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1.
- SECTION I.

‘ Dafinitions nf an. anelope of & Pamily of Curves
Involving a Single Parameber |
Ay Let us édngiderfa femily of curves
Flxya)=0
a being:thafvériéble paramatér, that is, o belng allowed
to take on verious values. %f;thﬁ curves of the family
are draWn'which carréspcnd to a gystem of infinitesimally
| close values of the parameter, srranged in order of mag-
: nitude, the lacus of the intersection of consecutive curves
of the family
| F(Xya)
is definaﬂ a8 the envelope of the family of curves.
Having defined an envelope of the family of curves,
Pz, y,8)=0
let us £ind the equation of that envelbpe, provided one
exists. Assuming, for the time, that an envelope does exist,
1et 2 and a + & a be two values of the parameter, where
8 is an infinitesimally smallﬂquantity‘ The equation
?f two suchjcurvas‘WG7kn0W't6'be
| F(x,5,8)=0 (1)

and :
F(x,y,a-i»Sa):O. - {2)
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 Bince the 1imiting position of the points of
intersection of two curves of the family whose parameters
differ by an infinitesimally small quantity, as § & . —>0,
1s, by definition, polnts of the envelope, we have that
: the ’eq&aticn ; |
| F(xm gy, 8+ Sa) -TF(x, y,a)=0 (3)

Y

represents a curve which passes through all the inter-
sections of the two curves (1) and (2),.

o 8ince a ls constant for any one of the curves
| of the femily, we Bive by the definitéon of a partial der«
© ivative that

S lim - Pl x,y,a +8Sa )« F(xvya) =
5 aro pSury

Fla =0 | (4)
Hence
Flxya)=0.

and ,
Fa=0

intersect in those points of the envelope which 1ie upon
| P{ x,72 ) = 0.
'Therefore, to obtain the equation of the envelope, we have

’qnly to eliminate a from equations (1) and (4).
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 8‘ Given the family of curves
| F(x,y,,a)vzﬂ (1)
where as is the verisble paranietezu - If each of the curves
of the family, as a tekes on all possible values, 1s tangent
to a curve E, we say that E is the envelope of the family
" of curves (1) | |
| - | Let us now find the equation of this envelope,
provided one exists. From the definition piven above the
curves of {:he ramily (1) are tangent to the envelope, and
the point of t‘angency moves aiimg thé envelope as a varies.
ﬁ?he squation of the envelope may, thez"efox'e, be w:eitten.. :
| z=¢ () , yv=y (a), with |
F(p Vv, a)=0 (2)
where the first two equatilons show that the points on the
envelope are functions of the parsmeter &, and the lest one
shows that each 'point of the anvélope lles on some curve of
the family | |
‘ F (x,y,2 ) = 0.
Differentiating (2) with,r_esbeat to a, we have
| | F;. @' (a) + ny(p'{a) + Fa=0 (3
From our definltion of an envelope, we lknow
that the tengents to the curves E and F},_(‘x_,y,a ) =0 co-

incide for all values of a. LetdX andgy Eahtwd quantities



proportional to the directlion cosines of the taﬁgent to
the curve

end let d x and dy be the derivatives of the functions
- da . da :

%z = ¢ (a) end v =P (a) respectively. <The necessary con-
dition for tangency 1=

dx 0 47
de. © . da
§zx O3

But since a, for any one curve of ths family hes a constant

velue, we Mmve . ~ . |
1 Fxr Sx+FPy Sy=0 (4)
which debermlines the tangent to the curve
F {x,7,2) =0
By aombining (3) and (4) we have
| Fa (my,e ) =0 | (5)
If we eliminate & in equations (1) end (5) we have the

equahionfof the envelopes

C+ Lot vs consider tbg envelope to a
family of curves whose equation is of ths»form |
Ae?+2Ba+@=0 |
}ﬁhere A;ZB and C are any functions of x and y, and a is the

variable parameter.
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F(xya) = A2® + 2 Ba + 0 = 0 (1) |

 Flayp) = 208 + 28 = 0
Fliminating a in squations (1) and (2) we see that the
envelops Lo %he’familj of curves (1) is given by the equation
B = AC | |

D. The diseriminent of
 Flx,y,a) = Ao 6 + A, g" " cesdeam a =0, (1)
where A{ (1= O a*«~@ﬁ) is any functlon of x and y, und a
1s the varlable parameter, 1s that integral functlon of the
coefficlenta of |
Fiz,7,8) = 0, (2)
thﬁﬁ_isi & function of x and y, whose fenishing 1s a necessary
and sufficient condition that Fla) = 0 has multiple (equal)
roots. _ _ |
| | When this diseriminent is expressed in its
simplest rational integral form, it is called the a- dis-
criminant of (2), and may be denoted by
| | Aza;(F)’:,O , |
We know from our work in Theory of Equbtions,
~ that the diseriminant of -§1) is found by'aliminating a
between ’
F(x,7,8) = 0

and Wz , .
| Fa=o0 - - (8]
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Hence, since from previous definitions of the ‘enw
velepe; wo know that its eguation is obtained by eliminating
2 in (2) and (3), the eguation of the diseriminent 1s the
equation of the envelops or contains curves which are tlo

envelope of the famlily of curves.

Es Given the famlly of curves
| P{xyy,8) = 0, | (1)
end svppose that as a varies, we can £ind a curve to which
éaah.af the eirves of the family (1) is tangent; that is,
thet there is an enval&pe for this family of curves.

Now let us consider equation (1) as that of a
surfaée; vawe‘SQGtieﬂ this surface by & serles of planes
parallel to the x,y plane, thet is, if we let a assune
various velues, and project the various curvés formed by
the inﬁerseciions of the surface |

F(x,y;8) = 0
and the planes |

a =k,
where Xk tekes on all possible values, onto the X,y plane,
these projections will be the family of givenAcurves (1)
in the %,y plane; the two curves with the same value of a

being ceincident,
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If now, we prcjec‘c' into space the envelope of
the '@Van femily of curves in the x,v plané by erécting pere
neﬁﬁieumrs at alll poi*'i s of the envelope, Hthis nroje;;tion
will 't;e a curve in Space which 1ies on the surface
T (x,7,8) =0
If through this curve we pass another surface,
gb(x,y,&) = 0, , - (2)
distinet from F ( x,y,a) = @, and let it bn required to
find the tengent line to this curve in space, at the point
P{x, , Y. ', 8o ) A
| The tangent line p

tirough P(Xo 5 Yo s 2o ) ic the
intersectlon of ths tangent
planes 7 and 77 to the two

surfaces F(x,y,2) = 0 ard

¢ (x,7,8 ) =0 resvectively, |
for p is tangent to both surw
f‘écea 5 and henoe’nms%’: lie in
both tangent planes.

: The equatiom of
the t;angent 'pla‘neé 7~ and 7T
et Plx, , 37".:' s &4 ) arev ‘

2 F, (x-x0) + 2Foc (y-yo) + 2Fo (a-a,) =0 {3)
0 Ko oyo 08, -
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and e ERE , ‘
| " ...‘..?.u@.&a..(x”xo ) + h:@_f_ég_,(?"yo ) + Do (a=-a ° )
o Xo = o k ’a\jo ' D OCuo
=0 ‘

(4)
respectively. Reducing these equations (3) and (4) to the

&éter‘minant form we nve

| (5)
xeXe 0= Y-y = _ 8-
2. 2kl |2@.. 2% | |2¢. 2E
DY . Y, |26, @ 8e | IaX, 22X,
. 2E 2. 2F | | 2¢. _or
. (aao ’Baa ,a)(g QXQ '370 ‘ayo
X -, - R A
2%, 2k 28, 2B
/a)(o g YO . ) 'Z')a, »'aao (6)
¢, 2% e, A6
Dda. 9a., ' ' 9x, X,

is‘the projection of the tangent line to F(x,y,a) = 0
and <P ( :c,:;r’,a)A = Dj'at the poinﬁ? {=., v, , 8&,) onto
the x,y plarie.; |

| Let 1t be reguired to find the tangeﬁi: to the

curve | ‘
P (%7, 25 ) =0 \ - (7)



at the point ( x,y, )+ This equation is

OF (xex, 1 ¥ o Yy«57.) =0
D Ko %yo . ;
2 (mex,.in+ 2F (y=-5y. )=o0,
i Ly 0% 0 yO

or
X - X, A (8)
2% i
'Byo gire B 9N

e projection of a tangent to a curve ¢ in space
at the point P ( x,, y., &, ) 1s tengent at P'(x,, v, ),
the projeetion of P (x,, v, 8, ), to the eurve ¢’ ,
the projection of C onto the x, y plane.

Let & be & e
point on the curve C, whose
projection on the x,y
plane is G', a
point on the curve ¢’

different from P’ 4

As the chord
PQ of C becomes the tane

gent at P to C by mov-
ing Q up to P , the
chord P'Q’ of ¢'becomes
the tangent at P to ¢’

by moving Q' up to E i

Hence we have that



and

= Fx Jo

2d.. DY
4. Ode.
26,  2E
DX, DX,
%z‘n«‘y
2%
OXo

20, 2K
’Byo 0 Yo
2% R 2 oY
faao faao _ 'B f"
D&,
D A, “da. - %
| 9 x,
D e 2E
Xo ?XO

10.

(9)
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D0 2 2F 2da 25
’b\Lo Qo Byo 0 Qo afo
28, 28 _ 2FE 26. _0F
aao 'axc ’aao axo axo

@__E.: [-a_é" :@_E; ol oY% =
qa ., Ko 3)’0 )’o 0 Xs
2%, 2%
' DXo ’ax.,
,DF; =00
B T RY
°Yy  9Ye

(10)

If the determinant (10) does not vanish, we lmow thet

pE. =0
0 0o




We shiall now prove that the determinant

Do —a¥% .
X, DX,

o

)

‘\} O0Ye 2 ¥o

cannot be zero.

In order that the surve (7) may Have a tangent

at (x,, v, ) it is sufficient that DE  and
: Xo
: % Yo should be conbinuous in the neighborhood of
(:eco ,f }o ) and thet not bobk QF. . and JY¥g
. - ’B Xo 5 )(o

be zerc., If QY =0 and %R = 0, there
- 0 Xo | ye

would be no tenpgenrt; for eguatlon (8) would vanish,
Lilewise in order thet the curve
b (x,5,860) =0 | (12)
nay heve a tangent at (x,, 7, ) it is sufficient that

:%¢>o and "9,  be contimous in the neighbor.
o R o ‘
hood of {x, , v, } ahd that notboth O Fo and

| - DX

D bo. . Do zeros

j °  Hence the deteorminant A cannot reduce to zero
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by having all the clements of elther coluwm be zero.
. The two foregoine theorems do not teke care
£ the case where _ Q| =0 ani D =% 0

o X. - ?Ye
and  QP. =0 and 2 0. # 0. Should this
B Xo o a )’o ’
be the case we would have
| ° o
| fDGéo 0 F: = 0
s} Y" , 0 ya

It is easily scen that this condition camnot

oxist, for, 4 _ 2Fs  smd _ o, are both zero,
- o) Xo O Xe ’ ,

equation (9), the euetion upon which this entire dis-

cussion 1s based, would vanish. Likewise, 0%, -
. . . Byo
and D Do cannot both be zevo.
' -0 Yo :
Honce the detorminant A camnnot veduce to zero by having
all the elements of elther row be zero.
These two special cascs are, In facs, taken

care of by the following general discussion.
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To prove that if /Al = 0, even though the ele-
ments of any row or golumn are not all zero, that ls, to
prove that if the determinant vanishes st the point
(x_,, v, )} 1 the two functions (’f) and (12) are not ine
dependent functions. | |

Let
u=Fx,ya,) (13)

and ' ‘
v= ¢ (x,7,8. ), (14)
where u and v are supposed not to reduce to constants,

and hence we may assume that at least one of the partisl

derivetives, s OF Db s 0P does not reduce
‘ :,5% ;.,55(9»52(,; B)l s

to zero. ILet OF e the derivative which does not

vanish at the poizzis (=, 7, )e i"‘hen'equation (13)
nay be solved for y, hence we have
= £ {x,m, a, )
Substituting in (14}, we have |
| - v=g [x £ (xup.) 8]
veg (x,me, ) . (15)
Differentiating and remembering that x and

y ere independent variables, we have



DY
DX

23
oY

But we have mssumed thab

Since

= g + 28 "()ﬁ, '
’ v ou oX

2
Du
0o e
VX, - DXe
DD 9T
Byo B\/o
2.0 2
ox DY
2 2F
oy Yy

ou
ok

ki

"

3

o
<
PR

o/
<

|

N/
—

15.

(18)

]

Y
~<

‘equations (16) hold only if 'aa.i =0 , that is if

g has no x ~ terms, and

This is contrary to our assumption that



16.
P (=, 7, &o") =0

and »gé(z;,y,a-o ) =0

are “‘i’n&epaﬁ&énﬁ funetions s
R Hénbce,-
o Fh (z,55 8 ) =0 | (17)
By eliminating a from equations (1) and (17)
if such elimination be possible, *;!e‘ obtain thé equation
\V/(x,y Y=o
which 1s the equetlon of the envelope to the family of
emves
o F(x,y,8 ) =0

should Such\’ia‘n envelope exist.

| F. Let ué conéider a famlly of curves
depending on one parameter, that is, ,(me represented by
the equation |

Flxg,a ) =0 (1)
vhose partial deriv&ti‘irea,‘ at least of the first two or-
dexvé,' are aontinucﬁs. Ve may assume further that 1f thére
are any singuiw pqint_s;, that 1s, polnts which satisfy
the équations o
F (x,y,.a) = F; (x,;ﬁr,a) = F{r (x,v,8) = 0, (2)
they are isolated points.
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Let M(x,y) be an ordinsry point on the curve
F(x,y,2), so tha@ at least one of the partial derivatives,
F'x op F y, s noh gero. Assuming that there are a
finite nunber of sang&l&r points in any region we wish to
consider, a reglon of values of x,y, and a, including the
point M{x;yiggaan be debermined which conteins no singular
poihts of ény'curva of.thepfamily of curves (1).

The equation

P (x,y,a +&a =0 | (3)

of the curve of ﬁhﬁ femifhy which differs from F(x,y,a)=0
by en infinibesimelly small quantity, mey be written in
the fomm ;

P {z,y,8) + Plx,y,a +5a ) = F (x,7,8) =0  (4)
But, Flx,y,8 +& & ) - F (x,7 &), by the Lav of the Nean
13 egual to -
Sa [Fa (x,y,a) +& Se]
Substitubing in equatién {3), weo have as the equetion of
the ecurve F{z,y,a +&& ) =

| F(xjr a) + ‘5 aFa (x,7 2) + & ( S‘a)‘3
| =0 | ) | (5)
Lot us assﬁma without proof that the shortest

distence o= of M from tﬁefcurve (4) satisfies the relation
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= AF (xyp +8a) (1+ € )

or ,
= A {F {xyn} + Sa Fé(:»:y;a) +8(5 a)”}
{1+ € } | (6)

where A#: 0, (x,y) are the coordinates of M, and ¢ » o
when J~ -Qo

Since ¥ (x,y) is an crdinery point, we have
that "= © when Ja — 0, so0 that € -~ owhen Sa-—»o0. But
AF(x,y,8)'= 0, hence equation (8), which may be vritten
in the form

g = E" Flx,y,8) + AFa (x,v,8) da + A6 6‘9.)“]

[+ €]

reduces to .

G'::EiFlm(x,y,a) Sa + A6(S a)a] [1+ E]
Therefore as §a — 0

T= A F‘fo;y,a)é‘a * AG(S&)QJ [1»!-0] .
Tnis distanece will be of the second, or higher order
of smaellness, if and only if |
| Fa (z,v,2) = 0.

An ordinary point on the curve (1), whose
distance from the curve (3) is of second order of smalle

ness at lesst, is called a characteristic point of the
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curve (1). These points are ordinary points at which
Ffa (x,7,a ) = 0. It may happen that the curve (1) is
entirely composed of cbafactgristic points, but in gen-
eral thess cﬁaracteriatic points are 1solabed¢‘

bafiniﬁion: |
| “ The envelope of a family of curves (1)
iskths locug of its isolated characteristic points.
v | If there is an envelope, its points
setisfy the equations '
D F {=,y,8 ) =0
(7)

and
Fa (x,7,8) = 0,

and the equation of the envelope is obtained by eliminating
& between these two aqﬁaﬁionsa | '

1 Iﬁ all the definitions of an envelope given
in this paper, we have sssumed that an envelope exilsts,
and that its equation 1s obbained by eliminating the
parameter a \bétween the equations (7).

The nampleta resuld of such an elimination

we know from definition (®) of tho envelope of a fumily

of curves involving e single parameter to be the a -
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discriminent of
‘ F(x,y7,2 ) = 0.
Ve éannoﬁ, however, be ¢eﬁtain'%hat any curve contained in
th@fé;u &isaﬁimiﬁant is the envslope or any part of the en-
velope., Yor instance it mey bo possible to satisfy the two
.equations ?7), by values of o independent of x and y, and
then the curve (1),,Whére a has tnken on a particular value,
will be cbmposed entireiy of charscteristic points, Such
a Gﬁxve will be included Iin the aadiécriminant, but will
not'be'a,pa?t of the envelope., Again, suppose that the
family (1) contains a locus of singuler points, that is
points of fl) at which ?oﬁh.F’x snd P’y ere mero. The co=-
ordigatas of these éingular poinbs satisfy the equations
F {x,7,8 ) =0
F'x =0 ‘
- Fly=o,
and‘élsclths‘equation obtained by differentiating F(x,y,a)
= 0 with respect to &, that is.

? / ‘ : . /
Fx dx +PF ydy +Fa =0
T a ' E% '

whers dx and dy sre determined from the equation of

de  da

the locus of singuler points. ~hus we see
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Faixy,2)=0
is slso satiéfied hy thé coordinates ( X,y ) of these
siﬁgular,peintaf ‘Benée‘any locus of singuler points of
the curves of the femily Cl)_will be part of the a-
ﬁiscrimiﬂant, and must be distinguished from the envelope.
These loeci. nz singular points may be a nodal locus, & cusp
locus, or a tac locus. |
In general, no such locus exlsts for, in gen-
eral,;singuiar~péinhs oceur only for isolated value of
x and y for any given value of a, that is, they occur
only for isolated members of the femily, and hence may
or may nat 1ie on the a - discriminat, -
If we are to find the equetion of the true
envelope to a family‘of curves ‘1), the equation found
by eliminating a between equations {7) must be tested for
curves composed entirely of characteristic points, also
fof'loci of singular pointsy in case the gingular points‘
“11a on the 8 - disériminént. When the equations of such
curves have been discarded any remaining curves constitute
the envelnpe of the family of cUrves.
The envelope of a family of curves may be

one single continuous curve, or it may be composed of two
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0T MOTe curves; and 1t may happen that slther the whole
curve or one or more of the component curves mey colneide
with a partimlar.curve or curves of the system

Flxg, y,8)=0..
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SECTION 3::
. Properties cf Envelopes of Curves Inw
volving a Single Parameters
iha snvelcﬂe is tengent to each of the curves
of the fﬁmlly‘

Every polnt of the envelope is & point on some
curve of the famlly, so thai what we have to prove is that
gt such ai@oint the two ﬁurves lsave the sane slopee.

The slope of the family of curves
“ F {x,y,8) =0 - (1)
et the point (%,7) is given by the equation,

2F + DF dy =0
2% 3 O%

Solving for %ﬁ, we have
X ~ :

2P
g =- 7%
z .a.....i
A 27

| Since the equation of the envelope is found
by eliminaﬁing:a from the equations F (x,y,a) = 0 and
F'a (x,y,2 ) = 0 we ray solve F'a for a and substitute
this value in equation (1). Hence we tave that the

equation of the envelope may be given in the form
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i
L 2

F(z,7,2 ) =0,
where & is no :lcmgez? 2 constent but & function of x end
T E‘Dii‘féﬁéntiétimg with vespect 0 x, since & is a function
of = and ¥, We ’vmve ‘

COPF +2F dy+ 2F da = O (2)
SX Py dx A d=

But from the equabion of the envelope we lmow that

( : .
Fa (x,y,8 ) = 2F =0
, =

Solving for dy in (2), we find that the slope of the
ax |

envelope ls

0 F
Ay = = DR
@ 2T

PER

Thus, we have prbved thet the slope of the curve
{ 1) and the slops of the envel ape to the family of ocurves

(1) are tdentical,
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'SECTION III

 Definitions of an Envelope of a Family of Curves
’ Involving Two Parameters.
Having considered only those curves involving &
Single parameter, let us now consider the Tamily of curves
F (x,7,8, ®) =0,
involving the two parameters a and D.
A; G‘fi.ireran the family of curves
F (x,y;a,b ) =0, (1)
where & eand b, the two parametevs, ére connected by some

given eguation as

P (a,0) = 0 (2)
it is gossible,_by golving the given equation {2) to find
one of iﬁe parameteors in terms of the other. Substibubing
this velue in the original equetion, we havé'reduced our
problém to that of finding the envelope to e family of
curves involving only one parameter. |

It is sometimes difficult, however, to eliminate
one parameter ag describod aboves In such a case, it 1s
better to differentlate the two given eqﬁations (1) ana (2),
' using‘ﬁné parameter as the independent varlaeble and tﬁe other
paramoter as the dependent variablé. 1f we take a as the

independent variable, we have the four egquations,
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F {x,v,2 b} =0

Gla,b)=0
Fla + P ab 0 ' (3)
¢a+¢b ab = | (4)
e ,

From these four equabions we may eliminate the three
terms a, b, and db , and the resulting equation
Y (x,‘y) =0

is thé equation of the envelope to the family of ocurves (1),

Bs Given the equation of a family of

curves , |
=f (u, k) (1)

and X ve=g ( u, k), (2)
where uyaﬁ&»k are vaﬁiable parsmeters, to find the envelope
of the family of curves (1) and (2). This may be done in
'two ways;v , |

Fipet, we may eliﬁinate one of the parameters,
‘gay ¥, from equations ‘13 anﬁv(zl, end thus reduce the
prbblemjto that of finding the envelope of a family of
curves |

| = | F( x;y,u)k: 0

Whicﬁ can be done by eliminating u from equations
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| F (x,y,u ) =0
and , ‘,
| Fu (x,y,u ) = 0.
As & second méthn&, we may conslder one of the
parameters, say u, as the independent variasble and k as
the dependent variable, Differentiating (1) and (2), we
obtain the equations |
| C9f + DF dk
24 PE d@u
B3 R

If we eliminate gg from equations {3) and (4), we have
| q .

i
O

(3)

]

Bf 2pg = 2g 2Ff = 0.
3% 3t SR 5E

But this equation may be written in the form

a

2F 'a £
78 Ok (5)

% 5

By eliminating u and k in equations (1), (2)

and (5), we obtain the equation of the envelope to the

family of curves, (1) and {8)s



28.
SECTION IV,

Definition of Envelopes of Surfaces.

Let us consider a surface S of the family of

surfaces A |
. 'f(X:YfZ’a) =0 '

where a is the variable parameter. If the surface S and
s’ of the fanily, which correspond to a sysﬁem of in-
finitésimally closa‘values of the parametef, arranged in
order of magnitude, are drawn, the limiting positibn of
the curve of intersection aa 8' approaches S as a limit,
is known as the claracteristic curve C. From the dis=-
cussion of}ehvelopes of curves, we know that this curve
~ is represented by the equations
f{(xyza)=0 (1)

and o,
: fo(xy28a)=0 (2)

If there exists & surface E’Which is tangent
to each of the surfaces § along this characteristic curve
€, E is called ﬁhe'envelope of the family of surfeces (1),
The éurVa ¢ is the curﬁe of tangencﬁ of the two surfaces
C and E,» *urthermére, the ourve G lies on the envelope

E, that is,'we may define the envelope as the surface
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generated by C as a varies.
Let ( x, v, 2, ) be the coordinate of a point
P on tke ocurve C, If P{=x,y,2.) is not a singular
point or 8, the equation of the plane tangent to 8 at
P(X oV, 2 o) is |
B, (x = x,) +_2 (y-ya) + 2f. (2 - 2.)
'ax() ‘ )’a 7 o
=0 (3)
| Since the curve C on S lies on E also, we know
that equation (1) must be satisfied by the points of the
_envelope. This beimg true, we know from our work in
’élemen%ary caleulus on tobal differentiels, that
P4 dx + RE dy + D5 dz + D5 da =0 (4)
X : '5\/ ‘ = ' a-

But, since the tengent plene o 5 at P (%o ¥o,%20 ) is rep-
resented by equation (3) in ofder that E whose poiﬁts rmust
sétisfy equation (4), should coineide with the tangent
plane, that is for & to be tangent to the surface, its
points mst also satisfy equation (3). Hence from (3)
and (4) we have that |

e =f£"(a) =0
2 &

As in the case of envelopes of curves, the
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equationk
| Yilx v z ) = | : (6)

of the envelope, is obtained by eliminating a from equa-
7tions (1) and (5). - Fguation (8) may, however, represent
the loel of singulaer points as well a8 the true envelope.
In each éase, ag was true of the envelope of a family of
curves equaﬁioﬁ () must be exaﬁined for the trué en=
velope.

binca many of the surfaces to be studied involve
two . variable paraﬂetezs, we 1mst consilder the case where
8 is a surface of ths family of surfaces
R £ ( x,7,%, a,0) = 0, (7)
aand b being related by some equation say

¢(a,b ) =0 (8).
It is easily seen that in general, there
does nct exis$ any one surface which is tangent to each
| member of this family along a characterlstic curve. We can,
howeVQr, as in the case of tha family of curves, solve for
b in terma of a in equation (7), thet is
5 = ¢ (a) (9)

If we substitute thia value in\‘?) we have reduced our
problem to that of fiﬁding the envelope to & family of

surfaces involving one parameter,
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f{zyzapR)) =0 | (10)

Then equations (7) and (9) and the equation
28 +2 £ ¢pla) =0 (11)

‘repfeseﬁtsvthe enweiopa,of this ohe_u parameter family
” 63;,fov‘éhy fixed value of a, they represent the char-
acﬁeristic curve on the corresponding surface S. Hence
fof‘sémé‘ocnstanﬁ velue of a, we have a characteristic curve
- on thé surfaée 8 alohg whiéh the envelope is tangent to

| In case it is difficult Lo solve for one variable
parameter in tefms of the other, we may consider one
‘paramétérg say a, as the independent variable and the
other 83 the dependent variesble, end differentiate. (7)

‘and fé) with respect to a. Ve will then have the four
equations |

f(xy,z8Db)=0

¢(a,b):;0
f'a+f'pdh =0 | (12)
B da |
¢'a +¢'b%§ =0 (13)
_ -

From these equations we may eliminate the three‘terms

e,b, and db and hence obteain the equation of the
. da :
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enfelape tc the surfaces {7y. |

Let us now consider the family of surfaces

£ (=78, 8D ) =0 | (14)
‘where & and b are independent varlable parameters. If
a,a8 well as b, is allowed Lo take en all possible values,
vthéyéharaéteristig curves do not, in general, form a
surface. We shﬁll now try to filnd whether there is a
surface E which touéhes each of the surfaces of the family
(14) in one or more points, not along a curve, Lf such |
o surface exlists, the eoor&ihates (x y 2 ) of the point
of tangency, which is a point on F, as in the case of
a family of surfaces involving one varameter, rust
satisfy the equution
£ (x,7,2,8,0) = 0

&nd thair total differentials with respect to the variable
parameters, & and-b, must satisfy the equation

pfdx +2fdy +Qf dz+ 2f da+2fdb=0 (15)
oy b

Ao

X y .’5"5’ 2 e

Moreover, in order that E be tangent to S, it is necessary

that we should have

}-b
ot
<
+

9f dx 4+ 0 4+ Pfdz =0 (18)
Wy K 0z



 Henece from (15) and {16) we have that
DFf da+ dfdb=0

0 a Db ,
-But, since a and b are independent variables, we know
that the equations 9f =0 and 2f =0 | (17)
b & ob . '

mist be satisfled simulteneously by the coordinates
(’T:‘ry’z’) of the point of ﬁangsncya Henée, we shéll obtalin
thé ‘equaition , ‘
| g (x,y7,2) =0 (18)
of the emfalﬁpé to the i‘amii:;r of surfaces (14) by elimine
ating a .anxi)b petween the equations (12) and (17).

| ‘The surfzce (18) thus obtained will be tangent
to S at the poiﬁt P (xyz) unless the equations

2f =2f =°0f =0
0X 0¥ oz

ere satisfled simultaneously by the values (‘x v z) end

then thisz surface 1s the locus of singular points.
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