to 

k';>o 

34. 

the electron eigenfunctions of course being unmodified. 
By a prooess exactly parallel to that o_f the preoeed1ng 

section an expression for the integrals similar to equ• 
ation (3~) is found. 



Similarily, from (38) 

where 

In the aotua~caloulat1on of the emission curves and 
tabulated data to follow the second non-relat1vist1o terms 
1n (21) were also integrated.. These extra terms in the 
integrations give the complete J(w) function as used. 



I 

K<O 
. z(y'!(2.:.(l(':J .. _/l('/+fr_) -2.ll' ~(~-/If!} 

]:,lWJc:](l((f) & (¥;!.) ~) 

37a. 



where in both·• (37a) and (37b) the definitions of G-
and A1r,,,,1r!,,,1 a.re the same as in equation (33) or(and) 
(~6). As will be shown later, the actual evaluation of ... 
the expressions (37a.), (37b) confirm our conclusions re• 
gard1ng the terms 8; (/}I( and 8 :X-)( (see equati9n 
(45b, pp '3'li). 

The angular integrals A 11'1"17'1 ir , 

simplified. They are 

where from the Dirac theory 

I[< 0 

oan be 

27 
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In order to discuss these integrals (38a) must 
be determined as functions of J( and r"'rn for the 

two oa1;1es k-< D and 

(38a)~ where />??~-/If/ 
'i; 

/lr/-1 

Expressions for 

are to be 

found in the appendix.tables Ai and A2• 

For the oaee. I oan be 

evaluated for the various forms found in Table A1 and 
A2• Expressions for 'f.e_,,.,., ( ~0-J are given in the 

appendix table B1• 

So that substituting the values of table B1 into (39) 
the W array 1s obtained in ~inal complete form 

28 
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K ()( LU (3 WO w~ 
/YYl w,,- 71'-'W\ lf.-#1 }(--. 

+1. -1 -YJ;. ·<f) Yfrr 0 -M ~'9 e---f. etP. t9 //IT 

ffr" rr~0 0 0 'ltr . 
etP..0- e-< 

ff0½v -fffl;-k.t9 ..L 3¼,r 
0 ;;,.. -,..z -2 '<P /DAJ /9 e--t,·&J ~0 e---<·rz; 1_r,:. e -<. 

-Kg-~(9 J.- J7i. -.J. ,...,_ -rs. .:r. 2.71' Z!- 2.TT :z. :1,.7T 2.1T -1 en t§. P~--t: () C3~2tJ-1) k, t9 e -<. • (/) C-rA. 62 
3 /fjf; J:c_;, t9 cfli- -fli, 

0 ,f/T -< (J 
(}~'26) -1) ear;. e-< ·rp Crfat9 .,h,.,,B e 
3 J2i J.<,y, (9 3fE: ~is> 3Jf:!i. 0 1 . 2.r/lT ;r,'(ft • 

(3l(JJ.. ?.,9 -() e.2-t./J .£..;.,19 e-<- f) 

-J~ { ( s-frlT C,,..(51 -..L ys~ 
0 r ·y;r 

-/-3 -3 5c.._ 10 PJ,,:({) Si.~ i2-<-"f/ f;.,;,. l.?--,(} 
fi-Y"¼i tu,_ 0 -; fi:/4-~0 -t FJ'lt/ i("¼,..ft;. 9 

-2 Si,,,. 2;9 e 2-c.· ({) 
2-<9 t, - l.,c"(I rt;,J. 0 e -.,.;•() (~·~"¥;-,) e ¼~ p : 
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..:'<{} 

1s-C1P.2.s - ,) e ~e ez.""· <p 
,s-r ;-- J;."o--s:'ltr ,:; J/4,r > s-. 
/Jr., ,0 p ,,,,: t:p ~~Jt9 /-<-'{/J 

30 
J 



Each tetm 1n (41) bas been multiplied by the 
proper normaliaa.11on faotor 

N H_h)1 == 
.L (!Kl - 471 -i)f. 
'f1f (/Kl -t.-m )f 

which J1elds ·these values neoeesary fn (41). See table 

c1 in appendix. 

All necessary quantities for the evaluation of (38) 

being now determined, (sinoe (37) is complete) J (w) can 

be determined for various tiansfers of aDgQlar momentlim 
*: 

by the nue.leus 1t It has been remarked that only those 

transitions for low transfer ot angular momentum need be 
oaloulated. We will then oaloulate J(wJ for transfer 

of angular moment-u.. O; "ft11 and 2. hj1T, by the nucleus. 

CALCULATION Of J(WJ FOR ZERO TRANSFER 

In lhe calculation of the emission curves 3mo2 
1s used as the upper limit for the emission energy of 
the fl particle•. This energy can be divided between 

the ~wo emitted. part1Qles. neutrino and f •electron. 

We have then for zero transfer of angular momentum the 

following possibilities. 

*) A good average value. See e_xperimental data for '1Q. E 
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J< ;c. , 
f__ I/_ ,c',n,, '. ·SJ.~ ., G1: -1 -1 2. z. 

s.L < -1 -I- 1 0 ;:. 

Pt (-- ) 6,k 
2 

-1-J -1 0 

Pt c. ) 1f..1- +J 
.,,, 

+J 2 a 

t~e h1gber teme need not be Qa,lcula.ted as pointed out 
: ,. .f· 

previously•., 

. 
Since the em1os1on probab111ty is to be summed up 

for all possible Qomb1natione of /( , l'J?'\,. J(' • 1)'71', we 

first oons1de:r the possible combinations of K and K' 
shown in table (42). low the poruiible co~b1.nat1ons of 

rn and m• are 11mited by the .relation m :: -m•- l. 

42. 

Sinc,e here K - .-f-. i and )(': +1 Ii the possible ... - .. 
va.lue,s are Dl ;: 0 • m• -· a.; and m •• o,. m• :1 
The total emlasion p:rqbability w1.ll then be the sum for 

these. two poes1b111t1ee for t.he vaJ."ious values ot K • 
)(' • ·m and m• , 

•) See pp. 23 



11=--1 1 K 1 =- - 1 ; /1?1= -1 " ,,,,,,,,.,., '-==o 

a.nd tor k = - I I K '= -1- I 1 171 ==- - I 1 .,,,..,, 1 = 0 

... 
For the ~ther pose1bil1t1e& 

K-= +2.., Jf' ::- r:l.. /J??-:=.-!/. _,,,,.,,,'= 0 
I 
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and for . kl-;; -f-2 ). ,'1?? = -J. K=+i, 

2. 

//t.11~.t~l !~<f} !~ ( .[,;,, ze +- &nze) d {=r,l~1,. 'l!d· 
0 

•1. 

For the alternative ohoioe of the m and the mt• these 

oontribut1ons turn out again to be aero for (43b) and 
(430). In the 9a.se of (43a.) and (43d) it is readily 
seen by reference to the tabulated values of W ; that 
there is a definite symmetry to the table and eaob 
oorrespond1ng inverse tranaition yields exactly the same 

value of Ak-1?1 It ½n, Adding these oontr1but1one to 
2. 

those of (43a) and (43b) tne total f A-t-?11/r'~, 1s 
found fo.t- the cone~dered transitions. See. table (42). 

The A as oaloulated indicates that in casee . ,I( ""'1 J-rl,,,,,,,, 
two and three bf (42) there would not be ooneerva.tion of 

an5Ular momentum. Thus only the first and fourth trane--

ition need be oaloulated for zero transfer of angular 

momentum by the nuoleaa. 

In order to fao111tate the evaluation of Tcw) • equ~ 
ations (37a) and (37b). it is well to tabulate vaiues of 
the various expressions for needed values of k and IC' 
In the following table 
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}(-;. -t , )( :=-,. 2 fr= t 3 k~ -1 tf=- -2 Y,-:: -3 

. 8' /. <f /J~ 2_q31 I rq 2. q 3<f 
e Y1r"-o( 2"' 

/j. It.. 2 3.01 Sl?,7y 3.03 /f./z. 5~73' 
2 

V' 3-S · {Z/h/-o/ 1 r.oo z ?.~ 1 r Z 2 .s-
G J. . re 'I -t f3 z.. 

(J. 7/, "t ('J 7...) 
i 

,.?,2'(..,. (3. 7t .., r3 2 ) 

(, lfl-tt,J.._) f?, '2. (, Jtfl -f/3 ~J 
/h'/-:I 

~l.eflt'/-tf) '1.3'1 l6:2 Cf z·'f, 1f 7. f'I I !J--_Z 9 2 '-/, 'f 
! (Jr'/:.r.. ,, It/. If'( 2 t.f./, 3v~2 r /'(, 1/'I Z ti, f I 3S~ Z? 
L 
I llr'/=J 
I 

II 2.3. o'f 3'-/. q, ·Lf?. I' B'l o. 3 '( '1J 'ff;//; 
L.. t , !/ 
I z(~J( /-t{) 

i~+1) ,73/p .li,,3 ,{gJ1 , 73 6Ct 3 .fo3o 
I~ z ,!~•r1)] £,0 3 338' o/fb7 ?_.03 33~ o/~67 I 
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AE=3...-?nC~ : 1r+w1-/JE ; Al= -'1'77<-.,_ >1,,r/-·O 

7. 

~ti- (~J 
0 0 

Os ,2.s-

/,o /.o 

/,S 2.c!J-

Z.o 1-/,0 

z.~ ,.2s-

3.0 °f,o 

If; z11' z(~J.-/ltt) 

·~ 
!~) {!%0 ,,,,, 1/tfC,,_ '""'' .. 

I 

/.2lS 

/.'1 I 

/,Sr, 

/.llz 

/,r1 

lo 

' q 0 
I'/ ·• 0 

A.., 

7lJI 0 

,.cs- /.3Z 
!7-"" .1?,/ /,Js-

Zif~ I. Oo1 
'I ' 0 1, I ''( I 

Z.'l5"· ,g:;3-
,706 S,O/, I qz.5-

//.Z 'q£"3 
I 1-,-r 

1 I ' f'7/; 
I , qz.. 0 

,Zt,- .~qz. 
/.:11.f' , or,zr, . P-31 

,ot!i/, ,3-''l (, 
() -~fL( 

//flt/ 0 . oos 
0 I r7t 

d..::: 0,' :k. := o., 
137 

(Jt/-1 

,C!;J-,) 
( 

-/ 
I 

' ~, 7.)-
,S-{;Z 
I 

0 

0 
I 

.. /.l!J-
J ,.5~, 

I 
3 
9 
I 

.5~z.s-
z7,t 

I 
r,o 

&f,O 

K 
, 

C. 
3 

I 
z. 
3 
I 
z. 
3 ,. 
z 
3 
I 
z.. 
3 
I 
l 
'3 , 
l 
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.Using the res~lts from· table (44) in the equati'ons 

(37a.) and (3?b)" fo~ the transition S;t 0± 
.JlwJ beoomee 

Jrt,,vj = 0 

K=-.t k'= -1 

~=vb 
?l/C :i_ 

J11<>) : K 1rr1 Jt 7:J{, )(1)(,.2s)(1)(l )( ~/ (,S) (1) 45a, 

£ AZ. /c1.r~1.z2 -.<.. ,i,. 7o5)-/Jf)(.z,.,J (.r)(-,z) (,'70S-<-)J 2 

k/ll<Jr'-1.- 1 r./\.. 3 )( 3, 3 

T) =l[ff~fli)3'?(Y{'Az. (2,30)/2,ft, -/J!.J.02'17/z.45b. 
J<w' - lt ,-,r-1'-/ J(!,,,;,t,,,,, /~ r.1t I 

-nhere the second term is negligible as noted on pp, 13: .. 

c.. - 450. 
J. rr 



The same procedure oan be followed for the other 
chosen values of(~~). The results of euoh cal-

culation are given in table (46). 
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JcwJ 
}(: -1 Ir'-: -!1 0 0 

S..1 ~G.1 /.o 7Cf2E 
2.. 2.. 

/. 2 i.12 E 

( ,., 2 
/S- 128[ 

f: S,_ ,r2 _[J_) ·(2Ti) 'if.t8 E 27T .fl he. 2 0 
' 

2. :>- /.5(p [ 

3o 0 
Ir. -=- -+ 1 h +IJ. 0 0 

/.o .87&' E" 
Ti ?' f/_J_ 

?. 2.. I 2 /./,; 3z [ 
-

/.S 2.21 [ 

" t 3t 2 
2.o z.oo E 

I=• - ff _fl_) UI) 
,z77 /1 7;c 

2 6- .t9li E 

3.o 0 



To interpret the data. (46) it 1e plf>tted belo\t. 

S G '..L J_ 

(47a) 

c. l 

P1. 1f.1. z. 2.. 

1 

Now einoe by assumption the transition probabilities 
are independent prooessea the total probability of 
emission for zero transfer of angular momentum le given 
by the sum of the probabilities of emission for the 
S 1- ( ) 0 __j__ and 8_ < , 1Ti transitions. 
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FOR TRA~SFERS OF h ;i 1\ AND -a. hj.r, •-. .. 

The calculation or Jew) for transfer of angular". 
momentum f¼.1r and?.. h/;.rr can be carried out by simple 
substitutions similar to those in the previous seotion 

for zero transfer. The only difference is that for ¾ TT 
f A ( o1. rj. 13 ) n L .J- ,_ trans -er, in M?nlr'an' J WA....,~',,,,+~~~,,,,, A..,ll~ -1J¥ 

now ua. e instead of l. Similarly (~: -t- w"': w)!~) 
beoomee.J 3 ~ 2 0 - 1 ) for z. '¼ff 1;r~ansfer. An evalu~t-1on 

of 1'"" 111,.,,,, for these cases gives the following table -~J 
.· ~-. 

values. 

z_/1-;;-<?>f /f' /.m I 

h~ K Ir' i{m•-l.1 O 
,m'=o.,-1 

\ 

s* -1 -J 0 
.,. 

5.f 1il 
'3-

- .1 +1 3/3 
P-1;_ &,t.. +1 -1 ½ 2-

11. 1[i +1 -r J 0 -;a. z. 

5-f ---/Ix_ -1. -2 * 
51. -!l +2 t' 

: 

f1 -II :Yz_ +1 -z -
I I I 

' I . 
I I f 

•) Not 1noluded because contribution 1s negligible. 

(48a) 
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~l v~ J<wJ 

I<-= -,.a , Ir'-= -1 J.o ,t13?~E 

5 ~.l 
J.2 . o/J,ofi, 1: 

J, =t 2,. 

1.S -.01//C, E 
( Ji.. 3.(,. E-= Ri A) 

2.Ti' ?.o ,o 71f2E 
-(~f 2. 5- .o3ooE 

48b~ 
3.0 0 

K= -1 K~- +1 , 1.o .2 'I l 1=-

s.J. ~- -- 1.2 ,zqsE 11.L 
z 

2, 

1.5' 3oOE 

( trj'·' E"= f? :if 
7-TT 2.0 ./ 7'-1 I: 

·(J!! )z 2.5 ,0.6-OE 

3.0 0 
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T~ar5 2 ¾rr 

//t.~ IC k' £/I ....... ":.,, 

5f ---- 0 c!i • /I};_ -1 -2 

~4 ,,,,,., = . I, ,,,, •=- c:> A=~-s.L, -1 +2 '1t1 "' o, .,., , :: -1 A -:- ¼,--'J.5' 

fl e --- +1 % -,,, :.- I,;., ,;O ,4-" ¾:.-
/I½, -2 - ..,.,, -=- t.J ' ,,., '= - I A"' ~4~-

f-1- f dJJ.z.. ... t -+2 0 
2. 

Fk'" ) CP.1.. -2 -1 0 :z. 

% 
,,,, ':: - ,, ,.,., '= 0 A =J'/2,-

{J/z. ) 1/J. -2 +!l '7S -,.. ,._ 0 ,.,,.,,1: - I It:::'¾, :z. 

I½ ..,,., =-1i,,., '= 0 A-=-¾..-
Or2..c G..1 +2 -1 ~r ,'} ~; :;:: ""• nn'= -I 

/JJ/,/. ) ffe +2 -f 2 0 ,_. 

¼ 

•) Higher terms are negligible, 



-,-~ %,L J7wJ 
K=--J. K ':: +2 I. 0 .o,22 F 

5.L -~ /./ .o!tS-8 F 

/.2 A 
.OSlO F 

Fd, .. !r'(!ltf. J.5- .021/, F 
:vr .II Zo .oo?-i, F ·( ~}e c.5 .00071 F 

. , ·-:-., . 
r(-::. -t 1., k':: -2 /O . o 0'/1) F 

1.2 
P, -'E- -,. I 1-,,.,_ f,.5- ,0(1 ft F 2.. 

I 2.o . oo~o F 
}( =.of/5~ Zs ,ooo~ F ;l.q 

)'[ = -2 tr~+ 1 lo ,OOli! Q 
4 'I b. 

0 -.-:- J.j- . ooft,'-/ (i) /½. < ;, II./... 
z. 

.QQ88 0 z.o 
z( Jl r·-~ (?~~ff II 2.!J - .oos, <? ;J II -

(~)~ 2.5- ,l)OSI Q 

Vt 7&,/ /.o .0000 3 G> 
z_ 

/.:r . ooo<.3 C) 

?.o aOISfa (;) 

K. 1 -= (00275) 2.5 .0011S·O .2. rr 

3.o 0 



For t:tans1t1ons R/ 'Tf.J-/c... 2.. 
and Dt LP i 

1 t ia of interest to note that G-- - c. 2. -t f3 L and 

1 ~t appears that 

This difilcul~y 1s 

f ?- /I{/- I 
readily overcome if the term ( .:;;;~) - 1} 
1s included with 6- This gives for /){/ = 2. 

1,(-:::±.2 ~-:: I _!f:. = l.!J- _lk::.= 2 Jt:..:::Z,5 
M'llz. -->nc:z- '1?7<. 2- a,,,c.1-

•'"'" jk/-t 6-{(~~)::, .. 3 (p J.$1./ 3.11 &.57 
490. 

The total prob:;bility of emission of (.8- ~art1olea 
bas been calculated on the Fermi theory for, respectively, 
zero, Hf-7T and 2. lt/4.r transfers of angular momentum by 

the nuoleua. The tables (46, 48, 49) show that the 
neoeseity of evaluating the emission probability for higher 
transfers of angular momentum by the nucleus is un• 

necessary. 
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DISCUSSION or EMISSION CURVES 

The experimentally observed emission ourvesl?, 
although they are inadequate at low em1seion energies 
~bow tba.t all outvea are similar, with a oommon riee 

to a maximum emiseion and then decrease to zero for a 

well..-defined upper energy li~1i. 

I ' 
I 1 1ire 

51. 

A comparison of emission curves calculated on the Fermi 
theory with experimental data shows that the Fermi integrals-

give too many low energy electrons•. This faot, discussed 
by Beck and S1ttel3, indioates ~he need of the additional 

I 

a.$sumpt1on stated by them. To meet this diisorepanoy. 
Uhlenbeok and Konop1nak116 have suggested a different type 

•) Especially in experiments with RaE+ RaO. See how-
ever Alichanjan, Alichanov and Dzelepov,B-c::.&f. 

57 



of interaction from ,ermt•s. They conEJider the 
Hamiltonian function to oonta1n not only the e1genfunot1ons 
of the eleot;on and the neutrino but also their derivatives 
with respect to the coordinates. The tbeo~et1eal QU.•·ves 

58 

thus obtained agree olosely with the experimental data.. How• 
ever 1t would a~em that one should consider this as a pro-
visional expression for the electron•neutrino field tor 
models similar to that they propose are not in common use. 
'fhe U-X -type of interaction 1~ used to a. large extent in 

current literature. ., 
The cu~ves calculated by (50) agree favorable with 

rermis estimated outvea. 

52. 

tt is evident however that the agreement with e~p• 
erimental evidence is not improved upon tbe inclusion 
of the higher order transitions by having the maximum of 
the curves shifted to highe~ emission ene,:g1es. The 
calculations for tranafer ot h /27T yield a total probab• 

111ty wh1oh 1a of the order of 1/30 of 'that for zero 



2 
transfer. tt ie not of the. order ( Jr /21) smaller as 

Fermi had estimated; 
of the ratio { '½_)z. 

in tact the ratio is independent 

Since f" 2f / .T lw) tr we 
cannot reoono1le the emission curves wl th the Sargent 
ourves. The em1es1on probability for the transfer 
is 1/30 tba.t for zero emission while from the Sargent 

2 curves the factor 1s l/1000 for LIE = 3mo • The 
question arises whethe~ th1s diaorepanoy can be explained 

by saying that the firet Sargent ourve represents the sum 
of tbeae two whioh. we 1tave not been able, e~xperime_ntally, 

to differentiate between anct t1:te seoond ClU'Ve ;represents 

a transfer of aa.y a. 111?-iT This is hardly possible, 

but admitting this as a poss1b111ty for the moment consider 
the ratio of the total probability of em1$e1on for the 
tr.@.Defer of :l fJµ.71 to that for zero transfer. This 

ratio we see to be less than ¼i,oo J which of 
course 1s even worse than for the case of the h/4v-
~ranefer. It does seem then that the calculated emission . \ 

obaracter1st1o& can neither be reoonsiled with experimental 

data nor <10 they become better re0onoi1e·d upon the in-

olusion of higher ordered transitions, as it was thought 
the case might be. 

The large ratio in the total em1as1on probability 
of the "1-h/:iu transfer to zero transfer suggests the 

plausibility of explaining the weak radioaot1v1ty of 

potassium and rubidium as beind due to a transition ot 

59 



large angulnr m.pmentum transfer. Experimentally two 
g:,Qµps 'va.re found 1n the (3 •opeotrwn of pota.se1um. 

. c -I- ,J~2) .::>/'1"1..c..C.rr, 
A calculation of the em1se1on' integrals toi transfer of 
angular momentum 

%ri(,2. lo 

llo/i7T gives 

'-I %.r 
/.S- Z. o 

sf .~tr ... </./f ~, /. (, l' .oft/ c . .' 

~@,,. 2. 2 I t..' . .'// (! ' .os71, {!_ I 

& ~cpr;.., .27i c' ,. 2. e' .337 c' 
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The total J(w ) tor L/ IJ}_IT transfer ie 

53b~ 

Comparing (~!3) wi t:b the ,.m~a~ion crurves for transfer . .. 
L/ ¾7T we see the theoretj.oe.1 our11ee as oaloule,ted 

do not ind1Qate any auoh groups; and therefore suob an 

explanation of the pota.esium and rubidium radioactivity 

is hardly Just1f1ed. 

6le. 
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INVERSE BETA PROCESSES. 

The d1souss1on of the mechanism of the beta trans~ 

formation immediately suggests the investigation of 
tbe possibility of· detecting prooesses inverse to th1~1t 

radioaotive beta..-deoay. The beta•decay oons1sts, as we 

know, in a. spontaneous tran~1t1o~ from a nuclear state 

E1 to a. final state of the product nucleus E:r accompa-

nied by at least the formal emission of two particles; 
on electron of energr w· and a h1pothetioal neutrino of 

energy w• t where E1 - E:r = W + w•. 

54. ,,. 

5-,~.1 
The invers~ process consists of the absorpt-1on of 

a suf'fioiently ene:rge1i1o electron, or poa's1ble neutrino, 

which raises the nuoleus from Er to E1 Thie trans• 
formation would be aaoompanied by the simultaneous em1se19n 

of the remaining energy in the form of a second particle 

(neutrino or eleotr~), as express~d by the energy relations 

w = AE-+ W' or -- LlE + W 55. 



The second process; evidently. wiil 090ur only if 

suoh a partiole as the neutrino really exists and does 

not merely represent a formal means ot acoounting for 
the loet energy a.mount. Bo~h processes al'e rather oloeely 
related so that we can oonfine our attention here only 
to the absorption of a faot impinging electron under 
emission of the hypothetioal second particle. Treating 
by the well known perturbation method (See appendix) 

we obtain the formula 

l 

,\ = '!f ~I c/'-I v; w+ilic I sea. 

where 

56b. 

now the perturbation energy 
t V is to be taken as a 

slowly varying quantity inside R This treatment of 
(9 •processes is essentially equivalent with the 

treatment given by Fermi and used in the atove oaloulations. 
It differs from the latter only by replacing the eigen-
.funotions of the neutrino by the corresponding anti--

neutrino. It has been shown by Konop1nsh1 and ··tthlenbeok, 
that both methods are mathematically identical, if the mass 
of the neutrino is assumed to be zero. 
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Rest.rioting our attention to ~uoh prooeesee only. 
ln which the nucleus does not transfer any angular 
monientum. to the partioles involved in the (3 -prooess_., 

1't V becomes independ~nt of the ~JtgUlar variables and 
oan therefore be taken before the integral as approximating 
a constant, 

57. 

0 being proportional to the number of particles 

1n the plane wave having differing values of angular mom• 
e.nttun oan be evaluated by oomparing the eigenfunction of 
the plane wa.ve with the expression tor an electron 1n a. 
central field. For a central field and lowest angular 
momentum ( S ½_ J f¾_ ) 

normalized 1n k 

--<. J" 
where e is the phase. 
morma11z1ng in W 

j_ 
59. 
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So tba.t equation (58) beoomes. 

Dividing both sidee of (60) by v (veloo1ty), we obtain 

( ¾- ) on the left whioh will be the oross aeot1on. To 

ahow briefly that ( ¾ ) has uni ts om2 ( ¾ e-rnz ) 
oone1der 

It is readily seen that v/o and (W/mo2l are dimension-

less and einoe 

65 

61b. 



* Thus ¼ w+oe= 1s ~lso dimensionless. This leaves 

Qnly which bas the dimensions 1/om; so that 

d 
/V 

Slo. 

Sld. 

For oonvenienoe let Q >yv. the cross section of the 
c~ns1dered inverse pi-ocese. Then 

tt is in the evaluation of the expression l v""i-!(~rdt:I 
c 

of (62) that the preceding discues~on of the Fermi theory 
1a very useful. As already shown ~he ma.jo~ portion of the 

probability is yielded by the lowest cases of angular 

momentum transfer, eo that the calonlat1on· of I 1.4:",,,,,,,£r 
can be simplified. Substituting eigenfunotions into the 

expression ( Blb)· for / Vw;-lf/4'-1-/jc / 

66 



where tl1e notation is tha.t of the Fermi theory. Sinoe• 

written ln full becomes 

65. 

•) By the method used in developing (23) it oan be 
readily shown (wcie•Lu c<+ w~"'wl'3 ) ::. (wc1~0+ wo~ t) 

W' r,1-1,e W u,,-.1,i;: W W"'1£ W ..-,-6E 

67 



68 

We find the value of Q by aubatitut1ng our 
values of 2ff and Plf for the twh oaoen(k-<o_.Y.>o) 
and performing the integration. We have however to get 

-·,r-
an estimate of the V before performing this inte• 

gra.t1on .. 



'7f; 

Evo.lU:l.tion of V in (65) 

.A is given by 

in the treatment given above and by (13 & 14) 
,a'= 

;\ == jcJ w / v:, ~,i,, t 
-111 ( z. 

aocording to the method now adopted:·· 

Considering only the lowest angular momentum 

transfer ( J<::. /1. 1 =- + ' ) , as the angular integration 
y1elds one (eee equations (43)), we will have from(~) 

and from ( esa) tor ( K. •-=- .re 1-= ± I ) 

69 

6Ga. 

66b. 

67b. 



oa.n }?e readily oaloula.tecl from the emission curves for 
zero traxisfer of ang\llar momentum by the nucleus (50a). 

W.e see then f'~om (87a.), t:hat in (S?b) 

BJ (50a) the total probablllty of trana1t1on is 

The curve ooorciina.tee being ( W/mo2 ) · neoessi tat es the 

introduction of the mo2 t~.rm. Putting this value into 
(eea.) 

_ 2 z. 3. l c.. 
A-= :{Z2 //~ CL s:rs~jj_ m; (~-) 

fr ,? 17 ( Jl Ir c / 

but &1noe }... 5 x 

70 

68b. 
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or 

C 

Evaluation of Crose Seotion. 

Returning now to equation (65) we may write in our --v ,¥2-value for Recalling that the seoond part of 
the integral baa been shown to be negligible•. 

Now normalized in (11) for ( K ;: _,. / ) 

or 

. 

:Z ,, %,,re z_ 

1-r y (~ ~) 2__ I 

...L (1-+-?:!!.£ l.) !!!: 
:z wj t-,c, 

•) Development similar to that of (67a). 

71 

69b. 

70. 

71. 
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Using the approximations 

W > mo2 

w• > mo2 
or 

v/o l 

v1/a -7' l 

-i' z.. 
o~ putting in the value of V from (69b) 

for ~poses of calculation assume 

72. 

'13a. 

73b. 

730. 

75. 



•here l ls neglected compared to ( w•/mo2 )2 

Hence 
2 

-so ( w') 1/6 )(10 -• -?7-r G 2. 

If the limiting value W1/mo2...-v 100 is used 

Let ue thenoaloulate how far a ne~tr1no must pen~ 
etrate lead before such a. process would be expected to 
happen. If N be the number of lead molecules per 
cubic centimeter of apth, L represent the length of 
path necessary for absorpt1on ard Q the oross section 
then 

N·L·Q: l 

or L : 1/QN .1. 

L ;:_ 5.7 x 1016 Km. lead • 

. 

76a.. 

7Sb, 

whioh of course 1s another means of stating the 1mpose1b• 
111ty of deciding the qt1estion of the existence of a 
neutrino by direct observation. 

The calculated oroea, section is seen to be affected 
but little by any assumptions upon (R), but is primarily 

-:r 
a small quantity because of V being small. This -~ quantity \/ , however. depends to a large extent on the 

73 



special assumptions which have 1?.~en found to be indis-

pensable f?r a consistent theory of the beta deoay18 • 
--+ Beok and Sitte have estimated V to be of the order 

10""'16 ergs. rermi•s theory herein yields a. similar value 
"' 10-14 ergs.- It, however, higher spao1al derivatives .. 
are inalude-d in the interaction functie>n responsible for 

the beta deoay, this value would be considerably increased. 

The value obtained 

Q 
le about the order of magnitude prev1ouely-eet1mated by 
Bethe and Peierlsl9• 

Using Uhlenbeok and Konopinek1.• e 1nteraot1on terms 

78. 

the value of (78) would be considerably increased, by a 

fa.otol' of the ordeJ: 13?2• ·This would; however, hardly 

increase t~e po&sibil:lty to find. prooeasee ofl-...,the 1nd1oated 

type experimentally. 

A seoond reason, which would lead to an increase of 

the oroaa ,action intimated in (78) ie euggeated by 
l. 

Bohr's theory of the structure of atomic nuole1 ( m. Bohr, 
Nature <~t.~:r~ 1938 ) • Aooording to this theory, a heavy 

nucleus posasaes a very large ~umber of excited energy 
levels. 'l'hus we are leaa. to assume· that the nucleus can 

be excited to any one of these levels by a be.ta process 

and we have to take the sum over ai1;.these possibilities • 

in order to obtain the total cross section. 
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So tar very little is known about the dependence of 
. the probabilities of beta processes on the nuclear 

transitions in"lolved- we oa.n. howeveT. obtain a very 

rough estimate on ~he infl~eno~ of the higber excited 
/ 

state~. if we take into account, that aooord1ng to (75) 

only those trane1t1ons have donsiderable probab111t1es, 

in wb1ch neutrinos of considerable final energies w• 
are involved. Asswr1i11g that only transitions exciting 

the nucleus to about ao.mo2 : 1q.106 e.v. play a 
,j; 

considerable role and assuming 1n this region a mean 
d1sta.nce of about 100 e,v. between t·no levels• we find 

that (78) hae to be.multiplied by a factor not exceeding 
6 about 10. 

Recently Heisenberg and We1zsacker2° have pointed 

out that the phenomenon of the beta decay could aooount 
for the in~eraotion between proton and neutron by exchange 

-~ 2 of ohargea 1t V 1s taken to be of the order l37mo. 

It ma.y be worth while to disauss the invers~ beta•prooess 
in this· case a,s the He1senbe.rg•\ye1~sacker assumption leads 

to cross sections observable, tn the cosmio ra.ys. 

•) This value .1sobta1ned as an average value between the 
level distance of order 105 e.v. for the lowest 
le,ele and of order 10 e~v. for highly exoited 
nuclei. 

75 



-'t 
tntroduotng V '""\., lS7mc2 into sa.y (73b) Q 

become& of the order 

where a denotes the radius of the electron e3/mo2 • 

Further; the deQay oonsta.nt A for a. spontaneous ·beta• 
decay of the ene~gy L1 E 

J\ 
:: 13?mo2 tends to a value 

: c/a so. 

and thus makes the beta decay transformation a very 
frequent phenomenoa.. Since the decay oonetants for 

smaller •a.luee ot L\. E are very small compared to (80) 
we would have to assume that the deQay constant increases 
very rapidly with .LIE. It may be observed, however, 

that Sargent~ s emp1r1oal ourves shall· no s~ch a .ra-pid change~ 

Seta. Absorption of Eleotrona in Coamio Rays, 

(?5) indloatee -that the absorption cross section 
inorea.aee :,:apidly with the en<::rgy of the 1nc.1dent partloles. 

'l'be beat Oba.nee to detect processes of this type 1e there• 

fore w1th electrons of energy ot about 137.mo2. These 

76 

ooour quite freQuently in oosmio rays. Owing to the fairly 
large extrapolation from known beta prooeeses and con-
sidering our lack of knowledge of the additional assumptions 
on the meohanism of the beta•deca.y. a. more exact upper 



limit for the oroes section in question than that· given 

in (79) oannot be obtained at present. In the following 
r., L 2 d1acussion therefore, it ls assumed tbat 'Y - • 

Comparing the assumed value of Q with the orosa 
seotion of other individual processes this phenomenon 
would be about 50 times less frequent than radiative 
collisions 1n heavy materials; they would however, pre~ 

dominat.~ in light nuole1 (e.g. in air). Assuming the 

most favorable case, Q a2 • the average path of an 
eleotron of energy l37mo3 (for the considered process) 

would be about 105 cm. of air. The oosmio rays should 
therefore contain a ooneiderable number of neutrinos. 

Possibly the best way to searoh for beta•abeorptiona 

of high energy eleotrone would be by means of cloud ohambe~ 

photographs of ehowers. One readily concludes that the 

neutrino emission to be expected during the beta•absorpt1on 

would not be confined to emall angles and thus would give 

riae to recoil tracks of the nucleus corresponding to an 

energy of several mo2• These recoil traoks should be 

easily recognized 1n the photographs. Assuming a Wilson 

Cloud Chamber of 50 om. diameter and an average of 20 
high speed electrons per shower, one mta-absorption should 

be·founi in every 100 showers photographs. It is not 

impossible that such phenomena be observed, even 1f the 

cross section Q· is soi:newha.t smaller than assumed above. 
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SUWIARt 

The foregoing discussion or the rermi theory based 
upon the e1mpl1f1ed method developed for the evaluation 

of the probability integrals has shown distinct disagr-
eement with experimental evidence. The 4alculat1ona give 
curves similar to t~oee obtained by Jrerrni. These curves. 

however., do not become bet-ter upon the inoluaion of higher 
ordered transitions nor do they agree with experimental 
evidence when applied to t·he :rad1oact1v1 ty of potassium. 

The d1scues1on supports the o;rit1oiam by 1;3eok. a.nci Sitte 
I .. ;~~-

which cites the 1nd1spenaab111ty of an a.dditiona.l assumption 

neoeseary to prevent the emission of slow electrons. 

When applied to the solution of the oross section 

for processes inverse to the beta-decay; o:rosa eeot!ons 
are ca.loulated which are found to depend to a large extent 
upon the asiaumption'S ·rega.td1ng the mechanism of the j3 ..,. 
decay. Tlle cross sections calculated however are much to 
small to suggest the poss1b111ty of detecting the inverse 

/3 •processes. If one is to agree with Bethe and Peierls 
in assuming V to be approximately 13?mo2 • then for 

2 electrons of energy l37mo one might well expect to find 

(3 absorption processes. 
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Si~e electrons of this energy are to be found in oosm1o 

ray· shrl?ler phQt~gra.phs 1 an 1..nvestig:it1on of these sho,..,er 

photogra.pha could fu;rnisb us with valuable inforna tion 

rega.rd!ng the mechanism ot the beta transformation pro~ 

. . \ 
'1'he author wis;hee to_. express h1e 1ndebte~_ess to 

Di'. a. Beok undei: whose direction this work ·wa~•:\ione. 
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APPENDIX 

PERTURBATION THEORY 

A perturbation treatment of the Dirac equation with 
object in mind of determining the probability of a. 

transition due to the perturbation potential, yields pro-
bability equations similar to those suggested by Ferm17• 
Using Fermi •·s ex_preseion for the four veotor potential, 
the energy d1etr1but1on of the /3 electrons for any 
assumption on the angular momentum balance o~ be calcu-
lated according to the rermi theory. This evaluation 
yields pertinent information regarding the agreement of 
the Fermi theory and experimental evidence. 

A fu~ther extension of tb~ perturbation theory allows 
one to calculate the probably cross section for the Fermi 
neutr1nos8, which cross section of course gives the pro-
b~ble cha.nee of deteot1ng the particle assumed by Fermi . 
in order to conserve both energy and momentum9• 

Consider the effect of a perturba.ti,on ot the Dirac 
equation describing a system by an energy term q0 (J:t). 

Al 



We have tben to solve the equations 

where (q0 ,q ) represents the four components of the per-

turbing term. ol.J.J and 13 are the usual Dirac matrices. 

) 
c) O OJ d::::. 0010 1 

I O I 00 
I 000 

loo '1 ,/ -::. 0 O 0-1 
3 I OOo 

o -100 

-, 0 01 0 _, oo 
13= 00/c, 

c, o ol 

At anr subsequent tlme after the application of ·the 

perturbation let the wave function solut~on be 'fr--
Th~ expa~~-1ng 'fJ '° in1a:> 

-;/t'-#t't ·"° y1~·w 
where U/' 6.-,;- and c:zt: 6- " are the 

IV 

2. 

initial wave-functions solµtion before the application of 
r'' the pertuba.tion. w of aourae are the solutions for 

positive energy and a.re of the form of spherical h~=rmon1os 

A ?. 



A 3 

Substituting (3) into (1) we obtain 

Consider the following pi.irts of equation (4). 



A 4 

Summing up the 1avo columns of\ (5) we obtain \, 

wnere 

beoause of the Dirac equation. We obtain therefore 

Now in Dirac's theory it is well known that 



A 5 

:foJL the:- diaorete spectrum 

8a.. 

fo~ the continuous spect-
rum 

W ly1 ng between E1 and E.a. 

and 

Sb. 

. ' F'2,. Ou 

.:a. }c1u-JC/,/ t°" U r1 rl 7 -::::- o tor the continuous speot• 
f w 11'' rum, 

E:, 0 

W lyi'ng outside the interval E1 , E2 • We make use of 
these :relations 1~. discussing th·e equation (7). If we 

- l'Jf- ~- t; 
multipiy through (7) by U"· € " and inte-
grate the r.esulting expression we can obtain, by use of 
condition (8) expressions tor cl l~k(t:j We wish, how-

c:/~ 
ever for the present to limit ouie~lvea t9 the discussion 
of transitions in the continuous part ot the spectrum only; 

omitting all coefficients Cle" belonging to the c'-1:ficrete 
speotrum which a~e of no interest to our problem. 

. r' - 277,,: II' '-t. 
M\llti ply both sides of equation (?) by '1,,/ h- ,· 6 
where the subscript (w') ·is to indicate the oontinuous 

spectrum, obtaining 



where we have written for brevity 

Yielding an expression for d C"',· { as a function of 
c:16 

the wavefunot1ons for ,he initial state, independent of 

the time and the perturbing Quantity b c,J v • 

9. 

10. 

!,n order to procee,,d with our d1souesion we ,na.lto the 

aasumpt1on that the perturbation is small anti of the form 
'2-,,-c.· Af! l . . 

e ; 0 : V 1fc Since the co111ponents bJ) will 

be of the order (v/o) amaller we will for·convenienoe set 

b))-=-c: 'l'his omission of small terms in gr will not 

appreciable affect the transition curves for the case 

being oons1dered•, 
We have then 

11. 
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Ow will have a. reasonable value for a small range 

in w-!• and Ck : o. In the f~llowing we _shall represent 

j e1yJW by O. 
n,n:,e 111-i { u, -t/J&-/IV' J t 

Them. t:( Cft/, { t) =- ti]!. C {t,: C n 
c/t;; h 

or• 

At time t-::; o / C7h-,ti)1e zero; therefore 

I(~ C ~"!;, 
{~-t-CJ!: -11-0 

whioh gives 
;Jli(wt-6£-1,t,•) f; Ch -j 

12. 
(W--f-41=- w') 

In tbe expansiol,l of the wa.vefunot1_on. ty r' (aee equat-
ion (3); th~ assumption is mo.de that / (! a (-t) J z.. is 

equal to the probability that the atom 1s 1n the state (a) 

et the time t, 'l'bat ie, / r!,,,. { t.) / 't- will be the pro .. 
bability of the system being 1n w• state at time t. 
The total number of traneitio~s is given by 

•) See page 12 and 13. 



and sinoe outside \'Ii :: W -t- LJ E the contribution 1s 

small, / \/w:, ( oan be ta.ken from under the integral 

as / ''tt /2 . V~t,t,f.l!:,E • 
Equation (13) can then be e1mpl1!1ed 

by transforming it to the trigonometric form 

where 

Upon dividing through by the time 

-2..1 z /\1t /2. A .:::: <! I V 0--,,~e 

where \. represents the number of transitions to state 

w• : W -,- A E per unit time. 

A 8 
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Formula (15) has been deduced for transitions between 
electron states only. 

The same formula.; however, can be used for transitions 
between two states ref'el'ing to d1fferent particles obeying 
a. wave equation of the Dirac type, e.g. electron and 
neutrino states if the latter pa:rtiole 1s supposed to be 

described by .equation (1) with \Po , l.Pv = o, m : o. 

A transition of this type refers to- (-:t •processes 

in which the particle in the initial state, e.g. the neu• 

trino, disa.ppea.rs and the particle in the final atate 

( in o·ur case an ele9tron) is produced. 'l.'l\e meaning of the 
;)f 

matrix element V w W' 1s but slightly cha.nged in this 
oase, ainoe we have to take in 

for Yw, the eigenfunction of the initial, for CZ!w 
the eigenfunction of the final pa.rtiole. 

}. 9 



( a. Xh f- /3 ·<j}r,) when written in terms of eigen-

functions becomes ~rl V>r~"'i +It)~,;;;:; _ -- ti. , F'i!::. t- , ., 
( I y;;;,a , /I~& 

this can be transformed to 

Sinoe for any trans1 tion the value of K and K ' will 

be fixed, 

V fr 1:..o(-; -t- /(+A.. C ()(. 

~+k 
,<,a( 

which pe:rmita (23) to be written 

A simU~r method may be utilized to obtain the alter~ 
native. 
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