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ENUMERATION THEOREMS IN INFINITE ABELIAN GROUPS

INTRODUCTION W. R. Scott has proved, [6, theorem 9]1, that if G is

an Abelian group of order A >}, then G has ZA subgroups of order A and
the intersection of all these subgroups is the identity. The present paper
gives a partial extension of this theorem in one direction, ‘and an extension
of the theorem in another direction.

Firstly, in chapter 2, the case where G is a countable Abelian group
is considered and a partial extension of the above-mentioned theorem is
made by characterizing those countable Abelian groups that have a
countable number of subgroups and by showing that all others have ~2H°
subgroups. Secondly, in chapter 3, the above-mentioned theorem is
extended to modules over a principal ideal ringz with a restriction on
the order of the ring.

In chapter 4 the proBlem of determining the order of the automorphism
group of an ‘inﬁnite Abelian group is considered and it is proved that the
order of the automorphism group of a countable torsion Abelian group
is 2%,

The first chapter of this paper contains the necessary definitions
and theorems which are well-known. They have been taken mainly from
[4] and they have been listed, without proofs, for the convenience of the
reader.

Hereafter when the word group is used it will mean an Abelian group

unless it is used in the phfase automorphism group or unless the contrary

is explicitly stated. The additive notation will be employed. In the

1. References of this type are to the 'bibliography.
2, cf, article 1.1.



statement of the theorems H. stands for hypothesis and C. stands for

conclusion.



CHAPTER 1

PRELIMINARIES

ARTICLE 1.1 DEFINITIONS
A group is said to be a torsion group if every element has finite
order. If every element has infinite order the group is said to be

torsion-free. A group in which the order of each element is a power

of a fixed prime p is called a primary group or a p-group. An element

x of a group is said to be divisible by the integer n if there is some

element y in the group such that ny = x. A group is said to be divisible1
if every element of the group is divisible by every integer. A group is
said to be reducedz if it contains no non-trivial subgroups which are
divisible groups. A group is said to be free if it is a weak direct sum

of infinite cyclic groups. A subgroup of a group is said to be inextensible3

if g is in the subgroup whenever ng is, n being an integer. Since the
intersection of a set of inextensible subgroups is inextensible‘._, the
intersection of all the inextensible subgroups containing a given set of
elements of a group is an inextensible subgroup. This subgroup is said
to be the extension of that set of elements.

Let S be a principal ideal ring, i.e. an integral domain in which
every ideal is principal. Then a group M'is said to be an S-module

(or simply a module if no misunderstanding can arise) if there is a

product Ax defined for \ in S and x in,M which satisfies

1. For the form of all divisible groups cf. theorem 1, 3.
2. For an example of a reduced group cf. [4, remark (b), page 31] .

3. Notice that an inextensible su‘bgroup contains the torsion subgroup.
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Mx +y) =Ax+\y
(N + p)x =Ax+ px
(ANp)x = N (px)

I'x = x.

A subset N of an S-module M is said to be a submodule of M if N is a
subgroup of M which satisfies AS CS for every \ in S. An S-module C is

said to be cyclic if C = Sx for some x in C. The order ideal of an element

x of an S-module is that ideal of S which consists of all \ in S such that

Ax = O, The collection of all elements of a module M that have a nonzero
order ideal forms a submodule T which is said to be the torsion submodule
of M. M is said to be a torsion module if T = M, and M is sa?'.d to be

torsion-free if T = O. An S-module M is said to be a primary module

or a p-module if some power of the prime p, an element of S, belongs
to the order ideal of each element of M. A module M is said to be of

bounded order if the intersection of the order ideals of every element

of M is nonzero,

ARTICLE 1.2 NOTATION

Throughout this paper we shall use the following notation: Cn will
denote a cyclic group of order n. R* will denote the ‘additive group of
rational numbers, Z(pm) will denote the quotient group P/Z, where P is the
the subgroup of RY whose denominators are powers of a fixed prime p,
and Z is the additive group of integers. o (S) will denoite the cardinal
number of the set S. R(A) will denote the extension of the set A of
elements of a group. s(G) will denote the number of subgroups (submodules)
of the group (module) G. d will denote the cardinal N,. A U B and
A N B will denote the set theoretic union and intersection, respectively.

A + B will denote the group theoretic union and A & B will denote the
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direct sum. Za:. ® A.(1 will denote the weak direct sum of the groups
(modules) A , and E 0 A will denote.the strong direct sum of the
groups (modules) A’o.' Hereafter, the words direct sum will mean the

weak direct sum. A(G) will denote the automorphism group of G.

ARTICLE 1.3, THEOREMS

The following theorems are proved in [4] . For the history of

these theorems see the Guide_gg the Literature, pages 73-80, of [4] .
Although the theorems are stated for groups, they are. valid for modules
over a principal ideal ring, and we shall refer to them for both groups

and modules.

THEOREM 1.1 H. G is a torsion group.

C. G is a unique direct sum of primary groups.

THEOREM 1.2 H. G is a group.
C. (i) G has a largest divisible subgroup, D.

(ii) G =D @ R, where R is reduced.

THEOREM 1.3 H. G is a divisible group.

C. G is a direct sum of groups each isomorphic to

R or to Z(poo), for various primes, p.

THEOREM 1.4 H. G is a reduced, torsion group,

C. G has a finite cyclic direct summand,

THEOREM 1.5 H. H is a subgroup of a free group, G.

C. His a free group with at most as many summands

as QG.



THEOREM 1.6 H. G is a group of bounded order.

C. G is the direct sum of cyclic groups.

ARTICLE 1.4 REMARKS

(1) The extension R(A) of a set A of elements in a group G is the set
G' of all g in G such that some integrai multiple of g can be written as
a linear combination of elements from A.

Proof: Let g be an element of G', thenng=a x + .- +a_ x , x

a a .
¢ % r %r a4

an element of A and n and the a are integers. Hence ng is in every
subgroup containing A. In parti;ular, ng is in R(A). ‘Since R(A) is
inextensible, g is also in R(A). Thus G'c R(A).

Clearly, G' is a subgroup of G, and if ng is in G', then (mn)g =
m(ng) = ac,‘lyc(’,’1 + ...+ aarxur. Thus g is in G' and we have shown that
G' is inextensible. Since A c G', this means R(A) ¢ G', which

proves (1).

(2) If B is the free group generated by a maximal set § of linearly

independent elements in a group G then G/ B is torsion.

Proof: For every g in G there is an integer n such that ng is a linear
combination of the elements of 3, for otherwise 8 would not be maximal,

Hence ng is in B and G/ B is torsion,

(3) If G is a free group with r cyclic summands, where r <d, then G

has a_countable number of subgroups.

Proof: By theorem 1.5 any subgroup of G will have at most r generators.

But there are only d sets of elements of G that have exactly n elements,
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where n is any positive integer less than or equal to r. Hence s(G) 4.

Also, since o(G) =d, s(G) 2 d. This proves (3).

(4) If R is a subgroup of R+‘, then R has a countable number of subgroups
if only a finite number of primes occur in the denominators of elements

of R and R has Zd subgroups otherwise,
Proof: This is an immediate consequence of [1. theorem 2, corollary 1]

(5) A subgroup R of Rt is cyclic if and only if only a finite number of
primes occur in thé denominators of elements of R and each prime that
occurs in the denominators has only a finite number of powers occurring

in the denominators.

Proof: This is a restatement of [1, theorem 2, corollary 2.]

(6) The number of subgroups in the direct sum z(poo) 9 Z(pm) is Zd.
Proof: Each of the sequences of elements: (1/p, i /p), i=0, 1,

2 ., . 3 . 2 3
p-L(1/p% (i+ip)/p%), i=0, 1, P-1(1/p7, (i+jp+kp”)/p7),
k=0,1, ***,P-1; generates a distinct subgroup and there are

d
2" such sequences.

(7) If M is an S-module and S if a field, then M = Za ] So,’ So. Z S for

all a.

Proof: This is the well-known statement that every vector space has a

Hamel basis.



(8) If n< 3 or p is odd, then the adtomorphism group of Cpn is

C(p _ 1-)pn-l. For n > 2 the automorphism group of Czn is Czn -20 CZ.

Proof: This is a statement of the results of paragraph 5, pages 115-116

of [8] .

(9) The automorphism group of a direct sum of groups % ® Gu contains

a subgroup which is isomorphic to the strong direct sum , Z& 0 A(Ga) of

the automorphism groups of the summands.

Proof: This follows from the fact that under the definition
(+vey 8qr " NV =(---, g, To.’ cee), T‘1 in A.(Ga), V is an automorphism

of 2.0G .
a a

(10) The order of the automorphism group of the group Z(poo) is Zd.

Proof: An automorphism of Z(poo) is given by a sequence of
correspondences,
1/p —>hsp;oth<p

l/pz -—->k-/p2; k<p2, k = h(p)

Further, such a sequence can be obtained in Zd ways, which proves (10).

ARTICLE 1.5 BACKGROUND FOR CHAPTER 4.
In this article a brief outline of the discussion and lemma given in
article 11 of f4] will be given. This outline will be needed for chapter 4.
Let G be a countable, reduced p-group. ‘Let G0 = G. For any

= pGa' and for limit ordinals a let G(1 = @ Gﬁ'

ordinal a let G e 41
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Since there will finally be an ordinal X such that G)\ = G)\ + 1 i.e. such

that GX =p G)\, GX is divisible. Hence, since G is reduced,. G)\ = 0.
Let P be the set of elements of G which are of order p. For any

subgroup S of G let S_ =5NG,. Since the quotient group P_ / P o1
may be regarded as a vector space over the integers mod p, it has a

dimension which will be denoted by f(a). £(a) will be called the

ath Ulm invariant of G.

For the elements of G let the height, h(x), of the element x + 0 be

a if x is in Go, but not in C}‘1 Let h(0) =\ + 1. Now h(x) has the

+1

following properties:

if h(x) < h(y), then h(x + y) = h(x).
(1. 5.1) if h(x) = h(y), then h(x + y) 2 h(x).

if x':} 0, then h(px) > h(x).

An element x of G will be called proper with respect to the subgroup
S of G if h(x) 2 h(x + s) for every s in S,
Let S be any subgroup of G and let a be ény ordinal. Let S:'=

- ; -1 -1 o .
So. = So. NP Ga +2 where p Go.-l-' 5 is the set of all z such that pz
*

is in Ga +2° Now for any x in So.' there is a y in Go. T 1 such that
Px = py, and y may be changed by any element in Pa. +1° The mapping

x ——>x -y, followed by the natural homomorphism from Po. to

P -~ P is a homomorphism of S¥intoP /P , and the
a a+1 a a a+1
kernel is S . Hence this defines an isomorphism U of s¥ s
o+ 1 ' a a+1
int )
into Pa/ Pu £1

We now restate lemma 13 of [4] as follows:



LEMMA 1.1 H. U is the mapping just defined.
C. The following two ‘statements are equivalent:

(a) The range of U is not all of Pa/ Pa . L

(b) There exists in Pa-an element of hel_ght a

that is proper with.respect to S.

10



CHAPTER 2
SUBGROUPS OF A COUNTABLE ABELIAN GROUP

This chapter will be devoted to characterizing those countable

groups G with s(G) = d and showing that otherwise s(G) = Zd.
ARTICLE 2.1 THE THEOREM
We first prove the following lemma for a group G that is not

necessarily abelian:

LEMMA 2.1 H. H is a finite, normal subgroup of G,
s(G / H) = A 2 d.

C. s(G) = A.

Proof: Since each subgroup of G / H is associated with a subgroup of
G, s(Q) 2 A, Assume s(G) > A and let {Kaz be the subgroups of G.
Notice first that there is some Gl C G suchthat H + Ko, = G1 for
‘more than A of the Ka; for otherwise, since s(G / H) = A, there would
be only A of the Ku’ Notice also that H is normal in G1 and s
s(G, /" H) £ s(G/ H) = A. Since H is finite and H + K_ = G,
iG (K ) <d. Hence for each K , there exists an.N_( K such that
] @ a a a
N is normal in G, and i
a G

1
1
number of Ka such that NQC Ka C Gl’ i.e. only a finite number of

(No.) <d. Hence there are only a finite

the K(1 can correspond to a given No.' Hence there are more than A of
the N ..

a

Now there is a subgroup GZC G, and a subgroup H;IC H such

that H + Na =G, and HN No. = H1 for more than A of the NQ, for

2
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otherwise there would be at most A of the Na’ Also notice that H1 is

normal in GZ' The situation is now as follows:

(i) H” H1 is finite.

(ii) H/ Hl is normal in C}'2 / Hl’ since H is normal in GZ’

PR ; ~ . <

(i) (G~ H)/(H /H) G, /Hand s(G, /H) S A,

(iv) (N, / H) +(H/ H)=G,/ Hand (N H)N (H /H) =

Hl / H for more than A of the N_, hence

iGz/ H, (Na/ Hl) <d, !/

For a fixed a, let P, .~ H1 = (No./ Hl) N (N, / Hl)’ Hence

B B
. < : o3 ) .
i H(PB/HI) $ig om (N, / H) i o u (Nﬁ/ H) < d.

2 1 2 1 2 1
Since Pﬁ/ H C Np /ch: G, / H, for every f, since there are
more than A of the Nb. and since there are only a finite number of
NB y H1 between a given PB/ H1 and GZ / Hl’ there are more than

g
the Pﬂ/ H1 such that P

A of the P,. Hence S(Na/ Hl) > A, sinceé there are more than A of
p/ Hl‘c': N,/ H;. But by (iii) and (iv)
' <
N/ H %(G,/ H))/ (H/ H) ¥ G,/ H and s(G,/ H) = A,

which is a contradiction. Hence s(G) = A.
Next the question will be settled for torsion groups as follows:

LEMMA 2.2 H. G is a cuuntable torsion group. '
C. (i) s(G)=difG=2(p]") 8-+ 0 Z(p_ ") O F,
where p; 3 P; for i} jand F is :Iiinite.1

(i1) s(G)= 29 otherwise.

1. Hereafter the form of G given in C. (i) will. be called countable form.

12



Proof: By‘theorem 1.2, G =D & R, with D divisible and R reduced.
Consider the following two cases:

case 1. R is countable. By theorem l.1R is the direct sum of
primary groups. If there are d summands of R then s(G) = Zd since
the direct sum of any collection of the summands forms a subgroup.

IfR = R.p Q-0 @ RP , where the Rp are primary with respect to the
1 n i
prime pi. then at least one summand, say Rp' js countable since R is

countable. By theorem 1.4 Rp = Cn @ RI'7; again by theorem 1. 4
1

Ri) = Cn ® R" . Continuing in this way we get a sequence of finite
2 .

cyclic groups { Cn} such that no Cn is contained in the direct sum
i i '
of any of the others. Hence the direct sum of any subcollection of these

cyclic groups forms a subgroup of G and 8(G) = Zd. Thus it has been

proved that if R is countable, then s(G) = Zd.

case 2. R is finite, By theorem 1.3, D = Z(pld)) ®--- 0 Z(pnoo) Q-

where by remark (6) if P; = Py for i # j, then s(G) = Zd. If there are d

summands of D then by the reason used twice in case 1 s(G) = Zd.

Otherwise D = Z(ploo) -9 Z(pnoo) and G has countable form, This
Pproves (ii).
Now assume G has countable form. Then by theorem 1.1

G=2(p,®)oF_6--- 0Z(p. C)0F_ OF ... 8F_ , where
1 Py n Pn Pnt1 Pm
'FP is the primary subgroup of F with respect to P;: If H is any
i .
subgroup of G, by theorem 1.1, H=H_ ¢ ... ¢ H Hence
Py Pm
H C z ’oo F fori=l, -+, nand H C F fori=n+1, ...,
Pj (p; ) P; Py Py
If K is any- subgroup of Z(poo) ) FP then K/ (KN Z(poo)) z

(X +2(p%) ./ 2(p®)C (2(p¥) 0 F )/ 2(p¥) TF . Hence
i (KN z(p™)) o (Fp) < d and thus K admits the coset decomposition

K=(KNz(EP)gU - U (KN 2(p7) g,

13
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‘Since Z(pm) is countable and s(Z(pm)) =d, KN Z(poo) and gp **°» 8, can
be obtained in at most d ways. Hence Z(poo) ("] FP has d subgroups, and,
since 5(G) = S(Z(p;T) O F_) . --- - s(Z(p. )0 F_ ). s(F ) o e

1 P n Pn Phta

. s(FP ), it follows that s(G) = d. This completes‘ the proof.
m

Now for the general case let & be a maximal set of linearly
independent elements in the countable group G and let B be the free
group generated by the elements of & . With this notation we prove

the following theorem:

THEOREM 2.1 H. G is a countable group.
C. (i) s(G)=dif ol @ ) <d and G/ B has countable
form.

(ii) s(G) = Zd otherwise,

Proof: If o(@. ) =d, then s(G) = Zd since any two distinct subsets of
(@B. generate distinct subgroups of G. By remark (2) G /B is torsion,
hence lemma 2.2 implies s(G) = Zd if G/ B does not have countable
form. This proves (ii).

Conversely, assume o( 8. ) <d and G / B has countable form. Let
H be any subgroup of G such that HCE B and B ¢ H. Now consider
R(H N B). By remark (1) R(HMN B) / H/MN B is torsion. Also, since
for every g in G, there is some integer m such that mg is in
B, RBHN B),/ (R(HN B) N B) is torsion. However,
R(HN B)/ (R(HN B)N B)E(R(HN B)+B) / BC G /B; hence
s(R(HM B) / (R(HN B) N B)) 4. Since B is free, it follows from
theorem 1.5 that R(H /N B) A\ B and H/M B are also free groups. Now,
since for each generator g; of R(H/M B)/\ B there is an integer n.

such that nigi‘is in HN B, there are only a finite number of cosets of

14



of HNA B in R(HN B)N B, i.e. (R(HN B)N B) / (HN B) is finite.
Further, (R(HNB)/ (HN B))/ ((R(HNB)N B)/ (HNB))=

R(HN B‘)/ (R(H N B) N B), which has at mostd sdbgroups. Hence, by
"lemma 2.1, s(RIHN B) / (HN B)) Sd. For any h in H, nh is in B for
some integer n; hence nh is in HN B and this implies, by remark

(1), that h is in R(HN B)., Thus HN BC HC R(HN B). - Thus it

has been proved that for each subgroup B' of B there are at mostd
subgroups H of G such that HN B = B'. Since, by remark (3), B has

d subgroups, it follows that s(G) $4d. Also, since G is countable,

s(Q) 2 d. Hence s(G) = d, which was to be proved.

ARTICLE 2.2 EXAMPLE

One may be tempted to conjecture that if o () < d and s(G) = d,
where G is a countable group, then G is a direct sum of rational groups,
i.e. subgroups of R+ or R+ /Z, where Z is the additive group of
integers. However, this conjecture is defeated by the following example,
which is a modification of the example given in the proof of theorém 19
of [4] .

Let u and v be two symbols, let p be a prime, and let G be the
group of all finite .linear combinations over the integers of the

expressions v, w;/ P, W, /p3, vy w / p((n -1) /2)n +2) + 1.

where wn,= u+ (]_ + p2‘+ ps 4 e + p((n - 1)/ 2)(n * 2))\’. Let H be

the subgroup generated by u and v. Now u and v form a. maximal
linearly independent set of elements in G; and it is clear by the
association, (‘wi"/ p) + H<—> 1/ p; (WZ/ pz) +H<—1 /pz;

(w,/ p%) + H <> 1/ p*i—i——; (w, /p%) + He—>1/p% ..., that
G/H-= Z(poo). Hence by theorem 2.1, s(G) =d.

Observe the following properties of G:

15



1) v/ pis not in G.

Proof: Assume v/ p is inG. Then p(v /p)=v, i.e.

Bl 41, Bln_) +1

P(aOV + alwnl/ .+ arwnf/ P ) = v, where

n <.+ <n, n_ is minimal, and f(n) = ((n - 1) / 2)(n + 2). Multiplying

by p‘s(nr) gives au + bv = 0. Hence a = 0, i.e. pp(nr) B p(nl)al

+ pﬂ(nr) - ﬁ(nz) a, + vee + a_ = 0. Nowifr=0or r =1, then Pay = 1.

Hence r 2 2 and it follows that pﬁ(nr) BLAE l a_. Hence

1

+.

al-_wnr/ pﬁ(nr) t1, ar'w / »pﬁ(nr. - 1) + ar’pzv, which

RS |

cont:adicts the minimality of n_. Hence v / p is not in G.

2) No element of G is divisible of qo' for every a with q # p, q a prime.
Proof: Assume the element g is divisible by q(1 for every a, i.e. for

every a there is a g' such that qag' = g; or, expressed more fully,

(1) qu(aov + a.lwnl/ PB(nl) s a_w_ / pﬂ(nr) + 1) -
: r

b

Blm,) +1 | . B(m_) +1
oV +b1wrr(lp 1 + +bswms /P ] .

Now, if'nr z m_, by multiplying both sides of (1) by pp(nr) *1 ana

equating the coefficients of u on both sides, it follows that

(2) qMapPe) =B 4o sy = pPUR) < Blmg) (p Blm) - Blrmy)

e+ B

16



If n_<m_, by multiplying both sides of (1) by pp(ms) +1 and equating

the coefficients of u on both sides, it follows that
(3) qo'(alpﬁ(ms) - Plny) e ta)s= (blpﬁ(ms) -Blmy) Ly b_).

Hence it must be that qu' l (blpﬁ(ms) - _ﬂ(ml) + .00+ bs) for all q,
which is impossible unless b1 = b2 = e = bs = 0, in which case,

by (1), qa' Ibo for all a, a contradiction.

3) No element of G is divisible by all powers of p.

Proof:1 Assume there is an element g of G which is divisible by all

[3(n1)~ +1 (nr) + 1.

powers-of p. Let g = agv t aw / P

1 +“'+arWnr/p

Thus g = (au + bv) / pﬁ(nr) * 1. Since g is divisible by all powers of

B(n) +1

P, so is au + bv. In particular, au + bv is divisible by p for

(n) +1 is in G for every n. Hence

every n, i.e. (au + bv) / pp
(au + bv) / pp(n)J'l-aLwn /pﬁ(n)+l=((b-a(1+p2+...

+ pﬁ(n)))/ PB(n) 1), isin G for every n. Hence, by 1), it must be that

(4) b -a(l+ pz + oo + pﬁ(n)) = 0 (mod Pﬁ(n) + 1). for every n.

It will be shown that there is no pair of integers a and b such that

(4) is satisfied for every n. Assume there is such a pair,

1. Computations will be made in the group Ra(u) 8 Ra(v) where Ra(x) is

the group of all rational multiples of x.

17



2
Thenb=a(l+p + .- + pﬁ(n)) +.anp[3(n) +1 and b = a(l + pZ boeee

pﬁ(n‘ -1) + 1.

-1 :
+ pﬁ(n )) ta, Subtracting the second equation from

-1

B(n-1)+1,_ n-1

the first, we obtain p (ap + qnpn -a_ ) =0, since
n -

-1

B(n) = B(n - 1) + n. Hence pn l a 1 and it is seen that the
: n

sharpened congruence

(5) b -a(l+p% +... +pP™) 20 (moa pP(™ + 1)y

must be satisfied for all n. But if n is chosen such that p" > |a| + |b],
it follows that Pﬁ(n ) p™- p[3(n) t1g (a] + |p])- Pﬁ(n) +1

>(lal + bEP™ 1oy - =(lal + [b)1+p+p%+ -

5

+pﬁ(n))> Ibl + lal (1+P2+p 4 oo +Pp(n)) z lb-a(1+P2+°"

+ pﬁ(n)) |, which proves that the congruence (5) is not possible for
all n unless b - a(l + pz + 0 ¢ pﬂ(n)) = 0 for all n, which would

imply (1 + p2 oot pﬁ(n)) | b for all n, a contradiction. This proves 3).
Assume G is a direct sum of rational groups, i.,e. subgroups of

R+. since G is torsion-free. Also, since {u, v} is a maximal

linearly independent set of elements, and since the number of elements

is the same for every such set, G must be the direct sum of two

‘rational groups. Further, since s(G) = d‘, it follows from remark (4)

that the denominators of each summand can have only a finite number

of primes. Also by 2), 3), and remark (5), together with the fact that

if no element of a subgroup of R* is divisible by all powers of a prime,

then the denominators of that subgroup have only a finite number of
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powers of that prime, it follows that the summands are cyclic. Hence
G is free with two summands and by theorem 1.5 and the definition of H,
H is aiso free with two summands. Hence G/ H is finite, which
contradicts the fact that G/ H ¥ Z(poo). Thus G can not be a direct

sum of rational groups.

The problem of determining the number of subgroups of a finite
group was solved simultaneously by Yeh, [7] , and Delsarte, [2] , and

later by Kinosita [5] .
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CHAPTER 4
SUBMODULES OF MODULES

In this chapter [6, theorem 9] will be extended to modules over
a principal ideal ring with the restriction that the order of the ring is
less than the order of the module. The proofs are made by translating
the proofs in [6] into module language.

Let M be a module over a principal ideal ring, S.

DEFINITION 3. 11 L(pr) is the set of all elements in M whose order
ideals contain pr
L(oo) is the set of all elements in M whose order
ideals contain only zero.

Clearly, L(pr) is a submodule of M,

LEMMA 3.1 H. M is a primary module with respect to the
prime, p.

C. o(L(p™)) £ o(L(p™ " )+ o(L(p)) = (o(L(p)))7,
r=1, 2,

Proof: If Pg; = Pg,; then p(gl - gz) = o; and if P(gl - 82) =Pg - Pgy < 0,
then Pg, = pg,, where g, and g, are elements of M. Hence if g is in M,
the number of solutions of px = g is less than or equal to o(L(p)). Thus
the number of x in M such that px is in L(pr'l) is at most

o(L(p™ ~ H)(o(L(p) ), 1. e. o(L(p™) S o(L(p® ~ 1)) o(L(p)) . For the

second inequality, the first inequality and induction is used to get

1. Here p is a prime in S.
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r -1 r -2

o(L(p” ™ )+ o(L(p)) = o(L(p® " 2N (o(L(p))Z S - € (o(Lip))F.

COROLLARY H. M is a p-module.

o(M) >d.
C. o(L(p)) = o(M).

Proof: If o(L(p)) is finite, then by the lemma o(L(p®)) = (o(L(p)))*

which is finite for all r. Hence o(M) s d. Hence o(L(p)) 2 d and it
© .

follows that o(M) = >  o(L(p")) S o(L{p)) +o(L(p)) + - -+ = o(L(p)).
i=1

Hence o(M) = o(L(p)).

Now let R be the set of submodules M, of M with o(M,) = o(M) and

p P

let D be the intersection of all the submodules of R. With this notation

the following lemma is proved:

LEMMA 3.2 H. M is a module over a principal ideal ring, S.

ZOH CM, ae U;o(U) = o(M) 2 4.

C. (i) o(r) = 2°M)-

(ii) D = e.

Proof: Since there are ZO(M)' subsets of M, o(R) s ZO(M). Next it is

shown that there are ZO(M) subsets U'of U of order o(M). Assume there

are less than ZO(M),. Then there are ZO(M) subsets of order less than

o(iM). But the complement of each of these is of order o(M), a

contradiction, Hence there are ZO(M)subsets U' of Uof order.o(M).

Now let N(U') = 2 OH_. Then o(N(U')) = o(M), and if U' # U" then
a € U
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N( U') # N(U''). Hence o(R) = ZO(M). Also DC NN(U') = e, which

proves the lemma,.
The main result of this chapter is the following theorem:

THEOREM 3.1 H. M is a module over the principal ideal ring S.
o(M) 2 d; o(S) < o(M).
R is the set of submodules M‘5 of M with
O(Mﬁ) = o(M).

D is the intersection of all the submodules of R,

C. (i) ofr) = 2°M),

(ii) D =e.

Proof: If o(M) =d, then o(S) is finite and S is a field. Hence by
remark (7) M = 2 u 95, S, 2S. Since o(M) =d, o(U) =d. Hence
by lemma 3.2, the theorem follows.

Hence it may be assumed that o(M) > d. Now let T be the torsion
.submodule of M. The following two cases are considered:
case 1. o(T) < o(M). In this case o(L(m))= o(M). Let® be a
maximal set of linearly independent elements, and let B be the module
generated by the elements of § . It will be shown that o( B ) = o(L()).
Assume o( i} ) < o(L(o)). Then! o(B) s o( & )-o(S) < o(L{w)) = o(M).
For a fixed )\ # 0in S, letAx =\y, then\(x - y) =o. Hencex -yisin T,
Thus there are at most o(T) solutions of \x = b for fixed \ in S and
fixed b in B. Therefore the number of x's for which \x is in B, allowing

\ to vary, is o(T):o(S)-o(B) < o(M). Hence there is an x in L(o) - B such

. For o((2 ) and o(S) both finite, the first inequality is not true, but in

this case o(B) < o(L(co) since o(L(o)) is infinite and o(B) is finite,
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that ® VU {x} is an independent set, which contradicts the maximality
of ® . Thus ofl® )= o(L(m)) = o(M), and the theorem follows from
lemma 3.2 since B is of the form Za ] Ho.'

case 2. o(T) = o(M). From theorem 1.1, T = p

5e s 0 Tp’ where the Tp

are primary modules,.

case 2, 1. o((’I‘bp) = o(T) for some p. Then by the corollary of lemma 3.1,
o(L(p)) = o(M). Now by theorem 1.6, L(p) = 2_ ¢ C,» C, cyclic. However,
O(Ca) s o(S) < o(M); hence there are o(M) of the C, and by lemma 3.2

the theorem follows.

case 2.2 o(Tp) < o(T) for allp. LetU=3_ 6 TP for all primes p, with
i
o(Tp ) >d. Now the number of elements of U with one nonzero component
i
is Z'O(Tp ). The number of elements of U with two nonzero components
i

is o(T_). 'o(T = o(T where ' denotes the sum
2 of pi) 2 ol Pi) y_ ol pi) > 2
with some one summand omitted. Continuing in this way we see that

the number of elements of U with n nonzero components is Z o(TP ) for
i

every n. Hence o(U) = 3~ o(Tp ). Also o(U) = o(T) for clearly
i

o(U) T o(T) and o(U) < o(T) implies o(W) = o(T) where W = 5~ @ T) for
all primes P; with o(T! .)<= d. But this is impossible since there ;re at
most o(S) < o(T) of the 'll‘i) Now by case 2.1 each of the TP~ has
Zo(Tpi) submodules H(i) o; order o(Tp.). For each i, choosle an

H(i) C Tpi with o(H(i)) = o(Tpi). The; V =% 8 H(i) is a submodule of
U with o(V) = o(U). The number of submodules formed in this way is

clearlylT ZO(TP‘) =2 z o(TPi) = ZO(U) = ZO(M). Also since
1
"\ H(i) = e for a fixed i, the intersection of all the V's is the identity.

This proves the theorem.

23



COROLLARY H. o(G)> d and G is a group.
R is the set of subgroups Ga of G with O(Ga) = o(G).

D is the intersection of the groups in R.

C. (i) o(r) = 2°(Q),

(ii) D =e.
This is the statement of [6, theorem. 9] .

Proof: A group is a module over the ring of integers by means of the
multiplication already defined, i.e. ng=g+ g+ --- + g, withn
summands. Also since o(G) > d , the condition on the order of the

ring is satisfied. Hence the corollary follows from theorem 3.1.
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CHAPTER 4
THE ORDER OF THE AUTOMORPHISM GROUP

In this chapter it will be shown that the order of the automorphism
group of a countable torsion group is ,Zd. The foundation laid in article 1.5

will be built on to attain this goal,

ARTICLE 4.1 THE THEOREM

First a lemma will be proved which is patterned after the proof
of Ulm's theorem in |4] However, here automorphisms are being
considered and since it is desired to obtain Zd automorphisms, they
will be built up step by step such that all but at most one step can be

taken in two ways.

LEMMA 4.1 H. G is a countable, reduced, p-group.
S and T are finite subgroups of G.

V is an isomorphism of S onto T which preserves

heights with respect to G.

x is an element of G such that x is not in S but
px is in S.

h(x) =a Sx - 2%

S' is the subgroup generated by S and x.

x is proper with respect to S.

h(px) is maximal among all x's that are proper

with respect to S.

1. X\ is as in article 1, 5.
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C. There exist finite subgroups T'* D T and T'' D T
and height-preserving isomorphisms, V' of S' onto
T' and V' of S' onto T'', such that V'$ V" and V!

and V!'' are extensions of V.

Proof: Let (px)V = z. Now two elements, w and W, that are not in T

must be fourid such that pw = PW, =z, h(w) = h(wl) = a, wand w, are

1
proper with respect to T, and w # w,. If such elements can be found,
then the conclusion can be obtained by defining (s + rx)V' = sV + rw and
(s + rx)V'' = sV + rw,.

In searching for the elements w and wy the following two cases are
considered:
case 1. h(z) =a + 1. Hence 2z 'l: 0 and consequently px,:lt 0. Since
h(z) =a +1, z is in Ga + U therefore there exists an element w in GCL
such that pw = z. Since P(1 +1 =|= 0, there is a nonzero element w' of
Po. Y which is a subgroup of Ga' Hence p(w + w') = pw 4+ 0 = z. Also
notice that w is not in Po. P 1 since z =|= 0; hence w % w',

It is now claimed that the elements w and wy = w o+ w! satisfy the
requirements, First notice that h(w) 2 a and h(wl) 2 a since w and wy
are in Ga. To see that h(w) = a assume h(w) >a. Hence h(w) 2 a + 1,
which implies h(.z) = h(pw) > h(w) Za +1, a contradiction. Hence h(w) = a.
Exactly the same argument shows h(wl) = a. Next it is shown that w is
not in T. Assume w is in T. Now w =yV, y in S, Hence pw = (py)V = z,
But (px)V = z; therefore px = py. Also x - y is not in S for if it were
then x would be also. Since x is proper with respect to S,
a = h(x) ézh(x - y). Also, since h(y) = h(w) =a, h(x -y) 2 h(x) = a,

hence h(x - y) =a and x - y is proper with respect to S. However,

h(p(x - y)) = h(o) > a + 1, which contradicts the maximality of h(px).
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Thus w is not in T. As before exactly the same argument works to show
that Wy is not in T.. All that remains to be shown is that w and w, are
proper with respect to T. To this end assume w is not proper with
respect to T, i.e. there exists a t in T such that h(w + t) z a + 1,

t =sV, sis inS. Notice that h(p(w + t)) 24 + 2. Since (px)V = z = pw

and (ps)V = pt, it follows that (px + ps)V = pw + pt. Therefore

h(p(w +t)) = h(p(x + s)) 2 a + 2. Since h(t) < a implies h(w +t) < a we
have h(t) P a. Therefore h(s) = h(t) 2 q and h(x + s) 2 a, but h(x + s) s a.
Hence h(x + s) = a, i.e. x + s is proper with respect to S and

h(p(x + s)) 2 a + 2 which contradicts the maximality of h(px). Therefore
w is proper with respect to T. Again the same argument shows that

W) is proper with respect to T. Thus w and W) satisfy the requirements
and V' and V'' can be obtained as described above.

case 2. h(z) >a + 1. Hence h(px) > a + 1, which implies px = pv, where
v is in Ga T Hence x - v is in Pq. Since x is not in G(1 D neither is
x - v; therefore h(x - v) = a. Since for every s in S, h(x + s) = a, and
since h(-v) Za + 1, it follows that h(x + s) < h(-v) for every s in S.
Therefore h(x + s - v) = h(x + s) Sqand sox - v is proper with respect
to S. Now since S.is finite, so is S:/ Sa- 1 and since x - v

satisfies (b) in lemma 1.1 it follows that the dimensio.n1 of S:c / SQ +1

is less than f(a), Further, since V is height preserving, it maps |
hence the

S onto T , s¥ onto T*, and S%/ S onto T’F/ T
a a' a a a a

a +1 o + 1}

dimension of Tf/ T is less than f(a). Hence lemma 1.1, (a), is

a+1
satisfied for T and therefore there is an élement w' such that pw' = o,

h(w') = a5 and w' is proper with respect to T. Also since h(z) > a -+ 1, there

there is an element w'' in Gu +1 such that pw'' = z. Now let w = w' + w!'

1. As a vector space over the integers (mod p).
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and it follows that PW = z and h(w) = h(w' + w'') = h(w') = a, since
h(w') < h(w''). Further, for any t in T, h(w' +t) s h(w') = a and
h(w'') 2 a + 1; therefore h(w' +t + w'') = h(w' + t) Sa-= h(w' + w'') and
w' + w'! is proper with respect to T. Now let w''' :lt 0 be any element
of Pa +1 and let wy = w + w''', (Notice that if z = 0, it will sufﬁce to
let w = w' and wy = w' o+ w''). Now w # w, and PW, = PW =z,

Also h(wl) = h(w + w''') = h(w) = a since h(w) < h(w''"). mf‘inally, since

w is proper with respect to T, for any t in T it follows that

HA

h(w + t) = h(w) =a, and since h(w''") 2 a+l hw+t+w'")=

p

hiw+tiSa=h (wl). Therefore w, is proper with respect to T and

1

this concludes the proof of lemma 4.1,

THEOREM 4.1 H, G is a countable, torsion group.
C. o(A(G)) = 29,

Proof: Clearly, o(A(G)) s Zd. By theorem 1.2, G=D @ R, If

D =|= 0 then by theorem 1.3 D is a direct sum of Z(poo) groups. In

this case the theorem follows from remarks (9) and (10). Hence the
only case remaining to be considered is the one in which G = R. ‘By
theorem 1.1, R is a direct sum of primary groups, and if there are d
pPrimary summands of R, then by theorem 1.4 each summand has a finite
cyclic direct summand. In this case the theorem follows from remarks
(8) and (9). The only case remaining to be considered is the one in
which R is the direct sum of a finite number of primary groups. In this
case there will be a prime p such that the order of the corresponding
primary group is d. Hence it must be shown that if Rp is a countable

reduced p-group, then the order of the automorphism group of Rp is Zd.
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To this end first order the elements of pr in some order,
Oy gpr 8y v Let S = T be the cyclic subgroup generated by g; and
let V be the identity correspondence. V will be extended by induction
to an automorphism of RP. At the (2n - 1)th stage S will be extended to
include g, and at the 2nth stage T will be extended to include g,° Moreover
it will be shown that the extension can be made in two distinct ways at all
but at most one stage. This will show that V can be extended to an
automorphism of R.p in Zd ways., Since all of the arguments required for
‘the induction are the same as the one for extending S, say, to include
g5 only this argument will be given.

If g, is in S, there is nothing to prove. 'If not then the order of
g, is pn, i.e. pngz = o. Let r be the smallest positive integer such that
pr + 1g2 is in S, but prg2 is not in S. Now S will be extended to include
prgz. Clearly, it will suffice to extend S to include prg2 U where s; is
in S. Let prg2 + s be such that prg2 + s is proper with respect to S and
let h(p(prgz + s)) be maximal among all prg2 t+ s, which are proper with
respect to S. 'This is possible since S is finite. Now assuming
h(prg2 + s) § X - 2, S can be extended to include prgz + s, and hence to
include prgz, by using lemma 4.1. Continuing by induction S can be
extended to include p* ~ lgz, pr ) Zgz, "y P8, and finally g, itself,
making the extension in two ways at each stage provided the heights
of the elements involved are all at most X - 2.

Thus it has been seen that the only thing that could possibly
hinder the extension at any given stage is to have to extend to include
an element:x which satisfies all the hypotheses of lemma 4.1 except
h(x) s N - 2, i.e. x is such that h(x) =\ - 1. In this case px = o and
hence z = o. Now since P)\ -1 =} 0, w can be taken as any element in

P j such that w is not in T. This will fail only if P

)\" _ICT,but

N
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this implies o(P)\ _ 1) is finite and hence P 1 C S also since V is

\ -

1’ and hence xis in S, a

height-preserving. . However, x is in P)\
contradiction. Therefore _PX _ 1¢ T and w may be taken as any
element of P)\ -1 that is not in T. 'Also w may be changed by any

nonzero element of P and it will still satisfy the requirements.

A-1
Hence the only case in which the extension can be made in only one way

is when h(x) =\ - 1 and P 1= C Thus the required extension can be

\ - 2°
made in two distinct ways at all but at most one stage, which proves that

the order of the automorphism group of RP is Zd. Now the proof of

theorem 4.1 is completed by invoking remark (9).

The problem considered in this chapter has not been solved for

+1 divides

finite groups. It has been shown however, [3] , that if pn
o(G), where p is a prime, then p (p - 1) divides the order of the

‘automorphism group of G where G is a finite group.

ARTICLE 4.2 UNSOLVED PROBLEMS
The author has been unable to solve the problem of determining
the number of submodules of a module over a principal ideal ring
where the order of the ring is equal to the order of the module. He has
also been unable to determine the order of the automorphism group of
a general group. It is his opinion that the answers to these questions
are not as simple as the answers given to the questions in chapters 3 and 4

of the present paper.
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