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If a TeV-scale charged gauge boson (W 0) is discovered at the Large Hadron Collider (LHC), it will

become imperative to determine its chiral couplings to standard model (SM) fermions in order to learn

about the underlying theory containing theW 0. We describe the reconstruction of the tb decay mode of the

W 0 at the LHC, and identify various kinematic observables such as the angular distributions of the top

quark and the lepton resulting from top decay that can be used to disentangle the chiral couplings of the

W 0 to SM fermions. We demonstrate by presenting analytical expressions, numerical simulations, as well

as intuitive illustrations for these observables at the LHC that among the SM fermions, the polarized top

quark can most directly probe the chirality of such couplings.
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I. INTRODUCTION

New heavy gauge bosons appear in many gauge-sector
extensions of the standard model (SM). The Large Hadron
Collider (LHC) has the potential to discover such vector
states [1,2] if their masses are not much larger than a few
TeV and their couplings to standard model states are not
too suppressed. Once the discovery of a new heavy state
becomes established at the LHC, one would turn next to
measuring its properties, such as mass, spin, and couplings.
Kinematical observables such as the invariant-mass or
transverse momentum distributions of its decay products
can be used to extract its mass, angular distributions of its
production and decay products can be exploited to confirm
its spin, and measured event-rates in various channels can
fix combinations of its coupling strengths to the SM fields.
Another critically important property is the chirality of
the new state’s couplings to SM fermions. Knowing the
fermionic chiral couplings can help us glean insight into
the structure of the new gauge theory and possibly its
gauge-symmetry breaking. A prominent example is the
left-right symmetric theory with spontaneous parity viola-
tion [3], in which a new heavy charged gauge boson
couples to the SM fermions with right-handed chirality.

If the branching fractions (BR) decaying to the SM
leptons are not particularly suppressed, the leptonic decays
of the new heavy vector state are the much studied ‘‘golden
modes.’’ The chiral nature of the couplings of a neutral
vector boson (generically denoted by Z0) can be probed via
the charge forward-backward asymmetry (AFB) [4]. This is
unavailable at hadron colliders, however, for a charged
vector boson (generically denoted by W 0). This follows
from an important fact due to the spin correlation for chiral

couplings, that for the two-body leptonic decays q �q0 !
W 0�ðþÞ ! ‘�ðþÞ�, the charged lepton ‘� (antilepton ‘þ)

moves favorably in the direction of the initial quark q
(antiquark q0) direction, regardless of the pure left-handed
(L) or right-handed (R) coupling of the W 0. However,
Ref. [5] shows that pp ! W 0W production and W 0 !
W‘þ‘� decay can distinguish the pure left-handed
versus pure right-handed cases. Although leptonic chan-
nels are experimentally clean and will thus be among the
first to be observed, much information about the heavy
vector boson chiral couplings can be learned by analyzing
the spin correlations of longer decay chains. Also, if the
leptonic branching fractions are suppressed in a given new-
physics scenario (common in warped extra dimension
models [6,7] for instance), one will be forced into analyz-
ing more complicated final states including, for instance,
top quarks.
In this paper, we study in detail the process

pp ! W 0 ! t �b ! ‘þ�b �b; ð‘ ¼ e;�Þ (1)

and wish to determine the W 0 chiral couplings by making
use of various kinematical variables. The motivations for
this proposal are many: First, the observation of such a
charged gauge boson W 0 would not only unambiguously
imply a symmetry beyond a simple Uð1Þ for a Z0, which
could be very common in a variety of scenarios but incon-
clusive about its origin, but also most likely predict the
existence of a Z0 in the same gauge multiplet. Second, in
some new-physics models, there are strongly interacting
neutral resonances (such as a Kaluza-Klein (KK) gluon)
fairly close in mass to the Z0s. These resonances would
decay to t�t with much larger rates, masking the electro-
weak neutral gauge boson and causing it to be difficult to
stand out in the t�t channel [8]. The mode W 0 ! tb final
state, on the other hand, would be, in principle, free
from this problem. Third, a W 0 typically leads to a sizable
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production rate and larger decay branching fraction to the
top, with a slightly more favorable phase space. (See also
Ref. [9] for the W 0 ! tb cross section.) Finally, as we will
demonstrate later, the angular distribution of the lepton
reconstructed in the top-quark rest frame serves as a diag-
nostic of the top spin which in turn contains information on
the chirality of the W 0 coupling. This point above was first
considered in [10]. We stress that this feature is unique for
the top-quark final state, and unavailable to any other W 0
decay modes to SM particles.

We will utilize techniques that determine the quark
direction on a statistical basis. We will discuss issues in
the reconstruction of the top quark and how detector reso-
lution and SM backgrounds affect the determination of the
W 0 chirality. The discussion will be kept model indepen-
dent, as long as the W 0 branching fraction to t �b is not too
small and that the top-quark decays are essentially as in the
SM. This assumption is not particularly restrictive since it
has been shown [11] that the lepton angular distribution
from top decay is insensitive to the presence of small
anomalous tbW couplings.

The paper is organized as follows: In Sec. II, we specify
a model-independent theoretical framework defining the
W 0 chiral couplings to SM fields and list the constraints on
W 0 bosons from current experiments. In Sec. III, we dis-
cuss techniques to reconstruct the event for the W 0 ! tb
decay mode at the LHC. In Sec. IV, we present a detailed
exposition of ways to determine the chiral couplings of the
W 0 at the LHC using many complementary measurements,
namely: (i) the angular distribution of the top quark; (ii) the
angular distribution of the lepton in the top rest frame with
respect to the top moving direction; (iii) the lepton trans-
verse momentum distribution; (iv) the angular distribution
of the lepton in the W rest frame with respect to the W
moving direction. We end with discussions and conclu-
sions in Sec. V. The analytical expression for the angular
distribution of the lepton in the top-quark rest frame is fully
worked out in Appendix A, and the technical details of
evaluating a contour integral encountered there is given in
Appendix B.

II. THEORETICAL FRAMEWORK

Many beyond the SM theories contain new heavy
charged vector bosons that couple to the SM. For example,
a left-right symmetric theory [3] has a charged gauge
boson, WL, associated with the SM SUð2ÞL gauge group
along with a new (heavy) charged gauge boson, W 0

R, asso-
ciated with the SUð2ÞR gauge group. Little Higgs models
often introduce an enlarged gauge symmetry that includes
new gauge bosons [12]. Other examples are the extradi-
mensional theories in which KK excitations of bulk gauge
bosons appear as heavy vector states, such as in the uni-
versal extra dimensions [13], in Higgsless models [14], and
in warped-space models in which the SUð2ÞR is gauged
[15] along with the SUð2ÞL where the KK gauge bosons
may have highly suppressed couplings to the SM light
fermions. For the purpose of this work we will not special-
ize to a specific theory. Instead, we parametrize the
chiral coupling in a generic form with a minimal set of
parameters.

A. W 0 Coupling to SM Fermions

We wish to keep this analysis model independent and
will parametrize theW 0 coupling to SM fermions (c ) using
the general form

L ¼ g2ffiffiffi
2

p �c i
u��

X
�¼L;R

g�V
0ij
� P�c

j
dW

0þ�
� þ H:c:; (2)

where ðc u; c dÞ are mass-eigenstate fermions and
form a SUð2ÞL or SUð2ÞR doublet; i, j the generation
indices; V0 a unitary matrix representing the fermion flavor
mixing; and PL;R ¼ ð1� �5Þ=2 the left- and right-chirality
projection operators. In our work, we will thus restrict
ourselves to renormalizable operators and consider only
flavor-diagonal effects, but otherwise will not specialize to
any particular model of new physics.
For the sake of convenient comparison with the SM

results, we have written the overall coupling strength in
terms of the SUð2Þ coupling g2 in the SM. Some represen-
tative choices are

gijL;R � gL;RV
0ij
L;R;

8><
>:
gL ¼ 1; gR ¼ 0; pure left-handed gauge boson W0

L;
gL ¼ 0; gR ¼ 1; pure right-handed gauge boson W 0

R;
gL ¼ gR ¼ 1; left-right symmetric gauge boson:

(3)

Although for illustrations and plots we consider the same-
chirality couplings of the W 0 to the qq0 and to the tb, i.e.
either both left-handed or both right-handed as above, our
analytical expressions are given in full generality. In some
cases, there could be more than oneW0 state with different
gL and gR. These states could contribute to the same final
state and their amplitudes would have to be added coher-
ently, depending on their mass degeneracy. Indeed, if some
of these states are quite close in mass, there could arise

interesting structure in the squared amplitude which could
be reflected in the angular correlations. In this work,
we will explore only a single W 0 as the lower-lying state
beyond the SM. The techniques we develop here could
easily be extended to cases with multiple W 0 states.
In many models of new physics, the W 0WZ coupling

arises after electroweak symmetry breaking and is typi-
cally suppressed by a heavy-light mixing angle (e.g.
Refs. [6,7,14]). This coupling can be written as
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gW0WZ � gSMWWZ

�
MW

MW 0

�
2
; (4)

MW and MW 0 are the masses of the SM gauge boson W�
and W 0, respectively. The mixing angle suppression may
potentially be overcome due to an enhancement of the
heavy W 0 decay into longitudinally polarized W and Z.
For a W 0 coupling to fermions with SM strength and the
W 0WZ coupling as in Eq. (4), we estimate that the BR
of a 1 TeV W 0 to SM W and Z is approximately 1.3%.
Similarly, the BR of a 1 TeVW 0 to SMW and Higgs boson
is about 2%. We will therefore not consider the decay of
a heavy W 0 into SM gauge bosons, but in a particular
new-physics scenario the BR into these modes could be
sizable.1

In this work, we will mainly focus on heavy charged
electroweak states decaying to heavy quarks W 0 ! tb.
As will be seen later, there is a major advantage to consider
the heavy fermion final state to determine the W 0 chiral
coupling due to the correlation via the top-quark
polarization.

B. Constraints on the W 0 Mass

Constraints on a new gauge boson of Z0 or W 0 come
mainly from direct collider searches, indirect bounds
from the precision electroweak observables, and flavor-
changing–neutral-current processes. We now summarize
the ones relevant to our interests.

(1) Direct searches at the Tevatron:
(i) Assuming no W �W 0 mixing, SM-type cou-

plings and the decay channel W 0 ! WZ is sup-
pressed, a search in the leptonic decay mode e�
by the CDF collaboration set a bound of MW0 >
788 TeV for manifest left-right symmetric model
[16]. The D0 collaboration recently obtained a
lower bound of MW0 > 1 TeV [17].

(ii) With right-handed couplings, the absence of the
t �b signal at CDF gives MW 0 > 800 GeV includ-
ing theW 0 leptonic decays, andMW0 > 825 GeV
if leptonic decays are forbidden [18].

(2) Precision electroweak bounds
(i) A recent global fit to various SUð2Þ1 � SUð2Þ2 �

Uð1ÞX models shows that if the gauge couplings
are taken as free parameters, the bound onMW0 is
typically below 1 TeV while the mass of Z0 is
above 1.5 TeV [19].

(ii) Bounds resulting from a fit to precision electro-
weak observables for generic Z0 are found
in Ref. [20] to be MZ0=gZ0 * 2:7–6:7 TeV.
Similar bounds can be applied for the W 0 since
in typical models theW 0 mass is related to the Z0

mass by an Oð1Þ factor, although it is conceiv-
able that in certain models the splitting could be
larger. For a related discussion on such bounds,
see also Ref. [5] and references therein.

(3) Low energy bounds
(i) Global analysis from muon decays, electron-

hadron, neutrino-hadron and neutrino-electron
interactions in manifest left-right models give
MW0 > 715–875 GeV, depending on the WL �
WR mixing [21].

(ii) Bounds from flavor-changing–neutral-current
processes in the minimal left-right symmetric
model can be as severe as MW 0 > 2 TeV [22],
but quite model dependent. With a certain form
of the right-handed quark mixing (Cabibbo-
Kobayashi-Maskawa quark-mixing matrix ma-
trix), the bound can be relaxed to about 300 GeV
[23]. For left-right models with an extended
Higgs sector, the bound can also be relaxed to
about 1 TeV depending on the structure of the
Higgs sector [24,25].

We thus will primarily study the case MW0 ¼ 1 TeV
for illustration, and will comment on the situation for a
heavier one.

III. SIGNAL FOR W 0 ! tb AT THE LHC

At the LHC, the dominant parton-level subprocess for a
heavy W 0 production is depicted in Fig. 1, as labeled with
the corresponding momenta

q0ðp1Þ �qðp2Þ ! W 0þ ! tðk1Þ �bðk2Þ ! Wþðq2Þbðk3Þ �bðk2Þ
! ‘þðk‘Þ�ðk�Þbðk3Þ �bðk2Þ; (5)

plus its conjugate process ofW 0� production with a smaller
rate. We wish to identify the signal events with a very
energetic charged lepton, two high-energy b quark jets,
and large missing energy from the undetected neutrino.

FIG. 1. The partonic level process for a heavy W 0þ production
in hadronic collisions.

1For example in the Randall-Sundrum model in Ref. [6] this
coupling is enhanced for longitudinal modes by the volume
factor and turns out to be significant.
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A. W 0 Production and Decay

The partial width for W 0 decaying to a pair of quarks is

�ðW 0 ! �qq0Þ ¼ 3g2
2ðgqq02L þgqq

02
R ÞMW0

48�
; ðmq ¼m �q ¼ 0Þ

�ðW 0 ! tbÞ¼ 3g2
2ðgtb2L þgtb

2

R ÞMW0

48�

�
1� m2

t

M2
W0

�

�
�
1� m2

t

2M2
W0

� m4
t

2M4
W0

�
; ðmb ¼ 0Þ: (6)

Here and henceforth, we generically denote the W 0 with
both left- and right-handed couplings gL and gR, and set
the gauge coupling strength to that of the SM SUð2Þ, g2.
The partial widths of the W 0 to quarks is symmetric under
R $ L. However, its decay to the leptons will depend upon
the lepton spectrum and flavor mixing for a given model. If
assuming the SM particle content and no heavy leptons
ðN;LÞ below the threshold MW 0 <ML þMN , then one
only has

�ðW 0
L ! ‘�iÞ ¼ g2

2gl�
2

L

MW0

48�
; (7)

where �i are the three SM-like light neutrinos. Therefore,
the pure gauge eigenstatesW 0

L andW
0
R have different decay

widths, given by

�W 0
R
¼g2

2g2RMW 0

16�

�
2þ

�
1� m2

t

M2
W0

��
1� m2

t

2M2
W 0
� m4

t

2M4
W0

��

(8)

�W0
L
¼g2

2g2LMW0

16�

�
3þ

�
1� m2

t

M2
W 0

��
1� m2

t

2M2
W0
� m4

t

2M4
W0

��
:

(9)

Figure 2(a) shows the total width of the pure gauge eigen-
states W 0

L;R as a function of MW0 . The W 0
L width is con-

sistently larger than W 0
R since it has an additional decay

channel to SM leptons, although the partial width forW 0 !
t �b is the same for both the left-handed and right-handed
cases. Figure 2(b) shows the branching fraction for
W 0 ! t �b as a function of MW0 , BRðW 0 ! t �bÞ ¼ �ðW 0 !
t �bÞ=�W0 . It is smaller for the left-handed W0.

To calculate the production cross section for the pure
gauge eigenstates W 0 ! t �b we used the narrow width
approximation:

�ðpp ! W 0 ! t �bÞ � �ðpp ! W 0ÞBRðW 0 ! t �bÞ; (10)

where �ðpp ! W 0Þ is the on-shell production cross sec-
tion of the W 0. Figure 2(c) shows the production cross
section for the pure gauge eigenstate W 0þ (solid line) and
W 0� (dashed line) before the W0 decays, and the cross
section for pp ! W 0þ

L ! t �b (dotted line) and pp !
W 0þ

R ! t �b (dash-dotted line) at the 14 TeV LHC, where
the cross section is calculated according to Eq. (10). Since
the valence quarks of the proton are two u quarks and one
d quark, a process with an initial state containing u quarks
will have a larger production cross section when compared
to a similar process with an initial state containing d
quarks. Hence, the W 0þ production cross section is greater
than the W 0� production cross section. To be precise, the
cross section for W 0þ production ranges from around 2.3
times to 4.2 times larger than theW 0� cross section for aW 0
mass between 1 and 4 TeV. Also, the cross section for
pp ! W 0þ

L ! t �b is smaller than that of pp ! W 0þ
R ! t �b

due to the differences in the branching fractions.
The presence ofW0

L $ W 0
R mixing would alter the above

characteristics since the observed mass eigenstate would
be a linear combination of the gauge eigenstates W 0

L and
W 0

R. Thus, determining the chiral couplings of theW 0 state
would help in unravelling the presence of such mixings.

B. Event Characteristics and Reconstruction

To determine the W 0 chiral coupling from angular dis-
tributions, one would like to know the charge of the final
state particle produced. We thus focus on the leptonic
mode of the top-quark decay. The neutrino is unobserved
but kinematical constraints can be used to infer its
4-momentum. The transverse momentum of the neutrino
can be found by momentum conservation from the observ-
able particles:

k �T ¼ �ðk‘T þ k3T þ k2TÞ (11)

where the momentums are as labeled in Fig. 1, and the
subscript T labels the transverse momentum. However, the

1 2 3 4
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FIG. 2 (color online). (a) The total decay width, (b) the branching fraction ofW0 ! t �b, and (c) the cross sections of the production of
W 0� at the 14 TeV LHC with and without its subsequent decay to t �b, as a function of W 0 mass for pure gauge eigenstates W0

L and W 0
R.
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neutrino’s longitudinal momentum cannot be determined
through momentum conservation due to the unknown
boost of the partonic c.m. frame. It can be inferred through
the on-shell condition for the W-mass

M2
W ¼ ðk� þ k‘Þ2: (12)

Solving this quadratic equation for the neutrino longitudi-
nal momentum leads to a two-fold ambiguity. We further
impose the on-shell condition for the top quark

m2
t ¼ ðk� þ k‘ þ k3Þ2: (13)

In principle, we do not know which of the two b quarks is
coming from the top-quark decay. The previous two-fold
ambiguity is now a four-fold ambiguity. For each of these
four possibilities we evaluate the top mass and pick the
solution that is closest to the measured top mass. This
resolves the four-fold ambiguity, determines the longitudi-
nal component of the neutrino, and identifies which b
quark is the one resulting from top decay. The event can
be completely resolved and the t �b c.m. frame is recon-
structed. We have checked against our theoretical calcu-
lation that in this method the reconstruction is correct
about 99.99% in identifying the b quark, and in identifying
the correct neutrino momentum.

Another technique one could use is to assume that the b
jet closer (in opening angle) to the lepton is the one from
top decay. This is based on the fact that the top quark from
a heavy W 0 decay is rather energetic, so that its decay
products are collimated. This method of reconstruction
correctly identifies b quark 93.5% of the time and the
neutrino momentum 96.7% of the time. We will adopt
the first method for the event reconstruction.

Once we have determined the 4-momentum of the neu-
trino and which b quark results from the top decay, we have
fully reconstructed the system and can proceed to form
various kinematical quantities which have sensitivity to
the W0 chiral couplings. In the following calculations,
spin correlations in the decay chains have been fully im-
plemented. Let us first examine the transverse momentum
distribution for various final state particles. We recall that
for a parent particle of mass M decaying to two light
particles, the transverse momentum of the final state par-
ticle develops a Jacobian peak nearM=2. This peak will be
subsequently smeared by the transverse motion of the
parent particle. For the sake of signal illustration in this
section, no acceptance cuts are imposed and the SM con-
tribution viaW exchange is not included here. In Figs. 3(a)
and 3(b), we show the transverse momentum of the two b
jets for the W 0

L and W 0
R, respectively. The harder b jet

clearly shows the above kinematical feature from a heavy
W 0 decay. It is interesting to notice the slight difference for
the softer b jet in these two panels: W 0

L leads to a harder b
jet thanW 0

R. This is a natural consequence of the top-quark
spin correlation as illustrated in Fig. 4, where the decay
chains of a polarized top quark of L, R helicities are

depicted. Figures. 4(a) and 4(b) illustrate the dominant
decay chain with a longitudinally polarized W boson
(Wþ

0 ), whereas the accompanying b quark is boosted along

(against) its motion by a parent top quark in the case
of W 0þ

L (W 0þ
R ). The transverse momentum distributions

of the lepton and missing neutrinos for the left-handed
[Fig. 3(c)] and right-handed [Fig. 3(d)] W 0 can be under-
stood similarly as seen in Fig. 4. The charged leptons tend
to be softer in the left-handed case than those in the right-
handed case, as seen from the correlation in Figs. 4(a) and
4(b). Although subleading with about 30% contribution
from the transversely polarized W as shown by Figs. 4(c)
and 4(d), the successive boosts of the top and the W in the
same (opposite) direction for the W 0

L (W 0
R) lead to a softer

(harder) charged lepton distribution and a harder (softer)
ET distribution as seen in Figs. 3(c) and 3(d). Finally, for
the case of W 0þ

R , the charged lepton transverse momentum
distribution is only slightly harder than that of missing
neutrinos, which indicates the slightly larger boost of the
top quark in one direction compared to the boost of the W
in the opposite direction.

C. Signal Selection and Background Suppression

We perform an analysis including SM contribution

pp ! Wþ� ! t �b ! �bb‘þ�; (14)

which serves as the irreducible SM background.
Interference between the W 0 and SM diagrams is fully
implemented.
To be as realistic as possible, we simulate detector

effects by smearing the lepton and jet energies according
to the assumed Gaussian resolution parametrization

�ðEÞ
E

¼ affiffiffiffi
E

p 	 b; (15)

where �ðEÞ=E is the energy resolution, a is a sampling
term, b is a constant term, 	 represents addition in quad-
rature, and all energies are measured in GeV. For leptons
we take a ¼ 5% and b ¼ 0:55%, and for jets we take
a ¼ 100% and b ¼ 5% [26]. After smearing we apply
the basic acceptance cuts:

pTð‘Þ> 20 GeV; �ð‘Þ< 2:5;

pTðjÞ> 50 GeV; �ðjÞ< 3:0;

ET > 25 GeV:

(16)

The angular separation between particle i and particle j is
defined by

�Rij ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
��2

ij þ��2
ij

q
; (17)

where ��ij is the difference between the particles’ azimu-

thal angles, and ��ij is the difference between the parti-

cles’ rapidities. The top quark and the �b resulting from the
W 0 will be back-to-back in the transverse plane. Hence,
the angular separation between the b resulting from the
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top-quark decay and the �b resulting from the W 0, �Rbb, is
peaked near �. On the other hand, since the top is highly
boosted and its decay products collimated, the angular
separation between the lepton and b from the top decay,
�R‘b, is peaked at a low value. Hence, a stringent cut on

�R‘b would cut out most of our signal. We thus impose the
cuts

�R‘b > 0:3; �Rbb > 0:4 (18)

where �R‘b is the �R for the lepton and the b jet resulting
from the top decay, and �Rbb is the �R for the two b jets.
Once we have fully reconstructed the event after mo-

mentum smearing and including the cuts in Eqs. (16) and
(18), we can further reconstruct the partonic c.m. frame,
invariant massMt �b, and the top-quark mass mrec

t . The most
convincing signal identification would be the reconstruc-
tion of the mass peak. Figure 5(a) shows the system
invariant-mass distributions for a 1 TeV W 0

L and W 0
R, in-

cluding the SM contribution. As can be seen, the W 0
L and

SM W destructively interfere before the resonance peak,
while theW 0

R and SMW constructively interfere before the
peak. Also, near the resonance the W 0 signal dominates
over the SM W. At the W 0 peak, the small difference
between the W 0

R and W 0
L invariant-mass distributions is

due to their different decay widths, resulting in slightly
different decay branching fractions to the final states.
As pointed out previously in Ref. [27], since the W 0

L

(W 0
R) destructively (constructively) interferes with the SM

W before the resonance peak, it may be possible to deter-
mine if the W 0 has left-handed or right-handed couplings
by observing the interference region in the total partonic
c.m. frame mass distribution. Our proposed observables
are defined around the W0 resonance peak. Since the inter-
ference region has a much lower cross section than the
resonance peak, our proposed observables will have a

(a) (b)

(c) (d)

FIG. 4. Helicity and spin correlations in the chains tL;R !
bWþ ! b‘þ�‘ from W 0

L decay in (a), (c); and from W0
R decay

in (b), (d). Figures (a) and (b) are for longitudinally polarized
SM W’s, and Figs. (c) and (d) are for transversely polarized SM
W’s. The decay goes from left to right as labeled by the particle
names. The momenta (single arrow lines) and spins (double
arrow lines) are in the parent rest frame in the direction of the
top quark’s motion (ẑ) in the W 0 rest frame.
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FIG. 3 (color online). Transverse momentum distributions in pp ! W 0 ! t �b ! b �b‘þ�‘ production at the LHC for MW0 ¼ 1 TeV,
for the two b jets from (a) the W 0þ

L and (b) W 0þ
R ; and for the lepton and missing energy from (c) the W 0þ

L and (d) W 0þ
R . No acceptance

cuts are imposed and the SM W contribution is not included.
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better ability to determine the W 0 chiral couplings once a
resonance is observed.

Figure 5(b) shows the reconstructed top mass distribu-
tion from a 1 TeV W0

L plus the SM W after momentum
smearing, the cuts in Eq. (16), and event reconstruction.
The reconstructed top mass distribution stays highly
peaked near the measured top mass. The apparent width
is dominated by the jet energy resolution. The top-quark
reconstructed mass distribution for the W 0

R is largely the
same.

Motivated by the distributions in Figs. 5(a) and 5(b), we
apply cuts on the reconstructed system invariant mass,Mt �b,
and the reconstructed top-quark mass, mrec

t :

MW 0 � 100 GeV 
 Mt �b 
 MW0 þ 100 GeV;

mt � 20 GeV 
 mrec
t 
 mt þ 20 GeV:

(19)

In Table I, we show the effects of the cuts on the
signal with and without the SM W contribution for
a 1 TeV W 0. As can be seen, as the cuts progress up to
Eq. (19), the SM s channel W background disappears and
we are left with our resonance signal.

Besides the SM s channel W background, there is also
the irreducible QCD background of b �bWþ. A QCD jet
from a light quark or a gluon may be misidentified as a b
quark and hence results in reducible backgrounds jjWþ.
Furthermore, another large background comes from the t

channel single top-quark production, W�b ! t, which can
be considered at a more fundamental level as

qg ! q0t �b: (20)

In fact, both q0 and �b in the final state move in the forward
direction with a low transverse momentum (at the order of
MW=2 and mb, respectively). If we envision a search for
exclusive signal t �b as Eq. (14), the above backgrounds
constitute two classes of final states denoted by Wþg !
t �b and bq ! tq0, where q0 could fake �b. Hence, in the
following analysis we separately consider those two final
states and apply no cuts on the additional jet (nor is it
used in the reconstruction). Our background estimate is
on the conservative side since we could apply an explicit
jet-vetoing cut on the extra forward jet in Eq. (20).
The background events are first smeared according

to Eq. (15) and then run through the reconstruction algo-
rithm. Although the lepton and neutrino originate from W
decay, for some events solving Eq. (12) for the neutrino
longitudinal momentum does not result in physical solu-
tions. Analyzing Eq. (12), one can determine that for a
solution to exist the following condition must be met:

M2
W � 2k�Tk‘Tð1� cosð�‘ ���ÞÞ; (21)

where�i is the azimuthal angle of particle i. If the missing
energy and lepton transverse momenta are near MW=2 and
nearly back-to-back, once energy smearing is applied it is
possible that 4k�Tk‘T � M2

W . Hence, for these events
Eq. (21) is not satisfied and there are no physical solutions
for the neutrino longitudinal momentum. Events for which
solutions do not exist are rejected.
Our background cross sections with consecutive cuts are

listed in Table II. As can be seen, after reconstruction and
the cuts in Eqs. (16) and (18), the backgrounds still domi-
nate over our signal. Applying the invariant-mass cuts in
Eq. (19) suppresses the jjW, tj,Wg backgrounds by 1 to 2
orders of magnitude and the QCD b �bW background by
3 orders of magnitude while only affecting our signal by
20–30%. Despite the highly effective kinematical cuts, the

0 200 400 600 800 1000 1200 1400

M
tb

 (GeV)

10
-6

10
-5

10
-4

10
-3

10
-2

dσ
/d

M
tb

 (
pb

/G
eV

)

W
R

W
L

W
SM

(a)

140 160 180 200

m
t

rec
 (GeV)

0

0.01

0.02

dσ
/d

m
tre

c  (
pb

/G
eV

)

W
L

(b)

FIG. 5 (color online). (a) The invariant-mass distribution of tb system for pp ! W=W0 ! t �b ! b �b‘þ� production at the LHC with
MW0 ¼ 1 TeV with contributions from W þW 0

L (solid line), W þW0
R (dashed line), and the standard model W (dotted line); and

(b) the invariant-mass distribution for the reconstructed top quark.

TABLE I. Signal cross section pp ! t �b ! b �b‘þ�‘ where
‘ ¼ eþ or �þ for MW0 ¼ 1 TeV with and without the SM W
contribution, with consecutive cuts as listed.

� (pb) W þW 0
L W þW 0

R W 0
L W 0

R

No cuts or smearing 1.1 1.4 0.67 0.90

No Cuts 0.92 1.2 0.57 0.75

Cuts Eq. (16) 0.38 0.51 0.32 0.42

þEquation (18) 0.35 0.46 0.30 0.37

þEquation (19) 0.22 0.29 0.22 0.29

þEquation (23) & tagging 1 b jet 0.11 0.16 0.11 0.15

þtagging 2 b jets without Eq. (23) 0.070 0.10 0.070 0.10
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jjW background cross section is still more than 3 times as
large as that of the signal.

To further suppress this background, we consider the b
tagging. The probability that a b jet is correctly identified
is 60% while the faked rates of mistagging a light jet as a
b jet is transverse momentum dependent and we adopt
them from [26]:

"‘ ¼

8>>>><
>>>>:

1
150 pT < 100 GeV

1
450

�
pT

25 GeV � 1

�
100 GeV<pT < 250 GeV

1
50 pT > 250 GeV

(22)

Finally we note, as seen from Figs. 3(a) and 3(b), that the
b jet originating from the W 0 will have a large transverse
momentum peaking around MW 0=2. This highly energetic
jet would make the b tagging less efficient and result in a
larger fake rate as well. Instead, we could consider to trade
this second b tagging for the harder jet with a higher
transverse momentum cut

pT;maxðjÞ> 300 GeV (23)

The second to last row of Tables I and II shows the effect
of the single b tagging plus the cut in Eq. (23) on the harder
jet for the signal (background). As can be seen, tagging one
b jet and applying an additional pT cut, Eq. (23), further
suppresses the W plus two-jet background by 3 orders of
magnitude and the t-channel top-quark background by 1
order of magnitude and only decreases the signal rate by
half. For the sake of comparison, the last row of Tables I

and II provides the cross sections obtained from tagging
both b jets using the efficiencies above and without the
cut in Eq. (23). Tagging both jets as b jets suppresses the
Wjj by 4 orders of magnitude and t-channel top-
quark backgrounds by 2 orders of magnitude, while the
signal rate is decreased, depending on the b tagging effi-
ciency for the high-energy b, by about two thirds. Once
the b tagging is implemented, our signal for a 1 TeV W 0
is larger than the background by at least an order of
magnitude.

D. Heavier W 0 and Highly Boosted Top Quark

The energy of a top quark from the W 0 decay is roughly
MW0=2. For a more massive W 0, the top quark becomes
very energetic and its decay products are more collimated.
Figure 6(a) shows the �R distribution for the lepton and
the b jet coming from the top decay and Fig. 6(b) shows the
�R distribution for the two b jets. Both figures show the
distributions for the purely right-handed and the purely
left-handed chiral couplings between the SM fermions
and a 1 TeV W 0 after smearing and the cuts in Eq. (16).
The lepton and b jet are coming from a boosted top and so
should not have much angular separation; hence, the dis-
tribution in Fig. 6(a) is peaked at low �R‘b, approximately
at 2mt=EtT � 0:5 for a 1 TeVW 0. Since one b jet is coming
from the W 0 decay and the other from the top quark, the
two b jets are expected to land on opposite sides of the
detector and the distribution in Fig. 6(b) is peaked at large
�Rbb near �.
Let us define an isolated object with a separation cut

�R> 0:3. Figure 6(c) shows the fraction of events for
which the b jet from the top and the lepton can and cannot

TABLE II. SM background cross sections with consecutive cuts optimized to a 1 TeV W0
signal.

� (pb) jjWþ bq ! tj Wþg ! t �b b �bWþ

Cuts Eqs. (16) and (18) 96 2.3 0.56 0.18

þEquation (19) 1.3 0.080 4:4� 10�3 4:6� 10�4

þEquation (23) & tagging 1 b jet 2:5� 10�3 6:9� 10�3 1:5� 10�3 2:7� 10�4

þtagging 2 b jets without Eq. (23) 1:4� 10�4 2:5� 10�4 1:6� 10�3 1:6� 10�4

0 0.5 1 1.5 2 2.5 3

∆R
lb

0
0.1
0.2
0.3
0.4
0.5

dσ
/d

∆R
lb

 (
pb

) W
R

W
L

(a)

0 0.5 1 1.5 2 2.5 3 3.5 4

∆R
bb

0

0.05

0.1

0.15

0.2

dσ
/d

∆ R
bb

 (
pb

)

W
R

W
L

(b)

0 300 600 900 1200 1500

p
T,top

 (GeV)

0

0.2

0.4

0.6

0.8

1

Fr
ac

tio
n

2 object

1 object

(c)

FIG. 6 (color online). pp ! W 0 ! t �b ! b �b‘þ�‘ production at the LHC forMW0 ¼ 1 TeV (a) for the distribution �R‘b between the
lepton and the jet identified with the b, (b) for the distribution �Rbb between the two b jets, and (c) for the fraction of events with the
number of objects in the decay of the top quark versus the top transverse momentum.
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be resolved with respect to the top transverse momentum.
For the sake of illustration, we have used a left-handed
W 0 mass of 3 TeV, although this distribution is largely
independent of the W 0 mass. As the top-quark transverse
momentum approaches 1.3 TeV, about one-half of the b‘
events looks like a single object [28], and thus our scheme
for the c. m. frame reconstruction is inapplicable. Various
methods have been proposed to identify a highly boosted
top quark as single ‘‘fat top jet’’ [8,29]. Jet substructures
from massive particle decays may help in top-quark iden-
tification [30].

IV. W 0 CHIRAL COUPLINGS FROM ANGULAR
CORRELATIONS AT THE LHC

In this section we identify several kinematical quantities
that depend directly on the chiral couplings of the W 0 to
SM particles, and show that each has a different depen-
dence on the various chiral couplings of the W 0 and can be
used to determine the couplings.

A. W 0 Chiral Couplings from Top-Quark
Angular Distribution

In the partonic c.m. frame, the polar angular distribution
of a final state fermion f via a W 0 production and decay is
given by

d�̂

d cos	f
ðq �q0 ! W 0 ! f �f0Þ

¼ g42
256�

ðgqq02R þ gqq
02

L Þðgff02R þ gff
02

L Þ

� ŝ
1=2ð1; x2f; x2f0 Þ
ðŝ�M2

W0 Þ2 þ �2
W0M2

W0

�
1� ðx2f � x2f0 Þ2

� 8xfxf0
gff

0
R gff

0
L

gff
02

R þ gff
02

L

þ 
ð1; x2f; x2f0 Þcos2	f

þ 2
1=2ð1; x2f; x2f0 Þ
gqq

02
R � gqq

02
L

gqq
02

R þ gqq
02

L

gff
02

R � gff
02

L

gff
02

R þ gff
02

L

cos	f

�

(24)

where ŝ is the partonic c. m. energy squared, 	f the

angle between the final-state fermion and the initial-state

quark in the c. m. frame, xf ¼ mf=
ffiffiffî
s

p
, and 
ðx; y; zÞ ¼

ðx� y� zÞ2 � 4yz is the basic two-body kinematic
function.

Since the LHC is a pp collider, the quark can come
equally from either proton, and a parity-violating angular
distribution will be symmetrized, unless we distinguish the
direction of the quark from that of the antiquark. This can
only be achieved approximately based on the argument that
an initial-state quark on average has a higher momentum
fraction than an initial-state antiquark, since the former is a
valence quark in the proton and the latter a sea quark.

Hence the quark and W 0� are on average moving in the
same direction.
The solid histograms ( labeled by ‘‘total’’) in the two

panels of Fig. 7(a) show the reconstructed rapidity distri-
bution of the partonic c. m. frame for W 0

R and W 0
L respec-

tively. In comparison, the dashed histograms (labeled by
‘‘correct direction’’) indicate only those events in which
the quark is truly along theW 0 direction of motion. We see
that indeed for jyW0 j> 1:3, the kinematically reconstructed
W 0 moves mostly along the quark direction. To be more
quantitative, Fig. 7(b) shows the fraction of the events
the quark and the reconstructed W 0 are moving in the
same direction versus the W 0 rapidity. Thus, if we apply
an appropriate lower bound on theW 0 reconstructed rapid-
ity (say yW 0 > 0:8), the direction of the quark is mostly in
the direction of the W 0 and hence, the top-quark scattering
angle 	t can be properly defined experimentally. This
observation, as proposed and studied earlier in [4], has
already been carefully examined in Ref. [31] for neutral
current di-lepton events from a heavy Z0 at the LHC.
In the above treatment, we have imposed the cuts in
Eq. (19) to ensure the W 0 is nearly on-shell. We did not
smear the energy nor require a b tagging.
To illustrate the validity of the reconstruction method

and the effects of kinematical cuts, Fig. 8 shows the
reconstructed top-quark angular distribution with various
kinematical cuts and normalizations. The histograms in
Figs. 8(a) and 8(b) show the reconstructed angular distri-
bution of the top quark forW 0

L andW 0
R, respectively, in the

reconstructed c.m. frame, with various cuts on the partonic
c.m. frame rapidity as listed in the figures and all of the cuts
from Eqs. (16), (18), and (19) except the final state particle
rapidity cuts in Eq. (16). Each angular distribution has been
normalized to one. The dotted curves present the simple
form of ð1þ cos	tÞ2, as expected for a pure (L or R) chiral
coupling. If the direction of the quark is misidentified, the
top will be identified as going backward (forward) instead
of forward (backward) in the partonic c.m. frame. Without
the W 0 rapidity cut (the dash-dotted histograms) misiden-
tification is frequent and populates the backward region in
the angular distribution. The solid histograms are with the
most stringent W 0 rapidity cut jyW0 j> 1:7, which follow
the dotted curves most faithfully, indicating the better
choice of the quark momentum direction.
Figures 8(c) and 8(d) show the top-quark angular distri-

bution in the reconstructed c.m. frame for the W 0
L and W 0

R,

respectively, with all the cuts from Eqs. (16), (18), (19),
and (23) and various cuts on the partonic c.m. frame
rapidity as listed in the figures. To illustrate the effects of
the additional kinematical cuts, instead of being normal-
ized to one, each angular distribution is now normalized
using the cross section that was employed in the normal-
ization of the corresponding angular distribution in
Figs. 8(a) and 8(b). Again, the solid histograms are with
the most stringent W 0 rapidity cut and still follow the
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ð1þ cos	tÞ2 curve most faithfully for cos	t & 0:25. For all
W 0 rapidity cuts, the cut of Eq. (23) tends to eliminate
events where cos	t � �1. The additional deficit or dis-
tortion in the high rapidity region for cos	t * 0:25 is due
to the final-state rapidity cuts of Eq. (16).

This well-known distribution in Fig. 8 can be easily
understood based on the argument of spin correlations, as
shown in Figs. 9(a) and 9(b), for the W 0

L and W 0
R cases,

respectively. Once again, the single arrow lines represent
the particle momenta and the double arrow lines the
particle helicities. For our process, the top quark is very
energetic and its helicity state largely coincides with
a fixed chirality state. A W 0

L (W 0
R) should couple to

left-handed (right-handed) particles and right-handed
(left-handed) antiparticles. Since the top-quark spin is

preferentially in the same direction as the spin of the
initial-state quark, the top-quark momentum will preferen-
tially be in the same direction as the initial-state quark
momentum. This argument works for both the W 0

L and the
W 0

R cases. This feature can be confirmed from our analyti-
cal expression in Eq. (24), where the symmetry under
gL $ gR is evident.
For a more general case, gL and gR may be both nonzero

and nonequal. The relevant observable to determine chiral
couplings is the forward-backward asymmetry, defined by

AFB ¼ �ðcos	t > 0Þ � �ðcos	t < 0Þ
�ðcos	t > 0Þ þ �ðcos	t < 0Þ ; (25)

which reflects the parity property of the interaction. Using
Eq. (24), we find that in the partonic c.m. frame
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FIG. 7 (color online). pp ! W0 ! t �b ! b �b‘þ�‘ production at the LHC forMW0 ¼ 1 TeV versus the reconstructed system rapidity
jyW0 j, (a) for all reconstructed events (solid line), and events in which the reconstructed c.m. frame and the quark are moving in
the same direction (dashed line, labeled as ‘‘correct’’), and (b) the event fraction for which the quark is moving in the same direction as
the W 0.
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FIG. 8 (color online). The angular distribution of the top quark in the reconstructed c.m. frame in pp ! W 0 ! t �b production at the
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Â
qq0
FB ¼ 3

4ð1þ x2t =2Þ
ðgtb2R � gtb

2

L Þ
ðgtb2R þ gtb

2

L Þ
ðgqq02R � gqq

02
L Þ

ðgqq02R þ gqq
02

L Þ
: (26)

Convolving with the parton distribution functions and
using the narrow width approximation for the W 0, the
hadronic forward-backward asymmetry is

AFB ¼ 3

4ð1þ x2t =2Þ
ðgtb2R � gtb

2

L Þ
ðgtb2R þ gtb

2

L Þ

�

P
qq0
ðgqq02R � gqq

02
L Þðq � q0Þð�0Þ

P
qq0
ðgqq02R þ gqq

02
L Þðq � q0Þð�0Þ

; (27)

where �0 ¼ M2
W0=S, and the � indicates a convolution

defined by

ðq � q0ÞðxÞ ¼
Z 1

x

dz

z
qðzÞq0

�
x

z

�
: (28)

Since the narrow width approximation was used, xt is now
mt=MW 0 . For aW0 mass of 1 TeVand purely left-handed or
right-handed couplings to SM fermions, the theoretical
value of the partonic and hadronic forward-backward
asymmetry is 0.74.

Table III presents the total cross section and the pre-
dicted AFB for pure L and R chiral couplings with MW0 ¼
1 TeV for various values of cutoff on yW0 . The other cuts
applied are given in Eqs. (16), (18), (19), and (23). As

noted in Eq. (24), forward-backward asymmetry for W 0
L

and W 0
R are largely the same, with the differences due to

how the kinematical cuts affect the two cases differently.
Also, as the cut on the c.m. frame rapidity increases,
reconstructed and true forward-backward asymmetries
converge. The forward-backward asymmetry is lowered
from the maximum theoretical value because of the reduc-
tion in the forward region. As seen explicitly in Eqs. (24),
(26), and (27) and demonstrated in this Table, the top-
quark angular distribution and forward-backward asym-
metry cannot distinguish between the W 0

L and W 0
R cases.

Different values from the prediction in this table may help
probe the mixed nature of the chiral couplings.

B. W 0 Chiral Couplings from Top Spin Correlation
with Lepton Angle

The chirality of the W 0 coupling to SM fermions is best
encoded in the polarization of the top quark. Following the
arguments presented in [10,32], one may utilize the spin
correlation of the top quark. As already discussed, Fig. 4
shows the full spin correlations of the relevant particles in
the initial and final states for intuitive understanding.
Under the narrow width approximation of the top quark,
the production of t �b and decay t ! b‘þ�‘ can be factor-
ized. We start by considering the polarized top-quark
production

q0ðp1Þ �qðp2Þ ! W 0 ! tðk1; stÞ �bðk2Þ; (29)

The top spin vector has the properties

s2t ¼�1;

k1 st¼ 0; and s�t ¼
� ~k1  ŝt

mt

; ŝtþ
~k1ð ~k1  ŝtÞ

mtðmtþE1Þ
�
;

(30)

where E1 and ~k1 are the energy and the 3-momenta of the
top quark in the partonic c.m. frame and ŝt the top spin
three-vector in its rest frame. The cross section for the
process in Eq. (29) is of the following form

(a) (b)

FIG. 9. The helicity and spin correlations between the initial
state q �q0 and final state t �b for (a) and (b) with W 0

L and W 0
R

respectively. The single arrowed lines show the momentum of
the particle, and the double arrowed lines show the spin.

TABLE III. Cross section for pp ! W0 ! t �b ! b �b‘þ�‘ production at the LHC for MW0 ¼
1 TeV and forward-backward asymmetry of the top quark in the partonic c.m. frame for various
values of cutoff on yW0 .

� (fb) W0
L W0

R

ycut > 0 110 150

0.8 55 78

1.2 30 42

1.7 7.6 9.9

AFB True kinematics Reconstructed True kinematics Reconstructed

ycut > 0 0.61 0.32 0.61 0.32

0.8 0.59 0.45 0.58 0.45

1.2 0.56 0.49 0.54 0.48

1.7 0.47 0.45 0.40 0.39
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d�ðstÞ¼ 1

2ŝ

1

4
dPS2jMj2; jMj2 ¼g42

4
ðA0þB�s

�
t Þ;
(31)

where dPS2 is the 2-particle phase space and jMj2 is the
polarized invariant amplitude squared. We find

A0¼ 8

ðŝ�M2
W0 Þ2þ�2

W 0M2
W 0

�
½gtb2L gqq

02
L þgtb

2

R gqq
02

R �

�ðk1 p2Þðk2 p1Þþ½gqq02L gtb
2

R þgtb
2

L gqq
02

R �
�ðk1 p1Þðk2 p2Þ� ŝ

2
mbmt½gqq

02
L þgqq

02
R �gtbL gtbR

�
; (32)

B� ¼ 8mt

ðŝ�M2
W0 Þ2 þ �2

W0M2
W0

�
½gqq02L gtb

2

R � gtb
2

L gqq
02

R �

� ðk2  p2Þp1� �mb

mt

gtbL g
tb
R ðgqq

02
L � gqq

02
R Þ

� ½ðk1  p2Þp1� � ðk1  p1Þp2��
þ ½gtb2R gqq

02
R � gtb

2

L gqq
02

L �ðk2  p1Þp2�

�
: (33)

The B�s
�
t term contains information about whether theW 0

has purely right-handed or left-handed chiral couplings. By
averaging over the top-quark spin we reproduce Eq. (24)
but lose the ability to determine whether the W 0 is right-
handed or left-handed. To discriminate between the right-
handed and left-handed cases we need an observable that is
dependent on the B�s

�
t term.

We now consider the polarized top-quark decay.
The terms related to B�s

�
t will contribute to the spin

observables hŝt  âi where â is a suitably chosen spin-
quantization axis. Obviously, this observable will have
different sign for pure left-handed and right-handed inter-
actions. In terms of an angle (	‘) between the direction of
the charged lepton and the direction â [33] in the top rest
frame, the angular distribution for a polarized top decay
can be written as

d�st

d cos	‘
¼ 1

2
�f1þ 2A cos	‘g; (34)

where A can be related to an observed forward-backward
asymmetry similarly to Eq. (25). While the direction â can
be chosen freely, different choices can change the magni-
tude of A, thus called an ‘‘analyzing power’’. The simplest
choice of 	‘ can be taken to be the angle between the
lepton and the b jet. Specifically for the process under
consideration, we may take the b jet that is closer to the
lepton in the lab frame, since this one is most likely to
originate from the top decay. With that choice of â one
finds that the analyzing power is A ¼ 0:36ð0:35Þ for theW 0

L

(W 0
R), without smearing or cuts, which does not clearly

differentiate between the two cases L and R. This is due to
the kinematics that the top quark is highly boosted for both
W 0

L and W 0
R, and also due to the relative kinematics be-

tween the b and lepton being the same for both theW 0
L and

W 0
R cases as can be inferred from Fig. 4. A similar effect

happens when 	‘ is the opening angle between the lepton
and the b jet from the W 0 decay. Hence, we need to
reconstruct the system and define a suitable direction â.
At high energies, a natural choice of â is the top-quark

3-momenta direction in the t �b c.m. frame. Since the top is

nearly in a helicity state, hŝt  k̂1i should be large and
increase our sensitivity to the chiral couplings. With this
choice and using the narrow width approximation for the
top quark and W decays, the lepton angular distribution in
the top-quark rest frame is

d�̂ðq �q0 ! W 0 ! t �b ! b �b‘�Þ
d cos	‘

¼ 1

2
�̂0

�
1þ gtb

2

R � gtb
2

L

gtb
2

R þ gtb
2

L

ŝ�m2
t =2

ŝþm2
t =2

cos	‘

�
; (35)

where

�̂0 ¼ g2
8

3  215�3

mtMW

�t�W

ðgqq02L þ gqq
02

R Þðgtb2L þ gtb
2

R Þ

� ðx2wt � 1� logx2wtÞð1� x2t Þ2
�
1þ x2t

2

�

� ŝ

ðŝ�M2
W 0 Þ2 þ �2

W0M2
W0

; (36)

with xwt ¼ MW=mt and xt ¼ mt=
ffiffiffî
s

p
. Some technical de-

tails of this calculation are given in Appendix A. For an
on-shell W 0, we can read the analyzing power as

A ¼ 1

2

�
gtb

2

R � gtb
2

L

gtb
2

R þ gtb
2

L

��
M2

W0 �m2
t =2

M2
W0 þm2

t =2

�
: (37)

It is evident that A has opposite sign for pure left-handed
and pure right-handed cases, and lies between �1=2 and
1=2 for a L-R mixed W 0. The observables in Eqs. (35) and
(37) are sensitive to how the top is polarized which in turn

only depends on gtbL;R and not on gqq
0

L;R; the kinematics of top

production, for instance the 	t distribution discussed in
Sec. IVA, however, are sensitive to the latter coupling as
well.
Using the reconstructed events as discussed in the pre-

vious section, we can find the angular distribution of
the lepton in the top rest frame. The results of this recon-
struction are shown in Fig. 10 after convolving with the
parton distribution functions. We see the distinctive distri-
butions for the L or R chiral couplings from Fig. 10(a). The
charged lepton prefers to move against the direction of
the top quark in the partonic c.m. frame in the W 0

L case;
while in theW 0

R case the charged lepton prefers to move in
the same direction as the top quark as can be seen in the
illustration in Fig. 4. We also illustrate the realistic situ-
ation with kinematical cuts as in Fig. 10(b). The main
effect of the cuts is to flatten out the distributions some-
what. Around cos	 � �1 the lepton becomes soft and fails
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the transverse momentum cut. Hence theW 0
L distribution is

affected more by the cuts than the W0
R cut. In spite of the

effects of the cuts, we retain an excellent ability to tell W 0
L

and W 0
R apart.

Using the reconstructed events we can also determine
the asymmetric observable A. The results for A are given in
Table IV for the signal of W 0

L and W0
R with and without

including the SM W contribution. To demonstrate the
realistic kinematical effects, we give the asymmetries
with consecutive cuts in the table. Once all the cuts have
been applied we still obtain a very good determination of
the chirality of the W 0.

C. W 0 Chiral Couplings from Transverse
Momentum Distributions

As discussed already in Sec. III B, the pT distributions
also convey information on the W 0 chirality as shown in
Fig. 3 due to their spin correlations. The charged lepton pT

in the case of W 0
R is harder than that in W 0

L. This can be
understood from angular-momentum conservation; for the
former the charged lepton moves preferentially in the same
direction as the top thereby boosting the lepton pT , while
in the latter it is against this making the lepton pT softer.
The pT of the b jet from top decay on the other hand has the
opposite relationship. Although the W 0 chirality affects
the lepton pT (and the softer jet pT), measuring it will
require discerning this rather subtle modification which
will be limited by statistics.

D. W 0 Chiral Couplings from other Variables

In this section we explore some other variables that can
be used to fix the chirality of the W 0 couplings.
Because of the spin correlations in the production and

decay chain, the W is also polarized in a definite manner.
For example, we consider the variable cos	‘ŵ, the angle the
lepton makes in the W rest frame relative to the direction
(ŵ) of the W in the lab frame with our fully reconstructed
events. In Fig. 11 we show its differential distribution for
pure left- and right-chiral cases. As can be seen in the
figure, we have an ability to determine the W 0 chirality
using this observable, but for a reason not as direct as in the
previous subsections. From Fig. 4 we see that the cos	‘
distribution with respect to the W direction is the same for
both W 0

L and W 0
R, but one has to keep in mind that in this

figure the W direction is as seen in the top rest frame.
However, the boost of the top plus the selection of the large
system rapidity by the jyW0 j cut carries the W in the quark
direction in the lab frame effectively flipping the W mo-
mentum arrow in Fig. 4(d). It then becomes clear why the
cos	‘ŵ distribution ends up distinguishing betweenW 0

L and
W 0

R as seen in Fig. 11. The kinematics we have here ends up
being favorable for this variable to differentiate between the
chiralities and may not be as general a method as those
presented in the previous subsections.
In our work, we have focused on angular correlations of

the lepton since it is experimentally clean, but one can
consider angular correlations of jet observables also. For
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FIG. 10 (color online). The angular distribution of the charged lepton in pp ! W 0 ! t �b ! b �b‘þ�‘ production at the LHC for
MW0 ¼ 1 TeV in the top-quark rest frame with respect to a spin-quantization direction â taken to be the top direction in the c.m. frame,
for (a) without smearing or cuts, and (b) with energy smearing and cuts in Eqs. (16), (18), (19), and (23), and tagging the softest b jet.

TABLE IV. Forward-backward asymmetry of the charged lepton in pp ! t �b ! b �b‘þ�‘ for
‘ ¼ eþ or �þ at the LHC for MW0 ¼ 1 TeV with and without the SM W contribution.

A W þW0
L W þW 0

R W0
L W0

R

No Cuts or smearing �0:42 0.17 �0:48 0.48

No Cuts �0:42 0.15 �0:49 0.45

Cuts Eqs. (16) �0:48 0.24 �0:51 0.37

þEquation (19) �0:49 0.39 �0:49 0.40

þEquation (18) �0:53 0.36 �0:53 0.37

þEquation (23) & tagging 1 b jet �0:48 0.40 �0:48 0.40
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instance, the angular distribution with respect to the top
direction of the (softer) b jet coming from top decay in the
top rest frame also analyzes the top polarization and thus
can be used to extract gtbL;R. Another example is the angular

distribution of the harder b jet with respect to the quark
direction which carries the same information as the top
angular distribution given in Eq. (24). Rather than analyz-
ing the variables in the top rest frame as we have chosen to
do, one can consider observables in the lab frame or with
the event partially reconstructed that are sensitive to the
chirality as discussed elsewhere [34].

V. DISCUSSION AND CONCLUSIONS

Many beyond the SM theories predict new heavy gauge
bosons. If the masses of these new resonant states are not
more than a few TeV and their couplings to SM fermions
are not too suppressed, the LHC has a good chance of
discovering these new resonant states. After discovery,
it will become imperative to determine the properties
of the new gauge boson, such as spin, mass, and couplings.
Of them all, the critically important feature would be their
chiral couplings to SM fermions.

In this paper we focused on measuring the chiral cou-
plings between SM fermions and a new heavy, charged
gauge boson (W 0). Specifically, the chiral couplings of
W 0 t b is determined through the process pp ! W 0 !
t �b ! ‘þ�‘b �b by fully reconstructing the event and form-
ing various angular distributions.

We have demonstrated that it is possible to reconstruct
the forward-backward asymmetry of the top quark in the
partonic c.m. frame. However, this forward-backward
asymmetry is unable to distinguish between purely right-
handed and purely left-handed chiral couplings. The chiral
nature of the W 0 t b coupling is reflected in the top-quark
polarization. A good diagnostic of the top-quark polariza-
tion is the forward-backward asymmetry of the lepton.
We have shown that by measuring the lepton’s forward-
backward asymmetry in the top quark’s rest frame one can
determine the W 0 t b chiral couplings. Once the W 0 t b
chiral couplings are determined, the top quark’s forward-

backward asymmetry in the partonic c.m. frame can be
used to determine the chiral couplings of the W 0 with the
initial-state quarks.
The reconstruction method described in this paper is

quite general. The procedure to determine the W 0 chiral
couplings to SM fermions described in this paper could be
adapted to gauge bosons decaying to new heavy fermions.
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APPENDIX A: LEPTON
ANGULAR DISTRIBUTION

Here we present details on deriving the lepton angular
distribution in the top rest frame. First, the partonic cross
section is given by the usual formula

d�̂ ¼ 1

2ŝ

1

4N2
C

X jMj2dPS4; (A1)

where NC ¼ 3 is the number of colors, the sum is over the
external particle spins and colors,M is the matrix element,
and dPS4 is the four body phase space of the final state
lepton, neutrino, and two bottom quarks. Using the narrow
width approximation for the top quark and SMW, the sum
over the matrix element squared is found to be
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FIG. 11 (color online). The angular distribution of the charged lepton in pp ! W 0 ! t �b ! b �b‘þ�‘ production at the LHC for
MW0 ¼ 1 TeV in the W rest frame with respect to the W moving direction for (a) without smearing or cuts, and (b) with energy
smearing and cuts Eqs. (16), (18), (19), and (23), and tagging the softest jet.

GOPALAKRISHNA et al. PHYSICAL REVIEW D 82, 115020 (2010)

115020-14



X jMj2 ¼ 8N2
Cg2

8�2

�tmt�WMW

�ðk21 �m2
t Þ�ðq22 �M2

WÞ
ðŝ�M2

W0 Þ2 þ�2
W0M2

W0

� k3  k�fgqq
02

L gtb
2

L p1  k2ð2p2  k1k1  k‘
�p2  k‘m2

t Þþ gqq
02

L gtb
2

R p2  k2p1  k‘m2
t

þ gqq
02

R gtb
2

L p2  k2ð2p1  k1k1  k‘ �p1  k‘m2
t Þ

þ gqq
02

R gtb
2

R p1  k2p2  k‘m2
t g;

where the momenta are as labeled in Fig. 1 andmb ¼ 0. To
evaluate the four body phase space we use the phase-space
recursion formula:

dPS4 ¼ dPS2ðk1; k2ÞdPS3ðk3; k‘; k�Þ dk
2
1

2�
: (A2)

The goal is to obtain the lepton angular distribution in
the top quark’s rest framewith the z direction defined as the
top quark’s direction in the partonic c.m. frame. Hence, the
matrix element squared needs to be evaluated in the top
quark’s rest frame. Since the momenta k1 and k2 are fixed
in the top quark’s rest frame, they cannot be integrated over
in the phase space dPS2ðk1; k2Þ. We will thus evaluate the
phase space dPS2ðk1; k2Þ in the partonic c.m. frame and
obtain p1, p2, k1, and k2 in the top quark’s rest frame in
terms of the top-quark angles in the partonic c.m. frame.
The phase space and matrix element squared can be eval-
uated in two different frames since they are independently
Lorentz invariant. Once this procedure is complete, we can
integrate the matrix element squared evaluated in the top-
quark rest frame over the top-quark angles in the partonic
c.m. frame.

First, in the partonic c.m. frame, the 2-body phase space
is given by

dPS2ðk1; k2Þ ¼ 1� x2t
2ð4�Þ2 d cos	1d�1; (A3)

where xt ¼ mt=
ffiffiffî
s

p
, 	1 is the angle the top quark makes

with the initial-state quark in the partonic c.m. frame,
and �1 is the top quark’s azimuthal angle in the partonic
c.m. frame.

To evaluate the momenta in the top quark’s rest frame we
start with the initial-state quarks, top quark, and antibottom
quark momenta in the partonic c.m. frame, rotate the mo-
menta so that the top quark is in the z direction, and boost
the system to the top-quark rest frame. These operations
take us to the top quark’s rest frame with the desired
orientation. Assuming that in the partonic c.m. frame the
initial-state quark is moving in the z direction and the top-
quark momentum is in the y-z plane, the resulting momenta
are found to be

p1¼ ŝ

4mt

ð1�cos	1þx2t ð1þcos	1Þ;0;�2xt sin	1;

�ð1�cos	1Þþx2t ð1þcos	1ÞÞ;
p2¼ ŝ

4mt

ð1þcos	1þx2t ð1�cos	1Þ;0;2xt sin	1;
�ð1þcos	1Þþx2t ð1�cos	1ÞÞ;

k1¼ðmt;0;0;0Þ; and k2¼ ŝ

2mt

ð1�x2t Þð1;0;0;�1Þ: (A4)

Substituting these momenta into the matrix element
squared and integrating over the 2-body phase space, the
differential cross section becomes

d�̂ ¼ g2
8

3  27
ŝð1� x2t Þ2
�t�WMW

k3  k�E‘

ðŝ�M2
W0 Þ2 þ �2

W0M2
W 0

ðgqq02L

þ gqq
02

R Þðgtb2L þ gtb
2

R Þ
�
ð2þ x2t Þ

�
1þ gtb

2

R � gtb
2

L

gtb
2

R þ gtb
2

L

� 2� x2t
2þ x2t

cos	‘

�
þ gqq

02
L � gqq

02
R

gqq
02

L þ gqq
02

R

� 3

4
�xt sin�‘ sin	‘

�
�ðq22 �M2

WÞdPS3ðk3; k‘; k�Þ;
(A5)

where 	‘ is the charged lepton’s polar angle in the top
quark’s rest frame with respect to the top quark’s direction
in the partonic c.m. frame, �‘ is the charged lepton’s
azimuthal angle in the top quark’s rest frame, and E‘ is
the lepton’s energy in the top-quark rest frame.
Now, the 3-body phase space in the top quark’s center of

mass frame is

dPS3ðk3; k‘; k�Þ ¼ 1

ð4�Þ5 2E3dE3d cos	3d�3d cos	‘d�‘;

(A6)

where E3 is the bottom quark’s energy, 	3 (�3) is the
bottom quark’s polar (azimuthal) angle in the top-quark
rest frame, and the integration over the bottom quark’s
energy is from 0 to mt=2. The delta function in Eq. (A5)
can be rewritten as

�ðq22 �M2
WÞ ¼

1

2mt

�

�
E3 �mt

2
ð1� x2WtÞ

�
; (A7)

where xWt ¼ MW=mt. This delta function fixes the bottom
quark energy. Using the conservation of energy and mo-
mentum, we can also solve for the lepton and neutrino four
momenta. The relevant quantities for our calculation are

E‘ ¼ mt

x2Wt

1þ cos	3l þ x2Wtð1� cos	3lÞ
(A8)

k3  k� ¼ m2
t

2

ð1� x2WtÞð1þ cos	3lÞ
1þ cos	3l þ x2Wtð1� cos	3lÞ

; (A9)
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where cos	3l ¼ sin	‘ sin	3 cosð�‘ ��3Þ þ cos	‘ cos	3
is the cosine of the angle between the lepton and the
bottom quark.

Using the above identities and integrating over the
bottom quark’s energy, the lepton angular distribution
becomes

d�̂

d cos	‘
¼ ðgqq02L þ gqq

02
R Þðgtb2L þ gtb

2

R Þð1� x2t Þ2ð1� x2WtÞ2

� g2
8

3  218�5

mtMW

�t�W

ŝ

ðŝ�M2
W0 Þ2 þ �2

W0M2
W0

�
��
1þ x2t

2

��
1þ gtb

2

R � gtb
2

L

gtb
2

R þ gtb
2

L

2� x2t
2þ x2t

cos	‘

�

þ gqq
02

L � gqq
02

R

gqq
02

L þ gqq
02

R

3

8
�xt sin�‘ sin	‘

�

� 1þ cos	3l
½1þ cos	3l þ x2Wtð1� cos	3lÞ�2

� d cos	3d�3d�‘ (A10)

To simplify the integration over the azimuthal angles,
we make the variable transformation

�þ ¼ �3 þ�‘

2
; �� ¼ �3 ��‘

2
: (A11)

The integration limits for �� and �þ are more compli-
cated than the limits for �‘ and �3:

Z 2�

0
d�3

Z 2�

0
d�‘

¼ 2

�Z 0

��
d��

Z 2�þ��

���
d�þ þ

Z �

0
d��

Z 2����

��
d�þ

�

(A12)

Using the symmetries of the differential cross section to
simplify the integration, the lepton angular distribution
becomes

d�̂

dcos	‘
¼ðgqq02L þgqq

02
R Þðgtb2L þgtb

2

R Þð1�x2t Þ2ð1�x2WtÞ2

�
�
1þx2t

2

�
g2

8

3 215�3

mtMW

�t�W

ŝ

ðŝ�M2
W0 Þ2þ�2

W0M2
W0

�
�
1þgtb

2

R �gtb
2

L

gtb
2

R þgtb
2

L

2�x2t
2þx2t

cos	‘

�
I1ðcos	‘Þ;

(A13)

where

I1ðcos	‘Þ ¼ 1

�2

Z 1

�1
d cos	3

Z �

0
d��ð����Þ

� 1þ cos	3l
½1þ cos	3l þ x2Wtð1� cos	3lÞ�2

; (A14)

and cos	3l ¼ sin	‘ sin	3 cosð2��Þ þ cos	‘ cos	3. To find
a solution for I1, the �� integral must be analytically
continued into the complex plane and a contour integral
completed. The details of this calculation are given in
Appendix B.
Once I1 is integrated, we have

d�̂

d cos	‘
¼ ðgqq02L þ gqq

02
R Þðgtb2L þ gtb

2

R Þðx2wt � 1� logx2wtÞ

� g2
8

3  216�3

mtMW

�t�W

ŝ

ðŝ�M2
W0 Þ2 þ �2

W 0M2
W0

� ð1� x2t Þ2
�
1þ x2t

2

�

�
�
1þ gtb

2

R � gtb
2

L

gtb
2

R þ gtb
2

L

2� x2t
2þ x2t

cos	‘

�
(A15)

Hence, at the partonic level, the forward-backward asym-
metry of the lepton in the top center of mass frame with the
z direction defined as the direction of the top quark in the
partonic c.m. frame is

Â ¼ �̂ðcos	‘ > 0Þ � �̂ðcos	‘ < 0Þ
�̂ðcos	‘ > 0Þ þ �̂ðcos	‘ < 0Þ

¼ 1

2

�
gtb

2

R � gtb
2

L

gtb
2

R þ gtb
2

L

��
ŝ�m2

t =2

ŝþm2
t =2

�
; (A16)

where

�̂ðcos	‘ > 0Þ ¼
Z 1

0
d cos	‘

d�̂

d cos	‘

and �̂ðcos	‘ < 0Þ ¼
Z 0

�1
d cos	‘

d�̂

d cos	‘
: (A17)

Assuming the W 0 is on mass shell, the hadronic forward-
backward asymmetry is the same as the partonic forward-
backward asymmetry with ŝ ¼ M2

W0 .

APPENDIX B: EVALUATION OF I1

Here we give the details of how to integrate

I 1ðcos	‘Þ ¼ 1

�2

Z 1

�1
d cos	3I��ðcos	3; cos	‘Þ (B1)

where

I��ðcos	3; cos	‘Þ ¼
Z �

0
d��ð����Þ

� 1þ cos	3l
½1þ cos	3l þ x2Wtð1� cos	3lÞ�2

(B2)

First, through a change of variable, �0 ¼ 2ð����Þ, we
can rewrite I�� as
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I ��ðcos	3; cos	‘Þ ¼
1

4

Z 2�

0
d�0�0 Cþ B cos�0

ðFþD cos�0Þ2 ;
(B3)

where

C ¼ 1þ cos	‘ cos	3;

B ¼ sin	3 sin	‘;

F ¼ 1þ x2Wt þ ð1� x2WtÞ cos	‘ cos	3;
and D ¼ ð1� x2WtÞ sin	‘ sin	3: (B4)

To compute I�� , we will consider the contour integral

IC ¼
I
C
dz logz

2Czþ Bðz2 þ 1Þ
ðDz2 þ 2FzþDÞ2 ; (B5)

where the contour C is illustrated in Fig. 12. We have
defined the branch cut of the complex logarithm to be
along the positive real axis and deformed the contour about
this branch cut. The contour is then a closed loop that
consists of these segments:

Segment 1: an arc of a unit circle running for 1þ i�
to 1� i�

Segment 2: a straight line from 1� i� to �i�
Segment 3: half circle of radius � centered about zero

running from �i� to i�
Segment 4: a straight line from i� to 1þ i�
As we will show, Segment 1 is proportional to the

integral I�� .

Using Cauchy’s integral formula we can relate the con-
tour integral IC to the residues of the integrand at the
integrand’s poles. The integrand in Eq. (B5) has two poles at

z0 ¼ �Fþ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 �D2

p

D
and z1 ¼ �F�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 �D2

p

D
:

(B6)

Since F >D, the pole z0 (z1) lies on the negative real axis
inside (outside) the unit circle centered about zero. These
poles are shown in Fig. 12. As can be seen, z0 is the only
pole inside the contour C, and we can use the Cauchy
integral formula to find

IC ¼ 2�iResz¼z0 logz
2Czþ Bðz2 þ 1Þ
ðDz2 þ 2FzþDÞ2

¼ i�
ðCD� BFÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 �D2

p
�DðBD� CFÞ logðz0Þ

DðF2 �D2Þ3=2
(B7)

Now the contour will be integrated along all four seg-
ments and the limit � ! 0 will be taken. Segment 1 is
parametrized by z ¼ ei� and � is integrated from � to
2�� �:

I1 ¼ �lim
�!0

1

2

Z 2���

�
d�

Cþ B cos�

ðFþD cos�Þ2 ¼ �2I�� (B8)

As mentioned earlier, I1 is proportional to I�� .

The parametrization of Segment 2 is z ¼ x� i� and x is
integrated from 1 to 0:

I2 ¼ lim
�!0

Z 0

1
dx logðx� i�Þ

� 2Cðx� i�Þ þ Bððx� i�Þ2 þ 1Þ
ð2Fðx� i�Þ þDððx� i�Þ2 þ 1ÞÞ2 (B9)

Since limits of the integral do not depend on � and the
integrand is well behaved as � ! 0, we can compute
the � ! 0 limit of the integrand and then integrate. The
limit of logðx� i�Þ as � goes to zero must be taken care-
fully. Since the limit as � ! 0 approaches the positive real
axis from below, we have

lim
�!0

logðx� i�Þ ¼ logjxj þ ilim
�!0

arctan
��

x

¼ logxþ 2i�; (B10)

Then I2 becomes

I2 ¼ �
Z 1

0
dx logx

2Cxþ Bðx2 þ 1Þ
ð2FxþDðx2 þ 1ÞÞ2

� 2i�
Z 1

0
dx

2Cxþ Bðx2 þ 1Þ
ð2FxþDðx2 þ 1ÞÞ2 : (B11)

The second integral in Eq. (B11) can be performed analyti-
cally to find

� 2i�
Z 1

0
dx

2CxþBðx2 þ 1Þ
ð2FxþDðx2 þ 1ÞÞ2

¼ i�
ðCD�BFÞ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
F2 �D2

p
�DðBD�CFÞ logð�z0Þ

DðF2 �D2Þ3=2

¼ IC þ�2 CF�BD

ðF2 �D2Þ3=2 ; (B12)

where Eq. (B7) has been used to express the integral in
terms of IC. Finally, the integral along Segment 2 is

FIG. 12. Contour integral for the lepton angular distribution
calculation. The points z0 and z1 are the poles of the integrand in
Eq. (B5).
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I2 ¼ �
Z 1

0
dx logx

2Cxþ Bðx2 þ 1Þ
ð2FxþDðx2 þ 1ÞÞ2

þ IC þ �2 CF� BD

ðF2 �D2Þ3=2 (B13)

For Segment 3 we set z ¼ �ei� and integrate � from
3�=2 to �=2. The integral is then

I3 ¼ lim
�!0

�
��

Z �=2

3�=2
d�ei��

2C�ei� þ Bð�2e2i� þ 1Þ
ðD�2e2i� þ 2F�ei� þDÞ2

þ i� log�
Z �=2

3�=2
d�ei�

2C�ei� þ Bð�2e2i� þ 1Þ
ðD�2e2i� þ 2F�ei� þDÞ2

�
;

(B14)

As � goes to zero, both the integrals in Eq. (B14) are finite
and their coefficients go to zero. Hence,

I3 ¼ 0 (B15)

Segment 4 is the final segment to be integrated. This
segment is parametrized by z ¼ xþ i� and x is integrated
from 0 to 1. The integral is then

I4¼ lim
�!0

Z 1

0
dx logðxþ i�Þ 2Cðxþ i�ÞþBððxþ i�Þ2þ1Þ

ð2Fðxþ i�ÞþDððxþ i�Þ2þ1ÞÞ2

¼
Z 1

0
dx logx

2CxþBðx2þ1Þ
ð2FxþDðx2þ1ÞÞ2 : (B16)

As discussed for Segment 2, the integral and � limit can be
computed separately since the limits of the integral do not
depend on � and the integrand is well behaved in the � ! 0
limit. Also, unlike Segment 2, the positive real axis is
approached from above. Hence, the log does not pick up
the angle 2i� that was found for I2.
Now we are ready to calculate the total contour integral.

This is accomplished by adding all four segments together:

IC ¼ I1 þ I2 þ I3 þ I4 ¼ IC þ �2 CF� BD

ðF2 �D2Þ3=2 � 2I�� :

(B17)

Hence, I�� is found to be

I�� ¼ �2

2

CF� BD

ðF2 �D2Þ3=2 (B18)

Finally, using the definitions of C, B, F, and D in
Eq. (B4) and integrating over cos	3, we can compute

I 1ðcos	‘Þ ¼ x2wt � 1� logx2wt
2ð1� x2wtÞ2

: (B19)
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