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ABSTRACT
Unlike conventional gas reservoirs, the shale gas resources are widely distributed in organic-rich
shale formations with most pore sizes down to nanoscale. Such nanoscale confinement has
invalidated the conventional gas transport mechanisms which are characterized by the NavierStokes equations. A common practice in shale reservoir simulation, which arbitrarily increases
intrinsic matrix permeability to match the production data, has been proven inefficient and
unreliable. This research work aims to bridge the gap in scientific understanding of the shale gas
transport across the hierarchical structures of organic-rich matrix by developing different
analytical and numerical models which incorporate various mechanisms in shale formations. More
specifically, this work explores the qualitative and quantitative influences of the rarefaction effect,
real gas effect, multilayer adsorption, surface diffusion, nano-confinement effect, and porestructure heterogeneity on the shale gas flow.

First, a new unified gas transport model is developed by modifying Bravo’s model to describe the
rarefaction which is commonly in presence in nanopores. Particularly, a straight capillary tube is
characterized by a conceptual layered model consisting of a viscous flow zone, a Knudsen
diffusion zone, and a surface diffusion zone. To specify the contributions of the viscous flow and
the Knudsen diffusion, the virtual boundary between the viscous flow and Knudsen diffusion zones
is firstly determined based on Kennard’s analytical kinetics approach. Then, the model considers
the real gas effect, multilayer adsorption and nano-confinement effect to quantify the density
oscillation and phase behavior in confined nanopores. Meanwhile, the apparent permeability (AP)
model is analytically derived and numerically simulated at core-scale. In addition, the field scale
production rate is numerically calculated by coupling the nanoscale mechanisms. Furthermore, the
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pore-structure heterogeneity impact on production rate is studied by the fuzzy statistical method
in which the Monte Carlo simulation is implemented for the sensitivity analyses of the structural
parameters in the fractal model.

The proposed analytical model has been successfully validated against molecular dynamic
simulation and experimental flux results for five types of gases (i.e., methane, nitrogen, helium,
argon, and oxygen) with the assistance of optimization methods. One of the advantages of the new
unified gas transport model is its great flexibility which is capable to cover the full flow regimes.
It is found that the increase of real gas viscosity can reduce the total molar flux in the inorganic
pores up to 66.0%. In addition, it is observed that the pore confinement effect is of importance
when the pore size is smaller than 50 nm. The apparent permeability is found to increase greatly
as the adsorption layer number increases, implying that the application of Langmuir model in
existing gas transport models may substantially underestimate it. Given organic nanopores, the
contribution of surface diffusion is tangible when the pore size is below 150 nm and the Knudsen
diffusion is negligible under high pressures. Compared with the flow mechanisms in the
nanopores, it is found that the fractal dimension of the tortuosity has the largest impact on the
production rate than the pore size and the fractal dimension of pore size distribution. In addition,
the fuzzy statistical method can quantify the confidence interval within which the satisfactory flow
rate results can be acquired. The fuzzy statistical method enables more flexibility to predict the
realistic production profile with significant data fluctuations.
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CHAPTER 1: INTRODUCTION
1.1 Problem Statement and Significance
The hydrocarbons in the form of liquid and gas extracted from the petroleum reservoir have been
serving as a key enabler of living standards providing reliable and steady energy supply.
Nonetheless, the consensus has been reached that the fuel switching from crude oil to natural gas
(mainly methane) for power generation has beneficial impacts on controlling the greenhouse gas
(GHG) emissions due to the superior burning efficiency and less CO2 production (Zoback and
Arent, 2014). According to 2018 Energy Information Administration (EIA) as illustrated in Figure
1.1, the production of shale gas plays will be the largest contributor to natural gas production
growth in terms of both optimistic and reserved projections, accounting for more than threequarters of the U.S. natural gas production by 2050. Moreover, the large-scale commercial
development of shale gas has catalyzed the renaissance of U.S. manufacturing from revitalizing
the chemical industry to boosting job creations, which is vital to the economy (Hughes, 2013).

Figure 1.1: Schematic diagram showing that U.S. dry natural gas production increases as a result of continued
development of tight and shale resources (EIA, 2018).
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Unlike conventional gas reservoirs, the shale gas resources are widely distributed in organic-rich
shale formations with most pore sizes down to nanoscale. Such nanoscale confinement has
invalidated the conventional gas transport mechanisms (Ambrose et al., 2012). It is commonly
observed that the shale gas production rate declines rapidly after the peak in early time, and then
enters the long-tail production phase of low rates that may span up to a decade (Middleton et al.,
2017). As a matter of fact, the total gas production is typically controlled by the long-term tail
production rate which is contributed by the slow gas transport in matrix (Zhao and Alexandroff,
2019). Hence, it is essential to deepen the comprehensive understanding of transport mechanisms
in nanoscale shale matrix and enrich the knowledge of the interaction between the slow gas
transport at fine-scale level and ultimate production rate at coarse-scale level. However, it is still
challenging to establish the fundamental theories of the shale gas transport through a hierarchy of
scales.

1.2 Research Objective and Scope
The overall objective of this dissertation is to study single-phase gas flow behaviors across the
hierarchical structures of organic-rich matrix in a hybrid framework including both numerical and
analytical approaches. More specifically, the research scope can be categorized as following
aspects:
1) Gas flow in nano-pores of the shale matrix is significantly different from that in
macropores of the conventional reservoir. Thus, it is necessary to gain a holistic knowledge of
flow behaviors at fine-scale pore level (i.e., organic and inorganic nanopores) and analytically
characterize the gas transport coupling multiple mechanisms in confined nanopores;
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2) Reasonably upscale the gas transport from the pore scale to the matrix scale (i.e., core
and field) and facilitate the simulations using the empirical correlations;
3) Study shale gas production performance coupling fine-scale phenomena and expand our
understanding of structural heterogeneity effects on the gas transport for improved prediction of
the fate of methane and its management.

1.3 Outline of the Dissertation
The dissertation is organized by multiple tasks which are presented in Figure 1.2. Several tasks
have been assigned to each chapter for the detailed descriptions. According to Figure 1.2, the fine
scale transport is mainly studied in Chapter 1 and 2. Chapter 1 provides the method to develop a
new analytical model which can fully depict the flow behaviors in nanopores under reservoir
condition. Meanwhile, rarefaction effect, pore roughness, real gas effect, monolayer adsorption,
and surface diffusion are considered in the model. Chapter 2 provides a more complicated
analytical model based on Chapter 1 to incorporate the multilayer adsorption and pore confinement
effect. In contrast, the coarse scale transport is investigated in Chapter 3 and 4. In Chapter 3, one
numerical scheme coupling the pore-scale analytical model is adopted to implement the spatialtemporal simulation at core level during the pulse-decay test. In Chapter 4, a fractal model
incorporating the pore-scale analytical model is utilized to simulate the unit matrix in shale
formation. Then, the sector model is adopted to couple each unit matrix and the hydraulic fracture
for the gas production simulation in field. Finally, the heterogeneity of structural parameters in
fractal model is evaluated by the fuzzy statistical method.
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Figure 1.2: Research tasks of the dissertation.
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CHAPTER 2: LITERATURE REVIEW
2.1 Shale Gas
2.1.1 Shale Gas Evolution
Shale is a fine grained, dark colored, and clastic sedimentary rock which is a mix of organic matter
(e.g., kerogen), consolidated clay minerals (clay, silica), and tiny interbedded minerals (e.g.,
feldspar and pyrite). During the deposition of fine‐grained sediments, organic matter accumulates
in the form of algae, plankton, and animal derived organic debris which are from nearby land areas
and the water column (Könitzer et al., 2014). The gas and oil are gradually generated from these
organic matter accumulations via a series of chemical reactions at high temperatures and pressures
in the deep burial. It is indicated that the temperature window for the hydrocarbon conversion is
between 60°C and 120°C, with gas and oil being formed at the upper and lower limit of this range,
respectively (Ambrose et al., 2012). Moreover, tight nature of the matrix and the ability to retain
the gas make these environments important gas trapping and storage locations. Hence, the organicrich shale formations are typically regarded as both source and sealing cap rocks.

2.1.2 Shale Gas Exploitation
In general, the extracted shale gas is dry gas primarily composed of methane (> 90% mole fraction)
(Javadpour et al., 2007). The shale gas resources are significantly abundant worldwide that are
estimated to be 22,470 trillion cubic feet (Wu et al., 2016). According to EIA, the United States
and Canada are the only major producers of commercially viable shale gas while China claims to
be the largest holder of shale gas reserves. The boom of shale gas production arises from the
buoyant gas market and the rapid technology advances including the hydraulic fracturing and
horizontal drilling. The mineral materials that make up the bulk of shale are very fine with the
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result that gas cannot readily move within the rock. Thus, the artificial hydraulic fracturing with
over-pressured fluids and proppants are usually used to induce the open fracture network around
the borehole and bridge the natural fractures in matrices to stimulate flow of the trapped gas by
increasing permeability (Bousige et al., 2016). It is approximately estimated that 90% of drilled
gas wells in the United States are fractured every year (Prud’homme, 2014).

2.1.3 Primary Shale Plays in the States
The Barnett shale in North Texas is the first shale play for the industrial exploitations, which is
regarded as the most productive source of shale gas in the U.S. from 2002 to 2010 (EIA, 2013).
Then, the success in the Barnett shale boosted the commercial developments in other explored
shale plays such as Eagle Ford shale, Haynesville shale, and Marcellus shale (Wang et al., 2014).
The Eagle Ford shale in Texas spreads over the area of 20,000 square miles and an average
thickness of 250 feet. Another main play in Texas, Haynesville shale, extends from East Texas to
West Louisiana covering the area of about 9,000 square miles and an average thickness of about
200 to 300 feet (Stephenson, 2016). However, the deep formation depth (i.e., 10,500 to 13,000 feet
below the surface) in Haynesville shale lead to expensive drilling costs which hindered the
profitable development as the gas prices dropped in recent years. Thus, Eagle Ford shale became
the more profitable target for companies instead of Haynesville shale after the year of 2012
(Stephenson, 2016). The Marcellus shale trends across the significantly large area from Northeast
New York to Southwest Pennsylvania covering 104,000 square miles and the thickness of more
than 50 feet, which makes it the largest potential shale region in the States (Darrah et al., 2014).
The primary shale plays in U.S. are illustrated in Figure 2.1.
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Figure 2.1: Distribution of shale gas plays in U.S. lower 48 states (EIA, 2016).

2.2 Shale Reservoir Characteristics
2.2.1 Shale Pore and Pore-Throat Size
The pore types in shale matrix can be roughly categorized as nanopores (diameter < 0.75 µm) and
micropores (diameter ≥ 0.75 µm) in term of pore sizes (Loucks et al., 2009). And the nanopore is
the predominantly abundant pore type. Moreover, the nanopore can be further subdivided into
interparticle inorganic pores, intraparticle inorganic pores, and intraparticle organic pores. More
specifically, the interparticle pores are found between inorganic particles and crystals whereas
intraparticle pores are formed within inorganic particles or the organic matter (Loucks et al., 2012;
Sondergeld et al., 2010). Slatt and Brien (2011) have found the dominant presence of intraparticle
organic nanopores in organic-rich shales. In addition, shale gas is mostly stored in the intraparticle
nanopores of the inter-connected network or bedding-parallel laminae in organic matter. In
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contrast, the scattered presence of inorganic pores contributes much less to the gas transport in
shale matrix.

The size of organic pore and pore-throat significantly controls the gas storage and transport
capacity through the shale matrix, respectively. Typically, the organic pore size is less than 1,000
nm (Milliken et al., 2013). It is discovered that average pore size in Barnett shale ranges from 20
to 185 nm (Loucks et al., 2009). Curtis (2002) found a large amount of nanopores with size from
2 to 100 nm. In contrast, the size of organic pore-throat is commonly smaller than 20 nm. Nelson
(2009) found that the pore-throat size ranges from 9 to 45 nm and 20 to 160 nm in the basin of
Pliocene Beaufort-Mackenzie and Pennsylvanian Anadarko, respectively. In addition, the
morphology of shale pores is in presence with sphere, parallel plates, elliptical, irregular polygons
or combinations of above geometries. In contrast, the pore throat shows up with straight capillary
or smoothly curving geometry (Loucks et al., 2012).

2.2.2 Shale Porosity and Tortuosity
The porosity in shale matrix is very low which is commonly smaller than 10% (Milliken et al.,
2013). Chalmers et al. (2012) have claimed that shale porosity ranges from 2.5% to 6.6% via
helium porosimetry experiment. Moncrieff (2009) pointed out the average porosity of Barnett
shale could be as low as 2.0%. Chen et al. (2013) showed the total porosity of samples in Lower
Silurian Longmaxi gas shale is between 2.05% and 5.87% with an average value of 4.04%. In
addition, the porosity can be influenced by the fractions of mineral composition (i.e., organic
matter, clay content, quartz content, and carbonate content). Wang et al. (2019) have indicated that
the amount of total organic carbon (TOC) presents a positive relationship with porosity due to the
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contributions of organic pores. Given that clay content increases with TOC content, clay content
shows a positive correlation with porosity as well. Meanwhile, the porosity has the negative
correlation with the quartz and carbonate content due to the dilution effect on TOC content.

The tortuosity in the shale is typically large and it increases with the TOC. It is reported that the
average tortuosity is 2.5 in the shale with amount of organic matter as low as 0.1%-0.8%. However,
the average tortuosity goes up to 8.5 as the TOC content reaches 2.2%-2.5% (Thomas and Clouse,
1990). Moreover, it is found that the tortuosity is direction-dependent due to the shale anisotropy.
Revil et al. (2013) indicated that the transverse tortuosity could be almost one order of magnitude
greater than the in-plane tortuosity. Based on the random walk method, Chen et al. (2015) found
the calculated tortuosity values in the horizontal and vertical directions showed significant
differences in the range of 1.26 to 2.99 and 3.27 to 7.6, respectively. However, it is difficult to
attain the true tortuosity for the shale formation since it requires accurate numerical simulations
on the high-resolution images of shale to predict the values of tortuosity (Srisutthiyakorn and
Mavko, 2017).

2.2.3 Intrinsic Permeability
During the long geological period, shales are deposited as muds in low‐energy environments such
as tidal flats and deep-water basins where the fine‐grained clay particles fall out of suspension in
the quiet waters. Hence, the laminated layers of sediment result in the tight formation with
extremely low permeability horizontally and vertically. Such low intrinsic permeability indicates
that the stored gas in shale cannot quickly move unless the high-conductance channels like
fractures are induced. In general, the intrinsic permeability in shale matrix falls in nano-Darcy
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scale. Javadpour et al. (2007) measured permeability of 152 samples from 9 gas reservoirs and
found that the permeability in 90% of samples were less than 150 nD. Besides, the intrinsic
permeability in shale is more sensitive to the stress effect in comparison with those in conventional
sandstone formations. Bowker (2007) found that the permeability under significant stress effect
can be two orders of magnitude higher than the original one. Furthermore, it is reported that no
clear correlations exist between the mineral contents and the intrinsic permeability (Wang et al.,
2019). In addition, shale permeability exhibited the positive relationship with porosity if a large
fraction of organic nanopores existed. This is because the pore network in mature organic matter
provides better connectivity than the intraparticle and interparticle pores (Guidry et al., 1995).

2.2.4 Specific Surface Area and Wettability
The abundance of nanopores in organic matter results in the large specific surface area in shale
porous medium. With the development of shale thermal maturity, the specific surface area
continues to grow with the increase of organic nanopores. Meanwhile, much gases adsorb to the
surface of nanopores, which might account for 20% to 85% of total amount of shale gas in
nanopores (Bowker, 2007). It is reported that the specific surface area in North America shales
ranges from 2.0 to 103.7 m2/g (Clarkson et al., 2013). The plentiful organic matters in shale
inevitably have an impact on the wettability. It is discovered that nanopores in the organic matter
are prone to the oil wettability while inorganic pores in shale matrix commonly show the water or
mixed wettability (Sondergeld et al., 2010; Passey et al., 2010).

11
2.3 Transport Mechanisms in Nanopores
Shale gas in nanopores are in the presence of two different states: 1) free gas in organic/inorganic
nanopores; 2) adsorbed gas on the pore surface. The differences in the presence of states have
resulted in the distinct transport mechanisms. The free gas transport cannot be characterized by the
N-S equations due to the rarefaction effect. According to Gad-el-Hak’s studies (1999), the
characterization can be carried out by the numerical methods and analytical models. Aside from
probing the nature of rarefaction in nanopores, a variety of experimentally confirmed mechanisms
in shale formations have significantly influenced the gas transport. Hence, the analytical methods
have been modified to incorporate multiple physical mechanisms which are commonly observed
under reservoir conditions such as the real gas effect, adsorption (Jia et al., 2018a), surface
diffusion (Michel et al., 2011; Riewchotisakul and Akkutlu, 2016), and confinement effect (Song
et al., 2016; Yang et al., 2019a).

2.3.1 Rarefaction in Nanopores
Navier-Stokes (N-S) equations are the classic governing equations for the bulk gas transport in
which the slip and temperature-jump boundary conditions are not defined. According to the
continuum hypothesis, the macroscopic properties characterized in N-S equations such as density,
velocity, stress and heat flux can be defined by the average local properties of microscopic
molecules. Moreover, when the mean free path (i.e., average distance traveled by a molecule
before collisions) is far less than the characteristic length of transport medium, the inter-molecule
collision frequency is far more than molecule-wall collision frequency. In this case, macroscopic
properties are capable to reach the thermodynamic equilibrium where the stress is linearly related
to the strain gradient (Newtonian fluids) and the heat flux is linearly correlated with the
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temperature gradient (Fourier fluids). However, as the characteristic dimension of transport
medium is comparable with the gas mean free path, the flow dynamics exhibits the rarefied
phenomena. The rarefaction indicates that the mean free path of the gas molecules is not a small
magnitude compared with the characteristic length of the flow medium and the molecule-wall
collisions become intensified when the density reaches a low level (Mason et al., 1967). Javadpour
et al. (2007) have affirmed that shale formations are featured with a large amount of nano-pores
where the gas transport presents the distinct rarefaction effect under thermo-equilibrium conditions
(e.g., pressure of 3.0-70.0 MPa and temperature of 322-403 K). The rarefaction leads to the
observed gas slippage on the pore surface. Moreover, the Newtonian linear viscosity correlation
becomes inaccurate with the increase of rarefaction degree (Karniadakis et al., 2005). Due to the
intensive density oscillation near the fluid-solid interface, the conventional continuum gas
transport theories such as Darcy’s equation, Hagen-Poiseuille equation, and Navier-Stokes
equations cannot be directly applied to the nano-scale gas flow.

2.3.2 Knudsen Number
To quantify the degree of rarefaction effect (i.e., non-continuum) in nanopores, Knudsen number
(Kn) which is defined as the ratio of the molecular mean free path (λ) to the characteristic length
(e.g., pore radius, r) is typically adopted (Bird, 1994). From the expression, it is known that
Knudsen number increases with the decrease of characteristic length or the increase of mean free
path. Based on the Knudsen number, Roy et al. (2003) classified the rarefied gas flow into four
realms: continuum flow regime (Kn≤0.001), slip flow regime (0.001<Kn≤0.1), transition flow
regime (0.1<Kn≤10), and Knudsen diffusion regime (Kn>10). Also, it is indicated that shale gas
flow behaviors typically range from slip to Knudsen diffusion flow regimes (Wu et al., 2016). In
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the slip flow regime, collisions between molecules and the wall cannot be ignored. The failure of
the continuum hypothesis results in the fact that shear stress in the continuum equations of mass
and momentum conservations cannot be characterized by the macroscopic magnitudes of lower
order (i.e., velocity) (Shen et al., 2005), thus non-Darcy flow behaviors manifest themselves
mainly at the vicinities of the boundaries (i.e., velocity slippage). Meanwhile, the analytical
equations based on Navier-Stokes are still valid, but it is imperative to modify the boundary
conditions (Civan, 2010). In the Knudsen diffusion regime, the gas is so rarefied that collisions of
molecules with the pore wall prevail, and the velocity distribution becomes the equilibrium
Maxwell distribution. In the transition flow regime, it is difficult to analyze the flow patterns since
the molecule collisions between the wall and mutual collisions both have significant impacts, and
the conventional Navier-Stokes equations break down (Chai et al., 2019a). Numerous attempts
have been made to derive representative analytical equations to characterize the rarefaction in this
flow regime (Javadpour, 2009; Civan, 2010; Sakhaee-Pour and Bryant, 2012; Riewchotisakul and
Akkutlu, 2016; Jia et al., 2018b). The classification based on Knudsen number together with the
corresponding governing equations have been illustrated in Figure 2.2. Such a classification
mainly serves as a frame of reference and the critical Knudsen numbers for each regime are
empirical in nature. That is because the value of characteristic length cannot be accurately
determined.
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Figure 2.2: Flow regime classifications and corresponding governing equations.

2.3.3 Numerical Methods for Free Gas Transport
Numerical methods can be basically distinguished as the direct numerical solution of the
Boltzmann equation (BE) and the microscopic particle-based simulation. Despite the fact BE is
the basic equation of molecular gas dynamics, it is almost impossible to determine the exact
solution of BE due to its complicated collision integral term and integro-differential mathematical
expression. To overcome this difficulty, a variety of approaches aim to approximate BE and
directly accomplish the numerical solution in the limit of errors. Nordsieck and Hicks (1967) used
the Monte Carlo method of quadrature to evaluate the collision integral and finite difference
method to calculate the BE. Loyalka and Hamoodi (1990) linearized the BE by simplifying the
collision integral to obtain the numerical solution in late slip and transition flow regimes. However,
there have been suspicions concerning the application of direct numerical solution over entire flow
regimes owing to the complexity of BE and the instability problem related to the numerical scheme
(Shen, 2005).
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The microscopic particle-based simulation recognizes the gas as a swarm of discrete particles of
which the position and momentum are calculated either deterministically or probabilistically
(Javadpour, 2009). Currently, widely accepted methods include molecular dynamics simulation
(MD), direct simulation Monte Carlo (DSMC), and Lattice Boltzmann simulation (LBM). The
molecular dynamics (MD) method considers deterministic kinetics of each molecule based on
Newton’s laws of motion, thereby attains the highest accuracy compared with other methods
(Binder, 2004; Kazemi and Takbiri-Borujeni, 2016). The DSMC is a probabilistic particle
simulation based on kinetic theory in contrast to the deterministic MD method, and DSMC is
typically applied for the high-Kn flow in transition flow regime (Christou and Dadzie, 2015).
Unfortunately, both MD and DSMC have extremely slow convergence rates and requires
prohibitively expensive computational resources, which are not practical in the simulation of largescale and complex spatial-temporal system (Oran et al., 1998). Compared with MD and DSMC,
LBM is the most efficient and practical approach for shale gas flow simulation where particles
representing packets of gases are tracked through the computational domain of grids. Moreover,
the method is relatively easy to code and ideally suited for parallel computing platforms. The
primary drawback is that the conventional LBM method can only cover the continuum and slip
flow regimes because the governing equation is based on Navier-Stokes equation which is invalid
for the high-Kn number flow in transition and Knudsen diffusion flow regimes (Chen and Doolen,
1998).

2.3.4 Analytical Modeling for Free Gas Transport
Analytical methods characterize the rarefied gas flow from the perspective of continuum
hypothesis (i.e., reduced Navier-Stokes equations), which shows advantages over numerical
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approaches in terms of computation efficiency and practicality at various scales (Roy et al., 2003).
Different analytical models have been developed in the scientific community of rarefied gas
dynamics to interpret counter-intuitive phenomena in micro-capillaries such as the slippage effect
near the wall and nonlinear pressure distribution. On the grounds that the rarefaction effect exists
in nanopores, a variety of models from rarefied gas community are either directly used or modified
to explain the shale gas flow behavior in the natural gas engineering community. Representative
analytical models in both communities have been summarized and categorized into three classes
based on theoretical hypotheses as shown in Table 2.1. It is seen that theoretical hypotheses for
three classes are listed in the first column. Accordingly, analytical models in the second column
are originally derived to characterize the rarefied gas flow in mechanical and chemical
engineering. Such models are adopted and modified as listed in the third column to represent the
shale gas flow. Note that the collected models are only applicable for the cylindrical nanocapillary.
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Table 2.1: Summary of representative analytical models

Mathematical
Expressions

First
Class

Continuum Flow
and
Slip Boundary

Second
Class

Weighted
Continuum Flow
and
Fickian Diffusion

Third
Class

Weighted
Viscous Flow
and
Knudsen Diffusion

Formulae Developed in
Mechanical/Chemical Engineering

Formulae Applied in
Natural Gas Engineering

Rarefied Gas in MicroCapillary/Channel
Cercignani (1964)
Sreekanth (1969)
Arkilic et al. (1997)
Beskok and Karniadakis (1999)
Hadjiconstantinou (2003)
Maurer et al. (2003)
Ewart et al. (2007)
Yamaguchi et al. (2011)
Adzumi (1937)
Mason et al. (1967) (DGM)
Ertekin et al. (1986)
Veltzke and Thöming (2012)

Gas Flow in Tight
Sandstone/Shale Cores
Klinkenberg (1941)
Jones and Owens (1980)
Sampath and Keighin (1982)
Florence et al. (2007)
Civan (2010)
Sakhaee-Pour and Bryant (2012)
Fathi et al. (2009)
Okamoto et al. (2017)
Michel et al. (2011)
Swami and Settari (2012)
Singh et al. (2014)
Wasaki and Akkutlu (2015)
Javadpour (2009)
Darabi et al. (2012)
Rahmanian et al. (2013)
Wu et al. (2015)

Brown et al. (1946)
Scott and Dullien (1962)

(1) The First Class
The first class of analytical models defines the rarefaction via the slip theory which extends the
Hagen-Poiseuille equation (i.e., solution of reduced N-S equation for capillary) by assuming a nonzero tangential slip velocity ( us ) on the wall. The velocity profiles of Hagen-Poiseuille flow (i.e.,
blue curve) and slip flow (i.e., green curve) are shown in Figure 2.3. Since Navier-Stokes (N-S)
equations break down beyond the continuum flow regime, the no-slip boundary is typically
replaced by the slip boundary (i.e., Maxwell’s slip boundary condition) as follows (details can be
seen in Appendix A).
2
 u 
2 u 
us = C1 Kn 
+
C
Kn

2

2 
 n  s
 n  s

(2.1)
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where us is slip velocity, Kn is Knudsen number, C1 and C2 are slip coefficients for the first and

(

2
2
second order terms, respectively. ( u n )s and  u n

)

s

denote the first and second derivative

of tangential velocity with respect to normal direction of control surface, respectively. Note that
when C2 is equal to zero, Eq. 2.1 reduces to the first-order Maxwell slip model which has been
widely used to characterize gas slippage in tight cores (Klinkenberg, 1941; Jones and Owens,
1980; Sampath and Keighin, 1982; Florence et al., 2007).

Figure 2.3: Velocity profile of continuum flow and slip flow in the nanocapillary.

Klinkenberg (1941) discovered the presence of rarefaction effect may account for the unexpected
higher permeability in tight cores and proposed the well-known Klinkenberg’s effect to elaborate
the gas slippage near the pore wall. Klinkenberg correction for slippage is an empirical model and
does not take Knudsen diffusion into account. Arkilic et al. (1997) noticed that the measured mass
flow is higher than predicted by the continuum model and adopted the first-order Maxwell slip
model to fit the data. However, Beskok and Karniadakis (1999) have pointed out that the first-
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order Maxwell model is insufficient to represent the velocity profile beyond the slip flow regime.
In contrast, the second-order velocity model is competent to cover full flow regimes, and various
empirical slip coefficients have been suggested in the work of first classes of models (Cercignani,
1964; Sreekanth, 1969; Maurer et al., 2003; Florence et al., 2007; Ewart et al., 2007; Yamaguchi
et al., 2011; Sakhaee-Pour and Bryant, 2012). Given Eq. 2.1, a closed form solution for gas flow
velocity in the capillary can be obtained by solving Eqs. 2.2 and 2.3 as follows.
1 d  du  1 dP
r
=
r dr  dr   dx

S.T.

du
|r = 0 = 0 ; u |r =r = us
dr
o

(2.2)

(2.3)

where r is arbitrary radius, du/dr is tangential velocity gradient with respect to radial axis,  is
gas viscosity at standard condition, dP/dx is pressure gradient with respect to longitudinal axis, ro
is capillary radius. Therefore, the total mass flux of gas flow, Ft , can be derived by the integration
with respect to radius,

Ft =

PM
 ro2 RT



ro

0

u  2 rdr

(2.4)

where R is universal gas constant, T is temperature, P is capillary average pressure, M is molar
mass. However, it is indicated the predicted fluxes based on the second-order model deviate from
experimental data despite the consistency with velocity profile on entire flow regimes. Based on
large volume of industrial data, Florence et al. (2007) defined a pseudo Knudsen number and
modified the model proposed by Beskok and Karniadakis, which was applicable to ultra-tight
porous media. Civan (2010) proposed a simple inverse power-law relationship of rarefaction factor
via the regression with experiment data. However, the model is not applicable in the late transition
and Knudsen diffusion flow regimes.
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The disadvantages of the first class of models are twofold: 1) it is demonstrated that Knudsen
diffusion in free molecular flow regime cannot be neglected in nanopores under reservoir
conditions (Darabi et al., 2012; Singh et al., 2014; Wu et al., 2015). Nonetheless, the slip theory
inherently ignores Knudsen diffusion in its formulation because the streamwise velocity in slip
theory follows first-order Ο ( Kn ) or second-order correction Ο ( Kn2 ) while the Knudsen
diffusion asymptotes to the order of Ο ( lnKn ) as Kn approaches infinity (Cercignani, 1963); 2)
two unknown slip coefficients in the slip velocity model need to be determined by experiments,
which increases the uncertainty for applications.

(2) The Second Class
The second class of analytical models characterize the rarefaction by advection-diffusion model
(ADM) where the flux is expressed via linear summation of the Hagen-Poiseuille equation and
Fickian diffusion equation. The intermolecular and molecule-wall interactions are characterized
as the continuum flow and Fickian diffusion, respectively. It is contended that the slippage near
the wall results from the diffusion according to Fick’s first law, and the total mass flux, Ft , can be
written as
Ft = wc Fc + w f Ff

(2.5)

where wc and wf are weights for continuum flow and Fickian diffusion, respectively. Fc is mass
flux of continuum flow which is expressed by Hagen-Poiseuille equation as follows.

Fc = −

ro2 PM
P
8  RT

(2.6)
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where P is pressure gradient. Ff is mass flux of Fickian diffusion which is given as (Wang et
al., 2019)
Ff = −

Df M
RT

P

(2.7)

where D f is Fickian diffusion coefficient. Since Knudsen diffusion is the dominant diffusive
mechanism in nanocapillary, Fickian diffusion coefficient, D f , can be defined as Knudsen
diffusion coefficient which is expressed as Dk = ( 2ro 3)

(8RT ) ( M ) . Then, Eq. 2.7 reduces to

the Knudsen equation as follows (Adzumi, 1937; Mason et al., 1967; Ertekin et al., 1986).

Fk = −

Dk M
2r
P = − o
RT
3

8M
P
 RT

(2.8)

In addition, different constant weights have been recommended to fit the experiment data (Michel
et al., 2011; Veltzke and Thöming, 2012; Singh et al., 2014).

The disadvantages of the second class of models are twofold: 1) Kazemi and Takbiri-Borujeni
(2015) have emphasized the importance of slip flow mechanism under reservoir conditions.
However, the ADM model is in nature formulated based on the first-order Maxwell velocity which
may generate large deviations of fluxes in late slip and transition flow regime (details can be seen
in Appendix B); 2) the constant weight assignment is not flexible to provide a smooth transition
from continuum to free molecular flow regime as the rarefaction increases. The weight coefficients
for representative equations in the second class over entire flow regimes are presented in Figure
2.4. Particularly, subplots (a), (b), and (c) show the continuum flow weight and Fickian diffusion
weight versus Knudsen number. It is seen that the characteristics for the second class is the constant
weight assignment which is physically invalid in specific flow regimes. For instance, the
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continuum weight is one in free molecular flow regime indicating that the continuum flow still
exists in this regime.

(3) The Third Class
Despite of various expressions for flow regimes, the implicit dependency on Knudsen number
exists across each flow regime. Numerous efforts have been made derive a generalized model
which is capable to include all the flow regimes. Nevertheless, the universal governing equation
is yet established due to the significant inconsistency among current models and the scarcity of
solid experimental data. The third class of analytical models quantify the rarefaction effect based
on the weighted superposition coupling viscous flow and Knudsen diffusion. It is noted that
viscous flow includes continuum and slip flow, and it can be expressed by Eqs. 2.1-2.4. Hence,
these models incorporate the merits from the first and second class of models which are capable
to accurately capture the flow behavior in full flow regimes. The total mass flux, Ft , is given as
Ft = wv Fc + wk Fk

(2.9)

where wv and wk is weight for viscous flow and Knudsen diffusion, respectively. Note that the
slip velocity is coupled to the weight of viscous flow (i.e., wv ) as opposed to the weight of
continuum flow (i.e., wc ). Moreover, various weights are proposed to adjust the contributions of
viscous flow and Knudsen diffusion to match the flow pattern in each flow regime (Brown et al.,
1946; Scott and Dullien, 1962; Javadpour, 2009; Wu et al., 2015). Javadpour (2009) proposed a
concise formulation which unites the viscous flow and Knudsen diffusion with weight of one. Liu
et al. (2002) used defined the weight of Knudsen diffusion term as the proportion of slip area over
pore cross-section area. However, the weight becomes negative which is physically invalid in the
late transition and Knudsen diffusion flow regimes.
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The disadvantage of the third class of models is that most weight coefficients are not physically
reasonable. The weight coefficients for representative equations in the third class in full flow
regimes are presented in Figure 2.4 as well. Specifically, subplots (d), (e), and (f) illustrate the
viscous flow weight and Knudsen diffusion weight versus Knudsen number. It is noticed that the
characteristics for the third class is the parameterized weight coefficients with Knudsen number.
Such treatments enhance the suitability of analytical equations as the Knudsen number varies with
the rarefaction effect. However, it is observed that the weights in (d) and (e) are not fully sensible
across different flow regimes. For instance, Javadpour’s model assigned the weight of Knudsen
diffusion as value one (i.e., wk = 1 ), thus the model cannot reduce to the slip flow and Knudsen
diffusion equation in corresponding flow regimes as the Kn number changes; the viscous flow
weight in the model of Rahmanian et al. (2013) becomes negative in the Knudsen diffusion flow
regime; the weights in the model of Wu et al. (2015) are physically plausible since each weight
can be adjusted with Knudsen number so that the model can reduce to Darcy equation or Knudsen
equation in corresponding flow regimes.
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Figure 2.4: Weights versus Knudsen number for full flow regimes. Subplots (a), (b), and (c) illustrate the continuum
flow weights (wc) and Fickian diffusion weights (wf) of representative equations in the second class; subplots (d), (e),
and (f) illustrate the viscous flow weights (wv) and Knudsen diffusion weights (wk) of representative equations in the
third class.
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2.3.5 Impact Factors of Gas Transport in Nanopores
(1) Real Gas Effect
The common burial depth in North America is around 500-3,000m and the formation pressure
ranges from 5.0 to 30.0 MPa. Curtis (2002) has summarized geological parameters for five
representative shale gas systems (i.e., Antrim, Ohio, New Albany, Barnett, and Lewis) in the U.S.
with the pressure from 2.0 to 28.0 MPa and temperature from 298 to 366 K. It is found the shale
gas behavior cannot be described sufficiently by the ideal gas law at such reservoir conditions.
Since real gas molecules possess a finite volume and experience the intermolecular force (i.e., van
der Waals force) mutually, the collisions between molecules turn to be non-elastic. And the gas
apparent permeability could be greatly reduced due to the intensification of such property (Michel
et al., 2011). Hence, it is essential to consider the molecular volume and attractions in real gas flow
models (Al-Hussainy et al., 1966). Azom and Javadpour (2012) provided an analytical model
considering real gas effect based on Javadpour’s model and showed that real gas effect was
controlled by the pressure, temperature, pore size and gas type. Swami et al. (2012) derived a new
expression of mean free path to account for the real gas behavior. However, a systematic error was
introduced because the mean molecular velocity was still derived based on the ideal gas law.
Michel et al. (2011) investigated the real gas effect by modifying the mean free path but failed
considering the real gas impact on viscosity. Ren et al. (2016) incorporated an empirical Z-factor
correlation to characterize the real gas effect. Wu et al. (2017) adopted empirical equations of
compressibility factor and viscosity to characterize the real gas effect. Nonetheless, the
compressibility factor calculated from the empirical equation was always larger than unity which
was against the reality. Overall, majority of existing models demonstrating the transport
mechanisms in nano-scale gas reservoirs are insufficient to embody the real gas effect.
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(2) Gas Adsorption
Gas transport in organic nanopores behaves differently from that in inorganic nanopores because
the nanopores in organic-rich shale matrix are characterized with large specific surface area and
strong sorption affinity. Lu et al. (1995) showed that adsorption phase can account for 61% after
testing 24 Devonian Shale samples. A significant amount of methane adsorption on the pore-wall
can decrease the nominal pore size and make additional influences on the free gas flow (Santos
and Akkutlu, 2013; Jia et al., 2018b). The adsorption of shale gas is mainly a reversible physical
process, and the force between molecules and the wall is Van Der Waals force. Since the entire
process is under the supercritical condition of methane, the significant capillary condensation is
rarely discovered (Yu et al., 2016).

It is noticed that adsorption structure respectively characterized by Langmuir and BET isotherms
may impose distinct influences on the apparent permeability (Chai et al., 2019b). It has been
reported that adsorbed methane in various shales (e.g., Marcellus Shale) are prone to form
multilayer adsorption at high pressures (Yu et al., 2016). Molecular dynamics simulation results
have also demonstrated that the oscillation of gas density near the wall is caused by multilayer
adsorption (Didar and Akkutlu, 2013; Riewchotisakul and Akkutlu, 2016). Hence, it is more
reasonable to characterize methane adsorption in nanopores using the multilayer adsorption
models such as BET isotherm model (Brunauer et al., 1938).

(3) Surface Diffusion
It also has been reported that molecules in the adsorbed layer can hop forward driven by the
gradient of chemical potential along the pore wall. The movements of molecules induce the non-
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negligible molar flux along the wall called surface diffusion (Fathi and Akkutlu, 2009). Studies
have shown that the concentration gradient is the driven force of surface diffusion. In fact, the
surface diffusion is an activation process in which the activated energy surpasses the bond strength
(Yeh and Yang, 1989). It assumes that adsorbed molecule can jump over the energy barrier
between two neighboring sites after adsorbing some energy, then the surface diffusion is activated
(Chen and Yang, 1991).

Wu et al. (2016) have indicated such adsorbed-phase transport co-exists with free gas flow and
cannot be ignored in organic nanopores. Due to the extremely small pore size, the free gas flow
may be overwhelmed by the surface diffusion. Majumder et al. (2011) showed that surface
diffusion flux can be 20 times larger than the free gas flux at low temperatures or pressures. Wu
et al. (2017) pointed out surface diffusion can account for 92.95% of total flux in the nanopores
(diameter < 2 nm). Various analytical models have been proposed to describe the surface diffusion.
Hwang and Kammermeyer (1966) derived a model based on the hopping model of molecules at
low pressures. Kapoor and Yang (1990) develop the model considering heterogeneous activation
energy distribution on the surface. Wu et al. (2015) generalized the model of Hwang and
Kammermeyer at low pressures incorporating the adsorption coverage, heterogeneous activation
energy distribution on the surface, and isothermal adsorption. In addition, the surface diffusion
coefficient is influenced by multiple factors such as temperature, pressure, and adsorption
coverage. Arrhenius correlation quantitatively describes the temperature impact on the diffusion
coefficient which increases with the temperature (Choi et al., 2001). Yang et al. (1973) showed
surface diffusion coefficient increased with the pressure. Higashi et al. (1963) pointed out the
diffusion coefficient increased with coverage in monolayer adsorption. However, most works have
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modeled the methane adsorption/desorption process by use of Langmuir isotherm with an
assumption of monolayer adsorption, which undermines the validity of the proposed surface
diffusion models (Cui et al., 2009; Xiong et al., 2012; Wasaki and Akkutlu, 2015; Wu et al., 2016).

(4) Pore Confinement Effect
Another concern in nanopores is pore confinement effect which has been ignored in most of
models. Once a fluid is subject to geometric constraints in a nanoscale, the molecule-molecule and
the molecule-wall interactions can alter its thermodynamic properties such as Z-factor and critical
properties (Singh et al., 2009). Based on the molecular dynamic simulations, Ingebrigtsen and
Dyre (2014) demonstrated a large density oscillation for Lennard-Jones liquid near the slit pore
walls. Miyahara and Gubbins (1997) showed that freezing point temperature was strongly affected
by the strength of the attractive forces between fluid molecules and pore walls. Similarly,
molecule-wall interaction in confined space is also the underlying mechanism of critical property
shift of confined fluids (Gelb et al., 1999). Song et al. (2016) have considered the confinement
effect into the gas transport model by introducing a critical-property correlation based on van der
Waals EoS and a Z-factor correlation. Nonetheless, the introduced EOS and Z-factor are only valid
for bulk fluid. In addition, the phase behaviors and kinetic behaviors of methane gas can be heavily
influenced by the coupling effects from pore-confinement and real gas effect under reservoir
conditions. Yang et al. (2019a; 2019b) have pointed out the deviation factor and gas critical
properties are significantly different from that of bulk gas in conventional formations.
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2.4 Multiscale Characterization of Transport Mechanisms
Numerous efforts have been made on the gas transport modeling in the single nano-capillary.
However, gaining a holistic knowledge of the gas transport from the micro-scale pore level to
macro-scale continuum level remains a difficult task and the fundamental understanding of flow
behaviors across a hierarchy of scales and heterogeneity effect is necessary for the improved
prediction of methane recovery and its management during the long-term shale gas development.
The hierarchy of scales in the shale gas development has been shown in Figure 2.5. In the subplot
(a), it shows the gas transport in the single nanopore where gas is generated in kerogen and then
diffuses to the capillary to become free gas. Meanwhile, a large amount of gas molecules adsorb
to the surface and contribute to the surface diffusion during pressure depletion. The subplot (b)
illustrates that the nanopores form the inter-connected pore network in the mature organic matter
whereas the subplot (c) presents the matrix block including the organic matter and inorganic matrix
at the larger scale. In the subplot (d), it shows the schematic diagram of horizontal well with
hydraulic fractures and the shale matrix composed of the matrix blocks in the subplot (c). The
subplot (e) exhibits the slow transport in matrix blocks contributes to the long-tail production.
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Figure 2.5: Schematic diagram of a hierarchy of scales during the shale gas development.
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2.4.1 Upscaling Methods
The flow behavior at the coarse-scale continuum level (i.e., rock core and field) is significantly
different from that pertaining to the fine-scale pore level. To elucidate flow performance
differences across a hierarchy of scales, various upscaling techniques have been applied to bridge
the gap. Some well-acknowledged upscaling approaches include the method of volume averaging
(Whitaker, 1999), homogenization via multiple-scale expansions (Adler, 1992), and digital rock
models based on imaging techniques (Dong and Blunt, 2009). To attain an averaged partial
differential equation that characterizes the macroscopic behavior of the original equation is called
homogenization. Tartakovsky (2000) derived the effective permeability based on stochastic
averaging of nonlinear gas flow equations in heterogeneous porous media. Sahimi (2003) has
adopted the upscaling technique of perturbation theory to statistically describe the effects of
random heterogeneities in hydrology. The digital rock technique is the common approach for the
multiscale characterization in shale matrix because they are capable to reveal useful information
about the pore network and spatial connectivity. Specifically, a series of imaging experiments
using Micro-Computed Tomography (Micro-CT), Scanning Electron Microscope (SEM), Focused
Ion Beam Scanning Electron Microscope (FIB-SEM), or Helium Ion Microscopy (HIM)
instruments can be implemented to collect the high-resolution pore-structure images. Such images
enable to directly reconstruct the 3D digital model by using the pore segmentation and extraction
(Silin and Patzek, 2006; Dong and Blunt, 2009) or using 2D images by means of stochastic
methods such as the Markov Chain Monte Carlo (MCMC) method and the multiple-point statistics
(MPS) method (Hazlett, 1997; Quiblier, 1984; Keehm et al., 2004; Wu et al., 2006; Tahmasebi et
al., 2012). The re-constructed digital rock provides the platform for subsequent analytical and
numerical analysis of shale gas transport coupling multi-physics in the heterogeneous matrix.
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All upscaling methods require closure assumptions to decouple the average system behavior from
the fine-scale information. On the other hand, existing methods have the limitations which include
the loss of accuracy as the model scale becomes coarse (e.g., upscaling 1-D flow model to 2-D or
3-D model). For example, the digital rock technique is not applicable to large-scale simulation due
to the computational capability (Chen et al., 2013). In addition, it is difficult to extract the
interconnected pore-network for reconstruction because of the poor connectivity and the large
range of pore size distribution (Mehmani et al., 2013). Inappropriate upscaling techniques may
undermine the veracity of fine-scale simulations.

2.4.2 Heterogeneity Characterization
Nano-pore structure in ultra-tight shale formation is usually tortuous and irregular. Trying to
capture the exact flow characteristics is impractical and daunting. Heterogeneity causes qualitative
changes in behaviors of system, which requires accounting for the presence of percolation as well
as the hierarchy of unit types at different scales. It is impossible and unnecessary to characterize
the heterogeneity of shale matrix deterministically. Various theoretical approaches have been
performed to quantify the heterogeneity impact via extracting the effective coefficient by
homogenizing the heterogeneous shale matrix. Sahimi (2003) utilized the critical path analysis
(CPA) to depict the flow in a highly heterogeneous porous medium and claimed the conductance
was dominated by pore throats whose radii were slightly greater than a critical radius, which
mapped the transport problem onto an equivalent percolation problem. Darabi et al. (2012)
described the spatial heterogeneity of organic matter in the proposed conceptual matrix by the
homogenization theory. Fathi and Akkutlu (2009) introduced the perturbation theory to the
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governing diffusivity equation to characterize the weak heterogeneity induced by inherent porosity
fluctuations in shale matrix. Ghanbarian and Javadpour (2017) applied the effective medium
approximation (EMA) to smooth out the spatial heterogeneity with respect to the pore size
distribution.

The heterogeneity characterized by aforementioned mathematical approaches cannot truly reflect
the matrix heterogeneity due to the over-simplified physical model (e.g., periodic array of unit
cells in shale matrix for homogenization analysis) and unavoidable theoretical assumptions (e.g.,
weak fluctuation assumption in perturbation theory application; narrow pore size distribution in
EMA application). In addition, most of existing studies focusing on the shale heterogeneity
influence have neglected the impact of multiple physical mechanisms under reservoir conditions
(Fathi and Akkutlu, 2009; Akkutlu and Fathi, 2012; Akkutlu, et al., 2015).

2.5 Summary
Shale gas is natural gas which is generated and stored in the tight shale formations. In general, the
predominant pore size and intrinsic permeability in the shale formation fall in the nanoscale and
the trapped gases in intraparticle organic nanopores contribute most to the gas flow in matrix.
Moreover, the porosity in shale matrix is very low which is commonly smaller than 10% while the
tortuosity is typically large and it increases with the TOC. In addition, the large specific surface
area of nanopores and oil wettability make substantial gas adsorb to the organic pore surface. The
characterization of shale gas development involves the modeling from the micro-scale pore level
to macro-scale continuum level. The gas transport at micro-scale pore level incorporates the
modeling of free gas transport including the numerical and analytical methods. Meanwhile, the
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model needs to consider the influence of multi-physics under reservoir condition such as real gas
effect, gas adsorption, surface diffusion, and pore confinement effect. In contrast, the gas transport
description at macro-scale continuum level should couple the flow behaviors in nanopores, organic
matter, inorganic matrix, and the induced hydraulic fractures.
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CHAPTER 3: A NEW UNIFIED GAS TRANSPORT MODEL FOR REAL GAS FLOW
IN INORGANIC AND ORGANIC NANOPORES
3.1 Introduction
According to the analytical modeling analysis in the Literature Review 2.3.4, it shows that the
mathematical expression based on the hypothesis of the third class (i.e., Eq. 2.9) would be
appropriate to accurately characterize the shale gas flow in nanopores. To achieve this goal, it is
important to assign the rational weights to viscous flow and Knudsen diffusion term in a way that
they can be united in full flow spectrum.

Bravo (2007) firstly proposed a layer-sequence model that covered various flow regimes of ideal
gas flow in nano-scale porous media. However, inappropriate assumptions in Bravo’s model have
weakened its accuracy to a certain degree. Bravo assumed that the nano-capillary could be
partitioned into three zones, i.e., viscous flow in the central zone, transition flow in the middle
annular zone, and Knudsen diffusion in the outer annular zone near the nano-capillary wall. In
addition, the transition flow is considered to be independent of viscous flow and Knudsen diffusion
mechanisms. Thus, three flow mechanisms are separately expressed in a piecewise formulation in
terms of pressure and Knudsen number. Such an expression of transition flow is contradicted with
other’s work where the transition flow is dependent on both the viscous flow and the Knudsen
diffusion (Javadpour, 2009; Veltzke and Thöming, 2012; Wu et al., 2016). Also, integrating the
viscous flow, transition flow, and Knudsen diffusion in a piecewise manner significantly limits the
flexibility and applicability of Bravo’s model at a wide range of pressure conditions, e.g.,
unconventional reservoir conditions. Besides, four empirical parameters involved in the layersequence model simply intensify the uncertainties of Bravo’s model and limit its application in
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numerical simulations. Furthermore, the velocity profile in the central zone of Bravo’s model only
adopts the first-order correction, which has been demonstrated to be controversial (Beskok and
Karniadakis, 1999).

A new unified gas transport model has been developed to characterize single-component real-gas
flow in the homogeneous nano-scale organic and inorganic porous media by modifying Bravo’s
model. More specifically, a straight capillary tube is characterized by a conceptual layered model
consisting of a viscous flow zone, a Knudsen diffusion zone, and a surface diffusion zone. To
specify the contributions of the viscous flow and the Knudsen diffusion to the gas transport, the
virtual boundary between the viscous flow and Knudsen diffusion zones is firstly determined based
on an analytical molecular kinetics approach. As such, the new unified gas transport model is
derived by integrating the weighted viscous flow and Knudsen diffusion, and coupling surface
diffusion. The model is also comprehensively up-scaled to bundles-of-tubes model considering the
roughness, rarefaction, and real gas effect. Nonlinear programming methods have been utilized to
optimize the empirical parameters in the newly proposed gas transport model. Consequently, the
newly proposed gas transport model yields the most accurate molar fluxes compared to Bravo’s
model and other four analytical models. One of the advantages of the new unified gas transport
model is its great flexibility since the Knudsen number is included as an independent variable,
which also endows the newly proposed model the capability to cover the full flow regimes. In
addition, the apparent permeability has been mathematically derived from the new unified gas
transport model. A series of simulations have been implemented based on methane gas. It is found
that apparent permeability is strongly dependent on pore size, porosity, and tortuosity, and weakly
dependent on surface diffusivity coefficient and pore-surface roughness through sensitivity
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analysis. The increased viscosity can reduce the total molar flux in the inorganic pores up to 66.0%
under the typical shale gas reservoir conditions. The viscous flow mechanism cannot be neglected
at any pore sizes under reservoir conditions while the Knudsen diffusion is found to be important
in the pore size below 2 nm and pressure less than 35.0 MPa. The contribution of surface diffusion
cannot be ignored when the pore size is below 10 nm and the pressure less than 15.0 MPa.

3.2 Mathematical Modeling
Figure 3.1 presents the schematic diagram of a conceptual layered model for a straight capillary
tube with a radius of R0 . As can be seen, the tube is hypothetically divided into three zones by the
virtual boundary with a radius of r and the effective radius of Re . It is assumed that the central
cylindrical zone (i.e., blue zone) and the middle annular zone (i.e., pink zone within Re ) are
dominated by inter-molecular collisions and collisions occur between molecules and the wall of
the capillary tube, respectively. As aforementioned, the transition flow can be rationally assumed
to be a function of the viscous flow and the Knudsen diffusion (Javadpour, 2009; Veltzke and
Thöming, 2012; Wu et al., 2016). As such, the gas transport in the central and middle annular
zones can be described by coupling viscous flow and Knudsen diffusion (Bravo, 2007; Civan,
2010; Firouzi et al., 2014). The outer annular zone is dominated by surface diffusion (i.e., between

Re and R0 ) where large amounts of molecules are adsorbed on the wall and hop forward by the
chemical potential. Compared with organic pores, sparse molecules can be adsorbed on the wall
in inorganic pores (Bui and Akkutlu, 2017). Hence, the surface diffusion layer (i.e., outer annular
zone) can be neglected and Re can be equal to R0 . It is postulated that the gas transport model is
developed under steady-state and isothermal condition. In addition, the pore confinement effect
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which may lead to the critical property shift in nanopores is not considered in this work because it
has not been well understood yet. Based on the conceptual layered model, the mathematical model
in our work is derived as follows.

Figure 3.1: Schematic diagram of the conceptual layered model of a straight capillary tube (Blue central cylindrical
zone - viscous flow; Pink middle annular zone - Knudsen diffusion; Outer annular zone – surface diffusion).

3.2.1 Viscous Flow in the Central Cylindrical Zone
Given the aforementioned assumptions, the viscous flow velocity can be represented by Poiseuille
velocity coupled with a second-order slip velocity. However, the implementation of second-order
slip boundary in Eq. 2.1 involves the calculation of (  2u n 2 ) which leads to computational
s
difficulties. Thus, a unified second-order velocity model is adopted for the simplicity (Beskok and
Karniadakis, 1999) as follows.

us =

Kn  u 
 
1 − sKn  n  s

(3.1)

where s is the slip coefficient. The linearized Boltzmann solution has validated that s = −1 gives
the best fitting of the slip velocity by the direct numerical solution of the BE (Civan, 2010). Given
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the continuity equation by Eq. 2.2, constrained boundaries by Eq. 2.3, and slip velocity model by
Eq. 3.1, the explicit velocity expression of viscous flow in central zone can be characterized by
2
Re2   r 
Kn 
1 −   + 2
 P
vv = −
4   Re 
1 − sKn 



(3.2)

where vv is the viscous flow velocity, Re is the effective radius,  is the gas viscosity, r is the
radius with respect to the central axis, Kn is the Knudsen number defined as  Re , P is the
pressure gradient along the capillary. Note that

( u

n )s in Eq. 3.2 is expressed as

( u n )s = − ( u r )s  R0 . Subsequently, the viscous molar flow rate, Qv , is obtained by the
integration with respect to the radius,
Qv =

P
RT



r

0

vv  2 rdr

(3.3)

where R is the universal gas constant, T is the temperature, P is the average pressure across the
capillary tube.

3.2.2 Knudsen Diffusion in the Middle Annular Zone
Roth (1982) has claimed that the molar flow rate, Qk , in the Knudsen diffusion zone which is
controlled by non-equilibrium dissipative forces can be quantified by
Qk = −

4 v A2
P
3 RT S

(3.4)

where A is the cross-section area of Knudsen diffusion and S is the perimeter of the cross-section.
v is the apparent molecular thermal velocity expressed as v =

(8RT ) ( M )

where M is
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molar mass. Given Eq. 3.4, the Knudsen diffusion molar flow rate in the middle annular zone can
be determined as follows.
2

2
2
4 v  Re −  r 
Qk = −
P
3 RT
2 Re

(3.5)

Consequently, the total molar flux of free gas flow in the capillary tube, J b , can be calculated by
the superposition of the viscous flow and Knudsen diffusion according to Eqs. 3.3 and 3.5.

Qv + Qk  P
Jb =
=
 RT
 R02


2
2 2

4 v  Re −  r 
2
0 vv  2 rdr − 3 RT 2 Re P   R0

r

(3.6)

3.2.3 Surface Diffusion in the Outer Annular Zone
Surface diffusion is a complicated process of adsorption-phase transport which can be categorized
into adatom diffusion and cluster diffusion. Adatom diffusion can be activated by a variety of
mechanisms including hopping, atomic exchange, and vacancy diffusion. On the other hand,
cluster diffusion occurs due to multiple mechanisms including dislocation, glide diffusion, and
shearing (Kou et al., 2017). Various models have been proposed to characterize the surface
diffusion phenomenon, among which Fick’s first law of diffusion has been widely accepted due to
its mathematical simplicity and physical validity (Xiong et al., 2012). Hence, Fick’s first law of
diffusion is applied to quantify the surface molar flux, J s , in which the adsorbed gas molecules
hop forward by the concentration gradient under the Langmuir isothermal condition. It is also
presumed that adsorption/desorption process can reach the equilibrium instantly to satisfy the
requirement of Langmuir equation (Cunningham and Williams, 1980; Fathi and Akkutlu, 2009;
Jia et al., 2018b). This Fick’s equation is given as
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J s = − Ds Ca

(3.7)

where Ds is the surface diffusion coefficient, Ca is the concentration of adsorbed gas. It indicates
the concentration of adsorbed gas, Ca , can be calculated by monolayer Langmuir model (Xiong,
et al., 2012; Wasaki and Akkutlu, 2015; Sheng et al., 2020)
Ca = Ca max

P
P + PL

(3.8)

where PL is the Langmuir pressure, Ca max is the maximum adsorption capacity in the organic
nanopore. Additionally, Wasaki and Akkutlu (2015) pointed out that Ca max can be expressed by
Ca max = (VL STG  grain ) ( k M ) , where VL is Langmuir volume indicating the maximum adsorbed

phase volume per unit total grain mass at standard condition,  STG is the gas density at standard
condition,  grain is the grain density,  k is the ratio of organic grain volume to the total grain
volume. Thus, the molar flux of surface diffusion can be derived as
J s = − Ds Ca max

PL

(P + P )

2

P

(3.9)

L

3.2.4 Surface Determination of Virtual Boundary r and Effective Radius Re
As defined in Eqs. 3.3 and 3.5, the radius of virtual boundary (i.e., r ) plays a significant role in
the calculations of the viscous flow and Knudsen diffusion. It implies that determining the radius
of virtual boundary under a given condition is pivotal to the mathematical modeling of the gas
transport in the conceptual layered model. However, no efforts have been made to quantify the
virtual boundary, although Bravo (2007) preliminarily discussed the concept of virtual boundary.
In this work, we propose to utilize an analytical molecular kinetics approach based on Kennard’s
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kinetic theory (1938) for quantitatively determining the radius of virtual boundary in the
conceptual layered model. For simplicity, Kennard (1938) proposed several assumptions: i) a
group of molecules with velocity v is flowing through a gas-molecules-filled cylindrical tube
where the molecules in the flowing group mutually collide with the originally existing molecules.
Moreover, a molecule is excluded from the flowing group once it experiences the collision; ii) the
inter-molecular force is negligible; and iii) the derivation is based on elastic binary collisions; iv)
the gas in the model is a single component.

Based on the assumptions, the number of molecules (i.e., N) not experiencing a collision after time
interval dt is defined by Kennard (1938) as
N =−

1 dN
 dt

(3.10)

where  is the inter-molecular collision probability per unit time. To explicitly solve the
Kennard’s collision model (i.e., Eq. 3.10),  can be represented by an equivalent kinetic equation

v /  proposed by Bird (1994). Hence, the number of gas molecules not experiencing collisions at
any given time can be determined by
1

v

 N dN = −  dt = −   dt
where

(3.11)

 is the mean free path of molecules moving at average velocity v . By defining the initial

number of molecules in the flowing group as N 0 , Eq. 3.11 is integrated as follows.

 v t 
N = N 0 exp −

  

(3.12)

where v t denotes the distance of molecules with velocity v traversing within t . Note that
such a distance can be either longer or shorter than the mean free path (i.e.,

 ) of molecules in the
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cylindrical tube. However, the v t is constrained by the characteristic length of the cylindrical
tube. As such, we further propose to use  Re as an approximation of such a distance, where  is
an empirical parameter characterizing the chemical confinement effect caused by interactions
between molecules and the pore-wall. Furthermore, as Knudsen number (i.e., Kn) can be expressed
by  / Re (Bird, 1994), Eq. 3.12 can be rearranged as follows.

N
1 
 R 

= exp  − e  = exp  −

N0
 Kn 
  

(3.13)

Eq. 3.13 characterizes the fraction of molecules not experiencing inter-molecular collisions in the
cylindrical tube.

As is stated in the conceptual model, the inter-molecular collisions only occur in the central zone
while molecule-wall collisions only occur in the middle annular zone. Therefore, the number of
molecules experiencing inter-molecular collisions per unit time is equivalent to the number of
molecules in the central zone per unit time. Given the number density of molecules n (i.e., number
of molecules per unit volume), the number of molecules experiencing inter-molecular collisions
(i.e., N c ), in the central zone over a time interval t can be determined by (the details can be seen
in Appendix C)
Nc = n r 2vnc t

(3.14)

where vnc denotes the average velocity component normal to the central zone cross-section, vnc t
is the average translation distance of molecules over t . Similarly, the number of molecules
experiencing either inter-molecular or molecule-wall collisions per unit time is equivalent to the
number of molecules in the central and middle annular zone per unit time. By assuming that the
density distribution of molecules in both central and middle annular zones is uniform, the total
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number of molecules for free gas flow in the central and middle annular zone (i.e., N t ) over t
can be achieved as (the details can be seen in Appendix C)
Nt = n Re2vnt t

(3.15)

where vnt denotes the average velocity component normal to both the central and middle annular
zone cross-section. As aforementioned, the inter-molecular and molecule-wall collisions only
appear in the central and middle annular zones, respectively. Therefore, the fraction of intermolecular collisions in the cylindrical tube can also be derived as Nc / Nt =  (r 2 / Re 2 ) , where 
is an empirical parameter representing the heterogeneity of velocity directions (the details can be
seen in Appendix C). Then, by incorporating Eq. 3.13 we obtain

Nc
N
1 

= 1−
= 1 − exp − 

Nt
N0
Kn 


(3.16)

Eq. 3.16 describes the statistical proportion of molecules colliding mutually within the central
zone. Subsequently, Eq. 3.16 is incorporated into the new unified gas transport model and then
combined with Eqs. 3.14 and 3.15 to determine the virtual boundary

r=

1 

Re 1 − exp  −

Kn 



1

(3.17)

However, the adsorbed layers of molecules in organic nanopores may cause the oscillation of
density distribution near the pore-wall (Kazemi and Takbiri-Borujeni, 2016). Fortunately, it has
been proven that the multilayer adsorption in molecular simulations can be treated as a monolayer
adsorption in analytical derivations under Langmuir isothermal conditions (Ambrose et al., 2012;
Rahmani and Akkutlu, 2013; Wasaki and Akkutlu, 2015, Riewchotisakul and Akkutlu, 2016).
Figure 3.2 (a) illustrates the discrete density profile of methane gas in an organic nanopore
(Ambrose et al., 2012). It can be seen there are four density layers in the surface diffusion zone
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ranging from 0.281 to 0.126 g/cc. The gas molecules in the surface diffusion zone are considered
as adsorbed gas, while the gas molecules in the viscous flow and Knudsen diffusion zones are in
free gas phase. The molecular simulations have indicated that the multilayer adsorption in Figure
3.2 (a) can be simplified to a monolayer adsorption with the density of 0.331 g/cc as shown in
Figure 3.2 (b) for modeling purpose. Such treatment does not undermine the nature integrity of
adsorption phenomenon and calculation accuracy. It also provides the validity support to develop
analytical models using monolayer Langmuir model (Wasaki and Akkutlu, 2015). Therefore, it is
reasonable to deal with density distribution in the surface diffusion zone as the monolayer uniformdistribution in our conceptual model. Also, the uniform density distribution in central and middle
annular zones is not affected by the density oscillations in the surface diffusion zone.

Figure 3.2: Schematic Discrete-density profile for methane at 176 ºF in a 3.93 nm-size-nanopore (a) is equivalent to
the density profile using Langmuir single-layer adsorption model (b) (Ambrose et al., 2012).

The effective radius, Re , is the radius corrected for the presence of adsorbed gas molecules in the
organic nanopore. Xiong et al. (2012) proposed the monolayer thickness may be different from the
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molecule diameter of adsorbed gas. Accordingly, the effective radius changes with the thickness
of monolayer. A correlation introduced by Xiong et al. (2012) is used in this work:
Re = R0 − d m

P
P + PL

(3.18)

where d m is nominal molecule size, P is the average pressure across the capillary tube. Given the
explicitly defined virtual boundary by Eq. 3.17 and effective radius by Eq. 3.18, the total free gas
molar flux without including surface diffusion in the cylindrical tube, J b , can be derived from Eq.
3.6.

J b = wv J v + wk J k = − wv

wv =

Re4 P
2 Re3
8

P
−
w
P
k
2
2
R0 8 RT
3 R0  RTM

1
1  
1
1 
4 Kn 


1 − exp  −

  2 − 1 − exp  −
 +


Kn     
Kn   1 − sKn 


 1
1  

wk = 1 − 1 − exp  −
 
 Kn   
 

(3.19)

(3.20)

2

(3.21)

where wv and wk are weights of the viscous molar flux and the Knudsen diffusion molar flux,
respectively, which are used to ration the contribution of the viscous flow and Knudsen diffusion
in the total free gas flow, respectively. It is noted that Eq. 3.19 can be used to calculate the total
molar flux in inorganic nanopores by setting Re = R0 because surface diffusion can be ignored in
inorganic pores as aforementioned.

The total molar flux in organic nanopores, J t , can be characterized by the superposition of free
gas flow and surface diffusion as follows,
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J t = wv J v + wk J k +J s
Re4 P
PL
2 Re3
8
= − wv 2
P − wk
P − Ds Ca max
P
2
2
R0 8 RT
3 R0  RTM
( P + PL )

(3.22)

It is important to point out that the introduction of the Knudsen number in Eq. 16 enables the new
unified gas transport model to calculate the gas molar flux of the full flow spectrum. In contrast,
the applicability of Bravo’s model (2007) is challenged since the total flux is computed by
piecewise functions. Moreover, four empirical parameters involved in Bravo’s model largely
increase the uncertainties in the process of calculating fluxes under various experimental
conditions. Such a limitation has been completely avoided in the proposed unified gas transport
model with the determined virtual boundary. In addition, Klinkenberg (1941) considered a nonequilibrium region as a Knudsen layer which was near one mean free path thickness. In the present
work, the thickness of the non-equilibrium region is explicitly expressed by the virtual boundary.
In this case, the Knudsen layer determined by the local Knudsen number can reflect the pore-scale
characteristics rather than a fixed value suggested by Klinkenberg.

3.2.5 Characterization of Roughness and Rarefaction
The roughness and rarefaction effect have remarkable influences on the performance of gas flow
in nano-scale pores (Darabi et al., 2012). Considering the fractal dimension of the pore surface,
Coppens and Dammers (2006) quantified the structural heterogeneity of the media by using a
fractal dimension coefficient, D f , which varied between 2.0 and 3.0 indicating changes from a
smooth surface to a space-filling surface. Although the accurate estimation of D f is unavailable
from independent experiments, Darabi et al. (2012) have recommended a rational range of D f for
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various shale samples (i.e., 2.0  D f  2.5). Therefore, the Knudsen molar flux term in Eq. 3.22,
i.e., J k , is modified to represent the effect of roughness as follows (Wu et al., 2016).

J kn = 
where

( D f − 2)

Jk = −

2 Re3 ( D f −2)
8

P
2
3 R0
 RTM

(3.23)

 is the ratio of the normalized molecule diameter to the local effective pore diameter, i.e.,

d m / ( 2 Re ) . Note 

( D f − 2)

is termed as the roughness coefficient which represents coupled effects

of surface fractal dimension, effective pore size, and gas molecule size (Darabi et al., 2012).

Since the confinement of nano-spaces may cause significant influences on the dynamic gas
viscosity, it is essential to modify the dynamic gas viscosity to characterize the diffusion of
momentum resulted from inter-molecular collisions so as to embody the increased rarefaction
effect (Roohi and Darbandi, 2009). The degree of rarefaction is typically calculated by an explicit
function of the local Knudsen number (Michalis et al., 2010). Therefore, we modified the viscous
molar flux in Eq. 3.22, i.e., J v , by incorporating a rarefaction term proposed by Beskok and
Karniadakis (1999), which yields

J vn = (1 +  Kn ) J v = − (1 +  Kn )

Re4 P
P
R02 8 RT

(3.24)

where  is a dimensionless rarefaction coefficient, which can be obtained from an analysis of the
linearized Boltzmann equation (Loyalka and Hamoodi, 1990) or experimental results (Tison,
1993). Beskok and Karniadakis (1999) recommended calculating the  by using the equation

 = 20 tan −1 (1Kn )  where  0 = 64 3 (1 − 4 s ) ,  1 and  are fitting parameters
obtained from experiments, s is equal to -1 following the second-order slip boundary condition.
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Therefore, the total molar flux in Eq. 3.22 can be updated by integrating the roughness and
rarefaction effect as follows.

J tn = wv J vn + wk J kn +J s
Re4 P
PL
2 Re3 ( D f − 2)
8
= − wv (1 +  Kn ) 2
P − wk

P − Ds Ca max
P
2
2
R0 8 RT
3 R0
 RTM
( P + PL )

(3.25)

3.2.6 Characterization of Real Gas Effect
To represent the differences between ideal gas and real gas, compressibility factor, Z, is considered
and incorporated into the developed ideal gas model, i.e., Eq. 3.25. The compressibility factor is a
dimensionless parameter, which represents the deviation behavior of real gas from the ideal gas
(Loebenstein, 1971). Since Standing-Katz correlation (1942) failed to make accurate predictions
of compressibility factor at high pressures, Mahmoud (2013) improved such a correlation as
follows.
Z = 0.702e−2.5Tr Pr2 − 5.524e−2.5Tr Pr + 0.044Tr2 − 0.164Tr + 1.15

(3.26)

where Pr is the reduced pressure expressed by Pr = P Pc , Pc is the critical pressure, Tr is the
reduced temperature expressed by Tr = T Tc , and Tc is the critical temperature. Furthermore, the
dynamic viscosity of real gas also changes with reservoir pressures and temperatures compared to
the constant value under ideal gas conditions. Sutton (2007) have developed one reliable and
superior correlation to estimate the dynamic viscosity of light hydrocarbon gas mixtures, which is
expressed as follows.

   Y 
r = 10  exp  X 
 
  1000  
−7

(3.27)
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 = 0.807Tr 0.618 − 0.357 exp ( −0.449Tr ) + 0.340exp ( −4.058Tr ) + 0.018

 =

1
6
c

0.949T
Pc

2
3

(3.28)

(3.29)

1000 M
1588
+ 0.9 M
1.8T

(3.30)

Y = 1.66378 − 0.04679 X

(3.31)

X = 3.47 +

where  r is the real gas viscosity,  = ( PM )

( ZRT ) . Considering the compressibility factor

and dynamic viscosity, the Knudsen number conditioned to real gas effect is obtained as
Knr = r  ZRT

( 2M )

n

PRe . The viscous flux, J vr , of real gas is obtained as follows.

Re4
P
J = − (1 +  r Knr ) 2
P
R0 8Zr RT
n
vr

(3.32)

Subsequently, the Knudsen diffusion molar flux, i.e., J krn , for real gas flow is rewritten as

J krn = −

2 Re3 ( D f −2)
8
P
C
P
2
3 R0
 ZRTM

(3.33)

The surface diffusion molar flux, i.e., J sr , for real gas flow is expressed as

J sr = − DsCa max

where C =
3.34.

PL PZC

( P + ZPL )

2

P

(3.34)

1 1 dZ
indicating the volume compressibility of real-gas phase in Eqs. 3.33 and
−
P Z dP

51
3.2.7 Gas Flow in Porous Media
In this work, it is assumed that the effect of interconnected matrix structure of porous media on
gas flow is negligible. Hence, the new unified gas transport model for a capillary tube can be
extended to bundles of tortuous capillaries with identical geometries, which is sufficient to
represent porous media (Wu et al., 2017). Accordingly, the molar flux in the single-tube model
can be up-scaled by using a correction factor, which assembles both porosity,  , and tortuosity,

 , of the porous media (Wu et al., 2016). In this case, the total molar flux for real gas, i.e., Jtrn , in
porous media can be derive as




wvr J vrn + wkr J krn + J sr



4
R

P
= − wvr (1 +  r Knr ) e2
P

R0 8Zr RT
J tri =

− wkr

(3.35)

PL PZC
 2 Re3 ( D −2)
8

P
C
P − Ds Ca max
P
2
2
 3 R0
 ZRTM

( P + ZPL )

wvr =

f



1
1    1 
1   4 Knr 

1 − exp  −
  2 − 1 − exp  −
 +

Kn

Kn

r  

r   1 − sKnr 





1  
 1

wkr = 1 − 1 − exp  −
 
Knr   


 


(3.36)

2

(3.37)

To apply the newly proposed model at different scales, the viscous molar flux and Knudsen
diffusion molar flux have been normalized by using Eq. 3.38 and Eq. 3.39, respectively. The
normalized viscous molar flux, i.e., J vr _ norm , and normalized Knudsen diffusion molar flux, i.e.,
J kr _ norm , are presented as
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J tri
( D −2) 64
= wvr (1 +  r Knr ) + wkr f
PCKnr
i
J vr
3

(3.38)

J tri
3
= i = wvr (1 +  r Knr )
+ wkr
D f − 2)
(
J kr
64
CPKn

(3.39)

J vr _ norm =

J kr _ norm

r

where J vri = −

 Re4
P
 2 Re3
8
( D − 2)
i

P
,
J
=
−
P
C
P . To quantify the real gas
kr
2
2
 3 R0
 ZRTM
 R0 8Zr RT
f

effect, the deviation of molar fluxes between real gas model and ideal gas model, i.e.,  as shown
in Eq. 3.40, has been calculated and discussed in Section 3.3.
J tri − J ti
=
100%
J ti

(3.40)

where J tri is total gas molar flux for real gas in porous media and J ti is total gas molar flux for
ideal gas in porous media which is expressed as J ti =  J tn /  .

Considering the importance of permeability to shale reservoir simulations, it is essential to evaluate
the feasibility of the unified gas transport model to estimate the permeability. As such, the effective
apparent permeability for real gas in porous media, i.e., Ktri , is determined as,





K tr = wvr K vr + wkr K kr + K sr




4
R

 8Re4 ( D − 2)
= wvr (1 +  r Knr ) e 2 + wkr

CPKnr

8R0
 3 R02
K tri =

f

(3.41)

PL Z 2CRTr

+ Ds Ca max
2

( P + ZPL )
where K vr , K kr , and K sr is the apparent permeability of viscous flow, Knudsen diffusion and
surface diffusion, respectively.
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3.3 Validation: Physical and Numerical Experiments
Data from the cylindrical tube have been properly collected to validate the developed gas transport
model for both organic and inorganic nanopores by including and excluding the surface diffusion.
Table 3.1 lists the experimentally measured and numerically simulated data used to validate the
gas flow in inorganic nanopores where surface diffusion is neglected. It is known that the
experimental flux data in nanopores at high pressures can be rarely found in literature. The
experimental fluxes at relatively low pressures covering slip and transition flow regimes (Tison,
1993; Ewart et al., 2007; Yamaguchi et al., 2011) are well utilized for validation since it has been
claimed that the shale gas transport is mainly characterized as slip and transition flow (Wu et al.
2016). Even though the numerical solution of the linearized Boltzmann equation and the lattice
Boltzmann model is time-consuming and computationally expensive, it has been widely
recognized as one of the most accurate modeling approaches. In this work, the data from numerical
solutions for methane gas transport in nanopores (Loyalka and Hamoodi, 1990; Landry et al.,
2016) are also collected for the model validation in Table 3.1. As for the model validation
considering the surface diffusion in organic nanopores, the molecular dynamics (MD) data from
Yu et al. (2018) are used in this work. The detailed parameters in MD simulation are tabulated in
Table 3.2. The simulation system and methane molecules are generated by grand canonical Monte
Carlo simulations under pressures from 5 to 50 MPa. The apparent permeability was simulated by
non-equilibrium MD simulations.
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Table 3.1: Summary of parameters used in rarefied gas model validations

Literature

Data Sources

Gas Type Tube Size, d Temperature, T

Tison (1993)

Experiments

Helium

1 cm

298 K

Ewart et al. (2007)

Experiments

Nitrogen

25.27 µm

298 K

Yamaguchi et al. (2011)

Experiments

Nitrogen

320 µm

293 K

Methane

10 nm

400 K

Methane

8.446 nm

400 K

Loyalka and Hamoodi (1990) Numerical Solutions
Landry et al. (2016)

Numerical Solutions

Table 3.2: Summary of parameters used in organic nanopore validations (Yu et al., 2018)

Parameters

Symbol

Maximum adsorption capacity

𝐶𝑎𝑚𝑎𝑥

Unit
mol/m
2

Values
3

798

Surface diffusivity coefficient

𝐷𝑠

m /s

1.1×10-7

Reservoir temperature

𝑇

K

298

Universal gas constant

𝑅

J/(mol⋅K)

8.314

Nominal methane molecule size

𝑑𝑚

nm

0.38

Pore size

𝑑

nm

10.0

Methane molar mass

𝑀

kg/mol

0.016

Methane critical pressure

𝑃𝑐

Pa

4.60×106

Methane critical temperature

𝑇𝑐

K

190.6

The calculation of dimensionless molar flux and apparent permeability requires estimations of
three empirical parameters: D f ,  , and  which should be optimized. Since D f ,  , and  are
independent continuous variables with certain constraints, the objective functions can be written
as
min f1 ( D f 1 , 1 ) =  ( J vr _ norm − J vr _ data )
I

2

(3.42)

i =1

min f 2 ( D f 2 ,  2 ) =  ( J kr _ norm − J kr _ data )
J

j =1

S.T. 2  Df  2.5

2

(3.43)

(3.44)
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0 

R02 + L2
R0

(3.45)

 0

(3.46)

where J vr _ data and J kr _ data are the collected reference data of normalized viscous molar flux and
normalized Knudsen diffusion molar flux, respectively. In this work, a single objective function
(i.e., Eq. 3.42) is needed for the data from Tison (1993), Ewart et al. (2007), Landry et al. (2016),
and Yu et al. (2018), whereas two objective functions (i.e., Eqs. 3.42 and 3.43) need to be solved
concurrently for the data from Loyalka and Hamoodi (1990) because it includes both normalizedviscous-flux and Knudsen-diffusion-flux.

The CONOPT solver which is a strong all-around nonlinear problem (NLP) solver in General
Algebraic Modeling System (GAMS) software is used in this work to perform the optimization
work. As for the multi-objective optimization (i.e., Eqs. 3.42 and 3.43), a pre-treatment of  constraint method (Haimes et al., 1971) is applied to transform it to the single-objective nonlinear
problem so that it can be solved by using CONOPT solver. We assume f1 as the primary objective
function for maximization and f 2 as the constraint. Hence, Eqs. 3.42-3.46 are rearranged as
max f1 ( D f ,  ) =  ( J vr _ norm − J vr _ data )
I

2

(3.47)

i =1

S.T. 2  Df  2.5
0 

R02 + L2
R0

 0

(3.48)

(3.49)

(3.50)

56
f2 ( D f ,  )  

Since an improper selection of



(3.51)

can corrupt the optimization, Carmichael (1980) suggested a

mathematical guideline for selecting  ,
f1 ( xi* )   i  f 2 ( xi* )

(3.52)

Subsequently, the CONOPT solver can be used to solve Eqs. 3.47-3.52 and obtain multiple local
optimal solutions which form a boundary called Pareto-optimal front in a new data space formed
by two objective functions. Fairly good solutions to the multi-objective problems can always be
found on this Pareto-optimal front (Ruiz-Canales and Rufian-Lizana, 1995).

3.4 Results and Discussion
3.4.1 Validation Results
*
The optimized three parameters of D f ,

 * , and  * have been tabulated in Table 3.3. A complete

Pareto-optimal front has been obtained for the data from Loyalka and Hamoodi (1990) as shown
in Figure 3.3. The black points are a series of optimal objective function values
*
respect to the optimal D f ,

(f

*
1

, f 2* ) with

 * , and  * . Fairly good solutions are located in the red circle. D*f in

Table 3.3 is constrained between 2 and 2.5 indicating the changes from a smooth surface to a rough
*
surface (Darabi et al, 2012). Thus, D f = 2.00 corresponds to the numerical simulation reference

data since smooth surface are assumed in those models. Meanwhile, it is further demonstrated that
*
D *f larger than 2.00 corresponds to the experimental reference data. Values of  and  * in

Table 3.3 vary for each gas type.
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Table 3.3: Summary of optimal solutions

Literature

Gas Type

Objective Function

D *f

*

*

Tison (1993)

Helium

Single

2.15

0.97

1.05

Ewart et al. (2007)

Nitrogen

Single

2.05

1.54

0.74

Yamaguchi et al. (2011)

Nitrogen

Single

2.05

1.54

0.74

Loyalka and Hamoodi (1990)

Methane

Multiple

2.00

0.46

0.91

Landry et al. (2016)

Methane

Single

2.00

0.46

0.91

Yu et al. (2018)

Methane

Single

2.00

0.46

0.91

Figure 3.3: Pareto-optimal front obtained using ε-constraint method.

It can be seen in Table 3.3 that the optimized three parameters are same for all nitrogen data
*
collected from two different resources, i.e., D f = 2.00 ,  * = 1.54,  * = 0.74. They are also same
*
for all methane data collected from three different resources, i.e., D f = 2.00 ,  * = 0.46,  * = 0.91.

Such finding indicates that the optimized parameters in this work can serve as reasonable empirical
values for corresponding types of gas without the necessity of conducting additional experiments.
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It allows the proposed analytical model to be easily implemented with the wider applications. As
for the computation speed, the automated solver of CONOPT in GAMS software enables to solve
the objective functions in a few seconds. Subsequently, the proposed model with obtained
empirical parameters can be conveniently applied to simulate the gas transport in full flow
spectrum. Comparing with simulation methods by deterministically or probabilistically solving
Newton’s laws of motion (Frenkel et al., 2001), the developed analytical model is more efficient
and practical when dealing with the same scale problem.

The calculated and collected normalized viscous fluxes have been plotted against mean pressures
as can be seen in Figure 3.4. It can be found that the newly developed model is able to accurately
reproduce the reference data with an average error of 0.75% (Tison, 1993), 7.06% (Yamaguchi et
al., 2011), 6.79% (Ewart et al., 2007), 2.11% (Landry et al., 2016), and 5.39% (Loyalka and
Hamoodi, 1990), respectively. The collected normalized viscous molar fluxes mainly fall into the
slip flow regime (0.015  Kn  0.01) and early transition flow regime (0.13  Kn  0.52). All the
curves are inclined to converge to the unity, implying that the flow behavior gradually shifts from
transition flow/slip flow to pure continuum flow as the mean pressure increases. Figure 3.4 exhibits
normalized Knudsen diffusion fluxes simulated by the newly developed model and collected from
Loyalka and Hamoodi (1990). As can be seen, the normalized Knudsen diffusion flux gradually
decreases from a constant value (i.e., theoretical Knudsen diffusion limit) in the Knudsen diffusion
regime (12.24  Kn  100.00). Subsequently, a concave emerges on the curve in early transition
flow regime (0.45  Kn  1.30) and the normalized flux increases with the mean pressure in a
quasi-exponential manner within the slip flow regime (0.06  Kn  0.10). Figure 3.5 compares the
calculated and collected apparent permeability with the pressure by considering the surface
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diffusion. The reference data reflects the methane flow in the organic nanopore ranging from 5.0
to 50.0 MPa which covers the shale gas reservoir condition. It can be found that the developed
model can provide a good prediction with an error of 11.91%. In general, considering Figures 3.43.6, the new unified gas transport model proposed in this work can reproduce both experimental
and the numerical data with an overall error of 5.67%.

Figure 3.4: Calculated and collected normalized viscous flux versus mean pressure.
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Figure 3.5: Calculated and collected normalized Knudsen diffusion flux versus mean pressure.

Figure 3.6: Calculated and collected normalized Knudsen diffusion flux versus mean pressure.
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As aforementioned, wv and wk are assigned as weights for the viscous flow and Knudsen
diffusion, respectively. According to Eqs. 3.36 and 3.37, Figure 3.7 plots the wv and wk against
the Knudsen number. It can be seen that wv keeps constant as 1.0 in continuum flow regime (

Kn  0.001) and gradually increases in the slip flow regime (0.001  Kn  0.1) due to the slip flow
mechanism, whereas wk = 0 because no Knudsen diffusion should exist in the viscous flow
region. Such observation is consistent with the characterizations of typical flow regimes in
literatures (Javadpour, 2007; Civan, 2010; Akkutlu and Fathi, 2012) where only continuum flow
mechanism is in presence in the continuum flow regime ( Kn  0.001) and the continuum flow is
enhanced (i.e., wv  1 ) in the slip flow resulting an increased flux. Figure 3.7 also shows that the
weight of the viscous flow keeps increasing in the early transition regime ( 0.1  Kn  0.35 ) and
then starts to decrease while the weight of the Knudsen diffusion progressively increases to the
unity in transition flow (0.10  Kn  10.00) and Knudsen diffusion ( Kn  10.00) regimes. Note
that the summation of two weights is not equal to the unity because weights derived from the
kinetic model are completely controlled by the Knudsen number and mutually independent. The
variation of two weights conditioned to the Knudsen number is rational and coincide with the
widely-accepted classification of flow regimes (Schaaf and Chambre, 1961). It is also a superiority
of this innovative work because such way allows the model to cover the full flow regime.
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Figure 3.7: Calculated Weights of the viscous flux and Knudsen diffusion flux with respect to Knudsen number.

3.4.2 Model Comparisons
The newly developed model is also compared with five well-recognized analytical models (Ertekin
et al., 1986; Liu et al., 2002; Bravo, 2007; Javadpour, 2009; and Veltzke and Thöming, 2012) to
further demonstrate the performance of this work in terms of reproducing the normalized viscous
flux and normalized Knudsen diffusion flux collected from Tison (1993) and Loyalka and
Hamoodi (1990). As can be seen in Figure 3.8, Liu et al. (2002) and Bravo (2007) significantly
underestimate the normalized viscous molar flux while other models overestimate it. In contrast,
this work is capable to match the reference data with the minimum deviation. Figure 3.9 presents
the comparisons of the normalized Knudsen diffusion. Although most of the analytical models can
follow the tendency of reference data, the model of Liu et al. (2002) has an erroneous trend when
the flow reaches the transition flow regime ( Kn  0.10). This is attributed to the fact that the weight
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for Knudsen diffusion is negative, implying there is no Knudsen diffusion when Knudsen number
is larger than or equal to 1 in Liu’s model. In addition, Ertekin et al. (1986), Bravo (2007),
Javadpour (2009), and Veltzke and Thöming (2012) overestimate the data in the transition flow
regime (1.00  Kn  10.00). Comparatively, this work can more accurately match the tendency of
the reference data. Moreover, only Bravo (2007), Veltzke and Thöming (2012), and the new
unified gas transport model generally converge to 1.0, which is reasonable according to the
theoretical Knudsen diffusion limit. Given that the mean pressure is reduced, Knudsen (1909) has
stated that the gaseous mass flux through capillaries decreases due to the decreased gas density but
reaches a minimum value when the Knudsen number is about unity. Such a minimum point is
called Knudsen’s minimum which is resulted from the appearance of transition flow. It can be
found from Figure 3.9 that only the newly proposed model is capable to accurately present
Knudsen’s minimum in comparison to other models. In other words, the newly developed model
can reproduce both viscous and Knudsen diffusion fluxes with Kn widely ranging from 0.01 to
100. Furthermore, model comparisons have demonstrated that this work has superior accuracy in
both slip and transition flow regimes compared to Bravo’s model. The inferior accuracy of Bravo’s
model in transition flow regime may result from the linear velocity profile assumption which is
against the reality.

64

Figure 3.8: Comparison of the normalized viscous molar flux between the newly proposed model and other
analytical models.

Figure 3.9: Comparison of the normalized Knudsen diffusion between the newly proposed model and analytical
models.
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3.4.3 Real Gas and Ideal Gas Deviation Analysis
Viscosity of real gas changes with pressure rather than a constant for the ideal gas analytical
models. Figure 3.10 expresses the real gas viscosity (i.e.,  r ) of methane at reservoir temperatures
of 323 K, 373 K, and 423 K with the mean pressure, where the ideal gas viscosity (i.e.,  ) is also
plotted for comparison. It shows that the real gas viscosity can increase distinctly from 1.18×10-5
to 3.70×10-5 Pa∙s when the mean pressure increases from 5.0 to 50.0 MPa at temperature of 323 K
while the ideal gas viscosity is 1.18×10-5 Pa∙s. In addition, it is shown that gas viscosity increases
with the temperature at relatively low pressures below 18 MPa while the viscosity decreases with
the temperature at high pressures above 18 MPa. Figure 3.11 presents the real gas compressibility
factor of methane versus the mean pressure at reservoir temperatures of 323 K, 373 K, and 423 K.
It is seen that there are substantial changes in compressibility factor for methane in the lowtemperature and high-pressure region. Furthermore, the compressibility factor follows a nonmonotonic trend with the pressure.

Figure 3.10: Comparison of methane viscosity between ideal and real gas using Sutton’s model (2007).
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Figure 3: Compressibility factor of methane versus mean reservoir pressure.

Figure 3.12 exhibits the Knudsen number evolution with pressure in various pore sizes for ideal
and real methane gas under reservoir conditions (e.g., 5  P  50 MPa, T = 323 K), respectively.
It is seen that the Knudsen number at same pressures decreases as the pore size increases. The
Knudsen number of methane keeps decreasing with the pressure. The real gas Knudsen number
starts distinctly deviating from the ideal gas Knudsen number at the pressure of 20.0 MPa and the
deviation degree is gradually increasing. This is because the real gas effect at high pressures (>20.0
MPa) increases the viscosity which dominantly increases molecular mean free path. According to
the definition of the Knudsen number (i.e., Kn =  R0 ), the increasing mean free path leads to the
increment of Knudsen number. In addition, it is observed that the transition flow becomes more
significant compared with that of the viscous flow under a relatively low-pressure condition ( 
20.0 MPa), provided that the pore diameter is less than 5 nm.
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Figure 3.12: Knudsen number evolution with mean reservoir pressure (empty symbols: real gas; solid symbols: ideal
gas).

Figure 3.13(a) shows the deviation of total molar flux in inorganic pores (i.e., without surface
diffusion) between real gas and ideal gas at different diameters as pressure changes from 0.1 to
50.0 MPa (see Eq. 3.39). It can be found that the real gas effect exerts limited influences on the
flux calculated by ideal gas model under low-pressure conditions (  15.0 MPa), yielding the
deviation within 10.0%. This is mainly because the gas viscosity at low pressures is close to that
under ideal gas condition. It is worthwhile noting that a peak can be found on the curve at low
pressures for all pore sizes mainly due to the effect of compressibility factor on molar fluxes.
However, the real gas effect can reduce the molar flux calculated from the ideal gas model up to
66.0% at 50.0 MPa in the pore size of 200 nm. It is mainly due to the fact that the increased
viscosity at high pressures dominantly counteracts the flux. Furthermore, the deviation is
aggravated as pore size increases at high pressures because the larger pores are commonly
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dominated by the viscous flow regime, in which the viscosity has more impact over the flux. Figure
3.13(b) shows the deviation of total molar flux in organic pores (i.e., with surface diffusion)
between real gas and ideal gas at different diameters as pressure changes from 0.1 to 50.0 MPa. In
general, the deviation has the similar performance as that in the inorganic pores. The difference
between organic and inorganic pores is insignificant (  5.0%) and can be ignored.
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Figure 3.13: Deviation between real gas and ideal gas total fluxes in inorganic nanopores (a) and organic nanopores
(b) under reservoir pressures.
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3.4.4 Sensitivity Analyses of Apparent Permeability
The sensitivity of effective apparent permeability to various parameters has been analyzed for
methane in details in this section. The parameters used in the sensitivity analyses have been listed
in Table 3.4.
Table 3.4: Summary of parameters used in sensitivity analyses

Parameters

Symbol

Unit

Values

Fitting parameter

𝛼1

dimensionless

4.0

Fitting parameter

𝛽

dimensionless

0.4

Chemical confinement parameter

𝜉

dimensionless

0.46

Velocity direction heterogeneity parameter



dimensionless

0.91

Slip coefficient

𝑠

dimensionless

-1

Reservoir temperature

𝑇

K

323

Fractal dimension of the pore surface

𝐷𝑓

dimensionless

2.0

Universal gas constant

𝑅

J/(mol⋅K)

8.314

Nominal methane molecule size

𝑑𝑚

nm

0.38

Methane molar mass

𝑀

kg/mol

0.016

Methane critical pressure

𝑃𝑐

Pa

4.60×106

Methane critical temperature

𝑇𝑐

K

190.6

Average porosity

𝜙

dimensionless

0.05

Average tortuosity



dimensionless

4.3

Langmuir Pressure

𝑃𝐿

Pa

13.8×106

Langmuir Volume

𝑉𝐿

m3/kg

0.00312

Surface diffusivity coefficient

𝐷𝑠

2

m /s

8.8×10-6

Ratio of organic grain to the total grain volume

k
 grain

dimensionless

 STG

kg/m3

Shale grain density
Methane density at standard condition

kg/m

3

0.676
2659.065
0.641

(1) Pore Size and Roughness
Figure 3.14 plots the effective apparent permeability versus pressure in both inorganic and organic
pores with pore sizes of 2, 5, 10, 25, 50, and 100 nm. In general, the apparent permeability
decreases with pressure in the pore size smaller than 100 nm and such a decline is more distinct as
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pore size shrinks, particularly in organic pores. At a given pore size of 2 nm, the apparent
permeability can be significantly reduced from 1.44×10-2 to 1.03×10-3 µD in the inorganic pore
and from 4.21×10-2 to 9.76×10-4 µD in the organic pore when the pressure increases from 3.0 to
50.0 MPa. Moreover, it is seen that the apparent permeability varies in different pore sizes.
However, the apparent permeability rarely changes with pressure in the pore size larger than 100
nm. This is mainly because the flow regime has shifted to the continuum flow where the apparent
permeability is approaching the intrinsic permeability of the porous media. In addition, the
apparent permeability in organic pores is higher than that in inorganic pores up to 2.77×10-2 µD in
pore size of 2 nm, which is contributed by the surface diffusion. However, when the pore size is
larger than 10 nm, the contribution of surface diffusion can be ignored. In Figure 3.15, the effective
apparent permeability in organic nanopores with pore sizes of 2, 10, and 25 nm is plotted at three
fractal dimensions of 2.0, 2.2, and 2.5. The roughness coefficient (i.e., 

( D f − 2)

) increases with the

fractal dimension (i.e., D f ). It can be found that the apparent permeability decreases from
6.60×10-2 to 5.59×10-2 µD when the fractal dimension increases from 2.0 to 2.5 at 3.0 MPa in the
pore size of 2 nm. Such a difference reduces as pore size increases. Also, as can be seen in the
inset graph in Figure 3.15, the apparent permeability is independent with the fractal dimension in
the pore size larger than 10 nm when the pressure is greater than 15.0 MPa.
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Figure 3.14: Effective apparent permeability under reservoir pressures in inorganic and organic pores with different
sizes.
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Figure 3.15: Comparison of the effective apparent permeability under reservoir pressures with different fractal
dimensions.

(2) Contributions of Flow Mechanisms
Figures 3.16-3.19 present the contributions of viscous flow, Knudsen diffusion, and surface
diffusion to the apparent permeability in 2, 5, 10, and 25 nm under typical shale reservoir
conditions, respectively. It is found that as pressure and pore size increases, the contribution of
viscous flow increases and accordingly the contribution of the Knudsen diffusion decreases. This
is mainly because the flow regime shifts toward the viscous flow regime as pressure and pore size
increase (see Figure 3.12). As seen in Figure 3.16, when pore size is 2 nm and pressure is above 5
MPa, the viscous flow contributes from 14.49% up to 99.95%. Meanwhile, the contribution of
Knudsen diffusion drops from 20.97% at the pressure of 3.0 MPa to 4.63% at the pressure of 35.0
MPa. As seen in Figure 3.19, when pore size is 25 nm, the viscous flow completely dominates the
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apparent permeability across entire reservoir pressure ranges. In contrast, as seen in Figure 3.17,
the contribution of Knudsen diffusion in pore size of 5 nm is below 6.00% when the pressure is
above 6.0 MPa. Hence, the viscous flow cannot be neglected at any pore sizes under reservoir
conditions while the Knudsen diffusion is only important in the pore size below 2 nm and pressure
less than 35.0 MPa.

In addition, the gas apparent permeability of surface diffusion decreases as pressure and pore size
increases. This is attributed to the fact that the specific surface area decreases with the pore size
resulting in less adsorption and surface diffusion in the pore. As can be seen in Figures 3.16 and
3.17, the surface diffusion greatly contributes to apparent permeability accounting for 64.54% to
50.09% in 2 nm and 35.54% to 13.68% in 10 nm from 5.0 to 15.0 MPa, respectively. However,
the surface diffusion contribution is below 4.23% in 10 nm pores when the pressure is above 15
MPa (see Figure 3.18) and lower than 3.90% in 25 nm pores across entire reservoir pressure range
(see Figure 3.19), which can be neglected. Hence, when the pore size is below 10 nm and the
pressure less than 15 MPa, the contribution of surface diffusion cannot be ignored.
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Figure 3.16: Apparent permeability contributions from viscous flow, Knudsen diffusion and surface diffusion with
respect to reservoir pressures in 2 nm organic nanopores.

Figure 3.17: Apparent permeability contributions from viscous flow, Knudsen diffusion and surface diffusion with
respect to reservoir pressures in 5 nm organic nanopores.
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Figure 3.18: Apparent permeability contributions from viscous flow, Knudsen diffusion and surface diffusion with
respect to reservoir pressures in 10 nm organic nanopores.

Figure 3.19: Apparent permeability contributions from viscous flow, Knudsen diffusion and surface diffusion with
respect to reservoir pressures in 25 nm organic nanopores.
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3.5 Summary
The new analytical model considering viscous flow, Knudsen diffusion, and surface diffusion has
been successfully developed to compute the gas transport over the full flow regime in both organic
and inorganic pores where the virtual boundary between the viscous flow and Knudsen diffusion
zones is firstly determined based on an analytical molecular kinetics approach. The Knudsen
number of real gas flow increasingly deviates from that of ideal gas flow due to the impact of real
gas effect at high pressures (  20.0 MPa). Moreover, the increasing viscosity due to the real gas
effect can reduce the total molar flux in the inorganic pores up to 66.0% under typical shale gas
reservoir condition. The apparent permeability decreases with pressure in the pore size smaller
than 100 nm and such a decline is more distinct as pore size shrinks. The sensitivity analyses have
demonstrated that the pore size has the greatest impact on the apparent permeability. It is also
found that the viscous flow mechanism cannot be neglected at any pore sizes under reservoir
conditions while the Knudsen diffusion is important in the pore size below 2 nm and pressure less
than 35.0 MPa. The contribution of surface diffusion cannot be ignored when the pore size is below
10 nm and the pressure less than 15 MPa.
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CHAPTER 4: GAS TRANSPORT IN SHALE MATRIX COUPLING MULTILAYER
ADSORPTION AND PORE-CONFINEMENT EFFECT
4.1 Introduction
Accurate prediction of gas transport in shale formations mainly consisting of micro- and nanoscale pores is a great challenge since most existing models only consider monolayer adsorption
and the underlying multi-physics are either partially or completely overlooked. In this work, we
have proposed a comprehensive gas transport model integrating multiple physical mechanisms in
nanopores, especially the multilayer adsorption and pore confinement effect. The new analytical
model is developed based on Bravo layer-sequence-model and then upscaled using an Effective
Medium Approximation (EMA) method, where the generalized Brunauer-Emmett-Teller (BET)
model, the modified Peng-Robinson EoS model, and the Sutton’s model are innovatively
incorporated. The newly developed model has been successfully validated against simulation and
experimental results with the assistance of an efficient iterative ensemble smoother (ES) algorithm.
It is observed that the pore confinement effect is of importance when the pore size is smaller than
50 nm. The increase of gas viscosity due to the real gas effect is significant under reservoir
conditions. The apparent permeability is found to increase greatly as the adsorption layer number
increases, implying that the application of Langmuir model in existing gas transport models may
substantially underestimate it. Given inorganic nanopores, the viscous flow is important at any
pore sizes and the Knudsen diffusion plays a role in the pores that are less than 5 nm under reservoir
conditions. As for organic nanopores, the contribution of surface diffusion is tangible when the
pore size is below 150 nm and the Knudsen diffusion is negligible under high pressures.
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4.2 Mathematical Formulation
4.2.1 Conceptual Model and Discrete Density Profile
A conceptual model is developed as illustrated in Figure 4.1. The space in the single straight
nanocapillary can be separated by the effective radius Re into two flow zones, which are a free
gas flow zone in the central space (i.e., the space within the red cylindrical capillary) and a surface
diffusion zone in the outer annular space (i.e., the space constrained by the effective radius Re and
capillary radius R0 ). Note that the volume in the outer annular zone is occupied by multilayer
adsorbed gas, of which the amount is significantly underestimated in analytical calculations with
the existing models due to the monolayer adsorption assumption. Moreover, the monolayeradsorption assumption in current models has typically limited the discussion of density
fluctuations near the wall arising from abundant adsorption which is shown in Figure 4.2 (Didar
and Akkutlu, 2013). Figure 4.2 presents the discrete density profile of methane simulated by
molecular dynamics in nanopores with two different pore sizes (Ambrose et al., 2012). As can be
seen in Figure 4.2, there are (a) four adsorption layers and (b) two adsorption layers in two density
profiles, respectively. The density distribution in each surface diffusion zone is non-uniform where
the density decreases from a high value on the wall to a low value near the pore-center. The density
of uppermost adsorption layers gradually approaches to the density of free gas flow until the
equilibrium is reached.
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Figure 4.1: Schematic diagram of the sequence-layer model of a straight capillary (Blue central zone – viscous flow;
Yellow middle annular zone – Knudsen diffusion; Outer annular zone –multi-layer adsorption and surface diffusion;
– Capillary radius; – Radius corresponding to the first layer adsorption on the wall; – Effective radius corresponding
to the last layer in multi-layer adsorption; – Radius of virtual boundary).

As illustrated in Figure 4.2, the uniform density distribution in free gas flow zone is hardly affected
by the density fluctuations in the surface diffusion zone (Ambrose et al., 2012). The free gas flow
zone in the central space can be further divided by the virtual boundary Rvb into viscous flow
zone highlighted by blue color and Knudsen diffusion zone which is highlighted by yellow color
and constrained by virtual boundary Rvb and effective radius Re (See Figure 4.1). Such layersequence structure is developed based on the molecule-collision-probability assumption that
viscous flow is represented by intermolecular collisions which are dominant in the central space
while Knudsen diffusion is represented by molecule-wall collisions which are dominant in the
middle annular space (Chai and Li, 2017; Chai et al, 2018; Zheng et al., 2019). In addition, the
description of density distribution in the layer-sequence model is consistent with the result of
molecular dynamics (Ambrose et al., 2012) which shows that the density distribution is uniform
in the free gas flow zone (i.e., central and middle annular zones), whereas the density distribution
in adsorption layer is non-uniform (see Figure 4.2). Chai et al. (2019a) have indicated that the
virtual boundary, Rvb , can be determined as
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Rvb =

1 

Re 1 − exp  −

Kn 



1

(4.1)

where  is an empirical coefficient indicating the heterogeneity of velocity directions,  is an
empirical coefficient describing the chemical confinement effect due to interactions between
molecules and pore-wall, Kn is local Knudsen number defined as the ratio of molecular mean
free path over local characteristic length (i.e.,

 Re ) (Bird, 1994). Note that Re is equal to R0 in

nanopores where there is adsorption scarcity such as inorganic pores. It has been shown that the
determination of virtual boundary is crucial in assigning the contribution of viscous flow and
Knudsen diffusion in the layer-sequence model.

Figure 4.2: Discrete-density profiles for methane at 176 ºF in nanopores with size of (a) 3.93 nm and (b) 2.31 nm are
identified under the pressure of 3043 psi from molecular dynamics simulation (Ambrose et al., 2012). Discrete density
corresponds to adsorption-layer density across the pore.

Wasaki and Akkutlu (2015) have considered the multilayer adsorption and mathematically
simplified the multilayer adsorption to monolayer adsorption so that Langmuir isotherm model
can be applied accordingly. Nonetheless, such treatment is valid only if the pore size is much larger
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than the multilayer thickness. In the case of small pore size (e.g., <10 nm), the available space and
molar flux for free gas flow will be overestimated if the multilayer adsorption is simplified to
monolayer adsorption. In contrast to the Langmuir isotherm model, the BET isotherm model is
adopted in this work because it is a generalization of the Langmuir model to multiple adsorbed
layers (Yu et al., 2016). As shown in Figure 4.1, the thickness of multiple layers is constrained by
capillary radius R0 and the effective radius Re which corresponds to the last layer from the wall
in multilayer adsorption. Brunauer et al. (1938) has pointed out that it is not required for a layer to
be completely covered by adsorbents before an upper layer starts to form (See Figure 4.3a). Hence,
some upper adsorption layers which contains few adsorbed molecules may not contribute to the
surface diffusion in adsorption zone. On the contrary, these upper layers interact with free gas
molecules and contribute to the free gas flow. Therefore, the actual adsorption layers (See Figure
4.3a) can be transformed to hypothetical adsorption layers (See Figure 4.3b) for the easiness of
theoretical calculations. Effective radius, Re , can be determined as follows.

Re = R1 −  ( N − 1) d m

(4.2)

where R1 is radius corresponding to the first-layer adsorption on the wall,  is defined as
equivalent fraction of adsorption layers which only contributes to the surface diffusion in
adsorption zone, N is actual number of adsorbed layers in nanopores, d m is molecular kinetic
diameter. Wang and Marongiu-Porcu (2015) have claimed that the thickness of first layer
adsorption may be different from the molecule diameter of adsorbed gas due to substantial
influences of total organic content, clay minerals, maturity, and the specific surface. Accordingly,

R1 changes with the thickness of first layer. Thus, the radius corresponding to the first layer
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adsorption, R1 , is determined as R1 = R0 −  d m where  is an empirical thickness correction
coefficient (Yu et al., 2016).

Figure 4.3: Schematic diagram of adsorption layers in nanopores. (a) shows five adsorption layers are in presence
(i.e., N=5) where upper partially adsorbed layers are prone to interact with free gas molecues and contribute to free
gas flow zone rather than adsorption zone. Hence, (a) can be simplified to (b) where adsorption layers are three
hypothetical layers (i.e., N=3) only contributing to adsorption zone and is defined as effective radius from pore central
axis to uppermost hypothetical adsorption layer.

4.2.2 Modeling of Ideal Gas Flow in Straight Capillary
(1) Adsorption/Desorption and Surface diffusion Characterization
The multilayer adsorption is typically characterized by BET isotherm model which assumes
infinite number of adsorption layers. Nonetheless, Alnoaimi and Kovscek (2013) have indicated
that number of adsorption layers in nanopores should be finite and a generalized BET isotherm
model in terms of N adsorption layers is given as
N
( N +1) 
P
P
P 

1 − ( N + 1)   + N  
Vmax CBET
P0 
P0 
P0 



Vad =
N +1) 

(
P
1 + ( C − 1) P − C  P 

1−

BET
BET 
P0


P
P
0
 0



(4.3)

84
where Vad is volume of adsorbents per unit mass, Vmax is BET maximum volume of first-layer
adsorbents per unit mass when the wall is entirely covered by the first-layer adsorption, P is
average pressure across the nanocapillary, P0 is gas saturation pressure, CBET is equilibrium
constant related to the net heat of adsorption (Yu et al., 2016). Note that Eq. 4.3 can be reduced to
the Langmuir isotherm model and Vmax is equivalent to the Langmuir volume when N = 1, which
implies that the generalized BET model is appropriate than the Langmuir isotherm model to
characterize complicated adsorption/desorption process including monolayer and multilayer
adsorption in nanopores. In addition, it is worth noting that the saturation pressure (i.e., P0 ) is
unavailable because methane is in super-critical state in shale reservoir condition and saturation
pressure loses its physical validity for super-critical gas. To overcome this difficulty, the saturation
pressure is regarded as pseudo-saturation pressure for methane gas (Clarkson et al., 1997), and is
calculated using the Antoine equation as follows (Hao et al., 2014).

1306.5485 

P0 = exp  7.7437 −

19.4362 + T 


(4.4)

Fick’s model has been widely accepted to characterize the surface diffusion due to its mathematical
simplicity and physical validity (Xiong et al., 2012; Wasaki and Akkutlu, 2015; Song et al., 2016;
Wu et al., 2016). It is also presumed that adsorption/desorption process can reach the equilibrium
instantly to satisfy the requirement of BET isotherm model (Yu et al., 2016). Do et al. (2001) have
indicated that the surface molar flux of adsorbed phases, J s , can be expressed as

J s = − DsCa

(4.5)
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where

Ds

is surface diffusion coefficient, Ca is concentration gradient of adsorbed gas. The

concentration of adsorbed gas, Ca , can be calculated by the equation Ca = mVad  sc / M , where

m

 sc is gas density at standard condition, M is gas molar mass.

is shale matrix density,

A

Subsequently, the molar flux of apparent surface diffusion, J s , can be rearranged by integrating
Eqs. 4.3 and 4.5 as
J sA =

J s ( R02 − Re2 )

 R02

= − Ds

2
2
mVmax  sc d   ( R0 − Re )
P
M
dP
 R02

(4.6)

where P is pressure gradient along the nanocapillary,  is defined as

=

Vad
Vmax

P
CBET
P0
=
P
1−
P0

N
N +1


P
P
 1 − ( N + 1)   + N  



 P0 
 P0 
N +1 

1 + ( C − 1) P − C  P  

BET
BET 

P0
 P0  

(4.7)

(2) Viscous Flow Characterization
Beskok and Karniadakis (1999) have proposed a local viscous flow velocity by replacing the noslip boundary of Poiseuille velocity profile with a second-order slip velocity which is
parameterized with local Knudsen number. The local viscous flow velocity is given by
2
Re2   r  2 −  v 2 Kn 
1 −   +
 P
Uv = −
4   Re 
 v 1 − bKn 



(4.8)

where U v is local viscous flow velocity, Re is effective radius,  is gas viscosity at standard
condition, r is radius with respect to the central axis, Kn is local Knudsen number written as
Kn =   RT ( 2M )

( PR ) , b
e

is slip coefficient.

 v is tangential momentum accommodation

86
coefficient (TMAC). The TMAC is the parameter to quantify momentum exchange of gas
molecules impinging on the wall and ranges from 0.2 to 1.2 (Beskok and Karniadakis, 1999).
Furthermore, it is validated by the solutions of linearized Boltzmann equation that b = −1
provides the best fitting of the slip velocity (Beskok and Karniadakis, 1999). Furthermore, Beskok
and Karniadakis (1999) have analyzed the influence of rarefaction on the dynamic gas viscosity,
and proposed a correction term to characterize the degree of rarefaction effect in nanopores. As is
designated in the conceptual model (see Figure 4.1), the viscous flow is constrained in the central
A
zone by the virtual boundary (i.e., Rvb ). Therefore, the molar flux of apparent viscous flow, J v ,

is derived by the integration with respect to axial radius,

J vA =

Rvb
Qv
P
=
1
+

Kn
(
)
0 U v  2 rdr
 R02  R02 RT

(4.9)

where Qv is viscous flow molar rate, R0 is nanocapillary radius, R is universal gas constant, T
is temperature, P is average pressure across the nanocapillary. (1+  Kn ) is the correction term to
characterize rarefaction effect.  is dimensionless rarefaction coefficient expressed as

 = 20 tan −1 ( 4Kn0.4 )  , and  0 is given as 0 = 64 3 (1 − 4 a ) where a is equal to −1
(Beskok and Karniadakis, 1999).

(3) Knudsen Diffusion Characterization
As illustrated in Figure 4.1, Knudsen diffusion exists in the middle annular zone. Roth (1982) has
claimed that the molar rate of Knudsen diffusion, Qk , can be characterized by

Qk = −

4 v Ak2
P
3 RT S

(4.10)
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where Ak is cross-section area of Knudsen diffusion flux and S is perimeter of the cross-section.

v is apparent molecular velocity written as v = ( 8RT ) ( M ) where M is molar mass (Bird,
1994). In addition, Darabi et al. (2012) have indicated the impact of roughness on Knudsen
diffusion in nanopores and introduced a correction factor, 

( D f − 2)

, to Eq. 4.10. Hence, the apparent

A

Knudsen diffusion molar flux, J k , in the middle annular zone can be written as

J =
A
k

(

D f −2

)

Qk

 R02

= −

( Re2 −  Rvb2 ) P
v
3  R02 RT
2 Re

( D f − 2) 4

2

(4.11)

where  is the ratio of normalized molecule diameter to local effective pore diameter, i.e.,

d m / ( 2 Re ) . D f is fractal dimension factor which ranges from 2.0 to 2.5 (Darabi et al., 2012).

Given the explicitly defined virtual boundary by Eq. 4.1, effective radius by Eq. 4.2, surface
diffusion molar flux by Eqs. 4.6, molar flux of apparent viscous flow by Eq. 4.9, and molar flux
of apparent Knudsen diffusion by Eq. 4.11, the total molar flux for ideal gas in the nanopore, J t ,
can be characterized by
J t = J vA + J kA +J sA = wv J v + wk J k +ws J s
= − wv (1 +  Kn )
− ws Ds

wv =

Re4 P
2 Re3 ( D f − 2)
8

P
−
w

P
k
2
2
R0 8 RT
3 R0
 RTM
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dP

(4.12)
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(4.13)
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(4.14)

(4.15)

(4.16)

where wv , wk , and ws are the weight coefficient of viscous flow molar flux, Knudsen diffusion
molar flux, and surface diffusion molar flux, respectively. And weight coefficients play key roles
in rationing the contribution of three flow mechanisms. P is non-dimensionalized pressure
expressed as P = P P0 . Note that Eq. 4.12 is also capable to characterize the total molar flux in
inorganic nanopores by setting N = 0 in Eq. 4.16 which leads to Re = R0 . In this case,
adsorption/desorption and surface diffusion are negligible in inorganic pores which meets the
characterization in other literatures (Akkutlu and Fathi, 2012).

4.2.3 Modeling of Real Gas Flow in Porous Media
(1) Pore Confinement and Real Gas Effect Characterization
It has been reported that the phase behavior of fluids in nanopore differentiates from that of bulk
fluids due to the pore confinement effect (Thommes and Findenegg, 1994). Peng and Robinson
(1976) proposed a widely accepted equation of state (PR EOS) to describe the phase behavior of
bulk fluid. Nonetheless, it cannot be applied in nanopores because massive molecules-wall
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interactions in nanopores may undermine the intermolecular interaction and result in unexpected
critical property shift (Singh et al., 2009). Yang et al. (2019c) have proposed a modified PR EOS
by considering both critical property shift and the non-negligible capillary pressure to
accommodate the nanoscale pore-confinement, which is written as

P=

RT
A−C
−
V − B V (V + B ) + B (V − B )

(4.17)

where V is molar volume, B is a coefficient representing the repulsive force between molecules
and can be written as B = 0.07780 RTc Pc , A is a coefficient representing the attractive force
2 2
between molecules, and A can be defined as A = 0.45724 R Tc Pc , where Tc is critical

temperature, Pc is critical pressure. Furthermore,  is a dimensionless coefficient and can be
expressed by

(

)

 = 1 + ( 0.37464 + 1.54226 − 0.26992 2 ) 1 − Tr 


where Tr denotes reduced temperature described as Tr = T Tc ,



2

(4.18)

is acentric factor. C denotes a

coefficient to modify the internal pressure caused by intermolecular interactions. Moreover, C
can be expressed as C = 3.374 A ( Re dm )

−1.637

. The critical point can be achieved by locating the

inflection point of Eq. 4.17 (i.e., first and second derivatives of pore pressure with respect to molar
volume at critical temperature):
Pcc = 0.01324

A−C
B2

(4.19)

Tcc = 0.17015

A−C
RB

(4.20)
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where Pcc and Tcc are the confined critical pressure and temperature in nanopores, respectively.
Various works have incorporated the Z-factor into the gas transport model to characterize the real
gas effect (Ali and Malik, 2016; Song et al. 2016). Nonetheless, the correlations of Z-factor used
in existing models is only valid for bulk fluids which may significantly affect the prediction of
transport model. Yang et al. (2019c) have derived a Z-factor equation which considers the phase
behavior in nano-confinement:
Z 3 + ( b − 1) Z 2 − ( 3b2 + 2b − a + c ) Z + ( b3 + b2 − ab + bc ) = 0

(4.21)

where a = AP ( RT ) , b = BP ( RT ) , c = CP ( RT ) . It has been claimed that the largest one of
2

2

three roots in Eq. 4.21 can be used as the Z-factor of equilibrium gas (McCain, 1990; Yang et al.,
2019c). In addition, the gas viscosity in nanopores under the reservoir condition significantly
differentiates from the constant value under the ideal gas condition. Sutton (2007) introduced a
reliable dynamic viscosity correlation for free gas. Then, we modify the correlation considering
confinement effect which is shown as

   Y 
r = 10  exp  X 
 
  1000  
−7

 = 0.807Trc 0.618 − 0.357 exp ( −0.449Trc ) + 0.340exp ( −4.058Trc ) + 0.018
=

where

0.949 (1.8Tcc )

( 0.145 10

−3

Pcc )

( 2 3)

(4.22)

(4.23)

(1 6 )

1000 M

(4.24)

 r is real gas viscosity,  is real gas density expressed as  = ( PM ) ( ZRT ) . Y can be

written as Y = 1.66378 − 0.04679 X where X = 3.47 + 1588 (1.8T ) + 0.9M . Trc is reduced
temperature for confined fluids which is defined as Trc = T Tcc .
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(2) Equations Assembly in Straight Nanocapillary
Given pore-confinement and real gas effect characterized by Eqs. 4.17-4.24, Eqs. 4.12-4.16 can
be accordingly rearranged. The total molar flux for real gas in the nanocapillary, J tr , can be
determined as
J tr = J vrA + J krA +J srA = wvr J vr + wkr J kr +wsr J sr
= − wvr (1 +  r Knr )
− wsr Ds

wvr =

Re4
P
2 Re3 ( D f − 2)
8
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−
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P
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2
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(4.29)

where wvr , wkr , and wsr are the weight coefficient of viscous flow molar flux, Knudsen
diffusion molar flux, and surface diffusion molar flux for real gas, respectively. Knr is local
Knudsen number for real gas which can be derived as Knr = r  ZRT ( 2M )

( PR ) .  r
e

is
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rarefaction coefficient for real gas expressed as  r = 2 0 tan −1 ( 4Knr0.4 )  . Pr is nondimensionalized pressure for real gas which is expressed as Pr = P ( Z P0 ) . Cg indicates real gas
volume compressibility written as Cg = 1 P − 1 Z  ( dZ dP ) where dZ dP can be further
expressed as

dZ
=
dP

C − A B  2
−
Z − 2Z ( 3b + 1) + ( 3b 2 + 2b − a + c ) 
2 2 

 R T  RT
3Z 2 + 2Z ( b − 1) − ( 3b 2 + 2b − a + c )

( Z − b ) 

(4.30)

Subsequently, the total apparent permeability for real gas in the nanocapillary, K tr , can be
determined as

Ktr =K vr + K kr +K sr
=wvr (1 +  r Knr )
+ wsr Ds

Re4
8Re4 ( D f −2)
+
w

Cg PKnr
kr
8R02
3 R02

mVmax  sc
M

r

(4.31)

d r
dP

where K vr , K kr , and K sr is the apparent permeability of viscous flow, Knudsen diffusion and
surface diffusion for real gas in organic nanocapillary, respectively.

(3) Upscaling Using Effective Medium Approximation
Various upscaling techniques have been applied in shale gas transport models to characterize the
overall flow performance in shale matrix. Wu et al. (2016) adopted bundles-of-capillaries method
to represent the shale strata. Nonetheless, such simple averaging method can only describe the
homogeneous porous media with narrow pore size distribution and neglect the necessity of pore
connectivity (Kirkpatrick, 1973). In contrast, the Effective Medium Approximation (EMA)
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upscaling technique stems from statistical physics is competent to work in arbitrary disorganized
system. Particularly, EMA provides an analytical approximation that transforms the heterogeneous
system into a hypothetically homogeneous system with equivalent permeability where the spatial
heterogeneity with respect to the pore size distribution are smoothed out and properties of original
heterogeneous system are replaced with the representative properties (Landauer, 1978; Sahimi,
2003).

As is illustrated in Figure 4.4, various pore radii in non-uniform distribution (see Figure 4.4a) are
replaced with the representative radius in a uniform distribution (see Figure 4.4b). Note that the
representative radius is not simply an average pore size as is commonly used in bundles-ofcapillaries method but a value reflecting the connectivity (i.e., coordination number) and pore size
distribution of porous media (Doyen, 1988; Ghanbarian and Javadpour, 2017). The formulation to
calculate the representative pore radius of the equivalent homogeneous system (i.e.,

Ra ) is written

as



R0 _ max

R0 _ min

Ra4 − R04
f ( R0 ) dR0 = 0
R04 + ( n 2 − 1) Ra4

(4.32)

where R0 is nanocapillary pore radius, Ra is representative radius estimated by EMA, n is
coordination number, R0_max and R0_min are the maximum and minimum pore radii in original
heterogeneous medium, respectively. Ghanbarian and Javadpour (2017) provided a simple
technique to estimate the pore coordination number of shale matrix by replacing n with 2/Sc where
Sc denotes the critical mercury saturation on the mercury intrusion porosimetry curve obtained
from the lab. Sc represents the percolation threshold which is a function of shale’s pore
connectivity.
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It has been found that shale pore size in Eagle Ford, Pierre, Barnett, and Marcellus Formations
follows either a lognormal or bimodal distribution (Milliken et al., 2013; Chen et al., 2015; Landry
et al., 2016). Given the assumption of lognormal pore-size distribution in shale matrix, f ( R0 )
can be determined based on a truncated lognormal probability density function as follows (JoekarNiasar and Hassanizadeh, 2012).

 1  R 2 
2 exp  − 2  ln 0  
 2  Rm  
f ( R0 ) =
  R

 R


 2 R0 erf  ln 0 _ max  2 2  − erf  ln 0 _ min 
Rm 
Rm 
 



 
2 2  
 

(4.33)

where Rm is arithmetic mean pore radius,  is standard deviation of log-normal distribution.
Combining Eqs. 4.31 and 4.32, the total apparent permeability for real gas in the shale matrix, i.e.,

Ktr _T , is given as
Ktr _ T =K vr _ T + K kr _ T +K sr _ T
R4
8Re4_ T ( D


wvr _ T (1 +  r _ T Knr _ T ) e _ 2T + wkr _ T
T

8Ra 
3 Ra2
d r _T
 V 

+ wsr _ T Ds m max sc r _ T

M
dP

=

f

−2

)

Cg _ T PKnr _ T

(4.34)

where Kvr_T, Kkr_T, and Ksr_T is the up-scaled permeability of viscous flow, Knudsen diffusion and
surface diffusion for real gas, respectively.  and  is average porosity and tortuosity,
respectively. Ra is representative radius estimated by EMA. Other parameters which are denoted
with subscript sign T in Eq. 4.34 indicates that corresponding parameters in Eq. 4.31 are upscaled
by replacing R0 (i.e., nanocapillary radius) with Ra (representative pore radius calculated by Eq.
4.32).

95
4.3 Validation
In this work, we have made our validation for methane transport from two scales: a single straight
organic nanocapillary (pore-scale) and a shale rock core sample (core-scale). In general, the
molecular dynamics (MD) is capable to simulate the gas transport in nanocapillary with high
accuracy in a limited time scale (Gad-el-Hak, 1999). Since experimental data considering
adsorption and surface diffusion in the nanocapillary (e.g. <10 nm) are sparse, the MD simulation
data from Yu et al. (2018) are collected to validate the methane apparent permeability in organic
nanocapillary under shale reservoir pressures from 5 to 50 MPa. Yu et al. (2018) simulated the
methane apparent permeability considering adsorption and surface diffusion by the nonequilibrium MD simulation. The pairwise interactions between particles were characterized by the
consistent valence force field potential (CVFF) which included both long- and short-range force
potential due to the acknowledged effectiveness of CVFF in methane flow and adsorption
simulation (Wang et al., 2016). The detailed parameters in MD simulation are tabulated in Table
4.1.
Table 4.1: Summary of parameters used in MD simulation and EMA upscaling method

Scale

Organic Nanocapillary

Eagle Ford Shale Core

Data Sources

MD Simulation

Pulse Decay Experiment

Parameters

Symbol

Values

Values

Nanocapillary radius

𝑅0

6.00 nm

/

Arithmetic mean pore radius

𝑅𝑚

/

6.96 nm

Maximum pore radius

𝑅0_𝑚𝑎𝑥

/

39.64 nm

Minimum pore radius

𝑅0_𝑚𝑖𝑛

/

1.46 nm

Standard deviation

𝜎

/

7.91 nm

Temperature

𝑇

298.00 K

294.65 K

Average porosity

𝜙

/

0.062

Critical mercury saturation

𝑆𝑐

/

0.13

Representative radius from EMA

𝑅𝑎

/

16.79 nm
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As for the shale core data, a pulse decay experiment on an Eagle Ford shale core sample has been
conducted with the experimental error of 5% and a lognormal pore size distribution using nonlocal
density functional theory (NLDFT) has been obtained (Alnoaimi and Kovscek, 2013). Their data
are collected to validate the methane apparent permeability in up-scaled porous media. Since the
pore coordination number of shale matrix is unavailable (Alnoaimi and Kovscek, 2013), the critical
mercury saturation (i.e., Sc) of Eagle Ford shale core provided by Ghanbarian and Javadpour
(2017) is adopted to estimate the coordination number. The detailed parameters in pulse decay test
and representative radius estimated by EMA are tabulated in Table 4.1.

4.3.1 Validation Methodology
The calculation of apparent permeability requires estimations of eleven empirical parameters
including  , CBET, Df ,  , Vmax, Ds ,

v ,  ,  ,

 , and N , which are obtained using optimization

techniques. Based on the physical significance of these parameters, specific constraints are
assigned to them in the optimization process as follows: 0    1 (Xiong et al., 2012),

1.00  CBET  24.43 (Wang et al., 2017), 2.0  Df  2.5 (Darabi et al., 2012),
(Chai

et

al.,

2019a),

3.596 10−3  Vmax  9.466 10−3

(Santos

0    R02 + L2 R0

and

Akkutlu,

2013),

1.0 10−9  Ds  8.8 10−6 (Akkutlu and Fathi, 2012), 0.2   v  1.2 (Beskok and Karniadaiks,
1999), 1.26    12.20

(Chen et

al.,

2015),   1 − exp ( − Knr ) ,

0   1 ,

and

1  N  R0 / d m −  + 1 . Note that the constraints of  ,  , and N are derived from the radius

inequalities in the conceptual model, i.e., Rvb  Re , R1 − ( N − 1)d m  Re , R1 − ( N − 1)d m  0 ,
respectively.
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Considering the high nonlinearity of the apparent permeability formulation, an iterative ensemble
smoother (ES) algorithm proposed by Chen and Oliver (2012) is adopted to estimate the eleven
independent and continuous empirical parameters by assimilating all measured data
simultaneously. Particularly, it is robust and pragmatic to handle multiple-parameter estimation
problems when the relationship between the measured data and the model parameters is strongly
nonlinear (Fan et al., 2018). Chen and Oliver (2012) have introduced the updating equation of the
iterative ES algorithm for model parameters as follows.

ml +1 = l m pr + (1 − l ) ml − l CM GlT ( CP + Gl CM GlT )
  g ( ml ) − d obs − Gl ( ml − m pr ) 

−1

(4.35)

where ml and ml+1 denote the ensemble of to-be-tuned model parameters at the lth and (l+1)th
iteration, respectively.  l is damping factor which is the step length parameter that can be
determined by standard line search, mpr denotes the prior distribution of model parameters, CM
denotes covariance matrix of model parameters, Cp is covariance matrix of collected permeability
data, g ( ) denotes proposed apparent permeability formulation in this work, Gl denotes sensitivity
matrix which is a linearization of g ( ) at the lth iteration, dobs denotes collected permeability data,
T denotes the transpose sign of a matrix. In the initialization of the optimization, the ensemble size
is set as 50. The prior distribution of model parameters is set as Gaussian distribution whose mean
and standard deviation (e.g. < 0.1) are within the previously defined physical constraints. It takes
24 to 35 mins for running the optimization process.
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Figure 4.4: EMA schematic diagram: (a) shale matrix with various pore radii in non-uniform distribution can be
replaced with (b) a hypothetically equivalent shale matrix with representative radius (i.e., Ra) in a uniform
distribution by the use of Effective Medium Approximation (EMA).

4.3.2 Validation Results
Figure 4.5 shows the calculated and realistic apparent permeability versus mean pressure in a
nanocapillary. Grey lines in Figure 4.5a illustrate 50 initial realizations of apparent permeability
generated by the iterative ES algorithm while the green square dots are the realistic data (i.e.,
collected permeability data from Yu et al. (2018)). The ensemble in Figure 4.5a presents simulated
apparent permeability, which exhibits a similar trend with the realistic data because the prior
distribution of model parameters is set as Gaussian distribution. Figure 4.5b presents the optimal
realization in the ensemble (i.e., black line) obtained by the iterative ES algorithm. It is seen that
the developed model (i.e., Eq.4.31) is capable to accurately reproduce the realistic data from Yu
et al. (2018) with an average error of 4.85%. Therefore, the validation demonstrates that the
proposed model can yield a satisfactory prediction with optimized model parameters.

99

Figure 4.5: Calculated and realistic apparent permeability versus mean pressure in a nanocapillary: (a) grey lines show
50 initial realizations of apparent permeability generated by iterative ES algorithm and green square dots are realistic
apparent permeability from the MD simulation. (b) black line shows the optimal realization obtained by the iterative
ES algorithm.

Figure 4.6 shows the calculated and realistic apparent permeability versus mean pressure in the
Eagle Ford shale core. Similarly, grey lines in Figure 4.6a illustrate 50 initial realizations of
apparent permeability and the red circular dots with 5% error bars are the realistic data (i.e.,
collected permeability data from Alnoaimi and Kovscek (2013)). Figure 4.6b shows the optimal
realization determined by the iterative ES algorithm. It is seen in Figure 4.6b that the upscaled
model (i.e., Eq. 3.34) is able to accurately reproduce the observation data from Alnoaimi and
Kovscek (2013) with an average error of 4.29%. Therefore, the newly proposed model is further
validated by the experimental data in addition to the numerical data. The optimized parameters by
the iterative ES algorithm in the validation process have been respectively tabulated in Table 4.2.
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Figure 4.6: Calculated and realistic apparent permeability versus mean pressure in Eagle Ford shale core: (a) grey
lines show 50 initial realizations of apparent permeability generated by iterative ES algorithm and red circular dots
with 5% error bars are realistic apparent permeability from the pulse decay experiment. (b) black line shows the
optimal realization obtained by the iterative ES algorithm.
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Table 4.2: Summary of parameters in validation

Parameters in nanocapillary

Data Sources

Unit

Values


validation
∗
𝐶𝐵𝐸𝑇

Given in literature
Optimized

dimensionless
dimensionless

1.00
9.88

𝐷𝑓

Given in literature

dimensionless

2.00

*

Optimized

dimensionless

0.02

∗
𝑉𝑚𝑎𝑥

Optimized

m3/kg

3.99×10-3

𝐷𝑠∗

Optimized

m2/s

1.45×10-9

𝜎𝑣∗

Optimized

dimensionless

0.35

𝜏

Given in literature

dimensionless

1.00

𝜅∗

Optimized

dimensionless

1.30

𝛽

Given in literature

dimensionless

1.00

𝑁

Given in literature

dimensionless

1.00

Parameters in shale core

Data Sources

Unit

Values


validation
∗
𝐶𝐵𝐸𝑇

Optimized

dimensionless

0.79

Optimized

dimensionless

10.32

𝐷𝑓∗

Optimized

dimensionless

2.39

*

Optimized

dimensionless

0.09

*

∗
𝑉𝑚𝑎𝑥
𝐷𝑠∗
𝜎𝑣∗
∗

𝜏

Optimized

m /kg

7.42×10-3

Optimized

m2/s

8.61×10-6

Optimized

dimensionless

0.82

3

Optimized

dimensionless

3.71

∗

Optimized

dimensionless

0.99

𝛽∗

Optimized

dimensionless

0.92

∗

Optimized

dimensionless

3.00

𝜅

𝑁

4.4 Results and Discussion
The validated model for the Eagle Ford shale core is applied to analyze involved mechanisms for
methane in this section. The key parameters used in the simulation as listed in Table 4.3 are
consistent with that in core validation.
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Table 4.3: Summary of parameters used in the simulation

Parameters

Symbol

Unit

Values

Chemical confinement parameter
Velocity direction heterogeneity parameter

𝜉
𝜅

dimensionless
dimensionless

0.09
0.99

Reservoir temperature

𝑇

K

323

Fractal dimension of the pore surface

𝐷𝑓

dimensionless

2.39

Universal gas constant

𝑅

J/mol/K

8.314

Nominal methane molecule size

𝑑𝑚

nm

0.38

Methane molar mass

𝑀

kg/mol

0.016

Methane critical pressure

𝑃𝑐

Pa

4.60×106

Methane critical temperature

𝑇𝑐

K

190.55

Average porosity

𝜙

dimensionless

0.062

Average tortuosity

𝜏

dimensionless

3.71

Equivalent fraction of adsorption layers

𝛽

dimensionless

0.92

Actual number of adsorbed layers

𝑁

dimensionless

3

Surface diffusivity coefficient

𝐷𝑠

2

m /s

8.61×10-6

Shale grain density

𝜌𝑚

kg/m3

Methane density at standard condition

𝜌𝑠𝑐

kg/m

3

Thickness correction coefficient

𝜁

dimensionless

0.79

BET Equilibrium constant

𝐶𝐵𝐸𝑇

dimensionless

10.32

First-layer maximum adsorption volume per unit

𝑉𝑚𝑎𝑥

m3/ kg

7.42×10-3

Tangential momentum accommodation coefficient
mass
Representative radius estimated by EMA

𝜎𝑣

dimensionless

0.82

𝑅𝑎

nm

16.79

Methane acentric factor

𝜀

dimensionless

0.01

2659.06
0.64

4.4.1 Sensitivity Analyses
Fitting empirical parameters in the proposed model (i.e., Eq. 3.34) are firstly analyzed for the
sensitivity on methane gas apparent permeability in shale matrix. The optimized values of
empirical parameters in validation are set up as the reference inputs to calculate the baseline of the
apparent permeability under gas-shale reservoir pressures from 3.0 to 50.0 MPa. Subsequently, the
reference dataset is disturbed by 10% positively and negatively to generate inputs for the
sensitivity analysis. Next, the minimum and maximum relative errors of the calculated apparent
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permeability with respect to the baseline are determined as presented in the tornado plot (see Figure
4.7). It can be seen that the actual number of adsorbed layers (i.e., N ) has the most significant
impact on the apparent permeability, of which the relative error changes from -23.40% to 28.31%.
In contrast, the fractal dimension has the least impact, which only changes from -0.08% to 0.20%.
Furthermore, empirical parameters in the proposed model can be categorized into three groups: i)
multilayer adsorption and surface diffusion related parameters including N , Ds, Vmax,  ,  , and

CBET ; ii) free gas kinetic parameters including
parameters including



 ,  v , and  ; and iii) shale matrix structural

and D f . It is observed that multilayer adsorption and surface diffusion

related parameters basically make most of contributions to the apparent permeability except
structural parameter



. The impact from free gas kinetics and pore-wall roughness which is

represented by the fractal dimension of the pore surface (i.e., D f ) are significantly weakened when
the multilayer adsorption is in presence.
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Figure 4.7: Sensitivity analyses on various empirical parameters.

4.4.2 Analyses of Pore Confinement, Real Gas Effect, and Multilayer Adsorption Effect
Figure 4.8 presents the influence of pore size and adsorption layer number on the real gas
compressibility factor of methane under pressures from 0.1 to 70.0 MPa at reservoir temperature
of 323 K. It is seen in Figure 4.8a that the real gas compressibility factor of confined and bulk gas
changes with pressure in inorganic nanopores with pore sizes from 3 to 50 nm. Since the gas
adsorption in inorganic nanopores can be neglected (Wu et al., 2016), the real gas compressibility
factor in inorganic nanopores is only affected by the pore size, pressure and temperature. It is
shown that real gas compressibility factors in all pore sizes behave non-monotonically in the lowpressure region below 18.0 MPa, and then increase with the pressure. Given specific pressure, it
is found the compressibility factor decreases to the value of bulk fluid as the pore size increases
from 3 to 50 nm. And the compressibility factor at pore size of 50 nm is exactly the same as that
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of bulk fluid. Given specific pressure, it is also observed that the difference between
compressibility factor curve and bulk fluid curve declines rapidly with the increase of pore size,
especially when the pore size is larger than 6 nm. Therefore, it indicates that the pore confinement
effect is only in presence below the pore size of 50 nm, and the pore confinement effect declines
significantly as the pore size approaches 50 nm. This observation also demonstrates the validity of
our model validation in nanocapillary using the 6 nm nanopore, which incorporates the strong pore
confinement effect. Figure 4.8b presents that the real gas compressibility factor of confined and
bulk gas changes with pressure in organic nanopores with pore size of 6 nm. It is seen that
multilayer adsorption has strong impact on the real gas compressibility factor, and the real gas
compressibility factor declines with the decreasing adsorption layer number at given pressure. In
addition, the difference between the compressibility factor curve with adsorption and the
compressibility factor curve without adsorption diminishes rapidly with the decrease of adsorption
layer number at given pressure, especially when the adsorption layer number is less than 3. This
indicates that the increase of adsorption layers can decrease the pore space for free gas transport,
which can result in the similar pore confinement impact on the methane compressibility factor as
in illustrated in Figure 4.8a.
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Figure 4.8: Real gas compressibility factor of confined and bulk methane gas versus mean reservoir pressure in
inorganic and organic nanopores: (a) shows real gas compressibility factor changes with pressures in various nanopore
sizes and in bulk fluid state under isothermal condition. Note the curve with green dots (i.e., d = 50 nm) coincides
with the curve with pink crosses (i.e., Bulk fluid). (b) shows real gas compressibility factor changes with pressures in
various adsorption conditions and in bulk fluid state in fixed nanopore size.

Figure 4.9 exhibits the influence of pore size and adsorption layer number on the viscosity of
confined real and ideal methane gas under pressures from 0.1 to 70.0 MPa at reservoir temperature
of 323 K. It is shown in Figure 4.9a that viscosity of real gas (i.e.,
than a constant for the ideal gas (i.e.,



 r ) changes with pressure rather

) as defined in aforementioned analytical models (Xiong

et al., 2012; Wasaki and Akkutlu, 2015; Wu et al., 2016; Ghanbarian and Javadpour, 2017). The
real gas viscosity increases significantly from 0.013 to 0.037 cP when the pressure increases from
5.0 to 60.0 MPa, which indicates that real gas effect cannot be ignored under shale reservoir
conditions (e.g. P = 5.0-50.0 MPa, T = 323K). Given specific pressure, it is also found the real gas
viscosity decreases with the increase of pore size below 35.0 MPa, whereas the viscosity increases
with the increase of pore size above 35.0 MPa. This implies the coupling effect from poreconfinement and real gas effect exerts opposite impacts on methane viscosity at high and relatively
low pressures. Moreover, the real gas viscosity is equal to the ideal gas viscosity at pressure of 0.1
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MPa and pore size of 50 nm, which reveals that the confined gas has become the bulk gas because
the pore confinement effect disappears at pore size of 50 nm, and the viscosity of real and ideal
bulk gas is much close at low pressures. Figure 4.9b illustrates that the viscosity of confined real
gas changes with pressure in organic nanopores with pore size of 6 nm. It is found that the real gas
viscosity decreases with the decrease of adsorption layer number below 38.0 MPa, whereas the
viscosity increases with the increase of pore size above 35.0 MPa. Similarly, the change of
multilayer adsorption thickness is inversely related to the change of pore size as in Figure 4.9a.

Figure 4.9: Comparison of methane viscosity between ideal and real gas in different pore sizes and adsorption
conditions: (a) shows ideal and real gas viscosity changes with pressures in various nanopore sizes. Note both ideal
and real gas viscosity are under the temperature of 323 K. (b) shows ideal and real gas viscosity changes with pressures
in various adsorption conditions. Note both ideal and real gas viscosity are under the temperature of 323 K.

Figure 4.10 shows the apparent permeability for real gas in 6 nm pore changes with mean pressures
from 5.0 to 50.0 MPa at reservoir temperature of 323 K in three scenarios: inorganic nanopores
(i.e., without adsorption and surface diffusion, N = 0 ), organic nanopores with monolayer
adsorption which is calculated based on Langmuir model (i.e., N = 1), and organic nanopores with
multilayer adsorption which is calculated based on BET model (e.g., N = 3 ). Figure 4.10b is an
enlarged view of the curve for inorganic nanopores in Figure 4.10a. It can be found that apparent
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permeability in all three scenarios decline with the pressure. The apparent permeability in
inorganic nanopores exhibits the least decline from 0.76 to 0.68 cP, while the organic nanopore
with multilayer adsorption shows the largest decline from 13.91 to 4.12 cP. Moreover, it is seen
that the apparent permeability increases significantly as the adsorption layer number increases.
This is mainly because increasing adsorption layers can result in considerable increment of surface
diffusion flux which contributes to the apparent permeability. Although increasing adsorption
layers can weaken the contribution of free gas due to decreasing flow space, the negative effect
can be completely offset by the increment of surface diffusion. In addition, the large difference
between the apparent permeability calculated from Langmuir model and BET model implies that
the application of Langmuir model in existing gas transport models may extensively underestimate
the apparent permeability.

Figure 4.10: Apparent permeability for real gas under reservoir pressures in inorganic and organic pores with different
adsorption conditions: (a) shows total apparent permeability for real gas in shale matrix changes with pressures in
three different adsorption conditions. (b) shows an enlarged view of the curve for inorganic nanopores in subplot (a).
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4.4.3 Contributions of Flow Mechanisms
Figure 4.11 presents the contributions of viscous flow and Knudsen diffusion to the apparent
permeability in inorganic nanopores with pore size of 2, 5, 10, and 20 nm from 3.0 to 50.0 MPa at
temperature of 323 K. It is found that as pressure and pore size decreases, the contribution of
Knudsen diffusion increases, whereas the contribution of the viscous flow declines. This is
attributed to the fact that the free-gas flow pattern approaches high-Knudsen flow in nanopores as
pressure and pore size decrease. Moreover, it can be observed in Figure 4.11a that the viscous flow
in 2 nm pore contributes from 11.23% up to 56.64% when pressure is more than 5.0 MPa.
Meanwhile, the contribution of Knudsen diffusion declines from 93.11% to 43.36% ranging from
3.0 to 50.0 MPa. As shown in Figure 4.11d, the viscous flow in 20 nm pore is completely dominant
when the pressure is above 5.0 MPa. As can be seen in Figure 4.11b, Knudsen diffusion in 5 nm
pore still keeps slight contribution above 5.80% across the entire pressure range. In contrast, it is
found in Figure 4.11c that the contribution of Knudsen diffusion in 10 nm pore is negligible when
the pressure is more than 12.0 MPa. Therefore, it can be concluded that given inorganic nanopores,
the viscous flow is important at any pore sizes under reservoir conditions (i.e., 5.0-50.0 MPa) and
completely dominant when the pore size is larger than 20 nm; meanwhile, the Knudsen diffusion
cannot be neglected in the pore size below 5 nm under reservoir conditions (i.e., 5.0-50.0 MPa)
and in the pore size below 10 nm when pressure is from 5.0 to 12.0 MPa, respectively.
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Figure 4.11: Apparent permeability contributions from viscous flow and Knudsen diffusion with respect to reservoir
pressures in inorganic nanopores with four various pore sizes. Note there are no adsorption layers in all four figures.

The situation is quite different in organic nanopores considering multilayer adsorption and surface
diffusion. Figures 4.12 exhibits the contributions of viscous flow, Knudsen diffusion, and surface
diffusion to the apparent permeability in inorganic nanopores with pore size of 20, 80, 150, and
270 nm from 3.0 to 50.0 MPa at temperature of 323 K. As is seen in Figure 4.12, the apparent
permeability of surface diffusion increases as pressure and pore size decreases. This is mainly
because that the specific surface area increases with the shrinking pore size which leads to more
adsorption and surface diffusion. In addition, it is observed in Figures 4.12a and 4.12b, the surface
diffusion greatly contributes to apparent permeability accounting for 99.35% to 97.21% in 20 nm
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and 65.27% to 32.10% in 80 nm from 3.0 to 50.0 MPa, respectively. Nonetheless, as is seen in
Figures 4.12c and 4.12d, the contribution of surface diffusion is not significant that it drops to
6.59% in 150 nm pore in Figure 4.12c and below 4.52% in 270 nm pore across entire reservoir
pressure range in Figure 4.12d. In contrast, the contribution of viscous flow can be neglected in 20
nm pore (<2.79%), but it turns to be important when the pore size is larger than 80 nm across entire
reservoir conditions (>34.69%). In addition, it should be noted that the contribution of Knudsen
diffusion is completely negligible when the pore size is larger than 20 nm under reservoir
conditions. Furthermore, the Knudsen diffusion contribution in Figure 4.12a is much lower than
that in Figure 4.11d. This implies that the multilayer adsorption and surface diffusion on the porewall occupy much space of Knudsen diffusion zone (see Figure 4.1) and highly affect the Knudsen
diffusion flux near the pore-wall. Overall, the conclusion can be drawn that given organic
nanopores, the contribution of surface diffusion plays a dominant role when the pore size is below
20 nm and cannot be neglected when the pore size is below 150 nm. Meanwhile, the viscous flow
is important when the pore size is larger than 80 nm and is completely dominant when the pore
size is larger than 270 nm. And the Knudsen diffusion can be ignored under reservoir conditions.
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Figure 4.12: Apparent permeability contributions from viscous flow, Knudsen diffusion and surface diffusion with
respect to reservoir pressures in organic nanopores with four various pore sizes. Note there are three adsorption layers
in all four figures.

4.5 Summary
A novel comprehensive model is proposed which is capable to characterize the shale gas flow over
the full flow regimes not only in inorganic and organic nanopores, but also in complicated shale
matrix by the use of effective medium approximation under typical reservoir conditions.
Meanwhile, the model has been first coupled with multilayer adsorption, surface diffusion, and
pore-confinement effect, and has been successfully validated using the efficient Batch-EnRML
optimization method. It is found the pore confinement effect is only in presence below the pore
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size of 50 nm, and the pore confinement effect declines significantly as the pore size approaches
50 nm. Furthermore, the significant increase of gas viscosity due to real gas effect under reservoir
conditions cannot be ignored. The enhancement of pore confinement effect and multilayer
adsorption can increase the real gas compressibility factor. In contrast, the coupling effect from
pore-confinement and real gas effect exerts opposite impacts on methane viscosity at high and
relatively low pressures. The apparent permeability increases significantly as the adsorption layer
number increases and the application of Langmuir model in existing gas transport models may
extensively underestimate the apparent permeability. In addition, given inorganic nanopores, the
viscous flow is important at any pore sizes under reservoir conditions and the Knudsen diffusion
cannot be neglected in the pore size below 5 nm under reservoir conditions and in the pore size
below 10 nm when pressure is from 5.0 to 12.0 MPa, respectively. Given organic nanopores, the
contribution of surface diffusion plays a dominant role when the pore size is below 20 nm and
cannot be neglected when the pore size is below 150 nm. Meanwhile, the viscous flow is important
when the pore size is larger than 80 nm and the Knudsen diffusion can be ignored under reservoir
conditions.
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CHAPTER 5: MULTI-SCALE SIMULATIONS OF GAS FLOW IN SHALE CORES
USING A PRACTICAL GAS APPARENT PERMEABILITY MODEL
5.1 Introduction
This work presents the simulations at both the pore-scale and shale core-scale. At the fine scale in
nanopores, the previously developed analytical AP model (see Chapter 4) is adopted.
Subsequently, the AP is numerically coupled in the diffusivity equation and simulated at corescale by coupling various mechanisms in shale matrix for theoretical completeness. Meanwhile,
physical terms in AP model are simplified with semi-empirical correlations for the practicability
in large-scale field simulation. Compared with other gas transport models in nanopores, the newlydeveloped analytical model has been successfully validated against molecular dynamic (MD)
simulation, direct simulation Monte Carlo (DSMC), Lattice Boltzmann (LB) simulation, and
experimental flux results for five types of gases (i.e., methane, nitrogen, helium, argon, and
oxygen) with the minimum deviation. This work provides an analytical model which not only
considers non-negligible multi-physics in shale reservoirs (i.e., rarefaction effect, multilayer
adsorption, surface diffusion and confinement effect) but also simplifies non-linear physical terms
using semi-empirical linear correlations to facilitate AP calculations in large-scale simulations.

5.2 Mathematical Formulation
5.2.1 Modeling of Shale Gas Flow in Nanocapillary
The proposed analytical model in Chapter 4 is utilized to characterize the rarefied gas flow in
nanopores. This is because the contributions of various flow mechanisms have been rigorously
quantified based on collision probability between molecules and the pore-wall. Moreover, in the
layer-sequence model, the mutually independent weight coefficients are explicitly parameterized
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with Knudsen number (i.e., the ratio of molecular mean free path to characteristic length), which
enables the model to calculate the gas molar flux in the full flow spectrum of nano-scale porous
media.

(1) Modeling of Total Mass Flux
n

The mass flux of viscous flow in central zone, Fv , can be expressed as follows.

Fvn = 

PM
 ro2 RT



rc

0

uv  2 rdr

(5.1)

It should be pointed out the second-order Maxwell slip model is insufficient to predict the flux,
though the velocity profile is valid in full flow regimes. Hence, Karniadakis et al. (2005) added
the correction term  = (1 +  Kn ) as shown in Eq. 5.1 to characterize the rarefaction impact on
the gas dynamic viscosity.  denotes rarefaction coefficient which is defined as
 = 0

where

2



arctan (1 Kn 2 )

(5.2)

1 =4.0 ,  2 =0.4 , and  0 denotes an asymptotic upper limit value as 64 / (15 ) . Since
n

Knudsen diffusion occurs in the outer annular zone, the mass flux, Fk , can be calculated using a
generalized Knudsen equation for arbitrary geometrical cross-section based on Eq. 2.8 (Roth,
1982).
2
2
4 S 2 8M P
4 ( ro −  rc )
F =−
=−
3 H  RT  ro2
3
2 ro
n
k

2

8M P
 RT  ro2

(5.3)
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where S denotes cross-section area of outer annular zone and H is outer circumference of the
cross-section. Consequently, the total mass flux of rarefied gas in nanocapillary, Ft , can be
calculated as follows.

Ft = Fvn + Fkn = wv Fc + wk Fk
= − wv

wv =

ro2 PM
2r
P − wk o
8  RT
3

(5.4)

8M
P
 RT

1
1
   
    4 Kn 
1 − exp  − Kn   2 − 1 − exp  − Kn   + 1 + Kn 

 






 1
   
wk = 1 − 1 − exp  −
 
 Kn   



(5.5)

2

(5.6)

To apply the model at different scales, the mass flux can be nondimensionalized in terms of Hagen*

*

Poiseuille equation (i.e., Eq. 2.6) and Knudsen equation (i.e., Eq. 2.8) as Ftv and Ftk , respectively.

Ftv* =

Ft
64
= wv + wk
Kn
Fc
3

(5.7)

Ftk* =

Ft
3
= wv
+ wk
Fk
64 Kn

(5.8)

(2) Rarefaction Coefficient Simplification
As is noted in Eq. 5.2, the rarefaction coefficient is expressed in terms of trigonometric function
and three empirical parameters which are mathematically complicated. Given the rarefaction
coefficient coupling with the weight of viscous flow term, the mass flux formula (i.e., Eq. 5.4)
turns out to be highly nonlinear, and the nonlinearity may increase the instability for large-scale
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simulations. Therefore, a simple correlation with satisfying accuracy is desired to facilitate the
computation of rarefaction correction term.

Based on the hypothesis of stratified model, the viscous flow term contributes to total flow
performance in continuum, slip, and transition flow regime. Accordingly, the rarefaction
coefficient (i.e.,  ) and rarefaction correction term (i.e.,  ) are plotted against Knudsen number.
Figure 5.1a shows that the analytical results of rarefaction coefficient (i.e., black dots) produced
by Eq. 5.2 can be correlated by the new empirical correlation (i.e., blue curve) without any
additional coefficients.
 = 0.128 ln( Kn) + 1.120

(5.9)

As indicated by the comparison with analytical results, the present equation yields an accurate
correlation from Knudsen number 0.0002 to 6.0 with a regression R-squared value of 0.99 and an
average relative error of 9.33%. Figure 5.1b shows that the rarefaction correction term using Eq.
5.9 (i.e., blue curve) can reproduce the analytical results with a regression R-squared value of 1.00
and an average relative error of 0.85%. Hence, the present expression is more suitable than the
analytical equation given by Karniadakis et al. (2005) for the sake of simplicity.
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Figure 5.1: Empirical correlation of (a) rarefaction coefficient and (b) rarefaction correction term with Knudsen
number. The black dots indicate the analytical results obtained by trigonometric function and rarefaction correction
term, respectively. The blue curves indicate the empirical results obtained by regression.
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(3) Multilayer Adsorption and Simplified Surface Diffusion Model
The rarefied gas model is insufficient to describe the shale gas flow because of multiple physical
mechanisms under high reservoir pressures and limited transport space in shale matrix. Hence, a
more realistic model is developed in this section considering multilayer adsorption, surface
diffusion, and confinement effect. Various results from experiments and MD simulations have
confirmed that the multilayer adsorption is formed in nanopores under high pressures and
temperatures, which generate density fluctuations near the wall (Didar and Akkutlu, 2013; Yu et
al., 2019). Furthermore, it is reported that adsorbed gas molecules can move along the wall due to
concentration gradient (Riewchotisakul and Akkutlu, 2016). Such phenomenon is known as
surface diffusion of which mass flux, Fs, can be formulated as (Xiong et al., 2012)

Fs = − DsCs

(5.10)

where Ds is surface diffusion coefficient, Cs is concentration gradient of adsorbents defined by

Cs =  sc rVs .  sc is gas density at standard condition,  r is shale rock density, Vs is volume of
adsorbents per unit rock mass.

It is imperative to improve the surface diffusion formula (i.e., Eq. 5.10) by coupling the density
profile of multilayer adsorption. Results from the MD simulation in Figure 5.2a show that there
are three methane adsorption layers (each layer has thickness of one methane molecule size) on
each side of nanocapillary with pore size of 3.04 nm at 4,000 psi and 180°F (Didar and Akkutlu,
2013). The discrete profile exhibits damped oscillations from the highest value on the wall to the
lowest one in the center where viscous flow and Knudsen diffusion are in presence. Hence, it is
natural to simulate the surface diffusion incorporating BET isotherm model due to the distribution
of multilayer adsorption (Alnoaimi and Kovscek, 2013). However, the application of BET model
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involves significantly complicated calculations of the concentration gradient which makes the
simulation highly impractical. To facilitate the computation of surface diffusion model, multilayer
density profile can be transformed to the equivalent monolayer density profile as shown in Figure
5.2b (Wasaki and Akkutlu, 2015; Riewchotisakul and Akkutlu, 2016). Subsequently, the mass flux
of surface diffusion can be determined by the monolayer Langmuir model expressed by

Vs = ( PVL ) ( P + PL ) , where VL is Langmuir volume, PL is Langmuir pressure. Nonetheless, Figure
5.2b demonstrates that such shift from multilayer to monolayer profile is inappropriate because
the available volume for viscous flow and Knudsen diffusion is overestimated. Thus, a simplified
surface diffusion model is proposed in Figure 5.2c, where the radius of flow zone of viscous flow
and Knudsen diffusion, rs, is unchanged while the multilayer adsorption is simplified to the
monolayer adsorption by the method of Wasaki and Akkutlu (2015). Note that an effective radius
(i.e., re) is defined to constrain the simplified surface diffusion zone, which is given as re = ro - dm.
n

Then, the surface diffusion mass flux, Fs , can be calculated based on the simplified density
structure and Langmuir model as follows.

F =−
n
s

 ( ro2 − re2 )
r

2
o

 PVL 
Ds  sc r  

 P + PL 

(5.11)

In addition, the radius of flow zone of viscous flow and Knudsen diffusion in Figure 5.2c can be
modified as rs = ro -x dm where dm is molecular size and x is the number of adsorption layers.
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Figure 5.2: Shale gas discrete density profile in the nanopore with size of 3.04 nm at 4,000psi and 180°F: (a) discrete
density profile with three adsorption layers; (b) inappropriate simplified density profile with monolayer adsorption;
(c) appropriate simplified density profile with monolayer adsorption.

(4) Apparent Permeability of Shale Gas Flow
Due to the presence of multilayer adsorption, the critical radius is updated to the expression
rc = rs 1 − exp ( −  Kn r )

where Knr is Knudsen number for real gas modified as

Knr = r  ZRT ( 2M ) Prs . Hence, the apparent permeability for shale gas in homogeneous

matrix, i.e., ktr, can be derived as,
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ktr =kvrn + kkrn +ksrn
rs4

 2rs3
8ZRT
= wvrr 2 + wkr 2 r 

8ro

3ro
M
+

(5.12)
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  2 − 1 − exp  −
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wkr = 1 − 1 − exp  −
 Knr




 

 
 


2

(5.14)

re2
wsr = 1 − 2
ro
n

n

(5.13)

(5.15)

n

where kvr , kkr , and ksr is the real gas apparent permeability for viscous flow in central zone,
Knudsen diffusion in middle annular zone and surface diffusion in outer annular zone,
respectively.  is defined as  = 1 P − ( dZ dP ) Z , and

r is modified as r = 1 +  r Knr .

Similarly, the flow rate for shale gas in nanocapillary, Qtr , can be calculated by

 rs4


2
8ZRT
Qtr = wvrr
P + wkr  rs3
P

8 r

3
M
2

  V P RT  Z 

+ wsr ro2 Ds sc r L L

 P

M
 P + ZPL 

(5.16)

Note that the real gas effect and confinement effect have been considered in the model using the
Eqs. 4.17-4.24.
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5.2.2 Numerical Simulation of Shale Gas Flow at Core Scale
It is widely accepted that the momentum conservation equation in matrix can be quantified
incorporating the flow model in nanocapillary as follows.


(  ) + (1 −  ) q  = −   u +  Q
t
t

( )

(5.17)

where  is gas density, q is adsorbate mass per rock volume which is defined as
q = sc r PVL

( P + ZP ) . Q is sink/source term per unit volume. u denotes fluid velocity vector
L

which can be expressed as

1
u = − K  (  P −  g H )


(5.18)

where K is permeability tensor. H can be denoted as the elevation with direction of positive
downward. Then, Eq. 5.17 can be rearranged as follows (see detailed expansions in Appendix D).
 2g

 
 


K  ( H )  +  Q
(  ) + (1 −  ) q  =    K  P + P :  K  +  
t
t
 
 
 


(5.19)

In this work, it is assumed that shale gas flows along the horizontal direction in the core, thus onedimensional spatial-temporal formula can be applied to simulate the gas transport through the core
at various locations. Moreover, the gravity term can be neglected and the permeability tensor can
be regarded as the scalar because the vertical permeability is extremely low in shale matrix. Also,
the source/sink term is omitted. Hence, Eq. 5.19 is further organized as the following expression.

 
 


(  ) + (1 −  ) q  =   ktr  P + P :  ktr 
t
t
 
 
Eq. 5.20 can be simplified by coupling Eqs. 5.12-5.15 as follows.

(5.20)
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(  ) + (1 −  ) q  =   ktr  P +  ktr  2 P
t
t
 
 

(5.21)

P    P 
=  ktr
  c1 + (1 −  ) qc2 

t x  
x 

(5.22)

where c1 can be expressed as c1 = c + c where c and c is the compressibility term for density
and

porosity

as

c = (1  ) P / 

and

c = (1  ) P / 

.

c2

is

written

as

c2 = ZPL c ( P + ZPL ) −  (1 −  ) c . Due to the stress effect in the shale formation, the porosity can
be influenced which is characterized as the following correlation (Wu et al., 2016)
 pe 

 p0 

− cc

 =0 

(5.23)

pe =pc −  P

(5.24)

p 
ro =rini  e 
 p0 

0.5( cc − ss )

(5.25)

where pe is effective pressure, pc is confining pressure, p0 is standard pressure (i.e., 1 atm), cc
is shale porosity coefficient ranging from 0.006 to 0.046. ss is shale intrinsic permeability
coefficient ranging from 0.196 to 1.013. P is pore pressure,

0 is porosity under unloading

condition, rini is radius under unloading condition,  is Biot coefficient ranging from 0.15 to 0.85.
Hence, c can be rearranged as follows.

c =

cc  
pc −  P

(5.26)
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According to Eqs. 5.12-5.15, the apparent permeability is incorporated in Eq. 5.22 for the
simulation. Eq. 5.22 is discretized implicitly due to the stable performance while the central
difference and the backward difference schemes are utilized for the spatial and temporal
discretization, respectively (Appendix E). The initial condition is shown in Eq. 5.27 whereas the
Dirichlet boundary conditions (pressure specified boundary) are given in Eq. 5.28.
I.C. Px |0 xL,t =0 = Pini

(5.27)

t
t
S.T. Px |x =0,t 0 = Pin , Px |x = L,t 0 = Pout

(5.28)

where Pin and Pout are the specified pressures at inlet and outlet, respectively. Pini is initial
pressure across the core.

5.2.3 Application in Pulse-Decay Test
The pulse-decay test can be utilized to determine the petrophysical properties of the shale core by
triggering a series of pressure pulses through the tight cores. As the gas flows through the core
from the upstream to downstream pressure chamber, one-dimensional steady and unsteady-state
simulation can be implemented based on the Eqs. 5.17-5.28. Since the inlet and outlet pressures
change with time in the test, two empirical correlations for the inlet and outlet pressures are
adopted, which are given as (Barral et al., 2010; Civan et al., 2011)
Pin = Pin _ eq + ( Pin _ ini − Pin _ eq ) exp ( − int )

(5.29)

where Pin _ eq denotes the inlet pressures under equilibrium condition. Pin _ ini denotes the inlet
pressures under the initial condition.

 in is the reciprocal-characteristic time for the inlet.

Subsequently, the implicit finite difference scheme is used to solve the partial difference equations

126
for the methane transport through the core due to its unconditionally stable performance. More
specifically, the block-center discretization and backward difference approximation are taken for
the spatial and temporal term, respectively. The shale core with length of 5.0 cm is equally divided
into 100 blocks and the simulation time increases 15 seconds per time step. Note that the outlet
pressure remains constant in the simulation. The detailed simulation parameters are listed in Table
5.3.

5.3 Results and Discussion
In this work, the validations are made in straight capillaries. The rarefied gas model in a straight
capillary (Eqs. 5.7-5.8) is tested with experimental and simulated dimensionless mass fluxes of
five types of gases including argon, helium, methane, nitrogen, and oxygen collected from various
literatures (Loyalka and Hamoodi, 1990; Tison, 1993; Ewart et al., 2007; Perrier et al., 2011;
Yamaguchi et al., 2011). The shale gas model in straight nanocapillary (Eq. 5.16) is verified against
the methane flow rate data from Yu et al. (2019). More particularly, Yu et al. (2019) adopted nonequilibrium MD simulation (NEMD) to simulate the gas flow considering monolayer adsorption
and surface diffusion from 5.0 to 45.0 MPa under reservoir conditions. The detailed parameters in
validations are tabulated in Table 5.1 and 5.2, respectively.
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Table 5.1: Summary of parameters used in rarefied gas model validations

Gas Type

θ*

ℏ*

Literatures
Ewart et al., 2007
Perrier et al., 2011
Yamaguchi et al., 2011
Tison, 1993
Ewart et al., 2007
Perrier et al., 2011

Argon

1.62

0.67

Helium

1.54

0.91

Methane

1.20

2.17

Loyalka and Hamoodi, 1990

Nitrogen

1.54

0.69

Ewart et al., 2007
Perrier et al., 2011
Yamaguchi et al., 2011

Oxygen

1.54

0.67

Yamaguchi et al., 2011
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Figure 5.3: Collected and calculated dimensionless mass fluxes versus Knudsen number for the validation of rarefied
gas model in straight capillary. Five types of gases are used for validation including (a) argon, (b) helium, (c) and (d)
methane, (e) nitrogen, and (f) oxygen.
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Table 5.2: Summary of parameters used in shale gas model validations

Validation in nanocapillary

Symbol
∗

Unit

Values

Optimized chemical confinement parameter
Optimized velocity direction heterogeneity parameter

𝜃
ℏ∗

dimensionless
dimensionless

1.20
2.17

Optimized surface diffusivity coefficient

𝐷𝑠∗

m2/s

8.80×10-6

Optimized Langmuir pressure

𝑃𝐿∗

Pa

13.79×106

Optimized Langmuir volume

𝑉𝐿∗

m3/kg

3.12×10-3

Reservoir temperature

𝑇

K

298.00

Universal gas constant

𝑅

J/mol/K

8.314

Nominal methane molecule size

𝑑𝑚

nm

0.38

Methane molar mass

𝑀

kg/mol

0.016

Methane critical pressure

𝑃𝑐

Pa

1.00×106

Methane critical temperature

𝑇𝑐

K

190.60

Number of adsorbed layers

𝑥

dimensionless

1

Shale grain density

𝜌𝑟

kg/m3

2659.06

Methane density at standard condition

𝜌𝑠𝑐

kg/m

3

Capillary radius

𝑟𝑜

nm

3/5/8

Methane acentric factor

𝜔

dimensionless

0.01

0.68

Figure 5.3 shows the calculated and collected dimensionless mass fluxes versus Knudsen number
for five types of gases in a straight capillary. Note that the collected dimensionless mass flux in
Figure 5.3d is validated by Eq. 5.8, which extends from late slip flow to free molecular flow (0.09

 Kn  89.08). Meanwhile, other subfigures correspond to Eq. 5.7 which covers from early slip flow
to early transition flow (0.02  Kn  0.58). It is seen that the rarefied gas model can accurately
reproduce the reference data for each type of gases over entire flow regimes. The scattered data in
other subfigures nearly exhibit the linear correlation with the Knudsen number, which implies the
dominant performance of viscous flux in early slip flow and early transition flow regime.
Furthermore, the calculation of dimensionless mass fluxes involves the estimation of empirical
parameters

and  for each type of gases. Thus, the genetic algorithm (GA) optimization is
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utilized to acquire the optimal

*

 1 − exp ( − Knr ) and

and  * with physical bounds

0    ro2 + l 2 ro , respectively. Various groups of optimal

*

and  * are collected

corresponding to different types of gases, thus the optimal parameters can be directly used for the
complicated simulations based on the developed rarefied gas model. Figure 5.4 presents the
collected versus calculated methane flow rate for the validation of shale gas model in straight
nanocapillary with various sizes of 6 nm, 10 nm, and 16 nm. The diagonal line match each other
with coefficient of determination R2 = 1 indicating that the Eq. 5.16 satisfies the NEMD data.
Furthermore, the optimal

*

and  * for methane gas in Table 5.2 are selected for the simulation

of shale gas model, while Ds , PL , VL are optimized by GA with physical constraints

1.0 10−9  Ds  8.8 10−6 (Akkutlu and Fathi, 2012), 3.68 10  PL  2.34 10 , and
6

7

8.5 10−4  VL  5.0 10−3 (Kang et al., 2011), respectively.

Figure 5.4: Collected versus calculated methane flow rate for the validation of shale gas model in straight
nanocapillary with different sizes. The diagonal line indicates exact agreement.
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Table 5.3: Summary of parameters used in shale core simulation

Parameters

Symbol

Unit

Values

Chemical confinement parameter
Velocity direction heterogeneity parameter

𝜃
ℎ

dimensionless
dimensionless

0.46
0.9

Surface diffusivity coefficient

𝐷𝑠

m2/s

8.80×10-6

Equilibrium pressure

𝑃𝑒𝑞

Pa

1.20×105

Initial pressure

𝑃𝑖𝑛𝑖

Pa

5.00×105

Reservoir temperature

𝑇

K

298/314

Simulation duration

𝑡

s

3000

Confining pressure

𝑃𝑐

nm

0.38

Biot coefficient

𝛼

dimensionless

0.5

Tortuosity

𝜏

dimensionless

2

Porosity

𝜙

dimensionless

0.1

Number of adsorbed layers

𝑥

dimensionless

1

Porosity coefficient

𝑐𝑐

dimensionless

0.03

Permeability coefficient

𝑠𝑠

dimensionless

0.5

Capillary radius

𝑟𝑜

nm

100

Reciprocal-characteristic time

𝜓𝑖𝑛

dimensionless

0.001
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Figure 5.5: Collected and simulated pressures for the validation of shale gas steady-state flow in the core.

Figure 5.5 shows the validation result of steady-state analysis based on Eqs. 5.17-5.28. Pong et al.
(1994) provided the pressure profile across the micro-channel under equilibrium conditions. The
blue dots indicate the simulated pressures at six different spots in the micro-channel with inlet
pressure of 0.275 MPa, outlet pressure of 0.101 MPa, and temperature of 314K. It is seen that the
simulated results fit the experimental data satisfactorily. Figure 5.6 illustrates the unsteady-state
pressure variations along the core with different simulation durations from 1 to 50 minutes. It is
seen that the pressure declines with the increase of distance for each curve while the inlet pressure
drops from 0.48 to 0.14 MPa with the increase of the simulation duration. Moreover, the decline
rate gradually decreases with the time until the steady state is reached.

133

Figure 5.6: Simulated pressures across the shale core with different durations.

5.4 Summary
This work has improved the shale gas apparent permeability model and upscaled the model from
nanopores to the shale core scale by the numerical method. Moreover, multiple mechanisms are
incorporated and simplified to facilitate the simulation. It is found that the rarefaction in nanopores
is justified to be represented by the weighted Knudsen diffusion and slip flow. Also, the weights
in proposed model are parameterized with Knudsen numbers which are flexible to describe the
flow behavior in different flow regimes. Moreover, the numerical method can be applied for the
pulse-decay test to calculate the petrophysical properties. In addition, the unknown shale properties
can be estimated by the optimization method based on the numerical scheme.
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CHAPTER 6: GAS TRANSPORT IN HETEROGENEOUS SHALE MATRIX BASED ON
FRACTAL THEORY AND FUZZY STATISTICAL METHOD
6.1 Introduction
The organic-rich shale matrix is featured with multiscale pore sizes ranging from nanometers to
micrometers, which leads to strong heterogeneities in the prediction of gas apparent permeability
(AP) and production. A better quantification of such flows in complex pore network has been
hampered by the scarcity of relevant studies. Most of existing studies focusing on the gas flow in
heterogeneous coal and shale matrix, unfortunately, have not comprehensively discussed the
heterogeneity impact on gas flow in micro/nano-scale matrix (Smith and Williams, 1984; Weida
et al., 2005; Fathi and Akkutlu, 2009; Akkutlu and Fathi, 2012; Akkutlu, et al., 2015; Ghanbarian
and Javadpour, 2017). It results in limited, incomplete, and even contradictive conclusions.

The fractal theory has been widely used to quantify the heterogeneity degree in porous medium
due to the fractal characteristics of structural parameters (Wang, et al. 2018; Sheng et al., 2019).
Geng et al. (2016) adopted the fractal model to characterize the real gas transport in heterogeneous
matrix due to the changing pore sizes and tortuosity. Furthermore, it is found that naturally
fractured reservoirs present the patterns of fractal distribution (Flamenco-Lopez and CamachoVelazquez, 2001). You et al. (2019) applied the fractal model to the hydraulic fracture networks
based on the observation that fracture network resembles the characteristics of fractal distribution.
Fuzzy theory is initially proposed by Zadeh (1965) to replace the conventional binary logic sets.
Also, the fuzzy statistical method is an effective tool for modeling complex mathematical problems
with uncertain parameters such as seismic analyses, artificial neural networks, and lithology
identifications (Nikravesh and Aminzadeh, 2001; Long et al., 2016; Katz et al. 2019). You et al.
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(2019) first employed the fuzzy nearness and the fuzzy statistical method to quantify the hydraulic
fracture heterogeneity. However, it is challenging to evaluate the uncertainties introduced by
structural parameters in fractal theory.

In this work, an analytical AP model is first developed to describe the shale gas rarefied flow in a
single nanocapillary coupling various flow mechanisms such as real gas effect, adsorption, and
surface diffusion. According to the fractal theory, the nanocapillary is upscaled to the unit matrix
block where total AP is integrated by those of various nanocapillaries characterized by structural
parameters (i.e., pore-size and fractal dimensions) with normal distributions. Then, the dualporosity system is utilized to couple the shale matrix and hydraulic fracture for the gas production
rate simulation where the governing diffusivity equation is used in each unit matrix block.
Subsequently, the fuzzy statistical method is adopted to evaluate the uncertainty induced by the
fractal structural parameters: the optimization is first applied to acquire the satisfactory structural
parameters for the homogeneous model, then the normal distribution is generated for each
structural parameter. The Monte Carlo simulation is utilized to calculate the approximate fuzzy
membership grade. Finally, the obtained production rate from the fuzzy statistical method is
compared with that calculated by the homogeneous model.

6.2 Mathematical Formulation
6.2.1 Shale Gas Flow in Fractal Shale Matrix Blocks
Singh et al. (2014) have indicated that the gas rarefaction in nanopores can be characterized by the
linear superposition of the convective flow and Knudsen diffusion. The convective flow is
represented by the Hagen-Poiseuille equation as follows.
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PM  ro4 P
Mc =
ZRT 8 L

(6.1)

where R is universal gas constant, T is temperature, P is pressure, M is molar mass, ro is
pore radius,  is viscosity, P is pressure difference along the capillary, M c is convective
mass flux. Accordingly, the Knudsen diffusion mass flux can be expressed by

2 ro 3
8M P
Mk =
P
3
 ZRT L

(6.2)

where  denotes the gas compressibility factor as  = 1 P − ( dZ dP ) Z , M k is Knudsen
diffusion mass flux. The monolayer surface diffusion equation can be written as
M s =  ro 2 DsCa max

PMZPL  P
2
( P + ZPL ) L

(6.3)

where Ds denotes surface diffusion coefficient, PL is Langmuir pressure, Ca max is maximum
adsorption capacity. Ca max can be expressed by Ca max = (VL STG rock ) M , where VL is Langmuir
volume indicating the maximum adsorbed phase volume per unit total grain mass,
density at standard condition,

 STG is gas

 rock is shale rock density (Wasaki and Akkutlu, 2015). Moreover,

the real gas effect is significant under the condition of high pressures and temperatures. Hence, the
real gas effect can be quantified by the Z-factor and real gas viscosity correlation. Mahmoud (2013)
developed a novel correlation for the high-pressure condition as follows.

Z = 0.702e−2.5Tr Pr2 − 5.524e−2.5Tr Pr + 0.044Tr2 − 0.164Tr + 1.15

(6.4)

where Pr denotes reduced pressure expressed by Pr = P Pc , Pc denotes critical pressure, Tr
denotes reduced temperature as Tr = T Tc , and Tc denotes critical temperature. In addition, the real
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gas viscosity can be established by the Sutton’s model by the following expression (Sutton, 2007;
Jia et al., 2018b),

   Y 
r = 10  exp  X 
 
  1000  

(6.5)

 = 0.807Tr 0.618 − 0.357 exp ( −0.449Tr ) + 0.340exp ( −4.058Tr ) + 0.018

(6.6)

−7

=

where

0.949 (1.8Tc )

( 0.145 10

−3

Pc )

( 2 3)

(1 6 )

1000M

(6.7)

 r denotes real gas viscosity,  is density written as  = ( PM ) ( ZRT ) . Y can be written

as Y = 1.66378 − 0.04679 X where X is equal to X = 3.47 + 1588 (1.8T ) + 0.9M . The fractal
theory is applied to upscale each flow mechanism from the capillary to the unit matrix block. As
is known that the fractal scaling law can be written as (Wang et al., 2017; Chai and Li, 2020)
r 
N ( size  r ) =  max 
 r 

Df

(6.8)

where N denotes the cumulative pore size distribution, rmax is the largest pore size, D f is the
fractal dimension for the pore size distribution. Furthermore, the realistic length of a tortuous
capillary in the unit matrix block, L, can be expressed by the fractal scaling law as (Geng et al.,
2016)

L = LDoT r (1− DT )

(6.9)
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where Lo denotes straight length of the unit matrix block, DT is fractal dimension for the
tortuosity in unit matrix block. Subsequently, total mass flux for the unit matrix block can be
quantified as

M T = −

rmax

rmin

( M c +M k +M s ) dN

(6.10)

The apparent permeability including the convective flow, the Knudsen diffusion, and the surface
diffusion can be developed based on Eqs. 6.1-6.10, which is shown as follows.
  r ( 3+ DT − D f ) 
1 −  min 

kapp = ( D −1)
T

8 Lo
( 3 + DT − D f ) S   rmax 

( 2+ DT − D f ) 
( 2 + DT )
2r D f rmax
8ZRT   rmin 

+
1− 


3 L(oDT −1) ( 2 + DT − D f ) S  M   rmax 


(1+ DT − D f ) 
(1+ DT )
r D f Ds rmax
Z 2 PL RT   rmin 

+ ( D −1)
Ca max
1− 

2
r


Lo T (1 + DT − D f ) S
( P + ZPL )   max 

( 3+ D
 D f rmax

T

)

(6.11)

where kapp denotes total apparent permeability for the unit matrix block, S is cross-section area
2
which can be written as  D f rmax
(1 −  ) /  ( 2 − D f ) .

6.2.2 Shale Gas Flow in Fractured Formation
The dual-porosity system is applied to represent the hydraulic-fractured shale matrix. To simplify
the complex matrix-fracture system and ease the expensive computations, the two-dimensional
sector model is utilized based on the work of Wasaki and Akkutlu (2015). Figure 6.1 shows the
schematic configuration for the sector model. It is seen that the sector model is comprised of two
parts: the rightmost square blocks from the top to bottom represent one wing of the hydraulic
fracture where the dominant flow mechanism is viscous flow; the other square blocks represent
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the shale matrix where the flow mechanisms are viscous flow, Knudsen diffusion, and surface
diffusion. Note that it is assumed there is only one layer along the z-direction. In addition, one sink
is set up in the right bottom block which is one of the hydraulic fracture blocks as well. The sink
is designed to connect to the horizontal well in field production.

Figure 6.1: Schematic diagram of sector model including the shale matrix and the hydraulic fracture. The short green
arrow indicates the flow direction from unit matrix block to the fracture. The long green arrow indicates the flow
direction from the fracture to the well location.

Subsequently, the macroscale simulation is implemented based on the following diffusivity
equation which has been described in Chapter 5.







(  ) + (1 −  ) q  =   kapp  P +  kapp  2 P
t
t





(6.12)

Note that Eq. 6.12 denotes the governing equation for the shale gas flow in each unit matrix block.
For the hydraulic fracture, the second term on the left-hand side is neglected due to the absence of
adsorption in the fracture (Wasaki and Akkutlu, 2015). Moreover, the porosity and the apparent
permeability are replaced with the corresponding parameters for the hydraulic fracture on both
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sides of Eq. 6.12. It is noted that the hydraulic fracture permeability is assumed as the constant
value which is much larger than the permeability in the shale matrix, and only single-phase flow
is considered in the matrix and fracture blocks. Eq. 6.12 can be further simplified in the twodimensional flow regime as

p
 
p    
p 
 C1 + (1 −  ) qC2  =  kapp
 + Qsin k
 +  kapp
t
x  
x  y  
y 

(6.13)

where C1 can be expressed as C1 = 1 P − ( dZ dP ) Z , C2 can be written as C2 = PL ZC1 ( P + ZPL )
, Qsin k is the sink which is represented by
Qsin k =

J w ( Pi , j − Pwf

)

Vb

(6.14)

where Pwf is the bottom-flow pressure, Vb is the bulk volume of the unit matrix block. J w is the
productivity index which is approximately characterized by the model of Aronofsky and Jenkins
(1954) as the following expression.

Jw = −

 kapp  hw
  re  
 + s
  rw  

r ln 
re =

0.5e - ( y 2 + z 2 )

(6.15)

(6.16)

where hw is the fracture width, s is skin factor, re and rw is the effective well radius and true well
radius, respectively. Next, Eq. 6.13 is discretized implicitly due to the stable performance, and the
central difference scheme and the backward difference scheme are utilized for the spatial and
temporal discretization, respectively. In addition, the no-flow barriers are assumed as the boundary
condition. Subsequently, the pressures and the flow rate are calculated iteratively using the
generalized minimal residual method which is an iterative method for solving the nonsymmetric
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positive definite system of linear equations. Note that the harmonic average is used to calculate
the fluid properties between the neighboring blocks whereas the cross flows between the shale
matrix and hydraulic fracture are not considered in this work. The parameters are shown in the
following Table 6.1.
Table 6.1: Summary of parameters used in macroscale simulation

Parameters

Symbol

Unit

Values

Porosity
Molar mass

𝜙
𝑀

dimensionless
kg/mol

0.1/0.3
0.016

Surface diffusivity coefficient

𝐷𝑠

m2/s

1×10-9

Langmuir pressure

𝑃𝐿

Pa

2.98×106

Langmuir volume

𝑉𝐿

m3/kg

3.12×10-3

Reservoir temperature

𝑇

K

400.00

Universal gas constant

𝑅

J/mol/K

8.314

Maximum pore radius

𝑟𝑚𝑎𝑥

nm

250

Minimum pore radius

𝑟𝑚𝑖𝑛

nm

2

Fractal dimension for tortuosity

𝐷𝑇

dimensionless

1.3

Fractal dimension for pore size distribution

𝐷𝑓

dimensionless

1.0

Straight length of the unit matrix block

𝐿𝑜

m

0.15

Shale density

𝜌𝑟𝑜𝑐𝑘

kg/m

Standard gas density

𝜌𝑆𝑇𝐺

kg/m3

0.68

Well radius

𝑟𝑤

m

0.01

Fracture width

ℎ𝑤

m

0.015

3

2659.06

6.2.3 Heterogeneity Characterization Using Fuzzy Statistical Method
Fuzzy statistical method is an effective tool for modeling complex mathematical problems with
uncertain parameters such as seismic analyses, artificial neural networks, and lithology
identifications (Nikravesh and Aminzadeh, 2001; Saggaf and Nebrija, 2003; Long et al., 2016).
You et al. (2019) first employed the fuzzy nearness and the probability distribution of evaluation
function in fuzzy statistical method to quantify the fracture heterogeneity. In this work, the fuzzy
statistical method is applied to evaluate the impact of structural parameters (rmax, Df, DT) on the
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flow rate due to reservoir heterogeneity based on the Eqs. 6.11-6.16. Firstly, the optimal structural
parameters are acquired with the help of the optimization methods such as the genetic algorithm
and the ensemble smoother algorithm (Fan et al., 2019). Meanwhile, the root mean square error is
used as the objective function (i.e., Eq. 6.17) to evaluate the deviation between the simulated gas
flow rate and the real production rate.
arg min f (rmax , DT , D f ) =

 (Q
I

i =1

m
sim

m
− Qreal
) /I
2

(6.17)

The optimal structural parameters obtained by Eq. 6.17 are set as the base parameters for the
homogeneous model. To represent the heterogeneity based on the homogeneous model, structural
parameters are parameterized with prior distributions. rmax, Df, and DT are quantified as normal
distribution following N (rmax ,  ) , N ( DT ,  ) , and N ( D f ,  ) , respectively. Since the mean values
of distributions are determined, the uncertainty of structural parameters is only reflected by the
unknown standard deviations of distributions. In other words, the impact of shale matrix structures
on gas flow rate can be analyzed by evaluating the consequences of standard deviation variability.
Such a process is carried out in the frame of Monte Carlo (MC) simulation because unknown prior
distributions of structural parameters prevent from obtaining analytical solutions, but the MC
simulation is capable to acquire estimates by means of sampling numerous random numbers from
unknown distributions (Gascard and Simeu-Abazi. 2018). Then, at each standard deviation, a large
amount of gas flow rate which correspond to different groups of structural parameters can be
calculated. To further evaluate the accuracy of heterogeneous model, the distribution of evaluation
function which characterizes the superiority of accuracy between the homogeneous and
heterogeneous model is calculated by a Boolean type membership function, PD , as follows
(You et al., 2019).
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PD =



W

 ;
W
i =1

i


0 RMSEHM  RMSEHE

1 RMSEHM  RMSEHE

i = 

(6.18)

where W is sample size,  is fitting parameter to adjust the membership degree within the [0,1]
range. RMSEHM and RMSEHE are the root mean squared error between the simulated and realistic
gas flow rates for the homogeneous and heterogeneous model, respectively. The process to
evaluate the heterogeneity model is illustrated in Figure 6.2.
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Figure 6.2: Flowchart of the fuzzy statistical method for the heterogeneous model.

6.3 Results and Discussion
To investigate the shale gas flow performance in the simplified dual-porosity system, the profile
of pressure is simulated as shown in Figure 6.3. Note that the simulation is only run in a small
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scale within a duration of 50 days given the exorbitant computational expenditure. In Figure 6.3,
the color from yellow to blue indicates the decrease of pressures. It is seen that the pressure in
shale matrix gradually decline due to the gas depletion to the hydraulic fracture, and then the gas
transports from the fracture to the horizontal well in production. By comparison, the pressure in
the hydraulic fracture drops much faster than the decline in the shale matrix because of the higher
permeability (e.g., 50000 md).

Figure 6.3: Pressure profile characterized by the discretized blocks in the dual-porosity system at the 50th day. The
color from yellow to blue indicates the increase of pressures.

The tornado plot is utilized to analyze the influence of structural parameters on methane apparent
permeability characterized by the homogeneous shale gas model in the unit block (i.e., Eq. 6.11)
under reservoir pressures from 3.0 to 50.0 MPa. The apparent permeability baseline of the tornado
plot is calculated using the parameters in Table 6.1. Besides, DT, Df, ϕ, Rmax, and Rmin are given as
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1.5, 1.0, 0.05, 100 nm, and 2 nm, respectively. Subsequently, a 50% adjustment of the given
structural parameters is carried out positively and negatively for the sensitivity analysis. Then, the
maximum and minimum relative errors of the simulated apparent permeability with respect to the
baseline are acquired as displayed in Figure 6.4. It is noticed that the tortuosity fractal dimension
presents the largest impact on the apparent permeability which varies beyond 100%. The
maximum pore radius exerts the second largest influence changing from -64.65% to 83.72%. In
contrast, the minimum pore radius shows the least influence which can be negligible. According
to the tornado plot, DT, Df, and Rmax have dominant influences on the apparent permeability
compared with ϕ and Rmin. This indicates the importance of the fractal dimension of structural
parameters and implies the tortuosity fractal dimension might be more critical for the gas transport
than the pore size fractal dimension in shale matrix.

Figure 6.4: The tornado plot indicating the impacts of structural parameters on the apparent permeability in the
upscaled unit matrix block.
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Based on the sensitivity analysis in the unit shale block, only DT, Df, and Rmax are further studied
for the structural parameters influence on the gas flow rate in the horizontal well. As is illustrated
in Figure 6.5, the optimized values of structural parameters are set up as the reference inputs to
calculate the baseline of the gas flow rate in the duration of 50 days. Subsequently, the reference
dataset is adjusted by 50% positively and negatively to generate inputs for the sensitivity analysis.
The production profiles on the first row, the second row, and the third row correspond to the
positive adjusted dataset, the negative adjusted dataset, and the reference dataset, respectively. It
is found that the gas flow rate increases first and then gradually decrease with a long tail. This is
consistent with the observed production rate in the field. In addition, it is observed that DT has the
most significant impact on the gas flow rate. In contrast, the Df and Rmax present similar impacts
on the gas flow rate given the proximity in the curve shape and scale. This observation indicates
that the fractal dimension for the tortuosity is more significant in the shale development which
may be related to the stratification of the shale rocks.
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Figure 6.5: Sensitivity analyses of matrix structural parameters. The first, second and third column correspond to the
influence of DT, Df, and Rmax on the gas flow rate in horizontal well in the duration of 50 days.

Then, the fuzzy statistical method is implemented to quantify the uncertainty of production due to
the reservoir heterogeneity. In the simulation, the varying bottom pressure data from the horizontal
well in Fuling, China (You et al., 2019) are adopted as shown in Figure 6.6. It is noticed that the
bottom pressures fluctuate in the decreasing trend as the production continues, and the fluctuation
degree could change from -36.9 % to 25.0 % with respect to the average bottom pressure. The
obvious oscillation is present between 53 to 238 days which spans over 6 months. This indicates
that the fluctuations in the realistic production data cannot be avoided and ignored in the shale gas
production prediction.
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Figure 6.6: Bottom pressures at horizontal well in Fuling, China. The black dots show the collected bottom-hole
pressure data within 450 days.

Subsequently, the Monte Carlo simulation is implemented: at each standard deviation from 0.001
to 2.00, the structural parameters from three distributions are randomly sampled to simulate the
gas flow rate. Note that the sampling size W is not a fixed number because it is related to the
stability of W which is caused by the randomness of Monte Carlo simulation. In the simulation,
the W is typically set as 50. The membership distribution is illustrated in Figure 6.7. It is seen that
the distribution curve drops from 0.96 to 0.09 as the standard deviation increases from 0.001 to
2.00. The decrease of curve indicates the closeness between the homogeneous model and
heterogeneous model drops with the increment of the heterogeneity. In addition, it is observed that
the distribution maintains above 0.90 within the standard deviation from 0.001 to 0.006 which is
set as the confidence interval. It shows that within the confidence interval of the heterogeneous
model, it is likely to obtain the identical flow rate with the homogeneous model. It also indicates
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that the heterogeneity of structural parameters within the standard deviation of 0.006 would not
generate significant influences on the optimization process for the flow rate. For the practical use,
the fluctuations of the membership grades can be smoothed by the fuzzy distribution function (You
et al., 2019). In addition, in Figure 6.8 three different curves are present indicating the realistic
production rate (black dot curve), the simulated production rate for the heterogeneous model (blue
dot curve), and the simulated production rate for the homogeneous model (red dot curve). The
result of homogeneous model is simulated using the optimized parameters. Moreover, it shows
that slightly better results could be achieved using the heterogeneous model. The obtained flow
rate obtained from the heterogeneous model within the confidence interval presents identical trend
as the homogeneous model.

Figure 6.7: Membership distribution with the standard deviation from 0.00 to 2.00. Note that the illustrated standard
deviation is not uniformly marked.
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Figure 6.8: Flow rate of horizontal well for the realistic production (blue dot curve), heterogeneous model (orange
dot curve), and homogeneous model (grey dot curve), respectively.

6.4 Summary
In this work, a fractal model is proposed to characterize the disordered pore structure and the
multiscale effect on gas flow rate in the matrix-fracture dual-porosity system. The fuzzy statistical
method is utilized to quantify the uncertainty of production rate because of the changing structural
parameters. It is found that the fractal dimension of the tortuosity has the largest impact on the
production rate than the pore size and the fractal dimension of pore size distribution. In addition,
the fuzzy statistical method can quantify the confidence interval within which the satisfactory flow
rate results can be acquired. The fuzzy statistical method enables more flexibility to predict the
realistic production profile with significant fluctuation data.
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CHAPTER 7: CONCLUSIONS
In this dissertation, a systematic framework is proposed to characterize the shale gas flow
behaviors in the organic-rich shale formation. Three scales of gas transport are developed
including the analytical model in nanopores, the numerical simulation in shale matrix, and the
dual-porosity numerical scheme in the hydraulic-fractured formation.

At pore scale, the new analytical model considering viscous flow, Knudsen diffusion, and surface
diffusion has been successfully developed to compute the gas transport over the full flow regime
in both organic and inorganic pores where the virtual boundary between the viscous flow and
Knudsen diffusion zones is firstly determined based on an analytical molecular kinetics approach.
It is discovered that the rarefaction in nanopores is justified to be represented by the weighted
Knudsen diffusion and slip flow. Besides, the Knudsen number of real gas flow increasingly
deviates from that of ideal gas flow due to the impact of real gas effect at high pressures (  20.0
MPa). Moreover, the increasing viscosity due to the real gas effect can reduce the total molar flux
in the inorganic pores up to 66.0% under typical shale gas reservoir condition. In addition, it is
found that the apparent permeability decreases with pressure in the pore size smaller than 100 nm
and such a decline is more distinct as pore size shrinks. Given inorganic nanopores, the viscous
flow is important at any pore sizes under reservoir conditions and the Knudsen diffusion cannot
be neglected in the pore size below 5 nm under reservoir conditions and in the pore size below 10
nm when pressure is from 5.0 to 12.0 MPa, respectively. Given organic nanopores, the contribution
of surface diffusion plays a dominant role when the pore size is below 20 nm and cannot be
neglected when the pore size is below 150 nm. Meanwhile, the viscous flow is important when the
pore size is larger than 80 nm and the Knudsen diffusion can be ignored under reservoir conditions.
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Subsequently, a novel comprehensive model is proposed which is first coupled with multilayer
adsorption, surface diffusion, and pore-confinement effect, and has been successfully validated
using the efficient Batch-EnRML optimization method. It is found that the apparent permeability
increases significantly as the adsorption layer number increases and the application of Langmuir
model in existing gas transport models may extensively underestimate the apparent permeability.
In addition, it is found the pore confinement effect is only in presence below the pore size of 50
nm, and the pore confinement effect declines significantly as the pore size approaches 50 nm.
Furthermore, the significant increase of gas viscosity due to real gas effect under reservoir
conditions cannot be ignored. The enhancement of pore confinement effect and multilayer
adsorption can increase the real gas compressibility factor. In contrast, the coupling effect from
pore-confinement and real gas effect exerts opposite impacts on methane viscosity at high and
relatively low pressures.

The shale gas apparent permeability model is upscaled from nanopores to the shale core scale by
the numerical method. Moreover, multiple mechanisms are incorporated and simplified to
facilitate the simulation for practicability. Also, the numerical method can be applied for the pulsedecay test to calculate the petrophysical properties. In addition, the unknown shale properties can
be estimated by the optimization method based on the numerical scheme. Next, a fractal model is
proposed to characterize the disordered pore structure and the multiscale effect on gas flow rate in
the matrix-fracture dual-porosity system. The fuzzy statistical method is utilized to quantify the
uncertainty of production rate because of the changing structural parameters. It is found that the
fractal dimension of the tortuosity has the largest impact on the production rate than the pore size
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and the fractal dimension of pore size distribution. In addition, the fuzzy statistical method can
quantify the confidence interval within which the satisfactory flow rate results can be acquired.
The fuzzy statistical method enables more flexibility to predict the realistic production profile with
significant fluctuation data.
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APPENDIX
A. Derivation of Maxwell Slip Model
Chapman and Cowling (1970) claimed that the slip velocity, us , can be roughly expressed as
average velocity of two parts including the tangential velocity of molecules from external flow
(i.e., u  ) and ones reflected from the control surface. Moreover, it is presumed that



fraction of

reflected molecules present diffuse reflection and (1 −  ) fraction of reflected molecules show
specular reflection. Thus, slip velocity is given as
us =

where



1
u + (1 −  ) u +  uw 
2

(A.1)

also represents TMAC. Note that u w is wall tangential velocity which is zero. Since u 

is at the outer boundary of non-equilibrium layer where the gas behavior is governed by the kinetic
theory, it can be defined as an implicit function of mean free path (i.e.,  ) which is u = f (  ) .
Subsequently, Taylor series expansion of u  about us up to the second order is implemented as
follows.
2
 u  1 2   u 
u = u s +  
+

 2

 r  s 2  r  s

(A.2)

where ( u r ) s and (  2u r 2 ) denote the first derivative and second derivative of velocity with
s
respect to normal direction of control surface, respectively. Given Eqs. A.1 and A.2, the slip
velocity, us , can be written as
us =

2 −    u 
1 2   2u  
 
 +   2 
   r  s 2  r  s 

(A.3)
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For the sake of simplicity,



is equal to 1. Then Eq. A.3 can be generalized as following

expression.
2
 u 
2 u 
us = C1 Kn 
+
C
Kn
 2
2

 n  s
 n  s

(A.4)

where C1 and C2 are slip coefficients for the first and second order terms, respectively.

B. Rearrangement of Advection-Diffusion Model
According to the ADM model, the mass flux, Ft , can be expressed as

Ft = wc Fc + wf Ff

(B.1)

Singh et al. (2014) have developed a non-empirical model to describe shale gas flow where weights

wc and wf are both assigned as unity. Accordingly, Eq. B.1 can be arranged as
Ft = −

ro2 PM
2r
P − o
8  RT
3

Since Knudsen number is given as Kn =   RT ( 2M )

8M
P
 RT

(B.2)

( Pr ) , Eq. B.2 can be parameterized with
o

Knudsen number and written as follows.

Ft = −

ro2 PM
8r 2
PM
P − o Kn
P
8  RT
3
 RT

(B.3)

Subsequently, Eq. B.3 can be expressed in terms of the first-order velocity model.

Ft = −

ro2 PM
8 RT

64


Kn  P
1 +
 3


(B.4)
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C. Derivation of Fraction of Inter-Molecular Collisions in the Tube
Chapman and Cowling (1970) derived the expression of molecular properties using Maxwellian
velocity distribution. The derivations are based on Maxwell’s assumptions: i) the model only treats
the simple gas (i.e., molecules in the gas are all identical); ii) gas molecules are spherically
symmetrical possessing only energy of translation; and iii) gas molecules are subject to no external
forces; iv) the gas is in the Maxwellian velocity distribution and gas density is independent of
spatial position and time. Then, the number of molecules in the unit volume during unit time is
found by Chapman and Cowling (1970) as

 f (v)dv ( v  dS ) dt

(C.1)

where f (v ) is the Maxwellian velocity distribution with respect to the velocity vector v , dS is
the cross-section surface area vector. Note the direction of dS is normal to the cross-section
surface area. The number of molecules in the unit volume of the central zone during the unit time
can be expressed based on Eq. C.1,

 v

c

cos f ( vc )dvdSdt

(C.2)

where vc is the magnitude of the velocity vector in the central zone,  is the angle between vc
and dS . It is noted that  should be acute since the flow is along the positive direction. Eq. C.2
can be further simplified as
n vc cosdSdt

(C.3)

where n is the number density, vc cos (i.e., vnc ) is the average velocity component normal to the
central

zone

cross-section.

n vc cos

in

Eq.

C.3

is

deduced

from

the

relation
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n vc cos =  vc cos f ( vc )dv (Chapmen and Cowling, 1970). Thus, the total number of molecules

in the central zone with virtual radius of r during time t is calculated by
n vc cos  dSdt = n vc cos r 2 t

(C.4)

Similarly, the total number of molecules in the cylindrical tube (without adsorption layer) with
outer radius of Re during time t is determined by
n vt cos Re2 t

(C.5)

where v t is the magnitude of the velocity vector in the cylindrical tube (without adsorption layer),


is the angle between v t and dS . vt cos (i.e., vnt ) is the average velocity component normal

to the cylindrical-tube cross-section. vc cos (i.e., vnc ) and vt cos (i.e., vnt ) can be constrained
by inequalities as follows,

1

 1
0   vc cos =  vx cos  x    vx
x

 x

(C.6)


 1
1
0   vt cos =  vy cos y    vy
y

 y

(C.7)

where x and y respectively denote the number of molecules in the central zone and cylindrical
tubes (without adsorption layer). vx and v y respectively denote the individual-molecule velocity
magnitude in the central zone and cylindrical tube (without adsorption layer). According to
inequalities, we further parameterize Eq. C.6 and Eq. C.7 as follows,
vc cos = 

1
 vx =  v
x

(C.8)
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vt cos = 

1
 vy = v
y

(C.9)

where  and  is the estimate of average cosine function values for central zone and cylindrical
tube (without adsorption layer), respectively. According to Eqs. C.4 and C.5, we obtain the number
of molecules in the central zone and cylindrical tube (without adsorption layer), respectively,

Nc = n r 2  v t = n r 2vnc t

(C.10)

Nt = n Re2v t = n Re2vnt t

(C.11)

The fraction of inter-molecular collisions in the cylindrical tube can also be derived as

Nc n r 2  v t
r2
=
=

Nt n Re2v t
Re 2

(C.12)

D. Expansion of Diffusivity Equation
The

 u term (i.e., momentum gradient with respect to the spatial coordinates) can be expanded

coupling Eq. 5.18 as follows.



   u =   K  ( p +  gH )



( )

Then, Eq. D.1 can be further arranged as

(D.1)
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   K  ( p +  g H ) 







p
= l g l   K ij gi g j  k g k  +    K  (  gH ) 
x
x








p 
= l g l   K ij j gi  +    K  (  gH ) 
x
x




    ij  p
2 p
= g   l  K  j gi + l j
x x
 x
 x  


+   K  (  gH ) 


l

(D.2)

  ij 
 ij p p 
il g p 
 K  gi + K

x j




where g i , g j , g p are unit covariant vectors, g i , g l , g k are unit contravariant vectors, il is
p

Christoffel symbol. Note that the Christoffel symbol is not a tensor but it contains all the
information about the curvature of the coordinate system and is equal to zero if the coordinates are
straightened. Since the coordinate system in the work is Cartesian coordinate, thus the Christoffel
symbol is set to be zero. Then, Eq. D.2 can be written as

  
 p



2 p  
g l   l  K ij  j + l j  K ij   gi +    K  (  gH ) 
 x x x  



 x  
2
  
 p



 p 
= il  l  K ij  j + l j  K ij   +    K  (  gH ) 
 x x x  



 x  
=
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   ij  p
 2 p   ij 
K
+
K  +    K  (  gH ) 
 j
i 
i
j 
x  
 x x x  




Subsequently, Eq. D.3 can be expressed as the follows.


   ij  p
 2 p   ij 
K
+
K  +    K  (  g H ) 
 j
i 
i
j 
x  
x x  
 x



 
 


=   K  p + p :  K  +    K  (  gH ) 
 
 



If the permeability tensor is simplified as the scalar, then Eq. D.3 can be written as

(D.4)
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   ij  p
 2 p   ij 
K
+
K  +    K  (  g H ) 
 j
i 
i
j 
x  
x x  
 x



 
 


=  K  p +  K   2 p +    K (  gH ) 
 
 



(D.5)

E. Discretization of Diffusivity Equation
The right-hand side of Eq. 5.22 can be discretized as following expression. Note that the flow
regime is uniformly discretized.

  p 
  ktr x  1

i +

2

  p 
−  ktr 
  x i − 1

2

x
 k 
 k 
tr
tr
=
p
−
p
−


 ( p − pi −1 )
(
)
  ( x )2  1 i +1 i   ( x )2  1 i

i +

i −
2

(E.1)

2

The harmonic average is utilized to calculate the fluid properties between the neighboring blocks,
which are defined as follows.

 k 
2 (  ktr )i (  ktr )i +1
tr

 =
2
2
  ( x )  1 ( x ) (  k )  + ( x )2 (  k ) 
tr i +1 i
tr i i +1

i +

(E.2)

 k 
2 (  ktr )i (  ktr )i −1
tr
=


  ( x )2  1 ( x )2 (  k )  + ( x )2 (  k ) 
tr i −1 i
tr i i −1

i −

(E.3)

2

2

The left-hand side of Eq. 5.22 is discretized as follows.
p n +1 − pin
p
=   c1 + (1 −  ) qc2  i i
  c1 + (1 −  ) qc2  i
t
t

(E.4)

