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INTRODUOTipN~ 

.Since the time of the ancients,probleme,the natur'e 

· ol which we.'e t .o find the 1,ocus of. a· point moving under · 
. . . : . ' . . : " . : ; ; . -~ ' . . ,.. ' ; . . ' ~-

gi:ven con~itiana 1 hav.e, b~en i~.veetigated by mathematicians. 

It is ·the pµ:rpose of this paper to investigat.e 
l • ; 

eystema~ica11y,the iooi arising from . constant sume,differ-

eric~e,tjuotients and produota of 41etancee from two fix~d 
• • : . --- • - - • • ~ ' ' ' ~ > : 

p~inte~two lin~sj~oint and ~in~1 point and circle~line and 

circle and two .~i .rclee.The ··t .Jrat.· five ma.y be .conoide.red 

a.e epeoi~l Qa.s'eef oft the las1f1vrhere <:>ne or both oirclea 

have beoom~ cir~ies of radii zero or infinity.Arising 

from thie inv&otigation are some well kno~n looi that 

have been obtai~•d in various other ways before, and eome 

which are new so far ae the author haA been able.to determ 

mine. 

Before ~he time of Dea Cartee,tho so called oonio 

seoti~n& were defined aa ~ectione of a ' oone,from which 

their nama wai derived.But, on the invention of Analytical 

Geometry it wae found that the ~e,otions were readily ex~ 

pressed by. equations which were the locus of a moving point, 

moving eo that ,the ratio of :·~:ts diatancea f'rom a fixed line 

a~a a flied poin{ is a ~on~taht.By varying th~ constant .the 

· different conic sections were obt~ined. 

It ie a well known fa.ct that t··.e e~ ·lipse and hyper-

bola. are also obtainable as the locus of a point which 



movee so that the sum and diff~renoe respectively, of ite 

dista.ncee from twq fixed poin~e is a.conatant.Likewise the 

Ovals of Oasalni are de.fined .:as the l ooua of a point which 

moves so tht:!-t the product o:f' it.e distances from two fixed 

points ie a cons~ant. 

The O~nchoid ot Nieomedes,intented by Nioomedee 

about 100 A.D.,is defined a.s the locus formed by mea.eur-

ing on a.line which revolves about .. a fixed point,without a 

f i:xed 1 ine, a constant lengM1.)in el th er direction from the 

point where it intereeota the given fixed line• 

The Limacon,invented by Blaise Pascal 164,, is de-

fined aa the locus of a point on.a. variable secant of a 

circle through a. fixed poi.nt where the length of the se-

cant determined by the circle is measured on the secant in 

either direct'!on .from the circie. 

Th&sacurves~and others ~ere obtained in an entire-

ly different manner~in this pa~er~ 



While the proofs of theorems I,and Ir are well known 

they a.re included here for the sake of completeness in the 

discussion. 

THEdJ6t r· s The locus ot' a. ··point. vrh1ch moves So that the sum 

of it,e distances from two fixed point a ie e. constant, is an 

ellipse·• 

PROOF : Choose the y-axis perpendicular to and bisecting 

the line joirting 'he two points.tat P be.the movirig point. 

whose locus is to be fo~nd,and let the constant be 2•~ 

F(-c,o) 

Fig.::I. 

The.equation of the locu.e then is 
(yf.(ot-xf+ ry'-Of{c-x) ... '.::" 2a. 

or t Y"'r( crx Y=- r Y"7-l c-xr- + 2a 

squaring and reducing this becomes 
i( ti"- c:z.) -t ay2 -= a;t( a"- .If-) . 

. . . 

F(o,O) 

a.nd it' we let a-07- = b\the equation becomes • 
b%.x7. f ayz = .. ,,~ 
.!~Z. .. ::, 

or a"- b" ,which· is tho equation of. the ellipse. 

THEOREM II 1 The l~cue of a point which moves oo that the 

difference ot its 'distances from two fixed pointa·J,i is a. . 

. conetant,is ~n hyperbola. 

*this is per'flJiesible for 2a./2c, or a/ c,theref'ore a~c~/O. 



PROOF : Use Fi .?; .I• The equation ie 

fy~r( o-rxt= 2a -rfy+( o-xt • 
Squaring.and reducing,thte becomes 

i( Et-en- · a .. Y~= a( a;._0:1_) ; 

and if we let a-c b,the equation beebmoe • 
x'2- ····· v ·2· . 

- 7 , 11-b .. =-1 a.. ... . . 

4 

THEOREM III t The locus d~ ' a poi~t which moves eo that the ---·--
" . 

quotient of it~ distances from two fixed p~inta ie a con-

stant., i·e a e·1rcie. 

PROOF a trelng Fig. I. 

' -v?+fc-r~ .. _ k 
."1 2 --r O•X ... - • 

Squa.ring ·and . reducing,the -equa:tipn becomes 

( y f:o f-x) ( 1 ~ k 2. ) - 2 c x( 1 t k 2. ) = 0 • 

To remove the x~term,e·ubetitute x ~ . x' -

locus b&come• 4~~ 
x, ,_T_ ·~r-= ( 1-k ~ >"1-

2ok 
which l $ readily : eeen ·to :'be . a cirol e of radius t:k z, 

THEOREtf _IV J The lo.cue of a point which moves so that tho 

pr~duct~ Di ite distances ~tom two fixed points ls a con-
l{ z. '{ 4 

etant,is .a Caeaian Oval .If c .= k;it .is a lemnieoate;if c < k, . 

the lobµe con~iets of on~ oval,and if c~ k;of two ovnle. 

Simpl ti'yi ng·, the 1 o cu a be come e 

:YfXff+2( cY·t-XY-.. -.ex~ ) ==kl. 

• ' thie ie permiesible,for ·FP-F'P' .. .( FF' or 2a <'2c,the:tefore 
a..._ ... c .. . < 0 • . 



Changing to pi>la.r coordinates x=fcose 
y:.fsin e-,the locue becomes 

f 't e 1n "- e + Q 0 e 4 e) + 2 f ~2c'e in 4 e- c 0 ae )'1- c ! k ~ 0 

Or -f"';...2fc( 1-2 COB ... E)) i-C~H~ = 0 

from which/ 
f=.± -U( 1-2 ccs" e~d!d'(1-2 coe' e)-4( c':.k') 

From this it may be sen at once,~hat given a certain value 

of o,the nature. of the loouo depends on the vnlue of ~ k 

These will be discussed under three heade(a),(b),(o),which 

will include all oases. 

(a) when o4~ k z. •• f= o if= c fa ( 2 co e .ze-1) • Fig. I I. 

(h) when o"'~kt. f=-±f2r ... c-u ... 2 ooez..e)±loA/(1-2 coe..te)~{cx;.k1 

in o:rderto plat let c~=-2,k =;.Fig.III. 

( c) when o".>k 2 f=±fi f-c(1-2 ooe 2 e) :t 1~(1-2 ·coo'" ef~( c!k/ 

Refer tQ values of-f(in f'ret column) under Fig.III.(1) 

f' or e = o .; f i s always r ·e al • ( 2 ) for e "" -r; o ," f vii 11 be re a 1 1 f 

. k 2 ~ ;/4c1,and. if o .. ;'~,whioh on squaring redttceo to 

k"'~ c1 as aumption started with). (;;) for· 9 = 45; foan never be 

real 1'.C?l k:a.- -c"' <O a.1 ways. ( 4) for -e ::: 6Q; Pie real if k 2>;/40'1 

and if o-:i.<:::Mk~;c~ whioh ia inposaible.(5) for e-::. "'o.: -rce.n~ 
not pos.sibly be rea.1 .OONOLUSIO!l=Real values of-P cannot 

ooct:tr, in tho fi rat quadrant, betweMn 11.5 "and 90° , and· if' 1 t 
z.· . . . If does not follow that k.;-;/4o ,rea.1 values will. not occur 

between 50° and 45° 1 ao ihnt in this case the locun ia be-

tween 0 "and j0°1 but. if k~~J/4c"_.the locus may lie between 0° 

and 4;:The · eym:~.etry of the locua,as eeen by Fig,IV,makes 

it unne~e~aary to diecuea the other thre0 quadrarts. 
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THEOREM VaThe locus of a. point 1 whieh moves eo that the sum 

of ite distances from . two fixed, straigh t. lines ia a conet• 

ant ie,(a) 'if the 1ine s interee.ct,a st':raight line, (b) if 

the linea a.re · para.llel,oJ!. points between the t\Vo lines 

when the ~on~tarii ii ~qual " t6~he distance betw~en the 

two U~nea·,and a parallel s~ra.igh~line when the conat.ant 

ie g~~~ter that the distance between th~ two lines. · . 

PROOF s 
(a·) (b) 

1 

L 
L 

0 

I' JV\ 

fr) 
p 

I 
I 

I r 
1 . 

(a) Oho o ee the x .. . axis a.e ono .line,and let the equation of 

~he other line be y-:; mx.The locus is obtained then by let-

ting 
Jlp +PM= k 
mx ... y_ , 

or Y m£ t 1 · .. + Y = k 

which reduces to 
mxt-y( rm-f1 ' ~ 1) -=- · kTm~+t 

which is se ~ n t~ be a straight line. 

(b) Vae Fig.VI.If P be any ~o~nt between the linee,the 

sum of its distance~ from/the two lines is the ooneta.nt 

LM.If the point i• outside,if it ls not a parallel atrnight 

line a~ LP increases PM muet decrease.This is i~poBsible 

so Mtat the locus muet be a parallel straight line. 

THEOREM VIt The locus of a point which moves ~o that th~ 

'differences ot it ri distances .from two fixed lines ia a 

const ant,is(a) a line not th~ough the intersection of the 
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two Lines, l b) 'a lino para.ll·el to the ·two linee. 

PROOF • t1ee Flg. v il .(a.} 
'• . ,. . , 

-rtmx§y~:o .k rm'=l-1 .. .. 

'Q'lt~oh ist~a straight line not through the origin. 

(b) l ,P...,pM-=- k: 

it LP decreases MP increases, arid therefore LP and PM must 
: . . 

both be constants .Thus the ·rooua fe a 1 ine paral 1 el to +; 

the two givenline s ,its looation ~ dopending on 'the value 

of k ... 

THEOREM V!ItWhe iocus of a ~point which moves eo that 

the qµ.otient. '. of it~ distances from two fixed lines ie a 

oonstant 1 i $ . (a). i':f' ·the lin.ea ·.intersect, o. . lino · through 

their interaeQtion.(b) if · th~ lines nre parallel,~ line 

parallel t 

PROOF~(a). 

the <r;:iven lines •. 
.... ~ · ' . ' : ~ . 

mx ... y . _ k: 
y~-:-· 

Using Fi·g.V. 

wh t ch reduces · to,. •. ·" r--
~x ~y(t+k1m~1)= o. 

'his is a line thru the inte r seotiori of tho given lines. 

(b) 

This ia o. line p arallel to the· two given lines. 

THEOnEM YIII i Th13 locus . of a· point :· whi oh .move a so . that 

the product ~~' its · ' distanca~ fro~ two fixed linea ls a 

constartt;ia{a) if tho lines intoraeci,~tnp hyperbola, (b) 

if the lines are para.llel;two lines parallel to the two 

given linea if c~4k 70,two in1aeina:ry lines if c~.c.4k 1 and 

two eoi ~~id~nt lines if c~4k~ · 

PRO OFt(a) . (mx~y)y .,k~ Using Fig.V. 

or y ';. mxy kT m 1-1 . 



whioh is an hyperbola. 

{b) x( o-x) = k 

which i a two para.1,le1 1 ines if c.2.?4k,two imagin·,.ry lines 

if c:a.~ 4k a.~¢1. two coincident 1 in&s if' c'~ 4k • . 

THEOREM !X I The l&cua of a point which movee eo, that the 

sum of ite distance~ from a tixed line and point is~a con-

stant,;ia(a) if k::: c,the x .. axis t'Wice;if(b) k/c,a parabola. 

y 

L i-------..·p 

LP -fP"'~ -= k 

x-t/y+( o-xr~ k 

L 
0 

o:r y'°-=-(k-o ){k-t o-2x) 

I 
F 

JV) (c, o) 

(a) if k:c,~he locus baoomee y~O,whioh is the x-axle 

twice.1fr 

(b) if k:7c, k-c /' o, and the locus i e seen to be a pare.bola 

open to the left and ve:rt.ex at, (k.t:. '~. l/: 

*For P 1 ,diatance ie LP'-+P'fal-::k(this is where ·point,whose 
.toous ie to be,fpund,is between given point and line).If 
P • is to the right of f1f, P' M mu et be considered as ..:( o J if pt 
is to the left of y-axie"LP' ia considered ns<O. 

# To consider enti~i parab~la as looua,for pointe on the 
parabola. to the 1 eft . of the y-a::d e LP' mu et be taken as 
nega.tive,otherwfse,sum of the dista.noee could not k. 

1 1 



{o) k\:.o 1 for·the perpd.ndicutar ia the @llorteet distance 

from a. pt>int tQ a line, 

l§GqRERtJt• The· looue of. e. point which ttovae s9 that 

:the· difference o:e i ta diBtanees from a.fixed line and a 

fixed point ie a oonetan:t,is a .parabola, or x-axis if k < o. 
· PllOOF i PL-PAI= k Using· Fi·g. VI I,. 

er f yi-( c~kf .-x ::: k~wh:i.9h. on squrAring becomes, . 

.... 
(.a.}:~ lf k::-o 1 tha cona't,tant-'te:rtrt dropo out and the 1ocua is, 

•• ;1:1,_ 

Tllis ia a parabola with varte:x at the or:Agina.nd open 

·to· tlia. right .• 

(b), ff tr.,> e, loou.a is a parabola op$n to tho right,Ja.nd vertex 

~1.(~k ,o). 
C,c) - ·.tf k<c,and \k)~/~.the loc·uo ia e. parabola open to thil 

a-ight and V'$rte~ at ('';k, • 0}.If }lt/ >Jo/, the locus ia a parabola. 

Opf.ln to the fo:f't a.tid vert,e:i.; s,il ~ts -O~ 
THEOREM XI _tThe looua of a point whioh moves aqtthat 

the qtiotient of its dia~ance from a fixed line and a fixed 

point is. a cona1;.a.nt,is a·;conic sec:bion. 
PROOF t ------

fit< 9-xf -= k 
x U1dng Fig. VII. 

or,. y1-:i( 1-.1t) ... 2ox+c~ o. 
Ca) If 1-tt=o , i •·Eh .if k:l. ==11,d>r k::: .:t 1 

12 



the locus becomes, 
~ . ·. . . 2. 

Y-:. 2cX.•C •· 

Thia is tho equation ~~f _a parabola with vertex at (o/2,0) 

(b) 
~ 2 

If 1-tt::>o,1.e. kL:t1 .;the equation.becomes;if 1-k-= m., 

y"tmx•2exto~ o. 
. .2. 

Subetituting x x tt ll12- •the 1 ocus ·becomes, 
.. .. ... ~1m:.1} . . · · ... · 

"tl" ""I ~ •• fi }. . .. . . ..... 0 • ti ~...... . .... m ~ -. . - . .,. 

which is the •quatibri of an ellipse. 

(o) If 1 ... 1{~0.1.e. k.:>±1 1 the equation beoometi,if 1-k~m, .. 

Substituting x ~ x' ~ ii .. , the lo~ue baoomes, 
~ .... -f 0 (1 - ~l .· .. .... · . . , 

Y°""nlX m~ -:::- 0 f . 

wh!oh ~a the equ~tion of an hyperb~la. 

!.~EORfilL!U.iTb.e locur.t of a po ·int which moves eot ·iihat 

the product pf its dist~noea from . a fbted point and a fixod 
. .. k'- .. ... . . "J-

. ·:. - !1190 . -x+2cx li·ne ia a con9tant.1.st . Y'::X2. . · • * 

Proo~• ·:<Jfyi-{c""X..f= 1~,. Using Fig.VII. 
z. le"' :.. z 

q .1• y -:: 'i1 t11110-:& t-2 07.. ·, 

(a) It kl.-=- ',the' 1 ocue is, if· c ~t, 

if~~. '%. ""'1 ... Jt~2x .see P.lg. V!II •· 

(b) lf k-z/ 1.To plo:J let k~ 2 and c :::1.The locus becomoa, 

y ~~:Jo ... t--x~ ~: x~ . · $ee , FigJX. 

(o) !f k 1
L: 1.Let. k=i/2,c-=1 1 a.nd. the locus becomes, 

* This. is e.tmill}.r,.. jio tQ.e ~et;eFf\.l pouution t;tf the fJoncoid 
of Nicomcdeo \xy-: ":"x-2a~hb•a)x-t2ab .. x.,-b·n- .J ,~rhere the 
x-term is mieaing • . · · · · 
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Oonelueion.lAs k inoreasea;lo.eus,for y :::.O;has greater values 

for x;and ae k de~reo.aes,l~cue approaches the line unt!l.1 

when· k.::- o, 1 o cus be oome ~ the 11 ne ~ · 

J'HEOREM XIII tThe locus of. a point which moves so th11t 

the sum of its di stam;es f.rom a fixed circle a.nd a fixed 
' ' 

point is a conatant 1 1s .an e11ipse 1 the x-a:ds,.eection of 

an hyperbola. or a straight line" 

PROOF s 1 

Fig.XI. 
LP-fPM -: k 

Reducing this becomes, . 
-f -= !.t+·kf .. c"2. .. 

2(r+k ... c .. oos e) • 

Comparing this with the general equatio~ of the chnic 
I 

-f = . em .. , ~ I .-e co a v . c the looue appears to be a conic section where e "'~ 
1 

and nt ~ (r+kf-c~ 
20 • 

(a) if e -= 11 the lo~ue is a para.bola.• If. e =- 1, r+k -:::c 1 

.which •han substituted intp the general equation gives 

f::: O··A glan<H~ at the figure .ahowa that th~ right half 

of the ~-axi~ will satisfy ~his condition it the locue 

la determined ~Y going ~rom Lto P*P to u;and consider-

ing directi·on to the :right as posi,t;ve nnd to the left 

as negative.* 
• The left side will not satisfy the equation for the 
same v.alue of k,bu·h for k-: k+2r, it ·di stance from the oir-
cl& to the moving point is chosen as the ehort•st diat~t 



(b) If e ./ t',namely ·o / r ·ik •. Thie !a impoeeible;for one 

side ot a tri~ngl'e may nQt be greater than the sum of . 

the oth•f t~~ ~.ideei 

(o) If e<11n'~mely b~r+k.This ie poesible,therefor_a the 

. 1 OCUS i a a.n ei'l ip a:e, 
The above 4iecuss:t.'on holds for: P exterior to the circl~. 

If.then,P is· ih~ide L~: b~comes (r-~),and locua is 
1 ( r-kt"'.'c:1. ... 

-f'7:! 2{r-k•.Q coa G)~ 

This IU.\y be oompatedc ,: ', t<> t :he general equation of the 

(a) If e=1.~~r~k.and 1oou~ b~co•eaP~o~ 
' I 

(b) If e 7 1 • .C?:r-'tk;and locus becomoo ~1n hyperbola, and 

eit?-Oe P vra~s ·cho·seri inside of t.ho given oiro1 e; tlioee ' 

VRluoa 1.nsid€f of the oircl~ only, should bejused.Fig.XSI.* 

{o) If &..(1 ~, a(r-k•This ,is impoeaible if c 1e outside of 

the circla .• for c/r,.Por _· Q_ tnside of the cirole,it is 

also impoiieible,£or c-rkfr.i/: 

THEOREM XIVt T~e locus ofLe/point which moves eo that 

~ho dif'f eren_~e or ite di et~moee from a f'ixed point and 

fixed oircle is a oonetant,is .a.n ellipse.the .x-axie,a 

section of an hyperbola 'Or -.~ - · ·straight line. Using Fig· XI• 

PROOF t<> If the 1 OQUS i a obtained by- taking LP·PM :. k, the 

* As.a enecial caaa und~r (b);if r=k,locue beoonea a 
straight line. 

:1r Dis«?Uesion of all . other oases in thio theorem-where 
c is inside of· the circle; is not gi ven,fo~ the reeul ts 

_are th• sama as if c weri outside of the oirole. 

18 
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equation ·18 .tb6 '· same as that';·tor · Th.XIII,to~ the onfy dif-

ference. le t·h~t· the ; negative ·stg)in. ·of the r~dice.l is · uaed 

and . this diea~p·ea.i~ . on; eciuaring •. Ii' ' the 'locus io obtained ae 

PM-L:P : k, the 1 equat'ion bec.omee, · · 
. _ ~r-kr-e~ _ 

f- 2 r-k-e ·cos e) 

which 1.a the :e·qua.tion · diacuesed . under the eecf,nd part of 

Th~xrtt •: 

THEOREM . X!t .The loot.fa · of a 'point : which movet1, eo that . .... 
..... •· ' , 

the quotient/ of it's ~·:'dfs~:.8:ric 'ee :from a ·fixed · ~o· ~; nt and a 
; : .. ' '•· ·' 

fixed circle 
-f'~ _.;;.--:;...;;..;;---~--.... ~------,..:o.;;;-.--..--.....-.--........ ~;....-.;;.-.....- , 

which for oertairi/ values . ot :·the const..'ant ie an ell~pee, 
I .. 

hyperbola, x~axis.limacon ~,o-~ tW.o ·. o'va.l e. : 

PROOFt ft'f.c:..2fo ... co~ . e :: k, . or squaring becomes, . . · p -.r .. . . . . . . ' ·. . 
' l 

./(J.-k)t-2P(iir-.c · · co·s · .e)-to~-k~r~ =-o 
0 r - e .. 0 0 s . G-k r !- -r: ( it r ... c< . c 0 s : 0 r-( ·· 1-lC){ Q~ R i) 

-f'- .· · , '/'". ' f-k~ ' , ' ···. : : . .. :· . · .. 

The loou:e wilf ·be diecuese'd where .k 2=1 ; :k.171,k~1 • 

A· Ir k,..':".,, tho · loc1is ·· r.etl',roes to, , 
r~c~ _ 

f'~·2cr-c cos ·e):' .• •. 

(1).If c=r,th•a locus becomes· the , x-.axie.·, .. , _ 

(2) It c'<r1the locus is a ·n .. ell·lp_t:nJ·itor 
r~c

2 

~ 
.p ·= 1-f<J/r)' cos e, · is the locue,and c/r<.1, 

I 

so :: that the · equatfoh '!a:· an·;: elli,pee• " 

(3l•If c/r, the locus is an hyperb~la,for c/r > 1. 

B.If k'·-,1 arid c~lir~,or · kr-=±c,the i~cu:e .)1ecomes~ 
•,'' 2 ' .· .. ,"" 

p'=' OJ or.P:: 1 .... k 4 
( o cos .e -kl-)~:~ · 

20 



B. . 
(t).If fk/ >1,the focus is a limaoon without lih-e loop, 

'the equation being, if k/1, f=- k~~ -_ (k-cos 0) J and · if 
-2c 

k/~1.. "k..:.t(kr-eo$ "G).ForJk/>1,c/'r. 

(2).ttjtJ<1,the looue is a 11maoonwith the loop,the eq-
· .... ··-. -~ 

ua.tion being when O<'k-l 1, -f -= k~ 1 {k-co s e); and if 
-2c 

o /k / .. 1 , -f = k~ 1 ( k f co s e) • For Jk} L. 1 , o < r • 

C.It kl.71 
( 1 ) • If r = c·, 1 t to 11 owe that ~~_..._..___---=:::-=-=:,_,,,__-=-os~ om e s 

-f= .o .c.o_s __ e_-~k·±--~.-......-......---"~-----
Fig.XIII. 

(2) .It c)r,it follows that lCc?r,or k,_7r/c;but it cannot 

be concluded .. a.s to whether the ratio c/r~ 1l, so eaoh 

will be" disc•ssed separately. · 

(a.) • If k"2.r -= c, the lo ou s be c o~m~. e~e~,111---..;..__-------:---
o (cos' e-:1_.·_l±_To( __ 1-coa GY-(1-li)(o-r\o. f = _,, 1 

. - 1 -k L - - - ~ 

.... c( 1-k)(c-r) is always positive, so that the 

radical i a a 1 way s re a 1 and / o ( co e e-1 ) , wh i ch 

shows that aa e varies from o·~o 180 6 that one-

half of one oval' is abovo and one-half ot the 

other oval ia below the i·axia.See Fig.XIV. 

( b). If rk701 The radical i a alway a ·real so that the 

locu~ goes ar6und the origin.*See Fige.XV and XV 1 • 

(c).It k .. r~c,the radical is always real.See· Fig.XVI. 

( 3). Tf c <r, it fol lows 'that k'r)c. The radical is al way e 

raal.** Ses Fig.XVII. 

D. If k1<1 
( 1) • If r =. o , tt r<' o, and the ~1:;...:o::;...:o~u~s~~~~LM-1':"72: 

cos e-k~t ~-cos 
P=- o 1-k~ 

* Bee Note I. 
**See flota II. 
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For some values of ·a b 'etween 0° and 180~(k:oos G)~< 

(1-ttf.Wheri A~ OJ-f' is rea.l,but for valuea of e:. O 

qp t9 a ~~rtain angle(dependin~ on the vatu~e of 

th$ constants ohoaen),.:'·.p 18 imaginary J from that 

value of e on· ·tp e -=-1eo; -Pis redl.-and the locus 

will be eind!a.r totha.t of Fig~*1l~r:mz_ 

(2·) .If c7r,it follows· that lt). ..cc.The part under the 
. I 

radical ·may l)o 'riega.tive "to'r ·eomo ;v~tuee ·o'a o, ao' 

eome value~ c>t f !nay~~ .lmnginary.aee Fig.XJXt! 

(;) . If a<.r,tli~ri · kb<i~A·a before this mu et b'e . oon-

. eidered up.der three heads.- · 

( oJ .tf k~r~c,the' radl~·~i ie' al~ays '. re.a1 . and the 
' ( ' . ' . ··~ 

"two ha~ve'o o'f th~ tlva1:1 are on ,the ' same side 

, · of the · x-axftt ·ro·r 011dl ~~ aO,'. :s~e . Fig. XX!• 
2 .. •. • ,··. ·.· . . ' · ' 

(b) .If kr7c,th(') loo~~ w111 .be ~im1lar t~ tho.t 

for (al . abo've -~~-~{ :pfg .xxi1.:·. 

28 

( c);, If kr ·~c, some . of the values of :.P w11 i be im• 

agihar11,e.nd ·tha •···1cfous :will be eimilar to)Fig.XXIt. 

THEOREM ·xvI s The locus· 6f a ; point which moves- ao thnt 

·the product .. 1f ita distances· from a. '-fixed point and a. fixed 

Circle ' i$ · a oonata.nt is, (f'1-r.!..2.Pr ){ef. o2;..2ci' C08 e) .... k. 

PROOF t YP+o~2 fc cos a· {f •r)= . k; of . on · squaring 

(f'" t- r'-2-f r) (-e .. r o'l. .. 2o-Pcos. e). ~ .. k. , · 
~ . - • • • l \ . -_ - '_ • - ~ ' • ' - ' -• • 

In order .to , d~ierm;nf) < the nature. flt the · locue.valaea 

wil 1 be. assigned ~o -(;he va."riouf) .,, o ·on13t~nte,an~'.·the looue 

plotted.Points on th~ lqcus viti b~ · approximated ln the 
I ' - , .. ·, • . .. i. :, ' • • 

f~llow~ng mann~r,for a given .~alue of the variable o,roota 
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. " • . . 

Sturm•~ S,~h•o:r·~in<~wllf b~ em.ployeed . throughout to show that. 
~ ' . ' ' ·. ' ' 

all .ro·oti. ·:h-~i~( . 'b'~en·. d.et.ermfne~. In 01der··. to ·1e ose~ the · amo~nt 

of cornputti~1~;ri. 'the .Value 1 "wi11 be. assigned to the constant'e 

r . and 'k'iarh,i tli'e' con et ant c will be al 1 owed to as eume vari oue 

tJ1q11 t"hoH' cho~en 

. th:Sit· ,·· ·btlie~/i)io~iHr'lirits~will gi\r& ·atm11ar · 1ocr~ 
... ···< . . ,·· 

I.It tb.$i/potn't ·'·is •put.aide ot . . th~"> ·cfrcle1three different loci 

. may .. btt 'ollt~i"n~ul~\exarilpl:es : oi . whi oh are the fol 'towing t 

. . 

(i.~1:·· fcp~..,~;i+ .' :c6 ~ - e'+4l: -1. sa·a :Ft ·g •. xxrt. 
(2) •. It ·: ~ - -=~ '.j~'.;J ahl'.l k ='•the loct~s becomes, 

:, . · ;:(P-f)(Pl-~6' 008 e+9) ~ 1.SeG F_ig.XXIII, · 

:(') t-l'f ' o·=· 4:j 'r: ~l and' 'k=- 1.the looue biecomee, 

:· ... : ·: ,(l-~ 1 . .f Ce·'+.-s ·c.o s.· e -r .l6)-:: 1 •. see· Fig ~xxrv, 

· r.~6itt' ;the_ figure. l ~ ... ·may: be se:ext~· ·o:t . once that _if the 

. · oonet.a~t( '.,k. , ~ 01 e gt-eater:· thuri ho.lf of the di stance betvreen · 
c-r 

the poit11; . ?_a~d.' the cir;ole ri. e. if; : -:r~ < k' , for a -=. () there 

ex1~t- t{ ::·~.nl.~;.<_ ·tv~o r ·e.al · roots of - tit~. equation·. and the 1 ocus 

muet· · ···aas~me,ja· .. :tahape s~mi.~a.rto that. o(·' Fig~XXIIf Flg.XXIII 
. ,-_-, · - . . 

will :ocou·~ ·.\il1enev.er ·:the ·f.ollowing .relatiohship e~iste be .. 
. ·.: \ . . · . c-r . ... ·· .. ·. · o-r 

tween the . 9-.t1ne1iaf:lte1~ ~ k .• It. T7k,the locus· will be 
_, - - .. - . . 

eirni1e.r to'. t .hO.t of Fig.XXIV.- · 

II.If the '· poln~ i ·e . ·:inaide ·of the' -ci:rcle,1 .• ·e. if c(r;the . . --~- ~. ... . . '. . ',_ .. - ::- , - . . - . 

. ' 

* Fit1o' et• ~(Ooll~ge Al geb:r.a".1pp .. 450. 
· -.: _ _- t . 

::•' . . 

.,, 

. ' 
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locus w111 be similar to th.at of Fig~xxv, e:ccept when 

the. point !s at tho center of the c1:rcle,"~ien the locue 

is a circle. 

III.. If the point in en the oircle.i.e" o,.r,t~e two ovals 

within the larger contour reduce to pointo.~ee Fig.XXVI• 

'1'HEOREM XV!Ii·The locus of e. point which m.ov~s eo that 

the eur.1 of ita di Gtanoco from a fi::tGc.l eircl e and a fixed 
i, 

line ia a oonotant 19 a paraboJai· or the x-axi 8. 

PROCJF i 

Fi.~.xxvrt. 

Ootttparing thi a with th~ general equa:hion of the conic, 

f=---fir!. ·;' ··~···.' ~-e oos e, 

conic in the pa.rabola.lsince e is f ,Then m ia k+r-c. * 
If ,.+k=o,the looue becomes the >:•nais betv1ean the point 

and the.oitole,and if direction ia taken into consider• 

a.tiQn, ii. lnc'"y be the ent!:re x·axie·. 

THEOfrE:M XVII! lTh.e locuf.rof a. point which moves so 

that tha dificren·co o:t' itrJ dist.anceo from n fixed line and a 

fixed circle is a conate,.nt lo a pn.rnbola. Uei.ng Fig.XXVII. 

·PROOF: -f+ >f-t-0 ... fCOtl <(1 = k,from l'Fhiclt 

• It P ie inside of the c1~¢le 1 the equation is obtained by 
replacing .r- 'ffor f .... r .. Roeuli:. is similar. 
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or 
-f', o+r-k · _ · 

1fcos a,whioh is a parabola. 

' THEOREM~IXs Th~ 1o~us of a point which moves eo that 

the qu~t'ien·t · ~f 1t:e . ~ietr:tnoee ·:rrom a· ·tlx.ed ,.circle and f'ixed 

1 ine ·is :·a conata.rit ,1 s a ooni c s$'ctton • Using Fig. XXVII. 

PROOF1 f> -r - -i .. - - ~, - c"':" .r> cos e . . 
, . 

e= -ke-r _ 
~ 1+k cos e~-

f:rom which 

On coin~·')ariaC>n with the' {)qnatirin of th' !.~. conic, if k '=1 • I 

the locus .ts. a pa:raboi'aJ·if k">1 1 the. lootis ie · a hyperbola; if 

k<1,the 'io<lus 'ie an :eii!.p'se. (provid~(f .kc-;c. r) 

THEOREM XXt'l'he locus ot .a 'poin.t 'whioh' mov:ea d~ . that 

the product. of its dist~tl<le>FJ ft~m a filted >circle and a fixed 

1ina . 1a a . ' conatant~is ---,,_-·_··----_. __ __:,__~__..:.....:-----:----

40 

. . . ', -_ Qr?": C 0 S ~G .tf J C -tr C 0 ft 'G r-. 4 -0 0 S ~( r C + Js) 
· ' P - ·- . 2 ·Coe . e · · 1 .Using Fig .XXVII. 

whioh~n·cer~ain ~~lt.te• jf the •dn~tant,~i~ the conohold or 
Micomedc_-- tho:r the oii:~ln, 

" ,· '-I0.•1 

PROOFt · (p ... r)( o._rooe · a)~ k,or ac·lvi'ng for 1 . 

\ P= c'f-r ooa G±Z:C c:r .c<>a G!•4 · got:r G( r ·a r-fl: • · ._ . · , . i:L·co s e : -- . 

A.If the term· 4 coa O(ro-rkl goes ,(H1t,whiell' it/ will it 

rc~k,the locus becoJ?1es1 
f' = 't-O/coe QJ o:r (' .-= O' t. . 

o~ compariao~ w~th Ahe equation of the conchoid Qf 

Nicomedee• 
p =.a csc O-rb, 

it is se~n _ at one$ . that the tocu's · io the oonchoid of 

NiQome<;if)a .If r ~ o ; ; r '?-o1 or r <:o·,. the three -. different types 

ot conohoide ia • ohtained•·The :first 'h'as the . gr.oater cusp 

touching the .,prigin, the second.'.has the loop, and the last 

hae the· least prominent ouep.*~ · 

• :Refer to "Plane- and ·Solid· Analytic Geometry",Oegood and 
Grauetein1 pp.2 .1 .5 • 



B.It ' 'bh.e term 4 cos. O(ro-rk)" does not. drop out. 

I ;_If .' r S. ~ i:.~1 o cus i a eimlt ar .to Fig .,XXVI! I.;, 

!I ~If ·r<c,_1ocus ia. s1m11ar to Figs .XXIX and XXX-. 
. ~ - . ' 

·!It.It ·1-;.0;·1oou1,., ls · simllar to Fig~XXXI. 

·THIORE~f XXIt'l.'he locue of a. point which moves ao th.at 

the sum ofi~s . diat~noee from two fixed ciroies ia.a oonet-

ant ls, 
4i [C.,td) .. (k~atb )) -4( l:tatb fy+x [ 4d1+-4dQ,.4d(ba +b )+ 4 (k+atb )'a 

' :. . ·.. .. . z. . ' . ' 
-l~<}d;~4¥J-r['?!..{k·~atb )jt- d°.[ a:.20-... 2 (k+a -rb )J =o, (From Fig~ XXXI I). 

Thia "~-~ angeriel"al equation of the eecond d~gr~e and u.~1 

thar•ti~~~ lt •~ conie section.the natu~e of the conic 4epend• 

1ri:~. <>n· th'e.:'·re:lationshfp between t _he oona·t:.ant-e. It will be 

eho'fi~ -- th~t - Theorem~ Ii,ViXX.XII~,-and XVl_I,are epe,cial ca·ee' ... ·· __ , .. . ' ·. - . \ 

ot this ;th~~~ ·:re~i where •the· circles have b~c~me point. c~rolee 
or · 'st,r .~·li,gb.t', ilriee;which means t,hat, the 1"adius he.e beoome . 

zero'. or : ihffni ty. 

A. TP, ,~I,.,,,.here bo·th circles have shrunken to pointe. 

PL=tc 4r~ Yr- y~ .. a 

,9M=f( o~xY-~ : . Y z_ ,_•b 

D~lUJt-== k)~hen. beeo.me a 

p 

fcarxY--r ~ y?..:::- kra:f.b;..1 Je-.xrt y;whieh ·on squaring to remove 

.4, 
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·'-:-·-,. _·: 

·;· .'". 

(a.) ~x'[.'C4faf.,(•k+a-tb)] · -4f(k+aA>)-r4~ ·l .ft-c1C-d.(ki'a+b >:o(k---a-rbf-o'd-o1 
' · . . .i ]..;. : ' ' ' ' ·. . ' . 

· +l~~<~ -::a+bV +~~ [d:.2«?~~2 (k+a r1l · r]-=~ , 
· 1r ·· d=o~a-='o a!ld b-=o_,the· ci:rolee· become points, and locus ie, 

" 
', _x(Jt~ .o) .+kt~ -jt(k-c) ,wi11 dh l ~ ,the · equation obta.ined' befo~e . :. 

• ~... • --- < 

--- ·..: 
·-·· 

B .• Th.V1whe~e both circles have become straight 1ines. ' 
y 

x 

, ' .. • > }/:''-·, , " d . • ·Fi "".xxxrrr. . '. 
1/ ~;.( a.~yr .. ,_.f-t~. ~-b Y-rC:r,~b/mt ·· · ~· c ~· ·li;te · the' general eqi,iation 

1-;- :;:_ i • '• ' 

obtained to.i'; tw_o' circ1 es f~on( 1ig . XXXI:CI• 

't :> .It .we J.et·:\o'.::a., then ·a·; bf-1)°/ma..t!'hen the equation " becomes, 

· · on sqq.ari#g<'t'1i ce., t ·o: rem9v~~ rag ic~l a/ : ,; 
·. · . · ' . '''.·/' ·:. .· ... ' '·. •• · ' . '. ·.... ''. •.. · . ' .. ' . ' . 1. 

· ·. (lc1-2a.f {;,try~bx·1-by/m~ay~k~/4 .... :a,k ) · ~Tbx~(b./m ·-ta)y]" 
;.·._-:_·.,_. -_._ .... '.: : ,: '>::':: ,, ·_- ' .. : .. :I· ._":"· . ' ·:··:· ,; } : : . . . . . ·: ··: . : --. ,· :~ . ·.· ' : .. · .. ." . . . . . . ' 
'··· ... ·< .~ .~ - ;. i -, -~ ... ::-'~<':.·.··.:.-.·.· ' .'. - ; ;:- . ' .·.::_ ,.. ::..:·.:·· •. . . ·: .· ·-.,_ ' . .- ·. : :> : . ' ; .:-' ·.. . . Dlvlcl\t).g ·,both· aid.t:tEL .throttgh b~r a ;th,e equation becomes, 

• ' : :/' ' ' . ·. -•··. : ' . ·. .· .' ' ' l. 

(k/~t_2,f('!;/~-f .Yl~:bx/a-rby/e.'l!i~~k/lia~t~)· =1/aL bx/a• (by/am +1 )y]. 

Letti?l~ e-5>.a,the·: : ~quatton r$ducos ·to_, 

inx:~(;~~'.1 '·~'h : •k1m.·+ ,·whhh · is t~~ equation g~tton before 
whef'e>herf ·kie the negative of k ·in Th.V• 
O .Tl.lx','wh~;e .t .he left-hand ; c1r.c1 e . ha.a beoom~ a 1 ine and the " ; . ' ' •-; ~ 

<>~her , cit~'i-~hacomee a point.In &quation(a) let d=a.then 
I, . ..... ,> . • 

·-1_._ i_._t_ · .· d_;>.a.~o. a.nd o c ~The · equati~n ' t h en becomes, · · - . - . . 

. · .. ·. ·.:, ' >- . . .··_ ·.:.· . . ' . 

·, .' --t[ :o-:..cci+~r.~Fd~{d:.2~-2~d~krJ ~o · 
_. t~ k;c,("b) b~comes; 

h!t-:( ~+d.)y'": ~ o·,which .i e the . equatibn obte.ined ,sbef_ore.•• 

* Se& P.g.ia' 
·~ ~.ee <Pg. 



: ; 

' If :ki0 1 (b )' b~~om~&, 

4x;z'[ c~k~f2d(o·k )] ~4{k+d:.2kd):/"+4x( •2dk•dtt. 2e&;.ck~-t2cdk•o,.d-c) 
r c+k'f+4dk'" .. -4<fd~ ..... aelt•40-dk+4dk3~ 0. . ' . . . . 

D~VJ.ding through .bi d,a.nd · since d~?~the equation beQomee 

Y''l-= ,c12;e")~2(k;c )x,whioh i a . the . t)qu~t'ion" 'obtafned before~ •. 

D.Th.Xtti1.wher& the righi;-hand circle has· become a point. 

p 

Ftg.XXXIV. 

PM~1cc~/cos eY-rfelri:t.a' ~b •. e>r~;c~2-fo ·ooe e -b. 

"h~ ··aum .· beoomtrn~c~~c oo n · S == -k+b-1'1 r •villi oh ·on oqu.ar• 

ing ·gives, 

Let b~ o, and the eciuation baoomee that gotten before, · · k+rY:..02 
··· •• ; ir~• 

f. = a, k-t;r ..... c> co .a e • 
~ ~- ~-'-· 

E.Th .. xv:rr, ~rheTe the , right~aand circle has become a straight 

line.Th$ line shoul~ not go through the oi~c1e 1 the~~f~~e 
. . . 
the equation of the ~ig~ t•hand oi~cle must b~ changed 

f • · • ' 

/ slightly to in sure thi e. 

* See Pg• 11 ** See Pg. 18 

. . ' 
I 
I 
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,· 
. . . ,. . ' .. P,L~f ~r 

PM-=i/( orbf .;2(c:ib)foos e+(-... b, 

The ·, «JUtn then be~omee, 

. j ( c+ b r-tf' ~ .~2 f ~o e .· {l.(ct p ) . ~ r•f7-rb +k ·~ 
. , . ' - . 

. Reducing thi e become-e; . . . .. . . 
-f = t(t.2qc-r:.2r{ b-tk >-k2-1 -21?~ · 2 l(c-rb) gos e-.r*lb.,..IrJ 

and it b ~...o,the circle beoornes a. lino through ( c, o) 

~ pa~al~~l to the l-nx1•1 an~_ ~h~ · equat~on becom&o 'that 

· gotten\b$f'ore, ; - t 

· _p~ r-r k- Cf 
- 1.. oo 1f e 

•:: 

· THEORE.rif ' XXIIJ.:Th~ to~us of a ·po!rrt ·which .: moves eo ~hat 

'.(;he· dit'feren~~ of its dfs<tanqes from 'twO:.,fixed circles ie a .. 
qona-t -ant · is, .. .. . . 
. 1f .x~ f ( d+o f-fk+a-.'b)j .. ~4..j( k-ra~b) +;4x [ dt d+o) ~o( d+c >+ ( d -c) ( k-r,a b )j 

I '· " • < 2 > •.. . . . . - .• · . . ·.·.. · .. · .. . ·. ·. . . . . : . . . · 

±fd~,(k+a~b)'j}fr'tf l~20';,,2,k+e,,.bf]=-O, • (FrOm Fig.XXXII) • . 

Thie likewise ia ~-ngenera1 ·equation of the oecond 
. -

degree and. therefore is· a. conic secf>lon, t}te<nature 'Of :the 

Qoniq depending mn · 'i;;lie relatiloriship. bat~1een t,he oonet·ante ~ 
-. -,--.. ---:- · :__ , , . 

I~ .. :'W-111 b~>_- qhown that ·-rtheor.e,ma .I~ 1 Vt,xtv: and :XV:III are 

~!i~~it~ga~ses of ~hie -theorem,where the .o~rolee have become 

pofn~a or qtraig~t tines, 

48 

A·r ;· ~h~IItwh'ere both c~r61ee have oh.runten to points~Seo Fig,,ixxII 

7'(a+x)1-y'.1 k ... a-bd(a,.i)i-y'is the loouo 1and on , simplifying 

l#)~.m!;! [< d-ro.f..(k-t-a•b)) ~4(1tr11. ... b Y,i4x [a\ dt-c) ,.¢( d-tt1) +( d-o) ( k+a .. b >J 
+[02,.(k+a~bf]'°+ d2 l d~202-2(k-ra.~bf] :=o~ · 

• -flee Pg. ~7 



bof ore * i(c7;.al ~a.y,. =a( c··a). 
n.~~h. . VI,whereboth oir()les ha've become etrnlght lines.Re.,. · 

fer to: Fig.XXXIII~Thcf loou e for · two circlee io, 

h 2+( a-1S- -a ~trx-b )'-r (y-rb/m)~o -= k 
l{educing,t·his becomee,if we- le~ o=a• 

• ~ .. . . • . 

[bJ<-y(a-1-B/m)] ··~ k(x1-y~a7;.bx~k/2•ay+by/l!l) ~ . 
·· ·• am ·· ·. 

Sub s ti tu ting t 'he·· value for b -=nrT , and di vi ding by a~ 

~f{c \ " Y( t+ fm~1 f 0 k( ~'+f-ri.. r:~f- :.~:.ayfm~1f. 

Letting a -?>.,.o,,-~he equa.t!Ori becomes, 

thx.;..y(.fm>rf:+' 1) ~± k1 m¥f,wliich is the equtttion gotten 
. . 

· . b.-efor'~ tr :the · __ positive value ·of k is used.** 

c. Th.X,wh'ere . lei't~han4 circle has become a. line and the 

other cir<; le becomes a point.Equation( c) becomes UJ we 

.1 ,et ·b-70 and a -::: d, 
• ' ' · > • • • " • • • . ~ • 2. 

4x~ 0+2 od-k:.2kd )-4y(k +-d )'-tl+x( 2dc ... cd·c~2dkt-ko +2-~Jc )t~-( k+d)J 

+ d
2 

{ d:_:l 01;.2 (k+d t] =O. 
·; ·. , c 

, . . :; . 2 

Dividing bf d and letting d-7ca ,the eq·uation becomes, 

y2. (k-.c) [ (k+o)-·2zj,,which ie the 
. . - . 

. dquation ~f the parabola obtained before.If k:o,the locue 

becomes the y~ax1s, 

D.ThaXIV,where ihe right-~and circle has become a point. 

Fr6m Fig.XXXIV ehowa that t h e locua is, 

1C !"' 2 f o o s e -t-f ,_ '=- k. -r f .... r+ b • 

Squarihg this becomes, 
-P-=- k+r!.c+2(kb.-kr-b:r:} · 

2(r~k"b)-2 cos e 
. :!1' we '. let .'h =O~the cirolt' becomes a point,The equation 

·becomes, · 

« p 4 .· g. . 4f't 



e) 

E.Th .• XVIII,wht,re the right..;nind oiroll:n has become a straight · 

- 1 ·1!'.l-~~:Jtefer t~ Flg.,XXXV•Tbe equation for the two circles 1e, 

1< q -tb)~l4 ~a fc'o s ·_ ~(~-fb} · ':= f ~ k-:r t-b, 
Squaring and reducingthfebecomes; 

f'= ki-rf2kb•2kr .. 2rh-c~acb 
· · 2 (r-k-,.b}-.·2 ( c+b' co e e • 

Dividing ' ~umt?ra.tor and d~nomane.tor · lJy b, and · ainoe b7~ 

the !ocua become~ that obtained before, 
ot-r-k •· f == ·· t co a -~ .. 

-~HEOREM XXI!! i'l'he locus of a point which movee eqt.tbat 

tho quot~ent <>f i ·te distanc~e from two fixed c1rcl ee is a 

oonsta.nt i a, . J 
•(bk-k4 .at-o _cos G):tf .. __ {bk..-k)\1-0 cos • . - 9)•(k~1) [(b.,kat•c_: 

' f-=- . ' z.. . k ~, • 

A.Th~IIX,vh~,e. b6th citet~e haje become pointe.The equation 
,_, ·.: . • .. - - ' ' 

;tor the two cirolea·· from Fi·g.XXXII ie, na-rxrt r~::. a.~~br1k( o~xr--ry • . '·- .· 

'Squaring and :re4ttqing th_is becomes• 

car. (x1-if( 1-l?f -t (a-kb f1+( d!.l.Cc~f-r l~xfdtk2cr-T2 ( xi-y) ( 1-k,_) [ 2x( d-tkCa) 

· -~( e,.;.k~ ttfd7;..tiO->] .~2ta~kbf [ (d~ ... ltLe} ·. 2x( drkc )] -r4 x'Cd-tko) ( d!.ttc) 

-4ti( a.~k'b f( c+x~ ~2 c'a.-ryl = o • 
. If we l.~t a,-::.0.1 b·=o,,and d-=::c :.the circles become points and 

the · iocua· becomes, .. 

· ( x'i.yYC t-lif + ~ cq( 1-f.Y-r4xc ( t+k I ~2 ( :1t'IYX1-k'> [ 2xe(1-tk') 1-C( 1-kiJ-t 
. l+~d(1-tk) ( 1-k) ~ c, or ._ · 

·· [( 1-k)( xi-~/-102} -r 2c(1+k~)x]~ .. o.;··which is tho equation pb-

ta.ined hefore.** 

ti c _Sea Pg• ;~ _ 
*.•· See Pg. 



·l!fheorem V!t,where both ciiroles have become ~traight . . 

" .. 
llnea.Refer to Fig.XXXIII.The locus for two circlee it:-;1· 

Y-x '-r{a-y)· = a-kc+k Y (x ... bf -t-'{y b/m)2: 

Squaring ·and reducing this becomes 1 1etting a=o,o.ild 

exprea~ing bin ~erms of '. c, 
Q,.2. 4 2 .,_, 'I .,,. . k 1. 

. . ~ .· z ... CmKX [' · ( ) 
(xt-tf ( t "'l~f - l~yc( 1-t-fm 2r1 ) + jim~~~ -r 2 ( ;~y~-i.( t-It) .~2yc 1 fuM-T 
-1- Ti~.~li- ''2k~';..2ttC] -41e1n rJii!~,l fi.~f x -t- 2C1t-2k'd-t 

4mekx . • · .·- . 2 cmx 2 cy tm:·-t-r_ {2ck""'2k,.,;)'" ) -41to(1-kf(x:L.- 'Ym .. -j-l -1- y,. -t~ -r 4k .. c"' + 

4ttcf ~aatto-4lielo( 1 .. 2k.i-ll) = o. 
J)ividing >th-e equat!ot1 by c~ ,and iatt!ng c~..c,. it . beoomee 

mkx•y_(k+lm2d) = o, nnd c1htiding by It, 
. . - - - ' ~ . . . . . ' 

mx-y ( 1·-r 1 ra2=f, .) = 
0

· 
. . · · k · 1 vrhioh· ie the equation · gotten before 

VTith the exception that the. constant is different.(reciprocal) 

o._Theo:ren XI,where lett-hand oil"ole becomes a line and &ther 
- ' 

; eitc!e . becomes a. point.In equation (d)_,if b=Ola-=d,and 

d-7.,,o, the 1 ocus beeo.mes; ·' 

( x~y")1.(1-ltfr d~ (c1:..k2cf +4£( dt-k"t-02-+2.( x1-·l) ( 1-tt) [2x( d-tkc )-d
1

-t-

(c!:.lic, ·2dL .( c(,,;1'c1 <!_) 2~( d -tkc )] +4,;t( d +k,.c) (d~k2.~")-4Icd( c~+x-;.2 ox+yj = tJ 

Dividing· bJ." d~ and 1 et d ;.__::>"°,the 1 ooue be come e, 

af~ar dividing by k; 

, i( 1•1/t() +. y-2 CX+-02-.;_ o, 
whieh is the equation go1;,ten before except tha.t thie 

o6natant is the rtoi~roca1 of that k used before. 

n~T~eorem xv,where the right•hand circle has become a point • 

. ,he lQcua two ctrclee ie, using Fig.XXXIV, 
Jc-f'cos .et-+f2ein"-G -b _ k · . . 

'f -a - ,which becomes, 

i~ (k'"-1) +2Y' (kb-k~a +c cos e) -+ (b-ke.f -e;J- ~. o, whence 

. . -!kb-lCa C C$>S G)±fkl.!k-ka+c cos ef .. (k~1) [(b.-ka):..cJ 
f-= ¥ t 



and if · ~=o;one circle becomes a point ·and 1ocue becomes, 

f·~ 0 coa 6-ka::fJ/{ e cos' e-~t T Ura•c) ( 1-kl.l - .· .. ···.· .. ' - ki-1 ' ' ' ' ' ' ' ' 

th~ ~qu•tion gott~n before.* 

E.The~r~mXIX,where th• ri~ht~hand circle has becom• a 

straight line.The lodua for two oi~cles ie,using Fig.XXXV, 
.P .-r · ' - k rt QA;t-21 c-rb) cos e-rf~ · -b =- • 

lteducing this heoomes, 

-l( 1~l/k/•2f,ll c+b)ooe a +.b/k•r/tt] + c+2cb-f/k'1-2br/k == o • . 
i , , . -

l.li'Viding ~ · by b,~nd letting · b-7"°1 the equation is 1~hat 

got_t.en before, .. ·· 
ko+r · . . · > 

f = t-rk ··ca:;i e . 
..:.: , .. . 

' 52 

' ~ D!SCJUSS~ON OF THE. ·tOQ!}S,:vnmn T !rn ~ Two : OlROLES :·RE!UIN AS C!ROLES. 

Several d·ifferent· form.a of t.h~ 1 ooua ha~ been obt.a1ned, 

eo th~t. tbe most simple equation will lH;) chosen fo:- d1ecuesion, 

namely,usi ng Fig. XXXIV •. . 
.P-=. •(bk~~8.;f'.0 . COS,.~lll{bk-:b;-...8.+0 COS 8)"1..-('it-.1) \,(b~kaf -cL] 

kt~4 •. 

A~lf k~ .the locus~be~omes,aa 'obt~ined from Fig.XXXII. 
(d-rx)~y 2 = : aAb-t1fo"".X)~y; 

"· · Jleduciri.g th6e 4b&comee, 

4xz. [ ( d+c f.;.( a-b {j -I~( a ... 'b f y~ -r 4x[( d+c} ( d:_c >-.( d +-c) ( a-b )'+ 

2 c ( a•b f J _+ . [ ( d~--,t) ..,.(a-bf J ~ -4 ( a.- b f c 2. = O • 

Thie ie a general equation of the second degree. where; 
• 1..- . - - . . • .·· . -- '. -_ -; .'. '. ' •- . ;_ -. I 

lf B~4AO-::: O,ths locue is a parabola; if B-lfAC < O,the locus 

ib an elltpse, .nn.d it n.:.4A.q>o,*the · loctle" is an· hyperbola. . 

.Here l1 = o, A::: · Lr [ ( d+c)l-... ( a•bf] I a~d o-=- ~4( o.-b)'- .The relation-

tthip between the eon'.startts,therefore :to get the different 

* .If a==b,, the locus is the mid-perpendicular to the line 
joining the' center a. · 



'' 
0conio eectio'ne is.for a. parabola, {a-b)~-= (d-rc)Jfo.r th.e . ellipse 

( a~~f?. (d.-rcf .Jfor the hype.rbo.la, (a-bf~( d-t-c );/_. 

B.If k~1. (Using the equation from Fig.XXIV) 

.. I• !f b:::~. T·o simpllflf . platting 1 et a b 1. (other· const. eimilar 

( f). If c=1 1 loous will be . similar to F1ge.XXXVI,XXXVI 1 • 

( 2). It c/1 1 1 ooue will be .sindl.a:r to Fige.XXXVII,XXXVII1 

(,).If c <11tocus will be similar · to Fige.XXXVIII,XXXVIII'. 

II. If a~b,locue will be similar to those above or an ex• 

ample worked out ie tha.t for -Fig.;xxtx,xxxrx. 1 

a. If· k<1 • 
I•If b=a.Here .likewise ·choose a b t. 

( ,f)_.If c-==-1·1 1ooua will be similar to F'ig.XXXX. 

(2).I£ c/1 1 locas will be aimilarto Fig.X~XXI. 

<,f.It c.c(,1,locua will be al,ilar to ' Fig.XXXXII. 

II.If a.7b,the locue will ' be similar to those under o.r. 
. . 

CONOLUSION:ihe 1~cu~~obta1ne4 for tbs quotient of n mov;ng 

point's diet,anoe as ·a. c:roneta.nt,E}.ppea1·s to 11e two ova.ls,one 

within 'the other,when two<dietinct circles a.re used.S.ome-

times(wlth cert~{n conetan~a) the, oval a are touching, as the 

1om~con6 ao that the author is le4 to believe that these are 

general curves under which the limaoon is ·a apeoial curve. 

It ehould be notioed thtt the limaoori and conic oeotione 

incl~ding the straight lin& were obtained when the radii of 

bxr6h or one circl~ has become zero or infinity.'. 

THEOREM XX!ViThe loeua of 'a point whichfnovee so that the 

p-oduct of' ite distances from two fixed circles is a. constant is, 

f" .. ef(e coe e-rr)-rl(c~r,,-r4ro · coe s-l))-2P(cr"2..coe e+rcf-bt-bl'r)t-
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A~Theorem. IV,wherj.both cirolea have shrunken to ~oints. 

From Fig.XXX!I the. locus for two circles i·s, 

(Ye d T"/: ) + y ~ ... a) ( r ( C • X t t- y 2. . -~ b) = k • 

Letting r, representf(d-rxr-ry2. ,·and r 2=1 ( o-x )1-y~ the 1 ocue 

·becom_es op. squaring a.nd reducing, 

{
. . 'f 2. '-'( f 4· 4. 2 '6 _ '/ lf4 1- '- . ") ·"( ·. 'i 'i ~ 2-) 4 .,_ 2.( ' 1 'f I. b.' ~- 3 , . 'I "") 1i1a.-2.r,a1 i:- r:tt'H i;.o- z:o+b +k r,;tb+2J!.b -r ak ~+br2-tb+2 r..-2rJ:)-2br, 

-2 \ r,!.a) ( r:i!.2rzb +l:J> [ k
2

( r,)b )+2ak( i{tbr,_~b3) ]-r4atl( r)b) (r2.~b:r2!..1') 

~4klir;(k:..2abk~a1')-= o • 

. For the. circles to lH;lcome pointe,a=O,b-,:,.O,a.nd locus ie, 

·~y-1)7-x:':..ttY-- O.,or substituting in ·tha .values for ; and ri.• 
1 (.f-tx1t-y<7--t2dxH ct-tx1-y~2cx)-k~= o. 

· Letting o::d 1 

'f 4 . 1-f.. '2 z . :i.. 2. ~ ... 

c+xt-y•2CX-t-2oy:-t-2xy --k:,which i e the equation gotten 

'before.When r 1 -= 0,the loc.us is imaginary. 

'B.;rheo'rem 17III,whe.re. bo'l•h cir1}:les have 1n~come straight lines. 

~he locus of. the. point from two circles from. Fig.XXXII~ is, 

c~:1:tCa.-y>2 ~a.H f(.x..,br-~ (y+b/mr· ~o) ~.k. 

If .~ ~~.7:r(a.•y)7- aritl 1\_.=-VCx-b t-r(y-tb/m>.;the locus becomee, 
2 "')z. . . 2 :z. 11 >-/; .2 2 l- ' 2 ... 'l.( l. 2. z . ( 2. i) . 2 . :i:) [ .,_ ( ~ 

(~ ... a ( r,t·c) -+ k{; z:-rc ).-rliake r,_•o)-2 .. r,~a ( r:-o .. k( r>oj+2eck r,_.::..c:i.~ -t-

... Substi.tuting ln the values for t.he r' s,and letting a.~c 

the loc~a bec .. omea, expressing b in terms of c, "- / 

( 
I{- "4 ,_ 'l. .... 'l. ·4·. ).. l 3 'r '2. .,_)tt ·4 ( ' :a.: '")3~ . . ) 6 ( ... z) 4 c ( )z. x +Y. + cy+2·XY- XCY"':-''.tcy) L .. x-ry 7 . _'Z.-1 y Im a-rl ( y-x -t, X-rf m ;.1 y-mx T 

·ac~ . · 16g_'f lf • . . · · 1~·mc~x ... !.tcx . 
l~(x1-y)'lml-d)~(y-mx)3 -t(~'"(y-mx) -r ktx'fy~4o'f-t m'"+1 7 m~+1 -t2x'y""-tJtxc""-

1. . ] J -z. 4 :z.. I. 3 fJ 3 ~ '3 ,.. .l. ] · "I 
¥+rnCx+.~c~. _,. 2 • mc=.ty-t~-~+ooy omc:y:x. "~.,_a.~ 
~ l nr-t-1 -t 4y Q ~fjji~+-1 · fm"-rf. 1m ""-r 1. · · 1m•-r1 m 2.t-1 -+ l• ck ( x+y - Tli0f1 



. '!''~~ . . b :J. .. '! .. 7,.' • l\ 1- l.. . 1• '3 h. .,z. l. . '2. 

+~ . ... · ... -i.· . lo , . 4' 'I. rmo~ ... +. ~ 2 z. .;tmat: y:f;f ':Jl. .:..~oy T 
~' - -.?( x_tY-•2cy_J( xr1rt m2+1 . fi:11-1 ·-r 2xy --~- m"t1 ·. m~t1 

~~~\~:i<@[i~(:'t-~1-~c'~M Mf)r2;1<(xty~~"t ~f )] f- · . 

. . . 3 >,If . _L/·· 4mx 3 
. [4nto ,_ · . . . '46 • :1 . (mo 2

. elm 7 2mc-:Z l 7 l~e
2

r. ~-t-
4ik {x1"m;.·+x· Lm'+t -1-2:.-t~c2-t-fm,,ifJ .. 4~ lfm·J~. mf1 J r,.1 , . 

0 ~+.fr.ci) 9 , , • Amcx rrUi . . . ~ , , ,__ l!mo:ie T 2c;y) . 
2yc +p;:;f ffiSt/ •4kc{xnrt!"fii'n · m'-i-1 ).,11ck(xry+c ;I m"rl fm'i1 . 

. ( ¥ ~ 4u{C1{1- 40£ ., 4mcx'7 4o:v:x·_~~4C,,' 8moXy ) ~ 
~ty-+ m=t-t m2 +1 ~.?VJ -ffit 711.l'\~-1 . · .,-m:z;f_ fnr·-tT rn.i-1 -

aOtl(:ie~yt<1Lf:~f}!~f )(x~y·-~ ~) =o • . ·.· 
: ' .·• !J:h~ highest tertia oe-\ntring 1n powers of c are o • 

Then . ~bltecting these terms and me~~ly iridioating the other~ 
' ( ..... ' , . ·. . 

·the l.oqtfif beconfos, . . · . · : . 

o" (4~2 (~~1)' (y-.mid .. 4k'( ~ T !~~ -!~~:.)] +- Alt B c'+ D1it-Eit rF c-f{l =O 

Dividing by o" and letting o-?..a 1 ·t;he loctts bacome_e, 

~~ Jy-.,l!lxt =(r~~t ?m':frf. 
<'' !~ld.l'lg the square i'Q<ot 'the equation beeot:tee, 

Y.,_-= k/2~ -t-znxy 1 or if 1£-::. k/2. ,the locuo is that obtained 

before, 

.y-:x rm~t1 tmxy. 

O~Theorel?l Xt!,whare left-hand oi:rcle haa become a line and 

·the oth~r eirol'e 'hae become a point.From Fig;XXXII ·the 

1-ocu.s for · two c!re1es is•' 

wher.~ r,::-f{ d-tx)tyz 
i:·=-(( c-x)f- y; 

On' squaring thls becomes. 

(~:.a f<x;':..~l+ k( ~f-li)':r4attb( r:,.l>f-2 ( z;::.a) ( :i;._ll) [ k< r,~ll)-t 2abk( r?-f> J + 

40.1~b(~1~bl/) ;;4k''br:-r4at~~C ~~'P)-t8ab1lr; { ~;.li) 

'lo. lot ona circle become a point let b::::O,and letting 



a-::-d1 substitut-ing in the val.u~ for :y ,.the locus become~, 

1{[6ct:t14di+x~1~2#d1-4fd.x+2y;cj .· ~~i:\f (xi-y)rkr!·2~~( d1-2dx-rxi-i) 
~eciiti~·o·. 

'2. 

Dividing· by dz end lertting d ~7"'°• the &ther, oircle 

becomes a line and the locus /l>ecomes, 

r~;o.gives an il71agina:ry loous,but a real loous 

. la. ob'tained t1hen the other .factor i e put equal to Q • 

D.fheorem iCVI~~1he.re the right.~ha11d circle ha.a beooma tt. 

a· point._The.-1oou.s \'1hen both a.:t-a oirclea is 1 from F1$~XXXXV 

(f-:r) r1 c~2 fc cos e-1-fz ~bl~ k. 

· Squ.attrig this· becomes, 

f·~alC'~ ·oos e+-1")+l°( c~+r~+4rc oo·s e-.b)~2-f6cr'" cos Ot-rc2 -tbk~b:r) 
1.. ?- "2. -:2. ?- . . . 

r-r~·k.,br 7·2bkr ·= o. 
tt b o, one' of the oir·ctee becomes a point nnd the 

toous· ·'h<#·•comee, · 
'-/ ..3 . . 3 

f+f(4rc ~os e+r.,_tC- )-.a 'f(c cos G+r)-2f(ro-;..+:r:lc coo e)+~~r-k~::O. 

·sr111s is, the equation gotten batoro. 

&:.;.t'heor~ni XXlvthere r,ight~hand ci.rol e hae become a straight 

ii,~eltr.om lUg+XXXV,tho loctte f'{)r t'0'o' ~i:rclea is, 

(-f~r){ 1fc-rb):02(0-rb)f'ooe e-rr:l · .. b ) = k. 

S!mp1 ifying· t,}\i s . beoomee1 

. f 4ta fR c+b) cose-tr] +flt-t2bc•:r'l._,1+( c+b >.r ~os .. ~ ~2~( 0+'&)2 

• • ,· , .. ' t ., ' ' ' 
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1li.¥!d!n3 by b ·and l ~tt1n ~ b -7o0 , eo enH> c! ~o1 e may be• 

come a 11no,thc locl!C b&COTLlOf!1 
3 ,. .. ····Z. • 

)foo!} e...,f(ot2.r cos .e)+t\2oJ1t+lrl. co1J &ttt) . .-ro•kr = o,or· 

(f"if}[f ·~O~ e .. (( o+r COG tt>J-f~Ct-k] ~ Q •. 

!ha &econd f~otol' ia the looutf· gott'en befo~e.The ·f'trct · 

f'eA)t<>i+ !e· the 0!'5~g1n~41 C!!'ele,whloh. itJ SO::>n nt nnce to satisfy 

tb~ van oondlttone~for !t tha movl~tt point lo n the ciro1e, 
tb~ p~()~uot ot itu d~,St!lno~ tt·o~n the oirote f).nd tho line i~ 

t>I·§Q}~~~tpN _g~ .T~JLJ~.Q£US.)~FU~r7 . 'fHE~1.~~LS2~.n<UiJl{~AS OIROTJ ES. 

'r,hQ foll O't?t.ngc ditiHn.tf!e1on ta ca.rriad on h1 n gonora1 manner• 

not r1U'i'~arloa11y f'l-nne~;,lmt ~ril1. 51va a.n 

k ia' tmeh t,hat, 110 vahH:) of the '· oQu.o 

z?: .... ~:d.s b~t'flf1'~n th¢~ two el:rel.e~,tlHt locus w111 

: ·g~tl~~ ti• 1.tj 1i~r1'.nei .. from· o:trn'l :J I th ?'> ·,aiv· .:d·fhet' point of 
tbe 1~c·ij,~>.tt ·Le re11.dil:!-t. ~G-";n th~tf, ft rMtat htt nmirer o1ro1o ~·t 

tJlQ'.f!. 'lf1.f ,pthtll'! f;.'fil"t Cf tho 1 b~tlti.f rcJt' th:.0 (')J'GdUCt ·of 'th.ll tWO 

dtstaritt(u";;i 'G-CJ remait1 co~'.atant.Thuet:i'otlotring the arrow to ( 1), .. 
, •• ·.- • .. ·.·,,. ·.· .. • .. •• . 

r.d.not.t·.:~ll.e'loeua api~~oaohfl)e ftt) ~er an~ noa.ra:t tho cl.?ol G I, 1t 
• '. ,·. __ .· . 

+.,l$'9r~f or~ be tar th.er t~•om c i:r o1 o tr. A o! mi llr <U tHltUHli on 
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'bold:e fo.r the ' l.oeus -from . ( 1 r· t-6 . a.The tocU:e below ie c~.mii.ar 

:,~o ~ha.t ahove ' the x~1iils~Oval. e may appaa·r witlli'n .the . circles 

n:e 'fl1.' th·"·iligU.re .It may lie ae·en·· ·at· once tliat tlta di stance 

;'g;h bc~ajf O.e ' 'a.nd be de,for d heinif 'hearer ''eircle rt than ' a oro,. 
. . 

lt :tollowe that· ·rt must be farthtir from · c:frcla · I,~han · a or c. 

' 'Of) ':>JNhen t he oo netallt 1t 'fa ' atich 'that one valpo of the >locue 

m.ay tie on the x~a.d.e 'between the two :· cirolee,th~ locue will 
.... . . 

be similar to .Fig ·~xxx.XIV.The dieouasion for the inner ·ova1 e is 
· si?n'fiir to that &.!ven' in (t) ap_<lVt?•. . . . 

F15. XXXKU! 
't1har1 ·the · ooneite.nt kjis. ero.an ·enough in aor:tpari son to the 

(4) ·. 
' . . .... 67 .. .xxx2JL 

. If the oi·rclea are tangent exte·r.nally,the locus may 

appear ei 1:'1i1 ar ·to 'Fig .XXXX,VI .However, if . the constant 1 s too 

great one or both of.tho inner ovals may not appear. 
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F1j- xXXf Pl 
(') tt · ~ha o17oles cire tangent · 1nte~~n11y,~ho loouo may nppoaF 

F-iJ-XXX(V{I 
{6) I .r ·the o!rcloo i1Her!Jeet tm1.~r · ollght.'!.y tho 1 oun mny 

~l ; pea:r ao. Fi.g..J:::o:xvII,. ot\G or hath of t~ho innc;r r>ViAl a not- o.··pear-
!ng.Xr tho int.a!'sootio1"i ~.o grea.ter th~ looirn r..1nl' a:ppoar ao 

I 

fl~,~XX~Vt!I,th .a lm11e1:' o'tc1.l . mi3.Y o:r·~:1tiy not fiPP<PtU·• 
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·'or' :l11I'irif·t,y.T!1tts the loci obtained terr constant suma,differences . . . . . . .· '\ ' ' 

' ' ·····•,. , ... . ' 

. . 'n. ·pci1n1' . and olrole 1 n.nd a: line and a circ.le,ma.y be , thought of ae 

· _: 11.~1·t.1tig 1oe.1··. ol>tained f:rom ·two _ oircles.Thue there io obtained 

a 'reUit1on betrleen d,if:t'e.rent o.u_r .vee that wore th~ugnt· to have 

i\o: "'· rolijti.'Orfehip~ what Go ·e,~er before.By .varying the conet.ante 

in dfffercnt ways,the Conic aectiono and othOT Well.known 

CUrvee . a ·~ . Well an t?Oine . other curve a have bean obta1n~d in a 
.. ' 

sbni 1 a~ ·r.iaril'ler ., 
c 

··o()h.s:tderlrig conet3.nt ~uma, thQ gen~ral oaoo ot .two oircl es 

fstlVe the OOnic ' tHfotlOntqt\VO ~·H;·int~·---3.n ollipae;two lines a--
. . ' 

stm·:i.ght.1 1fne ;a point and · lina ...... the x-axis or n parabola; 

a · s~raight line; o. f,Sane ancl circl.o.--a parnllola ·or the x-.a.:de. 

li'or ~constant dii'f'ereilc~B~ ·tlv~ . gonerttl . cnoa pf.' . tl!~ ... ~w.o . 

o1ro1ee~ave . :the oonic sections;two points--an hyperbolaJtwo 

: U.neo-·+-~i Jd;raight line; a. pol 11t .a.n.1 l ine .. ·-·.a :,·,:=irabol a o:r the x-axi BJ 

a-. po:i.nt El.nd oircle~.-.an allipaa,x.tta.xi e; section of. hyperbola or 

a etralghtlinel .n. line and cirelo--a pnrab0le.. 

F~r oqnatunt q~otients.the ·gensral equation gives by 

va.:rying" the .- Qonetar..te-~ · th(~ conic eecJGion.o,a limacon a.nd a 

figiu·e composed~ of two contouro,·otten appoo.ring as t\vo ovals 
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'\rhile ft ha·s been obtain~d· t:o ·approach the lim~.eon(Fig~XXXVIII )¥ 

two __ point~--~ circ!ef+,wo li?lea--a · straight- line' ~,hrtt theftr in·-

tereeotionia line and point-;"'the conic seotion .. s; ·a. .circle· nnd 

po1.r1t-, ... 1o.cd similar to tho so obtained for the , .general . case of 
'1 ' 

two oireles;a circle arid l:l.- ne~;.;..tho conio eeoti6na. 
. . 

· oonsi de ring c ~} natant.· - P1~ odu·cts,the goner al equation 

give~ loci simialr t~'>. Fige .xxxx:nI to X~XXVIII itwo points 

~1ve the Oassinia~ 6vale1two lines the hyperboi~;a point and 

lina~•looi sibmile,r 'to the Concho-id Qf Micomedeas a ot.role and 

tioirit~~loci si "'.l i~~r to Figa,XXII,XXIII and XXXIVJa. l:i.ne a.nd 

eirol~ ... ~the conehoicl of Nicomedoo Qr fig:urea s1millr t.,o the 
conchoid. 



,Note I. . . 
· · · (l) To ahhi1 (k:r-o cos e)2<'(k~1 >ei:r-...:c) is .. falae.To do· this 

aettume .. f 1) · 1 e true. and prove 1 t f alee. 
The toll~wing are the' a.1H.1umpti one made J k:i.11, r /o. And 
l t i e known that 2:-7 2 re~ o~ . 

j .. ·.·squaring. and reducing( 1) bec6meo,using this fact, 
(~) k(2ro-c'1-o;.2rc cos GJ~~· . ct( 1-cos~e). 

,, Collecting te~rna(2) boeomec 1 · 
(;) 2kro (1 .. aoe e).·~- cl1 ... coe~e). . 

.. Dividing by c( ~.-.cos e) * . 
(4) :!rk 2.~ e(1t-QOe G) • 

·:. ·' The .greatest value ·that· the rignt-hand side may 
haveiewhen cos O is 1,therefore (4) becomes, 
2rk?-<2c . or > • . .•.••.• ·· •. • .•.••.. • • 

rk~L: o,whioh is fal tHhTh~r-efore .b1 increasing the 
right .h.and eide,.arid. decreae:lng the left•ha.nd eide 
the equation wa.a protT&n .fa.l o$ 1 So that it fol lows 
at onoe .that (.1) 1 s t~lse. · 

II., .2. 

(l) To show (kr•ocoee)~(k:.1)(kr~c2°)Jia fal.ae,The same 
· · ·method wilt be employed· tie for note. I~ 

The fol lowing· as ~um.pt.tons were made; k .. ?1, o/r •And 1 t 
l 's known 'that. C 2 7 ~re -.r~ .. ' . · 

Squ.ar-ing.ahd teduc'ing-'(1) becomes, 
( 2 ) k:""( r'"t- ct• 2 r -o co s e ) <· c ( 1 ~ , co s z e ) • or · · 

, ( ;J 'er o k-z. < 1 - o o s e) ~ c ( 1- cos~ e ) • 
~ Dividing out (.1-cos e )i~* th'e equati n becornes, 

2rk~ c(1t-eos a). 
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'1he greatest value rlght•hand sid·e muy assume ,i 1 80, 
there±' o:re, · · 

('} ark"'" "-2oior 
(6) r~ ... < e, which is ·ta.lea under tho_ asoumptiono tnado.It 

has heen shown that by ·increasing the righ·t;-hand side 
of ( 1) and d.eoroaslng the lef.t hnnd .... eide that the in-
equality is fa.lse;theretore without the inoreaeeor 
decrease it follows that (.1) -is _false. 

If 1-cbs o O,i~ ~oul~ no~ have ~een divid~d out-Ther~fore, 
~t mu.et be shown that it c~nnot equa.1 zero. $t.tbati tute cos 0 ~t 
iJ1 the original equation, it. becomes, ' · !:~ · ' 
" ky -z. z. 2 L fl .V 1 '2.r . ~ ~, • "2. rt-o .. kz-c :.<kr~t, or.r t-C;or 

0~1"r"L2ro,which le fal ee·. · 


