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A formalism for the time-dependent anisotropic third-order susceptibility induced by a linearly 
polarized excitation pulse has been derived to describe the time dependence of coherent 
anti-Stokes Raman scattered (CARS) and Raman time-resolved experiments. The third-order 
susceptibility induced in a randomly oriented molecular system contains nine independent 
molecular parameters-three isotropic and six anisotropic--as compared to three independent 
parameters in an isotropic system. Methods of time-resolved anisotropic anti-Stokes Raman 
scattering (TRA CARS) are discussed as an approach to reorientational measurements. The 
dependence of the TRA CARS or TRA Raman signal on vibration and polarization component 
can in principle provide more rotational information than fluorescence depolarization or linear 
dichroism measurements and may allow more complete characterization of rotational dynamics. 
Results are reported for three types of TRA CARS experiments to demonstrate the capabilities 
of TRA CARS to study the rotational motion of molecules in liquids. 

I. INTRODUCTION 

When an isotropic molecular system is excited by lin
early polarized light, anisotropic distributions of the 
ground and excited states are induced. This anisotropy de
cays due to rotational motion and population decay of the 
molecules. The time-dependent anisotropy can be mea
sured by time-resolved spectroscopies, including fluores
cence depolarization, . time-resolved linear dichroism, 
polarization spectroscopy, and transient grating spectros
copy. 1-7 

The time-dependent anisotropy can also be probed by 
higher-order spectroscopies. Since the excitation (pump) 
pulse in pump-probe time-resolved coherent and sponta
neous Raman techniques is typically linearly polarized, the 
time-delayed probe pulse or pulses interrogate an aniso
tropic orientational distribution. Consequently, symmetry 
rules for elements of the Raman scattering tensor a ij or the 
susceptibility X~]k/ in isotropic systems are no longer valid. 
F 1 ··· d· (3) (3) d or examp e, m lsotroplc me la, XlI 11 =X2222 an all 

=a22' These relations are in general invalid in systems 
excited by a polarized pump pulse. As a result, time
resolved Raman and time-resolved coherent anti-Stokes 
Raman (CARS) signals may exhibit a time dependence 
due to rotation or anisotropy decay, and this time depen
dence can be exploited to acquire vibrationally specific in
formation on reorientational motions. In this paper, we 
treat specifically the case of rotational relaxation by rota
tional diffusion. However, the experimental techniques de
scribed can be applied more broadly to the rotational re
laxation of chromophores, whether or not the dynamics 
can be described by small-step rotational diffusion models. 

Anisotropy decay by rotational diffusion contains in 
the most general case five exponentials for an asymmetric 
rotor,8 which reduce to three and one exponentials for 
symmetric and spherical rotors, respectively. However, in 
practice, only single exponential decays are observed for 
many molecules, most of which are not symmetric rotors.9 

Clearly, the conventional methods of detecting rotational 
diffusion cannot resolve mUltiple exponential decays when 
the decay time constants are similar. In order to specify 
further the components of the diffusion tensor, additional 
experimental information is required. Spontaneous Raman 
linewidths and depolarizational light-scattering measure
ments in the frequency domain have provided another 
probe of reorientational correlation functions. 10,1l How
ever, the molecular rotational relaxation parameters ex
tracted from these measurements depend on the deconvo
lution of other contributions to the bandwidth, which can 
lead to serious complications, particularly for asymmetric 
vibrations. ll Furthermore, frequency-domain Raman ex
periments probe only the rotational invariants of an isotro
pic system. In contrast, the CARS methods discussed here 
probe anisotropic as well as isotropic components of the 
third-order nonlinear optical susceptibility. 

The CARS signal, is described by the third-order sus
ceptibility Xijk/( -(03;(00,(01,-(02), where the labels (i, j, 
k, and l) describe the dependence of the CARS signal on 
the polarization of the incident and detected light. In flu
orescence depolarization and linear dichroism, one detects 
the anisotropy of a transition dipole. However, higher
order anisotropy is also induced by excitation with polar
ized light, e.g., anisotropy of the third-order susceptibility. 
This anisotropy can be detected in time-resolved coherent 
or spontaneous Raman spectroscopy. Consequently, time
resolved Raman spectroscopy can in principle provide fur
ther information to determine more completely the rota
tional motion of molecules in liquids. The time dependence 
of the anisotropic component of the nonlinear susceptibil
ity will in fact contribute to time-resolved Raman or 
CARS signals along with the vibrational dynamics which 
such experiments may be intended to probe. The theory of 
time-resolved resonance Raman anisotropy has been the 
subject of a recent communication.12 In this paper, we de
rive expressions for the time dependence of the anisotropic 
CARS and Raman susceptibility and demonstrate the ap-
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plication of TRA CARS to the rotational motion of dye 
molecules. Our goal is to characterize time-resolved aniso
tropic anti-Stokes Raman scattering (TRA CARS) and 
spontaneous Raman (TRA Raman) as probes of rota
tional motion. 

II. THEORY 

When a sample system is illuminated by three laser 
beams at frequencies (Uo, (UI, and (U2, the incident fields 
induce a third-order polarization of the medium 

p(3) «(U3) =X(3) ( -(U3,(U0,(Ul, -(U2) E(wo) E«(Ul) E*«(U2) 
(1) 

at the CARS frequency (U3=(UO+wl-(U2' E(Wi) denotes 
the amplitude of the laser field at frequency (Ui, and X(3) is 
the third-order optical susceptibility tensor of the medium. 
In a Cartesian coordinate system, the ith component pP) 
ofP(3) is related to the components E j , E k , and E10fthe 
laser amplitudes by13,14 

(3) 6 ~ 
Pi «(U3) =, ~ Xijkl( -(U3,(UO,(Ul> -(U2) 

m. jkl 

X E/(Uo) E k«(UI) ET«(U2), (2) 

where m is the number of identical frequencies; m = 2 for 
frequency-degenerate CARS «(UO=(Ul)' The third-order 
polarization is a source of coherent radiation at (U3' The 
CARS intensity radiated by the ith component of the 
third-order polarization is 

I i «(U3) =cl L Xijkl( -(U3,(U0,(UI, -(U2) 
jkl 

2 

X E/(Uo)E«(UI)E*«(U2) I ' (3) 

where C is a constant depending on laser frequencies and 
spatial geometry. The third-order susceptibility Xijkl may 
be written 

, f3'f'Pkl 
Xijkl( -(U3,(Ut>(UI, -(U2) =c (Uba-(UI +(U2+ i Yba (4) 

for frequency-degenerate CARS with (UO=(UI; where C' is 
a constant, (Uba=(Eb-Ea)/fz, where Eb and Ea are the 
energies of states b and a, and Y ba is the rate of dephasing 
between levels band a. The polarizability tensor elements 
for anti-Stokes and Stokes Raman scattering f3"t and akl 
are given by 

*_ ~ «allLiln')<n'llLjlb) <allLjln')<n'llLdb») ;;: 
f3fj- ~ . + + + . ,. 

n' (Un'b-(UI-ZYn'b (Un'b (U3 zYn'b 

(5) 

(6) 
where a is the initial level, b is the vibrational level, and n 
and n' are the intermediate levels. 

A. The induced anisotropic susceptibility 

In time-resolved anisotropic CARS a linearly polarized 
laser pulse at frequency (U e passes through the isotropic 
sample, creating anisotropically oriented excited-state pop
ulations and leaving an orientational "hole" in the ground 
state. Various combinations of polarizations of the CARS 
input pulses propagating parallel to the pump beam can be 
selected to detect the CARS polarization components of 
interest. The third-order susceptibility Xijkl( -(U3;WO,Wl, 

-(U2) is a fourth rank tensor with 81 components. In iso
tropic media, the macroscopic third-order susceptibility 
tensor has 21 nonzero components, of which only three are 
independent. After excitation by a linearly polarized laser 
pulse, the medium becomes anisotropic and the number of 
independent components of the susceptibility tensor in
creases due to the induced anisotropic third-order suscep
tibility. 

To derive the time-dependent anisotropic third-order 
optical susceptibility, we need first to define a molecule
fixed axis system, which for convenience is taken to coin
cide with the principal axes of the diffusion tensor. The 
orientation of the molecule-fixed axes with respect to the 
laboratory axes is specified by the three Euler angles 
(a,f3,y) =.0. For an n-level molecular system, a normal
ized probability distribution f (i) (.0, t) describes the orien
tational distribution for each level,3 where f (i) (.0, t) dn is 
the probability of finding a molecule in level i with orien
tation between .0 and n+dn at time t and 

(7) 

is the number density of molecules in level i. 
We define the susceptibility of a molecule in level i 

with orientation .0 as M~S21(n) in the laboratory-fixed axis 
system. Then the time-dependent third-order nonlinear 
susceptibility of the molecular system in level i can be 
written 

xUl1(t) =8~ J dn MU11(n)f(i)(n,t). (8) 

The distribution function f (i) ( .0, t) has been discussed 
by a number of authors. l -4 Its evolution for an n-Ievel 
system undergoing rotational diffusion is determined by 
the diffusion equation and the level kinetics3 

3 

:t j(i)(n,t) = - a~1 R~i) L:J(i)(n,t) 

n-I 
~ (0) + ~ kfjf J (n,t). 

j=O 
(9) 

Here R~i) are the diffusion tensor elements in the principal 
axis systems (a= 1,2,3) for level i, La are the angular
momentum operators with respect to the molecule-fixed 
axis system, and kfj are the set of first-order rate constants 
describing transitions between the levels. Two terms con
tribute to the change in probability density in level i at 
n-one resulting from diffusional motion of molecules in 
level i and a second resulting from molecules with orien-
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tation 0 making transitions to and from level i. This set of 
coupled equations has been solved in terms of the asym
metric rotor wave functions 'I' N~, which are eigenfunctions 
of the diffusion operator ~a( R~) L~). In the case of elec
tric dipole induced transitions, j (i) ( 0, t) can be expanded 
in a basis of six asymmetric rotor wave functions. Then the 
asymmetric rotor wave functions can in turn be expanded 
in terms of the symmetric rotor wave functions. With these 
expansions, the orientational distribution function for level 
i generated by the pump pulse becomes1,3 

( 
8-r?) 112 2 

j(i)(O,t)=a/ll(t)+""5 1"~2 a~~(t) 

2 

X 2: A~~TCPW(O), (10) 
T=-2 

where the expansion coefficients A~~T are tabulated else
where15,16 and CP}f.k(O) are the symmetric rotor eigen
functions related to the Wigner functions D~k(n) by17 

(
2L+l)1I2 

Cp¥'),.(O)= ---g:;;r D~k*(O). ( 11) 

The coefficients aM] ( t) describe the time evolution of the 
isotropic component of the molecular system and contain 
only the level kinetics, while the five coefficients a~~ ( t) 
describe the time dependence of the anisotropic compo
nents and are responsible for the rotational decay. For a 
two-level system where the ground and excited states have 
the same rotational diffusion constants, we have3 

aag)(t) =No-N(1)(O)exp( -kft), 

aM)(t) =N(1)(O)exp( -kft), 

a~~)(t) =a~~) (O)exp[ - (kf+E~~») tl, 

ai!)(t) =ai!) (O)exp[ - (kf+Ei!») t], 

where 

a(l) (0) = - a(O) (0) 21" 21"' 

2 

ai!) (0) = N(1) (0) v'6 2: p~) Ai!~ 
T=-2 

with 

P (2) ( .) 
±l==t= /Lx±l/Ly/Lz, 

(12) 

(13) 

(14) 

(15) 

(16) 

(17) 

In Eqs. (12)-(17), No is the total number density and 
N(1) (0) is the initial number density of the excited state 
prepared by the excitation pulse; k f is the kinetic decay 
rate of the excited state; E~;) are the eigenvalues of the 
rotational diffusion operator;2,16 and /Lx, /L y' and /Lz are the 
projections of the unit transition dipole along the molecule
fixed axes. 

Substituting Eqs. (10) and (11) into Eq. (8), we have 

2 
(i) () (i)() (i) ~ (i)() (j) Xijkl t =aoo t Xijkl,OO+ £.. a21" t Xijkl,21"' 

1"=-2 
where 

(i) 1 f (j) Xijkl,OO=g;J Mijkl(O)dn, 

(18) 

(19) 

(i) _ ~ (i) 1 f (i) (2)* 
Xijkl,21"- _£.J A21"T-;;---?"8 Mijkl(O)DoT (n)dO. 

T--2 lS1r 
(20) 

The first and second terms in Eq. (18) describe the isotro
pic and anisotropic decays of the third-order nonlinear re-
sponse, respectively. -

In the next section, we calculate the orientation aver
ages in Eqs. (19) and (20) to obtain the anisotropic non
linear susceptibility XU11( t). 

B. The orientational average 

Irreducible spherical tensor formalism permits ready 
calculation of the orientational average of the third-order 
susceptibility tensor in Eqs. (19) and (20). In general, a 
fourth rank tensor Xijkl can be decomposed into irreduc
ible tensors as 

r(Xijkl) =3r(0) e 6r(1) e 6r(2) e 3r(3) e r(4). (21) 

Since the integrals in Eqs. (19) and (20) are nonzero only 
when MU11(0) contains components belonging to the reo) 
or r(2) irreducible representation, one can immediately 
conclude that TRA CARS is described by a nonlinear sus
ceptibility tensor containing three independent compo
nents in the L=O subspace and six independent compo
nents in the L = 2 subspace. 

First we write the molecular susceptibility MU11(0) iIi 
terms of the direct product of two second rank tensors 

13W*(O) and a~?(O), 

(22) 

where we have dropped the label for the level i for sim
plicity. The polarizability tensor elements 13t(O) and 
akl(O) describe anti-Stokes and Stokes Raman scattering, 
respectively. The second rank tensors 13t(O) and akl(O) 
in Cartesian coordinates can be written in terms of the 

spherical tensor components 13~L)* and a~~') by a unitary 
transformation18 U= U(ij,LP), 

2 L 

13t(O)=-2: . 2: U*(ij,LP)13~L)*(O), 
L=O P=-L 

(23) 

2 L' 

i akl(ll) = LtO P'~L' U(kl,L',P')a~~')(O), (24) 

or by the reverse transformation U-1(LP,ij) 
=U*(ij,LP), 

13~L)*(O) = 2: U(ij, LP)13T·(O), (25) 
i,j=X,Y,Z J 

a~~')(ll) = 2: U*(kl,L',P')akl(O). (26) 
k,1=X,Y,Z 
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TABLE I. The elements U(ij,LP) of the unitary transformation from 
Cartesion to spherical tensor components. 

LP 

ij 00 1 1 10 1-1 22 21 20 2-1 2-2 

xx -1/3 1/2 -1/./6 1/2 
yy -1/3 -1/2 -1/./6 -1/2 
zz -1/3 21./6 
xy -i/2 -i/2 i/2 
yx i/2 -i/2 i/2 
xz -1/2 -1/2 -1/2 1/2 
zx 1/2 1/2 -1/2 1/2 
yz i/2 -i/2 i/2 i/2 
zy -i/2 i/2 i/2 i/2 

Table I shows the transformation elements U(ij,LP), 
which have also appeared elsewhere. 18,19 

The spherical tensor components f3}P* (.0) and 

a~~') (.0) in laboratory-fixed axes are transformed to 
molecule-fixed axes by the rotational transformation20 

L 

f3~L)*<.n) = L D~~(.n)f3~)*, (27) 
M=-L 

L' 
(L') ~ (L')* (L') 

a p, (.0)= ~ Dp'M,(.n)aM" 
M'=-L' 

(28) 

where the orientation angle .0 appears only in the Wigner 

functions D},~(.n). The direct product f3~)*a<j;:) can be 
further reduced in terms of irreducible spherical tensors, 
but the transformation is unnecessary since the orienta
tional averages in Eqs. (19) and (20) can be calculated 
from the orthogonality relations that characterize the 
Wigner functions21 

f (L) (L')* -~ 
DpM(.n) Dp'M' (.n)d.n- 2L +

1 
(jLL,{jPP,{jMM', 

f D (L) (l"\) D(L')*(.n)D(2)* d.n 
PM ,u, P'M' O,T 

= 8~ (-l)M'-P'C(L' L2;-P' PO) 
5 

XC(L' L2;-M' MT), 

(29) 

(30) 

where C(L' L2;-P' PO) and C(L' L2;-M' MT) are the 
Clebsch-Gordan coefficients. 

Substituting Eqs. (22)-(24) into Eqs (19) and (20), 
and simplifying with Eqs. (29) and (30), we obtain the 
isotropic susceptibility 

2 

Xijkl,OO= L Sijkl,LGL , (31) 
L=O 

where 

1 L 

S"kl L=-- L U*(ij,LP)U(kl,LP), (32) 
IJ, 2L+ 1 P=-L 

L 

G L = L' f3~)* a~) 
M=-L 

and the anisotropic susceptibility 

2 2 1 
Xijkl,2T= L L -5 Sijkl,LL,GLL,(T), 

L=O L'=O 

where 

L L' 

(33) 

(34) 

Sijkl,LV= L L (-l)-P'C(L' L2;-P' PO) 
P=-L P'=-L' 

X U*(ij,LP)U(kl,L' P'), (35) 

2 L L' 

GLL,(T)= L A~2j. L L (_1)M' 
T=-2 ' M=-L M'=-L' 

xC(L' L2;-M' MT)f3~)* a<j;:). (36) 

The nonzero coefficients Sijkl,L and Sijkl,LL' in the isotro
pic and anisotropic third-order susceptibilities Xijkl,OO and 
Xijkl,2T are listed in Table II. The three components GLare 
the rotational invariants, while the anisotropic constants 
G LL' (r) are responsible for the rotational decay. Table III 
shows the expressions for G LL' ( T). If the polarizability 
tensors for anti-Stokes and Stokes Raman scatterings f3~ 
and a kl are known, the anisotropic constants G LL' ( T) can 
be obtained directly from these expressions. 

C. Time-resolved anisotropic CARS 

Two sources contribute to time dependence of aniso
tropic CARS susceptibilities in Eq. (18)-population ki
netics and rotational dynamics, both contained in the an
isotropic parameters a~~(t) [Eqs. 04)-(17)]. Although 
ideally one would like to measure purely the rotational 
dynamics or population kinetics, anisotropic CARS signals 
contain both contributions. 

Both the isotropic and anisotropic components of the 
CARS tensor [Eqs. (31) and (34)] consist of 21 nonzero 
components. Eight of these components describe configu
rations where the excitation pulse and the CARS probe 
pulses propagate along the same axis. From Table II, we 
can see that the differences X1111-X2222' X1221-X2112' X1122 
-X2211' and X1212-X2121 contain only the anisotropic part 
of the CARS tensor while the sums Xl111 + 2X2222 , X1221 
+X2112 +X2332 , X1l22+X2211+X2233, and X12l2+X2121 
+X2323 contain only the isotropic part of the CARS tensor. 
Analogous with fluorescence depolarization, an anisotropy 
can be defined 

Xl111 (t) -X2222(t) 
r(t) Xl111 (t) + 2 X 2222(t) . 

(37) 

Similar anisotropies can be defined from other differences 
and sums. These anisotropies contain only rotational de
cays in the case of an isolated CARS transition. Unfortu
nately, measurement of these anisotropies is complicated 
by the fact that the CARS signal is proportional to the 
square of the susceptibility. Optical heterodyne techniques 
might provide a means to measure signals linear in the 
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TABLE II. Coefficients in isotropic and anisotropic CARS tensor components Xijkl,OO and Xijkl,2T" 

Xijkl Ep(roex } E j ( rol) E k ( rol) E 1( ro2) Ei(ro .. } 

Xllll 

X2222 

Xllll-X2222 

Xllll +2X2222 

X1122 

X2211 

X2233 0 0 

Xll22-X2211 

Xl122+X221 1 +X2233 

X1221 

X2112 t 

X2332 0 0 

Xl221-X2112 

X1221 +X2112+X2332 

X1212 

X2121 

X2323 0 0 

X 1212 - X2121 

X1212+X2121 +X2323 

Xllll-X2222 

+X1l22-X2211 

+X1221-X2112 

+X1212-X2121 

susceptibility and thus determine the anisotropy. An exam
ple of optical heterodyne measurements is reported 
in Sec. III. 

The time dependencies of the isotropic and anisotropic 
CARS susceptibilities are determined by the time
dependent parameters a2.,.Ct), weighted in Eq. (18) by the 
isotropic and anisotropic susceptibility compogents Xijkl,OO 

Sljkl,L Sljkl,LL' 
L LL' 

0 2 02 20 11 12 21 22 

1 2 v'2: v'2: 4 

3" 15 3 -3 -3M 
2 v'2: v'2: 2 

3" 15 6 "6 3M 

1 1 2 
-v'2: --\11 -TI4 

2 
5 

1 v'2: v'2: 2 

3 -15 "6 3 3[I4 

1 v'2: v'2: 2 

3" -15 -3 "6 3[I4 

1 v'2: v'2: 4 

3" ~15 "6 "6 -3[14 
1 1 

v'2: -v'2: 

-5 
1 1 1 1 1 

-6 10 2T6 -2v'2: 2v2 -2[14 

1 1 1 1 1 
-6 10 2T6 2v2 -2v2 -2[14 

1 1 
='6 10 -T6 TI4 

1 1 
-\11 v'2: 

3 

2 10 

1 1 1 1 1 

6 10 -2T6 -2v'2: -2v2 -2[14 
1 1 1 1 1 

6 10 -2T6 2v'2: 2v'2 -2[14 
1 1 

6 10 T6 TI4 
1 1 

-v2 v'2: 
3 

2 10 

-v'2: -v'2 2 

-TI4 

and Xijkl,2T' which are given by Eqs. (31) and (34). 
Hence, the relative contributions of each rotational decay 
component E 2.,.(t) are determined by the relative weights 
Xijkl,2.,. for each value of 1" (1"= -2, ... ,2) as 4etermined by 
Eq. (34). These relative weights are dependent on the vi
brational mode. Since the anisotropic components G LL' ( 1") 
defined in Eq. (36) are vibration dependent, the time de-
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TABLE III. The anisotropic CARS components GLL'(7")." 

G02 ( 7") = .A.2,d3~O)*aI/) - .A.2Tlf3~O)*a'::l- A2T_If3~O)*al2) + A2T!f3~O)*a'.:~ + A 2T_!f3aO)*ai2) 

GlO ( 7") =.A.2,d3a2)*~O) + .A.2Tl(312)*aaO) + A2T-If3'::1*~O) + A 2d3i2)*aaO) + A2T_!f3'::~*aaOj 
1 1 1 

G (7") -.A. (-Q(I)*a(I)+2Q(I)*IY.(1)-Q(I)*a(1)+.A. - (Q(1)*a(I)-{3(1)*a(I»+A - (Q(1)*lYi l )_Q(1)*a(1»_A Q(1)*a(l) 
11 - 2TO-;j6 /J_I -I "'0 -u "'1 1 21"1 v2"'1 ° 0 -I 21"-1 v2 "'-1 -u "'0 1 2T2IJI-I 

+ .A. (v2 Q(I)*a(2)+~ Q(1)*a(2») -.A. (v2 Q(I)*a(2)+~ Q(I)*a(2») 
2Tl v3"'O -2 v3"'1 -I 21"-2 v3"'O 2 VJ"'-I 1 

G (7") =.A. - (p(2)*a(1) _p(2)*a(1) +A -1£ Q(2)*IY£1) -- Q(2)*a(1)+_ Q(2)*a(1) +.A. r; Q(2)*IY!1)+_ Q(2)*a(1) __ p(Z)*a(1) 1 ( 1 1 1 ) (1 1 1 ) 
21 2TOv2 1 1 -I -I 21"1 ,,6"'1 -v v2"'O -I VJ"'2 1 ZT-I ,,6"'-1 -v v2"'o 1 VJ -2 -I 

+ A --;,-; (_p(Z)*1Y!2) + Q(Z)*a(2) + 16{3(Z)*a(2) - 16{3(2)*a(2» + A -r.; p(2)*IY.(2)*+-r.; {3(2)*a(Z) +-r.; p(Z)*a(2) 1 (v2 v2 VJ ) 
2,--1 ,,14 -I -u "'0 1 ,/U. 1 2 ,/U. -2 -I 21"2 ,,7 Z -u ,,7 0 -z ,,7 1 -I 

+.A. Q(Z)*a(Z) +-r.; p(Z)*IY.(2) +-r.; p(Z)*a(Z) 
(

v2 v2 VJ ) 
21"-2 11"'0 2 ,,7 -2 -u ,,7 -I 1 

-The coefficients .A.Z,-T are given in Refs. 15 and 16. 

pendence of TRA CARS signals also depends on the vi
bration. This vibrational selectivity in TRA CARS will in 
principle result in a vibration dependence in measured ro
tational decay times. In the following, we discuss the vi
bration dependence of the anisotropic constants G LL' ( 1") . 

As an illustrative example, we consider two vibrational 
modes-for one (mode 1), the only nonzero components 
of the anti-Stokes and Stokes tensors are f3~z and a zz ; for 
mode 2, the only nonzero components of the anti-Stokes 
and Stokes tensors are ffl;z and a zx , respectively. These 
types of anti-Stokes and Stokes tensors are possible in the 
case of resonance CARS for molecules with C2, C2h' C2v, 

D2, and D2h symmetries. 18 The nonzero CARS anisotropic 
constants for these vibrational modes are 

for mode 1 and 

G11 (1") = - ~ G22( 1") 

_ ( 1 A(2) ~ A(2) ~ A(2) )f3* - 2 [6 7",0 + 4 7",2 + 4 7",-2 xPzx, (39) 

G21 (1") = -Gd 1") 

( 
1 A(2) 1 A(2) 1 A(2) )f3* = -2v2 7",o+4v1 7",2+4v'3 7",-2 xPzx 

(40) 

for mode 2. In both cases, the TRA CARS signal contains 
only two rotational decays with 1"=0 and 2 since the ex
pansion coefficients A~) and A~~) +A~~2 are nonzero only 
when 1"=0 and 2. 15,16 For a symmetric rotor, the TRA 
CARS signal further reduces to a single rotational decay 
with 1"=0 in the case of the mode 1 since AW is zero for a 
symmetric rotor.3 

For mode 2, it is possible in some circumstances to find 
an experimental configuration to measure only the rota
tional decay with 1"=2. We consider a configuration where 
the CARS signal field E(illas ), the excitation laser field 
E/illex ) , and the CARS probe field E(liJ2) are parallel, 
while the CARS pump field E(illl) is polarized at an angle 
a from them. In this polarization configuration, the effec
tive third-order optical susceptibility is 

2 . 2 
Xeff=X1111 cos a+X1221 sm a. (41) 

Using Table II and Eqs. (34), (39), and (40), we obtain 
the anisotropic part of the effective susceptibility 

_~ {[~ (2) .J6 (2) (2)] 2 Xeff, 27"- 5 21 A,.o + 42 (A7"2 +A7"_2) cos a 

[ 
4 A(2) .J6 (A(2) A(2»]. 2 }f3* + -21 ,.0 +14 7"2 + 7"-2 sm a xPzx· 

(42) 

Then an angle a may exist given by 

(43) 
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at which the effective anisotropic susceptibility with 1"=0 
vanishes. Therefore only the rotational decay with 1"=2 
contributes to the effective anisotropic susceptibility. Since 
the isotropic part of the effective susceptibility is nonzero, 
the TRA CARS signal for mode 2 will contain the isotro
pic decay and the anisotropic decay with 1"=2 in this po
larization configuration. 

While the theoretical treatment in this section de
scribes the case of rotational diffusion of the chromophore, 
the TRA CARS technique is able to probe other regimes of 
rotational dynamics as well. Recently, inertial components 
of rotational relaxations have been detected by ultrafast 
time-resolved fluorescence anisotropy measurements.22,23 

Inertial motions (or other models of rotational dynamics) 
can be incorporated into the theory of TRA CARS by 
writing the third-order nonlinear susceptibility as 

(44) 

where N(O) is the initially generated number density, X}3) 

and X~) are the initial isotropic and anisotropic compo
nents of the third-order susceptibility (discussed in Sec. 
II E), and C(t) is a rotational correlation function. Deri
vation of an expression for C (t) would require incorpora
tion of a model for the rotational dynamics into Eqs. (9) 
and (10). ~ 

D. Application to time-resolved spontaneous Raman 
scattering 

Since the differential Raman scattering cross section is 
related directly to the imaginary part of the susceptibility 
ImXijkl, the formalism developed here can be applied di
rectly to time-resolved Raman scattering. This theory was 
recently developed by one of US.

12 Its application is dis
cussed in this section. 

Raman scattering is described, by the third-order non
linear susceptibility 

(45) 

where mo and ms are the frequencies of the input light and 
the scattered light, respectively, and C" is a constant. The 
Raman polarizability tensor aij is defined in Eq. (6). Cau
tion must be exercised, however, with regard to the indices 
ijkl. In the definition of aij in Eq. (6), the indices i and k 
denote the transition induced by the incident light (mo), 
while the indices j and 1 denote the transition generating 
scattered light (m s )' (In some papers, aij is defined such 
that i denotes the scattered light and j denotes the incident 
light.) The formalism developed here can then be applied 
directly to time-resolved Raman scattering12 by replacing 
the anti-Stokes scattering tensor f3t with at. 

In particular, we consider a time-resolved Raman ex
periment where the polarization of the pump pulse 
E /mex) forms an angle 8 with respect to the polarization 
of the Raman excitation pulse E(mo) as shown in Fig. 1. In 
this case, the effective susceptibility is given by 

(II) 2 II • 2 II 
Xeit =Xllll cos U+X2222 sm v, 

(1) 2 II • 2 II 
Xeff =X1212 cos U+X2323 sm U 

(46) 

(47) 

E(ma) 

FIG. -1. Polarization configuration for time-resolved Raman scattering. 
E pC mex) is the polarization of the pump pulse. Raman scattering is gen
erated by the vertically polarized probe pulse E(mo). The Stokes-shifted 
scattered light at 90· has polarization parallel En (m s ), or perpendicular 
El (ms ), to E(mo)' 

for scattered light with polarization parallel and perpen
dicular to E(mo) (in a 90° scattering geometry). The Ra
man signal will in general be dependent on orientation, and 
reorientation may contribute to the time dependence in 
time-resolved Raman experiments. In some circumstances, 
these rotational effects can be eliminated, however, at an 
appropriately chosen angle 8. For example, since X2222,2T= 

-ttllll,2T (see Table II), the parallel anisotropic compo
nent of the Raman scattering vanishes at the magic angle 
8m =54.7°. However, in general, the perpendicular aniso
tropic component of the scattering does not vanish at the 
magic angle. For example, for modes 1 and 2 discussed in 
the preceding section, X2323,2T=-2X12l2,2T (for spontane
ous Raman scattering G12=G21 if the scattering tensor is 
real). Hence, the perpendicufar anisotropic component for 
these modes vanishes at 90° - 8m . 

As a general conclusion, it is important to note that 
rotational effects may contribute to the time dependence of 
time-resolved Raman signals. This time dependence might 
be attributed to vibrational evolution if anisotropic contri
butions are not considered. 

E. The Initial anisotropic susceptibility 

In the above, we have discussed the time evolution of 
TRA CARS signals. In addition to time scans, the TRA 
CARS spectrum can also be measured at a fixed delay time. 
The TRA CARS spectrum is in general different from the 
normal CARS spectrum due to contributions of the aniso
tropic part of the third-order nonlinear susceptibility. 
Hence the TRA CARS spectrum can provide new spectro
scopic information which is contained in the anisotropic 
susceptibility constant G LL' ( 1"). 

In this section, we discuss the anisotropic susceptibility 
generated immediately after excitation by the pump pulse. 
Measurement at time delays immediately following the ex
citation pulse profile yields the initial anisotropic suscepti
bility. The expression for the initial susceptibility is deter
mined by the initial distribution and is given by 
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2 2 .J6 - ) 
+ L L -5 Sijkl,LL'c!i.L' ' 

L=O L'=O 
(48) 

where N(O) is the initial number density of the excited 
state or the ground hole, and the initial anisotropic cOn
stants ~L' are defined by 

2 L 4 

~L'= L F'f) L L (_I)M' 
T=2 M=-L M'=-L 

XC(L' L2;-M' MT){3<j;)*a<j;:) , (49) 

where F'f) is given in: Eq. (17). (Dephasing times are 
assumed here to be much faster than the time scale of 
rotational dynamics.) By comparison to the expression for 
GLL,(r) in: Eq. (36), it can be seen that the initial aniso
tropic constant ~L' is obtained by replacing Ai;!T with 
FCf) in: G LL' ( r). Hence, Table III gives the initial aniso
tropic constant ~L' when FCf) replaces Ai;~. 

The third-order susceptibility at the initial time can be 
written in a general form 

X
(3) -X(3) +X(3) o - I A' (50) 

where 

2 

X}3)=d· N(O) L ( L eTieOjelkeiiSijkl,L)GL, (51) 
L=O ilkl 

X<])=d· N(O) 

2 2 .J6 . 
X L L (L eTieOje lkeil-5 Sijkl'LL')~L'. 

L=O L'=O ilkl 

(52) 

Here N(O) is the initial number density ofthe excited state 
or the ground state hole; d is a constant depending on the 
frequencies [see Eq. (4)]; and e3' eo, el' and e2 are the 
unit vectors for the fields E(W3), E(wo), E(Wl), and 
E(W2). Thus, the initial third-order susceptibility can be 
written 

x~3)=aoGO+alGl+a2G2+b02og2+b20~0+blldfl 

+ b 12df2 + b21 ~l + b22~2' (53 ) 

where 

{6 . 
b LL,=d· N(O) L eTieOjelke~/-5 Sijkl,LL'. (55) 

ijkl 

The nine molecular parameters GLand ~L' are indepen
dent of experimental polarization, while a Land b LL' are 
polarization parameters selected in the experimental setup. 
The set of parameters (G L, ~L') can be regarded as a 
nine-dimensional vector G. For any measurement, X(3) is 
given by the dot product of G with the vector (a L, b LL') in 

TABLE IV. Polarization configurations in spontaneous Raman aniso
tropic susceptibility measurements.a 

Case 

(1) 
(2) 
(3) 
(4) 
(5) 
(6) 
(7) 

t 
o 
t 
o 

aEp(mex ) is the polarization of the pump pulse, E(mo) is the Raman 
excitation polarization, and E(ms) is the polarization of scattered light. 

the same space. By making nine measurements of X(3) with 
linearly independent values of a Land b LL'. one could de
termine each of the components GLand ~L'. Eight of the 
possible polarization configurations with collinear pump 
and probe propagation are shown in Table II. 

lt is noteworthy that the anisotropic third-order sus
ceptibility consists of nine independent parameters instead 
of the three in an isotropic system. This means that the 
anisotropic CARS method can in principle yield more in
formation regarding, e.g., the symmetry of vibrations and 
excited states, than can be obtained by isotropic CARS. 
Similarly, anisotropic time-resolved Raman scattering can 
generate new information. For example, the Raman scat
tering tensor might be determined completely by this tech
nique in a randomly oriented molecular system. Since an
isotropic CARS or Raman experiments can probe both 
ground and excited state anisotropies, the initial suscepti
bility in either ground or excited states can be measured, 
depending on experimental conditions. 

To measure the nine parameters GLand ~L' we need 
to specify the polarizations of the Raman experiment. 
Among the possible cases for a 90· scattering configuration 
with E(wo) propagating parallel to EpCwex) are the fol
lowing: 

(1) E pC We x) , E(wo), and E(ws ) polarized linearly 
with parallel polarization; 

(2) EpCwex) , E(wo), and E(ws ) polarized linearly 
and E(wo) and E(ws ) parallel; E pCwex) perpen
dicular; 

(3) EpCwex) , E(wo), and H(ws ) polarized linearly 
and E p(wex ) and E(wo) parallel; E(ws ) perpen
dicular; . 

(4) E pC We x) , E(wo), and E(ws ) polarized linearly 
and E p(wex ) and E(ws ) parallel; E(wo) perpen
dicular; 

(5) EpCwex) , E(wo), and E(ws ) polarized linearly, 
but mutually perpendicular to each other; 

(6) EpCwex) and E(ws ) polarized linearly and paral
lel; E(wo) circularly polarized; 

(7) E pCwex) linearly polarized, E(wo) circularly po
larized, and E(ws ) linearly polarized, but perpen
dicular to E pC wex) and E (wo) . 

These cases are illustrated schematically in Table IV. In 
the cases of linearly polarized E ( wo) [cases (1 )-( 5)], the 
values of a Land b LL' can be obtained directly from the 
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YAGA 
KTP .Jill1... 532 nm 

YAGB KTP ..1Il!L- 532 om 

-L PC 1-=1064:::"nm::!--y 

REFERENCE 

FIG. 2. The experimental setup for TRA CARS measurements. PC
Pockels cell; C~hopper; C~hopper controller; DL-delay line; 
P-polarizer; WP-half-wave plate; L-lens; S-sample; ID-iris dia
phragm; MC-monochromator; PMT-photomultiplier tube; CPU
computer. 

values of Sijkl,L and Sijkl,LL' in Table II since aL=Sijkl,L 

and bLL,=Sijkl,LL' for these cases. For the cases with 
circularly polarized E(OJo), one can write 

(56) 

rcir=!(XI212+X2323) (57) 

for cases (6) and (7), respectively. Thus aL and bLL, can 
be obtained easily from Table II for cases (6) and (7). For 
Raman scattering, if the scattering tensor is real, 082 = ~o 
and df2 = ~1' and the number of independent parameters 
reduces to seven. The seven polarization configurations in 
cases (1) and (7) discussed above represent five indepen
dent measurements. Additional independent measure
ments can be made in other scattering geometries. 

III. TIME-RESOLVED ANISOTROPIC CARS 

In this section, we describe the experimental imple
mentation of TRA CARS. Three types of measurements 
are described depending on the expenmental polarization 
configuration. In each case, TRA CARS decays for sul
forhodamine 640 are presented to illustrate the time depen
dence of the CARS signal. 

A. Experimental method 

The experimental setup is shown in Fig. 2. The laser 
system, which has been described elsewhere,24 employs two 
Q-switched, mode-locked Nd:Y AG lasers to pump two 
cavity-dumped dye lasers. When the same 38 MHz radio
frequency oscillator is used to drive both mode lockers, the 
timing jitter between the two Nd:YAG lasers is -50 pS.24 
This jitter is transmitted to the synchronously pumped dye 
lasers. In order to reduce the jitter between pump and 
probe, pulses from Y AG A were regeneratively amplified 
in Y AG B to ensure pulse synchronization. This method 
reduces the pump-probe jitter to < 10 ps. Pulses are ob
tained at a repetition rate of - 1000 Hz. The time resolu
tion of the system is - 50 ps. The excitation laser beam was 
chopped at precisely half the laser repetition rate to alter
nately block and transmit the pump pulses. CARS signals 
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FIG. 3. The change in TRA CARS signals for components (a) X2l12 and 
(b) XI221 for sulforhodamine 640 in ethylene glycol. A.I=A..=S80 nm; 
A.z=641.2 nm; Raman shift 1646 cm- I • 

were processed with a gated integrator and lock-in ampli
fier to generate the difference signal induced by the excita
tion pulse. Trigger pulses for the Q-switch modulators, the 
cavity dumpers, and the gated integrator were generated by 
a pulse generator built in house.24 In these experiments, 
two laser beams (OJI and OJ2) were used to generate 
CARS signals with frequency degeneracy OJO=OJI' Sul
forhodamine 640 (sulforhodamine 101) was obtained from 
Exciton. 

B. Results and discussion 

Three different polarization configurations were used 
to generate and detect anisotropic CARS signals. In the 
first configuration, a single third-order nonlinear suscepti
bility component is measured. Table II shows the polariza
tion configurations for measuring the components X2112' 

X1221' X2222, and Xl111' The s~gnal detected in this experi
ment is the change induced by the pump pulse 

IXo+./lxCt) 12_IXol::::;2 Re[x~aX(t)], (58) 

where aX is small relative to Xo, the susceptibility before 
excitation. The difference signal contains both the isotropic 
and anisotropic decays. This is an optical heterodyne mea-
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FIG. 4. The change in TRA CARS signals for components (a) X2222 and 
(b) XliII' Other experimental parameters are the same as in Fig. 3. 

surement with a local oscillator field generated by Xo. Since 
these signals are linear in the susceptibility change aX, 
such measurements could be used to determine anisotro
pies as in Eq. (37). At present, however, these signals are 
too noisy for anisotropy measurements. 

Decays for the third-order susceptibility components 
X1221 and X2112 are shown in Fig. 3 for sulforhodamine 640 
in ethylene glycol (A.l=580 nm, A.2=641.3 nm, and Ra
man shift = 1647 cm -1). The time-dependent response is 
strikingly different. Since the isotropic components are 
equal X1221,OO=X2112,OO' the marked difference between the 
X1221 and X2112 decays shows that the anisotropic compo
nent of the third-order susceptibility contributes strongly 
to these signals. In particular, the increase in X2112 is much 

Xnr 

"«--__________ --.-O)a' 

A B 

FIG. 5. TRA CARS polarization configurations. (A) Nonresonant back
ground free TRA CARS. (B) TRA CARS polarization spectroscopy. 
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FIG. 6. Nonresonant background-free TRA CARS of sulforhodamine 
640 in ethylene glycol at Raman shift 1646 em-I. The recovery time 
constant is 1450. ps. 

stronger than the change in X1221' The sharp increase at 
t:::;:O in Xl22l, which may result from coherence between 
E(wex) and E(Wl), is followed by a weak decrease in sig
nal. Similarly, Fig. 4 shows the change in the TRA CARS 
signals for X2222 and X11ll' While Xll11 shows no detectable 
change after a spike at t:::;:O, X2222 increases markedly and 
decays. A detailed analysis of the signal changes is not 
possible without a more complete knowledge of the contri
butions (real and imaginary) to the CARS susceptibilities 
and will not be attempted inthis paper. Rather, the moti
vation here is to demonstrate the importance of anisotropic 
contributions to the CARS signals. 

The second type of TRA CARS configuration is one 
that suppresses the nonresonant susceptibility Xm.. For an 
isotropic system, it is well known that the nonresonant 
background is zero when the effective susceptibility is25 

(59) 

A background-free configuration with E(Wl) oriented 
+30· and E(W2) oriented _3D· from the Z axis and 
E(was ) along the X axis is shown in Fig. 5(A). In TRA 
CARS, the induced anisotropic susceptibility is given by 
Eq. (59) when EpCwex) is parallel to E p (Wl)' When 
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FIG. 7. TRA CARS polarization spectroscopy decay of sulforhodamine 
640 in ethylene glycol at Raman shift 1646 em-I; A.ex=A.I =580. nm; 
.,1,2=641.2 nm. 
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FIG. 8. TRA CARS polarization spectroscopy decay of sulforhodamine 
640 in ethylene glycol at Raman shift 1498 em-I; ,1,ex=,1,=580 nm; 
,1,2=635.2 nm. 

EiWex) is not parallel to E(wt), the anisotropic part of 
the third-order susceptibility may contain terms represent
ing eight polarization components (see Tabl~ II). How
ever, since the isotropic part can still be described by Eq. 
(59), the nonresonant background generated by the sol
vent will be suppressed. Figure 6 shows a nonresonant 
background-free TRA CARS scan, where Eiwex) is par
allel to E(wt) for sulforhodamine 640 in ethylene glycol at 
a Raman shift of 1646 cm~t. The absolute value of the 
effective susceptibility decreases upon excitation and recov
ers with a time constant of 1450 ps. This signal includes 
both isotropic and anisotropic components. 

A third TRA CARS configuration is shown in Fig. 
5(B), where E(wt) and E(W2) are parallel, E(was) is 
pe~endicular t? E.(wt), and Eiwex) is 45° from E(wt). 
This configuratlOn 1S analogous to that in polarization (or 
anisotropic absorption) spectroscopy.26,27 In the absence of 
the excitation field E i wex), the signal field E (w ) is zero . h as 
smce t e CARS field is perpendicular to E(was )' However, 
E(was) is nonzero after the sample system is excited by the 
excitation field Eiwex)' The effective susceptibility in this 
case is 

Xeff=X111t-X2222+X122t-X2112+X12t2 

-X212t +X1122 -X2211' (60) 

From Table II, we can see that the isotropic part of the 
~~ CARS .susceptibility is zero and the effective suscep
t1bility contams only the anisotropic part. For a two-level 
system where excited and ground states have the same 
rotational constants, the effective susceptibility can 
be written 

2 

X~~= T~2 exp[ -(kf+E2T)t]ai~(0) ( - ~) 

X [Gi~(1')+GW(1')+~Gir(1')]' (61) 

where k f is the. kinetic decay rate, E2T is the rotational 
eigenvalues, G~~,( 1')'s are the anisotropic susceptibility 
constants for state i, and a~~ (O)'s are given in Eqs. (16) 
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FIG. 9. TRA CARS polarization spectroscopy decay of sulforhodamine 
640 in ethylene glycol at Raman shift 1359 em-I; ,1,ex=,1,I=580 nm; 
,1,2=629.6 nm. 

and .(17~. The effective susceptibility contains five expo
nentials m general. If the excitation dipole is coincident 
with one of the principal rotation axes, the effective sus
ceptibility reduces to two exponentials with 1'=0 and 2 [see 
Eq. (17) and tabulated values of A2TT]. 

Figures 7-10 show decays detected in the TRA CARS 
polarization configuration for sulforhodamine 640 vibra
tions at 1359, 1498, and 1646 cm- t compared to a decay 
collected by conventional polarization spectroscopy. The 
decays are fitted to a single exponential function. The re
sulting decay times are listed in Table V for two solvents. 
In both solvents I-butanol and ethylene glycol, the decay 
tim_es for the 1498 and 1646 cm- t vibrations are the same 
as those measured by polarization spectroscopy within ex
perimental error. However, the decay time for the 1359 
cm- t vibration is clearly longer. As discussed above the . ' amsotropy decay may not be single exponential, but rather 
the mixture of two or more exponentials, and the aniso
tropic susceptibility constant G LL' ( 1') may be vibration 
dependent in that the relative contribution of each rota
tional decay for 1'=0, ± 1, ±2 to the TRA CARS decay 
depends on the vibration. Therefore the TRA CARS mea
surement may reveal that the anisotropic decays of SRG 
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FIG. 10. Polarization spectroscopy decay of sulforhodamine 640 in eth
ylene glycol excited at 580 nm and probed at 629.6 nm. 
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TABLE V. Decay time constants determined by TRA CARS polarization spectroscopy and conventional 
polarization spectroscopy for sulforhodamine 640. 

SR640/1-butanol 
SR640/ethylene glycol 

1359 crn- I 

350±6 ps 
719±29 ps 

Vibrational rnode 

1498 crn- I 

296±8 ps 
606±41 ps 

1646 crn- I 

325±11 ps 
626±46 ps 

640 molecules are in fact multiple exponentials instead of 
single exponentials as previously assumed.28 

The first type of TRA CARS experiment, which mea
sures selected susceptibility tensor components, can in 
principle provide the most information about rotational 
dynamics, but suffers from the drawback that the TRA 
CARS signal measured by this method is noisy since the 
induced signal rides a much stronger background. The sec
ond type of experiment eliminates the nonresonant back
ground. However, the isotropic decay may still be strong 
and the anisotropic component is not readily measured. 
The third type of experiment TRA CARS polarization 
spectroscopy measures the pure anisotropic decay and 
yields the best signal quality, even though the signal mea
sured in this way is much weaker than in the other two 
methods. However, some information is lost because the 
effective susceptibility only contains three of the six aniso
tropic CARS constants as shown in Eq. (61). 

IV. CONCLUSION 

In this paper, we have developed the formalism for the 
time-dependent anisotropic third-order susceptibility to de
scribe TRA CARS decays. A comparison of the molecular 
information provided by TRA CARS and TRA Raman 
experiments may be useful. Since both techniques probe 
the anisotropic components of the third-order nonlinear 
optical susceptibility, the same information is in principle 
available from either method. However, one method or the 
other may be advantageous under certain circumstances. 
For example, since CARS signals are strong and direc
tional, TRA CARS can be used to measure rotational dy
namics in strongly fluorescent samples, such as dye mole
cules. On the other hand, TRA CARS experiments are 
restricted in practice to configurations with collinear pump 
and probe beams, which permit no more than eight inde
pendent measurements (see Table II). Since spontaneous 
Raman scattering can be collected at any scattering angle, 
the complete set of nine independent molecular parameters 
can be measured by TRA Raman scattering by a combi
nation, e.g., of back scattering and 90· scattering measure
ments. Thus, while TRA CARS may be more amenable to 
measurements of the anisotropic susceptibility, TRA Ra
man can generate a full set of molecular parameters. 

We have discussed three types of TRA CARS experi
ments and illustrated each type with experimental results. 
The method discussed here can also be extended to other 
Raman spectroscopies such as CSRS and resonance Ra
man. Correspondingly, anisotropic components and rota
tional dynamics may contribute to the time dependence in 

Polarization spectroscopy 

311±7 ps 
594±16 ps 

time-resolved spontaneous or coherent Raman experiments 
that are intended to measure purely vibrational dynamics. 
These cannot always be eliminated by a "magic-angle" 
measurement. In future work, we plan to investigate fur
ther the possibility of separation of different rotational de
cays by TRA CARS as well as by TRA Raman and TRA 
CSRS spectroscopies. 
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