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INTRODUGTION.

f Since tﬁebtime of thé gnqienta,p¥bb1ams,the nature
§fkwhiph wab;fo‘find the;ioogg c?xa’point,moving under
given Qqnéitiaua,ha%eﬂbeen_inveatigated by mathematiciané.’
| It isLthq‘purppaelof this paper to invéatigate
eystematioal;y,the”?aci arising from,conatant‘eﬁma,differ-
,encpa,Quatientg'a?dvé;oductg og‘iigtancps from two fixed
pointa,tﬁo’lingg,po}nﬁ'gnduginé,point and gircle,iihe and
circle‘and two\hiréleg,?ho;§;gst{fivéymay be §oneidexed
‘s apéeia1 cgg$§;9ﬂ théhlasﬁ;whe¥é’qne or both circles
have become circiesipf radii zefo.or infinity.Arising |
from this investigation are some well known looci that
ha#e been dbtainéd in various other ways before, and some
whithére new so far as the author has been able to determ
miﬁd," '
| Before the time.of De; Cartes,the so called conic
sections were defined as sectione of a cone,from which
their name was”derivéd.But,~oﬁ the invention of Analytical
Geometry it wae found thatvthe sections were readily ox-
pressed by equations which werelihq locus of a moving point,
moving so that the ratio ofigﬁa distances from a fixed line
and a fixed poinﬁfie a éonatant.B&kvarying the constant the
-different conic sections wefe obtained.
It is Q well known fact that t e e’lipse and hyper~

bola are also obtainable as the locus of a point which



moves &o that the sum and. difference respectively, of ite

diatanceé from two fixed points is a.constant. Likewiss the
: 0va15 of Cgaaini arerdqfinequas the locus of a point'whioh
moves éd’bﬁét“tﬁé pfd&ﬁdt~of;§tbvdia£aﬁceé from two fixed

pointe is a conétah‘h. | ) -

The Conchoid of Nicomedaa,invented by Nicomedee
about 100 A. D.,ia defined as tna locus formed by measur-
ing on aline which revolves about a fixed polnt without a
fixed lina,a constant }enghh;in either direction from the

éainﬁkwhéfe;it ihtérsécts'thé given fixed 1line.
ThéfLiﬁéoon,inVented by Blaise Pascal 1643, is de-
fined as th-lﬁcﬁs of a point on a variable secant of a
circle through a fixed point vwhere the length ofbthe se~
cant determined_ﬁy the circle is measured on the secant in
either direction from the oircle.
These curVes;and cheré were obtained in an entire-

ly different manner,in this paper.



Thile the proofs of theorems I,and II are well known
they are included here for the sake of completeness in the

discuaaion.

THEO'% I':’Thé'locua‘of;a"poiﬁt which moves so that the sum
of it§ diétahées from two fixed points is a gonétaﬁf. is an
eilipaea ooyt | o . |

PROOF 1 Chooéé the y~axis'pefp§ndiéu1ar to and-biaeéting
the liné'jaihing the two ppinté.ﬁet'P.be'the moving point

whose locus is to be found,and let the consbtant be 24,

Plx,¥y)

Fl-c,0) "F(0,0)

Figed

. The equation of the locus then is

VyrlerxY+ 7y “Ae=x) 28
or Vyr(erx)= 7”y+fc~xT-%A 2a

squaring and reducing this becomes
x(a~’ﬁ-fay-a(a- )

and if we let - EH:b the equation becomes *
bxv*ay = gb

EES « , | |
or a?'b‘ ' ,which is tho equation of the sllipse.

THEOREM II : The locus of a point which moves so that the

difference of ite distances from two fixed points is a

constant,is an hyperbola.

* thie is permiesible for 2a 2c, or a)> c,therefore a-c > 0.



PROOF : Use Fic.I. The equation is

Ty Herz)= 2a7y+lo-x)

Squaring and reducing,this becomes
£(d=d)- & v = ald=c) ;

and if we‘let a~-¢ b,the eauation becomoa *
57——&2: 1
2 b"

THEDREM III : The locus of a point which moves so that the

quotieﬁt of its distances from two fixed points is a con-
stant,is a circle.
PROOF ¢ Veing Fig.I.
| yg?7€57§;i_ .

yisr{o=x) ~ "
Squaring and reducing,the équatien~becomes

Ayre ) 1=k Y=2cx(17k™) =0,

: ‘ e( 17k )

To remove the‘x»term,substitute x=x' - 7 T1<k” ,and the

;1ocus beccmes Ly
‘ 'y ==k )"

15 I
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ety

whioh&is readily'eeeh tofbé a circle of radius 1=
and center at the new origin.

THEOREM Iv 1 The loeus of a point wvhich moves so that the
prdducﬁiof ite distances from two fixed,pointa is a con-
stant,is akdésaién Oval .If ci:kzit;is.a lemniscate;if c'<k,

the lbéua consists of one oval,and if c¢> k,of two ovale.

" PROOF t Use Fig.I. -
: 7/y+(c+x) ) ,«(c—x) =k

Simplifying,the 1ocus»becomes
| ¥ xR ( YRy ~dx ) = k°

* this i8 permiesible,for FP FIPLLFPFY or °a<'°o,therefore
L & -0 <oo



Changing to pbia“r ¢oordinates x:7co8d .
’ ‘ S sher DL y=sin ©,the locus becones

. :. v . Z N 2z z
+"ein 6+ cos e) + 27cl ein 0-c0d8) relk:0

or  r¥-20¢(1-2 cos*0)setk =0

from which » -
*//-26{1~2 cog® ) 7hd(1-2 cos’ ©)-4(etk)
= 5 ¥ 2 : :

Fron tﬁis‘it may be sen at once,that given o certain value
of c,the nature of the locus depends on the value of the k
Thess will be discussedfunder three heads(a),(b),(ec),which

"will include all cages.

fa) when o™=k ‘1”: O}f’:c_}[&(ﬁvcosze-ﬂ. Fig.II.‘

{) when e%k® =427V -d(1-2 cos‘9§i7fg?7:5*cqs‘e)i(oigg—
in orderto plat lét‘c%z,kf=5;Fig;III. -

{e) when ¢k’ -h17§'7:$(1~2 noe’e)i:7?&1-2'coa‘e)1(cﬁk7

Refer %o valueaipfj?fin férst column) under Fig.III.(1)
for 8=0, Pis alﬁaya real.(2} for79'=30: will be real if
X'z 3/hc’and if 3257‘E7:333,wn;oh on squaring reduces to
kgid?asaumpiian etarted with).(ﬁ) for 9= 45, fcan never be
real fgy,kf~d‘<0 alwaya.(h)rfor 0 =60, Pis real if k73/he”
and if eﬂd££€§§7 which ie impossible.(5) for © = "0, foanw
not po?élbly be real.GbHCLUSIOﬁRRaal values of ¥ cannot
ogcur,in the first quadrant, Eetween~h5éand 90°,andvif.it
doesn not,folloﬁ thay‘fﬁ’3/4e7,ieal values will not ooccur
between 30" and 457,80 fhat'in th£s case the locus is be-
tween 0 ‘and 30°,but if k'z3/ko,the locus may lie between O
and AﬁfThe'symﬂetry of the locus,ans seen by Fig,IV,makes

it unnscéraary'to discuss the other thres quadrarts.
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‘THEOREQ‘V:The locus of a point,which moves so that the sum
of its distances from two fixed straight linees is a conste
ant is,{a) if the lines intersect,a straight line,(b) if
the lines are‘paréliei,gli points between the two lines
‘wheﬁ’the,&énaﬁént ia éaual'td“pge éiat&nce:between the

-th Iines;and a pérallel,straighﬂliné'when tﬁé‘conatant

is greaﬁer.thaﬁ‘th¢ disténce betwern the two lines.

PROOF . ; ) S
(&) : 'ﬁfb)
|
|
; , }
‘ £ _Im
’2 . /"IJIP ‘ 3
‘ | Tty
1 B I
Pig.v.  Fig.VI.

(a) Choose the x-axis as onec line,and let the éQuation of
. the other line be ywmx.The locus is obtained then by let-
ting EORIEE SR g | . |

EP+PM =k
or ﬁ%ﬁg-%y=k
which regii;?yﬁ%_ -1)-‘y1515_
which is se-+n to be a atralght line.
(b) Use Fig vI,If P be any point between the 1inea,the
sum of its diatances fromﬁhe two lines is the constant
LM.If thé,point id 6u£side;if it is not =a éaralleirstraight
~1line as LP increases PH must decrease.Thie ié inpossible

80 that the locua must be a parallel atraight line.'

THEOREM VIt The loous of a point whioh moves so that the
‘differances of itse disbances from two fixed lines is a

constant,is(a) a line not through the intersection of the
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two linea,’b) ‘e . line paral’el to the two linea.
 PROOF : Use Fig. V; (a)
—7+mx§y7”’?1 k f*""
whgch iswa straight 1ine not through the origin.
(b} ~ LP-PM=k
ir LP deoreaseé i34 increases,aha therefore LP and PM nust
both be ccnstants.?hus the locus ia a line parallel to 4
the two givwnvline ,its looatlon dcpending on the value
| of k. o B | ,

THEOREM VII:ﬂhe 1acus of a point which noves 80 that

the quatient of its cistancas from two fixed lines ie a
constant,is (a) if thevlinea intersect,a line through
- their intérseption,(b)‘if*the 1iﬁes.are parallel,a line
" parallel i’ the ziven lines. .

PROOF:{a) -  mx-y i | ) Using Fig.V.
f P y;f”? = sing Flg

which raducea'to, mx uy(1+k7§;?): O,

This is a line thru the intersectiorn of the given lines.
: S ‘

(b) "ifzf:!{ - er ij&§4 |

This is o line parallel to the two given lines.

THEQRZM VIII The-loeﬁs’of‘a'pmintfwhich;moves so that

the product of ibs-distances from two fixed lines is a

ccnéﬁaaﬁ,ia(a)‘if the lines intersect,an: hyperbola,(b)

if the lines are parallel,two lines pérallel to the two

given lines if cw=hk >0,two iwhginary lines if ¢ <4k,and

two coircident lines if c=lk.

PRO”F'(A) ‘5mX*Y}Y”‘*k7i§;i Using Fig.V.

or v mxy W m#t |
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which is an hyperbola.

(b) :  x(o~x)::k

~which is two pérai}al‘linea if c‘?hk,twd_imaginwry lines
if ¢'<bk and two colncident lines if o bk.

THEOREM TX ¢ The iécua‘ofbé pbint'which moves so that the
sum cf'ifs'distanees‘frcm a Pizxed line and point is.a ocon~-
f staﬁﬁ;is{a} if ké ¢,the x-axis twicesif(b) kyc,a parabola.
pROOF: Y

¥ﬁ_

; - Pig.vii.
Lp+Pt =k |
x# 7y (o-x) % k
or y=lkeo)(kto~-2%)
(a) if k=c,the locas‘becoﬁéa ¥ 0,which is the x-axls
twice.*®

{b) if kye, k-c >0,and the locus is seen to bo A parabola
<k+c 20 '

open t0 the left and vertex at,

*For P',distance is LP'+P'A-k(this is whers point,whose
locus is to be found,is between given point and line).If
P! is to the right of M,P'M nust be considered as <0jif P!
is to the left of y-axie,LP' is consideroed as<O0,

# To consider entire parabola as 1o¢ua,for points on the
parabola to the left of the y-axie LP' must be taken as
negative,otherwise,sun of the distancee could not k.
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'(a) k¥g,far the parpéndieular is the éhortest distance
£rom a point tp a line.

&g&GRE% X1 The locus of Y noint ‘which moves so that
:theiﬁiﬁference of itw diﬁuancas,f:am a fixed line and a
Pixed poiﬁ£~ié_a aonatantgiaﬁazparabola,of x-a#is if k<o.
| " PROOF: PL-PM =k  Using Flg.VII.
or )’y?QC«kf" éx:ikawhigh.on‘équaring becomes, .
| oy (kre) kmor22)

Qé) Ef k= c,the cmnet&nt term drops out and the locus is,
: o T hox, | | , ,
- This is a éarahoiajﬁith vorbex at the ordgin and open
“ta?tha fighﬁy | |
(v). I k?cglocua is & parabola open to the rightjand vertex
‘atg”g‘}:f’" S
&n)” VIf'k<c,and\W<qd.tha'lacua is & parabola open to thi

=t

: Lok
right and vertex at( ) ’QJ;If}kI>bLthe locus is a parabola

. o=k )
~open 4o the left and vertex ab 2 +0

. IHEOREM %I _1The locus of a point which moves soithat
‘the quotient of its distance from a fixed line and & fized

point is a constant,is acconic section.

PROOQEF — . o
‘Yf‘%g:g'"}"' -k Using Fig.VIT,
AT L grR(i-E)~fexte= 0.

(a)  If 1-%20 ,i.00 A0 K=t,or k= 24
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the locus becomes,
| . v- 2oRe0
Thie ia'the'equatian af a parabola with vertex at (c/2,0)
mn&vcpen tu'the'r%ght;
(b) If 1-K70,i.0. kéﬂ the equation becomos,if 1-k™- m,
yrmx-aexf0‘0¢ |

¥ ‘ -
Subatitutlng P x‘fm”,the locus becomes,

v R so g(m=1)

Y mx.
which is the equation of an ellipse.

(e} 1If ?~§7Q,i.é. t>%1,the eguation becomes,if {akzm,”

> 2

v~mx~9cx+a-0“

Substituting x=x'e £, the looue bocomes,

. - mry
16 2~ D
yenx’ > = 0 ‘
which is tha.s&uation”ef an hyperbola.
. THEOREH ZITiThe ‘llocur of a point which moves sotihat
the product of iﬁs'&istancea'fvom a finved point and a fixed

. gﬁ‘ .,1(-
line is a condtant,is, ¥ %’ & =% acx. *

Proofs xm ¥, Using Fig.VII.

e k7
or y = 1~c“xfﬁcx .,

x
(a) If k' t,the loeus is,if c=1,
V= 11 ~1-%+2%x «8ee Pig. VIXI.
) If K 71.f¢ plog let k=2 end c=1.The locus bgcomos,
yi-%;n1~xiﬁx,1333~?ig23. :
(c) If K'<1.Let kx=1/2,c=%,and the locus becomes,
| &"”ig ~lex?x «See Pig.X.

conedes ( Xy = -x=2 “ bxrbq ,where

* Thig, i T the @ id
zfiﬁi s simx!?r to tge ?%i%%x qﬁion the %ﬂco
g-tborn is nissing.. '
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Conelusionsis Xk increases,locus,for y =0,has greater values
for x;and as k decreases,locus approaches the line untill

‘when k=0,loous Eécoﬁéé'the line.

THEOREM XIII iThe locus of .a point which moves so that
the sum of ité'diepadﬁea‘frbﬁ a fixed circle and a fixed
point is a constant,is an éili?se.the x~axis,géction of

‘an hyperbola or a straight line. .

PROOF 1 g
, %- / L P{y,v) : .
o | Fig.XI.
LP+PY =k

or. . f‘-r+7§§§:52?7;§;aé k.

W

Redueing this becomea,

£ = (r*k) -
2(r+k—a oos e)

Qomparing this with the general aquati‘n of the chnic

L= 1z s
the looue appears to be a oconic aection vhere o “”"E ,
and n L£§%l~” .

{a) if o =1,the locus is a parabola.If e-—1,r+k ¢y .
which wmkan substituted inta the general equaticn gives
= 0uA glaﬁcé‘at the figure shows that the right half
of the x-axis will satisfy this condition if the locus
is determined by going*fromAbﬁoAP-fP to M,and consider-
ing diréction to ﬁhafright as:poaitiVé‘én&‘to the left
as negative.*

* The left side will not eatiafy the equation for the

same value of k,but for k-k+2r,if -distance from the oir~
cle to the moving peint is chosen as the shortﬁet dist.!



(b) If 9371 namely"cf>r+kifhié is impossfble,for one
side of a tricngle nay not be greater thah the sum of .
the athtr two sides.
(e) If e<t;namely ayirfk.ThiS‘is poaeibie,therafo:a the
‘lncug'ialan’gilipéé. EE |
The abnva~disdu§sion}holda fbr‘P"ekterior to the circlé.
If,then,? is 1naide LP becomes (r-f),and locus is

= (::§~;‘oos e). |
This may be eoﬁpé&@é@ﬁ~t¢‘ﬁhe génera!ﬂequation of the
conic,as was done before.
(a) If e=1;é:f—k,énd iqoua becomes £= 0. |
(b) If a;7}.q?rek,and'lo&ua'becOmea gn hyperbola,and
since‘F‘#&a chqéeﬁ ingide of the given‘circle,those“
valﬁes‘inaiéafof the circle only,should beused .Fig . XBE.*
{e) IP eit{c?i~ke?hi§,is‘impoeeible if ¢ L1e outside of
thé'circlegfor c7r.Forfn,ineide of the cirocle,it ié
also 1mpassible;£or e+k7fr‘# |
THEOREM XIV3 Thé Iocus‘aﬁ:qboint whiech moves so that

the difference of ite distances from a fixed point and

fixed circle is a eonstant.isrgn ellipse,the x~axis,a

aention’of‘aﬁ'ﬁyperbsla~or & straight line.Using Fig.XI.

paoam If the locus is obtained by taking LP-PY =k, the

* Aa a special case under (b) if r=k,locus becones a
straight line. ,

# Discussion of all other casmes in this theorem,where

¢ is inside of the cirocle,is not given,fob the reeulte
are the sanz as if ¢ were outside of the circle.

18
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equation is the éame as that .for Th.XIII,for the only dif~

.ferehcé is th&%ftﬁé?négati?e'ﬁighn'6? the.radidal is used

and this dieappeare on’ aquaring-!f the locue is obtained as

PM»LP k the' equataon becomea,
, (rek) -c™
= 2Zr~k~c eas 8)

which is the equatian diacuased under the soobnd part of-
Th, XIII. A e
THEORBM XV: ?ha Yocue of a point which moves 8o that

the quotient of its- diataucas from e fixed po'nt and a

Pixed cireie is & constant ig ;
p= 8 COB _©=Kr # (Vr-c cog Q)~L1-%)(c~kr3_
T ; i 1‘*1" : )

whiech for certain values of the oonstant ia ‘an ellipse,

hyperhola,x-axis.limaccn oy two ovals‘:.ayn

Ty

PROOF: : 7?fc— Lo cos §

% -t k or equaring becones,

#(1-k)f2?(kr~e cos e)+c-kr"0

or 7C).c: cos 9~krr7ﬁ—;r c cos O) (1~k)(o~
" : 1"k : ; Ll .

. The locus will be discuaaed whare k*1 k74,k41.

‘A. If k- =1, the locua redtces to,f;“
, _y=c*
7 Z(r~c cos )

(1. If e= r,tha Iocua becomes tha x-axie.

(2) I c<r.the locus is an ellipse,for
. . r=c
it , .
fo“ ; 1~(c/r) cos 6, is the locua.and c/r<3

| 80’ that the aquqtion ia an. ellipae. ,“
(3).1f c7r,the locus is an hyperbola,for c/r >1e
B.If ?¢1 and ¢ kr,or kr= :tc,the 10618 becomaSs.w

2
P=03 orP‘tak‘ (c cos © -kr)

20



B. ) o ‘ ‘
(}) I M | >1,the locus ie a ?imacoh without bhe loop,
~2c
‘the equation’ being,if w7 k-1 (k-cos 0)sand if

=2¢
k;>~1, %=1 (krcos e).PorIJN,c'>r.

(2). If}?]<1,the 1caus is a limaconwith the loop,the eq-
26
uation being when 0<k<1,7 = k=1 (k-cos 6);and if
-2¢
0ky=t, ¥ = k=1 (krcos e).For:d<1,c<r.

C.If %71 o o - ‘
(1)eIf r=c,it followe that Kr>c ocus hegomes
cos 9-1+7 (¥.cos 0Y=-(1-Kk)"
) fFe T T Ak .Seo Fig.XITI.

(2).If;c>r,it follows that Kerr,or k 7r/ci;but it cannot
be concluded‘ as to whether the ratio c/r%l?,po eaoch
will be»diacﬁseéd7separately--

(a). If kr-=c,the 1ocua becones,

o- c{cos 6~1)I7ﬁ3§1-coa oY~ (1~leg-r\c
. s

~c(1 k)(c~r) is always poaitive,so thht uhe
radxeal is always real and:7¢(cos 8- 1),which
shows thet as 6 wvaries from 0'to }80 thet one-
half of one‘pvalfie abovo and one-half of ﬁhe
other oval is below the X~éxis.See‘Fig.XIV.
(b).If rk7e; The radical is always real so that the
locu~ goes around the origin.*See Fige.XV and XV'.
(c);If kr<¢,the radicﬁl is always real.See Fig.XVI.
(3).7f o<r,it follows that Kr>c.The radical ie aiways
raal.#i Ses Pig.XVII. ' |
D.TP KXY '
(1).If r-c,kr<c,and the locus b
e °°‘W,—'§W

% Qae Yote .
*4See Hote II.

21
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For scme Valuea uf '@ between o and 180.(k-oos 9)~<
(1-k).When 2= O'P is real but for values of €= 0
up to a cartain angle(dependinw on the values of
the constante choaen), P is imaginary;from that
'value of © on tp €= 180, Pis radl,and the lqcus
will be éimilar{to‘thatkbf Fig JH¥X . 2222
(2).1f c>r,it follows that kr.<o.The part under the
radic°1 may be negative ‘for some valuea offt 0,80
" gome values of‘f?may ?9 1magina;y.8ee Fig.mxg
(53V1f‘ch;th¢n7k3<£;Aé\ﬁéfbré"thia“musﬂ be con-
~sidered under tﬁreé hegéé: '
(a). If'ﬁ}'c.thé'radibﬁi‘ieyaiﬁaﬁsiréél and the
two halves of tho bvalﬂ are on the same eide
" of tha xuaxia for 0434J80 See Fig XX@'
(b).IT kx7a,the loaug‘yili be aimilar to that
for (a) above.8ee Fig.XXis
(c).If,E}Zé,somé‘bfithe'vaiu;s of ¥ will be im-
agihary,and the loous will be similar toFig.XXIf.
' THEQOREM XVI: The 1bdua1§f‘axp§in§ Which moves 8o that

the product of its dietances from a fixed point and a fixed
circle is a cohataht‘is,(??:?af?‘)(€?c22cf‘cda 8)-~ k. |
PROOFs - ﬁE;;:g;;‘;;;f§=(f;,);‘k, br on:a§ﬁaring
(7 ¥-22) (¢ 6200000 ) = k.
In.ordet to de%erminétthe ﬁéﬁﬁrelbf the’lééua,valuos
‘wilT be assigned to ihe various oonsbanta,and the locus
plotted Points on the locua will be approximated in the

following mannar,for a given Value of the variable O,roots
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of the rasulting fourth degree aquatinn will be. approximatn

ed uceording to the following hheor@m,“If ffa& and £(v) -

have cen&rgry,pigna,a reot of £{p) =0 lkes betweank and b".*

Stﬁrm'?ﬁthéoréifﬁiii b@;émpiayeed,thrdug&out to show that.

 a11'r5¢§gfhévé&5eén‘&etefﬁined.Ih oider.to'ieasen the‘émount

'of éb&pdtéﬁiaﬁ bhé %diue’1“w111:be aaaiwned to the constantes

r and k:an& the eanetant ¢ will be allnwed to assune varioua

~valuea fraa o ﬁo 0 It will be readily seon or painted out

C L thaw  these  cheser :
that ather eénatanta will give eimilar 1oci.

‘I.I? the painb is outside of thn circle,three different loci
mav ‘be obtainaa,ewamples ef which are the fol'owing:
-W{1) If ¢ =2 ,r i,k 1 the locua hecomes,

e tem e 008 @+h)= 1.8s0 Fig .XXII.

(a) If c 5;? f ‘and k=1,%he locus becomes, o

| (P—ﬂ)(/’ -6 cos 8+9) = 1,800 Fig.RXIII. .
1,f(3) If O—A,r ‘ and k-1,the locus becomes,

(fai)(:” .»6 cos & +16)= 1, See FigXXIV.

™ Fr&m the figure it nmay bo °een at once that if the
ccnstant ,k, ia greater then haelf of the aistancs between -
the point and the circle'i.e. i - ¢5r<:k * for 6 =0 there

'exiats only two raal roots of the equation and ths lccus

must aagume A éhape similar to that of" Fig.XKIII‘Fig.XKIII

will oceur whenever ‘the following relatiohship exiata be~
tween the comtanﬁe,“%z'- k.IP cgr7k,the loous will be

‘simﬁiar 'bo ‘bhat of Pig XXIV.

II‘vath9;99%ﬁt ;gginaide of;theﬂcircle,i,e.,if g {r;the

* Fina’e;?C§11Ege Aigébré“;pp.450-

33
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locus will be similar to that of Figgxxv,except when
‘~v€hé.yéiﬁt ia.at-tﬁé pentei of the circle,when the locus
is & circlé;‘” ' o |
III. If the peiiﬁ. in on the circle,i.e. c-r,the two ovals
© within tho larger contour roduce bo poimts.Seo Fig.XXVI.

THEOREHM XVII:The‘locusAOf'a poiﬁt'which‘mave§ so that

the sun of its distances from a fixed cirele and a fixed

line ié‘a,conaﬁanﬁ i= d parabolé&_br the x-axis.
PROOF & ol
<::g;zj§/*

<——-—C"5"
Fip.XKVII‘

. MB4LP= |
or f~r+¢~f¢o?- k,which givee.
o tree ,

f T-cos & o

Gomparlnb thxs thu gencral equabion of the conic,
: 81

. i

553”333 e,
it is aeeniat once that the 0nlyﬁpoéeible'case of the
ponie is tho parabole,singe e ié:1aTh6n m e ksr-c. *
e r+k-¢,the loaﬁs baaomeé thé x=omis beiweon the point
and the7cirele.aﬁd'if direction is taken into consider=-
: abicn,it m*y be +he ent*re x=axig.

TdmORFM X III:The losus of o point whichk meves so

|  that thg dmffcﬂence of itu dietencer froem a fixzed lmne and a

Pized circia is a canatanﬁ iv a parabole. Using Fig.XXVII.

: gPRQQF: - ~frrre-foos @ =k,from which

% I Pxis inside of - the cifcle,the equation ia obtained by
repleacing r- for f ~r«Rosult is similar.

37
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‘ c+r-k Y T S P \fkﬁl 5 . EI
or : 1Q 1*cos G,Whioh is a parabola. ‘ ; . ko

THEOREM XIX: The locus of a point which moves 8o that

the queotient of ite dzatanoes frum a fixed circle and fixed
line is a conatant is a conic eection.uslng Fig. XXVII.

PROOF: Pr
,~c:f??§3 6 ‘k, from which

[  ‘ o ke-r
' l i f>;1+k cos B4

on com~arison with thefﬁqﬁatiﬁn‘érftﬁ57con1c.if'ksf.~
the 1oqu$ ET S a parabalazif k>? the lacus is a hyperbola;if ¢
k<t,the 1ocus is an ellipse. (provided kc7sr)

THEOR@M XXiThe 100&3 ef a pcxnt which roves do that

the praduct of 1%3 distancaa from a fixed eirole and a fixed

line is a constant iaf”‘”'
. err cos-827 (Q#r cos 97;4 gos8 a(rc+k)
: : 2 con © o - 4 Using Fig.XXVII,

whiohfbn~aertain values of tha»cﬁnsﬁénts;ié‘ihe conchoid of
Nicom@dea,or the orivin:n L | |
PRGPFa (P—r)(c*?oos 8)- ‘kyor aclving for 5

| . &rr pos 317”(cfr cos OF=k 208 8(rck)
et : t08. G

AJIf the term‘k éeé'®(r6+k)7gaea‘but;which”it*will'if

re=k,the locus becones, ' /
, £ =r~c/cos 93 or f-a.,

On campariacn with the equation of the conchold of

Nicomedes, ; x,
p,=a c8e Orb,

it is séén‘at:bno@ thaﬁ the'locus“ie the conchold of
Niquedea¢1frr‘=cf.r7>o,br r<<a'thé three different types
of cohoh&ids:iafohtainedgfha firet has the groater ocusp
ﬂouching the“pfigin,thé gsecond has the lobp,énd thé'last
haq'th371aaet proﬁiﬁent cﬁep.*i5 |

* Refer to “Plane and Solid Analytic Geometry",Osgood and
Grauatain,pp.21“.



. B. Ifﬁ£hé term 4 éos'O(ré;k)Adoas not. drop out.
1. If r= c,locus is sim&lar to Fig.XKVIII.

II«If ree, leous is similar to Fiye.XXIX and XXX.
‘III Ie r7c,1ocua is similar $o Fig XXXI.

TEEOREM XXItThe locue af a noint which moves 80 that

the sum of its diatanses from two fiﬂed ciroles ie a congb-
ant 18,'

‘4x[ko+d) (kfafb)) ~4(k+a+b)y+r[ &d+&dc-4d(k+a+b)+4(k+a+b)c

~4cd~4a] [c~(k+a+b)}+ d [angcﬁﬁ(?+a+b)] =0, (From Fig. XXXII);

Thia ia angeﬂ&?&& equation of the aeoond degree and 3h
: therefore is a conic aeotion,the nature of t“e conic dependn
1ng on the relationship between the conatante.It will be
,ehown that Tneorems IQV%IX@XIII,and XVII,are epecial cases
of this theoram whera the circlea haVQ become point oirclee
- or strﬂight linee,which means thatathavradius hes beoome'
zero or infinity. | REL

A, TheI, whera both circles Rars shrunken to pointe.

L='(d+x)7 y‘.ua
- OM- 7(c~x)f-y
BL+BM k then becomas

o P(dfx)+~J Krarb= ;(c~x)¥ y,which -on squearing to remove -

; radicquwhagomear.
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&6

(a)ﬁx[-(o+d) (k*a+b)] -4y(k+a%b)+& [&§&o~d(k+a+b)+c(k+aﬂb)-cd~o]
i c~(k+a+b)]+d [d—25~2(k+a#b )] 0 | | o

S IR a- o,a O and b= Q.the clrolss become pointa,and locus is,
'x(k-o)+ky k(k-c),wnich is the equation obtained before.*

.Th.v,where boﬁh circies have becume straight Iinee.

>4

e T = ‘ VXIII. .
Vx#(a&y) ~a+‘.x~b)1{y~b/m) -t = %,1is the general equation

obtained for twa cirelea from Fig‘XXXITI.,F

If we lut o—a,then a-—b+b/m. hen the aquation beconmes,
on squaring thce-ue remova radicals," ‘i 2
(k+2a) (xry~bx+by/m~ay~k/h~a%) [bx-(b/m*a)y]o
Dividing both aides through by a’ ,the equation becomes,
; {k/ar?)(r/a+y/a~bx/a+by/aa~yk/4a~?) 1/a[ bx/a~(by/am +1)il
: Letting &-%qtha equation raducea to,

‘ mx+y(rm+ .~1)— ~k7m+1 ,which is the aquation gotten before
whera here k 1e the negative of k-in Th.V.

0 .Th Ix,where the 1eft~hand circ?e haa become a line and the
i other c;rcle beeomes a point In equation(a) 1et éa= a,then
1et d%mabgs,and ¢ c.The equation then becomes.  1
| (b),ax[1c+d) (k+ai] ~&y(kvﬂ)-+&x[a+do~acd+k)+c(d+k) cd-c]
} #[en(d+k1j+d [d~ac~2(&+k)]'o
v 18 k c,(b) becomea,
;; ~&(c+d)y o,which ie the equatibn obtained before.**

V*Saa Pg-5 ’
** Seo Fs. 1\/
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If k#a,(b} bacomes,

&xy[cwkféd(c—k)] »&(krd- kd}y+@xa~3dk~dv aeﬁnck+2adk~cd—3)
~oikHhdl whad” aackahcdg+hﬁk 0o - _

Dividing through by d,and since d ;uathe equatian bacomee
¥ (k~a)«?(?—c}nwhich iam the equat on ohtained before.
D. Th.xiii,whare the ripht hand cirala has bacome a point¢

S Pig .XXXIV.
PL=F ~7. - ,

P¥ ={¢=rcos Q)Qf%ih‘e“”wb, or Jic=876 cos & =bs
Phs sum becomesiic~2c cos © = k+b-?7r,which on square
ing gives, - D
KibLrig2r (kb br2kb L
= 2(k+bir~c gon @) v ‘ ,

Let b‘?Q,a?d the equatiOn beaomes ﬁhat ?otten bafore,
Lrp)mg ) S :
* = 2lkrr-¢ cos &) .

E. Th.XVII,ﬂhera the right hand circle has become a atraight
line.The line aheuld not go through the oipcle,therefore
the aquation of the rinwt~hand circle must be ohanged

ssliwntly to insure this. ;'

P

NP

|
!
I
|
|

]
2

b C

Pig.XXXV.
* Bee Pg. 11 .
** See Pg. 10
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’ 'PL fmr

) PM WQe+b) -2(c+b)?cog o+f ~b,
The eum then becomes,

| ervy 27008 8(orb) = r-f’+'n+k,

Reducing this becnmes,' =
. chbc~r~2r(b+1')~k ~2blk_
-~ 2 [(erb) gos e-r*bgk]

Af‘and if b-—%@,the circle beconmes 2 line through (c,0)
"paralle’ to the y—axia,and the equation bacumeo that
fvgottadbefere,

. Prk-c 2 S
iy = cos 6, *

THBORE& KXII;The locus of a poiﬂt Vhiuh moves 80 that

the differenge of 1tq &istances frém two fixed cirolaa ie a
Qonetant is, o .
b7 [(dro)- (k+a~b)] -&y(k+a~b)+i&x \‘_d‘(dw} c(d+c)+(d c)(xcm b)_]
,.+[:z~<1:+a~b)]+ﬁ [ d=2é=2(kra~b)]- 0, (From Flg.XXXII)
~ Thig likewzee 13<%hﬂhgeﬁﬁ£&l aquatxon nf tho second

degrae and tharefore ia a Lonic seoﬁion,the nature of the
 eonie dapendxng én the relatianahip batwaen the oonstanta.
It will he»shown that Thaorema za.,vt xzv and XVIII are
eriﬁiﬁingcaaea of thia theorem,where the ¢irclies have beeome
‘pointa or straiyht 1inea. , i |
&y Th, II,where both circlea hava shrunken to pointa«Sae Fig.XXXII

7FE;;IE;— k+a~bf773:§7;§7is the Iocua,and on eﬁmplify;ng

b&comee, o
fe). 4x* [(d+a)-(1»+a-b)] ~A(ﬂrfa-b)7+4x [d(df-c)-c( +o)+(d—c)(k‘+a»b)]

| +[c-(!r—fa-b)] +d [d-ac—a(x:+a-b)] =0,

‘ # 566 Pg. 37
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and if ar%O,baeﬂ,and d ‘becomes c,the 1ocus is that ob%ainedas

befor@ .
Pt x{e»a) ~ay Pag(gma) .

| BTh, Vl,whera both eircles have become straight lines.Re~
for to ?1g.XKKIII‘The locus for two circles is,
Jer(a-y) -a =71 x-b)7 (ysb/m)do = k

Reducing,this becomea,if we let c-8a,

[bsz-ar( aﬂi/m)} - k( Y a~b1~h/2~ny+by/m) .

unstituting the value for b ‘f 1 ,and dividing by a,

b, : X “ amyx g, ay
-[r"ﬁ""““#f'r'J HCERE - B AR

ﬁatting a Zw,the equation bacomes,‘j_  ;
mx~y(7~_f'+‘1) * kV_——T,xhich is the equation gotten
bufure if the positive value ef % is uaed.**‘

C. Th X,where 1eft*hand circle has became a line and the
other czrule bacqmes 8 paint.Equation(c) becones iﬂ we
let bﬁQ aw& 8= d,. ' ‘ :
&x(c+éoﬁ~knakd) hy(k+d)+hx(2dc~cd~c-?dk+ke+ k3;)+ﬁ~(k+dx71

+d [aa.acmg(zwd)]—o. | |
| ﬁividing by d and Jettmng d—%w ,the eauation becomes,
¥ (k~dﬁ ~2x(k-c) yor ¥ (kme) [ (k+o)~?§ vhich is the
equation of the parabola ebtained before.If =0, the locus
becomea the yaaxie. T _
| De Th‘XIV,where the right”hand circie has become a point.l
| From Fig.(XKIV ahows that the loeus ie,

Tc~2feos g+ = k+f ~r+b.

Squarihg this becomea,~
p_ kiTieialkbokrobr)
"2(r~k~b)-? cos ©

If we let b =0,the circle becomes a point,The equatien
necomcs,

*P,{"oz"’
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rel) -0
’”é-(;:%:z';sa) B
E. Th XVIII where the rightnhand glre&n has become & straight -

1inaonefer to Fig.xxxv.“ha equatzon for the two circles ia,

fﬂfb)+? ~2 Peos e(c+b) _ f+k~r¥b.

Squaring and reducing this becomea,
o kiry2kbesky-2rb-c-2cb
' 2(r~¥-b3~a(c+b)coa e .

'Diﬁ*dina nunerater and denamenatérx%y b,ahd since b7
tha locus beccmes ‘that obﬁazuad before, | |
grr=k W
f? 1 cons @ &
%HEORF% KX?II zT%e 1acua of o noint which moves sotthat

tha quatien% n“ its distancea frnm two fzxed circlea is a

constant ie, ==
7 P~v ~«bk~kw+e cos 9317 (bk~ka+c cos_ a) -(%~1) E(buka)~c]
S _— ° | k m3 5 55

A. TthII,where both cireles have bacnme polnta.The equation

for the two circlea Prom Fig.XXkEI ia,,

7Cf;§7¥57—akkb+ﬁﬂﬁ§357?§7
; Squaring and reducing this becomoe,
(d)t (=) (1 ~£Y +(a-kb}+(a—-1€c‘) +hilarre) +2 () (1-1) [ax(am‘g)
| ~(a~ybuf<aaz£a>] ~2(a-pkp) [(d~ ¥6) " xiarm]f‘*x‘(aﬂeo)(a’-ﬁé)
-kk(aekb)(c+x -2 cx+y) = 0. :
If we lét a=0,b-0,and d=c,the circles become points end
’ l:the locua becomes,v |

(=37 Y (1K) (1-¥) +4m(1+k‘)fa(x+y)(1-k) [9xc(1+k)+c(1-k‘ﬂ+
axdmﬂr‘)(i-.k) =6, or

- B1~?3(x+y+a)'f2c(1*k)x] o,whieh ia the eqaation ob~

tained before.**’

"% _Beos Pg. 30
*:*' ~$09. Pgo ; 4
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‘Q.@heorem VII,where both circles have become straight
woc >

lines.Refer to Fig XXXIII.The locus for two circles is,

yx r(amy) = a-kc+k%rf§~b) + (y b/a).

; Squaring and reducing this becomes,letting a—c,and

exnreaaina b in ﬁerws of ¢,

Lonry
("*y“;{"" "Fc(“lmﬂ ) * Fan +2(mf)(1—k)[ 2yc(1v;r'i’\)
) 2enkx . » "’cm} e
AR "‘”‘“"”“J -y (1 Wz%f{ 7oA +zck-21rc J+

%mck:& ' . Z2emx 2ey
m+t (hck”ukﬁ ) l‘hkpcl(‘nk)(x - m ‘/‘yz 'I‘T—"—r -+ ‘&'kc +

LY wﬁakcuékcfi k+?) = Qe
ﬁividlnw the equation by © ,and lwtt*ng cewait becomes
mkx»y(k+ 1) a,and dividing by k,

mx~y(!+7m+1) e ‘
' ‘ ©, which is the eauation gotten before

with the exseption that the constant is different«reciprocal)
0. Theorem XI,wnere left-hand oircle becomes a 11ne and dther
’eircle bacomes a point In equation (d),if b 0,a=d,and
d—~~,the locus becomes,’ , ,
(x?y’)"(#’ek’)‘fdi(d:kc}wx(dfka)+2(xfy)(mg) L2x(atxe)-d'+
(d=k¢) ‘.-éd‘i(di-zc‘é) 2x(d+e)) +4x(d+kc)(d~xzc)-lucd(o+x-aox+y‘) 0
ﬁivi&ing«by d,an&mlet d=»’5,the locus becones,
efter dividing by k,
x(1~*/k)+'y~2cx+c —Q,
: which is the equatfon gotten before except that this

constant is the reoiprocal of that I used before.

D,Theoren ngwhere the right~hand cirols has bocome a poiht.

The locus for two cireles ie, using Fig.XXXIV,
(c-roos e)+r sin’e =b _ .
£ -a , B ,which becomes,

f?(E¥1)+9f(kb~Fh+c cos e)*+(b-kaf'~ém = 0,whence

~(kb-ka ¢ cos e)fVEZ§;:§a+o cos 9)= (P 1) [(bnka) ol
KX

ff"ﬁ
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‘aud i b O,one circle becomes a point ‘and locus becomes,

. o cos O- ¥aF)/{c cos o-ak) r(”a~§7(1-k)
r= -k%1 ;

’

the'éQuation gotten befdre;*
E. Theorem XIk,where the richt"hand cirecle has become a
etraight line.The locus for two oirc'ea is,using Fig.XXXV,
VTGTBFC§TG+37¢??§_Q+F —b » = k;

Reduc*ng thia becomes,

f{? 1/&7~gf{}o+b)cos $’Pb/knr/k]-fc+26b-fyk+2br/k 0.
inidln&fby bgand 19tting-b—?”§the equation is that
gotben befcfa,J | | '

ko+r
-F i'}‘E c@a LS

gDISGUBSIOﬁ “F TH GGUS,WHFk T%“ TWO. CIRCLFS REMAIN AS PIROLESc

«Several differant‘forms of thmflocus have been obtained,

80 ﬁhat uhe mosﬁ eimpls equation will bhe chosen fo* diacuasion,

namely,uaing Fia.XXXIV., . . _
_'»(bk*%afg cog e)¥]/(bk ka to..cos as-(g~1) [&b&ka) ~c)
_ ; }"“'4 ) L ; ‘ .-

A Ii’ k“ the 10611.9 ‘beeomaa btalned f om Pig.XXXII.
{(d+x)ry a-b+7(o*x)¥ ’ &

Reduc&ng»thﬁ@ bacomas,.

4x [(d*o) (a»b)] -4{a~b) 'f&x[fd+c)fdté) ’d+c)(a~b)'*
cha—»b)] [{a 0)"”&.3"13)-] ~ila-bie=0.
' This is a ganaral enaatinn of the second degree where,
if B ﬁ&? =0,%he locus 18 a parabola,if B-4A0<<0 the locus
L;a an ellmpae,and ig Bo&AO'?ﬂ:%he locus is an hyperbola.
Here E O, =4 [(d+c) (ana)] ,and o= «4(a~b) «The relation-

‘ship between ﬁhe cons,ants,therefcre to get the different

% If a=b, the locus is the m1d~perpendicu1ar to the line
- joining the centers.
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"%donic sectione ie,for a parzbols, (a~5)2¥(dﬂa)§for the ellipse
‘(aéb)ﬁ?{§¥cf7;fof ihe hY?e}boia,'(a~b)?7(d+cf},-
B.If k71*(U91ng the equation from Fig.XXIV)
I; I2 b= a.To sinplify plaﬁting let a b 1 {other const.similar
(1).If e~1,loeus will be,similar o Pige.XXKVI,XXXVI'.
(2} Ir ¢71‘iocue'will be éiﬁiiar to Pige .XXXVII,XXXVIE!
,,(5) If c<l,locus will be similar to Pigs.XKXVIII XXXVIIIY,
IT, If axhb, 1o¢ua will be similar %o those above or an ex=~

ample worked eut is that for Fig.KKYIX,XXLIX '.

0. IP K<Y.

T.If b= a.Here lmkewise choose a b 1.‘

{4).If e=1,locus willkbe,similar to Pig.XXXX.

(2).I2 c71,locus will be similar to Fig.XXXXI.

(3}.If 0<1,l0cus will bo ui,ilar to Fig XKKXII.
"II.if'a#E;the iﬁcus will be similar to those under 0.I.
GGNCLﬁSIOﬁawha ldcua;dbtaiﬁaﬁ for the quotient of a moving
poinﬂs'distaﬁce as*a ¢onsﬁant,app§ars to he two ovals,one
within the other,when tvwo distinet circles are used.Some-
timea(with certain cohatanﬁa)'tﬁe,ovdia are touching,ae the
~ lomacon,so that Lhe author is léd to believe that these are
‘gensral curvéa under which the 1iﬁamon is = special(curva.
It should be ﬁntioedAthét the limacon and conic sectlons
1noludiﬁg the straight Iine,werevébtained when the radii of

 bondh or one circle has become zero or infinity.

THEOREM XXIV:The locus of 'a point wnicqhoveg‘so that the
poduct of itse distancés from two fixed circles is a constant is,
P”«Qﬁ(c cos 6+r)+? (cfr+4ra cos 9-b )-”P(cr cos S+rctb¥-br)t+

rc~k~b o+ 2bkr = ¢,
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'AsTheorem IV,whéréxboth circles have shrunken.ﬂovpoints.
?rom Fig.XXXII the loocus for’two circles'is,
(/7;;3:;‘ ,-a (7—;:;7;—§ «b) k. ;
LA Letting r, represent7f31;37§‘,and r57?3:§7;§;the locus
~becomes on squaring and reducing, .
(1 4a%2rs) (£ohrl 1688455 1)+ K rbr258) + 4K & SBrib 2br 2 2B -28x)
ha(gii)(ri95f¥g)['Etf?5)+2ak(gzbt}b5]+4ag(g#ﬁ)(;ﬁbnﬁﬁ)
‘-4E f\k~2abk+ab)— ' e |
| For tha circlee tu hecome points.a n,b‘c and louus is,
gxgr k)*'o,cr subaﬁitutlng in uh? va]uea for r and 1,
| (d*x+y+§d1)(c+2fy~2ox)nk O
Lettim o-d, |
’ ;e+x*y;“cx+£5y* 2=y - k,which 1s the equation gotten
*fhefoiakﬁheﬁ,:x—f,the locus is imaginary.
éB;J’l‘heo':'emv VIII,vhere hoth circles have become stroight lines.
f'fhe locusg of'the'point from two aircies from Fig.XXXIIT 13;
(75212:}3~ w&}("ffﬁﬁb)af(y+b/m)z ~c) 1k.'
I? r—7§7{§z§j—éﬂd T, ;Wx«b\+{y+b/m) the locus becomes,

(r~a)(r )-+?/r+e)+Laac£r~c3~”(r~a)(ruc) [ k(r*c?+2ack(r cﬂ'f

vkakc(r~69=-ﬁkc v+ hdierl ﬁc)+3ac rlrad) e
oubstitutinv in tﬁe values fo: the r s,and Ietting a=6
the locus becomes,expressing b in terms of §,

z

he
»(x+y+&cy+9xy~“xcy—&cy)‘£x+y)#4(?1y)7 (y~x)+6(xr{)mvﬂ(y-mx)'f

, v _ 16« hmex ﬁcx
“h(xfy)(mfv‘(y~mx) (mfv (y—mr,-rk(x+y¢&c‘* mt m szy+&xc‘"
hmcx.fﬁcx hoexy™ hoy’ Emcx uc; omg pid - 2mex

71 rmfi'*hyc 7 ?ﬁ?ﬁ' wA 7mwi znf?.]*&ck(x+y “TaA
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"m.c:a-_/__ bey hmexn lexy  dmoxy

TR -a(Ryteay) (s 258 a"rw e T Vaet e
i .-E amax‘r - am¢‘§ ) gmox c )]
e mﬂ] [l’(‘rwac TEA et radk(zry vt Vst 7

s oy’ bme™ ‘.‘mc] __t_gx
hclrf Z(m‘y 7/!‘227‘ +x [mﬂ“fayf?c +m‘ ] h':z {YmZ%?mT m-,t - 7

: #’ ﬁ_g&  fmex  2e Smox ﬂ)
ayc +7/m§3 ‘-—1&}}6(3%}4’ A et >~1}ek(;cfy+c W ml gl
_ Ii»m*c‘gt héy 2 dmex’ hoyx’ J&P_"E > Bmoxy

(45 "mit * a1 7 2df Tmgt st 7w Yw el )—

BQk(wfyde% fg)(:ﬁy ﬁ#) ~o,

: @ha h::.gheat. te*‘ms otmur:.ng in powers of © are ¢ .
Then collectzngf thase tez‘ma and mer:ely indicating the others
] the loqna becomes, e N | | ,
o (&y (mg‘l) (,,r -me:)-5e!' (i?f}{ k %“M+ Ac[?‘Bc‘/fBGB-/‘EchF;O-/-G:O

ELVI@..&.X‘&" ’by c ‘and 1eﬁ‘hinf»‘ e, tha locua bhocomesn,

5 =)
Taﬁ:ingf the square ‘rqot the equation becones,
- y:k/%ﬂT 1 +nmxy ‘, or if Il‘i‘:k,/;. sthe -1ocuaiig that obtained
‘ before, : - - |
‘ y- K f’_— mey.
: G"?hea’rem'Xi’i,where’ left~hand circie has become z line and
the other c:‘wcle has become o po:r.nt From Fig.XXXII the

locus far two circlea is, ‘

(r,»a)(rz—b):k, ~ where r-m

r-

on squaring this becomes, .

(zh-a)(r-b}rk(rv“b)#talfb(rc»b)w?(z;-a’)(:;?‘&)z[I;(r,?ﬁ)-raabk(r}ﬁ)] +
lmlca(r-b)-l#kbrﬂakr(r-’b)-rﬁabkr‘ {(r=b) .

‘ro let one circ’e become a point let b~€3,nnd letting
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':d,substituting in the valﬁé for 1y ,the locus beopmeg;
'f{de#&dx+%ry¢2y&+hyax+2yx] -2rd(kfy)+k£?2£§(d?aax+x}§)
~aded <o, IR e

nividing by d and let%ing d 7<><>..*t.he‘33&:%1&::-‘c;i.’ra:la,.

‘becomes a line and the locus. becemes,' | |

&g[ix ~ =0, |
r;:e,givaa an imaginaryllocua,bﬁt a real locus
’is 6btained when tho othsr factor is put equal 20 0.

&

SnbﬁtLtuting for ra,ﬁhe locua hecomee,
(qex)+y §‘, which 13 the Iocus gotten before.
DsTheééem’$VI, hare the right»hana circle has become ¢«

a poant.wne ioﬁus when both are ‘circles 1s,from Fig.X?XIV

(f-r)c Jo=2fe cos 0+F° «b)= k.

Squaring this bGQOmeﬁg B
f»af(c cog e+r>+ff¢+“+#rc cos %mb)«ﬁféar cos 6rrc+b?~br)
+r¢»k«br42bkr"0~
R TR Q,cﬂe of the c¢ircles becomes a point aﬁd the
d lodus becomss, ; ‘ | ‘? .
fﬂ+f24fc“éss 9+£?§ )n3f§(c cos e+r)—2f(r€#£b cos e)+§£-k¥o.
- Yhis ia the GQMAt*On gotﬁen before.
E.Theorea Kk.waere rightuhunu circle has become a etraight
line,from w1g§xxxv,the logus for two circles ls,
(7"-z‘)(

(cfb)~2(é+vacna ﬁff - =b )==k¢
Simpleying thie becomes, * :
~2fpﬁc+b)coss+r]+fg+abc~rﬁh(c+b)r cos. g] ~2f&(o+ﬁ)

1ﬁr(c*b) cos 8fkb~b£]+;ng+h)~k+2kbrebr= 0.
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'ﬁiv aﬁng by b aﬁﬂ detting b >a>,sm ane circle Bay bow
'”cama a iina,t&a locus beaﬁmﬁﬂ. |
*”fce% %ﬂfvﬁf r see 8)+ R 2ees s con 6fk)are*kz~ Ogop
. Cfa-r![fwa a=lotr cos @)srork] =0, o

~ The second faotor ie tho loocur potten beforeThe first‘
factor iﬁ t e pripingl sﬁ&al%;which $a sesn at -meo to satinfy
'th@ viv@n conditionn,for i tha moving point 15 n the oirele,
ﬁ%a @xaﬁaaa off the dig ana@ %&a@ the eircie end tke line te

' a?ways a@ra.

w“ﬁgaesraﬁ OF T%z nava@ wHRn PHE ?WQ'ﬂERGLfSV‘”WA?W'AS CIROLES.,

- Tﬁa fazzawing dissussion is earrieﬁ on in a geuera? nanner,
?hﬁ xéqi'ahawﬁ'arg not nurerienlly axnﬁﬁﬁhuﬁ w111 give an
’;gia@a of %ba nature of the. locuss

”'(1} @haﬁ tho nanatw“t % iﬁ gueh that na valua nf the ?uoaa

:mav x&afﬁa % 16 v»ﬁ?*@ ha%rémﬂ t%a two circlen,the leﬁus will

,l&ggaar Biﬁii&“ bo FlgsiXRXTIL,

g al is farthey fwaﬁ*aircia I 4k » anv ather point of
ie re«aﬂlv soon th«t 44 muat bo nanrer circla 1

vthan any “t%av kit £ the Yoeud for the nyodnet of.tha tyro
| diatanaeaitﬁ romain cmvat“nﬁeTh“a, allowiav the arrow to (1),
a£ﬁ¢a~ﬁha~1acus aﬂ“?Oﬂﬂhﬁa na - rer ané noarer Lhe cffcia I,it

'mmé% uharafare %e fartz@r f'sm airgia TE.A ol ﬂi&&r diecuuaion
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hal&anor‘the;iacdé'from‘(t}'té'a‘Thé“idcua'belcw is.sﬁmilgr
%o hat above the x-axis.Ovals may apper within the ocircles
‘ﬁa'iﬁfth@ﬂigure.Iﬁ”ﬁéy’betséénmaf once tﬁat the distance

ah hé;ab'de'gﬁd bcnﬁé,faf‘d‘baing £éaféchirc1é If”théhﬂa ore,.
it follows that it must be Parthor from circle I,$han & or 6.
f{ﬁ}V ﬁ$hen tﬁé“édhéﬁdhﬁ k ié7éu¢ﬁ:£hatfono”vé1ye of the loocus
 may lie on %he x”axis}be%weaﬁ~the twoféirclea,thé Iocus:will

"ba'éiﬁilar te Flg;X%XXIV The éxseuaaion for the inner ova‘a is
’aiﬁiiﬁr ta’that hiven 1n ?3 above. U

_{g)"‘ R I

| G 5 - Fre XXXKIL .
(3) whan~%he'aonatgnt~%&a;emal?“anough in ecnparison to the

‘siﬁé'an&-dis%anée'anaré;of %ha £WO circ1es theréTHaV.be two
’values af the. lncus on the x~aw&s betweonthe two circles.The

locun the* will apwear similay to F1¢.XKYRVn

N
N\

SN/

‘ 'h;WL ‘
{4y If the eirclee are tangent externally,the 1ocus nay

appeér aiuilar tpAFmg.ﬁXﬁXVI.However,if.the constant is too

great one or both of tho inner ovals may not appear.
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F/'j XXXXFV[~
{5y If the virsles are tengont internclly,Tho locuo may appear

sinilar to PigXLXKYIZ.As in ’4} &6 may Dbe that the conatant b

ie 00 nroat thad bthe inmner ovals may nod on-anr.

. ‘ F;y.zsxu_ut :
{5 If the olrclon intersecdt only alightly tho 1. ous nay

~arpeay ae Flg.fXXXYII,one ar both of %he inner ovala nob a-peare

ing. I the intersoction 1 greatar Lhe locue may appear as

PLgeKEXXVITI,4h0 inner oval may or nay not appear.

/:/‘7- X Fiq . XXXXTTT !
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‘»  SUFExR?.Z,

It has baen 9niated out that the péinte and 11ne are
1iwitinw oaaes of the circ’e,where the radlus has become Z2ar0
‘er~infinlty‘rhus tha Iogi\obtaxneéffa? genatant suga,dlfferenoés
 l€uoﬁ4éﬁts‘ana ﬁrodﬁats of twa‘points,two‘1ines;aﬁiino andfpSint,>
?fa painﬁ and circle,and a line and a cirvle.mav be. thought or as
 '1imiting 1eei obﬁainad from $wo eircles.Thus there is obtained
rela%ioa hetween different ourvea that were t&ought to have
% no ralationehlm-what o ever before.By varying the constants
in di“ferent wa ys,%ha conie 800@&03% and othor wel’ known
curvesvaa welz as gome obhor curves have beon obbained in a
‘ainilar ﬂ%ﬂnﬁ?b

Oonexdering eonetanﬁ sunms, the general cape of two circles
‘.géve the conic sac@ions;two pointe--an ollipseitve lines a--
Asﬁfaigﬁﬁ iiﬁg‘:& pcint end line~~the xz~oxis or a parabolaj
Al pnimtand cirble~~an e’lxpme, manis,sectior of an hyparbola or

a 3traigat‘lina;‘a bhne and circle~-a parnbola or the x-axis.

+ Forp constana dif;e?encaa,tha genezﬁl cese of the two

cireles gave the conicvsectzqns;uwo peints—-an hyparbola;tmo
jlineﬂfﬁa.sﬁraight‘line;& peint and Line»fa ;arabola or the x-axiss
j@:pgint'and‘ciruleaman ellipée;xaaxis,eection of hyperbola or
a Stfaightliﬁé;'a line and circ10~~a narabola,.

For oonat nt quatuents,the gensral equation gives by

Varying the. oanetantan~ the conic sections,a I*maccn and a

figure composed of twe contoure,often-appearing as two ovals
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while it hae'ﬁeeu obtained”£0‘ap§roa§h'the limacoanig;XXXVIII)m
two,points;aa circie:ﬁﬁb linss-;a”straight'liﬁé“thrﬁ thbkr in-
tarsectinnia li@e and ?O‘ﬁt**thb conic aectzons,a cirele and
point~~1ool sinilar to those obtained for the general case of
two aircles,a circle and Iinannthe conie aectidns.'

Gonazder*ng e ‘netant Paoducos,ﬁha gannral equation
gives loci simialr to. ﬂiga.xXXXIII 4o XXXXVIIT; b poknfs

"iéivg‘the Cassinian 0valagﬁwo'1ines the hyperbbla;a point and

hi,’ iine~aieei s&milar’to‘ﬁhe Gonchoid of ﬂibomcdes;a cf"ole and

point~-loci giniddy to FigeXXIL,AXITIT and XXXIVfe line and

circlew~the covuhaid ef ﬁ*»emeden or flwuree azmi&&r %o the

acnchamd.
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Eote I. ‘ i '
f&) To show (kr«o cos e)-((k-i)(kr-c) ETS false.To dc thia
asdume (1) is true and prove it false. . =
The follawing are the: aaaumptions maée;k)!.r?c. And
'it is known that », 2re~ec.
i ' ‘8quaring and reducing(1) becomes,using this fact,
(2) k(2r0~c+c-2rc coe £)< d(1~cos™6).
by b e Collecting terms(2) becomea,
(3) 2¥re (1~ cos 8) < cli~cos™ e).
S Dividing by e{f«cos 6)
-~ (4) 2ri<e(1rcoe @) ‘
" The greatest value that the right hand side may
. have is when cos © is 1,thersfore (4) becowea,
g‘”rk <2¢  or
‘rk*seswhich is *alss.Therafore by increaaing the
right hand ﬁide,and decreasing the Ieft hand slde
- the equation was prowen falone,so that 1t follows
,,at onoe thaﬁ ( ) ia false.

Hote II‘ by e : i o y
(1) To show {kr*c cos e)<f(?~1)fﬁ?io)iie false.The same
method will be employed se for note I.
'~ The following as-umpti ons were made; k;# e>r.And 1%
‘¥'s known that.c y2rc -2y
. Squaring ahd reducing ’1) becomes,,
(2) K{rret=2rc cos e)<:cf1~ cos’@),or
{3) 2rek (1~ cos 8) <¢(1- cos™0)e .
2 Dividing out {1-cos 8)5* the equatzn bacomam,
taYy Qrki c(1rcos e).v
o Bhe greataest Valua righﬁnhand side may assume is 2¢,
therefore, ; , :
2r¥ <8¢, 0r . L
rk’< ¢, which is false under thn aseumptione mado.It
has been shown that by increasing the righte~hand side
of(1) and decreasing the left hand-eide that the in-
equality is falsejtherefors without the 1ncreaseor
deerease it follsws tvat {1) is false.

[0 %4
N

‘ff* If 1-cos O &,1t ébuid hoi'havé‘béen divided out.Therefore,

1% must be shown thet it cannot equal ﬁerc.Substitute cos ¢ =l
in tne originai equation,lt becones, -5
g  krFeh2kre < kY-K(or)rojor

e cfrfatc,wqich ia false.



