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LIPSCHITZIAN SOLUTIONS OF PERTURBED NONLINEAR
PROGRAMMING PROBLEMS*

B. CORNETt AND J.-PH. VIALt

Abstract. We prove that if a second order sufficient condition and a constraint regularity assumption
hold, then for sufficiently small perturbations of the constraints and the objective function, the set of local
minimizers reduces to a singleton. Moreover, the minimizer and the associated multipliers are Lipschitzian
functions of the parameter.
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1. Introduction. This paper deals with the stability of solutions and multipliers of
nonlinear programming problems when the data are subjected to small perturbations.
In order to formulate the problem, we introduce an open subset U of R", a metric
space P, functions f and g from U X P to R and R™ and a nonempty closed subset Q
of R™. The problem of interest is then:

minimize f(x, a),
P(a)
subjectto g(x, a)e Q, xe U,

where x is the variable in which the minimization is done and « a perturbation
parameter which belongs to P and which remains fixed in the minimization problem.

We are interested in the behavior of local minimizers of P(a) when the parameter
« varies. Our main result can be informally stated as follows. Under a set of assumptions
dealing with (i) the smoothness of the functions f and g, (ii) the regularity of the
constraints at (X, &), (iii) the weak convexity of the set Q and (iv) a strong sufficient
second-order condition at (%, &), it is shown that, for small perturbations of the
parameter &, the solution X of P(&) persists and is in Lipschitzian dependence with
respect to the parameter. The importance of this Lipschitz property should be appreci-
ated in the light of recent developments of calculus for Lipschitzian mappings (Clarke
(1975), Rockafellar (1981)).

The above formulation of problem P(a) allows us to take into account the classical
nonlinear programming problem with equality and/or inequality constraints, i.e.,
Q={0}"x (—RY:) for nonnegative integers m, and m,. The consideration of more
general sets Q in P(a) is motivated by the following property of weakly convex sets,
a class of sets introduced by Vial (1983) (see also Cornet (1981)), which includes as
special cases, convex subsets of R™ and twice continuously differentiable submanifolds
of R™ with or without a boundary. Let Q be a nonempty closed subset of R™ and let
a be in R™; then the set of projections of a on Q, denoted =(a)=
{xeQ||x—a| =||x'—«a|, for all x' in Q}, clearly is the set of solutions of problem
P(a) for well chosen mappings f and g. An important property of weakly convex sets
is that the mapping = is single-valued and Lipschitzian on a neighborhood of Q. Our
main theorem generalizes the known results for problems with equality and/or
inequality constraints and also includes the above property of weakly convex sets.
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We conclude this section by indicating the link between this paper and the rest
of the literature. The standard problem with equality and/or inequality constraints has
been studied by Fiacco and McCormick (1968), Robinson (1974), Fiacco (1976). The
basic feature of these articles is that, under the strict complementarity slackness
assumption, it is proved, using the standard implicit function theorem, that the station-
ary points (i.e., points that satisfy the first order necessary condition for optimality),
and their associated multipliers are differentiable.

The strict complementarity slackness assumption has been removed, in the case
of equality and/or inequality constraints by Robinson (1980), Kojima (1980), Jittorn-
trum (1984) and in the case where Q is a closed convex subset of R™ by Cornet-Laroque
(1986) (see also Cornet-Laroque (1980), Cornet (1981)) and J.-P. Aubin (1981) when
the constraints are linear. In these cases, under a somewhat stronger second order
sufficient condition, a similar result is shown to hold, namely that the stationary points
and associated multipliers are (locally) Lipschitzian mappings of the perturbation. The
main tool for these analyses are generalizations of the standard implicit function
theorem; for example Robinson (1980) proves a general implicit theorem for “general-
ized equations” (i.e. of variational inequalities), Cornet-Laroque (1986) use a generaliz-
ation of the implicit function theorem in the case of Lipschitzian mappings due to
Clarke (1976) (see also Auslender (1983)) and J.-P. Aubin (1981) a generalization of
it in the case of convex processes.

Our approach in the present paper is different from the previous ones. It is direct
in the sense that no implicit function theorem or generalization of it is used. We are
able to show the local persistence of a local minimizer of our problem and next the
Lipschitzian dependence with respect to the parameter . The first step owes much to
a result of Robinson (1982). Finally we shall mention the work of Levitin (1975) who
made an analysis of the Lipschitz dependence of local minimizers, also by a direct
approach. However, it contains an apparent error as is pointed out in the paper of
Robinson (1982).

Our paper is organized as follows. In § 2, we recall some definitions and state the
main result of the paper. We also discuss two noteworthy applications: the first deals
with the projection of points on a weakly convex set, and the second deals with the
standard nonlinear programming problem. The proof of the main theorem is given in
§3.

2. Statement of the main theorem and some consequences. Let us first introduce
some notations and definitions. Let x =(x;), y=(y;) be in R?; we denote (x, y)=
Y . X+ y, the scalar product of R and ||x|| = (x, x)"/* the Euclidean norm. Let A be
a nonempty subset of R? and let x be in R; we denote da(x)=inf{|la—x||ac A},
B(A, &) ={xeRd,(x)<e}and B(A, £) ={x R ds(x)=e}. Let Q be a subset of R™
and let x be in Q; we recall the following definitions of Clarke (1975) of the tangent
cone To(x) and the normal cone No(x) to Q at x,

To(x) = {v e R™|for all sequences {6, } < (0, ) and {x;} = Q such that 6, >0,
x; - x, there exists a sequence {v,} - v such that, for all k, x; + 6,0, € Q},
No(x) ={neR™|n, v) =0, forall ve To(x)}.

DEFINITION 1. A subset Q of R™ is said to be weakly convex, with constant p =0,
at an element y° in Q, if there exists £ >0 such that, for all ', y* in QN B(y’, £) and
for all A€ No(y*) N B(0, 1), one has

p
(A2, yz—y‘>%—-2'|ly2—y‘||2-
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It is possible to give the following geometric interpretation of weakly convex sets,
of constant p>0. Let Q be such a set and let X =QN B(»°, &) with y,€ Q. Then for
all xe X and n e No(x) N B(0, 1)(= Nx(x) N B(0, 1)),

XNB(x+p7'n,p~'nl)=2.

For 1 # 0, one could view B(x+p~'n, p~'||n]||) as a “supporting ball,” very much
in a sense analogous to a supporting hyperplane for a convex set. In this terminology,
if a set is weakly convex at y°, one can exhibit a “supporting ball” at each point of
the boundary of the set in a neighborhood of y°. Note that the radius of the “supporting
ball” is fixed in the given neighborhood. Clearly, a convex subset Q of R™ is weakly
convex with respect to any constant p = 0. We refer to Cornet (1981), Vial (1983) for
other examples of weakly convex sets (such as C? submanifolds in R™ with or without
a boundary) and/or for properties of weakly convex sets.

We posit the following assumptions, which describe the general framework of the
paper.

Assumptions A.0

(i) U is an open subset of R"; P is a metric space endowed with a distance d;

(ii) the functions f(-,-) and g;(+,), i=1, - -, m, are locally Lipschitzian from
UXPtoR;
(iii) for all a € P, the functions f(:,a) and g(:,a), i=1,---,m, are twice

continuously differentiable from U to R;

(iv) the mappings Vf(-,-) and Vg;(-,+), i=1, - -, m, of first partial derivatives
with respect to the first argument, are locally Lipschitzian from U X P to R";

(v) the mapping D’*f(-, -) and D?g;(-, -) of second order derivatives with respect
to the first argument, are continuous;

(vi) m=m,+ m,, where m, and m, are nonnegative integers; C is a nonempty
closed subset of R™ and Q ={0}™ x C (with the convention that Q ={0}" if
m,=0 and Q= C if m, =0).

We consider the following perturbed nonlinear programming problem:

minimize g(x, a),
P(a) subjectto g(x, a)eQ,
xe U,

where g(x, a) is the vector in R™ with coordinates g;(x, @), i=1, ..., m, x is the variable
in which the minimization is done, and a € P is a perturbation term which remains
fixed in the minimization problem. Note that it is possible to rewrite the constraints
as follows. For all (x, a) in UX P, let gg(x, a) (resp. g;(x, @)) be the vector in R™
(resp.R™) with coordinates g;(x, a),i=1,-,m, (resp. i=m;+1,---,m). Then x
satisfies the constraints of P(a) if and only if:

ge(x,a)=0 and g;(x, a)eC, xe U

With P(a), we associate the following “‘generalized equation™:

Vf(x @)+ ¥ AVg(x @) =0,

2.1)
g(x,a)eQ and A=(A;)e No(g(x, a)).

We shall be concerned with pairs (x°, @°) € U x P such that x° is a local minimizer of
P(a°). If we further assume that:
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Assumption A.1. The gradients Vg;(x°, a°),i=1, - - -, m, are linearly independent,
then we shall prove later (Lemma 3.1) that there exists A’ R™ such that (x°, a°, A°)
solves (2.1). In other words, (2.1) is the first order necessary condition associated with
P(a). For such a triplet we posit the following two assumptions:

Assumption A.2. Q is weakly convex with constant p =0 at g(x°, a°). (Note that
it would be equivalent to replace the above statement by “C is weakly convex with
constant p=0 at g;(x°, «°).”)

Assumption A.3. There exist real numbers a =0 and ¢> 0 such that, for all heR",
one has

<[D2f(xo, a%)+ g A{Dg,(x°, ao)]h, h>
+a(Vf(x° a®, hY’+a 2: (Vgi(x° a®, hy>z c||h|>.

Note that the index in the first sum runs from 1 to m = m, + m, and from 1 to m,
in the second. (A.3) clearly implies the more familiar assumption:

Assumption A.3'. For all heR" h#0, such that (Vf(x° %, h)=0 and
(Vgi(x° a®), h)=0,i=1,- -+, m, one has

<[D2f(x°, o)+ 3 AIDg,(x", a")] h, h> >0.

It is an immediate consequence of a lemma of Debreu (1952) that (A.3’) implies
(A.3). Thus the two assumptions are equivalent.

We can now state the main theorem.

THEOREM 2.1. Assume (A.0) and let (x°, a®, A%) e U x P xR™ satisfy (A.1), (A.2),
(A.3). Further, assume that the constants p =0 and c¢> 0 satisfy

Assumption A4. ¢> A7||Dg;(x°, a°)|?, where AG=(A, +1,+--,A%).

Then, if (x°, @°, A°) satisfies condition (2.1), there exist neighborhoods U’ of x° in
U, V' of a° in P and mappings x(+): V'> U’, A(+): V' >R™ such that:

(i) x(+) and A(+) are Lipschitzian;
(ii) x(a®)=x° and A(a®) =A%
(iii) for all & in V', x(a) is the unique minimizer of P(a) in U’ and A(a) is the
unique Kuhn- Tucker multiplier associated with x(a) (i.e., (x(a), A(a)) satisfies
condition (2.1)).

The proof of Theorem 2.1 is given in the next section.

Remark 1. Assumption (A.1) cannot be relaxed in the case of equality and/or
inequality constraints (i.e., when Q={0}"'1x(—RJ2)) by only assuming the
Mangasarian-Fromovitz’s constraint qualification (see Robinson (1980)).

Remark 2. If C is convex, then (A.4) is trivially satisfied (since convex sets in
R™ are weakly convex with constant p =0). It is worth pointing out that in the case
of equality and/or inequality constraints, (A.3) is stronger than the classical sufficient
second-order condition of Fiacco and McCormick (1968). However, Theorem 2.1 does
not hold if one replaces (A.3) by the classical second order condition as it has been
shown by Robinson (1980).

We conclude this section by discussing two noteworthy applications of Theorem
2.1. The first one deals with the projection mapping on a weakly convex subset of R".

Let Q be a nonempty closed subset of R”. For a fixed element « in R", we consider
the following minimization problem:
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minimize 3||x—a|?,
R(a)
subjectto x€e Q,

and we denote by 7(a) the set of its solutions. Any element of 7(a) is called a
projection of a on Q. The next proposition gives some properties of the (multi-valued)
mapping a > w(a) when Q is assumed to be weakly convex.

CoROLLARY 2.2. Let (x°, a®) e R" X R" be such that x° is a local minimizer of R(a°).
Assume that Q is weakly convex with constant p =0 at x° and that 1> p||x°— a°||. Then,
there exist neighborhoods U’ of x°, V' of a® and a Lipschitzian mapping x(-): V'> U’
such that x(a®) = x° and, for all a € V', x(a) is the unique minimizer of R(a) in U’.

Proof. 1t is a trivial matter to check that (A.1) and (A.3) are satisfied with c=1
and that the Kuhn-Tucker multiplier A° associated with x° satisfies A°=—(x°—a?).
Thus (A.4) reduces to 1=c> p||x°— a°|. Hence the result.

Remark 3. When m, =0, we give here an example showing that the inequality in
(A.4) is the best possible. Let Q={xeR™||x||=1}; clearly, Q is weakly convex at
every element x in Q, with constant p=1. If a°#0, let u =max {1, |a°|™"}, then
x°=pa’ is the unique minimizer of R(«°). Since the hypotheses of Corollary 2.2 are
satisfied at x°, the conclusion of the corollary holds. However, if «®=0, any x° such
that ||x°| =1 is a minimizer of R(a°). Obviously, 1=p|x°—a°||; hence Assumption
(A.4) is violated and one easily sees directly that the conclusion of Corollary 2.2 cannot
hold.

The second application deals with standard nonlinear programming. Assume A.0
and assume furthermore that Q = {0}™ x (—R%?2) (i.e., in (vi) of (A.0), C =—R2). We
consider the standard perturbed nonlinear programming problem:

minimize f(x, a),

subjectto gi(x,a)=0,i=1,---,m,
S(a) .
gi(x,a)=0,i=m;+1,---,m,
xe U

With S(a), we associate the first order necessary conditions:

m+m

Vi a)t L AVelxa)=0,

(2'2) gi(x3 a)=09 i=la' T, My,
gi(xs a)éoa /\igo’ Aigi(x, a)=0, i=ml+1a' . "ml+m2'

In the case of standard nonlinear programming, Assumptions (A.2) and (A.4) are
satisfied, since Q ={0}™ x (—R,)™ is convex. We give now a consequence of Theorem
2.1, where the Assumptions (A.1) and (A.3) are weakened. First, let us introduce the
following notation: for (x, a) € U X P, satisfying the constraints of S(a), welet I(x, a) =
{ie{m+1, -, m}g(x, a) =0} be the set of active inequality constraints.

COROLLARY 2.3. Assume (A.0) and let (x°, a® A®) e U x P xR™ be such that:

(C.1) the vectors Vg;(x°, a°), ie{l,- -, m}UI(x°, a°), are linearly independent;

(C.2) forallheR" h#0, satisfying (Vf(x°, «°), h)=0 and (Vg,(x°, «®), h)=0,ie

{1, , m}U{ie I(x° a®)|A?> 0}, then

<[D2f x°, a®)+ 'Zj', AD?g;(x°, a°)] h, h> >0.
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Then, if (x°, a°, A°) satisfies condition (2.2), there exist neighborhoods U’ of x° in
U, V' of a° in P and mappings x(-): V'-> U’, A(+): V'>R™ such that:
(i) x(+) and A () are Lipschitzian;

(ii) x(a®)=x° and A(a®) =A%

(iii) for all a € V', x(a) is the unique minimizer of S(a) in U’ and A(a) is the
unique Kuhn-Tucker multiplier associated with it (i.e., (x(a), A(a)) satisfies
condition (2.2)).

The proof of Corollary 2.3 is given in the next section.

3. Proofs. We prepare the proofs of Theorem 2.1 by several lemmas. Some of
them are more or less known. However the entire proofs are given for the sake of
completeness. Our first lemma says that it is sufficient to prove Theorem 2.1 with
Assumption (A.3) replaced by the stronger one

Assumption A.3. bis. There exist real numbers a =0, ¢> 0 such that for all heR"
one has

<D2f(x°, a9+ ¥ AIDg(x°, a')h, h>+a T (Vai(x*, o), Bz c||h,
i=1 i=1

(i.e. in (A.3.bis) the term a(Vf(x°, a®), h)*> which appears in (A.3) has been removed.

LEMMA 3.0. If Theorem 2.1 is true when (A.3) is replaced by the stronger Assumption
(A.3bis), then it is also true under Assumption (A.3).

Proof. Letus assume that the weak form of Theorem 2.1 holds (i.e. with Assumption
(A.3) replaced by (A.3bis)). We show that Theorem 2.1 also holds. Let (x°, a°, A°%) e
Ux PxR™ satisfy Assumptions (A.0), (A.1), (A.2), (A.3), (A.4) together with the
necessary conditions (2.1) associated with the problem:

minimize f(x, a)
P(a) subjectto g(x,a)eQ,
xe U.

We now associate to all « € P the following modified problem:

minimize v
. subject to f(x, a)—v=0,
P(a) )
g(x,a)eQ,
(v, x)eRx U.

Clearly (v, x) is a solution of #(a) if and only if x is a solution of ?(a) and
v =f(x, ). Moreover at this solution [(v, x), (u, A)] satisfies the necessary conditions
(2.1) associated with #(a) if and only if u =1, (x, A) satisfies the necessary conditions
(2.1) associated with P(a) and v = f(x a).

Hence ((v°, x°), (1, A%)), with 0°=f(x°, «°) satlsﬁes the necessary conditions (2.1)
associated with ?P(ao) From the fact that (x a® 1% satisfies Assumptions (A.0),
(A.1), (A.2), (A.3) and (A.4) for problem @(ao) one deduces that ((v°, x°), (1,1°))
satisfies Assumptions (A.0), (A.1), (A.2), (A.3bis) and (A4) for problem P(a).
Applying the weak form of Theorem 2.1 to ((2°% x°), (1, A%)) and using the above
equivalence property between 2 (a) and P(a) one deduces the end of the proof of
Lemma 3.0.

In the sequel we shall assume that (x°, a°, A°) satisfies (A.0), (A.1), (A.2), (A.3bis)
and (A.4).
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LEMMA 3.1. There exist neighborhoods U, of x°, U,< U, V, of a® such that, for all
aeV,, if xe U, is a local minimizer of P(a), then there exists A =(A;) €eR™ such that
(x, A) satisfies the first order necessary conditions at a, i.e.,

Vf(x @)+ ¥ AVa(x a) =0,

g(x,a)e Q@ and Ae No(g(x, a)).

Proof. Since by (A.1) the gradients Vg;(x°, a°), ie{l,- -, m} are independent
from (A.0), there exist neighborhoods U, of x°, U,< U, V; of a° such that, for all
(x, @) e U; x V,, the vectors Vg;(x, a),i€{l, -, m}, are independent. In the sequel
of this proof, since « is fixed, there is no ambiguity denoting f(x, a), Vf(x, a),- - -,
simply by f(x), Vf(x),- - -.

Let X ={xe U,|g(x) € Q}. If x is a local minimizer of P(a), from Clarke (1975),
for all ve T,(x) one has (—Vf(x), v) =0. Hence from Rockafellar (1970, Cor. 16.3.2),
it is sufficient to prove that the following inclusion holds:

{ueR"|Dg(x)ue To(g(x))} = Tx(x).

Indeed, let u € R" be such that Dg(x)u € To(g(x)) and let {67} = (0, ), {x?} = X
be sequences such that 87 >0 and x? - x. From the definition of the tangent cone it
is sufficient to show that there exists a sequence {u?} < R", such that u?-> u and, for
all g, x?+ 0% € X. Let v = Dg(x)u, then ve Tp(g(x)). Since, for all g, g(x?) € Q, and
g(x?) - g(x), there exists a sequence {v?} =R™ such that, for all g, g(x?)+6%?c Q
and v?->0v. We can choose vectors b,.i,'°*,b, in R" so that the vectors
Vgi(x), -, Vg.(x), bpsr,* -+, b,, form a basis in R"”, and we define the mapping
G: Ul-)R” by G(}’) = (gl(y); Tt gm(y)a <bm+la y>’ e a(bm J’>)~ Cleaﬂy, G iS con-
tinuously differentiable, and the derivative DG(x) is nonsingular. Hence, by the inverse
mapping theorem, there exists g such that, for q = g, there exists X? € U, satisfying:

g(x") = g(x") + 0%,
(bia Jeq):(bi’ xq>+0q<bi’ u> (l=m+1’ Y n)’

and such that X7 - x. For q = qq, let u?=(X?—x7)/6% Recall that, for all g, g(x?)+
0% ¢ Q, hence, for g = q,, g(£?) = g(x9)+ 0% € Q; thus {£?} = X. Consequently, for
q=qo, x7+60%7=%7¢ X. To end the proof of the lemma, it suffices to show that
u?->u. Indeed, from Taylor's theorem, for q=gq, one has g(£%)—g(x?)=
[_[:g Dg(x7+t(X9—x7)) dt](£?—x?). Dividing by 67>0, one gets v?=
[Js Dg(x?+t(£? —x?)) dt]u? and one easily deduces that lim, ., Dg(x)u? =lim . v
Recall that lim,,. v?=v=Dg(x)u; hence, for all i=m, lim,,.(Vgi(x), u?)=
(Vgi(x), u). Furthermore, for all i= m+1, (b, u?) = (b, (¥ —x7)/ 6?) = (b,, u). Since the
vectors {Vg,(x), "+, Vgu(x), bpsy, * * +, by} are independent, one deduces that u? - u.
This ends the proof of the lemma.

LeMMA 3.2. For all >0 and all ¢’ € (0, ¢), there exist positive real numbers k,, k,,
a positive real number & (independent of €) and neighborhoods U, of x°, U, U, V, of
a®, such that the two following properties are satisfied.

(a) For all (x,a), (y,B), (x',a"), (x% a®) in U,x V, such that g(x', a')e Q,
g(x*, a®) e Q, for all A € B(A°, ) one has:

<[D2f(x, @)+ i 1D?gi(y, B)](x2—-x'), (x2—x‘)>

= c'||x* = x>~ k|| x> — x*||d(a?, a') - kyd(a?, a')>.
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(b) For all (x', a"), (x%, a?) in Uyx V,, such that g(x*, a*) € Q, g(x', a') € Q, for
all \>€ No(g(x*, @®)) one has:

(A% g(x%, a?) —g(x', a"))
=A%) - [—g[lng,(xo, )|+ el ||x* = x> — kyf|x* = x| d(a? a')—kyd(a?, a‘)2].

Proof. We first claim that, for all £ >0, there exist a positive real number k' and
neighborhoods U’ of x°, U’'< U, V' of a° such that, for all (x', a'), (x*, a®) in U'x V',
for all ie{1, - - -, m} one has:

(3'1) Igi(x29 a2) - gi(xl’ al) - (Vgi(xoa ao)a (x2 - xl))‘ = 8"x2_xl" + k’d(a29 al)'

Indeed, for all ie{1, - - -, m}, from (A.0), for all £ >0, there exist open neighbor-
hoods U’ of x°, U'< U, V' of a°, such that U’ is convex, and, for all (x, a)e U'X V',
IVei(x, @) —Vgi(x° a°)|| < e. Furthermore, without any loss of generality, we can
assume that there exists a positive real number k' such that g; is Lipschitzian of constant
k' on U'x V'. Hence, from Taylor’s theorem,

lgi(x?, &) — gi(x', @") = Vgi(x°, a®)(x* - x")]
gi(x*, a®) —gi(x', a2)-<l:J Vgi(x'+t(x*—x"), a?) dt], xz—x'>

0

=

+]gi(x", &®) - gi(x', a")|

1
+J' Vg (x'+t(x*—x"), @®) = Vgi(x°, a®)| dt- ||x*—x"|

0
=0+k'd(a? a')+e|x*—x'|.

(a) For all ¢'€(0,c), let c"e(c’, c). From (A.3.bis) and the continuity of the
mappings D?*f(-,-) and D?*g(-,-) (i=1,- -, m), there exist neighborhoods U” of
x°, U"< U, V" of a° and a positive real number 8 such that, for all (x, a), (3, B) in
U"x V", for all A € B(A° &) and all h e R", one has:

([P 0+ 5 aptam) [ hm)=etnii-a § 7o, a0, m

Let £€>0 be such that ¢"—a-m,; - e>=c¢’, and let U’, V' be the neighborhoods
associated with ¢ in the above claim (3.1). Let U,=U'N U” and V,= V'(1 V", Recall
that, for all (x, @) e U X V such that g(x, a)e€ Q, from (A.O.vi), for ie{l,---,m},
gi(x, @) =0. Hence the end of the proof follows easily from (3.1) and the above
inequality.

(b) From the weak convexity Assumption (A.2) and the continuity of the functions
g (i=1,- -+, m), there exist open neighborhoods U” of x°, U"< U, and V" of a° such
that, for all (x', a'), (x%, @?) in U"x V" such that g(x*, a*)e Q (k=1,2), and for all
w?e No(g(x*, @*)N B(0, 1), one has:

p
(u?, g(x% a®)—g(x',a")) = —Ellg(xz, a®)—g(x', aM)|%

Take any € >0 and let U’, V' be the neighborhoods associated with £ in the above
claim (3.1). Let U,=U'NU" and V= V'N V". From (3.1) and the above inequality,
there exists k, such that

(n? g(x*, a?) —g(x', a'))

é—g["Dg,(xO, Q)|+l |2 x' P - ko x2 = x| - d(e?, ") — kyd (a2, )2
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Now letting A>e No(g(x?, a?)), we let u?= (0, A3/[|A%]) if A3#0 and p>=0 if
A7=0. Since Q={0}xC, No(g(x* a?))=R™x Nc(g/(x* @*)) and since
Nc(gr(x?, @?)) is a cone, one deduces that u”e No(g(x? a?))N B(0, 1). Applying the
above inequality to u? and noticing that

(u?, g(x%, a®)—g(x', a")) = (1/|ATA%, g(x%, @®) — g(x", &),

yields the inequality of Lemma 3.2(b).

LemMA 3.3. Let us suppose that (x°, A°) satisfies the first order necessary condition
at a®. Then there exist positive real numbers r and b such that B(x°, r)< U and, for all
x e B(x°, r) satisfying g(x, a®) € Q, one has f(x, a°) = f(x°, a®) + b||x — x°|%.

Proof. For every A =(A;)€R™, let L(-,A): U—>R be the function defined by
L(x,A)=f(x, ®)+Y ", Aig(x, «°). From Taylor’s theorem, one has:

L(x, A% = L(x° A% +(VL(x°, 1°), x —x°
+J (1=t D*L(x°+ t(x —x°), A%)(x —x°), (x — x°)) dt.

Let p>0 be the constant of weak convexity defined by (A.2). From (A.4),
c>pl||AY] - || Dg;r(x°, «®)|*. Hence, there exist ¢'e (0, ¢) and £>0 such that, if b=
c'/2-p/2|IA N[ Dg:(x°, @®)| + £]?, then b>0. Let U,, V, be the neighborhoods of x°
and «° associated with ¢’ and ¢ in Lemma 3.2, and let r be a positive real number
such that B(x°, r) < U,. Since (x°, a°) satisfies the first order necessary condition (2.1)
at a°, one deduces that VL(x° A°) =0. From Lemma 3.2(a) (taking ' = a’= a°), for
all xe B(x°, r) one deduces that:

1 '
L(x, A% - L(x°, 1% = J (1=t)c'||x—x°||* dt _Z_-c2—||x -x°|%,
0

and, from the definition of L, one gets:
fx, @®)=f(x°, %) 2 (A%, g(x°, @®) = g(x, )+ (c'/2)]|x = x|,
By Lemma 3.2(b) (taking a'=a*= a?), for all xe B(x°, r)< U,, one gets:
(A% g(x% a®) —g(x, a®)) = —(p/2) AT Dg1 (x°, «°) || + £ T.

Hence, from the two above inequalities and the definition of b, for all x € B(x°, r),
one has f(x, a®) = f(x°, a®) = b||x — x°||>. This completes the proof.

LEMMA 3.4. Let (x° A°)e U xR™ satisfy the first order necessary condition (2.1)
at a°. Then, for every neighborhood U’ of x°, U’ < U, there exist r' > 0 and a neighborhood
V' of a® such that B(x°, r')<= U’ and, for all a € V', there exists a minimizer x(a) of
P(a) in B(x° r') (i.e, x(a) € B(x°, r'), g(x(a), a)c Qandforallxe B(r°, r), g(x, a) e
Q one has f(x(a), a) =f(x, a)).

The above lemma is related to a previous result of Robinson (1982), proved when
Q is a closed convex cone.

Proof. Let U’ be a neighborhood of x°, U'< U, and let b, r be the positive real
numbers defined by Lemma 3.3. There exists a positive real number r'<r and a
neighborhood V/ of a®such that B(x°, r') = U’ and f is k-Lipschitzian on B(x°, r') x V1.

For all a€ P, let I'(a) ={xe B(x°, r')|g(x, a) € Q}. We claim that there exists a
neighborhood V) of a° such that, for all @ in V5, there exists x(a) e I'(a) satisfying:

f(x(a), a)=f(x, @) forallxel'(a).
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Since f is continuous and, for all @ in P, I'(a) is a compact subset of R", it is sufficient
to prove that, for @ in a neighborhood of a° I'(«) is nonempty. Indeed, by (A.1) the
vectors Vg;(x° a°), ie{l,- - -, m}, are independent. Hence, by the implicit function
theorem (Schwartz (1967)), there exists a neighborhood V3 of «® and a continuous
mapping ¢ : V5> B(x°, r') suchthat ¢(a®) = x°and, forall @ € V), one has g(¢(a), a) =
g(x° a°) € Q. This ends the proof of the claim.

We now claim that there exists a neighborhood V' of a°, V’'< V}, such that, for
all @ € V', the element x(a) defined before satisfies || x(a) — x°|| <r'. Clearly, the proof
of the claim will end the proof of the lemma. Recall that f is k-Lipschitzian on
B(x° r)x V4. Let Vi= VN B(a® r*b/16k) and let >0, n<min {r'/2, r'*b/16k}.
Then, for all x', x*>e B(x°, r') satisfying ||x*>— x| <=, for all a € V}, one has:

f(x!, @) —f(xz,.ao) =k[n+d(a, a®)]<r?b/8.

Furthermore, the multivalued mapping a->T'(a)={xe B(x°, r')|g(x, a)e Q},
from V) to R", is upper semicontinuous, with compact values. Hence, there exists a
neighborhood V} of a° Vi< V3, such that, for all @€ V), I'(a)< B(I'(«®), ) and
(from the continuity of ¢) ¢(a)e B(x° 7).

Let V=V N V,N ViN V,. We now show that V’ satisfies the conclusion of the
lemma. Recall that, for all a € V', ¢(a) e I'(a); thus, from the definition of x(a), one
deduces that:

fle(a), @) = f(x(a), a).

On the other hand, for all @ € V', x(a)eT'(a) = B(I'(«®), n). Hence, there exists
y°eT'(a®) such that ||y°—x(a)| <7. By Lemma 3.3, one has:

FO°, @) 2 f(x° a®)+ by~ x°|*.
Summing up the two above inequalities, for all @ € V', one gets:

by’ =x°I*=f(e(a), @) = f(x°, @)+ £(¥°, @) — f(x(a), @).

Let us recall that, for e € V', ||o(a)—x°|| <% and ||y®—x(a)| <. Hence, from the
above inequality and the inequality defining 7, one gets b||y°—x°|*=rb/8+r?b/8.
Thus, ||y°—x°|<r/2, and |x(a)-x°||=|x(a)=y°|+|y°—x°|=n+r/2<r. This
ends the proof of the claim and the proof of the lemma.

In the following, we denote by Dg(x, a)* the nx m matrix whose columns are
Vgi(x,a) (i=1,---,m), ie., the transpose of the m X n matrix Dg(x, a).

LeEMMA 3.5. Let ¢ be a positive real number. There exist a positive real number k;
and neighborhoods U, of x°, Uy<= U, V; of a° such that, for all (x,a)e U;x V;, the
matrix Dg(x, a) o Dg(x, a)* is nonsingular and the mapping ¢ : U; X V;>R™ defined by

@(x, @) =[Dg(x, a) > Dg(x, @)*]""  Dg(x, a)Vf(x, @),
satisfies the following properties:
le(x? a®)—e(x', &")|sk[|x*—x'[|+d(a? a")] forall (x', a'), (x? &) in U;x Vs
le(x, a)—e(x°, a%)|=e, forall(x, a)eUsxV;.

Proof. The proof is a straightforward consequence of the independence Assump-
tion (A.1), using the fact that the mappings Vf(-, ), Vg:(-, ) (i=1,- - -, m) are locally
Lipschitzian and that the mappings A->(A° A*)™'o A, defined on the set of mxn
matrices of maximal rank, is infinitely differentiable, and hence locally Lipschitzian.
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Proof of Theorem 2.1. Let ¢>0, p > 0 be the constants defined by (A.2) and (A.3).
From (A.4), c>p||AY]| - | Dgr(x°, «°)||*. Hence, there exist ¢’ € (0, ¢) and & > 0 such that

(3.2) > p[|A%) + ell|| Dgi (x°, )| + 1%

Let 8 >0 be the constant defined by Lemma 3.2; without any loss of generality,
we can suppose that £ <8. From (A.0), there exist a positive real number k and
neighborhoods U, of x°, Uy< U, V, of a° such that all the mappings g(-, ) Dg(-,*)
and Vf(-, ) are k-Lipschitzian on U, X V,. Furthermore, let U,, V, (resp. U,, V, and
Us, V,) be the neighborhoods of x° and a° associated, in Lemma 3.1 (resp. Lemma
3.2 and Lemma 3.5) with the constants ¢’ and ¢ as defined above.

Now, by Lemma 3.4, we associate with U'= U, U;N U,N U; a positive real
number r' and an open neighborhood V of a°. We take V'=VNV,NV,NV,NV,.
Let o', ® be two elements in V’. By Lemma 3.4, there exists a minimizer of P(a')
(resp. P(a?)) in B(x°, r') not necessarily unique, that we denote by x' (resp. x*). By
Lemma 3.1, let A' € R™ (resp. A>€ R™) be the Kuhn-Tucker multiplier associated with
x! (rfsp. x?),i.e., such that (x", A") (h =1, 2) satisfies the first order necessary condition
at o™

—Vf(x" a") = Dg(x", a”)*a",
g(x", a®)eQ and A"e Ny(g(x", a™)).

To end the proof of the theorem, it suffices to show that ||x*—x'|| = Kd(e?, a')
and |[A*—1'||=Kd(e? a'), where K is a positive real number independent of the
choice of a', a”in V.

From the first part of the first order necessary condition and Lemma 3.5, for
h=1,2, the matrix Dg(x", a")° Dg(x" a")* is invertible and one deduces that:

A"=—[Dg(x", a") o Dg(x", a")*]"' Dg(x", a")Vf(x", a")(=0(x", a")),
(3.3) [A* =AM = ksl [l %> = x'|| + d(a?, @],
(3.4) [Af=AY=at -2 =e<s.
From (3.4) and from Lemma 3.2(b), one deduces that:
[IAZl+e1™ - (A2=a%, g(x?, @) —g(x', @)
(3.5) z —pl[|| Dg: (x°, a®)|| + e || x* —x||?
=2k x*—x'||d(a?, a') —2k,d(a?, ')

Furthermore,
(3.6) (A?=2', g(x%, a®) —g(x', a'))=A+B+C,
where

A=(\*=21 g(x%, ) —g(x%, a)),

B=(-1%g(x',a") —g(x* a') —g(x', a®) +g(x’, a?)),

C=(-A",g(x* a") —g(x', a"))+(-1% g(x, a®) — g(x*, ?)),

and we consider successively each one of the three terms. From (3.3), using the
Cauchy-Schwarz inequality and the fact that g is k-Lipschitzian on U’ X V', one gets:

(3.7) A=k k[||x*—x'|+d(a? a")]- d(a? at).
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By (3.4) the multiplier A% is bounded by ||A°|| + &; hence, from Taylor’s theorem,
using the Cauchy-Schwarz inequality, one gets:
1

1
J Dg(x*+ t(x'—x?), a) dt-J‘ Dg(x'+u(x*—x"), a®) du

0 0

B=[||A%) +]llx*— x|

Upon performing the change of variable t = 1 —u in the second integral, and using the
fact that the derivative Dg(-, +) is k-Lipschitzian on U’'x V', one gets:
1

B=[| A%+ ell|x*—x"|| - J' | Dg(x*+ t(x' — x?), @') — Dg(x*+ t(x' — x?), &%) | dt,

0
(3.8)
B=k[[|A%]+e]llx*~x"[|d(a? a').

From Taylor’s theorem, one has:
C=(-A', Dg(x', a")(x* = x"))+(=A? Dg(x*, a’)(x' - x?))
1 m
- <[J (1-1) ¥ AID*gi(x"+t(x*—x"), a') dt] (x*—x"), (xz—xl)>
i=1

—<[j1 (1-1) 'Zj: AD?gi(x*+ t(x' —x?), a?) dt] (x*-x"), (xz—x')>.

From the first order necessary condition, Taylor’s theorem, and using the fact that
Vf(-,-) is k-Lipschitzian on U’'x V', one gets:

(=AY, Dg(x', a')(x* = x"))+(=A?% Dg(x?, a®)(x' - x%))
= —~(Vf(x*, &®) = Vf(x}, a'), x>~ x")
=—(Vf(x*, &®) = Vf(x*, a'), x* = x) =(Vf(x?, a') = Vf(x', &), x* - x")
=kd(a?, a")||x*—x"|
—<|:J'l D*f(x'+t(x*—x"), a') dt] (x*—x"), (x2—x1)>.

One easily gets (by performing the change of variable ¢t =1—u) that:

J'1 tD*f(x*+ t(x*—x"), a') dt = Il (1-u)D*f(x*+u(x'—x?), ') du.

0 0

Hence

Jl D*f(x"+ t(x*—x"), ') dt = J'I (1=t D*f(x'+t(x*—x"), a') dt

+ Jl (1—-u)D*f(x*+ u(x'—x?), a*) du.

From (3.4), A" € B(A°, 8) (h =1, 2). Hence, from Lemma 3.2(a) and the above equalities
and inequalities

C=kd(a? a")|x*—x|
1
(3.9) -2 J‘ QA=D)[c|x*=x"|>= k|| x* - x"||d(a?, &) — k,d(a?, a")*] dt,
0

C=-c||x*=x'|P+(k+k)||x*—x'|d(a? a")+ kd(a? a").
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Let b=c'—p[||A%]| + ][ || Dg:(x°, a®)|| + £]%; then, from (3.2) one has b> 0. From (3.5),
(3.6), (3.7), (3.8), (3.9), there exists a positive real number k' such that:
b|x*—x'|*=k'd(a? a")[|x*—x'|+d(a? a")].

Let K =max {2, (2k')/b}. Then, from the above inequality, one easily deduces
that |x*— x| = Kd(a?, &), and, from (3.3), ||A>— A" = (ks + Kk;)d(a?, a'). This ends
the proof of the theorem.

We now give the proof of Corollary 2.3.

Proof of Corollary 2.3. Let (x°, a° A°) satisfy the assumptions of Corollary 2.3
and let:

L(x% a®) ={ie I(x°, a®)A?>0},  I(x’ a®)={ie I(x’, a*)A}=0},
J(x° a®)={ie{m,+1, -+, m}|gi(x° a®) <O}
For a € P, we consider the following problem:

minimize f(x, @)

§(a) subject to gi(x, @) =0,ie{l, -, m}U L.(x°, a°),
41
gi(x, a) éo, iE IO(xoa ao)’
xe U

Clearly §(a) is a problem of type P(a) with Q={0}’x(—R,)% where p=
card I, (x°, a®)+m, and q=card I,(x°, a°). If we let X° be the vector in R”*? with
coordinates X?=2A9, for ie{l, -, m}UI(x% a®), then (x°, a° X% satisfies the
assumptions of Theorem 2.1. Furthermore, (x°, a°, 1°) satisfies the necessary condition
(2.2) associated with S(a®), since (x°, a° A°) satisfies the necessary condition (2.2)
associated with S(a°). Consequently, from Theorem 2.1, there exist open neighbor-
hoods U, of x° in U, V, of a° in P and Lipschitzian mappings x(-): V;> U, and
X(+): Vy>RP* such that x(a°) = x°, A(2®) = 1° and, for all @ € V, the pair (x(a), X(a))
satisfies the necessary condition (2.2) associated with problem S(a). We let now
A(+):V,>R™ be the mapping defined by A;(a)=2X;(a) forie{l, -+, m}UI(x° a°)
and A;(a) =0 for ie J(x°, a®). Since, for all ie I.(x°, «°), A;(a®)=A?>0 and, for all
ie J(x° a°), g:(x°, a°) =g;(x(a®), @®) <0, from the continuity of the mappings
A(+), x(+) and g;(-, ), there exists an open neighborhood V, of a° in V; such that,
for all & in V,, for all i € I.(x°, a®), A;(a) >0 and, for all i e J(x°, a°), gi(x(a), @) <O.
Consequently, one easily checks that, for all @ € V,, (x(a), A(a)) satisfies the necessary
condition (2.2) associated with problem S(a).

It now remains to show that there exist neighborhoods V' of a’in V, and U’ of
x° in U, such that, for all a € V' and all xe U’, x # x(a), satisfying g:(x, ) =0 for
ic{l,--+,m} and, gi(x,a)=0, for ic{m,+1,---,m}, then one has f(x,a)>
f(x(a), a). We prove this assertion by contraposition. Assume that there exist sequences
{x*}c U' and {a*}= V' such that {x*}->x° {a*}>a® and, for all k, x*#
x(a®), gi(x*, a*)=0 for ie{1,---,m}, g(x*, a*)=0 for ie{m,+1,---,m} and
f(x* a*)=f(x(a*), a*). Without any loss of generality, one can assume that (x*—
x(a*))/||x* —x(a*)|| converges to some element h in R" such that ||h||=1.

From the mean value theorem and the continuity of Vf(-,-) and Vg(-,-) at
(x° a°) one has, fori=1,---, m,

(VF(x°, @), by = lim [f(x", &) = f(x(a"), &")]/|x* = x(a")],

(3.10)
<Vgi(x0a ao)a h) = llci_g:lo [gi(xka ak)—gi(x(ak)’ ak)]/”xk_x(ak)"'
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From the very definition of the sequences {x*} and {a*} and recalling that from the
first part of the proof, g;(x(a*), a*)=0,i={1, -+, m}U L.(x°, a°), one deduces from
(3.10) that

(Vf(x°, a°), h)=0,
(3.11) (Vgi(x° a®), hy=0, i=1,---,m,
(Vg:(x° a®%, hy=0, ieIL.(x° .
Since (x°, A°) satisfies the necessary condition (2.2) associated with S(a°), one gets
(3.12) (Vf(x°, a®), h)+ Y, AAVg(x°, a®), h)y=0.

ie{l,",mPU L (x%a®)

From (3.11) and (3.12), since A?>0, for i e I.(x°, a°), it follows that the inequalities
in (3.11) are in fact equalities. Hence, by (C.2) one gets

(3.13) <D2f(x°, a®)h+ ¥ AD%gi(x°, a®)h, h> > 0.
i=1

We end the proof of the corollary by contradicting (3.13). Denote L,(x)=
flx, a®)+3m Ai(a®)gi(x, a¥). From Taylor’s theorem and from the continuity of
sz(.’ .) and ngi(" .) at (xoa ao):

1

2D, £ 22D, a0, 1)
i=1

(x*=x(a*)) x*-x(a*) >dt
[x*=x(a®)| x*~x(a")|

= lim [Li(x*) = Li(x()) =(V Li(x(a’)), x* = x(a*))]/ | x* - x(a")|]%,

= lim Il 1- t)<D2Lk[x(ak) +t(x* = x(a®))]

k> Jo

where
x*k—x(a®)
lx*~x(a")|I
Since (x(a*), A(a*)) satisfies the necessary conditions (2.2) associated with S(a®),
then VL (x(a*))=0, A;(a®)gi(x(a¥), a*)=0, for all ie{l, -, m} and A,(«*)=0,
for ie{m,+1,---,m}. Consequently, Lg(x(a*))=f(x(a*)) and L (x*)=
FO)+TT Mi(a®)gi(x¥, ) = f(x*). Hence, for all k,
Li(x*) = Li(x(a*)) = (V Li(x(a")), x* = x(a*)) = 0.

Dividing the above inequality by ||x* — x(a*)||?, passing to the limit, when k> oo,

from the above equalities one deduces that:

h=1im

<D2f(x°, a®)h+ Y AID?gi(x°, a®)h, h> =0
i=1

which contradicts (3.13). This ends the proof of the corollary.
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