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Abstract. In this paper, we prove some central and non-central limit theorems for renormalized weighted power variations of

order g > 2 of the fractional Brownian motion with Hurst parameter H € (0, 1), where g is an integer. The central limit holds for

ﬁ <H<1- ﬁ, the limit being a conditionally Gaussian distribution. If H < i we show the convergence in L2 to a limit which

only depends on the fractional Brownian motion, and if H > 1 — % we show the convergence in L? to a stochastic integral with
respect to the Hermite process of order q.

Résumé. Dans ce papier, nous prouvons des théoremes de la limite centrale et non-centrale pour les variations a poids d’ordre ¢
du mouvement brownien fractionnaire d’indice H € (0, 1), pour g un entier supérieur ou égal a 2. Il y a trois cas, suivant la position
de H par rapport a ﬁ etl— ﬁ. Si ﬁ <H<I1- i, nous montrons un théoreme de la limite centrale vers une variable aléatoire

de loi conditionnellement gaussienne. Si H < iq, nous montrons la convergence dans L? vers une limite qui dépend seulement

du mouvement brownien fractionnaire. Si H > 1 — i, nous montrons la convergence dans L? vers une intégrale stochastique par
rapport au processus d’Hermite d’ordre gq.

MSC: 60F05; 60HO5; 60G15; 60HO07

Keywords: Fractional Brownian motion; Central limit theorem; Non-central limit theorem; Hermite process

1. Introduction

The study of single path behavior of stochastic processes is often based on the study of their power variations, and
there exists a very extensive literature on the subject. Recall that, a real ¢ > 0 being given, the g-power variation of
a stochastic process X, with respect to a subdivision 7, = {0 =1,0 < 1,1 < - <ty ) = 1} of [0, 1], is defined to
be the sum

Kk(n)

Z |an,k - X’n,k—l |q.
k=1
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For simplicity, consider from now on the case where f, y = k27" for n € {1,2,3,...} and k € {0,...,2"}. In the
present paper we wish to point out some interesting phenomena when X = B is a fractional Brownian motion of
Hurst index H € (0, 1), and when g > 2 is an integer. In fact, we will also drop the absolute value (when ¢ is odd)
and we will introduce some weights. More precisely, we will consider

2’1
> FBu—1pm)(ABn)?, qef2.3,4,.., (1.1)
k=1

where the function f:R — R is assumed to be smooth enough and where A B;,-» denotes, here and in all the paper,
the increment Byy—n — Bg_1y2-n.

The analysis of the asymptotic behavior of quantities of type (1.1) is motivated, for instance, by the study of the
exact rates of convergence of some approximation schemes of scalar stochastic differential equations driven by B
(see [7,12] and [13]) besides, of course, the traditional applications of quadratic variations to parameter estimation
problems.

Now, let us recall some known results concerning g-power variations (for ¢ = 2, 3,4, ...), which are today more
or less classical. First, assume that the Hurst index is H = %, that is B is a standard Brownian motion. Let u, denote
the gth moment of a standard Gaussian random variable G ~ .47(0, 1). By the scaling property of the Brownian
motion and using the central limit theorem, it is immediate that, as n — oo:

2"
22 S22 8B o)~ ig) S (0. 2y — ) (12)
k=1

When weights are introduced, an interesting phenomenon appears: instead of Gaussian random variables, we rather
obtain mixing random variables as limit in (1.2). Indeed, when g is even and f:R — R is continuous and has poly-
nomial growth, it is a very particular case of a more general result by Jacod [10] (see also Section 2 in Nourdin and
Peccati [16] for related results) that we have, as n — oo:

on

2723 F (B[22 ABn) — pg] =3 Jnag — 12 / £ (By)dW;. (1.3)

k=1

Here, W denotes another standard Brownian motion, independent of B. When ¢ is odd, still for f:R — R continuous
with polynomial growth, we have, this time, as n — oo:

2/1
nﬂZf(B(k - (2" 2 ABiy-n f F(B)(/12g — MquWv + pq+1dBy), (1.4)
k=1

see for instance [16].

Secondly, assume that H # % that is the case where the fractional Brownian motion B has not independent in-
crements anymore. Then (1.2) has been extended by Breuer and Major [1], Dobrushin and Major [5], Giraitis and
Surgailis [6] or Tagqqu [21]. Precisely, five cases are considered, according to the evenness of g and the value of H:

e if g iseven and if H € (0, %),asn—> 00,

2}1
272 Z[(ZnHABkZ‘”)q - Mq] ﬂ JV(O UH q) (1.5)
k=1

° ifqisevenandifH:%,asneoo,

2n
i -
ﬁyn/z Y224 ABo )" = 1g] =2 A (0,534, (1.6)
k=1
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e ifgisevenandif H € (43_1’ 1), as n — oo,

2”
on—2nH Z Z"HABk2 n) - /Lq] =% “Hermite r.v., 1.7)
k=1

e if g isodd and if H € (0, %],asn—>oo,

2”
2723 (2 AB-) ' B (0,57, (1.8)
k=1

° ifqisoddandifHe(%,l),asn—>oo,

2}1
271N 2 AB-) B 4 (0.57,). (1.9)
k=1

Here, G4 > 0 denotes some constant depending only on H and g. The term “Hermite r.v.” denotes a random
variable whose distribution is the same as that of Z® at time one, for Z®) defined in Definition 7 below.

Now, let us proceed with the results concerning the weighted power variations in the case where H # 5. Consider
the following condition on a function f:R — R, where ¢ > 2 is an integer:

(Hy) f belongs to €1 and, for any p € (0,00) and 0 <i < 2g: SUP; (0.1 E{|fD(B)|P} < oo.

Suppose that f satisfies (Hy). If g is even and H € (%, %), then by Theorem 2 in Le6n and Ludefia [11] (see also
Corcuera et al. [4] for related results on the asymptotic behavior of the p-variation of stochastic integrals with respect
to B) we have, as n — o0:

on
2_”/2 Zf(B(k—l)z_")[(2"HAB](2_”)q — H’q] iv) EH q/ f(B )dWYa (110)

k=1

where, once again, W denotes a standard Brownian motion independent of B while G 4 is the constant appearing
in (1.5). Thus, (1.10) shows for (1.1) a similar behavior to that observed in the standard Brownian case, compare
with (1.3). In contradistinction, the asymptotic behavior of (1.1) can be completely different of (1.3) or (1.10) for
other values of H. The first result in this direction has been observed by Gradinaru et al. [9]. Namely, if g > 3 is odd
and H € (0, %), we have, as n — 00:

on

2 H N F(Bg—1yp-n) (2" ABip-n)?
k=1

L? Mq+l
— —

/ f'(By)ds. (1.11)

Also, when ¢ =2 and H € (0, %), Nourdin [14] proved that we have, as n — oo:

on

2 By [(2F ABr ) 1] / £ (By) ds. (1.12)

k=1

In view of (1.3), (1.4), (1.10), (1.11) and (1.12), we observe that the asymptotic behaviors of the power variations of
fractional Brownian motion (1.1) can be really different, depending on the values of g and H. The aim of the present
paper is to investigate what happens in the whole generality with respect to g and H. Our main tool is the Malliavin
calculus that appeared, in several recent papers, to be very useful in the study of the power variations for stochastic
processes. As we will see, the Hermite polynomials play a crucial role in this analysis. In the sequel, for an integer
q > 2, we write H, for the Hermite polynomial with degree ¢ defined by

—1)4 d4
Hy(x) = (=1 exz/z_(e—xz/Z),
q! dx4
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and we consider, when f:R — R is a deterministic function, the sequence of weighted Hermite variations of order g
defined by

on

Va? ()= F(Buryp-n) Hy (2" AByy-n). (1.13)
k=1

The following is the main result of this paper.

Theorem 1. Fix an integer q > 2, and suppose that f satisfies (Hy).

1. Assume that 0 < H < ﬁ. Then, as n — 00, it holds

_ 1

2. Assume that ﬁ <H<1-— i. Then, as n — 00, it holds

1
(B,27"2v, 4 (f)) 2% (B,oH,q/ f(BS)dWs>, (1.15)
0

where W is a standard Brownian motion independent of B and

1
— - 2H __112H _ 2H\4
g = |5 EZ(IrJrlI + | — 12H —2|r2H)1, (1.16)
re

3. Assume that H =1 — ﬁ. Then, as n — 00, it holds

1 aw !
(B, ﬁz—”/zv,fq)(f)) Ly (B,al_l/@q),q /0 f(Bs)dWs>, (1.17)

where W is a standard Brownian motion independent of B and

2log2 1\? 1\
0'17]/(2(1)’qu 1—5 1—5 . (118)

4. Assume that H > 1 — ﬁ. Then, as n — 00, it holds

2 1
an(l_H)_nV;q)(f)L>[) f(Bs)dZs(q), (1.19)

where Z9) denotes the Hermite process of order q introduced in Definition 7 below.

Remark 1. When q = 1, we have Vn(l)(f) =2 nH Z,%n:l f(Bg—1y2-n)AByp—n. For H = %, Z”HVn(l)(f) converges
in L? to the Ito stochastic integral fol f(Bs)dBs. For H > % onH Vn(l)(f) converges in L? and almost surely to the
Young integral fol f(Bs)dB;. For H < %, 23nH—n V,,(l)(f) converges in L* to —% fol f/(By)ds.

Remark 2. After the first draft of the present paper have been submitted, Burdzy and Swanson 2] and, independently,
Nourdin and Réveillac [17] have shown, in the critical case H = %, that

1 1
(3’2”/2V,fz)(f))ﬂ<3,01/4,z / f(Bs>dWs+é / f”(Bs)ds>.
0 0
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(The reader is also referred to [16] for the study of the weighted variations associated with iterated Brownian motion,
which is a non-Gaussian self-similar process of order %.) Later, it has finally been shown by Nourdin and Nualart [15]

that, for any integer q¢ > 2 and in the critical case H = %,

1 . 1
(B,z—”/zv,fq%f))ﬂ(B,m/@q),q / f(Bs)dWs+(2q”,q / f@(Bs)ds).
0 q- Jo

Consequently, the understanding of the asymptotic behavior of the weighted Hermite variations of the fractional
Brownian motion is now complete.

When H is between % and 3, one can refine point 2 of Theorem 1 as follows:

Proposition 2. Let g > 2 be an integer, f :R — R be a function such that (Hy) holds and assume that H € (%, %).
Then, as n — o0,

(B.272V,A(f),....27 29 ()

1 1
L
Lay (3, ona [ FBIAWE. . on, f(Bs)dWs(Q)), (1.20)
0 0
where (W@, ... . WD) isa (q — 1)-dimensional standard Brownian motion independent of B and the oy ,’s, 2 <

p <gq, are given by (1.16).

Theorem 1, together with Proposition 2, allows us to complete the missing cases in the understanding of the
asymptotic behavior of weighted power variations of fractional Brownian motion:

Corollary 3. Let g > 2 be an integer, and f :R — R be a function such that (H,) holds. Then, as n — oc:

1. When H > % and q is odd,
2" 12 1 B
27N FBi—ryym) (2" ABon)! = qugi /0 S(B)dBs=qug-1 | - f(x)dr. (1.21)
k=1

2. When H < % and q is even,

2" 21 1
Y f B[ 8B ) =] 5 (D) e [ B0, (1.22)
k=1

(We recover (1.12) by choosing q = 2).
3. When H = % and q is even,

2/1
(B, 2~/ Z FBu—1y-n)[(2"* ABya-n)? — Mq])

k=1

Law 1 /q 1 . N 1
— | B, 1 (2) Mq—2/ f7(Bs)ds —‘1-0'1/4,,]/ f(Bsy)dWs |, (1.23)
0 0

where W is a standard Brownian motion independent of B and G144 is the constant given by (1.25) just below.
4. When % < H < % and q is even,

2" 1
<B, 2723 F(Bg—1p [ (2" ABipn)? — m,]) Loy <B,5H,q/0 f(BS)dWS>, (1.24)

k=1
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for W a standard Brownian motion independent of B and

q 2

~ q _

o= sz<p> Hg—p2 7 D (i + P74 1 = 121 = 2)r PH). 1.25)
p=2 reZz

5. When H = % and q is even,

2" 1
1 aw ~
(B, ﬁz—"/z > [ B[ (2" ABpn)! - uq]) = (3,03/4,q fo f(Bs)dWs), (1.26)

k=1

for W a standard Brownian motion independent of B and

~ q q 2 1 q 1 q
e [ (- ) (1)

p=2

6. When H > % and q is even,

2" ) 1
212N f(Ba-n) (27 ABra-n)” = g] = 2102 (7)) fo f(B)dzZ?, (1.27)
k=1

for Z® the Hermite process introduced in Definition 7.

Finally, we can also give a new proof of the following result, stated and proved by Gradinaru et al. [8] and Cheridito
and Nualart [3] in a continuous setting:

Theorem 4. Assume that H > %, and that f:R — R verifies (Hg). Then the limit in probability, as n — 00, of the
symmetric Riemann sums

on

1
5 2 (F'(Bra=) + f'(Bi—iyz-) ABra-» (1.28)
k=1

exists and is given by f(B1) — f(0).

Remark 3. When H < %, quantity (1.28) does not converge in probability in general. As a counterexample, one can

consider the case where f(x) = x3, see Gradinaru et al. [8] or Cheridito and Nualart [3].

2. Preliminaries and notation
We briefly recall some basic facts about stochastic calculus with respect to a fractional Brownian motion. One refers
to [18,19] for further details. Let B = (B;):¢[0,1] be a fractional Brownian motion with Hurst parameter H € (0, 1).

That is, B is a zero mean Gaussian process, defined on a complete probability space (£2, A, P), with the covariance
function

1
Ry(t,s) = E(B;By) = E(s”’ +2H 5P, 510,11,

We suppose that A is the sigma-field generated by B. Let & be the set of step functions on [0, T'], and ) be the Hilbert
space defined as the closure of & with respect to the inner product

(Lj0,r1> L0,51) 5 = Ry (2, 5).
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The mapping 1j0,,j — B; can be extended to an isometry between §) and the Gaussian space H; associated with B.
We will denote this isometry by ¢ — B(¢).
Let . be the set of all smooth cylindrical random variables, i.e. of the form

F:¢(B,|,..., Btm),

wherem > 1, ¢:R" - R e %lfo and 0 <t <--- <ty < 1. The derivative of F with respect to B is the element of
L%(£2, $) defined by

m
Z a9

DSF: axi (Btls-'-thm)l[O,ti](s)9 Se[osl]
i=1

In particular DgB; = 1jo 1)(s). For any integer k > 1, we denote by Dk2 the closure of the set of smooth random
variables with respect to the norm

k

IFIR2=E(F?) + 30 E[[DFllge,]

.....

of D2, then ¢(Fy, ..., F,) € D"? and we have

n

dg
Dy(F, ..., Fy) =Z§(F1,...,Fn)DF,-.
1

i=1

We also have the following formula, which can easily be proved by induction on g. Let ¢, ¢ € ‘ﬁbq (g = 1), and fix
O<u<v<land0<s <t <1.Then ¢(B; — Bs)¥ (B, — B,) € D42 and

q
D (p(By = Bv (B — B)) =Y (1) ¢ (B = By (B, — BB . @1
a=0

where ® means the symmetric tensor product.
The divergence operator I is the adjoint of the derivative operator D. If a random variable u € L?(£2, $)) belongs
to the domain of the divergence operator, that is, if it satisfies

|E(DF,u)g| <cy,VE(F?) forany F €.7,
then I (u) is defined by the duality relationship
E(FI(u))=E((DF,u)g),

for every F € D'2.

For every n > 1, let 'H,, be the nth Wiener chaos of B, that is, the closed linear subspace of LQ(Q, A, P) gener-
ated by the random variables {H,(B(h)), h € 9, ||h||s = 1}, where H, is the nth Hermite polynomial. The mapping
I, (h®") = n!H,(B(h)) provides a linear isometry between the symmetric tensor product $®" (equipped with the
modified norm || - || gor = %H -l gen) and ‘H,. For H = % I,, coincides with the multiple Wiener—Itd integral of

order n. The following duality' formula holds
E(FI,(h)) = E((D"F, h)ﬁ@,n), (2.2)

for any element & € H©" and any random variable F € D2
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Let {ex, k > 1} be a complete orthonormal system in $). Given f € HO" and g € HO™, for everyr =0,...,n Am,
the contraction of f and g of order r is the element of H®"+7=2") defined by

e¢]

f®rg= Z (fier, ® - Qer)ger (g e Q- Qe )ger.
ki,....ky=1

Notice that f ®, g is not necessarily symmetric: we denote its symmetrization by f®, g € H°"T"~2") We have the
following product formula: if £ € H©" and g € H©™ then

nAm

(D@ =Y (0) () trsn-2r (£819). 23)

r=

We recall the following simple formula for any s < ¢ and u < v:
E((B; — B))(B, — By)) = %(u — v s —ul — 1 —uP? — s —v)?H). (2.4)
We will also need the following lemmas:
Lemma 5.
1. Let s <t belong to [0, 1]. Then, if H < 1/2, one has
|E(Bu(B: — By))| < (t — ) (2.5)

forallu € [0, 1].
2. Forall H € (0, 1),
2n

> |E(Bg—12-2 ABp-»)| = 0(2"). (2.6)
k,l=1

3. Foranyr > 1,we have,if H <1 — %,

on

> |E(ABja-n ABjy-n)
k,l=1

T=0(2" ), 2.7)

4. Foranyr > 1,we have, if H =1 — %

on

> |E(ABip- ABpyn)
k, =1

" =0(n22 ). (2.8)

Proof. To prove inequality (2.5), we just write
1 1
E(Bu(B; — By)) = E(r“’ — ) 4+ 5(|s —ul* — |t —u*H),
and observe that we have |b2H — a2H| <|b-— a|2H for any a, b € [0, 1], because H < % To show (2.6) using (2.4),
we write

2Il 2"
Z |E(B_1y2-1 ABjy-n)| = 272111 Z (11— 12 — 25— — ke + 1P ) — k|
k=1 k=1

=C2?",
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the last bound coming from a telescoping sum argument. Finally, to show (2.7) and (2.8), we write

2)1 2}1
> |EABgn ABp-n)| =272 N ke — L 1P k=1 — 12— 2k — 1P
k,l=1 k,l=1

o0
§2n—2nrH—r Z ’|p+1|2H+|p_1|2H_2|p|2H‘r’

p=—00
and observe that, since the function ||p 4+ 1|> 4+ |p — 1|*# —2|p|>!| behaves as Cpy p> =2 for large p, the series in
the right-hand side is convergent because H < 1 — % In the critical case H =1 — %, this series is divergent, and

on

Do+ 1P+ 1p— 1P —2pPH
p==2"

behaves as a constant time 7. O
Lemma 6. Assume that H > %
1. Let s <t belong to [0, 1]. Then

|E(Bu(B; — By))| <2H(t —5) (2.9)

forallu €10, 1].
2. Assume that H > 1 — zilfor somel > 1.Letu <vands <t belong to [0, 1]. Then

2 1/1 ~
|E(By — By)(B; — By)| < HQH — 1)<m> (u—v) =V — ). (2.10)
3. Assume that H > 1 — %for some l > 1. Then
2"
3" |E(ABiy- ABjy-n) | =0 (221721, 2.11)
i,j=1

Proof. We have

E(Bu(B: — By)) = %(r”’ — )+ %(Is —u* — |t —u*H).
But, when0<a <b <1:

b—a
pH — g2t — 2H/ (u~+a)'du <2HP* V(b —a) <2H(b — a).
0

Thus, |b* — a?*H| < 2H|b — a| and the first point follows.
Concerning the second point, using Holder inequality, we can write

v t
‘E(Bu—Bv)(Bz—BS)|=H(2H_1)/ / ly — x 222 dy dx
u s

1 t 1 1/1
5H(2H—1)|u—v|(1‘>/’(f (/ |y—x|2H2dy> dx)
0 s

1 pt 1/1
5H(2H-1)|u—v|(">/’|t—s|<“>/l</ / |y—x|(2”2>ldydx) )
0 s
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Denote by H' =1+ (H — 1)l and observe that H' > % (because H > 1 — zil). Since 2H’
write

1 pt
H’(2H’—1)/ f ly — x| dydx = E|B (B — B)| < 28|t — 5|
0 Js

by the first point of this lemma. This gives the desired bound.
We prove now the third point. We have

2" 2"

1 _ _ . . . . . . )
> |E(ABpwABjp-)| =272 i — 4 1P i — j = 1P =210 — 1P
i,j=1 i,j=1

-1
S211—21‘1}11-‘1-1—1 Z ||k+1|2H+|k_1|2H_2|k|2H|l
k=—2141

—2=QH —2)Il, we can

and the function [k + 1?7 + [k — 1]># — 2|k|# behaves as k|12 for large k. As a consequence, since H > 1 — 5,

the sum
2"—1
SO 1PH k- 12H o
k=—21+1
behaves as 22H =241 and the third point follows.

O

Now, let us introduce the Hermite process of order ¢ > 2 appearing in (1.19). Fix H > 1/2 and ¢ € [0, 1]. The

sequence (¢, (t))s>1, defined as
1 [2"1]
__Hhq—n ®q
onlt) =2 qul[u na-n, j2-n:

j=1

is a Cauchy sequence in the space $H®4 . Indeed, since H > 1/2, we have
2H 2 ,
Mot Tut)ss = E((By — Ba)(By — By)) = HQH — 1)/ f s - ds ds’,

so that, for any m > n

<(ﬂn ), om (t))f)@q

[2"1 l] 2n

j2m k2"
Hq(21f2 ) 2nq+mq n—m Z (/j / de ) )
q' =l k=1 1)2'"(k1)2"

Hence
o him@n (0, 9m (D) g0

Hq 2H — 1)4 _
( men =t ) / / s — |(2H 24 g4 ds' = cp gt PH-20+2,
q:
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HIQH—1)7
4 2(Hqg—q+1)2Hq—2q+1)
any f € H®9, we have

. Let us denote by ul(q) the limit in $®4 of the sequence of functions g, (¢). For

where ¢, g =

2]
1
[en®). Flgos = 2" na > o ooy Py
j=1
[2"1]

1 ! 2 _
= 2" —HIQH — 1)4 Z/ ds1/ ds sy — 2772
q! — Jo (—1)2-n
j:

! o 2H-2
x/(; dsq'/( ds(;lsq—sél TGt 8)

j—1y2-n

2H-2

1 t
— —H"(ZH—I)"/ ds// dsi -~ dsg|s1 — clsg =S PET2F 1,0 sg)
e gl 0 (0,114

= <'“‘§q)’ f>55®q'

Definition 7. Fix g > 2 and H > 1/2. The Hermite process Z'? = (Z,(q)),e[oyl] of order q is defined by Z,(q) =
I (®) for t €10, 11.

Let Z,(,q) be the process defined by Z,(f’)(t) = 1,(¢p,(2)) for ¢ € [0, 1]. By construction, it is clear that Z,gq)(t) ﬁ)
Z(‘f)(t) as n — 0o, for all fixed 7 € [0, 1]. On the other hand, it follows, from Taqqu [21] and Dobrushin and Major [5],
that Z,(ﬂ) converges in law to the “standard” and historical gth Hermite process, defined through its moving average
representation as a multiple integral with respect to a Wiener process with time horizon R. In particular, the process
introduced in Definition 7 has the same finite dimensional distributions as the historical Hermite process.

Let us finally mention that it can be easily seen that Z?) is g(H — 1) + 1 self-similar, has stationary increments
and admits moments of all orders. Moreover, it has Holder continuous paths of order strictly less than g(H — 1) 4 1.
For further results, we refer to Tudor [22].

3. Proof of the main results
In this section we will provide the proofs of the main results. For notational convenience, from now on, we write

&(k—1)2—n (r€sp. 8yp—n) instead of 1y x—1)2-n] (resp. 1x—1y2-n x2-»]). The following proposition provides information
on the asymptotic behavior of £ (Vn@)( £)?), as n tends to infinity, for H <1 — i

Proposition 8. Fix an integer q > 2. Suppose that f satisfies (Hy). Then, if H < ﬁ, then
1]‘%5H<1—ﬁ,then
E(V,?()H)?)=0(2"). (3.2)

Finally,if H =1 — ﬁ, then

E(V,(f)?) =0(n2"). (3.3)
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Proof. Using the relation between Hermite polynomials and multiple stochastic integrals, we have H, Q" ABy-n) =
1 L20mH [, 6% el 7 ). In this way we obtain

E(Va?(1)?)
2}1
= Z E{f(Bu—1y2-n) f (Ba_1y2-n)Hy (2" AByy-n) Hy (2" ABjp-n)}
k,l=1
1 2
= szqn Z E{f(By—12-1) f (Ba—12-)1q ( s )/ (52(1")}
: k,l=1

Now we apply the product formula (2.3) for multiple stochastic integrals and the duality relationship (2.2) between
the multiple stochastic integral Iy and the iterated derivative operator D", obtaining

E(V,”(NH?)
22Hqn 2" q

> ()

12
" =10
®q ®
XE{f(B(k—l)Z*”)f(B(l—1)2*")I2q—2r(5k2 . ® 8yt ") Hbkan s 82

— 2Han Z Z

k,I=1r=0

) E{(D* 7 (f (B—1y-) f (Ba—np—)). Spa’ @ 8500 ") geagan }Ska-n, 10y,

ri(qg — r)'2

where ® denotes the symmetrization of the tensor product. By (2.1), the derivative of the product
D172 (f(Bg—_1y2—n) f (By_1y2-n)) is equal to a sum of derivatives:

D¥ =2 (f(Bg_1y2-n) f (By—1y2-1)) = Z FOBy_1ya-) P (By_1yp-n)

a+b=2q—2r

g —2r)!
AT (E(k—l)z n®8(1 12— ")-

We make the decomposition

E(Va?(f)?) = Ay + By + Cy + Dy, (3.4)
where
22an 2"
An = q"? Z E{f(q)(B(k—l)zfn)f(q)(3(1—1)27")}(8(1(—1)2*”’5k2*n)q(8(l—1)2*n7312*%)(1,
o kI=1

2"
B, =22 " N E{fPBucip ) [P By ale.d, e, f)
ct+d+e+ f=2q k,I=1
d+e>1

d
X (8 k—1)2-n5 Sk2-n )5 (Ek—1y2-m» 8121 ) 5 (E—1)2-1 Sj2-n ) G (1—1)2-n» Sp2-n >£,
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2n
y , 29)!
Cp=22Mm 37 3 E{f O Buorpn) f )(B(l‘”z_")}qlza!b!
a+b=2q k, =1
(a,b)#(q.q)

®a ~ ®b ®q 3 «®q
X <8(k—1)2*"® €(—1)2-n> k21 ® 8)57n >5§®(24)’

and
2Hgn . - (a) (b) Qg2
D, =2 E E E E{f“Bg_12-) " (By_1pn)} , 3
ri(q —r)!“a'b!
r=1a+b=2q—-2r k,I=1

®a > o ®b Qq—rz ®q—r r
X (S(k—l)Z_" &® 8(1_1)2—n ) 8k2_" & 812—n )ﬁ@(Zq—Zr) <8k2*” ) 812”1 >fJ B
for some combinatorial constants a(c, d, e, f). Thatis, A, and B,, contain all the terms with »r =0 and (a, ) = (¢, q);
C,, contains the terms with » =0 and (a, b) # (¢, ¢); and D,, contains the remaining terms.
For any integer r > 1, we set

ap=sup |{eg_1y2-n.8-n)sl, (3.5)
k,l=1,...,2"
271
Brn=Y_ |2 82n)sl" (3.6)
k,l=1
2’1
Yo=Y [(eg—nan.8)s]. 3.7)
k, =1

Then, under assumption (Hg), we have the following estimates:

2H 2 2
Ayl < C2 ant n(an) £

|By| + |Cy| < C22H47 ()27 1y,

q
|Dy| < C22HA Y "(0,) 2172 B,
r=1

where C is a constant depending only on g and the function f. Notice that the second inequality follows from the fact
that when (a, b) # (¢,q),or (a,b) =(q,q) and c+d + e+ f =2q withd > 1 or e > 1, there will be at least a factor
of the form (&_1)2-n, 8;2-n) ¢ in the expression of B, or C,.

In the case H < %, we have by (2.5) that &, <2727 by (2.7) that B, < C2"~2"H" and by (2.6) that y, < C2".
As a consequence, we obtain

|A,| < C2"(2Ha+D) (3.8)

|By| +|Cy| < C2"2HaFZHAD, (3.9)
q

|D,| <€) 22D HFD, (3.10)

r=1

which implies the estimates (3.1) and (3.2).
Inthecase § <H <1— ﬁ we have by (2.9) that o, < C27", by (2.7) that B, < C2"~2H"_and by (2.6) that

vn < C2". As a consequence, we obtain

|An| + |By| + |Cy| < €2"R4H=D+2)

q
|Dn| E C Zzn((quZr)(H71)+1)’

r=1
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which also implies (3.2).

Finally, if H =1 — i, we have by (2.9) that o, < C27", by (2.8) that B, , < Cn22=2 and by (2.6) that

vn < C2". As a consequence, we obtain
|An| + |Bal +Cn| < C2",
q
D, <C Y 0274,
r=1

which implies (3.3). U

3.1. Proof of Theorem 1 in the case 0 < H < i

In this subsection we are going to prove the first point of Theorem 1. The proof will be done in three steps. Set
V](i) (f) =2"@H=Dy D (£) We first study the asymptotic behavior of E (V](qn) (f)?), using Proposition 8.
Step 1. The decomposition (3.4) leads to

E(V(f)?) =22@H-D(A, + B, +C, + D,).

1,n

From the estimate (3.9) we obtain 22" @H =D (|B,| +|C,|) < C2"?H~D which converges to zero as n goes to infinity
since H < % < % On the other hand (3.10) yields

q
227[((11‘171)|Dn| S C Zzn(erfl)’

r=1

which tends to zero as n goes to infinity since 2rH — 1 <2gqH — 1 <Qforallr=1,...,4.
In order to handle the term A,, we make use of the following estimate, which follows from (2.5) and (2.4):

2—2Hn q
(8(k—1)2n,3k2n)%—(— 3 )

qg—1

—2Hn 272Hn qg—1—s
)
= |Ea—12: Szl + — Z(E(k—l)zfm51c2*n>5:J (— 5 )
s=0
< C(k*H — (k — 1)*H)2=2Han, (3.11)
Thus,
24Hgn—2n 2"
BT D E{f P Buryy) £ OBy Hew—12-m San) b (12 )
k=1
2—2n—2q 2

q"? Z E{fDBug_1p-)fP(By_1p-n}| < cpHn=n
T k=1

which implies, as n — oo:
—2n—2q 2"

E(V\?(£)?) = pre > E{fPBu-1yy) [P (By_rypn)} +o(D). (3.12)
: k,l=1
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Step 2: We need the asymptotic behavior of the double product

2n
Jn=E (Vf,‘ff(f) x 27" f OB 1y )) :

=1

Using the same arguments as in Step 1 we obtain

271
J, = 2Han—2n Z E{ f(Bg_1-) f P (By_1yp-n)Hy (2" AByy-n)}
k,l=1

1 2’1

= EZM‘M_% Z E{f(Ba—1p-n) f P (Bg_1y2-)1q ( o)}
: k=1
1 >

= ;22an_2" > E{{DU(f Bue1yyn) P (Ba_1yam), gatn ) pgon }
: k=1

— p2Hgn=2n Z Z f( )(B(k 12~ n)f( = a)(B(l 1)2~ ”)}

ki=1a= oa'(q_a)'

—a

X (&k—1y2-7» Sk2-n) (€ =12 Sran)'

It turns out that only the term with a = g will contribute to the limit as n tends to infinity. For this reason we make the
decomposition

on

. 1
Jy = 22Han=2n Z EE{f(q)(B(kfl)z—”)f(q)(B(lfl)Z—")}(S(kfl)Z—"’ 51¢2—n>(§J + S,
ki=11
where
2"
S, 222Ht]n—2”l Z (8(1 1)2-n 8k2 n ﬁZa'(q (B(k 12~ ”)f( q— )(B(l 12~ n)}
ki=1

X (g—1y2-ms S2—n)' (Eq—1)2-7, 8k2*”)%_ -
By (2.5) and (2.6), we have
1Sul < €221,
which tends to zero as n goes to infinity. Moreover, by (3.11), we have

22an m 2"
Z f(q)(B(k—l)Z*”)f(q)(B(l—l)T")}(8(k—1)2*"’5k2*")%

—2n—q

— (_1)4

2"
Z {FDBu_1p-n) f DBy} <22,

which also tends to zero as n goes to infinity. Thus, finally, as n — oo:

7—2n—q 2"

Z { £ 9Byt P (By—12-n)} + o(1). (3.13)

Jn = (—l)q
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Step 3: By combining (3.12) and (3.13), we obtain that

2

E\VO(f) - 2 Zf@(B(k na-n)| = o(l),

as n — oo. Thus, the proof of the first point of Theorem 1 is done using a Riemann sum argument.
3.2. Proof of Theorem 1 in the case H > 1 — ﬁ: the weighted non-central limit theorem

We prove here that the sequence V3, (f), given by
1 <
Vi (D =20 R () =2 S f Bz 1o (83):
T k=1

converges in L% as n — oo to the pathwise integral fol f(Bg)dZ S(q) with respect to the Hermite process of order ¢
introduced in Definition 7.

Observe first that, by construction of Z (@ (precisely, see the discussion before Definition 7 in Section 2), the
desired result is in order when the function f is identically one. More precisely:

Lemma 9. For each fixed t € [0, 1], the sequence 29" " L 2[2 1 I, (5®q .) converges in L? to the Hermite random

variable Z,(q).

Now, consider the case of a general function f. We fix two integers m > n, and decompose the sequence V;‘ﬁ (f)as
follows:

V;qﬂz(f) — A(m'n) + B(ma"l)7

where
on jszn
1
(m,n) _ (g—1) ®q
AT = ;2'” DB Y L(85),
: j=1 i=(j—1)2m-n41
and

n zm n

g _ Zm(q DS A B (30,

j=li=(—-1)2m—"41

with the notation A;’f}"f(B) = f(Bg—1y2-m) — f(B(j—1)2-n). We shall study A®") and B separately.
Study of A"™_ When n is fixed, Lemma 9 yields that the random vector

szIl*)l

1

- Am(g—1) ®q . n

(q’z DR A m)]_l,...,z)
' i=(j—1)2m=n41

converges in L2, as m — o0, to the vector

(Z(l]) _ Z(‘I)

o Tppenid =1 2.
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L2
Then, as m — oo, AT = A1) where

(con) ._ (9) (9)
A =37 (B (29 = 28 5
j=1

Finally, we claim that when » tends to infinity, Alo0.n) converges in L? to fol f(Bs) dZ§q). Indeed, observe that the
stochastic integral fol f(By) dZs(q) is a pathwise Young integral. So, to get the convergence in L? it suffices to show

that the sequence A(®™ is bounded in L? for some p > 2. The integral fol f(By)dZ S(q) has moments of all orders,
because for all p > 2

o <|z,<‘” - z§">|>1’]
sup | —— < 00

Lo<s<t<1 [t —s|¥

i (lBt_Bs|>p:|
E|l sup _ < 00,
Lo<s<r<1\ |t —s|P

if y <g(H — 1)+ 1 and B < H. On the other hand, Young’s inequality implies

and

1
‘A“‘*”) - /0 F(B)dZ?| <c, , Var,(f(B)) Var,(Z9),

where Var, denotes the variation of order p, and with p, v > 1 such that % + ; > 1. Choosing p > & and V>

m, the result follows.

This proves that, by letting m and then n go to infinity, A" converges in L? to fol f(Bg)dZ S(q).
Study of the term B : We prove that

lim sup E|B"™ ")| (3.14)

n—oo

We have, using the product formula (2.3) for multiple stochastic integrals,

zm n il 2m n

SO VD WD Dl M o 1)}

Jj=li=(j—D)2m=—n41 j/=1i'=(j'—1)2m=n+1 [=0
x b (8i2-m, Sz (3.15)
where

b = E(A] f(BYAL f(B) g1y (5555 & 6530,")). (3.16)

By (2.2) and (2.1), we obtain that bl('"’") is equal to

2l , . ®(g—1I) ®(q-1)
E(D*=D(AT" F(B)AT F(B)), 8555 @ 850" ) g o201
221

® ®
= Z ( ) ((f(a)(B(i—l)Z*m)g(ii])z—m —f(a)(B(j—l)rﬂ)S(j‘il)z—n)

S ( F(2q—21— b 2g—21— Q—-Dz «@g—1)
® (f( i a)(B(i’—l)Z*’")E‘E?/,l)z—m f( - a)(B( j’—1)2~ ”)8( i—1)2- m)) 812 qm ® 4; /zqm >5:J®2(q—1)~
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The term in (3.15) corresponding to / = ¢ can be estimated by

1 - 2
— 22D up  E|f(Bo) — f(By)[ By
q! [x—y|<27"

where B, has been introduced in (3.6). So it converges to zero as n tends to infinity, uniformly in m, because,
by (2.11) and using that H > 1 — ﬁ, we have

sup 22m(q_l)ﬁq,m < 00.
m

In order to handle the terms with 0 </ < g — 1, we make the decomposition

221 4
2g — 21
b < 3 ( ) )ZB’“ (3.17)
a=0 h=1

where

®12g—2l—a) 5®(f1—1) = (®@g—D)

_ m,n m,n ® =~
By = E|A]"; f(B)Ai’,j’f(B)|<S(iil)2—”’® Eimtpm O ®8pmm )5®2w—l>’

sJ
By = E|f“(B(j_1p- A} f(B)]

®a ®a S ®Q2q—2l-a) (®@g-1)z ®(@G-1)
X<(5(z‘—1)2*m_8(/'—1)27")@8(1"—1)27'" +8inom @ 8inm )ﬁ®2<q—l>’

By = E|A]" f(B) £ (B(ji_1)pn)

®a S (. .®2g-2l-a) ®(2q—2l—a) ®@-Dz ®@-1)
x (8(i71)2*m® (5(1'/71)27'" —&r—12n )’81'2*»1 ® 8;pm )ﬁm(q,,),
By = E|f(a)(B(j—l)zfn)f(zq_ZI_a)(B(j’—l)zfﬂ)
®a ®a ~ 0 ®Qq-2-a) ®Qq—2—a)y ®Gg—D)= (g—I)
X <(8(i—1)2*m - ‘9(‘/—1)2%) ® (‘9(,'/—1)2*'" ~&Gr—n2n ). 8ipm @ 8l >5®2<q*l>' (3.18)

By using (2.9) and the conditions imposed on the function f, one can bound the terms B, B and B3 as follows:

2 om(a—
|B1| <c(q, f, H) sup E|f(“)(Bx)—f(“)(By)| p-2mig=1),
|x—y|<1/2",0<a<2q

|Bo| + | B3| < c(q, f, H) sup E|f®472=9(By) — fRa-2=a (g2~ 2ma=D,
[x—y|<1/2",0<a<2q

and, by using (2.10), we obtain that
|Bs| <c(q. f. H)2 "4~ D/a=2ma=h,

By setting

1 ) .
Ry=—  sup E|f(By) — f(B))| sup22"@ Vg, ..
9- x—y|<2~" m

we can finally write, by the estimate (2.11),
E | B(m,n) |2

< Ro+e(H, £.2" 0D sup | fGaAm gy - pQamAa (g |4 (27 @D
[x—y[<1/2",0<a<2q
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on 2m n i 2m n

XY Y Y Srmetpase),

J=li=(j—1)2m=n 41 j'=1i'=(j' =121 41 =0

<Ri+o(H f.2" 00 sup | fOIEm0(B,) - pCO20 By | 4 27D
Ix—y|=<1/2",0=a<2q

X22—2m(q b Z in-m, 8jr—m)

i,j=0

<RoteH L) sup [Ty - pQTAmO ()| 4 7D/
|x—y|<1/2",0<a<2q

and this converges to zero due to the continuity of B and since g > 1.

3.3. Proof of Theorem 1 in the case ﬁ <H<I1- i: the weighted central limit theorem

Suppose first that i <H<1- ﬁ. We study the convergence in law of the sequence Vz(fil)( £) =229 (). We
fix two integers m > n, and decompose this sequence as follows:

VO = A 4 B,

where
2n szL*)l
A =272y T (Bip) ) He(2" ABiyn),
j=1 i=(j—1)2m"41
and

2)71 n

glmm _ 2m(Hq 1/2)2 Z A;f’]’."f(B)I ((qum)

j=li=(—-1)2m—"41

and where as before we make use of the notation A?fj’."f(B) = f(Bi—1y2-m) — f(B(j—1)2-n)-

Let us first consider the term A" . From Theorem 1 in Breuer and Major [1], and taking into account that
H<1-— i it follows that the random vector

jszn
(B,z—”'/2 > Hq(Z’”HAB,-Z—m);j:l,...,2">

i=(j—1)2m—n41
converges in law, as m — 00, to
(B.ougAWpn; j=1,...,2"),

where oy 4 is the constant defined by (1.16) and W is a standard Brownian motion independent of B (the indepen-
dence is a consequence of the central limit theorem for multiple stochastic integrals proved in Peccati and Tudor [20]).
Since

27!
Y FBG1p) AW

j=l1
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converges in L2 as n — oo to the Itd integral fol f(Bs)dW we conclude that, by letting m — oo and then n — oo,
we have

(B, Almm) 12 (B qu/ £ (B )dW)

Then it suffices to show that

lim sup E|B(m ")| (3.19)

=00 m— o0

We have, as in (3.15),

on 2m n /2m n

D M VD SIS S ()

J=li=(j—D2m"+1 j'=1i'=(j’'-1)2"~"+1 =0

X b (8i3-m, Sirg-m), (3.20)

where bl(m’") has been defined in (3.16). The term in (3.20) corresponding to / = g can be estimated by

1 _ 2
—2"@Ha=Dsup - E|f(By) — f(By)| By,
q: lx—y|l<2—"

which converges to zero as n tends to infinity, uniformly in m, because by (2.7) and using that H < 1 — q , we have
sup2mCHa=Dg . < o,
m
In order to handle the terms with 0 </ < g — 1, we will distinguish two different cases, depending on the value of H.
Case H < 1/2. Suppose 0 <[ < g — 1. By (2.6), we can majorize bl(m’") as follows:

|bl(m,n) | < C274Hm(qfl).

As a consequence, applying again (2.7), the corresponding term in (3.20) is bounded by

C2m(2Hq71)274Hm(qfl)ﬂl m < C22mH(lfq)’

which converges to zero as m tends to infinity because [ < q.
Case H > 1/2. Suppose 0 <! <q — 1. By (2.9), we get the estimate

|bl(m,n) | < C2—2m(q—l).

As a consequence, applying again (2.7), the corresponding term in (3.20) is bounded by

sz(qu—l)z—Zm(q—l)ﬂl m

IfH<1-— %, applying (2.7), this is bounded by €2"H(@=D=2@=D) 'which converges to zero as m tends to infinity
because H <1 and/ < g.Inthecase H =1 — %, applying (2.8), we get the estimate Cm2"H@=D=2(4=D) \which
converges to zero as m tends to infinity because H < 1 and/ < g.Inthe case H > 1 — 211, we apply (2.9) and we get
the estimate C2"2H2+1-29) Wthh converges to zero as m tends to infinity because H < 1 — 2q
The proof in the case H =1 — 2 is similar. The convergence of the term A" is obtained by applying Theorem 1

in Breuer and Major (1983), and the convergence to zero in L? of the term B™ follows the same lines as before.
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3.4. Proof of Proposition 2

We proceed as in Section 3.3. For p =2,...,q, we set VZ(IZL)(f) = 2_”/2V,,(p)(f). We fix two integers m > n, and
decompose this sequence as follows:

Vz(,[;yz(f) — Ag)m,n) + B,()m,n)’

where
2VL j2”l*)‘l
A =2 2N f(Bopn) Y, Hp(2""ABpm),
j=1 i=(j—1)2m=n41
and
1 on jzm—n
_ , ®
BUM = — =12 NNN A gy (537,
p: j=li=(j—Dam=n41

and where as before we make use of the notation A;’f}.”f(B) = f(Bi—12-m) — f(B(j—1)2-n)-

Let us first consider the term Ag"’"). ‘We claim that the random vector

jzm—n
<B, {2m/2 Z H, (2" ABiy—n); j=1, 2”} )
2<p=q

i=(j—1)2m—n41

converges in law, as m — o0, to
P . . _ n
(B Aonp AW j=1,....2"},_ ).

where (W@, ..., W@) is a (¢ — 1)-dimensional standard Brownian motion independent of B and the oy ,’s are
given by (1.16). Indeed, the convergence in law of each component follows from Theorem 1 in Breuer and Major [1],
taking into account that H < % <l- ﬁ. The joint convergence and the fact that the processes W for p=2,...,q
are independent (and also independent of B) is a direct application of the central limit theorem for multiple stochastic
integrals proved in Peccati and Tudor [20].

Since, for any p =2, ..., g, the quantity

2"
Y F B AWD,
=1

converges in L? as n — oo to the Itd integral fol f(By) dWs(p ), we conclude that, by letting m — oo and then n — oo,
we have

1 1
L
(B, AT, ... Almm) 2 (B, om/o f(BYAW®, ..., oH,q/O f(BS)dWs(”))
On the other hand, and because H € (%, %) (implying that H € (ﬁ, 1— ﬁ)), we have shown in Section 3.3 that
lim sup EiBl(,’”’")|2 =0
=0 m—o0

forall p=2,...,q. This finishes the proof of Proposition 2.
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3.5. Proof of Corollary 3

For any integer g > 2, we have
q q o q
(2”HABk27n)q —/,Lq :Z (p)’uq—szﬂPI 8]{2[’" :Zp|( )Mq p (2nHABk27)l).
p=1 p=1

Indeed, the pth kernel in the chaos representation of (2" ABj,-1) is

: q
EE(DP(Z’HABszn)q) = (p)z””f’uq ol

Suppose first that g is odd and H > % In this case, we have

2" q
_ q _
27N F Bty (2" ABp) =D j::!(p)quz "HyP (1),

The term with p = 1 converges in L?to qig—1 fol f(Bg)dBg. For p > 2, the limitin L?is zero. Indeed, if H < 1— ZL,
then E(Vn(p)(f)2) is bounded by a constant times n2" by Proposition 8. If H > 1 — ﬁ, then E(Vn(p)(f)2) is bounded

by a constant times 2~"2(=H)r+21 by (1.19), with —2(1 — H)p +2—2H = (1 — H)(2 —2p) <O0.
Suppose now that g is even. Then

2" q
22N F (B [(2M ABrg-n)! — ] =22 Zp!(i)uq_pv;”)<f>.
k=1 p=2

If H < 1, by (1.14), one has that 22"H " x 2(g)uq_2v,}2>(f) converges in L%, as n — 00, to §(})pg—2 x
fol f"(Bs)ds. On the other hand, for p > 4, p2nH—n Vn(p)(f) converges to zero in L?. Indeed, if H < ﬁ, then
E(V," ()2 = 0Q"2Hr+2) by (3.1) with —2Hp +2+4H =2 < 0. 1f H > 55, then E(V,”(f)2) = 0(2")
by (3.2) with 4H — 1 < 0. Therefore (1.22) holds.

In the case }‘ <H< %, Proposition 2 implies that the vector

(B.27"2V,@(f),....27" 2,2 ()

converges in law to

1 1
<B,0H,2 /O FBYAWD, .. o, /0 f(Bs>dW§‘”),

where (W@, ... W@D)isa (g — 1)-dimensional standard Brownian motion independent of B and the og,,’s, 2 <
p <gq, are given by (1.16). This implies the convergence (1.24). The proofs of (1.23) and (1.26) are analogous (with
an adequate version of Proposition 2).

Finally, consider the case H > %. For p =2, 2”_2H”V,,(2)(f) converges in L? to fol f(BS)dZs(z) by (1.19).

If p > 4, then 2”_2H"Vn(p)(f) converges in L? to zero because, again by (1.19), one has E(Vn(p)(f)z) =
O(zn(Z—Z(I—H)p))-
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3.6. Proof of Theorem 4

We can assume H < %, the case where H > % being straightforward. By Taylor’s formula, we have

2)1

1
f(B1) = f(0)+ 2 Z(f/(BkZ—") + f'(Bk—1y2-1)) AByp-n

k=1

2n 2n
1 1
=5 2 P Bz (BB = 3 0 f O By (AB-)?
=1 k=1
1 &
— =Y [P Bu-n2)(ABi) + Ry,

80 Pt

with R, converging towards O in probability as n — oo, because H > 1/6. We can expand the monomials x™,

m=2,3,4,5, in terms of the Hermite polynomials:

x? =2H)(x) + 1,

x* = 6H3(x) + 3Hi(x),

x* =24H,(x) + 12H(x) + 3,

x® = 120Hs(x) 4+ 60H3(x) 4+ 15H; (x).

In this way we obtain

2’1

Z f(3)(B(k_1)27n)(ABk27n)3 — 6 X 2—3Hn Vn(3) (f(3)) + 3 X 2—2Hn V,,l(l)(f(3))7

k=1

27!

D DBy ) (ABga-n)*t =24 x 27y @ (f @)

k=1
2!1

+ 12 % 2_4ann(2)(f(4)) + 3 x 2—41‘11‘1 Zf(4)(B(k—1)27")’

k=1

27!

D FOBor1pn)(ABra)’ =120 x 271y O (£ 9)

k=1

60 x 273y (£O) 15 x 27 HIny D (),

By (3.2) and using that H > %, we have E(V,l(3)(f(3))2) < C2" and E(Vne)(f(S))z) < C2". As a consequence, the
first summand in (3.22) and the second one in (3.24) converge to zero in L? as n tends to infinity. Also, by (3.2),
EWVH(f®)2) < 2 and E(VLO (£9)2) < €2". Hence, the first summand in (3.23) and the first summand in (3.24)
converge to zero in L? as n tends to infinity. If % < H < 41_1’ (3.1) implies E (V,,(z)( f )2y < C2M(=4H+2)) 5o that
2—4Hn V,,(z)(f(4)) converges to zero in L? as n tends to infinity. If % <H< %, (3.2) implies E(Vn(z)(f)Q) < C2" so

that 2—4Hn V,,(z) f @) converges to zero in L? as n tends to infinity.
Moreover, using the following identity, valid for regular functions 72: R — R:

o 2

1
E W (Bk—1)2-1) ABig—n = h(B1) — h(0) — 2 E h" (B, ,)(ABa-n)?
k=1 k=1



1078

L. Nourdin, D. Nualart and C. A. Tudor

for some 6;,-» lying between (kK — 1)27" and k27", we deduce that 2—4Hn V,,(l)( £©)) tends to zero, because H > %.
In the same way, we have

on

_ 1
22y () = 52 2HEN " F D (Bg—1yp-n) (ABya-n)?
k=1
1 2)1
=227 fO B ) (ABg-)’ +o(D).
k=1
We have obtained
2}1
1 / /
FB) = O+ 5D (f Bras) + ' (Bmiyo-) ABias
k=1
1 Z
+gx 2 Hn Z SO Bu—1yp-n)Ha (2" AByy-n)
k=1
1 Z
=55 X271 Y Bip-n) (ABia-n)’ +o(1).
k=1

As before 241" Vn(z) (f@) converges to zero in L2 Finally, by (1.11),

also

on

2—2Hl’l Z f(S) (B(k—l)zf'l)(ABkzin):i
k=1

converges to zero. This completes the proof.
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