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ABSTRACT
HIV is a global pandemic that affects millions of lives every year. Vaginal gel formulation
has been touted as an effective strategy to fight sexually transmitted diseases (STD) by acting as
a physical barrier, and also by delivering active pharmaceutical agents at the intended location.
Microbicidal gels can act as a low cost, self-administered method to prevent HIV and other STD’s.
The overall long term goal of our research group is to rationally design these delivery vehicles by
optimizing their rheological properties for their specific applications. In that regard, there has been
an ongoing effort in our group to mathematically model the flow of thin films in order to understand
the dynamics and stability of these films, so that we can understand/predict the behavior of the
gel during their applications. In my dissertation, I have used thin film lubrication theory to develop
mathematical models of (a) boundary elasticity-driven squeezing flow of yield stress fluids, (b)
rupture/dewetting of Ellis-type shear-thinning liquid films, and (c) contact line instability of Ellistype shear-thinning liquid films. Our investigations showed that yield stress can improve the
control over the spreading characteristics of liquids, and also possibly aid in the retention of liquid
in place. We have demonstrated an optimization framework that can be used to estimate the
rheological properties of microbicidal gels for different combinations of tissue elasticity, initial
bolus volume, and deployment time. Numerical models of the rupture and dewetting of Ellis-type
thin films showed that the shear-thinning rheology could accelerate the rupture process which
could create dry spots earlier than Newtonian fluids. Dry spots are usually unwanted for both
functional and aesthetic purposes. Numerical models of contact line instability have shown that
the shear-thinning rheology increases the finger growth rate for vertical inclines but shows a more
complex behavior for flatter inclines. For flatter inclines, the most unstable mode shifts to larger
wavelength but the finger growth rate is dependent on the degree of shear-thinning. Fluids with
low degree of shear-thinning suppress the fingering but fluids with the highest degree of shear-
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thinning show an increased growth rate despite the shift in the most unstable mode to larger
wavelength. This behavior possibly occurs due to the decrease of apparent viscosity far beyond
contact line, especially for fluids with a narrow range for the Newtonian plateau. Lubrication theory
can be applied in the modeling of numerous biological and industrial applications. The models
developed here are not limited to any specific application, and can easily be modified to study
other applications that involves non-Newtonian fluids.
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Chapter 1
INTRODUCTION

1.1

Overview and Objective

Study of the dynamics of “thin film flow” is critical for designing effective anti-HIV
microbicides that are intended to be used in a complex biophysical environment. Thin film flows
or coating flows have been studied for various biological, geological and industrial applications
such as microbicidal drug delivery [1-6], lung surfactants [7], synovial fluids [8], tear films [9, 10],
mud flow [11], lava flow [12], industrial paint/coating flows [13-15], etc. The study of thin
Newtonian liquid films (e.g. spreading, rupture, contact line instability) has been the subject of
extensive investigation for many years [16-18]. However, non-Newtonian rheology (shearthinning, yield stress) plays an important role in the overall flow dynamics and instability of nonNewtonian fluids. There is a definite gap in knowledge in terms of understanding the behavior of
non-Newtonian thin film dynamics and instability. These gaps hinder the design of effective
delivery vehicles for microbicide deployment.

Our long term goal is to use the knowledge of fluid mechanics and polymer rheology to
simulate the physical behavior of drug delivery systems in complex environments, and to apply
this knowledge in designing delivery vehicles containing STI preventive and/or therapeutic agents.
The objective of this dissertation is to investigate the effect of non-Newtonian rheology on three
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different scenarios involving thin films: squeezed film flow, film rupture/dewetting, and contact line
instability. The overall hypothesis of this project is that non-Newtonian rheology of thin films can
be used as important design variables for the development of microbicide gels, and mathematical
modeling of non-Newtonian thin film dynamics can help in understanding the behavior of the
delivery vehicles in-vivo. The rationale for the proposed research is that, once the dynamics of
non-Newtonian thin films are clearly understood, we can make informed decisions about
designing the delivery vehicles.

We accomplished our objectives through studies performed under 3 specific aims:

1.

Mathematical modeling of tissue elasticity and gravity-driven squeezing flow of
microbicidal gels and optimization of rheological properties.
The approach involved developing a partial differential equation describing the tissue
elasticity and gravity-driven flow of non-Newtonian microbicidal gels and optimizing the
spreading and retention of a gel on epithelial surfaces. The hypothesis was that rheological
properties of gels can be numerically optimized to achieve optimal coverage and retention
behavior. This is important because it indicates that yield stress of gels can improve the
retention of the gel on the vaginal epithelial surface.

2.

Mathematical modeling of rupture and dewetting of Ellis-type liquid thin films.
The approach involved developing a mathematical model of thin film rupture/dewetting of
shear-thinning fluids and numerically solving the problem to get the rupture time, and
investigating the effect of shear-thinning rheology on the preferred mode of instability. The
hypothesis was that shear-thinning of a liquid will cause a different rupture time than
Newtonian thin films and hence affect the function of the film as a physical barrier.

3.

Mathematical modeling of contact line instability of gravity-driven flow of shearthinning Ellis liquid films.
2

The approach involved developing a mathematical model for contact line instability of shearthinning fluid films and exploring the effect of shear-thinning (via Ellis rheological model) on
contact line instability through linear stability analysis (LSA) and nonlinear simulation. The
hypothesis was that the shear-thinning behavior of a fluid will likely affect the contact line
instability due to the change in capillary ridge height and/or apparent viscosity change.

1.2

Significance of Proposed Research in Microbicide Development

The impact of the expanding HIV/AIDS pandemic is devastating. There were
approximately 34 million people living with HIV in 2012 – including 2.5 million new infections in
2011 alone [19]. Studies designed to determine the effect of treating sexually transmitted
infections (STIs) from pathogens such as C. trachomatis and N. gonorrheae, on HIV transmission
rates support that STI prevention and management is an effective strategy [20, 21]. Clinical trials
of a vaginal gel formulation of anti-retroviral drug Tenofovir exhibited the potential of topically
applied gel for the prevention of HIV transmission in women [22]. Microbicidal gels could be a
self-administered and inexpensive method to prevent transmission of HIV and other STIs in
women. In addition to acting as delivery vehicles for anti-HIV and other anti-STD agents, the
microbicidal gels could also act as physical barriers between pathogens and biological tissues.
Factors such as extent of coating and its retention on the epithelial surface of the lower female
reproductive tract (LFRT) play a vital role in the effectiveness of the gel against transmission of
HIV and STD [23]. The microbicide development strategy (MDS) has identified gaps in knowledge
for microbicide development which includes a lack of knowledge in the vehicle design [24]. Vehicle
design is a problem with multiple facades including gel rheology optimization, biocompatibility,
user acceptability and anti-STI activity. This project focuses on studying the dynamics of fluid that
may be encountered in a microbicidal gel deployment situation using the principles of interfacial
and thin film flow. Previous research has shown that typical polymeric gel formulations exhibit
3

shear-thinning behavior and may also have a yield-stress [25-27]. Despite the advances in the
area of mathematical modeling of thin film flow, there is still lack of knowledge in the field of nonNewtonian liquid film flow.

Our contribution here is to investigate the effect of non-Newtonian rheology on the
dynamics and stability of thin films. The contribution is significant because it is expected to provide
us with strong mathematical tools to predict the dynamics of non-Newtonian liquid films. This
knowledge can be applied to the design of effective delivery vehicles. Due to the numerous
applications of thin films in biological and industrial applications, these computational models will
also inform researchers involved in other fields (especially in micro-printing and coating
applications) about the important consequences of non-Newtonian rheology on thin film
dynamics. These models will also serve as platforms for building more complicated models by
including

detailed

contact

line

physics,

evaporation,

complex

rheology,

surface

patterning/flexibility etc.

1.3

Review of Relevant Literature

Thin film flows can be mathematically described by using the thin film lubrication
approximation which enables us to neglect the inertial effects [28]. There has been a progressive
development in the study of thin films for various problems involving thermocapillary flow, coating
flow, phase change at interface, film drainage etc. The majority of the studies involving thin film
flow have been conducted on Newtonian fluids. The Carreau, power-law, and Ellis models are
some popular constitutive equations that can be used to describe the shear-thinning behavior of
non-Newtonian fluids. Bingham (Newtonian with yield strength) and Herschel-Bulkley (shearthinning with yield strength) constitutive equations are commonly used to represent fluids having
yield strength.
4

Thin film spreading and retention depends on the rheological properties of the fluid. Thin
film theory has been applied in the study of vaginal drug delivery systems by several researchers
in the recent past. Kieweg and Katz et al. performed experimental and numerical studies on
microbicidal gel deployment under constant squeezing force and concluded that squeezing force,
gel consistency, shear-thinning behavior and yield stress are strong determinants of the coating
performance of gels [23, 25, 26]. Szeri et al. developed a mathematical model involving wall
elasticity to demonstrate the effect of the compliant vaginal wall on the deployment dynamics of
microbicidal gels and indicated the important role that vaginal biomechanics played in gel
deployment [4]. Tasoglu et al. showed that yield stress could improve the long time retention
performance of a Carreau-like fluid [6]. These studies were clear indicators that fluid spreading
and retention could be rationally controlled by optimizing the rheological properties of the fluid.
However, there is a definite lack of any squeezing flow model of yield-stress fluid that describes
the short term deployment dynamics of microbicide gels. To close this gap, we have (a) developed
a mathematical model for understanding the effect of elasticity of the tissue and yield-stress
rheology of the fluid on the spreading of microbicidal gels, and (b) demonstrated an optimization
framework to estimate gel rheological properties for a given tissue elasticity in order to achieve
both optimal tissue coverage and maximum retention.

Research on the spontaneous rupture and dewetting of thin films has been motivated by
various biological and industrial needs [29-33]. In thin films where surface tension plays an
important role, a small perturbation of the interface shape can grow and eventually result in the
rupture of the film. Rupture is the process where the film thickness approaches zero at a finite
time point. The subsequent spatial growth of the minimum height, which forms dry spots in the
liquid film is known as dewetting. Early theoretical works have predicted the rupture time and
length-scale of preferred mode of instability of thin films of Newtonian fluids [17, 34]. The most
unstable mode is defined as the wavelength at which the initial disturbance grows most rapidly,
5

and is the most likely initial spacing between mounds or ridges for a randomly imposed
perturbation. However, a number of these studies used a simplified model of disjoining pressure
(the dynamic pressure arising from solid/fluid interaction at molecular level) that allowed the model
to represent the film evolution only up to the point of film rupture. Later works have used a more
complex model of disjoining pressure that allowed the modeling of the dewetting process followed
by rupture [35]. The growth rate of initial disturbance has been shown to be proportional to surface
tension and the contact angle, and inversely proportional to the film thickness and viscosity in
Newtonian fluids [35]. The wavelength of the most unstable mode (preferred mode) of instability
has been shown to be proportional to the film thickness and inversely proportional to the contact
angle [35]. Researchers have investigated the rupture/dewetting behaviors of evaporating films
[17, 36], films with trapped nano-bubbles [37], and colloidal suspension [38]. Evaporation
(condensation) leads to faster (slower) growth of initial disturbance [17]. Presence of nano-scale
bubbles has also been shown to accelerate the rupture process [37]. Dewetting models of
evaporating colloidal suspension has been developed to explain the self-pinning of receding
contact line which is related to the formation of rings of dried particles, also known as the “coffee
ring” effect [38]. Most of the above studies have considered a Newtonian fluid behavior. However,
the rheological behavior of many industrial and biological fluid exhibit shear-thinning behavior. To
address this gap in knowledge, we have addressed the rupture and dewetting behavior of Ellistype fluids that exhibits a low shear rate Newtonian plateau along with shear-thinning behavior at
high shear [39].

Effects of shear-thinning on contact line instability of thin liquid films have not been fully
characterized yet. Contact line instability which causes the formation of fingers downstream has
been widely studied for Newtonian fluids by various researchers [16, 40-42]. Random perturbation
at the contact line can cause the moving front to corrugate, and this behavior is a function of both
surface tension and inclination angle [43]. Formation of fingers at the moving front is undesirable
6

since it may lower the quality of coating or negatively affect the barrier properties by leaving dry
spots. Therefore, contact line instability is very important in any coating application. Yield-stress
has been shown to suppress contact line instability [44]. Our group has already performed
numerical investigation on the effect of power-law rheology on contact line instability and the
results showed that shear-thinning suppresses fingering instability [45]. However, the power-law
model predicts an unrealistic infinite viscosity at low shear rates and this behavior may have an
impact on the contact line instability. Therefore, we have chosen to subsequently study the
contact line instability phenomena using the Ellis fluid model which has a more robust
representation of shear-thinning fluids through the inclusion of a low shear rate Newtonian
plateau. To strengthen our current knowledge on the effects of non-Newtonian rheology on
contact line instability, we have developed mathematical models of the spreading of Ellis fluids,
and investigated the effect of shear-thinning on contact line instability by performing linear stability
analysis and non-linear simulation.

Collective evidence reviewed in this section strongly supports the conclusion that there is
a definite lack of knowledge in terms of mathematically explaining the behavior of non-Newtonian
thin film flows. This knowledge is important as it will help in the development and optimization of
various industrial processes, the understanding of biological phenomena and in our effort to
develop microbicidal delivery vehicles of non-Newtonian fluids.

1.4

Thin Film (Lubrication) Approximation

Lubrication flow is a common phenomenon observed in our day to day life such as
application of eye drops or microelectronic printing. Here, the basis of thin film flow is discussed.
Please see reference [28] for further details. A viscous fluid between two rigid boundaries (z = 0
and z = h(x, y)) with a steady flow is considered here. Let U be the horizontal flow speed and L
7

be the horizontal length scale for the flow. We start with the incompressible Navier-Stokes
equation, and the continuity equation:









 ut  u  u   p  g   2u

(1.1)


u  0

Here, 𝜌 is density, 𝑔 is gravitational acceleration, 𝜂 is dynamic viscosity, 𝑢
⃗ is the velocity
vector, and 𝑝 is pressure. In this discussion, a two dimensional flow is considered to be one
dimensional when the longitudinal dimension is significantly longer than the transverse dimension
as given below.

h  L

(1.2)

Since there will be no slip condition at the boundaries (z = 0 and z = h), then u will vary by an
order of U over a distance of order h in the z-direction. Therefore, the longitudinal gradients of u,
2

2
u z and  u z will be of the order U h and U h respectively. Similarly, the horizontal
2

gradients of u, u x and  2u x 2 will be of the order U L and U L2 respectively and they are
weaker compared to that in the longitudinal direction. Considering the above equation, the viscous
term can be approximated as shown below:

 2u  

 2u
z 2

(1.3)

Here,     is the kinematic viscosity. The order of magnitude of the two components of the
two terms in the equation of motion can be estimated as given below:
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(u  )u 



U2
h
(1,1, )
L
L

(1.4)

 2u U
h
 2 (1,1, )
2
z
h
L

(1.5)


Due to the incompressibility of the fluid, the continuity equation is   u  0 . Since, w z
is of the order U L , w is of the order Uh L . Taking into account these estimates, (u. )u can be
neglected if the following equation is satisfied.

UL h 2
( )  1
 L

(1.6)

From the above equation, it can be seen that the conventional Reynolds number

Re  UL  does not need to be low. The thin film theory is based on that the inertial force is either
comparable or lower than the viscous force. Even when the Reynolds number is large, the
condition in the above equation can be satisfied, allowing the viscous force to dominate if only

h L is low enough.

1.5

Innovation

This work is innovative and original because (a) it models the squeezing flow dynamics of
yield-stress fluid, (b) it investigates the rupture instability of Ellis-type thin films for the first time,
and (c) it investigates the contact line instability of Ellis-type shear-thinning fluid films for the first
time. Overall, this knowledge will help us to achieve predictable coating behavior in important
biological and industrial applications. The research outcomes are significant to microbicide
development as well because they will aid in the design of effective delivery vehicles.
9

Chapter 2
MATHEMATICAL MODELING OF TISSUE ELASTICITY
AND GRAVITY-DRIVEN SQUEEZING FLOW OF
MICROBICIDAL GELS AND OPTIMIZATION OF
RHEOLOGICAL PROPERTIES
The contents of this chapter was published in Md Rajib Anwar, Kyle V. Camarda, and Sarah Kieweg (2015).
“Mathematical model of microbicidal flow dynamics and optimization of rheological properties for intravaginal drug delivery: role of tissue mechanics and fluid rheology”. Journal of Biomechanics, 48(9), 16251630.

2.1

Introduction

Recent clinical trials of the vaginal gel formulation of the anti-retroviral drug Tenofovir have
shown the efficacy of topically applied microbicidal gels against HIV transmission to women [22]
Microbicidal gels could provide us with a self-administered and low cost strategy to fight HIV and
other sexually transmitted infections (STIs). A microbicidal gel is deployed as a delivery vehicle
of anti-HIV and other anti-STI agents, and it is also used to act as a physical barrier between the
pathogens and the biological tissue. The efficacy of a microbicidal gel depends on the extent of
coating and retention on the epithelial surface of the lower female reproductive tract (LFRT) [23]
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The coating mechanism of a microbicidal gel is complex in nature and driven by the
combined effect of physical mechanisms in the LFRT and the rheological properties of the gel.
Gravity and the squeezing force arising from the elasticity of vaginal tissue are physical
mechanisms that play important roles in the coating mechanism. Variation of the elasticity of
vaginal tissue can change the extent of coating of these gels due to different magnitudes of the
resulting squeezing force. These polymer gels usually exhibit shear-thinning behavior and may
also have a yield stress [25-27]. Certain important anatomical and physiological features of the
vaginal environment, such as pH, volume and composition of vaginal fluid, should be kept in mind
while designing an effective microbicidal gel. The long term goal of our research is to develop a
framework for rational design of microbicide gels with active ingredients. As a step towards
achieving that goal, we have used squeezing flow mechanics and polymer rheology to develop a
framework for optimizing the gel rheological properties to achieve optimal spreading and retention
which may be further extended later by incorporating target properties such as biocompatibility
and activity against STIs.

Studies on thin film flows for biological applications are growing in number [8]. Most
common biological applications include lining of pleural surfaces of the lung [7], flow of synovial
fluid between joints [8], and tear film between the eye and eyelid [9, 10]. Thin film theory has been
applied in the study of vaginal drug delivery systems by several researchers in recent past.
Kieweg and Katz et al. performed experimental and numerical studies on microbicidal gel
deployment under constant squeezing force and concluded that squeezing force, gel consistency,
shear-thinning behavior and yield stress were strong determinants of the coating performance of
gels [23, 25, 26]. Szeri et al. developed a mathematical model involving wall elasticity to
demonstrate the effect of compliant vaginal wall on the deployment dynamics of microbicidal gels
and indicated the important role that vaginal biomechanics played in gel deployment [4]. Tasoglu
et al. showed that yield stress could improve the long time retention performance of a Carreau11

like fluid [6]. The goal of this study is (a) to develop a mathematical model for understanding the
effect of elasticity of the tissue and yield-stress rheology of the fluid on the spreading of
microbicidal gels, and (b) to demonstrate an optimization framework to estimate gel rheological
properties for a given tissue elasticity in order to achieve both optimal tissue coverage and
maximum retention.

2.2

Problem Formulation

In this section, we develop the nonlinear partial differential equation that describes the
evolution of the fluid/solid interface as a function of time and space, ℎ(𝑥, 𝑡). Figure 2.1 shows the
schematic of the flow conditions of the two dimensional (2-D) model i.e. one dimensional (1-D)
spreading, where the fluid is spreading due to the gravity and an elastic response from the vaginal
tissue. This model considers a homogenous tissue compartment which represents the entire
vaginal tissue (including epithelium, smooth muscular layers, and the underlying lamina propria),
as well as further surrounding/underlying structures which may contribute to the closing pressures
exerted on the gel in the vagina (e.g. nearby bladder wall). The flow domain is symmetric about
the center axis since we are considering only vertical flow (along x-direction) in this study. In this
approximation, the portion of the vaginal axis shown in Figure 2.1 is aligned with the x-axis, and
gravity is downhill along the x-axis. In a human, the orientation of the vaginal axis with respect to
the gravity depends on both the location along the s-shaped vaginal axis and the orientation of
the woman. The axis orientation in this model allows consideration of the full range of the impact
of gravity on a gel.
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Figure 2.1. A schematic representation of the fluid bolus in vaginal canal (drawing is not to
scale). Only half plane is shown due to symmetry. The vaginal introitus at the canal opening
is towards the bottom. This simplified two dimensional model assumes that the vaginal canal
is perfectly aligned with the x-axis. Placing a constant volume bolus distends the tissue
surfaces. This serves as the initial state of our model. Flow starts immediately due to the
combined effect of gravity and boundary squeezing pressure from the elastic tissue.

Since the thickness of the gel bolus is much smaller than the extent of the spreading, the
thin film lubrication approximation [28] allows us to neglect the convective terms in the
equations of conservation of linear momentum. The Herschel-Bulkley constitutive law which is
used to represent the rheology of a yield stress fluid is as follows:
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Here 𝜏𝑧𝑥 is the shear stress, 𝜏0 is the yield stress, 𝑢 is the velocity in the 𝑥-direction, 𝑚 is the
consistency and 𝑛 is the power-law index. The elasticity of the vaginal wall is incorporated in the
pressure term of the model. A linear elastic tissue behavior is considered which assumes that the
vaginal wall is homogeneous and isotropic, and the pressure 𝑝 acting on the fluid boundary due
to the tissue elasticity is directly proportional to strain in the distensible tissue. The pressure for a
deformation ℎ(𝑥, 𝑡) is given by 𝑝 = 𝐸 ∙ ∈= 𝐸 ∙ ℎ(𝑥, 𝑡)/𝑇 [4]. Here, 𝐸 is the elastic modulus of the
tissue, 𝑇 is the thickness of the tissue layer and ∈= ℎ(𝑥, 𝑡)⁄𝑇 is the strain in the tissue. We apply
a no-slip condition at the fluid-solid interface and zero shear stress at the symmetry line.

By using the above pressure formulation, thin film approximation, and Herschel-Bulkley
constitutive relation, we arrive at the following nonlinear partial differential equation describing the
evolution of the fluid-solid interface.
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Here, 𝑌 defines the yield surface. See Appendix A2 for details of the derivation. The surface, 𝑧 =
𝑌(𝑥, 𝑡) separates a shearing flow region (between the yield surface and the vaginal wall) and the
adjacent plug region. This central plug region is not a true plug, but rather a weakly yielding zone
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[46]. For a constant volume spreading such as in our case, a no-flux boundary condition (𝜕ℎ⁄𝜕𝑥 =
0) was applied at the two ends of the spatial domain which was taken large enough to ensure that
the fluid would not reach the ends.

Previous literature reported that the extent of gel coating increases with the increase of
𝐸 𝑎𝑛𝑑 𝑛, and decreases with the increase of 𝑚 𝑎𝑛𝑑 𝜏0 [4, 26]. In order to understand the interplay
between the tissue's elastic properties and the fluid's yield stress on the deployment dynamics,
we use appropriate scaling to create a non-dimensional evolution equation for the fluid/solid
1

1

interface (𝑥̅ = 𝑥 ⁄𝐿, ℎ̅ = ℎ⁄𝐻, 𝑡̅ = 𝑡𝑈⁄𝐿, 𝑃̅ = 𝑃⁄𝜌𝑔𝑇 and 𝜏̅𝑥𝑧 = 𝜏𝑥𝑧 ⁄𝜌𝑔𝐻, where 𝑈 = 𝐻 𝑛+1 (𝜌𝑔⁄𝑚)𝑛
is the characteristic flow velocity).
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This non-dimensional form provides us with two important dimensionless variables: the
yield stress to gravity ratio 𝐵𝑖 = 𝜏0 ⁄𝜌𝑔𝐻, and the tissue elasticity to gravity ratio 𝐸𝐺 = 𝐸 ∈⁄𝜌𝑔𝐿.
Here, 𝐻 and 𝐿 are the characteristic lengths along the height and flow direction. A dimensional
interpretation, along with approximate dimensional values for tissue elasticity and gel properties,
will be discussed in the Results and Discussion section.
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Figure 2.2. Effect of wall elasticity on the spreading of bolus. EG ratios used for simulation
are 1, 5, 15 and 25. Plots are shown at 𝑡̅ = 0, 1, 10 and 100. The value of Bi = 0 and n =1
used for all simulations. At low EG, the flow is mostly downward due to the dominance of
gravity. Higher EG increases the coating length and also causes noticeable upward flow.

In the rest of the chapter, we first explore the effects of varying tissue elasticity and yield
stress by solving the non-dimensional form of the evolution equation for different ranges of these
parameters. The nonlinear evolution equation was solved by an implicit finite difference scheme
which is similar to the technique used in our previously published research [1-3]. We used first
order backward difference in time and second order central difference in spatial derivatives.
Newton’s method was used to solve the system of algebraic equations resulting from the
discretization. A spatial mesh interval 𝑑𝑥 = 0.01 and an adaptive time-stepping scheme was used
to match our tolerance requirement of 1e-6 (default time-step size was set to 𝑑𝑡 = 0.001). We also
monitored the volume of fluid since insufficient spatial or temporal resolution resulted in a violation
16

of mass conservation. Next, we demonstrated a framework for optimizing the gel rheological
properties by leveraging the yield stress of the gel for a given tissue elasticity. Optimization
methods are described below in the analysis contained in the Results and Discussion section.

Figure 2.3. Effect of yield stress on the spreading of bolus. Bi ratios used for simulation are 0,
0.2, 0.5 and 1. Plots are shown at 𝑡̅ = 0, 1, 10 and 100. The value of EG = 10 and n =1 used
for all simulations. Increase in the yield stress (increase in Bi) reduces the coating length.

2.3

Results and Discussion

Rheological properties of gels and elasticity of tissue are required as input parameters of
the mathematical model. Based on measured properties of some commercial gels, a reasonable
range of rheological properties could be considered as following: 𝑚 = 10-80 Pa-sn, 𝑛 = 0.25-1.0
and 𝜏0 = 0-100 Pa [23, 25]. Exact elasticity of vaginal tissue is still unknown and wide ranges of
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elasticity such as 3-10 kPa [47], and 12-36 kPa [48] are reported. The length of the vaginal canal
can range from 7-10 cm, with a wall thickness between 0.5-2.0 cm [4, 49]. For our numerical
simulation, a constant tissue thickness of 𝑇 = 1.5 cm was considered and represented the entire
vaginal wall and the effect of surrounding tissues. The initial bolus shape was parabolic (see Fig.
2.1) with a length 𝐿 = 4 cm and maximum height 𝐻 = 0.3 cm. This configuration yields a bolus
volume of 1.6 ml/width dimension of the vagina.

Figure 2.4. Dimensionless shear stress contours at 𝑡̅ =10 for 2 different Bi ratio = 0.2 and 0.5.
The value of EG = 10 and n =1 used for both simulations. The thick contour line indicates the
yield surface below which we have the non-yielding plug layer.

2.3.1 Parametric Study in Dimensionless Form

In this section, a series of numerical simulations were carried out in dimension-less form as
described in Equation 2.3, to investigate how the tissue elasticity and gel yield stress influence
the coating mechanism. Numerical simulations were performed for 𝐸𝐺 = 1, 5, 15 and 25 to
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investigate the effect of tissue elasticity. Using our non-dimensional scaling, 𝐸𝐺 = 1-25
corresponds to tissue elasticity of approximately 2-50 kPa. Results show that increasing the
magnitude of tissue elasticity increases the extent of coating and also causes noticeable upward
flow (Figure 2.2). At low values of 𝐸𝐺, the flow is mostly downwards due to the influence of gravity.
Effect of yield-stress on spreading was investigated by performing numerical simulations for 𝐵𝑖 =
0, 0.2, 0.5 and 1. This range of 𝐵𝑖 number corresponds to a dimensional yield-stress of
approximately 0-30 Pa.

Results show that increasing the yield stress (or 𝐵𝑖 ratio) decreases the extent of
spreading (Figure 2.3) by reducing the yielding region of the flow domain. Figure 2.4 shows the
shear stress contours at 𝑡̅ = 10 for two different 𝐵𝑖 values: 0.2 and 0.5. The thick contour line
shows the yield surface which separates the yielding region from the plug flow region. The fluid
is yielding in regions where the dimensionless shear stress is higher than the 𝐵𝑖 value. As shown
in Figure 2.4, the yielding region for 𝐵𝑖 = 0.5 is much smaller than the yielding region for 𝐵𝑖 = 0.2.
We can easily calculate the percentage of the fluid domain that is yielding at any given time since
we know the location of the yield surface and the fluid/solid interface. Figure 2.5 shows the
influence of yield stress on the coating length and percentage yielding area over a period of time.
The percentage yielding drops rapidly over time for the higher yield stress fluid and this behavior
can be leveraged to improve the retention time of microbicidal gels.
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Figure 2.5. Effect of yield stress on coating length and the percentage yielding area of fluid
over dimensionless time. The value of EG = 10 and n =1 used for all simulations. The yielding
area was calculated by subtracting the plug area from the total fluid area and expressed as a
percentage of the total area.

2.3.2 Gel Property Estimation for Optimal Coating Performance

Running a series of numerical simulations provides us useful insight about the transient
coating behavior of gels for different tissue elasticity and rheological properties. However, we
would also like to estimate the rheological properties required to achieve an optimal epithelial
coverage and maximize retention. In particular, we would like to optimize delivery for a given
tissue elasticity in a target deployment time. Mahalingam et al. used a response surface
methodology, which is a visual technique, to design semi-solid microbicidal gels based on the
squeezing flow model of gel spreading between rigid boundaries [50]. Our approach is to estimate
the gel rheological properties such that it minimizes the percentage yielding at the end of a target
deployment time while achieving the target epithelial coating for a given tissue elasticity.
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The approach involves three analysis steps: (1) we performed a set of numerical flow
simulations in dimensional form, (2) we developed nonlinear regression models for coating length
and percentage yielding by fitting the output data from the numerical flow simulations, and (3) we
solved the inverse problem for several cases. First, we created 500 quasi-random test points
within our parameter ranges by using the sobolset function in Matlab®. We used the rheological
property ranges mentioned previously (𝑚 = 10-80 Pa-sn, 𝑛 = 0.25-1.0 and 𝜏0 = 0-100 Pa) and a
range of tissue elasticity 𝐸 = 1-50 kPa for creating the model building set. These 500 parameter
sets were inputs to the numerical simulation in dimensional form given by Equation 2.2. We
considered a maximum deployment time of 180 seconds, relevant for the coitally-dependent drug
delivery method where the user would insert the gel prior to the intercourse.

Second, we used nonlinear regression to fit the numerical results (for coating and %
yielding) to the parameters 𝑚, 𝑛, 𝜏0, 𝐸 𝑎𝑛𝑑 𝑡. A regression model is needed for the subsequent step
in mathematical optimization. We chose a regression model-based approach because, we were
not optimizing the primary variable of the PDE (ℎ(𝑥, 𝑡)) and the nonlinear problem had many local
optima. The resulting regression model for coating length and percentage yielding is given in
Appendix A1. Several models containing various combination of the parameters were generated
in the R© software. Model selection was based on Mallow’s 𝐶𝑝 statistic which indicates potential
over-fitting of model with increasing number of parameters. The model with good coefficient of
determination (adjusted 𝑅 2) and lowest Mallow’s 𝐶𝑝 was selected. A 𝑘-fold cross-validation (for 𝑘
= 10) was performed to calculate the predictive squared correlation coefficient (𝑄 2 ). The
calculated 𝑄 2 of the proposed models were very close to 𝑅 2, which indicates that the models are
adequate for predicting the spreading and percentage yielding of the injected gel bolus over time.
The resulting statistical indicators are reported in Table 2.1.
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Third, the above regression models were used to solve the inverse problem using a
nonlinear optimization method in order to estimate the gel rheological properties (𝜏0 , 𝑚 and 𝑛)
that result in minimum percentage yielding and achieve the target coating length for a given tissue
elasticity and deployment time. The optimization problem was formulated as follows:

𝑚𝑖𝑛𝑖𝑚𝑖𝑧𝑒

%𝒀𝒊𝒆𝒍𝒅𝒊𝒏𝒈

𝒔. 𝒕.
𝐶𝑜𝑎𝑡𝑖𝑛𝑔 𝑙𝑒𝑛𝑔𝑡ℎ ≥ 𝑇𝑎𝑟𝑔𝑒𝑡 𝑙𝑒𝑛𝑔𝑡ℎ
𝑚𝑚𝑖𝑛 ≤ 𝑚 ≤ 𝑚𝑚𝑎𝑥
𝑛𝑚𝑖𝑛 ≤ 𝑛 ≤ 𝑛𝑚𝑎𝑥
𝜏0 𝑚𝑖𝑛 ≤ 𝜏0 ≤ 𝜏0 𝑚𝑎𝑥
𝐸 = 𝐺𝑖𝑣𝑒𝑛 𝑡𝑖𝑠𝑠𝑢𝑒 𝑒𝑙𝑎𝑠𝑡𝑖𝑐𝑖𝑡𝑦
𝑡 = 𝐷𝑒𝑝𝑙𝑜𝑦𝑚𝑒𝑛𝑡 𝑡𝑖𝑚𝑒
The optimization problem was solved to local optimality by using the optimization software
GAMS and applying the CONOPT nonlinear solver [51]. Table 2.2 provides an example list of
estimated rheological properties for different tissue elasticity and deployment times. Two sets of
feasible solutions are reported in the table to emphasize the possibility of multiple feasible
solutions for nonlinear optimization problems. Solution of the problem that is obtained may vary
depending on the initial guess. Moreover, the solver can be forced to find solutions within a
specific range of a particular rheological parameter by enforcing a constraint on the maximum or
minimum allowable limit. These estimations can provide microbicide designers with a specific set
of target rheological properties which can be used to rationally design gels. Results in Table 2.2
show that the estimated 𝑚 is reaching towards the lower limit of our model (10 Pa-sn) when longer
coating lengths at a relatively lower tissue elasticity are required. This indicates an important
conclusion: a larger initial bolus volume is necessary if longer coating length (with maximized
retention) is required for tissues with lower elasticity.
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Table 2.1. Statistical indicators for regression models

Model name

Adjusted R2

Q2

p-value

Coating length

0.9745

0.9744

< 2.2e-16

% Yielding

0.9278

0.9275

< 2.2e-16

Table 2.2. Estimation of required rheological properties for achieving target coating and
maximizing retention for specific tissue elasticity at a given time. Possibility of multiple feasible
solutions are demonstrated here.

Target

Tissue

Deployment

length

elasticity

time

(cm)

(kPa)

Estimated (m, n, 0)
(Pa-sn, no unit, Pa)

(sec)

Estimated

Estimated %

Spreading

Yielding at the

(cm)

end of
deployment time

7

8

9

10

15

25

20

20

10

150

120

150

180

(20.0, 0.9, 45.218)

7.00

1.038

(27.0, 1.0, 43.671)

7.00

2.911

(25.0, 1.0, 46.554)

8.00

4.229

(50.0, 0.95, 37.019)

8.00

16.505

(10.0, 1.0, 30.34)

9.00

8.489

(20.0, 0.9, 25.539)

9.00

16.941

(10.0, 1.0, 19.468)

10.0

18.92

(16.0, 0.95, 16.667)

10.0

24.574

(10.0, 1.0, 2.514)

10.0

38.287
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2.4

Conclusion

The study has presented a model framework which can be used to design gel formulations
and delivery location (along the vaginal axis) for specific groups of women, whose vaginal tissue
properties may vary with parameters such as age or parity. Importantly, it demonstrates a
framework for optimizing more than one target behavior simultaneously – a method we can extend
in the future to a larger set of target gel functions (e.g. biocompatibility or anti-STI activity). While
using this type of regression model based optimization, it is always important to ensure that an
appropriate range of rheological properties, tissue elasticity, deployment time and initial bolus
volume is chosen for the model building set. Our model neglected the effect of boundary dilution.
In the future, we would like to investigate whether boundary dilution has any significant effect
within such a short time scale of deployment (2-5 minutes). The results of the presented numerical
study will also enable us to investigate the effect of viscoelastic properties of the vaginal and
surrounding tissue on the microbicidal flow dynamics. This model also assumes the tissue of the
vaginal and surrounding structures to be homogeneous and isotropic which is not the case in
reality. Future studies may incorporate layers of different tissues (e.g. vaginal epithelium, smooth
musculature, and underlying tissues such as bladder structures) in the surrounding “tissue”
compartment of the model. Therefore, it is crucial that efforts are made towards developing new
instruments so that vaginal mechanical properties could be measured in vivo, and the impact of
the surrounding underlying tissues on the closing pressures of the vaginal tissue could be
quantified and modeled. These measured properties can then be used in numerical models to
study the deployment dynamics more accurately.
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Chapter 3
MATHEMATICAL MODELING OF RUPTURE AND
DEWETTING OF ELLIS-TYPE SHEAR-THINNING
LIQUID FILMS

3.1

Introduction

In thin films where surface tension plays an important role, a small perturbation of the
interface shape can grow and eventually result in the rupture of the film. Rupture is the process
where the film thickness approaches zero at a finite time point. The subsequent spatial growth of
the minimum height, which forms dry spots in the liquid film is known as dewetting. Thin coating
films are observed in many industrial and natural applications, such as microscale printing [33],
industrial coatings [32], polymer solar cells [30], tear film [31], lung surfactant [29] etc. A
microbicidal gel is another example of a barrier film, which is deployed at the lower female
reproductive tract as a delivery vehicle of active pharmaceutical ingredients against HIV and other
sexually transmitted infections, and it is also used to act as a physical barrier between the
pathogens and the biological tissue. In most applications, it is desirable to avoid dry spots or
uneven coating for both functional and aesthetic purposes.

Early theoretical works have predicted the rupture time and wavelength of the most
unstable mode (preferred mode) of instability of thin films [17, 34]. The most unstable mode is
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defined as the wavelength at which the initial disturbance grows most rapidly, and is the most
likely initial spacing between mounds or ridges for a randomly imposed perturbation. However, a
number of these studies used a simplified model of disjoining pressure (the dynamic pressure
arising from solid/fluid interaction at molecular level) that allowed the model to represent the film
evolution only up to the point of film rupture. Later works have used a more complex model of
disjoining pressure that allowed the modeling of the dewetting process followed by rupture [35].
The growth rate of disturbance has been shown to be proportional to surface tension and the
contact angle, and inversely proportional to the film thickness and viscosity in Newtonian fluids
[35]. The wavelength of the most unstable mode (preferred mode) of instability has been shown
to be proportional to the film thickness and inversely proportional to the contact angle [35].
Researcher have investigated the rupture/dewetting behaviors of evaporating films [17, 36], films
with trapped nano-bubbles [37], and colloidal suspension [38]. Evaporation (condensation) leads
to faster (slower) growth of initial disturbance [17]. Presence of nano-scale bubbles has also been
shown to accelerate the rupture process [37]. Dewetting models of evaporating colloidal
suspension has been developed to explain the self-pinning of receding contact line which is
related to the formation of rings of dried particles, also known as the “coffee ring” effect [38]. Most
of the above studies have considered a Newtonian fluid behavior. However, the rheological
behavior of many industrial and biological fluid exhibit shear-thinning behavior. In this study, we
use the Ellis rheological model which describes a shear-thinning fluid that has a low shear-rate
Newtonian plateau.[39]

In this chapter, we present a mathematical model for the evolution of the rupture and
dewetting process of Ellis-type shear-thinning liquid films. The goal of this chapter is to investigate
the effect of shear-thinning on (a) the rupture time, and (b) the length-scale (wavelength) of the
most unstable (preferred) mode of instability.

26

3.2

Problem Formulation

We consider a thin layer of liquid film or droplet on a plane substrate. The thickness of the
liquid film is represented in dimensional form by ℎ̅(𝑥̅ , 𝑦̅, 𝑡̅) where 𝑥̅ and 𝑦̅ axes are orthogonal on
the plane of the substrate, and 𝑡̅ is the time. We assume an Ellis constitutive model for describing
the shear-thinning behavior of the thin film [39]:
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(3.1)

Here, 𝜂̅ is the viscosity, 𝜂̅0 is the viscosity at zero shear stress, 𝜏1⁄2 is the shear-stress at which
the viscosity is reduced by half, and 𝜆 is the shear-thinning index. When 𝜆 = 1, the liquid is
Newtonian, while for 𝜆 > 1, the liquid is shear-thinning. At a high shear stress, the Ellis model
exhibits power-law type shear-thinning behavior. However, the Ellis model has a low shear stress
Newtonian plateau. Since high shear stresses only occur near the contact line, the Ellis model is
a particularly interesting candidate for modeling thin film flows of shear-thinning liquid films
because it can capture the Newtonian behavior in the low shear-rate regions.

Assuming slow flow and, and small slope approximation of the free surface curvature to
the Navier-Stokes equations (the thin film “lubrication approximation”), and considering an
incompressible liquid, a partial differential equation for the film thickness evolution equation can
be derived. Applying a no-slip boundary condition at the substrate and assuming zero stress at
the air-liquid interface, we arrive at the 3D thin film (i.e. 2D spreading) equation:
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Here, 𝜎 is the surface tension, and ∇2 ℎ̅ is the small slope approximation of the free surface
̅ is known as the disjoining
curvature. See Appendix A3 for details of the derivation. The term Π
pressure. The simplest model for disjoining pressure is given by



A
h3

(3.3)

Here, 𝐴 is a van der Waals attraction force between two surfaces, known as the Hamaker constant
[52]. This model of disjoining pressure was used by many researchers to study the finite-time
rupture of thin liquid films [17, 34, 37, 53]. However, a problem with this model is that it cannot be
continued past the time of first occurrence of film rupture because the thickness becomes
negative. This problem can be avoided by considering a more detailed model for disjoining
pressure, so that the dewetting process can also be simulated. In this study, we use the two term
disjoining pressure model introduced by Frumkin [54] and Derjaguin [55]:

 h  n  h  m 
  C  *    *  
 h   h  

(3.4)
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Here, 𝐶̅ , and the exponents 𝑛 and 𝑚 are positive constants with 𝑛 > 𝑚 > 1. The local disjoining
energy density has a single stable energy minimum at the thin precursor layer thickness, ℎ̅ = ℎ̅∗ .
When the thickness of the film reaches that of the precursor layer, the disjoining pressure within
the precursor layer exactly balances the capillary pressure. Since the disjoining pressure is
assumed to depend on only the local interfacial separation ℎ̅, the validity of the expression in
Equation 3.4 also requires small slope approximation. The thickness of the precursor layer is
generally small compared to the thickness of the film, and it allows the motion of the apparent
contact line by removing the shear-stress singularity. The exponents (𝑛, 𝑚) are selected to (3,2)
following previously published literature [35]. The term 𝐶̅ is given by (see reference [35, 56] for
details):

C

n  1m  1 1  cos   n  1m  1 2
e
e
h* n  m
2h* n  m

(3.5)

Here, 𝜃𝑒 is the equilibrium contact angle. The wettability is controlled by the constant, 𝐶̅ . Small or
zero value of the constant indicates good or perfect wetting conditions, whereas higher values
indicate partial wetting scenarios.

The dimensionless formulation is developed by considering appropriate scales following
reference [35]. Using initial film thickness, ℎ0 , characteristic length scale of 𝑙𝑐 on the substrate
plane, and zero shear rate viscosity 𝜂0 as reference quantities, the transformation to
dimensionless variables are

h  h h0 , x  x lc , y  y lc , t  t tc

(3.6)

The characteristic time is given by
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Figure 3.1. Example plot of dimensionless viscosity as a function of shear stress for Ellis fluid

Following Braun et al. [57], the non-dimensional form of Ellis model can be written as:



1
1  

(3.8)

 1

Here, 𝛽 = ((𝜎ℎ0 2 /𝑙𝑐 3 )⁄𝜏1⁄2 )

𝜆−1

describes the degree of shear-thinning. A value of 𝛽 = 0 returns

a Newtonian fluid behavior whereas increasing value of 𝛽 indicates increased shear-thinning. The
other shear-thinning parameter 𝜆 determines the slope of the power-law type shear-thinning
region. Higher value of 𝜆 indicates a broader Newtonian plateau. Therefore, fluids with higher
value of 𝜆 will act more Newtonian-like at low shear stresses. Figure 3.1 shows behavior of Ellis
fluid as a function of shear stress.
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The 3D dimensionless evolution equation (2D PDE), with these scaling becomes:
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(3.9)

Qx  h3

 2
 h F
x

Qy  h 3

 2
 h F
y









2
2
 
3  1    2
  2
F  1
h
 h    h 
  x
2
  y
 










 1
2

 h*  n  h*  m 
  C      
 h   h  

2 2

n  1m  1lc  e
C
2
2h* n  mh0

Here, 𝐶 is the dimensionless contact angle parameter that defines the wettability. We first perform
a rupture and dewetting study in 2D (1D PDE) (a) to evaluate the rupture time of shear-thinning
fluids compared to Newtonian fluids, and (b) to evaluate the effect of perturbation wavelength on
the rupture time. The 2D evolution equation is given by
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(3.10)
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For the 2D numerical simulation, we use an initial condition in the form

hx,0  1  0.1cosx / L  , where 𝐿 is the length of the domain. Periodic boundary condition is
enforced at the two ends of the domain. We investigated the effect of shear-thinning by performing
numerical simulations with  = 0.1, 1, 10 and  = 2, 3. We have compared the scaled rupture
time with that of the Newtonian fluid to investigate the influence of shear-thinning on unstable film
rupture. Figure 3.2 shows a schematic of the form of the initial sinusoidal perturbation. For the 3D
simulation, we use an initial condition in the form h x, y,0   1  h1  x, y  , where ℎ1 is a random
number between −0.01 and 0.01. Periodic boundary conditions were enforced at the domain
boundaries. The simulation was performed in a domain of (𝐿𝑥 × 𝐿𝑦 ) = (50 × 50).

Figure 3.2. Schematic of a sinusoidal initial perturbation of the interface of a thin liquid film on
a solid substrate.

All simulations were performed for precursor layer thickness, ℎ∗ ⁄ℎ0 = 0.1. Second order
central difference scheme was used to discretize the spatial variables and time integration was
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performed using Matlab’s variable step ODE15s solver with default tolerance of 1E-6. Volume of
the fluid was monitored as a function of time since insufficient spatial or temporal resolution would
violate the conservation of mass.

3.3

Results and Discussion

For partially wetting fluid, a value for the contact angle parameter 𝐶 needs to be selected
which can be used in the model. A linear stability analysis performed by Schwartz et al. predicted
a relationship between the most unstable wavenumber and the contact angle parameter by the
following expression for a Newtonian fluid (see [35] for details):

m

qmax

2

mCh*

m1
2h0

(3.10)

Here, 𝑞𝑚𝑎𝑥 is the most unstable wavenumber, which is related to the wavelength, 𝐿 by the
expression, 𝑞𝑚𝑎𝑥 = 2𝜋⁄𝐿. Using a 𝑞𝑚𝑎𝑥 value of 0.707, which is obtained from linear stability
analysis performed for Newtonian fluids by several authors [17, 37, 58] for the simple disjoining
pressure model as described in Equation 3.3, we obtain 𝐶 ≈ 50.
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Figure 3.3. Example of a numerical simulation of the rupture and dewetting process of a
Newtonian thin film. Rupture is defined as the point where the film thickness reaches that of
the precursor layer thickness, and dewetting is the process of subsequent hole growth. The
plot shows several snapshots of the film profile as a function of time. Simulation was
performed on a grid with ∆𝑥 = 0.01.

3.3.1 2D simulation

Figure 3.3 shows a representative illustration of the rupture and dewetting process for a
Newtonian thin film. As mentioned earlier, the selection of Deraguin disjoining pressure model
allows us to continue the simulation after the rupture point (where the film thickness reaches that
of the precursor layer thickness).
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Figure 3.4 shows the effect of wavelength on the rupture time for Newtonian and Ellis-type
thin films. The rupture point was considered as the time when the film thickness reaches within
10% of the precursor layer thickness. It can be seen that increasing the value of 𝛽 (i.e. increasing
shear-thinning) reduces the rupture time. No significant change in the most unstable wavelength
is observed from the simulations. However, cases with 𝜆 = 2 displays a much faster rupture
process compared to that of 𝜆 = 3, for all cases of 𝛽. This is because of the narrower Newtonian
plateau in the prior case. At low shear stresses, smaller values of 𝜆 acts more shear-thinning.

Figure 3.4. The rupture time versus wavelength for Newtonian and different cases of Ellistype shear thinning fluid. Shear-thinning has negligible effect on the preferred mode of
instability. The grid size for simulation was Δ𝑥 = 0.01.
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Figure 3.5 shows the rupture process by plotting the scaled minimum film thickness as a
function of time for a specific wavelength, 𝐿 = 8.887 (wavenumber, 𝑞 = 0.707). The results
demonstrate how the shear-thinning behavior accelerates the rupture process, which is defined
as the film thickness reducing to that of the precursor layer thickness. The early time film thickness
evolution are very similar for both Newtonian and shear-thinning fluids. However, the thickness
evolution of shear thinning fluid quickly accelerates due to the decrease in the apparent viscosity.
As mentioned earlier, a narrower Newtonian plateau (i.e., the smaller 𝜆) leads to faster rupture of
the thin film.

Figure 3.5. Comparison of rupture process for Newtonian and Ellis-type shear-thinning fluid.
Shear-thinning accelerates the rupture process. The grid size for simulation was Δ𝑥 = 0.01.
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3.3.2 3D Simulation

Figure 3.6 demonstrates an example of the rupture and subsequent dewetting process of
thin films via several snapshots at different times after an initial disturbance in the scale of 1% of
the film thickness is imposed. The results were consistent with the 2D simulation as it showed an
acceleration of the rupture process due to the shear-thinning. As expected, the Newtonian thin
film shows the slowest rupture/dewetting process, and the shear-thinning film with 𝜆 = 2 showed
a faster rupture/dewetting compare to 𝜆 = 3. The initial spacing between the resulting ridges are
qualitatively similar which was expected since shear-thinning did not make any significant change
in the most unstable wavelength in our 2D simulations. Figure 3.7 plots the minimum film
thickness from the 3D simulations. The behavior of film thickness evolution due to the random
perturbation is consistent with the pattern observed in the 2D simulations where a single mode
perturbation was applied to the initial film thickness. As discusses earlier, narrower Newtonian
plateau (smaller 𝜆) led to faster rupture of the thin film for the same value of 𝛽 = 10.

37

Figure 3.6. Example of 3D rupture and dewetting process of Newtonian and Ellis-type thin
films via snapshots at different times. Simulation was performed in a domain of (𝐿𝑥 × 𝐿𝑦 ) =
(50 × 50) with grid size ∆𝑥 = 0.25 and ∆𝑦 = 0.25.
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Figure 3.7. Minimum film thickness as a function of time from the 3D simulation.

3.4

Conclusion

In conclusion, we have developed a mathematical model of thin film evolution for Ellistype shear-thinning fluid. We have neglected the effect of gravity and considered partial wetting.
Substrate heterogeneity was not considered. Results of rupture/dewetting simulations of Ellistype shear-thinning fluid have indicated that shear-thinning rheology increases the growth rate of
instability but has a negligible effect on the wavelength of preferred mode of instability. However,
the initial conditions in many industrial process (for example in roll to roll type coating process)
might be significantly different. The shearing of the liquid in the processing equipment may reduce
the apparent viscosity of the liquid prior to the application of coating, and the apparent viscosity
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might go up significantly after the application of coating, which can help in slowing down of
dewetting process, if a liquid with high zero shear rate viscosity is used. Experimental
investigation of the dewetting process could be used to validate the finding of this numerical study,
following the experimental procedures described in reference [35]. Future study could include
Herschel-Bulkley type rheological model to study the effect of yield stress on the rupture and
dewetting. Yield stress has been shown to suppress fingering instability in gravity-driven film flow
[44]. A similar stabilizing effect in the case of free surface instability could potentially be achieved
by using yield stress type fluids in micro-printing and coating applications.
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Chapter 4
MATHEMATICAL MODELING OF CONTACT LINE
INSTABILITY OF GRAVITY-DRIVEN FLOW OF ELLISTYPE SHEAR-THINNING LIQUID FILMS

4.1

Introduction

Gravity-driven thin film flow of viscous liquids on solid substrates have been extensively
studied due to its ubiquitous presence in various fields such as paint/coating flows [59, 60],
geological flows [11, 12], and microbicidal drug delivery [4-6, 23, 61]. Formation of finger-like
patterns in thin films with a moving contact line is a well observed phenomena [18]. Contact line
instability or ‘fingering instability’ which causes the formation of fingers downstream has been
widely studied for Newtonian fluids by various researchers [16, 40, 41, 43]. Random perturbation
at the contact line can cause the moving front to corrugate, and this behavior is a function of both
the surface tension and inclination angle [43]. Driven thin films flowing on a substrate form a thick
leading edge at the advancing contact line due to the action of the surface tension. This thick
leading edge, also known as the ‘capillary ridge’ [1], is unstable to perturbations which are parallel
to the advancing contact line [62]. Formation of fingers at the moving front is undesirable since it
may lower the quality of coating, or negatively affect the barrier properties by leaving dry spots.
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Huppert experimentally demonstrated the finger formation phenomena of thin films flowing
down on an incline [18], which was followed by numerous experimental and numerical studies.
Troian et al. performed linear stability analysis of thin film flow down a vertical plane and computed
the wavelength that produces maximum growth rate of fingers [62]. Bertozzi and Brenner
explained the discrepancies between linear stability analysis, and experimentally observed
instability [16]. They have pointed out that transient amplification of small disturbances can occur
in cases even when the linear stability analysis results indicate stability, and if the transient
amplification is large enough to shift the system into a nonlinear regime, it can lead to instability.
Kondic and Diez pointed out that flatter inclines decrease the growth rate of the disturbance, and
makes the most unstable wavelength larger [42]. All the above studies were performed with a
complete wetting assumption. Eres et al. studied instability of partial wetting thin films [63]. They
have concluded that sufficiently large contact angle creates long straight sided fingers, and for
even higher contact angle the fingers break up into a series of droplets.

Most of the work reported on contact line fingering instability have dealt with Newtonian
fluids. However, non-Newtonian fluids are encountered in many industrial, biological and
geophysical scenarios. There has been some published research regarding contact line fingering
instability of non-Newtonian fluids in recent years. Balmforth et al. performed linear stability
analysis of viscoplastic fluids, and their results indicated that yield stress can suppress the
formation of fingers [44]. Numerical and experimental study on viscoelastic fluids have indicated
that elasticity also tends to have a stabilizing effect [64, 65]. Shear-thinning has been shown to
affect the size of the capillary ridge for power-law thin films, indicating that shear-thinning may
also suppress fingering instability [1]. Our group had already performed numerical investigation
on the effect of power-law rheology on contact line instability, and the results showed that shearthinning indeed suppressed fingering instability [45]. However, the power-law model predicts an
infinite viscosity at low shear rates whereas most real shear-thinning fluids have a low shear rate
42

Newtonian plateau [39]. This behavior may have an impact on the contact line instability.
Therefore, we have chosen to subsequently study the contact line instability phenomena using
the Ellis fluid model which has a more robust representation of shear-thinning behavior over a
wider range of shear rates through the inclusion of a low shear rate Newtonian plateau.

In this chapter, we examine the stability of the contact line of an Ellis-type shear-thinning
thin film. The approach is linear stability analysis (LSA), and verification by comparing the findings
of LSA with the 3D nonlinear simulation of finger growth due to single mode and random
multimode perturbations. This approach has been successfully applied in our previous study of
power-law fluids [45].

Figure 4.1. Schematic of the cross section of a thin film flowing down an incline due to the
action of gravity.

4.2

Problem Formulation

We consider a thin film of viscous liquid flowing down on a solid substrate inclined at an
angle α with the horizontal direction. Standard Cartesian coordinate system is considered where
𝑥̅ is the direction of flow, 𝑦̅ is the transverse direction and 𝑧̅ is normal to the substrate. The liquid
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surface corresponds to 𝑧̅ = ℎ̅(𝑥̅ , 𝑦,
̅ 𝑡̅) where 𝑡̅ is the time. We assume an Ellis constitutive model
for describing the shear-thinning behavior of the thin film [39]:
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(4.1)

Here, 𝜂̅ is the viscosity, 𝜂̅0 is the viscosity at zero shear stress, 𝜏1⁄2 is the shear-stress at which
the viscosity is reduced by half, and 𝜆 is the shear-thinning index. When 𝜆 = 1, the liquid is
Newtonian, while for 𝜆 > 1, the liquid is shear-thinning. At a high shear stress, the Ellis model
exhibits power-law type shear-thinning. However, the Ellis model has a low shear stress
Newtonian plateau. Ellis model is a particularly interesting candidate for modeling thin film flows
of shear-thinning liquid films because the free surface of thin film flows are stress free, and shear
stress is small in regions that are far from the contact line.

We utilize the lubrication theory by depth averaging the liquid velocity over the thickness
of the film. The governing differential equation describing the 3D flow (i.e. 2D spreading) of an
Ellis thin film on an incline is given by:
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Here [𝑄𝑥 , 𝑄𝑦 ] are mass flux, 𝜌 is the viscosity, 𝑔 is the acceleration due to the gravity, 𝜎 is the
surface tension, and ∇2 ℎ̅ is the small slope approximation of the free surface curvature. See
Appendix A4 for details of the derivation. For developing the non-dimensional form of the thin film
evolution equation, the fluid height, ℎ̅ is scaled by the thickness of the film far behind the contact
line, ℎ𝑐 . The spatial coordinates, and time are scaled as (𝑥, 𝑦, 𝑡) = (𝑥̅ ⁄𝑥𝑐 , 𝑦̅⁄𝑥𝑐 , 𝑡̅⁄𝑡𝑐 ). Following
Kondic [43], the characteristic spatial and time scale has been chosen to be:
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(4.3)

3

a 2 hc
 hc2 sin 

Here, 𝑎 = √𝜎⁄𝜌𝑔 is known as the capillary length which provides a measure of the length scales
when capillary effects become important compared to gravitational ones. The velocity scale is
chosen as 𝑈 = 𝑥𝑐 ⁄𝑡𝑐 . The capillary number is defined as 𝐶𝑎 = 𝜂𝑈⁄𝜎, which measures the relative
importance of viscous forces to surface tension forces. Following Braun et al. [57], the nondimensional form of Ellis model can be written as:
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Here, 𝛽 = (𝜌𝑔ℎ𝑐 sin 𝛼 ⁄𝜏1⁄2 )

𝜆−1

describes the degree of shear-thinning. A value of 𝛽 = 0 returns

a Newtonian fluid behavior whereas increasing value of 𝛽 indicates increased shear-thinning. The
other shear-thinning parameter 𝜆 determines the slope of the power-law type shear-thinning
region. Higher value of 𝜆 indicates a Newtonian plateau over a wider range of shear stress.
Therefore, fluids with higher value of 𝜆 will act more Newtonian-like at low shear stresses. Figure
4.2 shows behavior of Ellis fluid as a function of the shear stress.

Figure 4.2. Plot of dimensionless viscosity as a function of dimensionless shear stress for
Ellis fluid

With these rescaling, the non-dimensional evolution equation is described as:
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Here, 𝐷 = (3𝐶𝑎)1⁄3 cot 𝛼 is the measure of normal component of gravity (𝐷 = 0 indicating vertical
incline whereas larger 𝐷 indicating flatter inclines) [16, 43]. All the analysis were performed by
considering a completely wetting fluid with zero equilibrium contact angle, and adopting a
precursor film of thickness 𝑏 to alleviate the contact line singularity [40, 66]. A decrease in the
value of 𝑏 increases the growth rate of disturbance due to the increased height of the capillary
ridge [16]. We have used 𝑏 = 0.1, following published literature on Newtonian [43] and power-law
[45] thin film models.

4.2.1 Travelling Waves and Linear Stability Analysis

To perform linear stability analysis, a travelling wave solution was first determined as a
base state. Detailed description of techniques used for obtaining travelling wave solutions, and
linear stability analysis has been reported in previous literatures [16, 43]. The base state before
the onset of instability is a travelling wave solution ℎ(𝑥, 𝑦, 𝑡) = ℎ0 (𝑥 − 𝑈𝑡) of equation (4.5). The
function ℎ0 (𝑥) satisfies the following equation.
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(4.6)

Here, the moving reference frame velocity, 𝑈, and the constant of integration, 𝑓, can be found by
matching the front onto the rest of the solution: 𝑥 → −∞, ℎ0 → 1 and 𝑥 → ∞, ℎ0 → 𝑏, where 𝑏 = 0.1
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is the thickness of the precursor layer. Using these two matching conditions, we get the following
travelling wave velocity and integration constant.
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The 𝑦 independent PDE governing the shape of the front can be written as:
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The base profile can be obtained by either solving the ODE in equation 4.6, or the PDE in
Equation 4.8. We have solved Equation 4.8 numerically to get the base state profile. Once the
base state solution, ℎ0 (𝑥) is achieved, we consider a perturbation, 𝜀ℎ1 (𝑥, 𝑦, 𝑡) to the front ℎ0 . Here,
ℎ0 and ℎ1 are of 𝒪(1), and 𝜀 ≪ 1. We plug in ℎ(𝑥, 𝑦, 𝑡) = ℎ0 (𝑥) + 𝜀ℎ1 (𝑥, 𝑦, 𝑡) into the 3D nondimensional PDE in the moving reference frame, and linearize the PDE by keeping only the terms
that are in the order of 𝜀. Next, we replace the solution ℎ1 by its Fourier integral in 𝑦 by using the
0

superposition principle, ℎ1 (𝑥, 𝑦, 𝑡) = ∫−∞ 𝑔(𝑥, 𝑡)𝑒 𝑖𝑞𝑦 𝑑𝑞, where 𝑞 is the wavenumber which is
related to the spatial period of the perturbation, 𝑙𝑤 , by 𝑞 = 2𝜋⁄𝑙𝑤 . Each 𝑞 can be considered
separately due to the linearity of the system. Therefore, for a given 𝑞, we obtain the following
equation for 𝑔(𝑥, 𝑡):
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(4.9)
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Here, subscripts 𝑥 and 𝑡 indicates partial derivatives. PDE’s described in equation 4.8 and
4.9 were solved with grid spacing, Δ𝑥 = 0.01. A mesh convergence study was performed to
establish mesh independence of the solution. Second order central difference scheme was used
to discretize the spatial variables and time integration was performed using Matlab’s variable step
ODE15s solver with default tolerance of 1E-6.

The perturbation function 𝑔(𝑥, 𝑡) has an exponential time dependence, 𝑔(𝑥, 𝑡) = 𝜑(𝑥)𝑒 𝜇𝑡
due to the homogeneity of Equation 4.9. Here, the quantity 𝜇 is known as the growth rate: small
perturbations grow and develop patterns if 𝜇 is positive, whereas the imposed perturbations
disappear if 𝜇 is negative. Once 𝑔(𝑥, 𝑡) for a particular wavenumber, 𝑞, is obtained by solving
Equation 4.9, the growth rate, 𝜇, can be calculated as:



1 g
g t

(4.10)

4.2.2 3D Nonlinear Simulation

Full nonlinear 3D simulation (2D spreading) were performed on a rectangular domain of
size 𝐿𝑥 × 𝐿𝑦 . Constant flux boundary condition was applied in the longitudinal or flow direction at
𝑥 = 0 and 𝑥 = 𝐿𝑥 , while periodic boundary conditions were applied in the transverse direction at
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𝑦 = 0 and 𝑦 = 𝐿𝑦 [42]. For a single mode perturbation of wavelength 𝑙𝑤 , the initial state was a
step function with a slight perturbation of the contact line in the 𝑦 direction given by

x  x0  0.2 cos2y lw 

(4.11)

For simulating a random multimode perturbation, a 50 mode sinusoidal function was used to
perturb the contact line:
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(4.12)

Here, 𝑙𝑤,𝑖 = 2𝐿𝑦 ⁄𝑖 , 𝑖 = 1, 2, … 50, and 𝐿𝑦 is the length in the transverse direction which is same for
all the simulations. The amplitudes 𝐴𝑖 were random numbers between −0.2 and 0.2. All
simulations were performed for a precursor film thickness, 𝑏 = 0.1, and grid spacing, Δ𝑥 =
0.1, Δ𝑦 = 0.1. Second order central difference scheme was used to discretize the spatial variables
and time integration was performed using Matlab’s variable step ODE15s solver with default
tolerance of 1E-6.
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Figure 4.3. Growth rate curve of Newtonian thin films for 𝐷 = 0, and 𝐷 = 1. The markers
represent the growth rate at the most unstable wavenumber. Precursor layer thickness of 𝑏 =
0.1 was used.

4.3

Results and Discussion

4.3.1 Linear Stability Analysis

Figure 4.3 shows the growth rate curve of Newtonian thin films, and the results match with
previously published results by Kondic [43]. The results also match with the Newtonian growth
rate results published by Hu and Kieweg [45]. As can be seen from the figure, flatter inclination
angle reduces the growth rate, tightens the band of unstable mode, and moves the most unstable
mode to bigger wavelengths.

We present the results of linear stability analysis of Ellis thin films in Figure 4.4. Analysis
was performed for vertical (𝐷 = 0) and shallow (𝐷 = 1) inclines. It can be seen that the growth
rate of Ellis-type shear-thinning liquid films are functions of both the degree of shear-thinning, 𝛽,
and the parameter for slope of the shear-thinning region, 𝜆. As shown earlier in Figure 4.2, degree
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of shear thinning 𝛽 = 0.1, 1 and 10 was considered as progressively more shear thinning cases.
Parameter 𝜆 = 2 and 3 were considered for slopes of shear-thinning. Here 𝜆 = 3 indicates a
steeper slope compared to 𝜆 = 2 which results in a wider Newtonian plateau for the same value
of 𝛽. For a smaller value of 𝛽, shear-thinning is mostly confined near the contact line region
whereas for higher values of 𝛽, significant shear-thinning can occur far behind the contact line.
As shown in Figure 4.2, for vertical incline (𝐷 = 0), the growth rate increases, and the band of
unstable mode tightens with the increase in the degree of shear-thinning, 𝛽 for both 𝜆 = 2 and 3.
However, the growth rate for 𝜆 = 3 is lower due to the presence of wider Newtonian plateau, i.e.
at lower values of shear stresses, the fluid with wider Newtonian plateau acts more Newtonianlike. No appreciable change in the most unstable mode is observed in either case. However, a
slight shift in the most unstable wavenumber towards larger wavelength is observed for the 𝛽 =
10 case while 𝜆 = 2. In comparison, the power-law model for 𝐷 = 0, predicted a decrease in
growth rate with increased shear-thinning and no change in the most unstable wavenumber [45].

For a flatter incline (𝐷 = 1), a shift in the most unstable wavenumber to larger wavelength
was observed in all cases. For a shear-thinning fluid with wider Newtonian plateau (𝜆 = 3),
increasing the degree of shear-thinning decreases the growth rate and shifts the most unstable
wavenumber to larger wavelength. As can be seen from the figure, 𝛽 = 10 completely stabilizes
the contact line. However, for shear-thinning fluids with a narrower Newtonian plateau (𝜆 = 2),
high degree of shear-thinning (large value of 𝛽) increases the growth rate despite the shift of the
most unstable wavenumber towards larger wavelength. The shear-thinning of the fluid far behind
the contact line is the probable cause of this phenomena. For highly shear-thinning fluids with a
narrow Newtonian plateau, the apparent viscosity is significantly decreased far beyond the
contact line. This increases the overall flow velocity of the liquid, which probably results in the
increase in overall growth rate. In comparison, the power-law model for 𝐷 = 1, predicted a
decrease in growth rate with increased shear-thinning and no change in the most unstable
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wavenumber [45]. These results highlight the complex behavior of contact line instability of shearthinning fluids, when modeled by Ellis rheological model.

Figure 4.4. The growth rate 𝜇(𝑞) computed from long time behavior of solutions of linear PDE
in Equation 4.9 for 𝐷 = 0,1 and 𝜆 = 2,3. In each case, shear-thinning cases 𝛽 = 0.1,1, 10 were
compared with the corresponding Newtonian case. The markers represent the growth rate at
the most unstable wavenumber. Inset figures show a magnified view of the same results.
Precursor film thickness 𝑏 = 0.1 was used for all the cases.
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4.3.2 Single Mode Perturbation and Comparison with LSA

We performed single finger evolution simulations to compare the growth rate from 3D
nonlinear simulation with the growth rate obtained via linear stability analysis. The length in the
transverse direction of the simulation domain were specified as equal to the most unstable
wavenumbers from LSA. Perturbations were given following Equation 4.11. Figure 4.5 shows the
evolution of a single finger over time as a representative case.

Figure 4.5. Evolution of a single finger for a shear thinning thin film with 𝐷 = 0, 𝛽 = 10 and
𝜆 = 2. Single mode perturbation was applied by making the transverse direction of the
simulation domain 𝐿𝑦 equal to the wavelength which was calculated from the most unstable
wavenumber of LSA result (𝑞 = 0.46, 𝑙𝑤 = 2𝜋⁄𝑞 = 13.7).
Figure 4.6 quantitatively compares the growth rate of a single finger from 3D nonlinear
simulation with growth rate obtained via LSA. The finger length 𝐿 is the distance from the finger’s
tip to root, and is normalized with the initial finger length 𝐿0 imposed by the initial perturbation.
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The growth rates of LSA matches closely with the nonlinear simulation at early times. At later
times, the finger growth slows down and approaches a lower constant speed since the overall
travelling speed for a constant flux configuration is decided by the travelling wave speed. The
results show that cases with higher growth rates deviate earlier from the LSA curve, indicating an
earlier transition into the nonlinear regime.

Figure 4.6. Comparison of growth rates from single mode perturbation simulation to the
growth rate predicted by linear stability analysis.

4.3.3 Random Multimode Perturbation

We have also investigated the behavior of the contact line to randomly imposed multimode
perturbation according to Equation 4.12, and compared them qualitatively with LSA results.
Figure 4.7 shows the resulting fingers from the imposed perturbation for 𝐷 = 0 and 𝜆 = 2. The
Newtonian case is compared with shear-thinning cases of 𝛽 = 1 and 10. It is obvious that the
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growth rate increases (by observing finger length) with increased degree of shear-thinning, and
highly shear-thinning fluids develop long and slender fingers very quickly.

Figure 4.7. 3D simulation of random multimode perturbations for 𝐷 = 0 and 𝜆 = 2. The
Newtonian case is compared with shear-thinning cases of 𝛽 = 1 and 10. Simulations were
performed on a 𝐿𝑥 × 𝐿𝑦 = [60 × 96] domain. Please note that the time of the snapshot for 𝛽 =
10 case is at 𝑡 = 20, whereas the other two cases are at 𝑡 = 40 (because at 𝑡 = 40, the finger
would be longer than the simulation domain for 𝛽 = 10).

Figure 4.8 shows the resulting fingers from randomly imposed perturbation for 𝐷 = 1 and
𝜆 = 2. The Newtonian case is compared with shear-thinning cases of 𝛽 = 1 and 10. The 3D
simulations are in good agreement with the LSA results. Small degree of shear-thinning (𝛽 = 1)
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seems to have reduced the growth rate. However, high degree of shear-thinning have reduced
the number of fingers which is in agreement with the shift in the most unstable wavenumber to
higher wavelength in the growth rate plot. There is also an increase in the growth of fingers which,
as mentioned earlier, is probably a result of significant shear-thinning occurring far beyond the
contact line. Similarly, good qualitative agreements with LSA results were also found for the 𝜆 =
3 cases (not shown here).

Figure 4.8. 3D simulation of random multimode perturbations for 𝐷 = 1 and 𝜆 = 2. The
Newtonian case is compared with shear-thinning cases of 𝛽 = 1 and 10. Simulations were
performed on a 𝐿𝑥 × 𝐿𝑦 = [60 × 96] domain.
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The typical initial distance between the finger-tips correspond to the most unstable
wavelength. However, as the finger evolve and grow, they can merge to alter the initial spacing
between finger-tips. Table 4.1 compares the characteristic finger wavelength obtained from 3D
nonlinear simulation with the most unstable wavelength predicted by LSA. The finger wavelength
was approximated by using the findpeaks function in Matlab®. The distance between all the
adjacent finger-tips were obtained and averaged to get the value of the characteristic finger
wavelength. The predicted wavelength from LSA was calculated as 2𝜋 divided by the most
unstable wavenumber.

Table 4.1. A summary of the comparison between the most unstable wavelength obtained from
LSA, and the characteristic finger wavelength obtained from 3D nonlinear simulation.

𝑫

𝝀

LSA
0

2

13.09

3D
14.52

3
1

2
3

4.4

𝜷=1

Newtonian

19.63

19.78

LSA

𝜷 = 10
3D

LSA

3D

13.09

14.65

13.66

15.82

13.09

14.65

13.09

15.70

24.17

19.45

26.18

21.00

28.56

21.53

∞

∞

Conclusion

In this chapter, we have developed a model to study the contact line stability of gravitydriven thin film flow of Ellis-type shear-thinning fluid. The results have demonstrated a complex
contact line behavior of Ellis-type fluid which is dependent on a combination of degree of shearthinning and the slope of the shear-thinning region. Fluids with the same half shear stress, 𝜏1⁄2
but different shear-thinning index, 𝜆 seems to have different behavior. There are lack of carefully
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designed experimental studies which investigates the contact line behavior of gravity-driven thin
film flow of shear-thinning fluids. It is crucial that we understand the contact line physics of shearthinning fluids since shear-thinning fluids are common in many industrial and natural applications.
Experimental studies will also help to resolve the discrepancies between the results in this chapter
with the results found by Hu et al. for power-law fluids [45], which reported that contact lines are
always stabilized due to shear-thinning.

In this chapter, we have considered a complete wetting scenario. Another natural
extension of this study is the addition of a partially wetting contact line model similar to Eres et al.
[63], in order to investigate how the shear-thinning affects the droplet pinch off behavior for
sufficiently large contact angles.
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Chapter 5
CONCLUSIONS AND FUTURE WORK
5.1

Summary

The broad goals of this dissertation were to (a) develop a mathematical model of boundary
elasticity and gravity-driven thin film flow of Herschel-Bulkley fluids, (b) develop a mathematical
model for rupture and dewetting of Ellis-type shear-thinning liquid films, and (c) develop a
mathematical model for contact line instability of gravity-driven flow of Ellis-type thin liquid films.

The mathematical model of the squeezing flow of Herschel-Bulkley fluids has
demonstrated the positive role that yield stress can play in controlling the spreading of the delivery
vehicle. Our numerical models have suggested that yield stress can play a vital role during the
early deployment time (2-5 minutes) by arresting the flow of the gel, and possibly also aid in
retention of the gel in its intended location. We have demonstrated an optimization framework
which can be used to design gel formulations and delivery location (along the vaginal axes) for
women whose vaginal tissue elasticity may vary due to age or parity. We have assumed that
vaginal tissue and the surrounding structure has isotropic material property to simplify the
modeling process. We have also neglected the boundary dilution which may have only a minor
affect during the early deployment times.

We have developed numerical models for modeling the rupture and dewetting process of
Ellis-type shear-thinning fluids and compared the results with Newtonian fluid film dewetting. The
rupture time study using 2D model have indicated that shear-thinning rheology accelerates the
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rupture process. Simulations performed with the 2D model using different wavelengths of
perturbation demonstrated that shear-thinning rheology has negligible effect on the preferred
mode of instability, which corresponds to the initial spacing between the mounds or ridges. These
characteristics were also observed in 3D simulations performed with random perturbation of the
interface as shear-thinning rheology accelerated the rupture. The initial spacing between the
mounds or ridges were also qualitatively similar between Newtonian and shear-thinning fluids,
which verifies the finding from 2D simulation that the preferred mode of instability is similar for
inelastic shear-thinning fluids compared to the Newtonian fluids.

Our study on the contact line instability of Ellis-type shear-thinning fluids have
demonstrated the complex behavior of the contact line of shear-thinning fluids that are subjected
to a perturbation at the moving front. For higher inclination angle, shear-thinning rheology
increased the growth rate of fingers without any significant change in the most unstable mode.
For low inclination angle, more complex behavior was observed. A low degree of shear-thinning
stabilized the contact line and also shifted the most unstable mode to larger wavelength. However,
for a high degree of shear-thinning fluid with small Newtonian plateau, the growth rate seems to
increase even though the most unstable mode shifts toward larger wavelength. This could be
attributed to the decrease in apparent viscosity far beyond the contact line, which increased the
overall flow speed.

5.2

Future Work

Our optimization framework for estimating gel rheological properties can be extended in
the future to a larger set of target gel functions (e.g. biocompatibility or anti-STI activity). While
using this type of regression model based optimization, it is always important to ensure that an
appropriate range of rheological properties, tissue elasticity, deployment time and initial bolus
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volume is chosen for the model building set. Future studies may incorporate layers of different
tissues (e.g. vaginal epithelium, smooth musculature, and underlying tissues such as bladder
structures) in the surrounding “tissue” compartment of the model. Therefore, it is crucial that
efforts are made towards developing new instruments so that vaginal mechanical properties could
be measured in vivo, and the impact of the surrounding underlying tissues on the closing
pressures of the vaginal tissue could be quantified and modeled. These measured properties can
then be used in numerical models to study the deployment dynamics more accurately. The model
could also incorporate boundary dilution in the future to investigate whether the effect of dilution
is significant during the early stage deployment period.

Experimental investigation of rupture and dewetting process, and contact line instability of
shear-thinning fluids should be performed in future to validate the findings from our numerical
models. However, since shear-thinning fluids are described by multiple parameters (for example
power-law having consistency and thinning index), it is difficult to synthesize multiple shearthinning fluid samples where one parameter is constant but the other parameter is different.
Mathematical models for rupture/dewetting of yield stress type fluids could also be developed in
future to investigate whether yield stress has any stabilizing effect in case of film rupture. A
regularized Bingham fluid model can be developed following the procedures described in
Balmforth et al., [44]. A viscoelastic rupture/dewetting model could also be developed to study the
effect of elasticity on film rupture, following the article published by Sapid and Homsy on contact
line fingering of viscoelastic thin films [65]. A natural extension of the study on contact line
instability would be to incorporate partial wetting in the model to investigate how shear-thinning
rheology affects the pinch off behavior observed in films with high contact angle. The
mathematical techniques developed as part of this dissertation can also be modified to study the
evolution of shear-thinning droplets in order to investigate the effect of droplet size on the shape
of the sliding/spreading drops and compare that with their Newtonian counterparts.
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To summarize, these mathematical techniques are not specific to any single application.
They can be modified and translated to numerous biological and industrial applications involving
thin liquid films.
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Appendix A1

Regression models for coating length and percentage yielding

The regression models used for optimizing the gel rheological properties in Chapter 2 are given
in this section. These models correlate the coating length and percentage yielding with the gel
rheological properties, tissue elasticity and deployment time.

A 1.1. Model for coating length
𝐶𝑜𝑎𝑡𝑖𝑛𝑔 𝑙𝑒𝑛𝑔𝑡ℎ
= 6.875 − 0.05986 ∙ 𝑚 − 0.06847 ∙ 𝜏0 + 0.1816 ∙ 𝐸 + 0.01462 ∙ 𝑡 + 0.01349 ∙ 𝑚 ∙ 𝑛
+ 0.00044 ∙ 𝑚 ∙ 𝜏0 − 0.0002888 ∙ 𝑚 ∙ 𝐸 + 0.00002795 ∙ 𝑚 ∙ 𝑡 − 0.009097 ∙ 𝑛 ∙ 𝜏0
+ 0.006034 ∙ 𝑛 ∙ 𝐸 + 0.006619 ∙ 𝑛 ∙ 𝑡 − 0.0003147 ∙ 𝜏0 ∙ 𝐸 − 0.0001388 ∙ 𝜏0 ∙ 𝑡
+ 0.0001238 ∙ 𝐸 ∙ 𝑡 + 0.0001746 ∙ 𝑚2 − 0.2784 ∙ 𝑛2 + 0.0003893 ∙ 𝜏02 − 0.001456
∙ 𝐸 2 − 0.00005235 ∙ 𝑡 2
𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑅 2 = 0.9745,

𝑄 2 = 0.9744,

𝑝 − 𝑣𝑎𝑙𝑢𝑒 < 2.2𝑒 − 16

A 1.2. Model for percentage yielding
%𝑌𝑖𝑒𝑙𝑑𝑖𝑛𝑔 = 76.45 + 0.704 ∙ 𝑚 − 47.10 ∙ 𝑛 − 1.801 ∙ 𝜏0 + 0.4776 ∙ 𝐸 − 0.1765 ∙ 𝑡 − 0.2081 ∙ 𝑚 ∙ 𝑛
− 0.002518 ∙ 𝑚 ∙ 𝜏0 + 0.003108 ∙ 𝑚 ∙ 𝐸 − 0.0006389 ∙ 𝑚 ∙ 𝑡 + 0.1954 ∙ 𝑛 ∙ 𝜏0
+ 0.06795 ∙ 𝑛 ∙ 𝐸 − 0.06903 ∙ 𝑛 ∙ 𝑡 + 0.0006749 ∙ 𝜏0 ∙ 𝑡 − 0.00104 ∙ 𝐸 ∙ 𝑡 − 0.002236
∙ 𝑚2 + 24.3 ∙ 𝑛2 + 0.01159 ∙ 𝜏02 − 0.006644 ∙ 𝐸 2 + 0.0007944 ∙ 𝑡 2
𝑎𝑑𝑗𝑢𝑠𝑡𝑒𝑑 𝑅 2 = 0.9278,

𝑄 2 = 0.9275, 𝑝 − 𝑣𝑎𝑙𝑢𝑒 < 2.2𝑒 − 16
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Appendix A2

Derivation of evolution equation for gravity and boundary elasticity
driven squeezing flow of Herschel-Bulkley fluid

In this section, we provide detailed derivation of the evolution equation for gravity and boundary
elasticity driven squeezing flow of Herschel-Bulkley fluids. For deriving the evolution equation
given by Equation 2.2 in Chapter 2, we start from conservation of linear momentum in 3D, which
is given by:







 ut  u  u   p      g

(A2.1)

Here, 𝜌 is density, 𝑔 is gravitational acceleration, 𝑢
⃗ is velocity vector, 𝑝 is pressure, and 𝝉 is stress
tensor. By applying thin film lubrication approximation, inertial components can be neglected. For
2D flow (1D spreading) in 𝑥𝑧 plane, the momentum equation reduces to

0

p  xz

 g
x
z

(A2.2)

0

p
z

(A2.3)

Integrating equation A2.3, and applying boundary condition for pressure, 𝑝 at the gel-tissue
interface, 𝑧 = ℎ(𝑥, 𝑡), to be equal to, 𝑝 = 𝐸ℎ⁄𝑇, we get,
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pE

h
T

(A2.4)

Here, 𝐸 is the elasticity of the tissue, and 𝑇 is the thickness of the tissue. Plugging in the value
of 𝑝 in equation A2.2, we get,

 xz E h

 g
z
T x

(A2.5)

Integrating equation A2.5 with respect to 𝑧, and by applying zero shear stress boundary
condition at the symmetry plane, 𝑧 = 0, we get,

 E h

 g  z
 T x


 xz  

(A2.6)

At the yield surface where the shearing layer meets the plug layer (𝑧 = ℎ0 ), we have, 𝜏𝑥𝑧 = 𝜏0 .
Therefore, from equation A2.6, we get the following expression for the height of the yield surface

h0 

0

(A2.7)

 E h

 g 

 T x


The constitutive equation for Herchel-Bulkley fluid is given by,

 xz

 u 
  0  m 
 z 

n

(A2.8)

Here, 𝜏0 is yield stress, 𝑚 is consistency, and 𝑛 is shear-thinning index. Combining equations
A2.6, A2.7 and A2.8, we get an expression of 𝜕𝑢⁄𝜕𝑧. Now, integrating with respect to 𝑧, and
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applying a no-slip boundary condition at 𝑧 = ℎ(𝑥, 𝑡), we can arrive at the velocity of the yielding
region

1
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1 n
1 n
 1  n  n  E h
 n

u  
 g  z  h0  n  h  h0  n 


 m   1  n  T x
 

for ℎ0 < 𝑧 < ℎ

(A2.9)

The velocity of the plug layer can be obtained by setting 𝑧 = ℎ0 in equation A2.9. the velocity of
plug layer 𝑢𝑝 is given by,
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(A2.10)

Flow rate per unit width is given by the following expression

h

Qx  h0u p   udz

(A2.11)

h0

Integral mass balance gives us the following form of evolution equation,

h Qx

0
t
x

(A2.12)

Therefore, we get the PDE describing the evolution of Herschel-Bulkley thin film between elastic
boundaries:
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Appendix A3

Derivation of evolution equation for rupture of Ellis-type shearthinning liquid films

In this section, we provide detailed derivation of the evolution equation for rupture and dewetting
of Ellis-type shear-thinning liquid films. For deriving the dimensional evolution equation given by
Equation 3.2 in Chapter 3, we start from conservation of linear momentum in 3D, which is given
by:







 ut  u  u   p      g

(A3.1)

Here, 𝜌 is density, 𝑔 is gravitational acceleration, 𝑢
⃗ is velocity vector, 𝑝 is pressure, and 𝝉 is stress
tensor. In this section, the bars used in chapter 3 to indicate dimensional quantity has been
neglected for simplicity. By applying thin film lubrication approximation, inertial components can
be neglected. Since we also neglect gravity, the conservation of linear momentum equation
reduces to
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The pressure in the fluid is given by

p   2 h  

(A3.5)

Here, 𝜎 is the surface tension, ∇2 ℎ is the small slope approximation of the free surface curvature,
and Π is the disjoining pressure. Integrating equation A3.2 and A3.3 with respect to 𝑧, and by
applying zero shear stress at the free surface, 𝑧 = ℎ, we get the expression of shear stresses
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The Ellis constitutive model is given by


 xz 2   yz 2
1 1
 1 
 0 
1 2
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(A3.8)

Here, 𝜂 is the viscosity, 𝜂0 is the viscosity at zero shear stress, 𝜏1⁄2 is the shear-stress at which
the viscosity is reduced by half, and 𝜆 is the shear-thinning index. The relevant components of
stress tensor are given by
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v
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(A3.10)

Combining equation A3.6 to A3.10, we can obtain expressions of 𝜕𝑢⁄𝜕𝑧 and 𝜕𝑣 ⁄𝜕𝑧. Now,
integrating with respect to 𝑧, and applying a no-slip boundary condition at 𝑧 = 0, we arrive at
expressions of velocity
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The flow rates are given by
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Finally, the evolution equation obtained from integral mass balance is given by
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Appendix A4

Derivation of evolution equation for gravity-driven thin film flow of
Ellis-type shear-thinning liquid

In this section, we provide detailed derivation of the evolution equation for gravity-driven thin film
flow of Ellis-type shear-thinning liquids. For deriving the dimensional evolution equation of thin
film on an incline (with an angle 𝛼 with horizontal) given by Equation 4.2 in Chapter 4, we start
from conservation of linear momentum in 3D, which is given by:







 ut  u  u   p      g

(A4.1)

Here, 𝜌 is density, 𝑔 is gravitational acceleration, 𝑢
⃗ is velocity vector, 𝑝 is pressure, and 𝝉 is stress
tensor. In this section, the bars used in chapter 4 to indicate dimensional quantity has been
neglected for simplicity. By applying thin film lubrication approximation, inertial components can
be neglected. The conservation of linear momentum equation reduces to
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The pressure in the fluid can be obtained by integrating equation A4.4 and applying boundary
condition, 𝑝 = −𝜎∇2 ℎ + 𝑝0 , at 𝑧 = ℎ, we get,

p  g cos  h  z    2 h  p0

(A4.5)

Here, 𝜎 is the surface tension, ∇2 ℎ is the small slope approximation of the free surface curvature,
and 𝑝0 is the atmospheric pressure. Integrating equation A4.2 and A4.3 with respect to 𝑧, and by
applying zero shear stress at the free surface, 𝑧 = ℎ, we get the expression of shear stress
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The Ellis constitutive model is given by
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Here, 𝜂 is the viscosity, 𝜂0 is the viscosity at zero shear stress, 𝜏1⁄2 is the shear-stress at which
the viscosity is reduced by half, and 𝜆 is the shear-thinning index. The relevant components of
stress tensor are given by
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Combining equation A4.6 to A4.10, we can obtain expressions of 𝜕𝑢⁄𝜕𝑧 and 𝜕𝑣 ⁄𝜕𝑧. Now,
integrating with respect to 𝑧, and applying a no-slip boundary condition at 𝑧 = 0, we arrive at
expressions of velocity
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The flow rates are given by
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Finally, the evolution equation obtained from integral mass balance is given by
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