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FERMI NEUTRINO THEORY

INTRODUCTION

We recognize the radio-aoctive /3 -decay as a trans-
formation of a nucleus of charge 2 into a new nucleus
of charge Z X ) with the simultaueous emission of a
negative or a positive electron. Early investigations of
such processes have lead to difficulties in the theorsti-
cal treatment of the [3 =-emiesion. These difficulties
ar¢ prinocipally based on the fact that if we confine our
attention to the observable radiations emitted from the
radicactive sourcesl, there is no conservation of mechani~
cal integrals of motion. This may be readily shown by

the energy equations for the process,

If we o0all the energy of the initial nucleus E.
and the energy of the final nucleus E,; , (fig.l.) then
the energy set free in each process in which E. 1is
transformed into E s with the simultaneous emission of

a positive or a negative eleoctron is AE = £ — Es




The energy of the emitted electron is not as one
wouid expect equal to the well defined amount AE
but .varies between fairly wide limits in a continuous

spectrum of the type shown in Fig. 3.

—_—

In order to maintain the conservation laws then
we must in some way accdount for the energy aiiference
between A E and the energy W of the emitted electron.
If we call this energy difference W! we may write for
our energy balance AE = W + W (1a)
and similarly for any other mechaniocal quantity A
cbeying a conservation law A = A (+) A (1v)
where (+) 4includes the possibility of vector gquantities,

and symmetry properties of the eligenfunotions.

No definite information regarding the fate of the

primed quantities is known at present., It may be lost,



whigh would be a ¢ontradlotion of conservation laws,
or it may be described by the production of a second
particle possessing properties necessary for the mainte-
nance of the conservation laws., The treatmént of the

f? ~decay as a double process, founded upon the fores~
going evidence, has been common $0 all theoretical
attempts to adocount for the experimental evidence, Beok
and Sitte® have tried to comnect the /3 <emission with
the well established phenomenon of the electron palr
production according to the Dirao Theory of the electron.
Follo;ing this hypothesls they have been lead to assume
that one of the two particles is subsequently to be
treated as captured by the nucleus without conservation
of mechenical integrals. Their analysis of the empirical
data however, indicated that another assumption is re~
quired.in addition to the introduction of the sccond
particle. The purpose of this assumption was to exclude
the emission of slow electrons as particles of lowest

engular momentum.

Desoribing ( la and 1b } by the production of a
particle of extremely high penstrating power, Fermid
has proposed a formallsm somewhat similar to that of
Beck and Sitte in which the second particle (neutrino)

has the spin momentum )2 h/27 , zero charge and Fermi



Statistics. An additional assumption is that the mase
;f the neutrino be zero*. Beck and Sittes immediately
eriticised Fermits treatment because of the lack of an
asgumption similar to that which they hed found indis-
pensable in agoounting for the experimental data®.

Foermi statedl® however that while experimental results
migh% be questionable for the low emission energles;

the neutrino hypothesis would fit the experimental curves
upon the inclusion of higher values of angular momentum

transfer.

A more pregise caloulation of the Fermi integrals
wag therzfore desirable, and it 1is the purpose of this
papexr to present a convenlent method for the evaluztion
of the Fermi integrals. The treatment parmits the
immedlate caloulation of the emission gurves for any

agsumption on the angular momentum balance. The resulis

confirm the cited critioisms of Fermi's paper.

*) Recent investigations by Alichanjan, Alichanov, and
Dzelepov (Zeik Sie Physix, I3 350, 1935 ) indiocate,
however, that in the case of heavy nuclei a large
number of slow electrons ( s = electrons) may be
emitted. This would agree with Fermli's curve as well
ae with Beck and Sitte'’s curves for s -~ electrons.
Viz. Alichanjan, Alichanov, Dzelepov. Sov. Phys.

11, 204 (1937),



In addition to that, they may be of some interest: for

*

the discussion of the /3 -spectra of elements of
extremely high life period (K,Rb) for which large changes

of angular momentum have been suggested.

This evaluation of the Fermi integrals for the
radiocactive {9 ~decay will not only allow one to dis~
ouss the Fermi theory in the light of experimental evi=-
dence, but also allows one to calculate certain terms
in the expression for the coross section for inverse
processes. Sucli expressions being thue svslunted will
allow for an estimate of the numerical value of the
cross section of a neutrino for procesases inverse to the
radio-active (3 -decay. These results add further
agreement to the geoond seotion discusslion of the dis~

erspancies of the Feemi theory of the 75’ ~decay.



Evaluation of the Fermi Intégrals

- I wish now to glve a treatment of the Fermi theory
of the /3 ~decay, I shall first develop a method of
calculating the Ferml integrals.

In order that the treantment does not lead to the
production of a palr of differently charged particles
we must assume that the processes involved in the

/3 ~decay take place entirely within nuolear dimensions.

We shall of course supnose that the laws of conservation
of meohanical quantities hold and in addition that the
emission probabllity of electrons and neutrinos is pro-
portional to the respective density functions. The
latter, it 1s t0 be recalled, is valid for all wave
emigseion processes known to datelB. If we deny this ass~
uuptionl® we must of necessity say that the /3 ~decay
is a process distinet from all known wave emigsions and
therefore definite physical argusents concerning its type
of interaction funoction will need to be formulated. For
the purpose of examining the Faorml theory then we will
meke the three assumptions in the following ireatment.
1.) The laws of conservation of mechanical quantitics

hold.
2.) The emission probability of electrons and neutrinos

is proportional to the respective density functions.



3.) Processes involved in the /3 -decay take place

entirely within nuclear dimensions.

The Fermi theoryd then gives us for the probability
of /3 -emission an absolute square of an invariant exp-

ression which can be written

Jo :c, /{ UA V'+ 2 UoQA"'V?} dr /Z 16.

where L 1s the eigenfunction of the neutron in the
initial nucleus and V the eigenfunction of the proton

in the final nucleus. aﬁg Dirac matrices.

In equation (168) the Dirac theory is assumed for
both particles. This is certainly incompatible with the
experimental evidence of Stern and Rabtl. It will ve
shown however ( P.P. 19-20) that the discussion is valid
for any relativistic expression of the type (186).

0

£ , 4 , A , A, are the components of a four vector
which depends upon the eigenfunctions of the emitted
neutrino (') and the eigenfunctions of the emitted

electron ( Ll) ). This four vector is defined by

, o~ 0O

L =lPJ(P cS | o oo
< ¢ = o o o | 17.

A ‘-‘-‘(I)‘fo("q) 0o -lo



corresponding to the emission of an electron and a
neutrino in the positive part of its energy speoctrum.
LP is here understood to refer to an elcotron emitted
with the energy W (including moéa). LP' represents
the neutrino of energy W! where evidently W + W

acE
if AE is the energy liberated by the transformed

nucleus. U and |/ are assumed to be given. (/ refers
in particular to a given angular momentum of the initial
nuclear state. V/ refers to the angular mcementum of the
final state. Bessel funcilons extended over the region

of nuclear dimensions R will be used for the radial
dependence of 1/ and V

Now as has been pointed out before, l}} and l4}'
(in polar coordinates) refer to well defined angular
momenta of the emitted particles. We are interested in
the total number of emitted particles without regard to
thelr angular momenta. Assuming thén that emission
probabilities in whioh different angular momenta are
involved may be regarded as independent processes; (16)
should be evaluated for every possible palr of solutions
\+z¢and ka'(limited by conservation laws) and the sum
over all of these possible transitions is then to be

taken.



Equation {18) then becomes
2

o * 3 ~ o x
Fomcz| J(UA Mot Z UA M) 47 2

where the summation 1s to be extended over all possible
values and combinations of ) ,m , X', and 7'y A, m
refering to the electron quantum numbers and / "o

to the guantum numbers of the neutrinos.

Regarding the nucleus as a spherical syatem the in-

volved eigenfunctions will be of the form

o oA ¥ 4
Neutzon U = R, Wix U= R, Wi,

Proton \/: . S wi \/:r = S, Wi

Vi = S, wi =S, Wh 10,
Electron [/, - X/( W \p;: O Wen

o= X, Wi W= O W
Neutrino \.'J;z E Kuf; LH(K: x wﬁw

) 1S §
T W W= e Wew

}(’/ - Ay’ f{lfm'



where B , S = % ) X , and (D are radial
functions and (W © ( P=2 3, ¢, dJ ) spherical har=
monics of the type used in the Dirac theory of the

electron®., Substituting the values of U and \/ into
(18) we obtain

J—(-W)z fom bim ‘I A{R S (w*m wm ijﬁ )"’H S (“’3; x?;¥+w¢r If)

Am I\"\

+Aﬁ?s (wrule wlwln ) + 13, (ol Mm%)]

30.
§ &

+A[ﬁ §3ee wtugiee Wl wl)+ TS et ”‘”m‘”mﬂ

ya
J' X
+A [ﬁ 5( m.wm. UJ w‘r )+ﬁ7\s(>~m A u{f')])
also from (17) we have '
Vol bS J J ¥
A =~y yp” "R A -y
w ol P
T T g
20a.

S S
At §F e 7 - gAY

3 o s ) ) B IERERT
T L A

10



which were obtained by using the values

°o-lo 0 0-< 0
(S-o( oo O J OOO"‘:'
‘“l1 ooo 4;_-’—‘4;000
c < OO0 0 < O O 2b.
o 0 o |
J o o O
= -1 0 O
o= ) o -
-t 0 0 O

Expanding (20) by use of the equalities (19) and (20a)
we obtain

Jw =£Z m/fé(uafwﬂé)[?s(w%m/% R S B ,,,]

: o) « RSk )
+(ch n @gﬂd)[ﬁ,s (utof+ W, wf) + 17y ]

/{l

. fulr )| B2
X3¢ +®. uﬂz)[ﬁ,s o + oD B ]

¢ ¥ Y «: d fﬂ
+<X. @ 9+ Q= ﬁ)[ﬁ S (w“w - u{r )+EAS}(‘J~&M@ OLLA.

where

Q= Cufir wfv) 6 = (Wiul - v

(- i) d =l Wiy
(kW) (- WD e

g=(ufwi- W) R =Wl wly)



Equation (21) ie very involved and cumbersome to handle;
We will now show how several simplifications can be
effected which will reduce (21) to a simple form. Using
the relationships

o ¥ S s
wf\mz U{\m(‘/v-.ze -,-(A)AMAJ/M—GE

: 23a.
w’® - w’ acne € g w,\{cme
Amn

- A

it is readily shown by substitution that

* S J*

* X Y ¥
ol 4 A= W, * (/%,,‘ ‘nt
l*)}\ W?(, + u{\v‘ u’{'m' - An A w

The functions =~ p and %K, are to be expressed
by Bessel functions. For a neutrino of zero mass these

reduce to

™ _ i SJL
L':.Ik, "lrz-.;iki' and A,=-»2/:.X~ ‘ for /f,<0

) L g and %,(.r/w'//z" _X ., for K'>o
\ ,/(1 = Z +/f'

where ; /& (/ﬁ-nje\
—_ = —
.Xx =7 TEr o ee)

12

33b.

2830 .



For small radius then {(inside the nucleus)

B

' — .
K< o, D %K: oan be disregarded
k gcompared to

)’

and also

—
—

[ S Ry ¥

' — can be disregarded
"> 0, :"'k'<< f/c' compared to

B

Integrating (31) over the angular dependence, since
R, ,Rl, G, ; 5, vanish beyond R equal to the radius
of the nucleus and will yield what are essentially
constants when integrated over the nucleus, we may write

equation (31) 4in the eimplified form

2
K'<o j'm,,=c'2—'/fE,¢(AX«*BCP")"/T/ 22a.

Hombim

Z
K'>0 Jw =¢ gEU@(ACPK + B‘X,\)af'r/ 23,

where C!' is to designate the change in the constant,

13
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B and B' are to designate the fast that for given
traneitions, integrations over the angular functions
yield constants. This will be more evident in equation
(43) where these terms are disoussed in detail. For

heavy nucled ( 7§f7,= 0.6

-~

_Xngcm foo K L O
33¢c.,
X}[/\/‘é‘cpﬂ V{{m K>O

On the other hand we know that

B_/v_.-q/-.-_ /I/_,Z__

A c /0
and therefore we may neglect the seoond texms ( 5¢7) resp
E?{)CK) in (23a) and (23b) if

K'<o , K <o oo K' >0 |, K >0
If however
K<o, K >o or K YO |, K <O

both terms become of the same order of magnitude and an
error of order one can be expected 1f we take only the

first terms of (32a) and (23b) into acoount. Ths evaluation
of only the first parts of (23a) and (22b) immediatsly
raises the question of whether or not one might affect

the shape of the emission curve of Jﬂw> by such omission.
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We can easily show, however, that in our approximetion

(ﬁ << A= _4~4 ) that "XK = oonstant

27/’/»:::!/ = — -
(4’;174(2.) "’ @(

and therefore we may write

—

A X/.,. B éP,,: - oonetanvCD& = oonstant- X P

Thus the cdependence of W in every term of the
sum {22a) and (22b) is not affected by the choice of the

constants A and B,

v wo_

Ko _ (= e -2~

R (e K)L:’fr’ -t dl’%%‘fz* ’
(‘/,‘,z_olz —K) - 0(9- q:v’)%}-’
(h(z‘o(z"f‘/( )? — <t 0< LAy

&2

g

o =t L G 1K) <ot (P4 - K)
Vet -« K)ZC]Z + L

-L & C/z(‘”‘z'“‘*/()z"”///fzv(‘— K) OK’LA‘ +K)
I//_(’L—’o’(?‘f'}{ (VK"-A‘- 4—/()257z + =

¥

Xn.‘: —___/j-__.f—é’/

) Vi 7S



These considerations then allow us to evaluate only

the non-relativistic parte of the integrals. For KK'<o p

K<O end K'po , K >0 equation (23) will
yield ~j?w¢ with an error of approximately 6%; However
incase XK' <0 , M )0 8nd K70 , fr<o  the
total probabilities will fhot be correct within a factor
of the order of magnitude one. It has been shown, however.
that the shape of the curves is independent of thie errorx
as ( Coral); + omet? X/c ) may be expresses ms Const - (D). or
conet{)(K "

We wish to evaluate then the simplified integrals
<O 2

fA
, '—v-—-, -~
J—(-W)=C,r£,. A /' — Al 25a.
mhm FKmh'm! .L.__-——-'/t/ K

andk,>0 3 2
' 0 _)‘LICPJ\
Jw) = = ﬁ L f S'é & 25D,
where
2

4« A0 -
« 00w w ) .,,\UJJ,,,‘,*“;@M.“{%,)&'"W/@
A :/;"p—f"%’%%w*%’m ) 26,
o ¢

is the angular dspendence.

16



Let us then caldilate the integrals

R

— ’ a6a
[ 5 X, s £ee
0 ¢ £ L

and

1
j QS G K >o 260,
o

The BeBsel functions in (36a & 26b.) along with the
normalization coefficients take the form (for a neutrino

of zero mass)- free field solutions.

— Y L L B
— =+ X %}u"-’o/;; -~

a7a

X -)F # (k)

/36 ~=(2_0+1)

and for the electron 7

X =N =) (2ekn) [hea]
ﬁﬁ;—-l
o :NKW (z« ) [/g-o - Qo] 2701,

P

W W, — < B
Nic =V§‘}<.eﬁm | [+ * s me ,
" [(hE==" + 1)




T
QO - — W — J/?/g"
z I
[+ 7

A Kz__p(z . <t Wz_.
/g, - b MC
o

Jr - g
go that
(b +a,) = Nrd* K +f( )
Ve e

Then

,NK//I(,T;T(ZMW VTF‘“-K*f(’ )

+A 37¢.

V 2, (2 n{/ZVF K~ #ﬁ(’ ”
CD’( /Vl’;\'(' ""c( H ) \ V_}{i—r% /

18
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In view of the relation

F(O('(-,c'p)/ = 277310(—1

s £ (A <
€
and
["(e) = (=) [(p-1 g
F(ﬂ+/+

) [VFT:;q'F/ +<3 =

- W
_-:/(Vr?'-""—u'ﬂ)(m"”""&)’ ~= (k= l+<p)

°F(W—/}r/+/m'ﬁ)/ =

___-—————"—’

33&1
= fica o JOET D - /P(W-ﬂf/““ﬂ)/
and the last term
2 [z, T-If/+£) 28b,
[V~ ~Jri+1t<p) I



<0

Substituting these values into (36a) -gives

«"~1)

jzw}(iﬂadn ) V; g /ﬁ"zg,i?/.f(?(- o@/ﬁ A E

(i g v - --) 2 =1 )
€8 [Vie=a « 1)
e~ 2/
fer+oms) (<t “/r"mz e (755))
A

where, since

F [ %*(w =V"‘“ < tf5%

and

m
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one obtalns for k< O

_ s
r: 2 V +m<Z ./?? ‘/

35
ﬂVKEo(“//f/*{( h ke« r&%‘?(//r?x_’l/) H/lr’/-/-///?;':(?"‘/ 50,
2

(Vie=aw i)+ 1)

(=T - + 45 (1-22.))

(e 1)

T,
Combining powers of R, and uelng the values

/&' e (W’) & = %ZA

Z\L | {me
R b = 127)f (e - = L Y
ﬁ‘ Z “#C { /% A [77/(}) /
We get
Pl L i
—
j&k,xkﬂuﬂ:z STIE £k )( £)

31.
V’T.’Z’T-//r#
/+ ”"‘z (/mc- (// G ~//f—/5'(’ ))

Vﬁ ["(ZVF;——',,.,) (l 307~ (Z(K/f-/)(m-/("f'/)
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where
*.

= T (e = 1)

Notice that the eigenfunctions has been expressed in
terms of (%) in these integrals.

Since
net)
=2l dw %y dff = z// odw' 32,
he z
) — |

We have to normalize the integrals in the energy scale
W 1instead of /ﬁ The expreesion for Jw) now be-
oomes K <O

2 (VeExt -k’ 2 (et ~lk]+%)

Jw=HK Rz(j%) Z) G-

33

z[/(/ 2 Voo *11) Inl!

é-:z f. | Z ll
(’mc’- 7"(1 ¢ /}’775
A (P2 a* k) 2 +1 - Z t/}l’—t-r)

fomH'm !



where

2 Vi
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K:W. [

2.1 [r(z,/f’-_a(l-p I)]Z (/ 35 (‘2/_{/,'_ ,))Z (WZT-?L-—/{'-PI)L

and (vi;.26a)

21T w
— oo
/ﬁn}ﬁ"m’ -f5/¢/'(~wkiuf)t£+ W, W )°

o (o}
*

o(w‘: W+ bymﬂwﬁ)m e Je

X' Aln!

* JeZal
(w)‘: U&Ii- + U-),a W, ) may be taken as a

constant for zero transfer of angular momenta and a spherical

harmonic of higher order for larger values of angular
momenta transfer. The integrals can be worked out ex~
plicitely for any transfer of angular momentum by the
nucleus and since all those vanish which would violate the
conservation of angular momentum we can readily determine
those transitions which contribute to the tctal emission

probabilities. /AK\ decreasea in the region of the

zm/(")n’
mucleus with inoreasing //A/ and /47 4in proportion
7 2/r/

A\
but the loweat transition terms.

2/k/ ‘
or ( :/Ll? ) We thus see we have to consider

Bsfore preceeding with the actual caloulation it is



best to note that expression (33) holds only for the
case K '<O 0f course in partioular transfers of
angular momentum the funotiow J (v) must be evaluated

for K'>o (equation 26b.).

We wish to evaluate then

o
R
j % @ nrdn W7o
O

where of course the expressicns for the neutrino eigen=~

funotions are changed in form from (37a) to
K'>o

" | 34,
gﬁ,.:hcl/i - :“J_
K 2 /f("l J—'—Jk, z /E,

the electron eigenfunctions of course being unmodified.
By a prooess exsotly parallel to that of the preceeding
sgotion an expression for the integrals similar to equ=
ation (33) 4s found.

.f B @ = #<fl-=) & “€IE 2

>

AR (4

=
(W+K—ﬁ)

35.

(W 144
(+22.)(%) 3

14

4



S8imilarily, from (33)

z(/{Tﬂr} P K+ k)
J—(W) *Kﬁ (ﬂ) '7) 6’

z('/ 2_g2 —-//7/ el -1

A (5 N A
/ /LM/ [(m+r) _/_4/57@2] 2

36

where

(T

= Conet 2
K 277—[]7(«1‘//’7"7‘ +9]Zé.3.5 (2~ /))ZG/'EZF +/z’+')

In the actual calculation of ths emission curves and
tabulated data to follow the second non-relativistic terms
in (21) were also integrated. These extra terms in the

integrations give the complete J(w) function as used.

£9
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K'< O
2 l//fzd) //1 /+2) -Z/C/ (m:’_//{/)

J, w Kﬁ( I} G ) (mq(z)

14—

w 2‘_, ' <2// ( )
/MCL) /7(: it ,‘.’m/,m"
[((W-K)V,;:f;*" —4’_/_3%.7”%‘6(:/ ) —«@{_)( )lr—aa x4 1)

(1/c’+ ) Vr==> - -A'+2)

!
d w. . - * Z* W
\(I/K‘-q/z +k)|’ mer 4"/'5:% 4—”’;‘ + ,>!/ 3730

H'>o .
21 A rR) o (VR I 1) K

w-KEXE) G ()
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87 ¢

(z// "“+1) (Y=ot +r7+2)

—
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whera in both+(37a) and (37b) the definitions of &

and A;,,,,/,f,,,, are the same as in equation (33) or(and)
(36). As will be shown later, the actual evaluation of
the expressions (%7&), (37b) confirm our conclusions re-

garding the terms P Px and U X/( (see equation
(45b, pp 3T},

The angular integrals A Hom dtbm ! oan be
simplified. They are
am T
¥ <Y ) ﬁ-r -
/4;@7!/1/ /: dw (——L{Il{:%.(ij+ u/g-»/fb),)’:) (u/{mu}\)'m'-'-&f\)ﬁ Lryo.l ) A & 0/& 380
A o
o
where from the Dirac theory
K <O
2 Lo P % 9 < D
Wz irm) B € W™ =(k-m)
st = (m+1) gﬂ oot ! < (1) P
w’=- /f-/ c W= E .
- 3Ba.
gn < @ an A @
LAJX::(;/T‘ﬂﬁ)’f;f 6? LL){; (VT+4”J é?d 62
o s 7t P P Sk %
W = 7/? < W= — =1 6



In order to disouss these integrals (38a) must
be determined as functions of /( and 7 for the
two casee A< O and K 7O Expressiones for
{38a), where 9 = —/ V/ s are to be
found in the appendik?tablea Aj and Aj.

S8ince

F18)= gt 17T L

0“»
For the case. J= Co0 & /_E; can be

evalunted for the varicus forms found in Table A; and

cal
Ag. Expressions for 73 ( Cexe) are given in the
appendix table Bj.

So that substituting the values of table B; into (39)
the (U array 1s obtained in final complete form

’8
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Each term in (41) has been multiplied by the

proper normalization faoctor

NK/m =

: N/
e ﬁ[’ﬁ.:ﬁ__’),—
AN QLY +am )]

which yields these values neogspary in (41). See table
¢; in appendix.

All necespary quantities for the svaluation of (38)
being now determined, (since (37) is complete) J_(W) can
be determined for various transfers of angular momentuft
by the nucleus. It has been remarked that only those |
transitions for low transfer of angular momentum need be
caloulated. We will then caloulate J (W) for transfer
of angular momentum O, ’%7 and 2 "%77-,- by the nucleus.

CALCULATION OF J (#) FOR ZERO TRANSFER

In the calculation of the emission curves 3meS
is used as the upper limit for the emission energy of
the [;’ particle*, This energy can be divided between
the two emitted partioles, neutrino and /:? -gleotron.
We have then for zero transfer of angular momentum the

following possibilities.

*) A good average value. See experimental data for o £
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s K ZA
S_é_(——-——a (942: -1 -] gﬂ
Sjie——em -1 +] ®)
43,
Pre— Gy 1 -1 @)
o T 1t 2

the higher terms need not be calculated as pointed out

L

previocusly®.

Since the emission probability is to be summed u;;
for all possible combinations of /' , ns X »on', we
first consider the possible combinations of )¢ and /'
shown in table (43). Now the possible combinations of
m and m! are limited by the relation m =-m'— 1.,
Singe here K = *1 and 4 = +] } the possible
values are m =0 , m' = O; and m = O, m' =]
The total emisgsion probability will then be the sum for
these two possibilities for the various values of X ,

K's, m and mt ,

*) See pp.23
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2 27 + 1 2
Al / [0 [ ol g wl) of ooy /
oy h 5

o z
//5/@/(-0 +~%{%://;§;)¢7/(C’/01t9/

— 43a.
217 2
(&)

, / . 3 /=
and for K=—/, / =+l % m,-l//m o

adl

2 'le -
IAM /:/fdwf‘# e C/(MG,/ =© 43b.
Y ~1

For the other possibilities
H=+1 , n'=+2 o am=-1 , m’'=0

(4]

2 ir

20 + ! fd
/fd@f—i %&d(ué}/:o a30.

yir
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34

and fzf:,r_/[ ) s +2 ; an = -1 =0

4

2l +!
4ir
o =1

e

%
For the alternative choice of the m and the m', these

contributions turn out again to be zero for (43b) and
(43c). In the case of (43a) and (43d) it is readily
seen by reference to the tabulated values of (WU , that
there is a definite symmetry to the table and esch
gorresponding inverse transltion ylelds exaoctly the same
value of /4/% Hlom ! Adding these contributions to
those of (43a) and (43b) the total 2/};—% frloom 1 is
found for the considered transitions. See table (42).
The A, ., es caloulated indicates that in cases
two and three of (42) there would not be coneervation of
angular momentum. Thus only the first and fourth trans-
ition need be caloulated for zero transfer of angular

momentum by the nucleus,

In order to facilitate the evaluation of W) , equ~
ations (37a) and (37b), it is well to tabulate values of
the various expressions for needed values of /¢ and £’

In the following table



K= 41 h=+2 b=+ 3 K=-4 W=-2 | K=-3
o= | .5 | 19 |293% | §& |79 |293
472D

3.03 | /1 | 58T | 303 | /4 | SET

Z
{/vw-«(@/ﬁ/‘/}} 1 9.00 275 1 2 €25
2 (G167 ,5%) 1724 (376 +%2)
:6 ] V2L 13 (( ii/-/'//bb") 1 ﬁf’- 7 (2! 43%)
JZUEY]
Fegme) | 769 | 1629 | 294 | 787 | 1529 | 294
! IH(-2
; (44, | 294, | 3529 | /44 |24.1) |35 25
5Y=3 ‘
239, |39% |4s1¢ |B3.G (397 |¥h/¢
2=yl
& | 736 | wts | s | 736 | w3 | G35
‘ 2
{@L«w)] L03 | 338 |9947 | 2-03 338 (977
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AE=3mc? | Win'=0F ; AE-m* 2/ ZO
Z | (Ve H) . thl-/

o 189) Jor () (22) () |*

" L9 o / [

729 o / 3

¢es| [.32 ' /

05 .25 1225\ Jo (304 [.[5” =7 | 2

Z#4| |.057 SLE | 3
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7 5 |G2s|or ||zes]ourd] p3i | SEST | 2
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Ueing the results from table (44) in the equations
(372) and (37b) for the transition Si «— Of
Jw)  yecomes

L

—

’ W = O
K'co , f, =0 J w)
/(:"‘—2 /(/:’-1

WL o5
7NC *

Jw = }m(/?)(m)a)(c 25)W)@D(EE) (57 (1) 45a.,

= 184122 ~b <. T05) [ | s (8)(=2) (705<)
/ﬁ”w/( <o /A) 3X 3.5

2
3.4 2.
K 210 30 2,6 T 45b.
Jur = }fﬁ ) (22FA.., (23)/26’ /7{)’02”/
where the second term is negligible as noted on pp./3.

I(W) ?R(A ;Z)/555 o oy 1

V/— = & ('2076) 45¢c.



The same procedure can be followed for the other
chosen values of (5f%1.). The results of such cal-

culation are given in table (46).
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K= -1 Kls -1 O O
8 /2 |8.12E
e [ 5 |72%E
F= s,/y’(ﬁ) .’(z_»za
27 N/ ke 2o |168¢E
> 4 (56 F
30 O
/f‘:"fj h_ +1 O O
[.0 878 E
I —s 1 |
% z /2 |]b63E
[.5 |22/E
e A3l 2 20 2.00E
£ 5T (- (%,’;)
25 |.biLE
3.0 0

o9



To interpret the data (46) it is plotted below.

s (47a)
S_L 76_\_ =
Z Z
1 Wm 3
47a
~ 3
=
P—T,
2 2 /\

I i

Now gince by assumption the transition probabilities
are independent processes the total probability of
emiselion for zero transfer of angular momentum is given

by the sum of the probabilitles of emission for the

S “— él, and P« transitions.
z z z e

40



That is
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45
FOR TRANSFERS OF M/q mwm 2 f/7 .
L

The caloulation of j‘(W) for transfer of angular,
momentum %77 and 2 /7,17,4 can be carried out by simple
subastitutions similar to those in the previous seation

for zero transfer. The only difference is that for '%/7‘

transfer, in A,f,,,,/yf,,,, (w mug‘,w (,q‘,/“f ) akhalf 4 Gl
now Co2 & instead of 1. smilarly (YW Tt w,? wer

becomes (3 toie —1 ) for 2 A tranafer. An evaluation

ofA

nulny, TOT these cases gives the following table of

values.
an o %/7* mton'=~2
| 2’4/‘«7»/'
7/1-%44/&«0"‘" /{ ¢ / 2 m’ .-OI/ *0/
5% & E . ©
St TiL -1 +1 %
Py 2 +1 1 % (48s)
R o1 .1 O
St A -1 ~2 x
S 3;4- -1 +2 X
f7_l 777;. +1 ~2 b *
! ' : *

®) Not included because contribution is negligible.



M %z Valie Jw)
et o O32GE
@ > G, | /2 .;9&06 E
15 0Y/6E
=520E) 20| opee
) 25| .o300E
3.0 ®)
K:-2 /42 10 292 ¢
SL {_...,721 12 295 £
15 200 &
e-2r(2) |20| ume
?I) 25| .osvE
3.0 o

48b.
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474q

49a.
Tramaction K |A 4.
g" HW’%’_ -7 |-21°
Sy —du |1 |e2 |8 [0
Prtiy | |2 |
Pé MJ}/;. 1 |+2 | O
Emnde: -2 |-1 |0

PR T 7%

/6
PG R N VR 1
/6 _ ’"’:"54’!’:0 A:%r
Dyz‘—ééi/’ +2 _1 %j m =0, 'zt /9-?%,’
Dy 7% 2 |41 ] O

*) Higher terms are negligible.



T rcenefe I 2 %'/—
f/cw;w %(J’ \}?h/)
K=-1 W'=+2 | [0 |,pp22F
5% cj% [-[ |.o559F
[.2 | .0570 F
S, -
F=C ,?2 Z_f_ 6 /5 o226 F
2
A aA Z.0 00?3 F
(*'C) 2.5 |.00077 F
K:?‘l//’f’:-& /0 L0070 F
B /2
f 6—-—-—7// — )
z 7> [5 loost F
, 2.0, F
Ve =.0l15 & 20re
27 25 0004 F
K=~2 n'-+1 J.O |.o012 @
P 7. 5~ 0064 @
/3/a <———-;l/,§ / 0o
v g £.0|.0088 Q
- & -
@- 27 ﬁa(_/l) 2.5 |.oost @
e 2.5 |.0051 Q
,D7 é—‘_i’é_/ /-0 00003 @
2 2.
/'5' . 00068
) Z.0 | porst @
w'=< (00275) _
2 loois -0
Jo | O

49b.
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For transitions B/a «—> ’fTJz: and D;; > @é
it 18 of interest to note that (o = c*+3 7 and
since /3 =/;£%L7§} V”"—f;?;::;. it appears that

i
/3 —> oo as w.  _= 7 This difficulty is
/ e
/-1

readily overcome if the term ( ;,’/V?,_)z.- 1}
is inocluded with G Thie gives for /// = 3.

L 3

G{@)-1) =029 {(m)-1) «(C) G2

O <.

V(:;"Z _W—:I ,&:/,5— %:2 Jk._-z.j’

mc? L meZ e Anct

49¢.

G{(%f—',}'""' 36 | 157 | 391 | 657

The total probsbility of emiesion of /(- gartioles

has been caloulated on the Ferml theory for, respectively,

Zero, Béﬂ—and 2—747‘transfers of angular momentum by

the nucleus., The tables (46, 48, 49) show that the

neoessity of evalunting the emission probability for highsx

transfers of angular momentum by the nucleus is un~

necessary.
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50b.
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DISCUSSION OF EMISSION CURVES

The experimentally observed emission curvesl?,
although they are inadequate at low emission energies
show that all curves are gimilar, with a common rise
to & maximum emission and then decrease to zero for a

well~defined upper energy limis,

51.

NuTbeh

E.V. « '0-5 20

A comparison of emission curves caloulated on the Fermi
theory with experimental data shows that the Fermi integrals
glve too many low energy electrons®, This faot, discussed
by Beck and Sittel3, indicates t'he need of the additional
assumption stated by them. To meet this discrepancy,
Uhlenbeck and Konopinakils have suggested a different type

*) Espeoially in experiments with RaE 4 RaC. See how-
ever Alichanjan, Alichanov and Dzelepov, B.&f.



of interaoction from Fermi's. They consider the
Hamiltonian function to contain not only the eigenfunctions
of the electron and the neutrino but also thelr derivatives

with respect to the coordinates, The theoretical ou- vee

58

thus obtained agree olosely with the experimental data. How=

ever it would seem that one should consider this as a pro-
visional expression for thg electron<neutrino fleld for
models similar to that they proposs are not in common use.
The U~K ¢ype of interaction is used %o a large extent in

ourrent literature.

The curves calculated by {50) agree favorahle’%lth

Permis estimated curves.

53

Jw)

oo

'E 4; b Elmc

It is evident however that the agreement with exp=-
erimental evidence is not improved upon the inclusion
of the higher order transitions by having the maximum of
the curves shifted to higher emission energies. The
caloculations for tranafer of fyéjf‘yield a total probab-
ility whioch 48 of the order of 1/30 of that for zero



Z
tranefer. It is not of the. order ( W/A ) smaller as
Fermi had estimated; 1in faot the ratio is independent
of the ratio (%}Z Since ,{;?/fw St we
cannot reconcile the emission curves with the Sargent
curves, The emisslon probability for the transfer
is 1/30 that for zero emisasion while from the Sargent
curves the factor s 1/1000 for AE = %mo>. The
guestion arises whether this disorepancy can be explained
by saying that the first Sargent curve represents the sum
of these two which.we have not been able, experimentally,
to differentiate between and the seocond curve represents
a transfer of say 2 /27 This is hardly possible,
but admitting this as a possibility for the moment consider
the ratio of the total probability of emission for the
transfer of 2 /7/277 to that for zero transfer. This
ratio we see to be less than ', .00 ; which of
course 18 even worse than for the case of the ’7/277‘
transfer. It does seem then that the calculated emission
characteristics can nelther be reconsiled with experimental
data nor do they beoome better reconciled upon the in=-
olusion of higher ordered traneitions, as it was thought

the case might be.,

The large ratio in the total emiesion probability
of theTH/,7 transfer to zero transfer suggeste the
plausibility of explaining the weak radioactivity of

potassium and rubidium as beind due to a transition of

59



large angulor mpmentum transfer. Experimentally two

groups.are found in the Fz‘ ~ppectrum of potassium,

Nusnbren.

53.
Erangy o5 T 22)
< ket k™Y )
A caloulation of the emission integrals for transfer of
angular momentum 4 %7— gives
Tranto og 4 For
W | | O /5 2 o 2.5
S «>07, 219 | J6 ¢ | 099 ¢ |.00021 ¢!
Res@n|22] ¢’ | ST ¢’ | 0576 ¢'| .000/7 c'
Beo@Pr| 278 ¢’ | )2 ¢’ | 387 ¢'|. o193 ¢’ 53a.!

p%f—?& ,00524/6’ 03/5‘ e’ o157 c! ’05‘0 c!

Pudg | .00033 ¢\ 228 | py/  o'| o5 <!

FoseoTi% |.ov0000? ¢! | 077 ¢'| 392 <'|.0220 ¢’

5/1""”’/}2 L vopo0c? ¢! | 003l e! 296 e 5% ¢!
GGy O 0063 ¢'| 099 ¢'| 349 °

C/M/ wv@uﬁcm lorHanlte /10”Y
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6la

The total J—(-w) for 4 5/}-,/« transfer is

J )

53b!

1 W//md_ 3

Comparing -(§,3) with the gmission ¢urves for transfer

4/ /%7/» we see that the theoretical curves as caloulated

do not indicate any such groupsy and therefore such an

explenation of the potassium and pubidium radiozctivity
is hardly justified.
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INVERSE BETA PROCESSES.

The dlscussion of the mechaniem of the beta trans-
formation immediately suggests the investigation of
the yoseibility of detecting processes inverse to thiéﬁ*
radioactive beta-decay. The beta~decay oconsists, as we
know, in a spontaneous transition from a miolear state
E; to a final state of the product nucleus Ey accompa-
nied by at least the formal emission of two particles;
on electron of energy W and a hypothetical neutrino of

energy W', where Ey — Ege = W+ W',

/ /' EA’
'45( 54.
-
Eg -
‘S:‘ial

The inverse process consists of the absorption of
a sufficiently energetio electron, or possible neutrino,
which raises the nucleus from Eg to Ey This trans-~
formation would be accompanied by the simultaneous emission
of the remaining energy in the form of a second particle

(neutrino or slectron), as expressed by the energy relations

W = AE+W or W = AE + W 55.



The second process, evidently, will occur only if
such a particle as the neutrino really exists and does
not mercly represent a formal means of acoounting for
the logt energy amount. Both processes are rather closely
related so that we can confine our attention here only
to the absorption 6f a fant impinging electron under
emission of the hypothetical second particle. Treating
by the well known perturbation method (See appendix)

we obtain the formula

A= "/”L/c/zl \/n:p//-mtf/z 56a.,

/1

where

R
¥ ¥
Py X P
+1 st - 5b9
Gied /ofL/{' \/ kHW—AE °
0

now the perturbation energy \/'f'is to be taken as a
slowly varying quantity inside R This treatment of

/= ~processes is essentlally equivalent with %he
treatment given by Ferml and used in the atove caloculations.
It differs from the latter only by replacing the eigen-
funotions of the neutrino by the corresponding anti-
neutrino. It has been shown by Konopinshi and Uhlenbeck,
that both methods are mathematically identical if the mass

of the neutrino is assumed to be zZero.

&



Restricting our attention to suoh processes only,
in which the nucleus does not transfer any angular
momentum to the particles involved in the /3 -proocess,
\/K’beeomea independent of the angular varlables and
can therefore be taken before the integral as approximating

a. constant.

ar
* X P o -
\/n,’W-‘OE - % V/C/—Q/Ov% %MF 77 C(ﬁ" 57.

¢ being proportional to the number of particles
in the plane wave having differing values of angular mom+~
entum can be evaluated by comparing the elgenfunction of
the plane wave with the expression for an electron in a
central field. For a central field and lowest angular

momentum ( S& f;‘_ )

C - é" J@ j?—- normalized in k 58.

<£d
where (. is the phase.
Normalizing in W

P 59.
/? — w L
y}///’”c 4;;,_ mc?
h —
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So that equation (56) becomes.

2
z — //}Vz"/
N=4T"y L he /i ad.
bW 7> T T e
’/»(2)
Z

¥

Dividing both sides of (60) by v (velooity), we obtain
( A ) on the left which will be the oross sestion. To

— )
show briefly that ( ,2,}_ ) has units oma (A 4 o )
consider
2 V‘nf—_ =
A= = /mz—/ / eI,
- _"U,’__,& W—f/JE
c

It 1s readily seen that v/¢ and (W/mo3) are dimension-

less and eince fo/.wf/%/aOIT:/

—

[ Vo> Vi
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or

v Y Py __l_. A1 W e 1L e /“’.Z 6lc.
e fos Uy o T =

* .
Thus \/,,,,/ wepe 18 also dimensionless. This leaves

only Aﬁ whioh has the dimensions 1/om, so that
-V

For convenience let Q = \/¥, the oross section of the

considered inverse process. Then

- 1= ~ frme)® V
¥ o g (W) Wyw#0E &
()

2
It 1s in the evaluation of the expression I l/,:wdel
of (62) that the preceding discussion of the Fermi theory
is very useful. As already shown the major portion of the

probability is yielded by the lowest cases of angular

<

X
momentum transfer, so that the caloculation of ( VA
can be simplified. Substituting eigenfunctions into the

ik *
expression (61b) for { \/”; ror )
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e

v 2V
\ ar
W wrse f i t———-‘wme (w moe+ W u‘)"“"

€3,
¥ ¥
' L S A
* %w ?Wﬂf (w“’ %oe+ % (4')"“5)0//
where the notation is that of the Fermi theory. Since*
84
written in full becomes
(A vz Vg
¢= L (ﬁl ) V/ w w _,. ui/e ) 65

O

7 An Aa L Jk, _,

(“’,\d‘wf' *"k’:*“’/f)/"";"‘@ Ao (7 /-I +%f9 )ﬂzc/ﬂ

*) By the method used in developing (23) 11; oan be
readily shown ,, b/’f ¥
(W Ir+a+ wW We AE) ( up)rw)



€8

We find the value of Q by substituting our

values of "~ and gﬁf for the tw% gases{ /<2, +20)

"
and performing the integration. We have however to get

—

k2
an ectimate of the V before performing this inte=

gration.
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* ,.
Evaluvation of \/ in (65)

A is given by
B E

2

“MmC

in the trentment given above and by (13 & 14)

AE
—_2 x 2
A= i/,;-/— dw [/%WAE) 86b.
m=

according to the method now adopted.™

Considering only the lowest angular momentum
transfer { Jc= 4/=*' ), as the angular integration
yields one (see equations (43)), we will have from {63)

z

YA ﬁ;
A —r V/ ‘:lu:u-:e %wﬁ*deﬂ of A 87a

ane” O

end from (88a) for ( K= K'=2%/ )

s & f
v fol [(ZX hryean]
me*
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whioh is aimn 2 do (67s) and

LE

2
/ /"-')1' % QOK)J@’-@(’N f

me™

can be readily caloulated from the emission curves for

zero transfer of angular momentum by the nucleus (50a)
We see then from (67a), that in (67b)

2z —¥Z
F

By (50a) the total probability of transition is

Ooreo. = &85 o (_/I_)ﬂ?t[z’(‘zr} 88a.,
#C
The curve coordinates being ( W/mc:2 ) necessitates the
introduction of the mo® term. Putting this value into
(66a)
22 ﬁ 27
/\ = _Q_I,/Z- Vﬂw ct §.55 ) ( ) 68b,
/7

but since A —~ 5 x 107¢

sxiw’= V" ‘/77" (5’5’5 ("’)E_(ﬂ)ﬂwcz) 8



or

4

o 3.6
\/ = 5 %/0 4(2,717)3(%_) 5;;;(;79/»- 89b,

Evaluation of Cross Section.

Returning now to equation (65) we may write in our

PR

. * 2
value for I/ Recalling that the second part of
the integral has been shown to be negligible®.

2
/ (’mc /( )»1 24 o 70.
"'—"f/ *—-——"w+5/-

Now normalized in (w) for ( /=21 )

&/_L(’+/m€ X ]/'?” ”ﬂmL 71,
! 47/c )—'

or

V}’FZT I /(%(,+mca 27
VT = ' //%J%) U

*) Development similar to that of (67a).
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Using the approximations
¥ > mo?

W > mo?

47

or

vie — 1

V'/G — 1

~TnzZ e A
a4 /(/vc)"* * /

927 (/ _.;*L /776,7%

q) /2//

7

or putting in the value of \/

5 (L)

for purposes of caloculation assume

from (69Db)

%/L ]—);.L

A =~azwl! =0

qj = Gxro~ 7

3X10°X 6Z. 6,

(l/M ) ()

(0]

72.

73a.

73b.

730.
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where 1 48 neglected compared to { W'/mo® )3

Hence

- 2
w = 46 x10°° (L) 76a.

If the limiting value W!'/mo°~ 100 4s used

~ A —
Oz SX0 Gt 76b.

Lot us then caloulate how far a neutrino must pen=
etrate lead before such a process would be expected to
happen. If N be the number of lead molecules per
cubic centimeter of apth, L 1represent the length of
path necessary for absorption amd @ the cross scotion
then

N-L-Q = 1
or L = 1/QN __1L
SXro™®

“x 3.5 XK/0%%
L = 5.7 x 1016 Em. 1leazd. 77.

which of course is another means of stating the impossibe
111ty of deciding the question of the existence of a

neutrino by direct observation.

The oalculated orose section 1s seen t0 be affected
but 1ittle by eny assumptions upon (g), but is primarily

*
a small quantity because of V4 being emall. This
quantity V* » however, depends to a large extent on the



special assumptions which have been found to be indis~
pensable for a consistent theory of the beta decayla.
Beck and Sitte have estimated §;7:* to be of the order
10*16 erga, Fermi's theory herein yields a similar value
~ 10'14 ergs. If, however, higher spacial derivatives
are included in the interaction function reapsnsib;e for
the beta deocay, this value would be considerably increased.

The value obtalned
@ = 1074 on? 78.

is about ths order of mapnitude previocusly-estimated by
Bethe and Pelerlsl®,

Using Uhlenbeck and Konopinskits interaction terma
the value of (78) would be oonsiderably inoreased; by a
faotor of the order 1379, :Thia would, however, hardly
increase the possibility to find proocesses of.the indiocated
type experimentally.

A seoond reasson, which would lead to an increase of
the oross section intimated in (78) 1s suggested by
Bohr's theory of the structure of atomic nuclei ( N, Bohr,
Nature 35G7¢ 1936 ). According to this theory, a heavy
nucleus posasses a very large number of excited energy
levels. Thus we are lead to assume that the nucleus can

be excited to any one of these levels by a beta process

and we have to take the sum over all.these possibilities '

in order to obtain the total oross section.

74



So far very little ie known about the dependence of
the probabilities of veta processes on the nuclear
transitions involved. We can, however, obtain a very
rough estimate on yhe';nfluenoa of the higher excitod
states, 1f we take into account, that according to (75)
only those traneitions have cdonsiderable probabilities,
in which neutrinos of considerable final encrgies W
are involved. Assuring that only tranBitions exciting
the nucleus to about 20.mo® = 1Q~10B e.V. play a
considerable role and as;uming in thie region a mean
distance of about 100 e.v, between two levels® we find
that (78) has to be multiplied by a factor not exceeding
about 10°,

Recently Helsenberg and Weizsacker?O have pointed
out that the phenomenon of the beta deoay could account
for the interaction between proton and neutron by exchange
of oharges if '§7 is taken to be of the order 137mc®.
It may be worth while to discuss the inverse beta=process
in this case as the Helsenberg-Welzsacker assumption leads

to oross sections obcervable 4n the cosmic rays.

*) This value isobtained as an avegage value between the
level distence of order 10° e.v. for the loweast
leyglg and of order 10 e.v. for highly excited
nuclel.



Introducing 'K7:L 137mc®  into say (73b) Q
becomes of the grder
Q < &2 79.
where a denotes the radius of the elsctron e3/maS.
Further; the decay gonstant A for a spontanecus beta~
decay of the energy AE = 137mc3  tends to a value
A 2 cfa 80.

and thus makes the beta decay transformation a very
frequent phenomenon. 8ince the decay constants for
smaller values of A E are very small compared to (80)
ye would have to assume that the decay constant inoreases
very rapidly with A E. I% may be oboerved, however,

that Sargent's empliricsl curves show no such a rapid change.
Beta Avbsorption of Electrons in Cosmic Rays.

(75) indiocates that the absorption crose seotion
inorecases rapidly with the encrgy of the incident particles.
The best chance to detect processes of this type is thare=
fore with electrons of energy of about 137me®. These
ocour quite frequently in oosmlc rays. Owing to the fairly
large extrapolation from known beta processes and con=
sidering our lack of knowledge of the additional assumptions

on the meohanism of the beta-~decay, a more exact upper
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limit for the cross section in question than that given
in (79) cannot be obtained at present. In the following

discuesion therefore, it is assumed that ¢ < a8 ,

Comparing the assumed value of Q with the oross
section of other individual processes this phenomenon
would be about 50 times less frequent than radliative
collisions in heavy materials; <they would however, pre~
dominate in light nuclei (e.g. im alr). Assuming the
most favorable case, Q = ag , the average path of an
electron of energy 137me® (for the considered process)
would be about 105 con. of air. The cosmio rays should

therefore contain a considerable number of neutrinos.

Posaibly the best way to search for beta-absorptions
of high energy ®lectrone would be by means of cloud chamber
photographs of showers. One readily concludes that the
neutrino emission to be expected during the beta-~absorption
would not be confined to small angles and thus would give
rise to recoil tracks of the nucleus corresponding to an
energy of several mo3, These recoil tracks should be
easily recognized in the photographs. Assuming a Wilson
Cloud Chamber of 50 cm. diameter and an average of 20
high speed electrons per shower, one bteta-absorption should
be-fourd in every 100 showers photographs. It is not
impossible that such phenomena be observed, even if the

oross section Q 1is somewhat smaller than assumed above.



SUMMARY

The foregoing discussion of the Ferml theory based
upon the simplified method developed for the evaluation
of the probability integrals has shown distincet disagr-
eoment with experimental evidence. The c¢alculations give
curves similar to those obtained by Fermi., These curves,
however, do not become better upon the inclusion of higher
ordered transitions nor do thsy agree with experimental
evidence when applied to the radlioactivity of potassium.
The discussion supports the oriticiesm by Beck and Sitte
which oites the indispensability of an additionélﬁassumption

necessary to prevent the emission of slow electrons.

¥hen applied to the solution of the cross section

for processes inverse to the beta~decay; ocross seotions
are calculated which are found to depend to a large extent
upon the asssumptions regarding the mechanism of the /5 =
decay. The oross sections calculasted however are much to
small to suggest the posslbllity of deteoting the inverse

/3 =prooesses. If one is to agree with Bethe and Peierls
in essuming |/ to be approximately 137me® , then for
electrons of energy 187mc8 one might well expect to find

ﬁ; absorption processes,
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Since electrons of this enexgy are to be found in cosmio

ray shower photographs, an investigation of these ghower
photographs ¢ould furnish us with valusble informtion

regarding the mechanism of the beta transformation pro-

ceasses.

The author wishes to express his indebtedpéss to

Dr. G. Beck under whose direction this work‘wandone.
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APPENDIX :

PERTURBATION THEORY

A perturbation treatment of the Dirac equation with
thg object in mind of determining the probability of a
transition due to the perturbation potential, yields pro-
bablility equations similar to those suggested by Fermi?,
Using Fermits expression for the four veotor potential,
the energy distribution of the /3 electrons for any
assumption on the angular momentum balance can be calou-
lated according to the Fermi theory. This evaluation
yields pertinent information regarding the agreement of

the Fermi theory and experimental evidence.

A further extension of the perturbation theory allows
one to calgulate the probably cross section for the Fermi
neutrinos®, which cross section of course gives the pro-
bable chance of detecting the particle assumed by Fermi

in order to conserve both energy and momentume.

Consider the effect of a perturbation of the Dirac

equation desoribing a system by an energy term qg(rt).



We have then to solve the equations
[B-2(tp+2.) +5 Z[E -~ 2@+ )] +pmc =0 1.

where (qo,q_ ) represents the four components of the per-

turbing term. of,, and /3 are the usual Dirac matrices.

0 0ol O 00 - 0 Olo -1 000
0 O1t\o do4 0 o000~ O -t oo
dl: r Ay = . 3= p: 3.
ol oo O-< 0o 1 00p OO0 /o
Il ooo 000 o ~100 o ool

and p, = h/_a'li'«lcg—- with P-h  J_
T 20< O X,

At any subsequent time after the application of the
pexturbation let the wave function sclution be \PP
Then expanding kp’° into

l.'l)ﬂ‘ = C' (¢! M’ae 2 fc <) ‘L/’a 2 /W 3.

2”"Wt

7//‘/%25
where %{’a £" and %/a £ 7 are the
initlal wave~funoctions sclution before the application of
the pertubation. Zf. " of course are the solutions for

positive energy and are of the form of spherical h:rmonios
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Substituting (3) into (1) we obtain

o'/{/t
‘h [ sCs @ / a0, (t) S )
o %dﬁ Y, & + U E” dw)+
k. Z//"éC(t/ ?/’a % Lt leé C’ G/ Z/Pé%’h/t')
2<C “ &
N~ 4.
_(g_%iC(\éjZ[ 5 LW,/Z’(H 7, ézj’g‘”cfw #
a&&% 27"’ 2z
-{ﬁ-;‘,s— C,(€) ‘b/ﬂé " +—‘1 o/%&” Uy & ‘//V)+
- o LWL
2% (BV-28Y7)-S e p(zomyle” "),
oo LWZ.
S P ey dnepme YO

Consider the following parts of equation (4).

/76'%5 7 7wt

P oA 2N o

L= G U € L e €7 Uydw
Y

~ 'Z”ZJ t L' e
‘%%‘7}‘ G Ul € - % C'<t/6 Y,y A
5.

- ,° c
~ w/’;/f/ N yf”ﬁ
Clyze” T=x ,73u cp,(ue 7, dw

£ 2.//‘- ‘wT
Qe ) - [ eF
o MWt i 2iem®
"Lf/mc(é' St U, T / ts-mc (L) E i %://%/
U
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Summing up the two columns of (5) we obtain f

2ICpt .
=6/t) e ([& -2gl+r=%xB-2 %) fﬁﬂnc@ Y

begause of the Dirac equation. We obtain therefore

. . <Po
L eyt - 2enE o
%%.é/cfr/ﬁ/é/f *Z//ff— ,:/’;,C/C'&(f/é” Yy ot =
27 ¢ 7%’— 27cC AL
. _.
2TE Wt o AW |
%C}c(ﬁ)—%joéff Ul £ % L) EX Y, dw T
U
) ® ' &
@ 2= 2/
2 fr e s ~
+.;‘-E.2<.% f;ﬂ C ()Y, € f-%gf Z/("W(z/;p[ o, &/W
Yy

Now in Dirsc's theory it 1s well known that



A b

ﬁ?i(%?ﬂ*géfb/7- ::J:k for the disorete spectrum
Ba.
or
Ea_ [ 4 §
. AP _ for the continuous spect=-
ﬁy&wjﬁqudf_i ‘' rum
"z, 0 8b.

W 1lying between E; and Ej.

and

h F= ,°

= ' g, e = O for the contimucus spect-~

fjd”’/i{w WW,O/T rum,

B
W 1lying outside the interval E;, Eg. We make use of
these relations in discussing the equation (7). If we
P 2L gt
multiply through {7) by U, &7 and inte-
grate the resulting expression we can obtain, by use of
condition (8) expressions for qﬂ{;;@? We wish, how=
z
ever for the present to limit ourselves to the discussion
of transitions in the continuous part of the spectrum only,
omitting all coefficients (,  belonging to the discrete
spectrum which are of no interest to our problem.
-2~ 4, "t

Multiply both sides of equation (7) by 7{; E //7—”
where the subscript (w) 4s to indicate the continuous

gpectrum, obtaining



c n 2/e w—w'/é
n IC, (t) _ = 2
S ;ﬁ 26 (€J {L’W __,ﬁ,// CtIE" £ Z" A

9.

1_,,0(1/&’ //y//«' 2//‘ W’W/
-f-é.[é.’CC (6)€ " é‘f'# + /ﬂ ) €E” ef,,,/‘,,,&/k/]

where we have written for brevity
S 3
@ - = Ve & 7° &= 10.

Yielding an expression for cj_g%ﬂ as a funotion of
the wavefunotions for the inltial state, independent of

the time and the perturoing quantity Z% Y

In order to procced with our discussion we make the
assumption that the perturbation is small and of the form
e Z \/ zm o Since the components Z" will
be of the order {v/o) emallér we will for convenience set
Z”:Q This omission of small terms in Z’) will not
appreciable affect the transition curves for the case
being oonsidered®,

We have then

dC, (¢ _ 2ile = G (6 € V‘,‘ﬂ 11.
-, 4 q
At h /
= ¥ 20 (wthE-w)t
ot vw'w t Aw

A6



O, w1ll have a reasonable value for a small range

in w, and Cy = 0. In the following we shall represent

C':r Aw by C.

Wene ren G L) iy 4 %é-(w#.)f-w')t
" ' = 2/
S

.
or - Cm'(t')= ¢ Vi ¢
(wrsE-w')

Z//;%J/Wfés 'W’Jt ,
.

At time =0 , (y/(€)is zero; therefore

/ ¥
o= C U
(v+a£-n')
which gives
ZJZ«”’(WfAE—h«’j t
¥ # —

(w+4E- ')

In the expansion of the wavefunction. L|) © (see equat~
ion (3), the assumption is mode that / Ca /—t// “ i
equal to the probability that the atom is in the state (a)
et the time t, That is, /Cp»'(é) /ﬁ will be the pro-
bability of the system being in W! state at time ¢.

The total number of transitioms is given by

*) 8ee page 13 and 13.
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q.r«- - (w#nE- -w)r ,74'(W+A5-W’Jt

/C/;/(.g)fdw/ /C/jy N (E £ )dgy 13,

(W?‘-AE- w')*=

and sinoe outside W! = W + 4E the contribution is
small, ’ \/,:;, [2 can be taken from under the integral

as “/;ms /3 ‘ Equation (13) can then be simplified
by tranaforming 4% to the trigonometric form

Oo

\/’:/é,-(tj/;w", /c/z/’/"j:rmf/f Y den” 57 fr(weorm)e cf w! 14..

5 (M’f-AE -14/") *

out J:‘mz W (vrse-w1) to{ t -~ Z,;z.‘f 5
reae-w)? b F

where j:ﬁ AE~w')t
h(W+ E~W')

therefore.
f/(',(t)/ dw' = 2.2 e/ / ”ME/

Upon dividing through by the time

— elﬁ/”lj‘/c/z /\/»;‘;HM__/Zi 15,

whare )\ represents the number of transitions to state

Wt « W+ AR per unit time.

-
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. Formula (15) has been deduced for transitions between

électron states only.

The same formula, however, can be used for transitions
between two states refering to different particles obeying
a wave equation of the Dirac type, e.g. electron and
neutrino states if the latter particle is supposed to be
described by equation (1) with Vo (), = 0, m = O.

-

A transition of this type refers to- F? ~prooesses
in which the particle in the initial state, e.g. the neu-
trino, disappears and the particle in the final state
{in our case an eleptron) is produced. The meaning of the
matrix slement \/;iv' is but slightly changed in this

case, since we have to take in

Vi = f WSV Uy o

for </, the eigenfunction of the initial, for 7/,
the eigenfunction of the final particle.



Actual solution of (O\XK + B W/f) = Wﬁ/{

(a X 4 #453 ) when written in terms of eigen-

functions becomes

M{(Wﬁf)%}%?-,‘ ’(sz*’ N
A A

this can be transformed to

(V/,l.,{)-/-/ff,cco() {(W +/{)!/:’:‘__,}~ c (W'-_;;—&'_h’)r"((l(:dkﬁb*’)
2
Vhen? +K ¢ o

Since for any tremsition the value of A and A ' will
be fixed,
P/{".,(z + /i CcX _ e (/r';“z-—/'f)-f,c «

Voza > + /¢ e

which permite (23) to be written

(K- 5G) - eonet [(tsm) i e ff2r |

= (30%/¢3% 425

A similar method may be utilized to obtain the alter-

native,

A 10



TABLES



W <o

-1 | W w2 we | wi,
met | O R 2FE F°
mo | B | o |p |pe”

=-2
me2 | 0 ReC e et
m=-1 [ P'EP-P°  3pe | E°
m=o 2% |-P¢%pE® |g'e”
=1 38 o |egéeflge™”
7= -3
3 o |k E-z 2, 5 g
w2 | B € g sRe e
om -1 RZEE€CLR WRE R
m=0 387 e e’i3R |pe?
- 1 HE,QMD -Ea ezx'W o) C"go f; 624'W
mez SEETC 0 | FEPIREY




>0

1 wd ] we |l wll o wl
et PP P o | -
=0 | [~ f’(f{p f O
)= 12
2 HWEENEE O P e’
e zpeee | e I
meo 2E° P FPE7
m=1 | e ?|lFEd T lzp e O
A=+3
o3 WEET| BE O HE
a2 SRE Fe T pe
= WEE P R REEY-E°
m=0 35 |pe’Be’ e’
me1 RREAEEC MNP
ez | FEY PeCseEY O

4 12



A 13

-2 | =0 |om=+72

~Lecne | Ccono |dneo

= =-2 | n=—1 | 2=

Lol | LA Oad 1505 ~))

277 = 277 =2

Fdinolrno|3 Jn ‘o

gn=—3 |=-2 |m=—1

. ~L L@
- 3 . ¥
é—é‘ﬂ 9 éw&&ﬂﬂao c-‘,-:, Z’_I)

=0 |2m=1 |27=F

LG5-3md) (5r’E - 1) |5 dn B lns

A7 =

)5 din P2

Tatbte B,



NK'"\
=-1 m o= -1 ’/4/'"
M= 0 Joir
ez |omeez WAZTT
= —1 V%” 2!
-0 Wihr V ik
= 1 V/_‘N/:W_
f=- -3 =3 Wrar V5T
om= ~L %//?:V—-F
g =t WV Fr 321
m=: 9 Y bl"/f'
a1 Yor U Vil
am = 2 Yo Vst |
=+1 om= =1 s ]
/= 0 Vo7
f=+2 |wm--2 W r V3]
m= =1 U’/«/rVZT'-
om0 W tm il
‘ m: 2 [ i1
H=+3 om= =3 V__ZQ/’_[}’
= —2 Jr V4!

Iz e,

1m= —1
m-_ 0 W gr V23t
m= 2 W Ao Vitur
dm- 2 Wz i

Table (

1

A 14



	FN-000001
	FN-000002
	FN-000003
	FN-000004
	FN-000005
	FN-000006
	FN-000007
	FN-000008
	FN-000009
	FN-000010
	FN-000011
	FN-000012
	FN-000013
	FN-000014
	FN-000015
	FN-000016
	FN-000017
	FN-000018
	FN-000019
	FN-000020
	FN-000021
	FN-000022
	FN-000023
	FN-000024
	FN-000025
	FN-000026
	FN-000027
	FN-000028
	FN-000029
	FN-000030
	FN-000031
	FN-000032
	FN-000033
	FN-000034
	FN-000035
	FN-000036
	FN-000037
	FN-000038
	FN-000039
	FN-000040
	FN-000041
	FN-000042
	FN-000043
	FN-000044
	FN-000045
	FN-000046
	FN-000047
	FN-000048
	FN-000049
	FN-000050
	FN-000051
	FN-000052
	FN-000053
	FN-000054
	FN-000055
	FN-000056
	FN-000057
	FN-000058
	FN-000059
	FN-000060
	FN-000061
	FN-000062
	FN-000063
	FN-000064
	FN-000065
	FN-000066
	FN-000067
	FN-000068
	FN-000069
	FN-000070
	FN-000071
	FN-000072
	FN-000073
	FN-000074
	FN-000075
	FN-000076
	FN-000077
	FN-000078
	FN-000079
	FN-000080
	FN-000081
	FN-000082
	FN-000083
	FN-000084
	FN-000085
	FN-000086
	FN-000087
	FN-000088
	FN-000089
	FN-000090
	FN-000091
	FN-000092
	FN-000093
	FN-000094
	FN-000095
	FN-000096
	FN-000097
	FN-000098
	FN-000099
	FN-000100

