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Quantum Entanglement and Controlled Logical Gates
Using Coupled SQUID Flux Qubits
Zhongyuan Zhou, Shih-I Chu, and Siyuan Han

Abstract—We present an approach to realize universal two-bit
quantum gates using two SQUID flux qubits. In this approach the
basic unit consists of two inductively coupled SQUIDs with realistic
device parameters. Quantum logical gates are implemented by applying resonant microwave pulse to the qubits. This procedure is
demonstrated by realizing a controlled-NOT (CNOT) gate and the
maximally entangled states of the coupled qubits through highly
accurate numerical solution of the time-dependent Schrödinger
equation of the system. This coupling scheme is simple and can
be readily extended to many-qubit circuits required for scalable
quantum information processing.
Index Terms—Coupled SQUID flux qubits, quantum computing,
quantum entanglement, two-bit gates.

In this paper we demonstrate the implementation of two-bit
gates using two SQUID flux qubits. The basic unit consists of
two SQUIDs with realistic device parameters coupled via mutual inductance between them. The universal two-bit quantum
gates are implemented by applying resonant microwave pulse to
the coupled qubits. The feasibility of this procedure is demonstrated by accomplishing entangled states and controlled-NOT
(CNOT) gate of the coupled flux qubits through highly accurate
numerical solution of time-dependent Schrödinger equation
of the system. The proposed scheme of coupled flux qubits
is simple and can be experimentally implemented with the
methods already developed for single flux qubits [4]–[9].

I. INTRODUCTION

II. ENERGY LEVEL OF THE COUPLED RF SQUID QUBITS

OLID-STATE qubits are of particular interest because they
have the advantages of large-scale integration, flexibility
in design, and easy connection to conventional electronic circuits. Of the solid-state qubits, superconducting qubits based
on Josephson junctions (JJ) have recently attracted more attention [1]. A variety of single qubits, such as JJ charge qubits [2],
[3], JJ phase qubits [4]–[6], and superconducting quantum interference device (SQUID) flux qubits [7]–[9], have been implemented by using the coherence of Cooper-pair tunneling in the
superconducting state. However, a practical quantum computer
will be comprised of a set of coupled qubits [10]. Progress has
been made toward this goal. Temporal quantum coherent state
and Rabi oscillation of two coupled JJ charge qubits [11], [12]
and spectroscopy evidence of entangled state in two-coupled JJ
phase qubits [13] have been demonstrated experimentally.
Nevertheless, the charge qubits usually have stronger decoherence than the flux qubits because the charge noise is generally more difficult to suppress than the flux noise [14]. Decoherence, such as dephasing and energy relaxation [14], [15],
destroys quantum coherence of qubit states that is critical to
quantum computation and communication [1], [10], [16]. Recent experiments showed that the rf-driven superconducting flux
qubit yielded a relaxation time of 900 ns and a dephasing time of
20 ns and is therefore promising for coupled qubits and quantum
computation [9].

An rf SQUID consists of a superconducting loop of inductance interrupted by a Josephson tunnel junction. Applying
the resistively shunted junction (RSJ) model [17], the junction
is characterized by its critical current , shunt capacitance ,
and shunt resistance . A flux-biased SQUID with total magnetic flux enclosed in the loop is analogous to a “flux” par(where
is the flux quantum)
ticle of mass
moving in a potential. The Hamiltonian of an rf SQUID can be
written as [18]
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(1)
where,
particle,
to , and

is the canonical coordinate of the “flux”
is the canonical momentum conjugate
is the potential energy given by
(2)

here,
is the Josephson couis the characteristic frequency
pling energy,
is the potential shape paramof the SQUID,
is the normalized external flux bias.
eter, and
The eigenenergies and eigenstates of a single rf SQUID
qubit are obtained by numerically solving the Schrödinger
[18]. The eigenstates of
equation with the Hamiltonian
the rf SQUID depend only on two independent parameters: the
and the characteristic impedance
potential shape parameter
, while the energy is scaled to
[18]. The
SQUID’s energy level structure can be controlled in situ by
and
via changing the critical current
and
adjusting
the external flux bias . For example, for a fixed
the total
increases
number of levels in the left and right wells,
while the difference,
, increases with . A
with
good qubit requires two qubit states well separated in space,
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Fig. 1.
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Circuits for the coupled two-SQUID flux qubits.

i.e., flux. Thus the potential barrier cannot be too small. However, a higher barrier will make the transition matrix elements
exponentially smaller and thus decreasing the frequency of the
Rabi oscillation. As a compromise we choose SQUIDs with
(i.e.,
, and
),
, and
.
The coupled SQUID qubits consist of two single rf SQUID
qubits: a control qubit and a target qubit. The two SQUIDs are
as shown in
coupled inductively by the mutual inductance
Fig. 1. For simplicity, we assume that the two SQUIDs are iden,
, and
). The
tical (
and
external magnetic fluxes applied to the two SQUIDs are
, and the total fluxes are
and , respectively.
The Hamiltonian of the coupled SQUID qubits is

Fig. 2. Potential energy surface of the coupled SQUID qubits with
x
:
, and k
:
.
:

0 499,

= 0 49895

= 0 001

x

=

(3)
where,
is the interaction between the two SQUIDs,
which is given by

(4)
Here,

and
for
and 2, and
is the coupling coefficient. For weakly coupled qubits
. The potential energy surface of the coupled SQUID
qubits for
,
, and
is
shown in Fig. 2.
The eigenenergies and eigenstates of the coupled qubits are
computed by solving the Schrödinger equation with
using the two-dimensional Fourier-grid Hamiltonian method
, the two qubits are decoupled and an eigenstate
[19]. For
is just a product of an eigenstate of the control qubit and an
,
eigenstate of the target qubit, i.e.,
denotes the eigenstate of the two-qubit system
where
and
are the eigenstates of the control qubit
and
and target qubit. For example, the four lowest eigenstates are
,
,
, and
. For
, an eigenstate of the coupled
qubits is no longer a product of the two single qubits’ eigenstates. However for very small a product of the two single
qubits’ eigenstates approximates an eigenstate of the two-qubit
system well.
) of the coupled
In Fig. 3 the energy levels (in units of
for
qubits are plotted versus the flux bias of the target qubit
and
. In the upper left inset and the upper

Fig. 3. Energy levels of the coupled qubits versus the bias of the target qubit
for x
:
and k
:
. The two upper insets show a product state
x
and an entangled state at the avoided crossing points. The lower inset displays
the energy level spacings E
, E
,
E
, and E
.

= 0 499

1 =E

0E

= 0 001
1 = E 0E 1
1 = E 0E

=E
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right inset we show a product state and an entangled state at
the avoided crossing points, respectively (P denotes the avoided
crossing point with product states and E the avoided crossing
point with entangled states). In the lower inset we display en,
,
ergy level spacings
, and
. Note that
and
decrease linearly with
while
and
do not change at all. At the avoided crossing points, the spacing
between the product states in the upper left inset is 42.9 MHz
while the spacing between the entangled states in the upper
right inset is 0.016 MHz, which is much smaller than that of
the product states. In the product states the eigenenergy of the
is lower than that of the state
while
state
in the entangled states the eigenenergy of the state
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j10)
j10)

j11)

Fig. 5. Evolution of probabilities on states
and
of the coupled qubits
in a resonant microwave field. The microwave is a square pulse with peak flux
of x
. (a) The initial state is
and (b) the initial state is
.
in (a) and to the state
After the  -pulse, the coupled qubits flip to the state
in (b) and thus the CNOT gate is realized.

j10)

= 2 2 10

j11)

j11)

of the coupled
Time-dependent wave function
qubits is obtained by solving the time-dependent Schrödinger
equation
Fig. 4. Energy levels of the coupled qubits versus the coupling coefficient k
for x
:
and x
:
. In the upper inset the product states at
the avoided crossing points are shown and in the lower inset the energy level
spacings E , E , E , and E are plotted.

= 0 499
1 1

= 0 49895
1
1

is lower than that of the state
. In our method the
flux bias points of the quantum logical gates are away from the
avoided crossing points.
In Fig. 4 the energy levels of the coupled qubits are plotted
and
as a function of the coupling coefficient for
. In the upper inset product states at avoided
crossing points are shown and in the lower inset the energy level
,
,
, and
are exhibited. It is clear
spacings
and
increase linearly with while the spacings
that
and
decrease linearly with . Both the spacings of the
product states at the avoided crossing points in the upper inset
are 42.9 MHz, which is also identical with that in the upper left
inset of Fig. 3. Obviously, for two-bit gate operation the coupled
qubits should not be in states with closer and greater than
0.01. After considering energy level structure and the energy
level spacings, we find that one of the proper configurations for
,
,
implementing CNOT gate is at
. We will use these parameters in the following
and
investigation of two-qubit logical gates.
III. ENTANGLED STATES AND TWO-BIT GATES
To realize two-bit gates of the coupled SQUID flux qubits,
a resonant microwave pulse is applied to the target qubit. The
interaction between the microwave and the coupled qubits is

(5)
where,
is the magnetic flux (normalized to ) coupled to
the target qubit from the microwave and is given by
(6)
here,
,
and are the peak flux, pulse shape function
and frequency of the microwave pulse, respectively. In the case
.
of resonance one has

The time-dependent wave function
(the eigenenergy is
the eigenstate

(7)
is expanded in
) of

(8)

and the expansion coefficients are computed from the matrix
equation
(9)
where,
ement given by

and

is reduced Hamiltonian matrix el-

(10)
Using the split-operator method [20] the time-dependent matrix
. The
(9) is solved to obtain the expansion coefficients
is
.
probability of being in the state
This approach is used to investigate the dynamics of the coupled SQUID flux qubits. The microwave is a rectangular pulse
with peak flux of
. In Fig. 5 we plot
and
the evolution of probabilities being in the state
(the probability of being in the other states is almost zero) for
the coupled qubits in the resonant microwave field. It is shown
to the
that the coupled qubits evolve from the initial state
in (a) and from the initial state
to the final
final state
state
in (b) after the application of a -pulse. We also computed the probability for the coupled qubits evolve from the initial states
and
using the same microwave pulse. It is
found that in this case the coupled qubits stayed in the initial
states (not shown in this paper). Thus by applying the -pulse
to the target qubit of the coupled SQUID flux qubits the CNOT
gate is realized successfully.
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in (b).
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IV. CONCLUSION
We proposed a simple method to implement a set of universal
two-bit quantum gates using two rf SQUID flux qubits coupled
via mutual inductance. We studied the system’s dynamics with
realistic device parameters and showed that the CNOT gate can
be realized successfully by applying the resonant microwave
pulse to the target qubit of the coupled qubits. In addition, we
demonstrated the use of CNOT to obtain maximally entangled
states. This coupling scheme is simple, easy to implement experimentally, and thus promising to extend to many-qubit circuits
required for scalable quantum information processing.
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