Dynamic Behavior of 2D Thermoelastic Solid Continua Using
Mathematical Model Derived Based on Non-classical
Continuum Mechanics with Internal Rotations

By

Celso H. Carranza

Submitted to the graduate degree program in Mechanical Engineering and the
Graduate Faculty of the University of Kansas in partial fulfillment of the
requirements for the degree of Master of Science

Prof. Karan S. Surana, Chairperson

Committee members
Prof. Peter W. TenPas

Prof. Robert M. Sorem

Date defended: __ October 23, 2020




The Thesis Committee for Celso H. Carranza certifies
that this is the approved version of the following thesis :

Dynamic Behavior of 2D Thermoelastic Solid Continua Using Mathematical Model Derived
Based on Non-classical Continuum Mechanics with Internal Rotations

Prof. Karan S. Surana, Chairperson

Date approved: _October 23, 2020

i



Abstract

This thesis considers dynamic behavior of non-classical thermoelastic solid continua.
The mathematical model consists of the conservation and balance laws of non-classical
continuum mechanics that incorporates additional physics of internal rotations arising
due to deformation gradient tensor. We consider plane stress behavior with small de-
formation, small strain physics only. Galerkin Method with Weak Form (GM/WF)
in space is considered to construct a space-time decoupled finite element formulation
giving rise to ordinary differential equations (ODEs) in time containing mass matrix,
stiffness matrix due to classical as well as non-classical physics and acceleration and
displacement associated with nodal degrees of freedom. This formulation is utilized
to: (i) study natural undamped modes of vibration (ii) study transient dynamic re-
sponse by time integrating the ODEs in time (iii) study the transient dynamic response
by transforming the ODEs in time to modal basis using eigenvectors of the undamped
natural modes. The ODEs in modal basis are used to construct transient dynamic re-
sponse by time integrating them as well as by considering their analytical solutions.
The solutions of the model problem obtained using the mathematical model based on
non-classical continuum mechanics with internal rotations are presented and are com-
pared with those obtained using the mathematical model based on classical continuum
mechanics to demonstrate the influence of new physics due to internal rotations on the

dynamic response of solid continua.
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Chapter 1

Introduction, Literature Review and Scope

of Work

1.1 Introduction

In Lagrangian description of deforming solid continua, the Jacobian of deformation J (or de-
formation gradient tensor) is a fundamental quantity of the measure of the deformation physics.
In general, J varies at material points. Polar decomposition of J into stretch (left or right) and
pure rotation tensors shows that if J varies between material points so does the rotation tensor.
Alternatively, decomposition of J into symmetric and skew symmetric tensor also confirms vary-
ing rotations between material points defined by skew symmetric part of J. The rotation measures
either from polar decomposition or from skew symmetric point of J are not considered in classical
continuum theories, but are intrinsic part of the actual deformation physics in all deforming solid
continua in which J is the fundamental measure of deformation physics.

In classical continuum theories only stretch tensor, stretch rate tensor or alternatively strain
tensor and strain rate tensor contribute to energy storage and dissipation mechanisms. In the theory
considered here we consider the resistance to varying rotations and rotation rates by the continua

resulting in the existence of moment tensor. The moment tensor, rotations and their rates result in



additional mechanisms of energy storage and dissipation (new physics) that is completely ignored
in the classical continuum theories. The theory considered here is a non-classical continuum theory
based on internal rotations due to J for thermoelastic solid continua. This physics exists in all
deforming solid continua. This theory should not be confused with micropolar theories [1-11] that
often incorporate the scales smaller than continuum scale and are designed for this purpose. In
short, the continuum theory considered here uses standard strain and stress measures as used in
classical continuum mechanics but additionally incorporates the deformation physics associated
with internal rotations due to J. In the following we present a brief literature review of some

published works related to the work presented in this thesis.

1.2 Literature Review

The non-classical continuum theories in the published literature appear under various cate-
gories: micropolar theories, couple stress theories, non-local theories etc. A comprehensive treat-
ment of micropolar theories can be found in the works by Eringen [1-9]. The concept of couple
stresses is presented by Koiter [10]. Balance laws for micromorphic materials are presented in
reference [11]. The micropolar theories consider micro deformation due to micro constituents in
the continuum. In references [12—-14] by Reddy et al. and reference [15] by Zang et al. nonlocal
theories are presented for bending, buckling and vibration of beams, with nanocarbon tubes and
bending of plates. The nonlocal effects are primarily incorporated based on the work presented
by Eringen [6] in which definition of a nonlocal stress tensor is introduced through integral re-
lationship using the product of macroscopic stress tensor and a distance kernel representing the
nonlocal effects. The continuum theory for solid continua considered and presented in this thesis
is strictly local and non-micropolar. The concept of couple stress was introduced by Voigt in 1881
by assuming a couple or moment per unit area on the oblique plane of the deformed tetrahedron in
addition to the stress or force per unit area. Since the introduction of this concept many published

works have appeared. We cite some recent works, most of which are related to micropolar cou-



ple stress theories. Authors in reference [16] report experimental study of micropolar and couple
stress elasticity of compact bones in bending. Conservation integrals in couple stress elasticity are
reported in reference [17]. A microstructure dependent Timoshenko beam model based on modi-
fied couple stress theories is reported by Ma et al. [18]. Further account of couple stress theories
in conjunction with beams can be found in references [19-21]. Treatment of rotation gradient
dependent strain energy and its specialization to von Karmén plates and beams can be found in
reference [22]. Other accounts of micropolar elasticity and Cosserat modeling of cellular solids
can be found in references [23-25]. We remark that in references [16-25], Lagrangian description
is used for solid matter, however the mathematical descriptions are purely derived using strain en-
ergy density functional or principle of virtual work. These energy methods work well for elastic
solids in which mechanical deformation is small and is reversible. Extension of these works to
thermoviscoelastic solids with and without memory is not possible. In such materials the thermal
field and mechanical deformation are coupled due to the fact that the rate of work results in rate of
entropy production. In references [26—37] various aspects of the kinematics of micropolar theories,
couple stress theories, etc. are discussed and presented including some applications to plates and
shells.

If the varying rotations and their rates result in energy storage and dissipation, then their en-
ergy conjugate moment must exist in the deforming matter. This necessitates the existence of
moment (per unit area) on the oblique plane of the deformed tetrahedron. Thus, at the onset, we
consider average force per unit area and displacements, and average moment per unit area and the
rotations associated with the deformed tetrahedron. The work presented here follows a strictly
thermodynamic approach as presented in [38—44] (discussed in the following). We consider: (i)
Conservation of mass and present rationale for not considering conservation of inertia as a conser-
vation law [45] (ii) Balance of linear momenta (iii) Balance of angular momenta (iv) Balance of
moments of moments (or couples) (v) First law of thermodynamics and (vi) Second law of ther-
modynamics in Lagrangian description in which stress and strain rate, moment and symmetric part

of the rotation gradient rates are rate of work conjugate pairs.



In references [38,39], authors presented conservation and balance laws for thermoelastic solid
continua based on non-classical continuum mechanics (NCCM) incorporating internal rotations
due to the deformation gradient tensor. This work considers small deformation, small strain physics
in Lagrangian description. Authors in reference [40] presented constitutive theory for non-classical
thermoelastic solids of [38,39] based on conjugate pairs in the entropy inequality and representa-
tion theorem. Model problem studies and comparison with classical continuum mechanics (CCM)
were also presented in reference [40] for BVPs. The non-classical continuum theory of refer-
ences [38—40] was extended in reference [41] for finite deformation using first Piola-Kirchhoff
stress tensor. In reference [42], the authors further extended the work in reference [41] for fi-
nite deformation and finite strain using second Piola-Kirchhoff stress tensor and rate of Green’s
strain tensor as rate of work conjugate pair. The non-classical continuum theory presented in
references [38, 39] based on internal rotations was extended in reference [43] to include internal
rotations as well as Cosserat rotations. The authors of reference [43] extended the work based on

internal and Cosserat rotations for solid continua to fluent continua in reference [44].

1.3 Scope of Work

In this thesis, we consider conservation and balance laws of NCCM of reference [38,39] and
the constitutive theory of reference [40] for small deformation, small strain physics to study dy-
namic response of solids (IVPs). For the sake of simplicity, the mathematical model and the model
problem study are only considered in R?. The mathematical model consisting of balance linear
momenta is cast purely in terms of displacements. Finite element formulation is presented and ap-
plied to study model problem. The balance of linear momenta equations in displacements are used
to construct finite element formulation using space-time decoupled approach based on Galerkin
method with weak form (GM/WF) in space. The resulting ODEs in time are used to study natural
undamped vibrations and transient dynamic response. Influence of the internal rotation physics is

illustrated using a model problem.



Chapter 2

Mathematical Model

2.1 Conservation and Balance Laws

The mathematical model for non-classical continuum mechanics incorporating internal rota-
tions due to the deformation gradient tensor J also consists of conservation of mass, balance of
linear momenta, balance of angular momenta, first and second laws of thermodynamics and the
constitutive theories for the constitutive variables depending upon the physics. These are similar
to classical continuum mechanics in appearance but there are some modifications and differences.
First, we note that due to consideration of additional physics of rotations and conjugate moment
tensor in this non-classical theory, the conservation and balance laws of classical mechanics are not
adequate to ensure equilibrium of the deforming matter. Yang et al. [16] and Surana et al. [45] have
shown that in the non-classical continuum theories additional balance law of "balance of moment
of moments is needed." The authors have discussed the necessity of the balance law and Surana et
al. [45] have presented a rate derivation (necessary for a balance law) of the new balance law and
have show that due to this balance law the Cauchy moment tensor is symmetric. Due to the new
physics of rotations the classical continuum mechanics balance laws also need modifications [38].
In the non-classical continuum theory considered here, the Cauchy stress is not symmetric, bal-

ance of angular momenta establishes the relationship between the gradients of the Cauchy moment



tensor and the antisymmetric components of the nonsymmetric stress tensor. The energy equation
and the entropy inequality establish rate of work conjugate pairs. The entropy inequality expressed
in Helmholtz free energy facilitates derivation of the constitutive theories once a specific defor-
mation physics is chosen. In the following we present conservation and balance laws and linear
constitutive theories for thermoelastic solid continua based on small deformation, small strain as-
sumption. For this deformation physics the distinction between and covariant and contravariant
measures disappears [46]. Thus, stress tensor is simply non-symmetric Cauchy stress tensor o
and strain tensor is linear strain tensor €, a linear function of displacement gradients. We have
the following conservation and balance laws in Lagrangian description [38]: conservation of mass
(CM), balance of linear moment (BLM), balance of angular momenta (BAM) balance of moment
of moments (BMM), first law of thermodynamics (FLT), the second law of thermodynamics (SLT),

and the linear constitutive theories.

Conservation and balance laws:

n = Jlp(.t) e @D
n %: —pFl - % =0 (BLM)  (2.2)
My + €105 = 0 (BAM) (2.3)
€ijumi; = 0 (BMM)  (2.4)
,%g—j + 35 —r ([wol2]) e ([m][9]) = 0 FLT) (25
P (%5 + ng—f) + 28—t (,o][8]) — e (Im)[2]) < 0 (SLT)  (2.6)

and
o =.,0+},0

In which v is velocity vector, F? is body force vector per unit mass, & is Cauchy stress tensor,

s0 and ,o are symmetric and antisymmetric components of the Cauchy stress tensors o, m is



symmetric Cauchy moment tensor, € is permutation tensor, e is internal energy density, p is density
in the reference configuration, q is heat tensor, € and € are linear strain and strain rate tensors, ;©
are internal rotations (due to (2.14)),:%J is rotation gradient tensor, ‘J is symmetric part of i°J, ¢
is Helmholtz free energy density, ) is entropy density, # is absolute temperature, g is temperature
gradient tensor. The letter '’ used here to represent internal energy density is also used to represent
a typical finite element ¢’ with domain 2¢. The deformation gradient tensor J or Jacobian of

deformation is defined as

= 5| =+ ) @)

in which the displacement gradient tensor [2.]] is given by

[“7] = B’{Lzﬂ (2.8)

and
(U] =[]+ [2J] = [e] + [2J] (2.9)

in which ZJ contains rotations, about ox; axes. The internal rotations ;@ are defined in the follow-
ing
0 gjlg
1
W1=5 |=tha 0 iy (2.10)
—4 i3 —dJhs 0

ou ou ou ou ou ou
dy (22 ¥R dg (28 PR ag o (P2 P8
aJ12 - (8[E2 8x1) ’ aJl3 ( 8[E1 + 8[E3) ’ aJ23 (8903 6m2> (211)

Alternatively (2.11) can be derived as

Ot O
V xu=e x eja—;? - eijkeka—;” (2.12)



8U3 8uQ 8u1 8U3 (9u2 8U1
—e (222 A SR 2.1
vV xu ¢ (8x2 81‘3) T (6:1:3 (93:1) tes ((9.131 8.772) ( 3)
V xu= e (161) + e (Z@Q) +e3 (z@g) (214)
Comparing (2.11) and (2.13), we note that
ZIJIQ =

1
(193) ; ZJ13 = —5 (z'@z); ZJ23 = (1‘91) (2.15)

N —
N —

The rotations ;01, ;0,, ;03 defined by (2.13) are positive in the counterclockwise sense. We use

this definition in the present work. Gradients of rotation angles can be easily be obtained. Let
{i@}T = [i01,:02, 03] (2.16)

Gradients of rotations in (2.16) ([*®J]) can be obtained using

(€] = {%} or OJ; = agij) (2.17)

The gradient tensor [?®.J] of rotations can be decomposed into symmetric and antisymmetric parts

(©J] and [:°J].

(7] = (27 + 2] (2.18)
(07 = 5 (1] + %))
T (2.19)
[07) = 5 (1)~ [°)")

on the other hand polar decomposition gives
4] = [‘R] [%5,] = [‘s] [*R] 220

The right and left stretch tensors [dST} and [dSl} are symmetric and positive-definite, and [dR} 1s

an orthogonal rotation tensor, a rotation matrix tensor where as [gJ } contains half of the rotation



angles. Deriving rotation angles from [dR} or [R] in general R® may not be possible or unique [46].
Fortunately, there is no need for this here.

Incorporating %/ in its entirety in the derivation of the conservation and balance laws implies
incorporating [gé] ] , and [gj ] (i.e. rotations ;01, ;0,, ;03 about the axes of a triad located at each
material point). Rotations in [gJ ] are internal and completely defined by skew-symmetric part of

[47] or (2.13)-(2.14).

2.1.1 Constitutive theories

The entropy inequality (2.6) expressed in terms of Helmholtz free energy density and the rate
of work (mechanical) conjugate pairs in the entropy inequality are instrumental in determining the
constitutive variables, their argument tensors as well as derivations of some constitutive theories.
Choice of ®, n, ;0, m, and q as constitutive variables based on the axioms of constitutive the-
ory [46,47] and the entropy inequality as well as other balance laws is quite obvious. It is straight
forward to chose the argument tensors of ;0-, m and q using the conjugate pairs in (2.6) including

6 due to thermoelastic behavior.

0 = 0(€,0) (2.21)
m =m('%,0) (2.22)
q=4q(g.9) (2.23)

The argument tensors of ® and 7 at the onset can be chosen based on principle of equipresence

[46,47]. Thus we have the following

d = d(e,'9T,g,0) (2.24)
n=n(e,%J,g,0) (2.25)



At this stage, (2.21)-(2.25) define constitutive variables and their argument tensors. In the present
work we consider (2.21)-(2.23), as well as (2.24), in the derivation of the constitutive theories.

Using the argument tensor of ® in (2.24), we can write

DY o 0%, 09
Dt B B agkl & 8(1(3])“

0. 9P, (2.26)

07 .
i J .
(s )’”agig’ 50

Substituting (2.26) in the entropy inequality (2.6) and collecting terms we obtain the following

00 : 0P o 90N . 90, avg
a o ' — |0 —q. <
(po Oc sakl) €kl + <p0 a(igj)kl mkl) ( sJ)k:l + A (7] + 89) + P, agigZ + 7 < 0

(2.27)

For arbitrary but admissible choice of €, ?J , f and g, the entropy inequality (2.27), holds if

od 0o

p——s0u=0 = ou=p (2.28)
0 Oe 0 Oy
od 0P
b Mu=0 = muy=p_— (2.29)
O(*STw) (ST
0P 0P
o (77 + %) =0 = n= 70 (2.30)
[0)
pa =0 = &#d(g) (2.31)
° 0g;
49: (2.32)
0
and
O =, W.0) ., n=nE 37,0 (2.33)
Remarks

1. Equation (2.28) can be used to derive constitutive theory for o.
2. Equation (2.29) can be used to derive constitutive theory for m.
3. Equation (2.30) implies that 7 is not a constitutive variable as 7 is deterministic from 0®/00.

4. Based on (2.31) we can conclude that ® is not a function of g.

10



5. Inequality in (2.32) must be satisfied by the constitutive theory for q.

2.1.1.1 Constitutive theory for [;c]| based on (2.21)

First, we consider constitutive theories for [so] and [m] based on (2.21) and (2.22) using rep-
resentation theorem. Since [ 0] is a symmetric tensor of rank two, the integrity based on the
combined generators (symmetric tensors of rank two) of [¢] and # (symmetric tensor of rank two
and tensor of rank zero) consists of tensors [I], [¢], [€]%, hence we can represent [,o] by a linear

combination of the combined generators.
[s0] = 1] + %a'[e] + o°[e]? (2.34)
in which
o =% (I, I, I, 0); i=0,1,2 (2.35)

We introduce new notations in (2.34) and (2.35) to facilitate the subsequent details of the deriva-
tion. We define [°G'] = [¢], ['G?] = [¢]?, ie. ['G'];i = 1,2,---, N(N = 2) as the combined
generators due to argument tensors [¢] and 6 and °[' = I, °[®> = I, °[® = I, ie. °l;

j=1,2,---, M(M = 3) as the combined invariants of the same argument tensors.
Then, (2.34) and (2.35), can be written as
N
o] =2+ o' [°C] (2.36)
o' =% (T.0); i=12 Ny j=12-M (2.37)

The material coefficients in the constitutive theory for ;o] are determined by considering Taylor

series expansion of °a’; i = 0,1,---, Nin °[’; j = 1,2, ---, M and 6 about a known configuration

11



{2 and retaining only up to linear terms in °[’; j = 1,2, ---, M and 6 (for simplicity).

o1 o1 Maagi orj orj ag
o =0, + 30 5ol (7= T) +
j=1 ~ 2 2

Substituting (2.38) in (2.34) and collecting coefficients of the terms defined in the current config-

(9—%); i=01,....N  (238)

uration and introducing new notations for the coefficients, we can obtain

M N N
[SO. Z + Z o/b/z O'Q’L Z OAC”L U[j [O‘Gl]

7j=1 =1 =1 j5=1 (239)

i"d (0= 1,) 17G"] = (6= 61,) 11]

=1

Coefficients “ a "Q C.s sy oumyt=1,2,... N;j=1,2,..., M are functions of ”Lj‘n and 6|Q

5’

7 =1,2,..., M. These are the material coefficients.

Remarks

1. This constitutive theory contains (N = 2, M = 3) fourteen material coefficients and con-

tains up to fifth degree terms in the components of [¢], but is linear in temperature 6.

2. A linear constitutive theory in which the products of 717, [°G?] and (9 — 0| Q) are neglected

and only up to linear terms in [] are retained is given by

o] = &%), 11+, T[] + B, [G"] + cuml, (0= 61,) 11 (2.40)

Using the notation b, = 2 pl,, %a, = M|, and using ’I" = tr[e], ['G'] = []. We can write
(2.40) as

0] = @], 1)+ 2 uly [e] + A, (wleD ) = awl, (-0, ) 1) @41)

This is Hooke’s Law in which ;4 and A are Lame’s constants defined in a known configuration

Q.

12



2.1.1.2 Constitutive theory for [m] based on (2.22)

This derivation is exactly the same as for [;o|. Based on representation theorem, we begin with

N
[m] _ mgo [I] + ngi [mgz] (2.42)
1=1

in which

"G =[], "G =[S "G i=1,2,...,N; N =2
(2.44)

mrl __ mr2 __ my3 _ .

™ j=1,2,...,M; M=3
Material coefficients in (2.42) are determined using Taylor series expansion of "a‘; i = 0,1, 2 in
m[i; j=1,2,..., M and 6 about a known configuration {2 and retaining only up to linear terms in

m[i; 5 =1,2,..., M and 0 (for simplicity).

. I R L% . : oo’
myi — mgl|”+jzl ami‘ i (my _ me) n aé@ ) (9— e\g) 7); i=0,1,....N (2.45)

Substituting (2.45) in (2.42) and collecting coefficients of the terms defined in the current config-

uration and introducing new notations for the coefficients, we can write

m] =m’[1]+ > "a, U]+ ) "G+ Y Y e NG
N j=1 i=1 i=1 j=1 (2.46)
=30, (6 8l,) ("G = " (6~ 6],) 1]

Coefficients mgj, "b., m%j, "d., "oy, are material coefficients that can be functions of ™[ J ’Q and 6,.

Remarks

1. This constitutive theory also contains (N = 2, M = 3) fourteen material coefficients and

contains up to fifth degree terms in the components of [i.J], but is linear in 6.

13



2. A linear constitutive theory in which the products of ™7, ["G"] and (6 — 0 Q) are neglected

and only up to linear terms in [:9.J] are retained is given by

[m) = ), 1]+ ™, "L 1] + ", [%] — "l (e - 9|Q) 1] (2.47)

Using the notation "¢, = p and noting that ™[ I = t[19J] = 0, we can write the following

form (2.47)
fm] = m°|, (1] + p8T] = ", (e - e@ 1] (2.48)

A further simplified theory in which the first and the last term in (2.48) are neglected is given

by
[m] = p['9J) (2.49)

in which the material coefficient ;1 can be dependent on the invariants of [(9.J] and ¢ in a

known configuration (2, i.e.

1T

2

IIT
(9]

Q) Gd))

u=u( 1o ) 250

2.1.1.3 Constitutive theory for [;c]| based on (2.28) and (2.33)

Substituting (2.33) into (2.28) we obtain

0
o= 0P (e,79T,0)

) e 2.51)

Due to frame invariance requirement, ¢ must be a function of the invariants of &, i?J as well as the

invariants containing both € and ‘%J. Let °[7; j = 1,2, ..., M be the combined invariants between
e and ‘9J excluding the invariants of ‘{SJ (i.e. I (7 11 (97 i (i© J)), then
M .
o 071’
O =h > (2.52)
R 0717 Deyy,

14



Using °I7; j = 1,2, ..., M, we can obtain the following from (2.52)

N

[so] = %®[1] + Z o' [°G'] (2.53)

where ["G'| are the generators, symmetric tensors of rank two and
% = % (Uy, Lioy e, II](i?J),0> Ci=0,1,2,....N: j=1,2.... M (254

The material coefficients in (2.54) are determined by expanding °a’; i = 0,1,..., N in Taylor
series in °[7; j = 1,2, ..., M and 6 about a known configuration {2 and retaining only up to linear

terms in °[7; j = 1,2,..., M and 6 (for simplicity).

M
o1 __ o1
o' =, + >
j=1

Substituting (2.55) in (2.53) and collecting coefficients of the terms defined in the current config-

) (o7 - ) + a;f

O o—0l): i=01..N 2.55
3”,@ Q( - |Q)J t=U,1,... ( )

uration and introducing new notations for the coefficients, we obtain

M N N
o] =a®|, 1]+ ) 0P+ > BGT+ > > %, [C]
J=1 =1 =1 j5=1

i (2.56)
a ZU—i (9 o 9|:z> "G") — a,,, (0 — 0|Q)[]]

In which %a;, °b;, °c;;, °d; and a0 = 1,2,...,N; j = 1,2,..., M are material coefficients that

70 =450

can be functions of °I7| :j=1,2,...,M, I e
~ Q7 ) ) ) (SJ

Q’ II(zS)J)

o o I ze ),

° 0|_(2'
2 £

Remarks

1. This constitutive theory contains (M + 2N + MN + 1) material coefficients.

2. A linear constitutive theory in [¢] in which all product terms of °I7, [°G’] and (9 — 0 \Q> are

neglected is given by

0] = 0%, [1) + Ty (WlED 1] + B le] —a,,, (0= 01,) [T @.57)
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Using the notation a; =

> 0y = 2 M|Q we can write (2.57) as

0] = %), (1] + Nl (e 1] + 2 pl, ]~y (0 01,) 7 2.58)
where £ and \ (Lame’s constants) that can be functions of [’ |Q g =12.... M, I(i@J) ,
oL S Q

II( e ]II(@J) K G\Q.

2.1.14 Constitutive theory for [ based on (2.29) and (2.33)

Substituting (2.33) into (2.29) we obtain

0P (e,79F,0)

2.
(o) 259

m:pO

Again, due to frame invariance requirement, ¢ must be a function of the invariants of €, i?J as well
as the invariants containing both € and i9J. Let ™[7; j = 1,2,..., M be the combined invariants

between & and i9J excluding the invariants of € (i.e. I, II., III.), then

oo oM
2.
Z omli 8 eJ lk (2-60)

Using invariants ™[7; j = 1,2, ..., M we obtain the following form of (2.60)
N
[m] ="+ "G (2.61)
where ["G'|;i = 1,2, ..., N are generators, symmetric tensors of rank two and
mgzzmgz (m;\[./j7’[€7'[’[57'[]’[576); 7::1727"‘7]\7; j:1727"'7M (2'62)

The material coefficients in (2.61) are determined by expanding ™a’; i = 0,1,..., N in Taylor
series in ™[7; j = 1,2,..., M and 6 about a known configuration {2 and retaining only up to linear
terms in ™[7; j = 1,2, ..., M and 6 (for simplicity).

m_ 1 J 8mgl
-« |Q T Z ol
=1 =

m . i

) (e - mp),) + 885 )

(9—%); i=01,....N (263)
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Substituting (2.61) in (2.63) and collecting coefficients of the terms defined in the current config-

uration and introducing new notations for the coefficients, we obtain

M | N . N M o
[m] =m’ ‘Q 1] + Z "a;" 1] + Z " ["G"] + Z Z e "D [MG]
=1 i—1 im1 j—1

N (2.64)
= 30— 0[]~ (6 0],) 1]

in which "a;, "b;, "¢;;, "d; and oy, 0 =1,2,... Ny j = 1,2,..., M are material coefficients that

can be functions of "[7; j = 1,2,..., M, I|,, II.

- II]€|Q and 0|Q.

Remarks
1. This constitutive theory contains (A + 2N + M N + 1) material coefficients

2. A linear constitutive theory in [?9J] in which all product terms of ™[/, ["G'], (Q - 0|Q> are

neglected is given by

[m] = m°|

)y (WL (1] + 7, (9] —ay, (60— 6L,) (1] (269)

Using "a, = |, [1], ™, = ,u‘ we can write (2.65) as
2 ~le

m) = |, [1]+ Al («l9) (1] + g (9] =, (0-0L,) 1) @66)

In the work presented in this thesis, we consider the following simplified forms of the consti-

tutive theory for ;o0 and m (noting that tr[}9.J] = 0)
[so] = 2p[e] + Aule])[1] (2.67)
and
[m] = p[2] (2.68)

The material coefficients p, A and p can be functions of invariants (shown earlier) in a known

17



configuration 2.

2.1.1.5 Constitutive theory for {¢}

We consider ¢ = q(g, ) and use representation theorem [48-64]. The combined generators
of the argument tensors g and 6 that are tensors of rank one is just g and the combined invariant is

g - g (or ). Thus, we can write [46]

{q} = —%{q} (2.69)
in which %@ = %(, 6).
Material coefficients in the constitutive theory for g given by (2.69) are obtained by consider-

ing Taylor series expansion of % in 9 and # about a known configuration {2 and retaining up to

linear terms in 4 and @ (for simplicity).

0% 0%
q9., — 4 - qr __ q et o
o=, + 5 ) (7= 1l,) + 5 L (0-01,) (2.70)
Substituting (2.70) in (2.69) and collecting coefficients gives
{ay = —hil, {9} —kal, ({0} {a}) {0} ~Hal, (- 01.) {0} @)

This constitutive theory is based on integrity, hence uses complete basis. From (2.70) we can derive

a linear constitutive theory for {q}.

{¢} = —hil, {9} (2.72)

The material coefficients ky, ko, and k3 are in a known configuration (2 and can be functions of 4/,

i.e. {g}7{g} and temperature 6 in £2.
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2.1.2 Mathematical Model in R?

We present expanded form of equations constituting the mathematical model in R? for isother-
mal case. We consider the plane stress case. First, we note that in this case we have only one

rotation ;03 (;01, ;04 are zero) given by

8“1 EMQ
0, = (1 _Ou 2.73
3 <8ZE2 8951) ( )
0 0 0
| 0{:0}
o i
Oy — |22 2.74
=[G =0 0 o o
0(;03) 9(;03) 0
Oz Oza
00 g
[l?ﬂ _ 0 0 %8%5)23) (2.75)
la(i@g) la(ie?)) O
2 0Oz 2 Oxa

Using (2.68) and (2.75) we obtain the following constitutive theories for m,3 and my3 (others

are zero)

18(263) /,f ( 82161 02u2)

Mg = Mg = [l Or1 2 \Oz107s Ox? (2.76)
108y k(O o |
32 = Mag = [i5 Ory 2\ 0x3  0x,01,

The complete mathematical model in R? in the dimensionless form is given in the following

0%, »  O(on)  0(021)  0(4021)
Aae AT Ton T Tom  om " &7
0?us, »  O0(0o12)  0(s022)  0(4012)
A g Atz - dr,  Oxy  Om =0 (278)
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8m13 8m23

+ 2 (4012) = 0;
Oxy Oz o2 (2.79)
a021 = —a012
8u1 8u2
5011 = Dij=— 4 Dig—
011 11 oz, + Do Oz
0 0
(02 = Dy ot 4 Doy o2 (2.80)
81’1 81’2
ou ou
sO12 = 5091 = D33 <0_x2 + 8_x;)
1
Mt — g E() 82161 . 82u2 _ g E() 82U1 . 82u2 (2 81)
13 2 moLQ 8x18x2 8x% ’ 23 2 moLO 81’% 8x18x2 '
E vE E
Dy = Dy = ma Dy = Dy = ma D33 =G = m (2.82)

The dimensionless form of the equations are obtained by first writing all equations with hat (A\)
on all quantities and variables indicating that they have their usual units or dimensions in terms of
length (f}), force (F') and time (£). If we choose Lo, F, and ¢, as reference length, force and time,

then the dimensionless length, force and time are defined as

t
=t (2.83)
lo

3 =

L
L:— F:
Ly’

If we let E = EEy, Ey = 8, & = 2Ly, 1 = mmg, mg = 1oLo = EyLo, 7o = Ey, ji = pEy, and
2 K=K
Eo

e reference speed of sound, then ¢y = 5—3 In this case, —£0

moLo

vy = is in fact unity. Equations
(2.77)-(2.81) are eight partial differential equations in eight variables, w1, us, s011, s022, s012, o012,
mys, Mag, and ;03. It is straight forward to show that if we substitute (2.80) in (2.79), then (2.79)
in (2.77) and (2.78), and (2.81) in (2.77) and (2.78), then we can reduce the complete mathematical

model into partial differential equations (2.77) and (2.78) in displacements u; and us given below.

9%u
R 0 21 - poFlb — Ay (ur, ug) — Asa(ur, ug) =0
g (2.84)
32u2 :
R Ot2 _poF2b_A21(u17u2)_A22(u1,u2):O

20



A ug) = 2 (20w B O Ous
12(U1, U2 1 (’h%(‘?m% 8x% 4 83:?6@ 8$§5I1

Aoy u)——é 0ty N 0ty +g 84uQ+ 0y
2L\ 02308, | 021043 4 \ 0xf  0x20x2

(2.86)

Remarks

1. We note that the complete mathematical model now consists of two fourth order partial

differential equations in displacements u; and w5 resulting from balance of linear momenta.

2. Aqp(uy,uz) and Ag;(ug,us) are due to classical continuum mechanics. These contain only

up to second order derivatives of displacements u; and us.

3. Ajs(uq,uz) and Ags(uq,us) are due to internal rotations (non-classical continuum mechan-

ics). These contain up to fourth order derivatives of displacements u; and us.

4. Equation (2.84) are ideally suited for finite element formulation based on space-time decou-
pled method using Galerkin method with weak form (STDGM/WF) in space. The resulting
finite element formulation can be used to study: (i) natural modes of vibrations (ii) un-
damped transient response using mode superposition method or by using direct integration

of ordinary differential equations in time.
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Chapter 3

Finite Element Method Considerations and

Formulation

3.1 Considerations in the Finite Element Formulation

For thermoelastic non-classical solid continua with internal rotations in which the mechanical

deformation is reversible we consider the following.

(i) Undamped natural vibrations for which the BLM equations (2.84) in u; and us are ideally
suited. We consider the finite element method using space-time decoupled Galerkin method
with weak form in space yielding mass and stiffness matrices. Eigenpairs using this finite
element formulation based on classical continuum mechanics and non-classical continuum
mechanics are calculated using subspace iteration method or Householder-QR method and

are compared.

(i1)) Undamped transient dynamic response is calculated for the mathematical model based on
classical continuum mechanics and non-classical continuum mechanics using normal mode

synthesis (or mode superposition) techniques utilizing the normal modes determined in (1).

(i11) Transient dynamic response using space-time coupled finite element method based on space-
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time residual functionals (space-time least squares method) can also be determined. The
space-time integral form in this approach is space-time variationally consistent (STVC),
hence the computations remain unconditionally stable during the computation of the entire
evaluation. Time response can be computed using a space-time strip with time marching. In
this approach, the mathematical model of evolution in R? naturally yields a space-time finite

element requiring 3D finite elements. This work is not presented in this thesis.

(iv) ODE:s in time resulting from space-time decoupled method using GM/WF in space are also
integrated using Wilson’s # method to obtain transient dynamic response. This solution is

compared with the one obtained in (ii).

(v) Since the ODEs in time when transformed in modal basis are decoupled, and each ODE has
an analytical solution, time response is also calculated using superposition of the analytical

solution of each ODE in time and compared with the time response calculated in (i1) and (iv).

3.2 Finite Element Formulations

For thermoelastic solid continua, the space-time differential operators are not self-adjoint [65],
hence space-time Galerkin method (STGM), space-time Petrov Galerkin method (STPGM), space-
time weighted residual method (STWRM) and space-time Galerkin method with weak form (STG-
M/WF) all yield space-time integral forms that are space-time variationally inconsistent [65], hence
can not ensure unconditionally stable computations. Only space-time integral forms based on
space-time residual functional (space-time least squares method or process STLSP) is space-time
variationally consistent, hence ensures unconditionally stable computations for all possible choices
of dimensionless parameter of the model problem and computational parameters (h, p, k). In
STLSP we have more than one choice of the specific form of the equations in the mathematical
model [65].

In the space-time coupled methods using STLSP [65] accurate time response computations

can be performed of the mathematical model. However, studies of normal modes of vibration
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using the mathematical model based on classical as well as non-classical continuum mechanics
requires mass and stiffness information which is only possible in space-time decoupled finite ele-
ment formulations based on Galerkin method with weak form in space. We consider this approach.
For space-time decoupled GM/WF in space, the mathematical model in terms of BLM expressed
in terms of w; and wuy is highly meritorious, but is cumbersome to work with. In this thesis,
we present an alternative procedure that is also based on space-time decoupled approach using
GM/WEF in space that has a simpler derivation but eventually yields same integral form as using

BLM in u; and us.

3.2.1 Space-time Decoupled Finite Element Formulation using GM/WF in
Space

We begin with the balance of linear momenta in uy, us, s and .o (equations (2.84)) V (z,t)

Ai(ur,ug) = p 52 o Fy — Avi(ur, ug) — Aa(ug, ug) =0 (3.1)
82u2 b
Ag(ur, ug) = %W - POFQ — Az (ur, ug) — Agz(ur,uz) =0 (3.2)
in which
19) sO 0 sO 0 a0
All(ulyu2) = ( 11) + ( 21); A12(U17U2) = ( 21)
81’1 81’2 81’2 (3 3)
3(5012) a(sCT22) 8(a012) '
91 (U1, ug) 9z, + Oy 92 (U1, ug) O

Let QT = [JQ¢ be discretization of spatial domain 2, in which Q¢ is a typical finite element e.
We consider nine node p-version hierarchical finite element Q¢ [65,66]. The local approximation
over ()¢ are higher order and higher degree in the local approximation space V,, C H"? (Q¢2). Q¢

is mapped into a two unit square in natural coordinate space &, 77 [65]. We construct integral form

of (3.1) and (3.2) over Q¢ using fundamental lemma of calculus of variations [65]. Let (u1);, and
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(u2);, be approximation of u; and uy over )¢, then we can write

(), = D NHEmI (1)
(uz)y, = D N (&, m)oi(¢)

i=1

(3.4)

in which N, (&, 7n) and N;"*(£, n) are local approximation functions of spatial natural coordinates

¢, n, and 6;"(t) and §;(¢) are corresponding nodal degrees of freedom that are functions of time

only. Let w; and w, be test functions such that w; = d(uy); and wy = 0(u2);, then

wlzN]ul(gﬂn)) j:1727"'anU1

wQZN;LQ(gﬂn)7 j:1727"'aHU2

Consider scalar products (A; (u1, ug), w1 )ge and (A; (u1, ug), wa)ge
e e 82(u1)e
(A1 ((u1)y, (u2)y,) ,wl)gg = (PO Wh, wl)ﬂe - (P[)Ff7w1)g—2

e
T

— (An ((w)y, (u2)y)  wi)g. — (Arz (), (u2)y)  wi)g,

e
T

e e 62(U2)Z b
<A2 ((ul)h’ (u2)h) an)Qg = po o2 y W2 T (pOF27w2)Q
Qg

— (A2t ((u1)y, (u2)y) s wa)g. — (Azz ((ur)y, (u2)y) , w2)g

e
T

First consider

e e 8(5011)6 8(5021)6
(All ((ul)h7 (u2)h) 7wl)Qg ( 81’1 h + 81'2 h7w1

(3(#712)2 n 9(s022)), w2)

(Agy ((ul),i, (u2)2) 7w2)Qg 1, 0xy

25
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(3.6)

3.7

(3.8)
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We transfer one order of differentiation from stress terms to w; and ws in (3.8) and (3.9).

(e () s iy, == [ (G2 o+ 52 o)) a9,
Qg (3.10)
+ Jil{ﬂh ((s011)ynay + (s021)0a,) AT
J
(Ao ((ur)y,, (u2)}) ,wg)Qgz = — / (2—1;12(5012)2 + 2—2(5022)2> aQ,
Qg (3.11)
+ 7{ Wy (s012) 1y + (s022)10y) dT
J

(u1);, and (ug)j, are primary variables and their coefficients are secondary variables. Let ¢ and

“t,, be secondary variables defined by

ey = (s011) 510y + (5021) s (3.12)

by = (5012) 510, + (5022) 5Ny (3.13)

We can now write (3.8) and (3.9) as follows

(Aur ((un)y,, (u2)y,) s wi)g. = By ((un)y, (u2)y;wi) + U4 (wr) (3.14)

(Az1 (1), (u2)y,) s wa)ge = By ((un)y, (ua)y; we) + U (w2) (3.15)

where
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e . . ow . Ow .
B ((u1>h7 <U2)h3 wy) = _/ (8_3611(5011)h + 3721(8‘721)h> dSl, (3.16)
Qf
clfl (wl) :j{wlctmldf (317)
]_"e
e . . ow . Ow .
B3, ((u1>h7 <U2)h3 wy) = _/ (8_5(5‘712% + 3722(8022)h) dSl, (3.18)
Qf
U5 (wy) :fwgctmdf (3.19)
Fe

Next we consider (Ajs ((u1);, (u2)y) ,wl)Qg and (Ags ((u1)y, (u2)y) ,wg)Qg in (3.6) and (3.7).

First we substitute ,09; and 4,001 = —,0712 from (2.79).

(s (s () ), = = (o (5 (Sl s 20 )) ) o)

o (1[0 0 .
(oot ol = (5 (5 (TG + 7522 ) ) 02
05

We transfer one order of differentiation with respect to x5 on w; and one order of differentiation

with respect to x5 on wsy in (3.20) and (3.21) respectively to obtain

O e e L)

T —57 61’2 axl axQ
UL ol | omaa) o
1 mi3)y ma3)p
2 %un ( 8x1 + ax2 ) nmdr
I_‘E
e e 1 ow a(m 4 a(m )
(Azs ((w);, (u)}) wn)g, = — §/ 89612 ( (8;13)h n (ajj)h) s,
L om0t -
1 mis)y, ma3)p
+ 5 fwl < 61’1 + 6.1'2 ) nu’vldr
1"8



We transfer all of the differentiation from (m3); and (mo3);, to g—”j; and g—”“;f to obtain

1 82?1)1 e (92’LU1

(Ax2 (1) (u2))) , wi)ge = — 5_/ (m(mls)h + 8—:@(7”23%) ds2,
Se
8w1

+ % (({)_x2 ((ma3)p7e, + (mas)inxz)) dr’ (3.24)

FE

d(muz);, | O(mas)),
?{wl ( 61}1 + 8x2 nxQdF

. . 0 ¢ . . .
Primary variables are E;LTQ" and (u,);, and their coefficients are secondary variables

1 8211}2 e 82w2

(s () (6], = 5 [ (G52 0mal 4 52, )

0
_ ?{ (a_w? ((ma3)5ne, + (m23)2nm2)) dr’ (3.25)
Zq

I‘e

d(miz), | O(mas)),
—i—]{wg( o + Do Ny dI’

FE

Primary variables are B(;_;Q);; and (u»); and their coefficients are secondary variables. We define

secondary variables "“t,,, "“t,, and m,, as follows

ney, — d(mas);, + d(mas);, ", (3.26)
0xq 0x-

nctm2 _ a(m13)h + 8(m23)h Ng, (3.27)
(‘9901 81‘2

My, = (Ma3), N, + (Ma3)) N, (3.28)

Now we can write (3.24) and (3.25) as follows

(Asz ((w1)y, (u2)y) , wi)ge = "Bia ((w1)y, (u2)y; wr) + "5y (ws) (3.29)

e
x
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(Azz ((u1)y,; (u2)y)  w2)g. = "By ((ur)y, (u2)y; wa) + Uy (w2) (3.30)

where

e e 1 0? e 0? e
nchQ ((ul)h7 (Uz)h; wl) = — _/ ( w1 (m13)h —+ a—u;l(mgg,)h) de (331)

2, 01102 x5
Qg
ncje awl nc.
l12(’LU1) = %mndr — w1 tmdf (332)
re ? re
nepe e e 1 82’1112 e 82’(112 e
B3y ((u1)y, (u2)),; wo) 25/ (a—x%(mm)h + M(mzs)h) ds, (3.33)
ncje aw2 nc.
l5o(we) = — ¢ ——m,dl' + ¢ wo"t,,dl’ (3.34)
8.’131
re re

Using (3.14) and (3.15) and (3.29) and (3.30) in (3.6) and (3.7) we obtain the following weak form
of (3.6) and (3.7)

Q5 (3.35)

— "By, ((ul)iu (U2)Z; wy) — "Ujy(w1) — (P()Ff,m)ﬁ

(Ar () (25 w1 = (5200 ) — By (), () 0n) — 05 (1)
ot

e
x

(Az ((u1)y, (u2)y,) ,w1)

2

e
xT

82 U ¢ e e cje
- <p0 ét§>haw2> — By ((wa)y,, (u2)y; w2) — U5 (wr)
Qe (3.36)

— "By ((un)y,, (u2)y; wa) — "5y (w2) — (9 F5,wa) g

e
T
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or

e e 8%u)e cpe e e
(A () )) wnge | (855w ) o | B, (e (o))
e e a 02 (u2)s, che e e.
(Az ((ur)f, (ua)f)  w2)g, (255 ws) By (un);, (o) w2)
) Bl (W) (wa)yswn) [ ] 0 (wn) + T, (wn)
\”CBSQ ((u1)y, (u2)p; wa) 151 (w2) + U5, (ws)
(
- (/%Flb?w1>m
0%P§7UQ)Q
(3.37)
‘We note that
ow nc
Ao+t | i [ fentadr s § Gtmadr = futir
U5 (we) + ™15y (wo) 15 (wo) f Wyt dl + f Qwy mndf f Wyt dl’
L (3.38)
56 wy (ty, — "ty ) dl + ji Sem,,dl
p— Fe
$ wa (tay + "ta,) dU + § F2my,dT
\I'e Ie

We substitute (u;)}, (uz2); from (3.4) in the expressions for stresses and the moments given by

(2.80) and (2.81). Then, we substitute (2.80), (2.81) and (3.5) in (3.16)-(3.19) and (3.31)-(3.34) to

obtain the following.

\

‘Bl ((Ul)Zv (UZ)ZﬂUl)
‘Bs ((UI)Z’ (U2)Z§w2)

/

.
"By ((u1)y, (u2)y; wi)

"BS, ((u1);,, (ua2)}; w2) )

30

= [K{o°(0)} (3.39)

= —["K {0 ()} (3.40)



= M)

Iy
@\ — { } :{Fe}

(IOFvaw2)Q; {FZE}
in which
Kl KL, o™
S [0 S| D (GO
[(‘K5] K] {d"=(¢)}

81‘1 le 6952 8$2

ON;* ON;* ON™ ON}?
(KG,) Ly Dyt T ) A0, = 1,2, e
12 /( 891:1 81'2 + a3 31’2 8351 ) ’ ! T A

ON;" ON" IN™M ONM
(‘K1y), :/(Dn I + Dg3— ] )de; i,j=1,2,...,n"

ONM" ON" ONM" ON "
°KE). = D 1 4+ D C J dQ,; 1i=1,2,...,n";
( 21)1] / ( 33 axl 81'2 + Doy (91'2 8%1 ) ;o ) &y ,

ONY2 QN2 IN¥2 QN2
(CKQEZ)ij = / (D33 - —+D : : ) dQ; 1,7 =1,2,...,n"

3:1;1 al'l 2 81‘2 8:52

cpe {CPle cpe c .
{P} = ; (P):— Nite,dl'; i=1,2,....n

(°P§), /thmdl“ i=1,2,....n

31

[°K°] is the element stiffness matrix due to classical continuum mechanics only (°K¢),; = (K°)

(3.41)

(3.42)

(3.43)

(3.48)
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i.e. [°K€] is symmetric.

ncKe 'I’LCKS
ey _ | (6] P
RN
and
1 GENM QPN 2NM OENM
nepce) = i J L) O, i =12,
( 11)U 43@/ (89&131’2 8:618332+ dxi  0x3 ) B
o 1 E)QN;“ 92 Nv2 azNim O? N2
("Kis)iy = __/i/ ; 2 — ) d%; i=1,2,
4 0x10xy Oxy Oxs 0x107,
Qg
1 O°Ny2 O*Nj* - 92N> O°NJ!
nepre y i J i J de  =1,2....
(K1) 4/~L/( x? 8x18x2+8x18x2 0z ) LT
Qg
| O2N2 O*Nj* 92N> O’Nj*
negre Y~ i J i J de .1 =1,2....
("K3%);; 4~/( or?  0x? +8x18x28x18x2> Y Y
We note that ("°K°),; = ("K°),;, i.e. [*“K*] is symmetric.
L) gy
[M°] =
[Mz,] - [Mz)]
(M), = /%N?N}“dﬁx; ij=12..n"

u2

ui. y —
cntty g =1,2,...,n

u1

(M261>ij = [0];
ij _/poNinjwde? 6y =1,2,...

Qe

x

1=1,2,...,n"*;, j7=1,2....n

u2
,n
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(3.49)

nM (3.50)

(3.51)

(3.52)

,n'" (3.53)

(3.54)

(3.55)



(Fle)i:/poFleiulde; 1=1,2,...,n"

Qe

’ (3.56)
(Fy), = /%FQ”Nj‘Qde; i=1,2,...,n"
Details of the secondary variable vector containing [¢(w;) and I5(ws) are obtained by expanding
each of the contour integrals in there over the element closed boundary 1'¢ [65, 66]. Details are
straightforward. Here we simply use the following compact notation [65, 66].

5 Py
w) | A7 () 3.57)

15(wy) {PQG}

Lastly {0¢(¢)} is a vector of nodal degrees of freedom for (u;); and (us);, i.e.

51&1
{oc@)}y = 1o (3.58)

()

in which {0"*} and {0“2} are nodal degrees of freedom for (u,); and (us); for an element e with

spatial domain Q;. Substituting (3.39)-(3.57) in (3.37) we obtain

(A1 ((u1)y, (u2)y,) , w1)qe
(A2 ((ul)fw (UQ)Z) ,w2)gg

= [MS(6)} + [[K] + K {6° ()} — {F°} — {P} (3.59)

Assembly of the element equation (3.59) follows standard procedure [65,66] and we obtain

€

(Ar ((w1)y, (u2)y,) , 01)ge
Z z

€ (A ((ul)i, (U2)2) ,w2)Qg

= [M{5 ()} + [[K] + KN {5()} — {F} = {0} (3.60)
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in which

(M) =) M) [K]=) [K; ["K]=) [“K]

€ € €

{3(t)) = g{éfe(m; o)} = Uy (3.61)
Pr=3"1P} and {F} =3 U{F)

Through interelement conditions and specified nodal loads some components of {P} are zero
and the nonzero known components are absorbed in { F'}. Equations (3.60) are a system of second
order ODEs in time in which [K] and [*°K| are stiffness matrices due to classical and non-classical

physics and [M] is the mass matrix for discretization QT of the spatial domain Q.
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Chapter 4

Solution Methods of ODEs in time

4.1 Methods

In this chapter, we consider solutions of ODEs in time (3.60) resulting from decoupling of

space and time using GM/WF in space. We consider:

(i) Natural modes of vibrations associated with (3.60)

(i1) Transient dynamic response using normal mode synthesis and direct numerical integration of

the ODEs in time.

Details of the three types of studies considered here are given in the following.

4.1.1 Natural Modes of Vibrations

Consider (3.60) with [K] = [*K] + [*K], total stiffness matrix for the discretization Q.
M3 (0} + [K]{8(6)} = {F(1)} (4.1
For harmonic excitation
F(t) = {F}sin(wt + «) 4.2)
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the response
(5()} = {®) sin(wt + @) (4.3)
holds. Using (4.2) and (4.3) in (4.1) we obtain
[[K] = ?[M]] {2(t)} = {E} (4.4)
For natural vibrations {F'} = {0} and we have the following
[[K] —w’[M]] {@} = {0} 4.5)

eigenvalue problem with the eigenpairs (w?, {®},); i = 1,2,...,n, in which w; is the ™ natural
frequency of vibrations in (Hz) and {®}; is the corresponding mode shape. These are calculated

using subspace iteration method or QR-Householder method.

Remarks

1. Since [°K| + ["“K], progressively increasing non-classical physics due to progressively in-
creasing f will result in higher stiffness [K]. Thus when ;2 # 0 the natural frequencies w;

are always higher than the classical case (u = 0).

2. Since increase in stiffness results in reduced deflections, the mass normalized eigenvectors
{®},; are expected to exhibit progressively lower amplitude with progressively ;. compared

to classical case.

3. In the model problem study we present results for different values of y and comparisons with

the classical case (¢ = 0).
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4.1.2 Time Response using Direct Numerical Integration of ODEs in Time:

Wilson’s 0 method

We can consider direct numerical integration of ODEs in (4.1) using unconditionally stable
integration methods such as: Houbolt method, Newmark method, Wilson’s ¢ method etc. [65,67].
Alternatively, we could also consider finite element method in time [65] with local approximation
in higher order, higher degree scalar product space in time. In the present work we present model
problem studies using Wilson’s # method to demonstrate the influence of non-classical physics on
the evolution. A summary of Wilson’s # method is given in the following.

In Wilson’s 8 method with linear acceleration, the acceleration {5 } is assumed to be linear in
the interval [¢,¢ + #At], where § > 1. For this method to be unconditionally stable, § > 1.37, but

6 = 1.4 is generally used. Consider
(MI{0} + [K){6} — {F} — {P} =0 (+.6)

The method to time integrate equation (4.6) using Wilson’s ¢ method with linear acceleration is

briefly outlined below (see reference [65] for more details).

(i) When the initial conditions at time ¢, is given, say {0}, and {J},,, then the initial acceleration

{(5 }+, is obtained by solving for {(5 i, in equation (4.6) at time .
{0 b = (M) ({F i + {Phiy — [K{0}4)) (4.7)

(ii) Calculate {0}49a¢ by solving the equation below [65].

6 6 6 . .
W[M] + [K]| {0} er0ar = {f begonr + W[M]{é}t + @[M}{é}t +2[M]{d }:
4.8)
(iii) We calculate {5 }i19a¢ using the equation below.
: 3 . OAL
{0} ironr = @({5}t+9m —{6}) —2{d}: — 7{5}t (4.9)
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(iv) Calculate {5 }i1oar using the equation below.

6

Bhons = amhon = 03) — g O —28) @0

(v) Then, the solution ({0}, {5} and {5 }) at the next time step ¢ + At is calculated by the

following equation.

(AL)? (AD)? = .
. = (B o — {510)

{5}t+At = {5}t + At{g}t + ?—;({g}twm - {5}t) 4.11)

(heene= ()t 5T honc— (51

{0 ieae = {6} + At{é}t + {5}t +

Steps (ii) to (v) are repeated until the desired final time is reached.
Wilson’s 8 method if applied to the ODEs in time before transformation to modal basis will re-
quire damping coefficients. 6 > 1.37 is a requirement for Wilson’s # method to be unconditionally

stable [65,67]. But a small enough At must still be chosen for accuracy of the solution [65].

4.1.3 Time Response using Normal Mode Synthesis

In this method, the ODEs in time given in (4.1) are transformed to modal basis using change
of basis. Let (w;, {®};); i« = 1,2,...,n be the frequencies and the mode shapes obtained using
(4.5) and let w; be arranged in ascending, i.e. w; < wy < -+ < w,. We construct a matrix [P]
containing mass normalized eigenvectors corresponding to wy, wo, . . . , wy, as its columns. It is well
known that the transient dynamic response of a dynamic system can be constructed using only few
lower modes (m) of natural modes of vibration [65], hence the motivation for choosing only m

modes. Consider change of basis using

{0()} = [®{z(t)} (4.12)

in which {z(t)} are the modal participation factors and [®] contains m columns of eigenvectors.

We substitute (4.12) in (4.1) and premultiply by [®]” and noting that {(5 (t)} = [®]{Z}, we can
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obtain

(@] [M][@){i} + [®]" [K][®){z} = [@]{F (1)} (4.13)
IH{ED)} + {2} = {F} (4.14)

Equation (4.14) are m decoupled second order ODEs in time, thus these can be written as

~

i) +win(t)=F; i=1,2,....m (4.15)

For simple Fz (constant, harmonic etc.), (4.15) has analytical solution [65]. Equation (4.15) can
also be integrated in time using explicit or implicit time integration methods [65]. In the present

work we use analytical solutions of (4.15) [65].
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Chapter 5

Model Problem Studies

5.1 Description of Solution Methods Used

The ODEs resulting from decoupling of space and time using GM/WF in space are used to

study
(i) Normal modes of vibration
(i1) Time response or transient response

(a) Using normal mode synthesis

(b) Direct numerical integration using Wilson’s # method

The model problem consists of a plane strip of length 60" width 1" and thickness 1" shown in
figure 5.1 with a load of magnitude P applied at the midspan of the strip. The following reference
and dimensional quantities are used to nondimensionalize the mathematical model (see reference
[65]) and the model problem: Ly = 1in, g = 0.289018 Pm/in?, Ey = 30 x 10° psi, vg = \/%o/,
to = Lo/y, in which Ly, 0 Ey, vy and ¢, are reference length, density, modulus of elasticity,
velocity and time. Properties of the strip (quantities with units, indicated by hat (A) on them)
and dimensions are given in the following (figure 5.1). E =30 x 10° psi, p = 0.289018 bm/ix3,
v = 0.3. We choose L = 60", hxb= 1"x1",hence L =60, h xb=1x1,E=1,p=1.
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The quantities without hat are dimensionless quantities. We choose magnitude P = —2.96 x 107°
which corresponds to static deflection of —0.4 if the strip is treated as an Euler-Bernoulli beam.
A uniform discretization of nine p-version plane stress elements is considered. We consider local
approximation of class C(€2¢) is higher order scalar product space V' C H*?(Q,); k = 2 with
pe = pn = 7. Initial convergence studies performed for progressively increasing p-levels (p > 3)
confirm that for p = 7, the completed solutions are converged. In the numerical studies we consider
dimensionless p of 0.001, 0.01 and 0.1 that correspond to progressively increasing influence of

internal rotation physics. The y value of 0.0 obviously corresponds to CCM only.

T2
L/2 b=1
| P/2 < ~
¥
u1 =0 ¥
uo=0 | _ _ _ _ _ _ _ _ _ - | s T h=1
i©3=0 lp/2 u1 =0 \
1 =0 ¥ ug =0
| L | i1©3=0
[ x1 =L

Figure 5.1: Clamped-clamped strip schematics, loading and boundary conditions

5.1.1 Natural modes of vibrations

Natural modes of vibration are calculated using mass matrix [M| and the stiffness matrix [K]
corresponding to p = 0.0 (CCM) and p = 0.001, 0.01, 0.1. The eigenpairs are calculated us-
ing Householder QR as well as subspace iteration method. Eigenvectors are mass normalized
and scaled proportionately so the their magnitude are truly relative to each other. In this thesis, we
report first six eigenpairs. Figures 5.2(a)—(c) and figures 5.3(a)—(c) show plots of first six eigenvec-
tors corresponding to the bending modes of the strip. We note that with progressively increasing
p the stiffness increases but the mass remains unchanged, hence for ¢ = 0.0 (CCM) we expect
the lowest frequencies of vibration. With progressively increasing y, the natural frequencies will
increase and the corresponding time period will decrease for each mode. This is confirmed by the

frequencies reported in the plots in figures 5.2 and 5.3. Since for p = 0.0 the stiffness is lowest
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compared to all other values of 4, hence the amplitudes of the scaled mode shapes are largest for
p = 0.0 and progressively decrease with progressively increasing value of y. Most dramatic illus-
tration of progressively reducing magnitudes of the eigenvectors with progressively increasing p

values is seen in figure 5.3(c) (sixth eigenvector).

5.1.2 Transient response using normal mode synthesis

We consider load P applied at time ¢, = 0 at the midspan of the strip and maintained for all
values of time ¢ > 0. The ODEs in modal basis are decoupled second order system of equations
that have analytical solution (used here). The time response calculations using one to three modes
of vibration show that for the illustrative study considered here, use of first normal mode suffices.
From the natural modes of vibration we note that the progressively increasing value of 4 results in:
(i) progressively increasing stiffness (ii) progressively increasing natural frequencies (iii) progres-
sively decreasing time period for each mode. Thus, time response for 1 > 0 will always lag the
time response for u = 0. Figures 5.4-5.6 show time response for 1 = 0.001, 0.01, 0.1 as well as
po= 0 (CCM) for 0 <t < 1.57, T being the time period for the first mode when p= 0.

Figures 5.4(a), (b), (c) show time response for y = 0 and 0.001. These graphs correspond
to0 <t <Thp Th <t<T,T <t < 1.5T. First, we describe the motion of the strip for
po= 0. For 0 < ¢ < T/5, the motion of the strip is in the negative x5 direction, reaching maximum
deflected position at t = 7/2 (figure 5.4(a)). For T/2 < t < T, the strip motion is upward, reaching
a stationary undeflected state at £ = 7. For ¢t < t < 1.57), the strip deflects in the negative x5
direction from its undeflected position at ¢ = 7' to maximum deflected position at t = 1.57". Upon
continued evolution, the cycle 0 < ¢ < T repeats without amplitude decay. When we compare the
strip deflection for p = 0.001 in figures 5.4(a), (b) and (c) with the strip reflection for p =0, we
note that: to arrive at a chosen deflected position for ;o = 0, the evolution requires more time. The
deflection of the strip for ¢ = /2, T and 1.57 when po= 0 is never achieved when po= 0.001 to

increased stiffness at p = 0.001. From figures 5.5(a)—(c) and figures 5.6(a)—(c) for p = 0.01 and

0.1, we observe similar behavior as in figures 5.4(a)—(c) but more pronounced due to increasing
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Figure 5.2: Mode shapes 1-3 using QR-Householder method
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Figure 5.3: Mode shapes 4-6 using QR-Householder method
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stiffness with increasing p. Deviation between the deflected position at ¢ = 7//2, T" and 1.57 for
4 = 0 and the maximum deflected corresponding position for ;x = 0.01 and 0.1 increases as
increases. Progressively increasing stiffness, increasing natural frequencies, reducing time period

with progressively increasing (. is clearly observed in figures 5.4-5.6.

5.1.3 Transient dynamic response using Wilson’s 6 method

We consider ODEs in time resulting from the space-time decoupled GM/WF in space and
integrate these using Wilson’s # method with linear acceleration. We choose an integration time
step At = T/i00 in which T' = 27 /., w; being the first natural frequency corresponding to p = 0.
This choice of At is quite conservative and works well for 4 = 0.001, 0.01, 0.1. Figures 5.7(a)-
(c) through figures 5.9 show time response for 0 < ¢ < 1.57" for 4 = 0.001, 0.01, 0.1 as well as
for ;1 = 0.0. We observe exactly similar behavior as in figures 5.4-5.6.

We remark that response in figures 5.7-5.9 are different than in figure 5.4-5.6 due to the fact
that normal mode synthesis requires large number of modes and high accuracy of the mode shapes
for accurate time response. The numerical studies demonstrate the differences in time response for

classical and non-classical continuum mechanics using direct integration methods.
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Chapter 6

Summary and conclusions

In this thesis, we have considered dynamic behavior of thermoelastic solids using the mathe-
matical model based on non-classical continuum mechanics incorporating internal rotations. Math-
ematical model for plane stress problem in R? is considered to present details of the explicit equa-
tions in the mathematical model including constitutive theories. The space-time differential oper-
ator in the mathematical model is linear but not symmetric. To study natural modes of vibration,
mass and stiffness are essential. This necessitates that we consider space-time decoupled finite ele-
ment method using GM/WF in space. It is shown that GM/WF in space results in symmetric mass
matrix and the symmetric stiffness matrix that is sum of the stiffness matrices due to CCM and
NCCM. The stiffness matrix due to CCM contain up to first order derivatives of the approxima-
tion functions in space whereas the stiffness matrix corresponding to the non-classical continuum
mechanics contains up to second orders of the approximation functions. This necessitates that at
the very least we must consider local approximations of class C'! when considering both CCM and
NCCM. For this choice of the integrals over QT (discretization in space) for classical mechanics
are Riemann but are in Lebesgue sense for the non-classical part. We consider model problem
with solutions smooth enough so that weak convergence of the solutions of lower class to the solu-
tions of higher class are achievable. We make the following specific observations and draw some

conclusions.
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(i)

(111)

@iv)

When considering CCM the stiffness is lowest, this yields largest deflections, lowest frequen-

cies (natural modes) and faster time response compared to NCCM with internal rotations.

Presence of internal rotation physics when resisted by the deforming solid continua results
in additional energy storage, increased stiffness, higher natural frequencies and slower time
response. This has been illustrated clearly in the model problem studies for: natural modes

of vibration and transient dynamic response.

We remark that the internal rotation physics can not exist by itself without the presence of
CCM. That is the ODE:s in time in the absence of stiffness due to CCM can neither be used

for natural vibration calculations nor transient dynamic response.

Since the physics of internal rotations is due to the antisymmetric part of the deformation gra-
dient tensors [/], it is always present in all deforming solid continua. In some applications,
it may be more significant than the others. Varying internal rotations between neighboring
material points when resisted by the deforming solid, result in moments. Thus, in the present
work the moments (and Cauchy moment tensor) exist due to the presence of internal rota-
tions. Whereas in couple stress theories assumption of the existence of moment necessitates

existence of rotations.
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