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Introduct ion,

In his atudy of the projective differential
properties of space curvés, Wilozynski#;btains certain
invariants and then finds a geometrical interpretation
for the invariants, In this paper we shall use the
vﬁethcd, which is essentially that given by 2,B, Stouffer’
of obtaining a unique or canonical expansion for the
curve znd then finding the inveriants zs they arise
naturally in the study of the geometrical properties
of the curve,

Host of the properties of space curves given
in this paper ars given by Wilczynaki but the methods
of study used in this paper are in meny ways simpler
than those used by him, Sennia’ elso has treated
space curves by methods somewhat similar to those in

this paper, uveing the Fubini method of approach,

LI T R T T Y S

*FWilczynaki "Projective Differential Beometry of Curves
and Ruled Surfaces®,

#Btouffer,"Some Canonical Forms ond Assoc iated Canonical
Expansions®, in Bulletin of the American
Eathematical Bociety for EayeJune,1928,pages 290-302.

Sannia Anngli di Eatematica Pura ed Applicatn.
(4), vol,1,pp,1-18; (4), vol,3,pp, 1-25,
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A Canonical BExpansion for the Space Curve,

Given a parametric representation for a spsace
curve o
y; = £(x), (i=1,2,3,4),
there is a unique fourth order differential equation
defining a class of projectively equivalent curves

provided that

y. ¥y ¥y
' " "
y, AR 32” + o,
A A A 4
' n w
A A A A

If this determinant equals zero, the curve is a plane ocurve,

The differential equation may be written in the form
na
(1) Y+ 4p Yy + 6p,y"+4p,¥'+ B,y = 0,

where p,; are functions of x,

To this equation we may apply two general transe
format ions y=720y, and ¢ = { @), which will not chonge the
curve or the form of the equation, The transformations
will, however, change thé coefficients in (1) into some
other(funotions of X, The functions of the coefficients
‘unchanged by these transformdtions must then give pro-
Jective differential properties of the curve, - Such.

. functions are called invariants,

If to (l) we apply the transformation £==f6h we



o‘btain the equation

(2) 7+ 45,7+ 65,5"+ 45,5+ 5,7 = 0,
where P = E&{é,;fﬂjﬁ ,

: 5,- gt 20 + % q'+La*),

= if{?y Lpai?ﬂr("\’ﬂ‘)pﬁ%M'*#”’“T"rﬂ)

— 'L_ ‘ .
,'P‘*= ([.)7 P‘f. Where /’)— s

. If, in turn, to (2) we apply the transformation ¥=A ¥, we
obtain the equation |

(;5) ¥t 4R F t6R¥"+4E§'+EF =0,

where B =-L(n

(')

B=5 0"t 8p, A"+ 25,0+ B0 ),

g+
n

iy " _ I o _
= e 4BN + 6P,A + 4B N+ B0 ).

If in equation (3), we let —)‘A— =—9P,, 80 that P,= 0, we
obtain the equation '

¢ _ «

(4) ¥+ 6B F"+4R,7'+EF = o,
where P, -5, - B -5',
(4') F-p,-2D3 2" +2D,

— - - — 3 _ S, T _m _* -4
y= P, 4P B, - 6B, D' +6p B'+6p B~ + 3.~ 3p,.



-‘Theée‘expressions for i’;_, §3, B, are unchanged by the
Yy=AY transfoﬁnation and are cailed seminvariants, h By
a sﬁbbstitutiony of ‘(22") in (4'), we obtain the effect of
the transformation ‘of the independent variable ﬁpon the

seminvarients, This ¢ffect is s'iveh by
e (t)‘(l’ —‘f )5

.(4"5 ‘ (i) (P 4,,199“ E/A féd]’“)

| P%’ ot (B8 By- 9o By *5 Pmn** S =20t 44D

B)=yy (B!-2q P, Tf"f' * e,

,L ’ ‘z. e & 3-_ . I &j .
s o (Bl— 54 Bl— 2B+ 5o Brgae ¥ i b'“'?)’

-t

- (,f(P 99 B - 54'B!~ 24B' - z,u'Pﬂ 25, 41097 B -4

+‘39,M}‘""—’;5M.'7L— 3‘3—5/“"]")'+ ‘1‘;”/‘"']; '3.5,4#"/7+ 7/7,4( Pl—ADﬂfP -307)& + "’3‘*))
) PV x
= Z{-)"(%‘—- 34 B! - CER A 5/"?‘1":/IILP"fﬂlf“-";'?A-%;I#”)’;%_/"*)J

~.L ' »” ' > s A TN
- 5 (B'-6Bm 69 B1- 0B 09 B H{ Blsisqy et

- "i—'n]’//.' _157ﬂy—§ﬁ"}’§ﬂu' -t CREL N/ -4’ B+ 304" —al,“"ﬂ}),

where /4”7 ;.01 , and P, ] 2,,IS’.,‘ are the same functions of

p; as are Pl,P P of p .
When we chose -%-—pl , We made P =0, An
examination of (2_‘) shows that we must make the & ={ &)

transformation first if P = 0 is to be maintained, We

can maintain f’l = 0 under a further y=)y transformation
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only if A'= 0, that is, if- A equals a constant, The
choiée for the { for the independent variable transformation
is not apparent, but'we will assume that it has been
‘determined so that we now have equation (4) with coefficientss
fixed except for a factor which coeffzc:ents are unchanged
~by any transformation where A equals a constant and = 0,
We will proceed, then, to find a canonical expansion for
the given space curve,” The expansion will be called
canonical because it is unigue, that is, it is unchanged
by the permissgible transformétions,

Byjthe fundamental theorem of differential
equations,:a solution of (4), at a point given by x=0

where the coefficients are regular, will be of the form
(5] Yo = §Jo+Jdx+ IO + Foo - -
= :

From an examination of (4), we see thet ?Ehand all higher

derivatives of ¥ may be expressed in terms of ¥, ¥', 7" and

¥'. EBquation (5) will reduce to the form

1
M
‘<:I'

(6) Y X7+ %3 %7,
Where — y —-' 5 = D A
X = 3-"%%"&%7‘(61’1}’4 P'r )’E'

+(68, B! + 18515, + 45,5, - B )x
Lz

(6*) |
' B AR - D P DIG Y  acpnp PP PIp
t (- 968, B+ 65, B 42485 +36P'E, + 4P, B+ 1683,



6=

>

+ (~1445, P, + 24B, B! +96B'R' + 144P/'F +12P, B
+80P, B! + 24P'B +8D, B 4P -4B")x". .. .- --
N 373 P 3%y 3 L7 2 2
x,- x"-68, x' —(6F) + 4B, )x" (368, - 6P"_8F!-F, )x*
-3 Y 204 2 3 L_;—r- 2 a” 3’ Y 1
- +(144P,B" + 48P, B, - 6B, - 12F) - 2P )x”
L7
- — — -& — — — —
+(-2168,+ 2628, B¥ + 144B! + 1445 5! ; 1208,

3

- =& = = S
+12P1P"~—6P1+16g—l6p;":_6ﬁ,_)_L%’.,__ e

X, = g —6P %g —~(12P! +4F, )x +(36P—18P” 12B'-P, )3
(2167, B! + 488, F,- 248" — 24B/-4B) )x*, .. __...

”’],2;4”70 ,wé obtain

[}

- If we let %sf ,7-;3

- 4P,

oy
||

S _ 2B ) BB _AD = 1A
'+ (4B, 4P )%_T(zznsapa 4P! +4P‘f')z~§+__...

'zm '

Cr e B1.AD 1S P = = ¢
7= X -6, x - (6B +4F, )x'; (36F, - 6F) - 8F + 1B, ){‘;‘_ i

3

=% -6P 1—(12P'+4P )_3;_+--._'.

o 5

By the elimination of x, we obtain

| (e L £°
(") N=3 - 61%1_‘, + (16P, - 6P') +(36P 6P”+16P' 10B, )-—4- -
3

P 3 = =
f‘T—GP’_%+4(l4P3-éP;)ET;_.‘.-_.



The two equétioha-(v)’will be the canonical expansion
for the given space curve, when the independent variadle

tfanaformation is determined so that the Ps are fixed,

T
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A Tetrahedron of Reference,

Connected w;ih each point ¥ of the curve will be
three other points, ¥', 5", ¥ . The point §' lies on the
tangent to the given curve at the point ¥y, Ve shall
designaté the given curve by Cg, As ¥ moves, y' generates
a curve Cg. The pbint ¥" lies on the tangent to this
curve at‘§', ~ 8imilarly the point ?m lies on the tangent
.to Gﬁ' at ¥", We shall speak of ¥', 7", iu'as derivative
§oints. ' Any‘other point Y may be represented by the
expression

Y=-x7 rxai'r'+‘x35r"+ x‘,ii‘“@

Therefore we may use X,, X,, X,, X, as the coordinates of
a point, The coordinates of ¥, §', ¥, ¥ will be (1000),
(gr100), (0Q10), (0001) respectively,

The osculating plane of a curve at a point must
contain the point and the first and second derivative
points, The osculating pléne of Cg at ¥ is evidently x4=0.
Thus one face of the tetrahedron of reference is geometric-
8lly located,

Any cubic may be represented parametrically in

the form

x,=a,+btre trdt,
X, = a,+ b,t-rc}t1+‘d;t2
(8) | -
' ; 2 3
Jg=%+gt1%t+%tf

a3
x=a,+b,t e, t +d, .
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The parameter t is independent of ¥ and three different

.: values of ¢ may be assigned to three different points

' erbitrarily, We shall choose t so that t=0 at ¥, If
we wish to make the cubic be the osculating cubic at v,

the cubic must have three point contact at ¥ with the
osculating plane of the space curve, If t is to equal
zero at ¥= (1000), we must ha#e}a;:a3=a?=0, If we solve
(8) with x;fo, we see that we must have b, c,=0 for three
'point contact at ¥, Since we are dealing with homogeneous
coordinates, we may divide fhru by a, and may now write

the cubic in the form
x - 1tblerelt+ drt’,

» 2
"X, bjtrelt £ djtT,
(9)

o 2
x - b't+olt Ty dlt’,

3
- ? B
x,. 4t ,

Since the plane x,- 0 passes thru the line on ¥
and §', it is‘tangent'tb the éﬁace curve and therefore
tangent to the osculating cubic at 5, If we solve x,= 0
with (9), we must have b;?O for two point contact at ¥,
The osculating cubic has another intersection with x,= 0,
When we solve x 0 with (9), we obtain tL(c;+d;t)=0,

If we choose this second intefsecfion to be the point for

which t is infinite, we must have 4/-0,
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T .
Ve may now replace t by ZZ and write the cubic as
x = 1+BT+C T+ DT,

x, - T+C, T+D,T7,
(10)

From (10) we obtain
- x’-, > 2 13
§=5=-T4(C-B)I+ (D,-C -C B +B)T
S 3v ] D W .
(1) +(B‘CL—B,+20,QJ%QI£*C,C1~|)1*—--- )

> 3 2 M ' . 3 o 5
/7{]’2 = C,1-B,C,T +(;B| C,-C, 03)'1 + (243’ C,C,-BC,-D ca)T,_..

Xy }_ ”'& K _ 5‘+ .
kf--—-DLfT B'D‘fl:-r(B‘le C‘Q)T

<

. From these three expréssions we may eliminate T obtaining
expressions for 7 and 7 in terms of ¢ , Since this cubic
is to be the osculating cubic of the!apace curve it must
"have six.point contact with the space curvé, This is
possible only if the expsnsions for the cubic and the space
’curve are identical,thru the first five powers of {, By

the elimination of T from (11) we obtain
* 3
” = c,t+ (B,C,-20,C, )+,
3 R
f—f D,f+ (2B,D,-3C,D, )¢+ - - -

~If we equate these coefficients to the corresponding

coefficients in the expansion (7), we find that
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4 |

¢,-+, D,-7, B,-0, C,=0, |
By a substitution of these values in (10), we obtain the
gimpler form

) 3 [ 2 5
{=%- 14(D,-C,)T-D, T4 (C,-C, D, )T+ -,

!

’

If we continue with the elimination .of T, we find that

>

) | b 3 S‘ 2 ‘ '
"}‘{',*(IC;:DL)E + D»%‘f(cr*%n,j— 4C,D1)2 + )

B

('12) '

3 , o5 14
7-Lytde,-4p )DL, .

If we equate the coefficients of (12) to the corresponding

ones in the expansion (7), we find that  '

— " _l'_ — —-’

Cy:’:,bP:Lr Dl-’DP;L' D:: (_;_\83?;3?,,’),

We may now substitute back in- (10), If, after the
substitution, we multiply by 6, the equation for the

osculating cubic becomes
275 m, (aB _=zpr)p’
x,= 6+% P, T + (8P, -3R)L,

. x,- 6T+LB T
(13)

If we substitute in equations (12), we obtain the

expansion for the cibic as follows .
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8 55" (sBr_eB, )l . B ,
Nex T BEERCER IS B o
3 —
r=f - e (3885 )L .. --

‘Haiphen's theorem states that if two space curves
have contact of order n, there exists a unique plene from
any point of which the projections of the two curves have
contac; of order (n+l), This unique plane we shall
speak of as the principeal plene,

| Will it bve poasiblé to have xjso,(non-homogeneously_
q=6) as the principai plane for the given space curve and
the osculating cubic?

The_canonicai expahéion for the given curve may
be thought of as the egquations of two cylinders, the first
with its elements parallel to the 7 axis, and the second
with its elements parallel to the‘7 axisg, The curve
itself is the intersection of the two cylinders, The
first equation then may be considered as the projection of
the curve from the infinite point on the 7 axis onto the
f= 0, plane, In a similar way, the first equation for fhe

osculating cubicA§ay be thought of as the projection of
| the cubic from the infinite point of the 7 axis onto the
=0 plané, If the 7 axis is to be in the principel
‘plane, we must have sixth order contact between the
projections of the sﬁace curve and the cubic, that is,
we must have |
—a

..‘l _ . _ _
. 18B,-3B" + 8B - 6P, _ P,
360 2060

.
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This reduces to tﬁe' expression
1 — — —
\81P3 -15B" + 40P - 25P = 0,

‘which we shall designate as ix—:
Is it possible to choose the ¢ and A transformations

—

so s to make M= 0? Since P,, P,, P, sre seminvariants,
any transformation of the form y-» ¥ will not disturb K,
Under the ¢ transformation, [substituting (4") in EJ,

however, we find that
(14) = H-n- 157 6, where ©,- (2P 3P!),

The expression (2P3— 51?2') is & relative invariant as may
be verified by substitution from (4"),  In obtaining the
canonical expansion for the space curve, we assumed that
.3 had been chosen so that the coefficients would be
uniquély determined except for a factor and maintained
by further J transformations for which » = 0, From (14),
we see that we need to chomafaf»)';,}’!\é3 , where 6,% 0, in
order to have K=0, For this choice of {, the T axis
is ih the principal plane, The principa} plane always
contains the tangent line F¥'. Therefore, if we choose
”-= ,-5'1‘53 , where O,¥ 0, the principal plane is =0 (x,=0),
The case 0,= 0 will be discussed later, The only per=
missible & tranéfbrmations after ‘this are those for which

71=0, for a second transformation gives

Bl
=\

~154 9,
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from which we see that I is zero only if/7:0, A second
face of the tetrahedron of reference is now geometrically
located as the principal plane,

» If we consider the projections of the curve and
~ the osculating cubic from the infinite point of the -7
axis onto thefy:o plane',.’the two curves wil 1 have sixth

order cBntagt if

8B, -3R'  UE, B!,
90 - /180

‘This reduces to
2P, -3P' -0, or6,=-0,

Since O, is a relative invariant, it is not affected by
the { and.h transformations except for some multiplier,
i C§=o, the principal plane contains the yi axis and the
¥¥' line, that is, it is the plane x,=0, Then for6,0,
the principal plane and the osculating plane of the space
curve co inc ide, - 1 |

If we solve equations (13) with x,=0, we obtain
'T=0, giving a double root (1000), thus showing that the
osculating cubic ié"tangent to the plane x,=0 et y.
To find the third intersection we must examine the case
when T‘is'infinite. For this case, replace T in (13)
by“t(‘, obtaining the equation |

3UF 4 (2P aF
Xls 6t +§?1t (31’; .581)5 ‘);y
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for the osculating cubie, If we solve (15) with x-0,
we obtain the point of int_ersection of the cubic end the

prineipal plane, This point has the coordinestes

UEP—;—SB'?;);%—ZZ; 0; 1] .

" The osculating'cubic has an osculating plene

given by :
X, ‘ X, X - X,f
6t B, t-(2B!-8F, ) 6f+UF, 38 1|
(16)  |istha®, T s o |
o lset 12 0 0

The determinant (16) may be solved with x,-0 giving the
intersection of the osculating plane of the cubic and the

osculating; plene of the space curve, which intersection is
(17) x, - 3tx, + (6t°-1F )x,- 0,

Bquation (17) together with xy=0 is the equation of =

variable line in the plane x,s0, This line has an

envelope which we find to be

" - 2 7 > _
(18) 8% x,- 3x,- 2P x =0,

Equation (18) is the equation of a conic which we shell

designate as the osculating conic fer this discussion,
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By & substitution of the coordinates of the point ¥, we
find that the osculating conic goes thru ¥, The polar of

a conic with respect to a point is given by

b.sLJrX X;%@’ﬁ-)(,%f?~o)

where xg(i=lgaﬁ) are thé running coordinates, The polar

of the ééculating conic with respect to ¥'-(0100) then

. becomes 6x,-0, x,70, which is the line on ¥ and ¥",
When t=0 in (16) the osculating plane to the
csculating cubic is a fixed plane and the voriable line(17)

becomes a ilxed line

(9) x-1P x - 0, x,:0,

.This‘line obvicusly goes thru ¥'- (ngp),' Since ¥' is
on the tangent to Ci at ¥, the point ¥' is determined
as the intersection of this tangent and the line given
by equation (19), The §§" line is determined as the
polar of the osculating conic with respect to ¥', The
intersecticn of the tangent to the Cﬁ'curve at y' and

. the ¥¥" line locates the y" point, The im point is
located as the intersection of the tangent to Csrat 3

with the vorincipal plane, Thus the local tetrshedron

is completely determined geometrically,
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By a substitution ofVT{ﬁij, in (4"), we obtein
expressions for the coefficients of‘(4) entirely in terms
of the coefficients of (1), That these expressions for
' the coefficiente of (4) are relative invariants may be

shown by considering two equivalent equations

- 1
!

2
(a) yt4py +6p,y" +4p,y' + p,¥ =0,
(3) ¥r4q,¥ +6a,5"+ 49,¥" 1 a,y- O,

By two eguivalent equations we mean two equations such
that we may obtain one from the other by means of the
transformations y=ny and l:i®, If (A) and (B) are
equivalent we must be able to express the q's of (B)

in terms of the p's of (A) and functions of the transe

- formations, Let us:apply the particular tranaformations
y=Ny and 0: L®to (A) and (B) which give the canonical forms

Ll @ —
(A) 6P,

m
|

', ;2

‘4“
.z:.
w
i
<
il
o

—

() 74 6,

%"
o
-

+ Q,

%u

WQ

%v

As seen above we shall have expressions for the P's
~entirely in terms of the p's and for the Q's entirely
in terms of q's, the expressions in the p's being the
same &s the expressions in the q's,

Is it possible to trahsform equation (&) into
equation (B)? It is easily seen that by means of our
two transformations we may go from equatién (R) to

equation (A4), from (A) to (B), and from (B) to (B),
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Therefore it must be possible to transform equation (2)
into.equation (B), We have seen however, that the

only transformations which will maintoin the form (A)
are those for which N equals a conétant andf7: 0.

These transformations will change the ccefficients of (A)
. by a multiplier only, Therefore the coefficients}of

(Z) can differ from those of (B) by some multiplier only,
and the transformations can change the expressions for
the P's and Qs in.terms of p's and q's by a multiplier
only,  Therefore the coefficients of (A) and all their
derivatives are relative invariants, Precisely the
same argument shows that ¥ and its derivatives are
relative covarients which may -be expressed in terms of

the y's and coefficients of (4),
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A Second Tetrahedron of Reference,

In the previous work, the tetrahedron of refer-
" ence has the points ¥, ¥', ¥°, ?m'aé the.veftices, which
points were located geometrically,  Another point,
geometrically icbated as the intersection of the
osculating cubie with the plane x,=0, was found to have
the coordinates [(aigﬁgﬁﬁ);ﬁég;o;i]. In the plane x, 0,
we found an osculating conic with the cquation (18),

The polar of this conie Qith respect to ¥' was found to
be the 1ine‘xz§0;' This line intersects the conic in the
‘two points (1000) and (B, ;0;1;0), Thus besides the
four vertices of the tetrahedron of reference, we have
two other points geometrically located, Let us make a
“transformation which shall make [(BEL;giJ);%iﬁi;O;il

be the vertex (0001) and (1B ;0;1;0) be the vertex (0010),
We shall keep the other two vertices the seme,

A general transformation in space is of the form

% =8,X +8.X 48X 8.X,
X, =8 % +8X +8 X +8X,
3 :'9’542{' t & R+ 8%+ aa'rx‘/ ’

M
\

(=8 X+ 8 X 8, +8,X,

where X, ere the original coordinates andlil are the
trensformed coordinates,
If we substitute the coordinates of the vertices

in the general transformation above, we find that



a,=1, a,-0, a,:0, a,:0,

a,,” Y ’ 8,c l’ B,y 0 ’ ai/:.‘ 0'
9

15 3 a0, a,-1, a,:0,

8, (3P_L_\'—5813, ' a,,-‘*;—ﬁ » a,0, 8y 1.
By a substitution of these values in the genersl trans.

formation, we ,findv that the necessary transformation is

— 4 5 —"
Xz Xogh X, (32*;81’.?_)3:“
x: x,-%B x,,
(20)
X, - X, X, - X

Under this transformation, we have a new tetrahedron of

1l

reference with vertices ¥,, ¥., ¥,, ¥, where ¥, is the §

of the old tetrahedron, ¥, is the §' of the old tetrae

khedren, ¥, is the second intersection of the line x;: 0

with the osculating cubic, and ¥, is the intersection of

the osculzting cubic with the plane x,- 0,

If we substitute equaﬁions (6") in equations
(20), we obtein | |

X = 1%P, X+ (3B'- 8B, }né + (54, - 5P, L}L;

= = = = = 5
+ (- 5B+ 36, B)+84E, B, )x

5E

(398, B, - 5B"-324F 5413:13" B Bl 36D ', 84P'P Jl&f
t 2ty T Ofy moas ;.‘f' y By 1 72P, P)- 36F 't B4E P+ 32

‘P
".s&

+(575, B'+878,P#28F, P, - 58 — 11887, £,'—7205, B+ 54E/F

+108F, By'-648,' P 365 P+ 14457, +965, B} );Iy}f R
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B ~ y e
(21) %= x-28 X - B, 3 + (126F - 208-5E, %%_
5 5 5 = B P 4
+(204P, B - 20B"-10R'+252P, B! )x_

+( 3728, B'+3605!P, + 518, B, + eoff ~20F, - 158"

) -756B + 3788, BY )x" . .. - )
X=Xy, X X,
B = f é =n itk: 3 “
f we let)‘l ) '35 G 7, we obtain
z.: 3 (P Pt ) P B 55 )
P, X +(R-B)x 142011»2013—3613)_zc_
5 . /o S5
+(216F, B - 3608, B'-20P!+208, )x
. e ‘ ‘ Sl
- - - = . > o
+(44408, B'-5760P'F, + 3720P, B, +26408, 1008
(22) +100B"- 10554? +252OP'),>_=. R

asii |
ro x4 B (B- BY)x, (185 - 308"-408'4 705, )x°
AN A A T RN IR

+ (-2808P, E'+2088F, B, - 30E, - 60E/" +908, )’

5L7* i

T

- 3 = 5
T= x+P.x 4 (28P 248 )x (558D, - 90P,"-60B,"+ 170, )x
A /0 L6

By eliminating x from the 2,47, f expressions, we find

that rr o ~ -t
7-L L (1628 +808'- 50B, - 300" )i "
772 ’ * 2T > e

' ' - = —_ . " - ) — T -—?
(® 1 (2165, P+ 72F, P, - 0F, + 80B"- 503, ) _z__, + CLeo - oo,

-

§
.f__,+4(ap' 2P, )z 1J:.eap +72P - 50F, - 18P"){ N
1é I

o

where C anwd F stand for expPrassions in tye Poe.
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-The Osculating Quadrie,

In the previous discussion, we found that the
'plane“i3=0 was not defined for 6,0, We shall now show
that when 0,- 0, the plane X0 may be defined as the tangent
plane to the osculating quadric surface at ¥y,

The general guadric surface equation will be of

the form

By a consideration of expressions (21}, we see that the
aiT term is the only term having x° power, Therefore we

must have a= 0, The a'x

,ﬂ; term is the only one

containing x, so we must have a';o, The general equation

of the quadric then reduces to

_ - - = Ao o
(24) a X X+8,%X X +b X, +b X X 10, X X, +0, X

— - >
+¢, X, X +d, X = 0,

which expressed non-homogeneously is
B : . ~ —’— _ . . _ .
(25) NRENES HERREE, v,iT+ cit e +47 =0,

The osculating quadric surface will be determined by nine
,pointé, If we substitute the equations (22) in the
equation (25) and set each of the coefficients of the
first eight powers of xequal to zero, the coefficients of

equation (25) may be determined, This is not an easy
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process and, since we are interested primarily in the
condition that i%:O be the tangent plane to the
-osculating quadric, we shall omit this calculation,

The tangent plane to a surface is given by

ARV EY) "Nk 'a _
YR S KA R

where x! are the running coordinates and £(x)=0 is the
equation of the surface. From this we find that the

equation of the tangent plane to the quadric at y is
&;_f1f a x,=0,

Ir X;0 is to be the tangent plane, we must have a,=0,a%0,
To simplify the work we will write (23) in the

form

’)7_:’; 7'f' 2_‘4———’/

;.

(26) 5 ;
f'z DifbéfFE+"“ )

where A,B,C.D,E.F, repreéent the corresponding coefficients

in (23), From the equations (26), we see that

_ &
—
7‘7.:'3‘22,4’””-7’

’ﬁii Bi'{’CZ4—,/-/
7_& <t =7 g
8f-tq= 8D +(8B-A)3+ (3F-B)E + - - -,
N _5
4?'6”=ﬂﬂffﬂkﬁm2+,,._-.

We may then write the determinant condition for the
elimination of Z,'7 snd T from the expressions (27)

as follows



m

’)1—"2 A B
3f—-fﬁ 3D 3E-A 3F-B
Ay B, =0.
yq-el o _p  HPCE
. 2 |
T 7 0 0

Tha expansion of this determinant will be a quadratic
expreaéion and therefore represents a quadric surface, If
we solve this with the equations of the curve by‘a suba
stitution for ‘Z{ﬁ,f; we obtain an expression starting
with the ninth powers of x, This quadricgmust have
- nine point contact with the space curve éf}? and is
therefore the'cseulating guadric of the curve at the point
5% If we expand the determinant, we find that a,, the
? coefficient is -[B(44-6E) + 6DC]+iz, and a, , thes coef-
ficlent is — | (3E-4)(44-6B)+ 6D{3F-B)]x3,, From
‘equations (23) and (26) we find that D is %, . If we let
8,0, a, becomes — B(4A-68)sik, and a, becomes (A-311)(4A-6E)x3;-
The coefficient a,‘wiil be zero i B=0, or if
(44-6E)=0, Since we”do not want a, to ve zero, we will
be interested only in B= 0, From equations (23) and (26)
we find thet

B= (216P, B + 72P, P, ~ 30B"} 80P — 508 )» 5 -

i

*‘Wiiczynski, "Project.ive Differential Géometry cof
Curves and Ruled Surfaces", page 278,
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Since we have@ 3B'-2F, = 0, we find that

>

B = (21611 P, + 908~ 508, k57,
and that if B is to equal zero, we must have

9
51_9 " L‘."“'
‘ff'.?"" EP =0,
S

Wilczynski has determined the relative invariant

By

_.‘—_ —_ é— é_ ’ - —
272R' +$ P}~ , where B .= P - 3F

-+

If we substitute the value for B, in & and make use of
8,0, we find that

8’ = 95125 B " w5 5
6= B3P ISP P}, which isG,= B)-1P- 2P P,
and that :
508,
B=—"s50"%

Can the { and M transformations be chosen so as to make

B= 0? Since F,, P,, F, are seminvariants, the } tranc-
formation has no effect on B, From a substitution of (4")

in B, we find that

D ‘f 50

where (—Zf and (9‘; are in terms of the P's without: the dashes,

, )
Therefore we can make B= 0, by choosingm): .;’2‘1 , Where 0,#0.

We must now examine the coefficient &, and see if

this transformation leaves a¥0, Under the assumption

-_ " - e -
-

4f\‘J.’Llczynski "Projective Differential Geometry of Curves
: and Ruled Surfaces", page 240,



27 -

that 8,= 0, a, becomes (A- 30)(4A-68)»3% . From the equations
(23 and (26) we find that

100

4A-6B = sm o
,, 4o 2
Therefore a, is a1
That the expreasioméq is & relative invariant may be

* verified by a substitution of (4") in é:f , Which gives
_ L
O = (fyr O

Therefore a, will not be zero if 6,210, Thus we see that
0y

by c¢hoosing 7-’*1 N whem@—’(o we may meke a,- 0, aﬂt 0,

and the tangent plane to the osculating quadric is the

plane X, 0,
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Geometrical Interpretation of the Vanishing of

Some of the Relative Invariants,

‘I. Interpretation of é3=0. _

- A linéar complex is in general determined by
five lines, The osculating linear complex of the space
curve will be determined by five consecutive tangents,

We may repreaent the point Y given by x=-0, by

Athe expansion

Y= 7+ §'xr TUEGLA-6B 7 - 4B 5 B 7)x

R = DS Bo= DtE = D1E &
t(-6B F — 6B'y"— 4B y"-4R'y'- B ¥'-B)yixX,

Any point Y' on the tangent to CS at Y is given by

Y= §'y §"x 4T X o (6B y"- 4B 7R ?),/z_ri

where

x}:} epr( 6B'-4P, )x:,_-_,
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— 3 =y
2= - -P'x , - - -
z, = 1l- AR x3+(—415'—§5‘)_:5_4+__--,
a 35 2 4
68, x , (-6B1-4B )x'
2,- x-6F x ,\-6E -4k Ix . .---
v L3 L '
r = 4 = = s
2 - X -6P x (-12P'-4P )x , __ _-.
-T2 ?‘Ff( * 3)75*

~ We shall follow the usual notstion for the homogeneous

line coordinates and \let Vi X2 - X2 (i=1p34: k- 1224),

If we carry these out to the first five powers of x, we obtain

ww~%+,_-~-’

o ow.. %73 x (B -6B)x®, .
At 2 ’*y.+ 3 ;.aof*“l
L :f?:_c_q (12P'+4P )x ey
Ty ¥

From these we may eliminate the first four powers. of x,
: o“btai:ning

w —w 6P w =0 e
2 gt PR Yy ‘SFX*

Thus we see‘ that

LA S +6P W, 0,
- is the equation of the osculating linear complex of the
curve, 'If we have éf 0, the equation of the osculating
linear complex contains no powers. of x lower than the

 sixth and all the tangents to c\ belong to the osculating

linear complex, This result shows that, if, for »

- given curve 60, 211 the tangents to the Ac;;;rve belong to

the osculating linear complex of the g'urve,



II, Interpietation of 5%= O,év= 0.

#

Wilezynski’ has shown thet equation (1) may be

Teduced to the form

Y A
(28)  §+4B3y%EF=0,

“by chcoaing/x=§ P, This form is called the Laguerre-

Forsyth” form and is characterized by P,= 0, F,-0, Under

these conditions, if &,- 0, we see that P, must be zero,

If ér=0 also, we must have §§:°n and equation (28) becomes
oA

(29) ¥y =0, |

If we solve (29), we obtain the solution

= 3
¥ - axt+bx +exrd,

. where a, b, ¢, and d are arbitrary constants, The

#

coordinates of any point § of the curve are of the form
Fi-a;%+ béxﬁ+ o;x+d; (i-1234),
which is the parmnetric}equation of the curve Cz, Any
piane thru ¥ will have the eaquation
A, + B§,+ CF,+ Dy, = O, |
where A, B, G,‘and D aré arbitrary constants, If we solve
the ggustion of the piane with the parametric equation of

the curve, we obtain a cubiec exoression in x, thus showing

that the curve Ca has three }ntersections with the plane,

We may now state that, if, for a given 8pace curve é3ﬂhéa‘@

the curve is a space cubic, Since all the coefficients

are zero, the space cubic hes no projective differential

properties,

Wilezynski,"Projective Differential Geometry of Curves
end Ruled Surfaces",page 241,
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I1I, Interpretation of the vanishing of the invariants
P, R, E,
A, Under conditions M= O,és# 0.

We have equation (1) in the form (4), that is,

:o.

i

'+P<r

Sgh

‘ffg-f- 6?, fr”-f 4?3

We have also that

_ 1 - —- _

I = 818~ 15B" + 408 - 258, = o,
8,- 38)-2B ¥ o,

1, If B,-0, §34' o, P .+ 0, equation (4) vecomes
F+ 4B +B,5-0, |

and we have ?ﬁ as a linear combination of ¥ snd ¥', which
shows that S’rﬂ lies on the line ¥¥', - Therefoz.'e\ f}r 0
characterizes a set of curves such thet the tarig,ents to
the CE'" curve intersect the ¥y' line, that is, the
tengents lie in the plane 9 0, - ,

2, If ,- 0, P, % const,, P, ¥ 0, equation (4) vecomes:

iR "+ B§ -0,
and we see that f‘; 0 characterizes a set of curves such
that the tangents to CE"' intersect the line ¥y", that is,
~the tangents lie in the plane x,- O,

8, If ?7:0, P+ 0, P+ 0, equation (4) becomes

% ey aBFr-0,

If we let z=y"' and substitute in this equation, we
obtain the new equation

I - ' _
2 -+ 6P;_z +4P3z =0,
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Since this is a third order linear differential equation,
it is ~‘1;he equation of a plane curve, Therefore ?,fo
’characterizes a set of curves such that the c fa’ curve is
‘a‘plane curve, The tangents to the C%(\ curve lie in
| the plane x|=0.

4‘,1 Ir ?2:0, P,20, we must have P, a constant different
from zero, The equation (4) becomes
| 7+ 4P, §' =0,
Therefore P - 0, F,- 0 characterizes a set of curves such

that C\a‘ is a plane curve and the tangents to C ‘3 “"go thru y',
s, If P;=0, PLlt 0, P?j: const, , equation (4) becomes

’3" 6B, "= 0, |

If we let z -§" and substitute in this equat'i‘on, we obtain

the new equation ; ' )

| A Gf’;z =0,

Since this is a second order linear differential equation,

it is the equation of a straigh’t line, Thereforéff 0, B,=0.

characterizas’a‘ set of curves such that the Ci" curve is a

straight line and the tangents to C;—'a go thru y",

— —

B, Under the conditions ,% 0,0:* o,
We have |
' B,- B -+ B 3:,13 o,
9, zpy-2B, = 0,
By the same methods as used in (A), we find the
following facts, '

1, If P,- 0, we must have P,= 0, P +¥ 0, Therefore
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P, =0 is sufficient to characterize a set of curves such
that the tsngents to C% go thru ¥,

2, If P,= 0, we must have P, .e'qual to zero or a
constant different from zero, If P,= 0, F,= const,, Py# 0,
vﬁe have a set of curves such that the tangents to the (1:—a
curve lie in the plane x, 0,

3, If ﬁqs 0, we cannot have P,~ 0, Ve find that
P =0, F, = const, characterizes a set of curves such that
C.Z‘ is a2 plane curve and the tangents to the C g-"'curve lie
in the plane x,= 0, Ve find also that F, =0, P, = const.
characterizes a set of curves ‘suclr'x that the C—g"‘ cﬁrve is
a2 straight line and the taﬁgents to the 03’" curve go

thru ?".



The Derivative Curves,

As ¥ moves along the curve, y', fr”,.., generate
curves which we shall cal}. derivative curves, The order
of the derivative shall indicate the order of the deriva-
tive eurve, Under certain conditions on the coefficients:
of equation (4)
T+ 65,5 +45,5' + 5,7 - 0,
some of the deriyative curves may be plane curves or
st.raight ‘.f.ines. - We shall now find some of these conditions,
A, Under the conditions M = 9,53%0,
1. ng .thevprevioua section we found that Cz', the
£irst derivative curve would be a plane curve if P, =0,
This curvé cannot be a straight line if the given curve
CS is a space curve,
2, If ?*i: 0, B, - 0, equation (4) reduces to
“reRyn - o,

{

i

From this we see that Cg is & straight line if 13:-' 0, ‘I’P—,:‘O,_

If we differentiate (4) once, we obtain the equation

P
(30)  §#6E T +(BL4T, I (4545, )5+ BF -0,
From this equation we see that the C%‘ cﬁrve will be a
plane cﬁrve if |
f‘;’:o, 4P+ B, -0,
that ds, if
| P,= const,, P = mxyn, where m= - %

3, From equation (30), we see that the C?é'"curve will
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be a straight line if
B! =0, 4B'+F,= 0, 3P}+2P -0,

: 't
that is, if
P =aonst., ,=mx+n, B kx*+ 1x+ p,
where m:~S, k=53, l:-$q, If we differentiate equotion (20)

we obtain the new equation

From this equation (21), we see that ng'"will be a plane

curve if
=0, 45?’;%2?‘;,;0, 6EP 8B} 4, - 0,
that is, if
%: c,xTc;‘, P, a, x' a,X+a ,,
Pa-" b, X1 b, X7 D AT

B, Under the conditions 5g,= O',é, fo,

| 1, The curve Cg‘cannot be a straight line if C‘i is
a space curve, The curve Cr—a‘ will be a plane curve if P =0.

2, From equstion (4), we see that the 075" curve will
be a straight line if P, 0, f = 0, Since b,=0, B,- 0,
implies that P' 0, that is that P = const,, or P, = 0,
If ¢}= 0, we hqva yq= 0, which case we have discussed
previéusly, Ir 8,7 0, B,- 0, 59': const,, the Cg" curve
will be a straight line,
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We see from equation (30), that Csr'will be o
plane curve if
L Feo, amy
that is, if

\;ﬂ |
!
[w]

| ‘P‘f—‘ ¢, P, =—%X-r,c“_ P,_:—%x*+2_313§f03. |
The conditions on P; and Py ere the same as for the case
H=0,06,#0, Inthet case, however, there was no
limitation on B, but for the case &,- 0,5,7 0, the coef: -
ficient P, must be a guadratic expression in x,
8, We see from the equation (20), that the curve cs'”
-will be a straight line "if
' = O:,' 4?3'-;- f’; =0, &

Since G- 0, we have 3F,72P, = 0, and accordingly we must

[}

have ,5{ 3 = 0. Therefore we must have

B, -0, i’a: 0, §}= const,,

-+

in order to have the G§' curve a .str.aight line,
| From equation (‘.'51), we see that the CS"'curve
will be a plane curve .‘{qf

Er- o, 2B4B) -0, 12Bp 488+, < o0,

Under the condition that 6,-0, we find that this means.

?—q =0, ?3= const,, B,= Zox4C,.

C, If we have §+= 0, P,= 0 under the conditions that
é?;? O,ét;%' 0, we will have 5.'5; =0 and equation (4) becomes
(s2)  F3 6By o, | |
 This equation (32) shows that the Cé';" curxfe is a streight

~ line under the above conditions, If we differentiate the
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equation (32), we obtain the equation

(az) 75+ s'fgi‘r"?o,

which shows that these conditions will make the Cs"'curve
a straig_hi line, If we continue the differentiation of
:equationA(sz) under these conditions,we will always
obtain an equation of the form

A (k-
'f'GQ'y :0,

[

where k stands for the order of the derivative,

Therefore, Aif.all the fsngents of a space curve

curwe a straight line,will make all the higher derivat ive

curves be straight lines, The first derivat ive curve

cannot be a straight line,
D, If we have P, = 0, under the conditions thaﬁ'@sw,é_ﬂ‘q
equation (4) becomes , | .
(34) 5% 65,7+ 45,5 - o,
Therefore ?,f= 0 is suffic“ient to make the C g’ curve a
plane curve, If we differentiate (24) once, we obtain
the new equat ion
(38)  Fr 6B T (6BrraB )§n 14BN - 0,
If in addition to i’_,%é 0, we have P, = const,, we shall
P}= 0 and B?=0, and the curve 03" will be a plane ourve,
If with P = 0, P,= const,, we differentiate (34) twice,

we obtain the equation
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P
+ 6B ¥+ (18P} + 4P, )§ = 0,

(36) ¥
- which shows that the (33“ curve is a plane curve, If we
cont inue the differentiation of equation (34) under these

condit ions; we will always have an equation of the form

SRy o (kg _(&-3)
y+ 6By +{ )y -0,
(R-3)

where the coefficient of §  is some function of E! and P, ..

Therefore, if =211 the tongents of a soace curve

belong to s linesr : > _conditions P

which are sufficient but not necessary to make the givst’

derivative curve s vplane curve, will meke a1l the higher
derivative curves be plane curves, The conditions P, : 0,

P,- const,, are necessary and sufficient conditions that

the GS” curve be a plane curve, -



Summary of Interpretation of the Vanishing of

Some of the Relative Invarisnts,

e

Table I, &:=2F -3B'#0,

+
T D — LU P _ P =
fi- 815 - 158" + 408! - 258, 0,

Conditions

Interpretation

—

B=0, 153;}0,.., B4 0,

7 ﬂ
—

" Line ¥ ¥ 1lies in plane xéso.

W

13

0,{P,#¢c), B0,

- 0",4—
Line ¥ ¥ 1lies in plane x,0,

!
-

Line ¥ ¥ 1lies in plane x,~0,

Cs' is a plane curve,

. ,l”,_,g -
Line ¥ ¥ goes. thru y',

CS' is a plane curve,

" _14// -—
Line ¥ ¥ goes thru y",

05" is a straight 1line,

_op _ 'c_. . ipw_ 2/ 5~
Table II, G-2B-28y=0, &,-B,-1Br- LR +0,
Condjitions:., Interpretation

P,-0,(~5,-0), B0,

!

Lihe‘? ¥ @goes thru ¥,

n J

'IZJO,(LP:L: c), E# 0. | Line ¥ ¥ 1lies in plane x,70,
— ' o ; B

PV=O,(ﬁ3;#0), Line ¥ ¥ 1lies in plane x -0,
P e, B #0, C3 is a plane curve,

= e
Line ¥ ¥ goes thru y",

Cﬁ' is a straight line,




—

Table III, (93,— 2P,- 3R'# 0,

2

H = 81B,—15B" +40B,' - 25E,= 0,

Curve |Conditions for st, line |[Conditions for plane curve
63 P‘f: 0.
Y B0, B0, P-c, 1‘=3=,5_2_.xfc1,
Cim ﬁ'f- C» §3: —%'X"c:-' PLl:c,x 1Ca
f’:g_‘xl—ic,_x+cj, Ps.—-%.x"fcsxfc”
t
_ A
B- c, X~ (8cyre, )X & e x ¢,
3 ' 13-
Table IV, G- 2B -3P!=0, G, - B -FE-Z B 7o,
Curve |Conditions for st, line Conditions for plane curve
Claf Plf 0.
05 P, 0, P3=O, 4= C1 s P3=—%x¢cl,
("B,-c,). B- —o, X 20.x 10,
Jao 3
GS' p%:o, P 0, ag=o, -0, Pf e,
. (.’Pﬂ.: c,). -I_’;: %_g_,_x +C,.
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Ruled Surfaces Connected w1th the

Tetrahedron of Reference

Bach of the six edges of the tetrahedron of
reference will define & ruled surface, which may or may
‘not ve a-developable surface, However, before we can
discuss these, it will be necessary fo give briefly some
of the facts concerning such surfaces,

A ruled surface is formed by the lines joining
the corresponding points of two curves, which do not lie
in the same'pléne. It is assumed that the curves are
defined parametrically and the corresponding points are
" the points given by tﬁe same value of the parsmeter,
A'line joining two corresponding points is called a gen-
erator, A developable sﬁrface is a ruled surface formed
by all the lines tangént to a given space curve, which
curve is called the edge of regression, The curve
completely determines the developable surface and accord-
ingly , all the properties of the surface may be obtained
from the equation of the curve, |

Wilczynski&has shown that, if we consider two
curves Ctéand C, generated by two points y and z, the
differential equation for the nonQdevelopable ruled
surface determined by the line joining y and z is of

4¥Wilczynski "Projective Differential Geometry of Curves
and Ruled Surfaces", chap, V, VI,
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the form’ ' ‘
¥%+2p,v% 2p,2% q¥+q,2 -0,
(3‘7') z"+2p,y% 2p,2'vq ¥y+q,2 = 0,
where the p's and q's are functions of x, If the tangents

to the G% curve intersect the tangents to the Cz_éurve, the
~ruled surfbée degenerates into a developable surface,

. 'At every point of the‘surface there is one curve
such that a tangent to the curve at the point intersects
three conaécutive generators, The tangent'is called an
aa&mptotic tangent, ' If all the tangents along a curve
are asymptotic, the curve is called an asymptotic curve,
If in the equation (37)'we have p -0, the C, curve is
asymptotie, If p,-0 the Ozzcurve is asymptotic,

In general there are two points, called f;ecnode
points, on each generator at which an asymptotic tangent
intersects four consecutive generato?s of the surface,
There are four expressions in the p's and q's, given by

- Bi- 9,0 2R By (kelp, 4012, §-lp), |
which we shall use, ir u,;-O, the C‘a curve is a flecnode
curve, that is, it passes thru a flecnode point on each
generator, lf ulfyo,‘thg C, curve is a flecnode curve,

If w,- u,,-0, the two flecnode points on a generator
are harmonic conjugates with reSpect‘to y and z,

In our study of the deveiopable and ruled surfaces
generated by the edges of the tetrahedron of>reference'

_obtained under the conditions @;?0, i£-0, we shall for
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convenience let

0t

F-y, ¥-r, ¥4z, T=8, |

- The line yr is tangent to the curve Ca and
generates a'develo_pable with tf}:3 as the edge of regression,
Similarly the rz line generates a developable with C, as
. the edge:of regression, and the zs line generates a
developable with C, as the edge of regression,

B ' If, in our study of the yz line, we make use of
equation (4), we obtain 'byl differentiation and the proner
substitutions, the equations | |
) TR
2"+ 4F, y"-f-Pv Yy +6B,z =0,
which are of the form (87) and are the equations of a
ruled .surface, which we shall call S,, Since p,= 0, the

curve C, is an asymptotic curve on 8,, Since p_- 2P, , we

3 ’
shall have C, as an asymptotic curve on 8 when P;-0,

From equations (38) we find that

u = 0, u”:-fsi’

.4 N —- - ——'———
1] 3! ’ul’: l’ ua' 2P3 P".

Therefore if P,= 0, we have y as the harmonic conjugate of
z with respect to the flecnode points on yz, Ye see

@lso that, since u , cannot be zero, the C, curve cannot

q
be a flecnode curve on 8, , The C, curve will be a

flecnode curve if 2P)-F, -0, It should be remembered that

o—

F,,F, ,i’; are velative invar{ants.

By the use of equation (4), we find that if B, # 0,

the line on y and s generates & ruled surface S&, given



by the equations |
y+"y + 8 By= 0,
A

(39) PR _ . -
¥ _ ! P . \ : __29 _ - P. 'P -
8% (et -52 - Ha )yl + _——33;”*)9% (P*"?%f - P_—*F: )y+6F, 8-0,

7, A
Th‘e‘ coefficients and the u expressions for this surface are
- too involved to yield any simple geometrical interpretation,
If P,=0 we have the Laguerre-Forsyth equation
(40)  F+4EF'+ B -o,
Since 8= y" this equation may be written in the form
(41) s+4Py +B5 - 0,
which shows that s' lies on the §¥' line, that is, that
the 'tangen‘cs to C% intersect the tangents to C_, There=
fore the ye 1ine generates a developable surface, There
is some point T on the ys line at which the ys line touches
the edge of regression of the developable, We may represent
the.éoint T by the ex;;;ression'

T= ay+ bs, ‘
The point T' must be on t‘he'ys 1ine; and thereforé must be
a linear combination of y and s, If we differentiate
T= ay-rbs, we find that .‘

T'=a'y+ay'+ vs'+ b's, _
which after a substitution for s' of the value obtained
from equation (41) becomes
(42) ' a'ypay' +b's —-4P by «-P by, B
This equation (42) shows that we must have a-= 41’ b, if T!
is to be on the ys line, Therefore

T = 4P, by+bs = b({lﬁsy +8),



Therefore, if §,=0, the ys line generates a developable
surfaee having C;,; as the edge of regression, where
T=4Fy+s,
When we study the rs line, we obtain the
equations
r'— §=0,
(43) XA
. : 88 -r‘H’— )r‘ ﬁ/ 8 _1_(4.;: +P

“I
which shows thaf. the rs line generaﬁes a ruled surface 8,

'fz‘i

)r +6P 8 =0,

when P,r:t:O and thet the C, curve is an asymptotic curve
on the surface 8. .
it PfO, we haveﬂ the equation (4) in the form
(44)  FLeEF"+4ET' = o,
If - we differentiate equation (44)once end make use of the
>r91\9ft$.one r=y', sy, we obtain the equat ions
. r-8=0, .
(45) _ o _
o 8"+ 6P, 8 + (&R} +4F, )r'+ 4P'r =0,
which show thet the rs line genéi'at;es a :‘cu,led surface
when §=0, In equation (45) p - 0, end p, = 3B+ 2P,
Therefore C, is an asymp‘totic curve on the ruled surface,
We shall have C5 as an asympfotio curve if ?,Faf :_'= 0,
‘We find from equation (45) that u -1, and u, = 3,
Therefore C, cannot be a‘flecnode' éurve, but Cs will ve

a flecnode curve if 9 const
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For the tetrahedrdn of reference determined

under the conditions ;2 0,5,# 0, we have

W
i

&

\j
?

f -'%EL f"f'i’a,
- (8P, — 3P 3& W+% YT
From these rel&tions (46) we see that the ¥ y, line

S
"
|'<\|

(46)

| generateg a developable éurfaoe having Cg‘ as the edge of
regression, We also see that ¥, is on the §¥" line of
the tetrahedfon, g0 that the 3?, ¥, line generates the same
ruled surface es the ¥¥" line, The equation of this
ruled surface is
(4':} b i85 -7- o,

} ARSI A AR (f’;‘f——}'-;}f’a )7 +% B 7,- 0,
From equation (42) we see that p_-0, p -£B!, u, - u:5P
Therefore Cy, is an asymptotic curve on the surface,
If P,= 0, ¥ will be the harmonic conjugate of 7, with
respect to the flecnode 'pbinté on the ¥, % line, and Cy,
will be an asymptotic curve on the surface, Fhe Cy,
curve will be asymptotie if P_',,_‘ equals a constant different

from zero,

When we consider the j ¥, 1ihe, we obtain the

equat ions
=n f = 5 = B -
(4s) R ErIRR -0,
— = P 5P, - = -
v+ GRAZ - Ry (mq;f ), < 0.

>

Therefore if Pa# 0, the 5?1373 line generates a ruled surface,



Ir ? =0, we see from relat ions (46) that ¥, coincides
with ¥ and the ¥,¥;, line is the y'y® line and generates
2} @evalopable surface which has Cgtaa the edge of regression,

~ The ¥, ¥, line generates a ruled surface if P,¥ 0,
The equations for this surface do not yield any simple
geometrical facts depending on the vanishing of the
inVariants. Ir P 3= 0, we must have P 0, &nd equation
(4) vpecomes ?-ffyy:=0‘ From relations (46) we see that
?4 coincides with the derivative point ?m and therefore
the tangent to Og, goes thru ¥,, Therefore if P,= 0,
the y xf line generetes a developable surface of which
ca? is the edge of regression,

‘ The y3y7 line will in general generate a ruled
surfaee but 1f P 0, we have y and y} coinciding with
’the derivatxve points y" and.y , 80 that we then have a
deve}apable surface of which Cg} is the edge of regression,

The j;i; line will generate.a'ruled surface if
5B~ 9B"+0, Ve find also that

g, = (B!=5P,) §- 15,5,
Therefore if 9P” —53, 0, we see that the y;yk line

generates a developable surface,

From relations (46), we see that F, = 0 will
make the vertices of this tetrzhedron of reference coine-

cide with the derivative points, thet is ¥ , Vs Tas ¥,

=

coincide with ¥, ¥', ¥*, and ?": respectively,



