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INTRODUCTION.

The purpose of this paper is to consider in detail,for
elliptic functions and also briefly for hyper-elliptiq func-
tions,a special Riemann surface in three space,obtained as
the projection of the intersection of two hyper-surfaces
in four space. It will be shown that this surface has all
the properties peculiar to a multiple sheeted Riemann sur-
Tace in two space.

-It will be seen that the surface investigated here is
of advantage in the fact that it can be easily identified,
from the point of view of analysis situs,with a double faced
disk having p holes;where p::Lt%{]*,n.béing the degree of
the function. As is well known,in Riemanns real represen-
tation this is obtained only after an artificial and some-
what complicated dissection of the surface,in which the
determination of the branch points is a very important fac-
>tor. In a sense this difficulty may be said in our case to
have been merely shifted from such a dissection to the con-
struction of a certain real surface from ite equation in
three space. This construction in our case can,however,be
made very simple. In the ordinary Riemann surface the act-
ual location of the branch points is difficult at best,and
is useless so far as the investigations bearing on the sur-

face are concerned. Similarly here,the actual construction
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of the surface will be avoided,except in the simplest case,
namely, the elliptic 6ne,and theﬁ;only as much of its out-
line as is necessary will be obtained. This construction
will be found to be comparatively simple.

This paper will be divided into the following main
divisions:-
A. CGeneral Discussion.
B. A Numerical Example of the Elliptic Case.
C. The General Elliptic Case for which f(z) has real Roots.
D. The General Elliptic Case.
E. A Numerical Exemple of the Hypsr-elliptic Case.
¥. Some Considerations of the General Hyper-elliptic Case.

G.. Double Curves of the Surface.

A. GENERAL DISCUSSION.

Let £(w,z)=0 be an irreducible polynomial in the two
complex variables w and z,with either real or imaginary con-
stant coefficients. Substituting w=ut+iv and z=x+iy in the
above relation and separating reals from imaginaries we ob-
tain the equation,

P(x,y,u,v) + 1Q(x,y,u,v)=0,
whence,

P(x,y,u,v):o}

Q(x,y;u,v)=0;
The last two equations represent real three dimensional
manifolds in the real four space (x,y,u,v)- Their intersec-

tion in four space will be the surface ¢. Assume that w=wo,



when z=2z,. It is then possible,in the neighborhocod z,,W.,
to expand (w - wo) in powers of (z - z,),and by analytical
continuation to go from the neighborhood of z, to the neigh-
borhood z, . As z changes from z,to z, ,w will go from w. into
one of the values w, corresponding to z, . If this process be
continued until z by a continuous succession of values returns
to z,,¥ may or may not return to w, . In the first case the
representative point on ¢ corresponding to a pair of values
(w,2z) will describe a closed path,while in the second case
the path will be open. The obvious one to one correspondence
between points of the surface ¢ and sets of values (w,z) .
shows that this surface can play the same role as the ordin-
ary Riemann surface.

If between the surfaces P=0and Q=0 v is eliminated thefe
arises the relation,

F(x,y,u)=0,

which represents in the three space (x,y,u),a surface F,viz.,
the projection of ¢ in that space. This surface F,as well as
$,can be used as a Riemann image;this being the configuration
to be investigated in this paper. We shall limit ourselves,
as here stated,to the hyper-elliptic case. It 1s of course,
at once evident,that instead of eliminating v any one of the
variables x,y or u might have been eliminated and a surface

similar to I obtained.
R. A NUMERICAL EXAMPLE OF THE ELLIPTIC CASE.

Before proceeding with the general cubic a special cubic



will be considered in detail. and enough of the resulting
surface constructed to show its properties as a Riemann
image. (This special cubic is chosen on account of its
adaptability to cross-section repreéentation).
Consider the equation:
W*: z*-3/z-30

Substituting waw+iv and z= x+iy in this equation,it becomes
U=V ~[2-3xY*31%x =30+ ((2UV-3X*Y +¥*+31 1) = 0;
whence,

P = v-v*—(x3-3xy*3/x-30)=0

and

Q=2vv-3x*y-y*-31v) = o
The intersection of P = 0 and Q =0 in four space is the
surface @, The v projection of ¢ in three space has for its

equation,

F (¥,7,0)=4U"-4 U*(X>-3xY*=3/x-30)- (3x*Y-v*31¥)*= 0
This surface is symmetric to both the XU and XY planes. The
trace on the XU plane is the XX axis twlce and the real

curve,

V= x*-3/Xx-30
representing all the real pairs (w,z) satisfying the orig-
inal equation. The latter,consists'of an infinite branch

and an oval. (See Fig.I,a). The XY trace consists of the

XX axis twice and the hyperbola,
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3X°-y*=3/
AAtaken twice.(See Fig.II,a). This hyperbola and the XX axis
are the‘only double curves of the surface.

The facts thus far brought out seem to indicate that
the‘oval is a section of a hole'in F. That this is actually
the case is shown as follows by considering sections of F
parallel to the YU plane.Solving F(x,y,u)=0,we obtain

B[S T

4.

where,

S =x3-3xy*~31%x-30

and

T=3xy-y’-31y
In this expression for ﬁ,only positive values of the inner
radicak are considered,as only real points on the surface
F are.to be consideredf For the purpose of examining sec-

tions parallel to the YU plane, take,

2V _ + f_: yL-ex(sz.}.rpj +3 X437 +6 x>y +/2‘/Y2‘+;90x+75/]
° (S*+T)%[5 +(s+TY%2) %

Then, if y-O,.%%..O . For all negative values of x and pos-

N4

itive values of y, %%. is always positive or always negative
according as u is positive or negative. For,-—6X6f4W9é' is
positive and the only negative term in the expression for .

2Y  is 180x;but as is easily seen, -

oy
3x+961 > 150X

for all values of x. By similat reasoning.it is seen that

s



:%% is always negative or always positive,according as u
is positive‘or negative,for all negative values of x and
negative values of y. Hence,for all sections parallel to
the YU plane,where x is negative,theré will be either both
a maximum and minimum point,or a double point,for y equal
zero and for no other finite value of y. The same reasonihg
holds for positive values of ¥ :__’-V%‘[ . For x>t€f , there
are other maximum and minimum,or double points. Since the
oval is not a double curve all of these sections that cut
it will have maximum and minimum points for y equal zero,
while all other sections within the region considered will
have double points for y equal zero. Since points on the
oval are always maximum or minimum points for the sections
considered here,according as u is positive or negative,and
no other like points exist on these sections,it follows
that the projection of F upon fhe XU plane will be nowhere
within the oval.and hence there is a hole in the surface
for which the oval is-the central section.

From the preceeding discussion and an inspection of
the sections,(See TFigs.I,III andIV),it is obvious that the
surface ¥ is composed of two sheets which pass through each
other for values of x from -cC>to -5,from~-1 to 46 and along
the branch of the double curve T=0 which lies to thé right

of the YY axis. Along the plane curve,

N A
V=x*-31X-30,y=0
we can pvass from one sheet to the other.

Taking any section parallel to the XU plane,(See Fig.I)
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two branches are obtained which intersect each other in a
point on that branch of the double curve T =0,which lies to
the right of the YU plane. These curves continue to infinity
without cutting themselves,or each other,at any other finite
point. They are symmetric to the XY plane and unite parabol-
ically at infinity.

The sections parallel to the YU plane are all parabol-
ic in nature,having for their asymtotic direction yzO. Like-
wige,the asymtotic directions of the XU sections are x=0 and
u=0,showing that the two sheets of the surface merge into
eagh other everywhere atiinfinity.

The surface I may be reduced to a double faced disk
with one hole as follows: For all values of x greater than
6,deform the surface in such a way that instead of cutting
each other in two distinct points on T =0for each value of
x,the two sheets will cut each other in two coincident
points. This deformation will be continuous and approach
zero in magnitude as X approaches 6 and will nowhere pro-
duce a tear in the surface. Having made this deformation.
project the surface upon the XU plane and the result will
be a double faced infinite disk with one hole. It is then
evident that if <° is excluded by means of a large circle.
the result wiil be a double faced finite disk with one hole.
The two faces of this disk intersect each otherjhowever,by
a well known deformation similar to that employed by Neuman,
the disk may be transformed into one in which the faces do nor
intersect each other;

Starting at a point P .in sheet I and continuing in any



direction on the surface F we can always return to P, . This
closed path may be all in sheet I or in both sheet I ané
sheet II. If may or may not pass through or around the oval.
In the latter case.the circuit can always be reduced to zero,
while in the former it cannot be so reduced,unless there be
an even number of such passages and they be in opposite dir-
ections. Hence any closed sircuit on F can be reduced to .
zero or to sums of multiples of two irreducible circuits.
These facts show the elliptic function to be doubly period-

ic over T,
C. THE GENEBRAT TLLIPTIC CASE HAVING REAL ROOQTS. R

We shall now extend the preceXding discussion to any

elliptic function of the type,
2
W= 2°-P2 +9

where p is positive and g either positive or negative,and

where the roots of

Z'-pz +4=0

~are all real. It will be shown that the resulting surface
F(x,y,u)=0 has properties identical with those of the spec-
ial case already investigated,if judged from the point of
view of the imvestigations of this paper.

We obtain at once,as in the precekding case,

F(yu =4V -4u s -T* =0

where,



S=x-3x¥Y -Px+9
and
T=3x"y -y’ -py
The similarity of the XU énd XY traces to those in the pre-

cedding case is obvious. To investigate this surface by

means of sections.we proceed as before. The equation
F(xy.u/=0
gives
v 7%
Vi 2 21/
V= 2%[5+(s +7’/j7

and hence,

4 |
W .= yl-6x(S*+T Y+ 3X +3y v ex*y —cax tyey*+py
L (S +TYE[S5+ (s +TI%]%
oV

For y=0, === . For all negative values of x and positive

= o

values of y, %% is always positive or always negative,ac-
cording as u is positive or negative. It is easily seen
that if x is negative —6X(S* +’7’z)7’2 is positive and all
the other terms are positive with the possible exception

of -6gx,which,however,is negative only if g is negative.

In this case consider the three terms,
" 3 Xy“' 69 X"f"P;z.
Itis desired to show that
3x +rrs6lqx|, ()

From the precel§ding assumption of real and unequal roots of



Z-PZ +9=0
it is easily secn that

l‘”<§'lf’p?/s (2)

Subs*titiuting this relation in (1),wve obtain

13X~ PVE x| +1 P53 0 (3)

’

Since,howevér, ﬁg is a dou.ble root of the equation
3X'-4PIE x +P =0
and no other real roots exist,it is evident that the left
hand member of (3) is never less than zero,and consequent-
1y (1) is always true. The same reasoning shows that'for
X negative and y negative, %% is always negative or always
positive,according as u is positive or negative. Hence for
all sections parallel to the YU plane,where x is negative,
there will be a maximum and minimum point,or double point,
for y equal zero and for no other finite value of y. The
same conditions hold for positive values of X % VE . Since

the sum of the roots of

Z'-PZ +9=0
are zero,at least one root must be negative and therefore
the oval must at least be partly fo the left of the YU
Plane and VZ cannot lie to its left. In fact x=VF is al-

ways to the right of the oval. To show this let &i,d:, 4, be

2 ~PZ +9=0

where &, 7% >«, . If o, and &, are both negative the prop-



osition is trivial. If &, is positive. take the known rela-
tions. &, 4+, +dyz0and — &3 =q + Substitute the valus of

&, from the first relation in the sccond and we have

2
Ay Ay +°‘L°<Jz =9, (%)

From (2) and (4) it is evident that
FAE>9> 247
Thereforé,

FPIE>24) or JE 74, ,

For x> % there are other maximun and minimim points
or double points than for y equal zero. As in the simpler
case.these sections are parabolic in nature,their asymitotic
direction being y=0.

Thié discussion thus shows that this surface has no im-
portant characteristics,from our point of view,not common
to the more special case investigated and is +herefme al-

ways reducible to a double faced disk with one hole.
D. THE GENERAL BELLIPTIC CASE.

In the previous sections our investigations have bheen
confined to the type
3
W= 27~ Pz +9
where p and q were both real,p positive and the roots all

real. It will now be shown that no generality is lost by

this restriction.



Consider the general elliptic case,
= £(2)

where

F(2)2 0(Z-AJ(Z o) (2~ )(Z ~chy)

and

CL.,d., d‘,,d\,, oL,/
are real or imaginary constants. The elliptic integral
. . *
resulting from this form may by a well known transforma’tion

of f(z) be made to depend upon an integral of the type;
9(2)=b.(2"-92"-9,),

No generality is therefore lost by replacing £(z) by g(z).

In g(z’),g{1 and g, may be positive or negative,real or imag-
inary constants. If the coefficients g, and g; are arbitrar-
ily changed the surface F will undergo a dvaTﬂ&ﬁlOﬂ. The
only matter of interest in the present paper is whether

such a deformation increases or decreases the number of
holes in F. It is of course evident if the number of holes
is diminished as g, and g, assume the values g, and g; ,
that as g, and g, approach g, and g;'in value,one or more
holes in the surface nmust be continuocusly decreasing in

size in such a way that when g, and g; are rszached the sur-
face has a node at the point (x.,¥ ,u.) on F,and vice-versa.
If (%o, yUo,V. ) is the corresponding point on ¢,the latter

will also have a node at this point. Therefore,correspond-
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*Boehm,Elliptische Funktionen,Zweiter Teil,page 12&-129,



ing to nodes of T are nodes on §. At such nodes the tangent
hyper-planes to

P(x,y,u,v)=0
and

o(x,y,u,v)=0
are coincident. In order to investigate the nature of F at
such places;write the equations of the tangent hpper-planes
to P and Q at the point (xe,¥, ,U.,V. ), and write the con-

dition for their coincidence. The equations in question are,

. =0

(X=X) P +(9 =) B +(U-Vo) B +(V-V.) P

and

(X-Xe) Q. +(Y=¥)Qp +(U = Us) Qo + (N =Vo) Quo = O

The condition for these two hyper-planes to be coincident

is that
—B,—. = f?:: = f—"-:l = _&
Q’ia Q‘y. Q'“'a q:/a

4

It is evident,however,from the relation

PIX,%0V) +iB(X,Y,uV) =0
that

Ny ’ : ’ ’ ’ ’ ’
lc;e :QYD) @, :"an ,ﬁo=GYn,€o=—aV'.

Hence,
," ¢ 'l ! 2 " e ‘v ’
an +Q;°:O, 5‘ 40;‘:01 Bv+aVo:o, B""all.:ol

and therefore,

f.=0, FB,=0, Ru=0, R =0



By =0,0,20,8v.20, On=0.
In the above relations
| P=v*-v* - S(x,y)
and
G=2vv =-T(xv).

théfefore,if

1

fG. =0 ana R, =0

it follows that u =0 and v =0 and thereflore, that g(ﬁ):o.
}Moreover,since

Pf'o +/'Q'xu = O
and

P + (G =0 |
it follows that |

Syt Ty, =0
and

570"""71;.:0.

Therefore,g(z)=0,shosing that z. is a double root of g(zaao.
It is evident therefore, that the surfaces P and Q,and hence
F,may be deformed in any way we please without affecting

its analysis situs properties,pfovided that during this de-
formation g(zﬁ:O never acquires any double roots. These
conditions allow a deformation that will change complex
roots atib,c+id,e+if into real and unequal roots a',c,d) -

without any two roots becoming equal in the process. Hence



we may in this manner transform g(z)into j(z''),where the
roots of j(z")=0 are real and uunequal.

The above conclusions show that no generality is lost
in considering the simpler case and thereby avididing the
the difficult task of dealing with imaginary coefficients.
The difficulty introduced by imaginary coefficients is that
due to the lack of symmetry with respect to the XU plane
which was found in our previous discussion.

It is evident now,as was stated in the first section
of this paper,that the surface constructed from the simplest
possible relation is sufficient for a complete expositiop
of the Riemann surface properties of the most general ellin-

tic function.
E. A YUMERICAL EXAMPLE OF THE HYPFER-ELLIPTIC CASE.

As an introduction to the general hyper-elliptic-case
we will consider briefly a simple numerical sxample. The
details of the surface F will be considered sufficiently
to show that what has been said about+ the elliptic case can
be cgrried over in all its essential details to the higher

form. Tor thls purpose consider the equation,

vvﬂthﬂ(Z+2M2+U(Z—U(2*57.

Substituting w=u +iv and z=miy and separating the reaks

from the imaginaries,thers arises the equation

Pluy,v,v) +7Q(xy,uvl =0



Hence,

P(x,y,u,v)=0,

and

Q(x,y,u,v)=0;
where,

P=viav*—(x =10 x3y* 450y = 20 x* +60xy*~30 x* 430 ¥* ¢ 1 9 X+30)=0
and

Q=2vuv = §UxY ~10x*y? 4+ ¥ 60 x*y +20y°~6oxy+i9y)=0 .

The surface F(x,y,u)=0 will be represcnted by
4u¥- 4 urs - T*s o,
where
S = (X 10Xy 4 5XY*-20 X34 60 XY™~ 30 ¥* +30 Y* 419 ¥ +30)
and
T = §x% 101y 60x* Y +20 ¥ 6o X 7 + 17 ¥.

The surface F is symmetric to the XU and XY planes. The
trace on the XU plane is the XX axis twice and the real

curvel

VE= (x+3) (x+2) (X +1)(x=1) (x = 5),

representing all the real pairs (w,z) satisfying the orig-
inal equation. The latter consists of the two ovals and

an infinite branch., The trace on the XY plane is the XX
axis twice and the double curve represented by the equa-
tion T =0. This curve is composed of four infinite branches

which are hyperbolic in form and coaxial. (See Fig.VI).
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Sections parallel to the XU plane give rise to curves
which have double points on the bramches I and III of the
double curve,as shown in the figure,and nowhere else. This
is shown by an investigation of the value of S in the neigh-
borhood of these branches. For the two branches to inter-
sect each other.it is necessary that T be equal to zero
and S be negative. Every pair of values (x,y) on one of
these infinite branches reduces T to zero,but none of these
pairs on branch II or IV will cause S to be negative. There-
fore the two sheets of the surface F do not cut through
each other along either of these branches. The two sheets

pass into each other along the curve represented by,
VEs (X3 xa2)(x+1)(x=1)(x-8) v =0 |

and cut each other along the XX axis from - = to -3,-2 to
-1,fromt 1 to +5 and along the two branches I and III of
T=0. The symmetry of the surface as shown by the equation
vesE [§4(steTE)"
leads at once to the conclusion that for one sheet to pass
into the other T must be zero and at the same time S must
be either zero or positive,since for T zero and S negative
we always get a cutting of the two sheets. Now S can never
be zero when T vanishes, except for the pairs of values (x,y)
whichare roots of the original expression £(z)=0,but all
these pairs have y=0. Suppose_s is'positive along some
branch of the double curve T=0,then this branch of T will
be an isolated curve. To prove as in the elliptic case that

the two sheets never pass into each other for any finite

N



value of y except zero would be very complicated,and so
another method is employed. It is easily seen that any sec-
tion varallel to the YU plane will give rise to a curve
which has a number,say d,double points. But this curve 1s
conposed of two branches which intersect in 4 points in
the XY plane. If 4 is odd the two branches are odd and
hence each branch stretches off to infinity in both direc-
tions. If d is even.each branch is even and hence cuts the
line at infinity in an even number of places and 1s accord-
ingly a closed curve. In the first case (d odd) the XX axis
must be composed of intersection points,while in the latter
it is not. This leads to the conclusion that all sections
which cut the curve V'z #(X),vy= 0 are even branches and
all others odd. Hence the former are always reducible to
sections of the form,Fig.l,a),while the latter are always
reducible to branches of the form Fig.l,/. From this will
follow as in the elliptic case,that F is two shested and
contains two holes. By a deformation similar to the one
described in the example of the elliptic case. it may be
brought into the form of a finite double faced disk with
two holes. Hence all closed circuits on F may be reduced
to zero or to sums of multiples of four irredusible cir-

cults.
k. SOE CONSIDERATIONS OF THE GENERAL HYPER-ELLIPTIC CASE.

Having considered the elliptic case in detail and in-



vestigated briefly a special ayper-elliptic equafion,we now
proceed to the most general hyper-elliptic function,w#=R(z),
where R(z) is of degree n.

Forming the equation of the surface T in the usual man-
ner. there arises the equation F(x,y,u)=z0,where F is of de-
gree 2n in (x,y,u). The above relation may always be put in

the form,
yui-yuyts -T" =0

where S and T are polynomials in x and y of degree n. As
has been shovm in a preceding section,R(z) may be assumed
to havz only real roots. Hence the surface T is symmetric
to the XU and XY planes. The XU trace will consist of the
XX axis twice and a real curve consisting of all real pairs
(w,2z) satisfying the original equation. The latter curve
will consist of one or two infinite branches,according as
n is odd or even,and p ovals. The XY trace T =0 will con-
sist of the XX axis twice and a double curve represented by
an equation of degree (n-l); This double curve represents
all the real double points of the surface F.

The surface F is composed of two sheets which hang
together along the curve,

VA R(x),y=0 4

and cut each other along the XX axis for all real values
of x not included in the relation - u =R(x),and also‘along
certain other parts of the double curve T=0. Corresponding
to the p ovals there will be p holes in F. All closed cir-

cults on F may be reduced to sums of multiples of 2p ir-



reducible circuits.
G. DOUBLE CURVES.

The double curves of the surface F arise as the result
of projecting the surface ¢ from four space into three space,
the center of projection being at infinity; When ever a pro-
jecting line cuts Q in two places a double point occurs on
F. If fhe two points on ¢‘be real the double point on F will
be a real double point connected with the surface F, but
ifthe two points on § be imiginary the resulting double point
on F will be isolated. This gives rise to'two classes of |
double curves,one being on the surface F and the other be-
ing related to the surface butvisolatedvfrom it.

In the elliptic casss studied the double curves con-
sisted of the XX axis and an hyperbola. That part of the
XX axis included by the real part of the curve u =f(xL y=0
is isolated. Of the hyperbola,that branch lying to the left
of the YU plane is isolated;

In the hyper-elliptic example the double curve consists
of the X¥ axis and four infinite branches. What was said
of the XX axis for the elliptic case holds here also. 6f
the four infinite branches two are isolated,(See Fig.WT ),
and two are curves of intersection of the two sheets of the
surface.: ’

The same‘conditions will exist in the genefal hyper-

elliptic caéé,fhé>XX axis always being a double curve with



the same law as to isolated points as in the simpler cases.
The other double curves will be partly isolated and partly
curves o¥ intersection of the two sheets 6fvthe surface.

The iéolated curves separate themselves from the other class
in that they always pass through one or more of the ovals,

while the curves of intersection of sheets never do.



