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Asymptotically simple space-time manifolds

D. Lerner and J. R. Porter

Department of Mathematics, University of Pittsburgh, Pitisburgh, Pennsylvania 15213

(Received 12 February 1973)

Asymptotic simplicity is shown to be k-stable (k > 3) at any Minkowski metric on R* in both the
Whitney fine C* topology and a coarser topology (in which the C¥ twice~convariant symmetric
tensors form a Banach manifold whose connected components consist of tensor field asymptotic

to one another at null infinity). This result, together with a sequential method for solving the field
equations previously proposed by the authors, allows a fairly straightforward proof that a well-known
result in the linearized theory holds in the full nonlinear theory as well: There are no nontrivial (i.e.,
non-Minkowskian) asymptotically simple vacuum metrics on R* whose conformal curvature tensors

result from prescribing zero initial data on past null infinity.

I. INTRODUCTION

The concept of asymptotically simple space~time mani-
folds, introduced by Penrose, 12 is a fruitful one in the
study of asymptotic conditions in general relativity and
one which Penrose has used to good advantage.® One
would like to have more examples of asymptotically
simple space~times than the single example now known,
namely Minkowski space—time. In this paper it is shown
that there are many asymptotically simple space-times;
in fact, there is an open neighborhood of any Minkowski
metric on R? in the Whitney fine C* topology (¢ = 3) on
the set of Lorentz metrics on R4 all of whose elements
are asymptotically simple metrics. Using this result and
a formulation for weak gravitational fields developed by
the authors,? we show that a certain linearized solution
to the vacuum field equations has an exact counterpart
in the full nonlinear theory. Section II deals with de-
finitions and preliminaries; Sec. III gives a proof of the
asserted result for asymptotically simple space-times;
Sec. IV extends the known linear result to the full theory;
and Sec. V gives some concluding remarks and conjec-
tures.

Il. MATHEMATICAL PRELIMINARIES

A space-time manifold is a pair (M, g) where M is a
four-dimensional C = differentiable manifold and g is a
C3 pseudo-Riemanian metric on M of signature -2 which
is time-oriented and possesses no closed timelike C1
curves. A space~time manifold (M, g) is said to be
asymptotically simple if there exists a space-time mani-
fold (3, g) with boundary whose interior is conformal

to (M, g) with & = Q2g, Q > 0, which satisfies:

(1) M is a c* differentiable manifold with boundary §
and g is a C3 pseudo-Riemannian metric on mz,

(2) QisC3onM,Q=0o0ngandd? = 0 on g

(3) Every maximally extended null geodesic in the in-
terior of M2 intersects gin precisely two points.!

Minkowski space~time (R4, 7) is an example of an asymp-
totically simple space—time. The manifold (71,7 whose
interior is conformal to (R4, ) is obtained by construct-
ing the conformally-compactified Minkowski space—
timeS.8 and then slicing this manifold apart along the
light cone at infinity. The result is represented pic-
torially in Fig. 1. The points I+, /%, and I- are not points
of 4.

An exposition on the Whitney topologies applied to pro-
blems in general relativity is given by Lerner,? and
only a brief summary will be given here. Given an ar-
bitrary Riemannian metric y on a differentiable mani-
fold M, a W,, (Whitney fine C°) neighborhood base of a
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CO tensor field t € T'%(T7%(M)) is given by sets of the
form

W,(t, €(x)) = {s|s € TO(T7(M))
and |s — ¢l () < e(x),V x € M}

Here €(x) is any positive continuous function on M and
| u(x) is the p norm in T7M,. A W, (Whitney fine C¥)
neighborhood base (£ = 0) of a tensors field t € T'*
(T(0M)) is given by sets of the form

WA, €(x)) = {s|s € THT7()) and ||s — ¢, () < e(x),

Iw(s — &)l “(x) < e(x),onn, |VEs — t)llﬂ(x) <e(x),V x €M}
where Vi denotes the totally symmetrized ith covariant
derivative with respect to the Riemannian metric u.
This gives a convenient description of the W* topologies
(the Whitney fine C* topologies); an altogether equivalent
formulation, which ig manifestly independent of 1 and
perhaps more physically intuitive as well, is given in
Ref. 7.

The set of all C* Lorentz metrics (pseudo-Riemannian
metric tensor fields of signature -2) on M will be de-
noted by L*M). A property P on I'*(T7(M)) is said to

be k-stable at a tensor t € I'¥(T7(M)) if there exists an
open W* neighborhood of ¢ all the elements of which
possess property P. For example, geodesic complete-
ness is k-stable, 2 = 2, on L*(M) as is time orientability.
The purpose of Sec. III is to prove that asymptotic sim-
plicity is k-stable,# = 3,at nin L*.

Another topology is used on L *(R%) in Sec. IV which
was introduced by Lerner and Porter.4 Given 7 and a
Minkowski coordinate systems {x’} on R4 in which 7 =
ds2 = (dx0)2 — (dx1)2 — (dx2)2 — (dx3)2,for any t €
T*(T7(R%)) set

It = max {1t @)1,
FERETRN €71 N |t:::,--k-(x)|}
Copyright © 1974 American Institute of Physics 1416
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where t -+ (x) stands for the components of ¢ in {x%} and
denotes coordinate derivatives with respect to {xi}.
Let

It} , = sup ()|l x € R}
Define

B{rs) ={t € THT7)| |t|,< oo}.
Then (B{r.s), |+ |,) is a Banach space; the topology is
equivalent to that of uniform C* convergence.

Given a particular Minkowski metric n on R4 and the
conformal factor  mentioned in the definition of
asymptotic simplicity, one can define the set of tensor
fields of type (r, s) asymptotic to zevo at null infinity:

Afr.s) = {t € B{7-9): Q2 extends to a C* tensor
field on # with 2t = 0 on g}.

[The conformal factor (22) used in the definition of
Afr:s) for certain applications may be changed to another
power of Q. The factor Q2 is the correct one to use for
metrics asymptotic to 7 in B(0.2).] A{r.9) is a closed
subspace of B {r.s) and thus a Banach space in its own
right. The set I‘k(T'(]R‘l) is made into a Banach mani-
fold by taking the sets

{U,=a+Afr): ac THT7(RY))}

for an (analytic) atlas. Two tensor fields a,8 ¢
l"k(T’s’(R‘l)) lie in the same connected component in this
topology iff @ — B is asymptotic to zero at null infinity.
The fields @ and 8 are then said to be asymptotic at
infinity. This topology is called the A * topology on
tensor fields. It is clear that the W#* topology is finer
than the A * topology (any open set in the A * topology is
open in the W* topology as well).

Il. STABILITY AND ASYMPTOTIC SIMPLICITY

Theovem 1: Asymptotic simplicity is a k-stable
property, £ = 3, in L ¥(R%) at any Minkowski metric 1 on
R4,

Proof: It is necessary to exhibit an open W# neigh-
borhood, 2 = 3, of n in L*(R%), the Lorentz metrics in
which are all asymptotically simple. First, there
exists an open W* neighborhood U, in IVI — gof 71,all the
Lorentz metrics in which are equal to 7 on 4. Since
M — 4 is differomorphic to R4 by virtue of the conformal
relatedness, an open W* neighborhood U; of n in R? is
obtained. All the Lorentz metrics in U; are asymptotic
to the Minkowski metric 7, The Lorentz metrics in U,
satisfy the first two defining properties of asymptotic
simplicity (using the same M and § as for (R4, 7n) and
defining g = Q2g for g € U,).

The third defining property of asymptotic simplicity
states that null geodesics are complete and that, intui-
tively, they reach “infinity’’. This is certainly true for
Minkowski space and an open W* neighborhood of 7 must
be exhibited, all the Lorentz metrics in which exhibit
this feature. To this end, it is noted that the spray of n
is certainly complete and that the completeness of a
vector field is a stable property.”7 [The spray of a me-
tric g on M is the map sp: TM — TTM defined locally
as sending (p,v,) - (p,v,, (p)w,, v,)) where
T(p) is the connectmn of g af b. The spray of a metric
is a second-order differential equation on M and its
curves give the geodesics of g. Geodesic completeness
of g means that the vector field sp(g) is complete.] Thus
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there exists a W#-1 neighborhood of the spray of 1 in

T »-1(TTM) all the vector fields in which are complete.
As the map sending a Lorentz metric to its spray is
continuous, there exists an open neighborhood U, of 7,
all the metrics in which are geodesically complete.
Let U3 = Ul n Uz.

If a Minkowski coordinate system {t = x0, x1, x2, x3} is
chosen for 7, so that ds2 = dt2 — (dx1)2 — (dx2)2 —
(dx3)2, then any null geodesic in (R%,7) has the property
that it crosses each of the { = const hypersurfaces.
Thus the null spray of 7 [in these coordinates (x, vi) -
(xi, vi, 0%, 0) where n; v’vJ 0] is transverse to the hy-
persurfaces t o 7 = const where 7 is the projection
associated with the tangent bundle, TR4. This trans-
versal property is stable and so there exists a W* open
neighborhood U, of 7 containing only metrics whose
null sprays are transverse to the hypersurfaces t o 7 =
const. Let U = Uz N U,. The metrics in U satisfy the
properties (1) and (2) of asymptotically simplicity, and
have complete null sprays transverse to each o 7 =
constant hypersurface. The claim is that the metrics
will also satisfy property (3). Null geodesics (maxi-
mally extended) for a metric g in U cross each t =
const hypersurface. Since null geodesics are confor-
mally invariant, the image of a null geodesic of (R4, g)
under the conformal map is a null geodesic of (#, g).
Thus a null geodesic (maximally extended) of (M, g)
can only fail to have two points on J if it contains I+,
I9, or I-. See Fig.2. But this is impossible as the past
light cone of I+ is g+, the light cone of /0 is g, and the
future light cone of I is 9-. Thus, for example, the only
null geodesics in (M, g) containing /*+ are those that

lie on §+ and no null geodesic from # — 9 can contain
I+. Thus, we have an open W* neighborhood U of 1 in
L(R%) containing only asymptotically simple space—
times.

So there are many asymptotically simple space-times
based in R4; in particular, ones which are not confor-
mally flat.

A slightly stronger version of Theorem 1 can be proved,

Theorvem 1': Asymptotic simplicity is stable at 7 in
the A¥ topology on the set B, of C* Lorentz metrics
which are asymptotic to 7.

The A® topology is coarser than the W* topology and the
additional asymptotic condition is essential. The proof
proceeds similarly to that above, with one making cer-

tain that at each step the W* open sets can be replaced

with A% open sets all the elements in which are asymp-
totic to 7.

IV. CURVES OF LORENTZ METRICS

Given a curve in L*(R4), k = 2, of Lorentz metrics at
1,&: t — g(t) such that g(0) = 7, the induced curve of
Riemann tensors is denoted by Q: ¢ — Riem(g(t)) €
T'%2(TYR4), the induced curve of Ricci tensors is de-~
noted by Ric: ¢ — Ricci(g(t)) € T'*2(T9R4%), and the in-

M
4
IR t = constant
o
—— % I
t= constant

FIG. 2
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duced curve of conformal tensors is denoted by Co:
t - conf.(g(t)) € T*2(TY(R?)). I g is in B0 for
and Minkowski coordinate system {x?}, then the three
induced curves , Ric, and Co have images in By,
B{%?, and B{%*%), respectively.4 If, in addition, g is
analytic at 7, then the induced curves are all analytic
at zero in the respective spaces.

On the other hand, if an analytic curve is given at 0 in
B{9%:?, the question arises as to whether there exists
an analytic curve in B{%2) of Lorentz metrics at 7
which induces the given curve in B{%-?) as its curve of
Ricci tensors. This, in general, will not be the case;
when it is true one can solve the field equations in ge-
neral relativity by solving sequentially a set of linear
partial differential equations. The difficulties are with
respect to boundedness of the terms and convergence of
the resulting sequence. An additional freedom in the
resulting curve is fixed by appropriate initial conditions
for g. This additional freedom is a useful adjunct in
trying to find such an analytic curve of Lorentz metrics.

Theorem 2: Let t— g(t) € B£%2) (k = 3) be an
analytic curve of vacuum metrics (Ric(g(?)) = 0, all
t) on R? with g(0) = 1. Suppose that

(a) for all ¢,g(t) is asymptotic to 7,

(b) for each t, the conformal curvature tensor of g(¢)
results from zero initial data on 9- in the confor~
mally related (#, ).

Then g(t) is a curve of Minkowski metrics.

Proof: Given a curve of Lorentz metrics analytic
at n,g: t > g(t), the analyticity at  requires that

o0 ti
gty=n+2 h—.

i=1 (i) 7!
The requirement that the curve be asymptotic to 7 is
that the curve

o0 pi
i1 (i) i!

by asymptotic to zero. Tensor fields of any given type
in B, .) asymptotic to zero form a Banach space.

There is an open interval about zero for which the
curve g has its image in the set of asymptotically
simple metrics on R4 as guaranteed by Theorem 1’;

let ¢ be restricted to such an interval. The solution of
the equations for the Ricci tensor and conformal tensor
for this curve then proceeds sequentially. Since the
corresponding maps Ric and Co are analytic at 7, the
corresponding curves are completely determined by
their derivatives for { = 0. The zeroth derivative gives
conditions automatically satisfied since Minkowski
space~time has zero Ricci tensor and zero conformal
tensor. The first derivative of the curve of Ricci tensors
at £ = 0 simply gives the vanishing of the linearized
Ricci tensor for 7 + k (4,

T’ad(}i)ac,bd - nad(li)bc,ad - nad(}i)ad,bc

+ned h =0.
(1)bd,ac

The first derivative of the curve of conformal tensors at
t = 0 yields the linearized conformal tensor C¢y) 5.4

of n + h () which must in the conformally related pic-
ture (M7, 7n) be obtained from zero initial data on the
null Cauchy hypersurface 9-. The linearized conformal
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tensor, C(q) 454, Satisfies the linearized Bianchi iden-
tities n%C (yabca.e = 0, whose spinor equivalent is
VAYY 4 pep = 0 if Y 4pcp Tepresents Cy,, . 4. BY using
the techniques developed by Penrosel for handling such
zero rest-mass field equations in a conformally in-
variant manner, a spinor field ¢, zcp = QW 4 5¢p i
obtained on (7, 7) satisfying V44’¢ ,p.p = 0. Initial data
for ¢ ,pzcp is given on the null Cauchy hypersurface -,
namely zero data, and the solution at a point p € M of
the initial value problem for the equation VA4'¢ , ,op = 0
can be obtained as a generalized Kirchoff integral over
the intersection of the past light cone of p and the initial
data surface 9-.3 For zero initial data, the resulting
field ¢ ,5cp 18 zero and thus ¥, 5o, = 0 or equivalently

Cabea = 0.

The fact that the linearized Ricci tensor and the linear-
ized conformal tensor of 7 + & 1yh are both zero is
equivalent to the vanishing of the linearized Riemann
tensor. This fact is best exploited by using the Cartan
structure equations in their linearized forms for the
determination of 2(,y. The structure equations are

des + we, A6t =0,

dw?, + 0w, A w¢, = R,
where ¢4 is a basis for cotangent vector fields, w4, is
the connection form whose Riemann curvature form is
Re,. In the frame 62 = dx¢ the metric n + 2 () yields
the linearized structure equations with linearized con-
nection w?,

wa, Apd =0, (1)

dw?, = 0. (2)
Equation (2) says that the 1-form w?, = w?, .dx°
is closed and since the manifold is simply connected,
w?, is exact,

wabc =“ab,c' (3)
Equation (1) then gives 2, .dx® ~ dx¢ = 0 or that the

1-form p e = p4%,dx® is closed. Again, simple connec-
tivity says that 1 ¢ is exact,

ue, = oa ,,
v = G0
and thus
we, = 02, . 4)
be T (p

The tensor Ay ,, is obtained from the linearized equa-
tion for the vanishing of the covariant derivative of
the metric, i.e., Dg ;.. (1)],.o(k(yy 45), resulting in

k =Mga O % 5ot Mgl @ (5)
(l)ab,c ad(l) sbe bd(l) Jac»

whose solution (absorbing constants of integration into
O(p9 is
¢V

3 =0 + 0 (6)
™ »* o
where
O ,=MN,;0 4.
(n° ad(l)

The four functions 0, , are required to be C*4 and to be
appropriately bounded in B (0.0,
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A coordinate transformation x'? = %% + $0 ;)% yields the
same curve of metrics which, when expressed in the new
coordinate system, has zero linear term:

T)+0't+2 h'—'. (7)
i=2 (i) t:

The next step in the sequential solution is to determine
h'(y from the conditions imposed on the curve of Ricci
terms (namely that it be the constant curve 0) and the
curve of conformal tensors. The resulting equations for
k'’ (o) are exactly those previously solved for 2,y and
the same technique that resulted in Eq. (7) yields a
curve of the form
2 0 i
n+0-t+0-2 4 3 opr L (8)
i=3 @) i!

Continuing, it is seen that the resulting curve is a curve
of Minkowski metrics as required. For each ¢, the
transformation

oa.t_i

-~ o0
xX¢ = x2 +
i=1 (i) 7!

exhibits g(¢) in a Minkowski coordinate system.

V. CONCLUSION
The following questions arise:

(1) Is asymptotic simplicity W* stable? Theorem 1
is the proof that this is the case at any Minkowski
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metric on R4, (R4, 7). The proof utilizes some special
properties of Minkowski space and no obvious generali-
zations of the techniques involved exist. Also note that
Theorem 1 gives the stability of weakly asymptotically
simple spaces! at any weakly asymptotically simple
space whose corresponding asymptotically simple space
is in the open W* neighborhood of (R%, ) exhibited in
the theorem.,

(2) Is it possible to use the techniques in Sec. IV to
generate nontrivial analytic curves of solutions to pre-
scribed field equations? Considerations of this nature
are to appear in a forthcoming paper by the authors.

(3) Is it possible to obtain conditions under which the
linearized solutions to the field equations actually deter-
mine the behavior of solutions in the full theory? In-
cluded in this might be a formulation of stable properties
in terms of Lyapunov functionals.
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