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We present an ab initio nonperturbative investigation of the frequency comb structure and coherence within
each order of the high-order harmonic generation �HHG� of rare-gas atoms by means of the time-dependent
density-functional theory �TDDFT� with optimized effective potential �OEP� and self-interaction correction
�SIC�. The TDDFT+OEP-SIC equations are solved accurately and efficiently by means of the time-dependent
generalized pseudospectral technique. We found that a nested comb structure appears within each order of the
harmonics, ranging from the first harmonic all the way to the cutoff region. We explore in detail the temporal
coherence and robustness of the comb structure by varying the laser-pulse separation �, the number of pulses
N, the phase difference between pulses ��, and the laser intensity. The frequency comb structure and coher-
ence are preserved in each harmonic regardless of the values of � and N used for the case of weak and medium
strong incident laser-pulse trains. The time-frequency characteristics of the HHG coherence structure are
analyzed in details by means of the wavelet transform of the time-dependent induced dipoles. The interference
modulation can be attributed to the constant phase relationship of harmonics among successive pulses. How-
ever, under superstrong fields, nonuniform and substantial ionization takes place during each pulse, jeopardiz-
ing the temporal coherence of the emitted frequency comb modes. Finally, we found that the dynamical
electron correlation, which is included in the present TDDFT+OEP-SIC treatment but not in the single-active-
electron model, is significant for the quantitative exploration of the frequency comb structure and coherence of
higher harmonics.
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I. INTRODUCTION

Recently, advancements in femtosecond laser-based opti-
cal frequency combs have led to dramatic impact to ultrahigh
precision optical frequency metrology �1–4�, atomic clocks
�5,6�, and ultrafast laser science �7,8�. For a train of identical
pulses, separated by a fixed time interval �, its Fourier trans-
form yields a spectrum consisting of a comb of regularly
spaced frequencies �9�. The optical frequencies fn of the
comb lines can be written as fn=nfr+ f0, where n is a large
integer, fr=1 /� is the repetition frequency, and f0 is the
carrier-envelope offset frequency. The frequency comb pro-
duces a “ruler” in the frequency domain with which an un-
known optical frequency can be measured. For precision
spectroscopy, a frequency comb laser provides a phase-
coherent link between the radio frequency of an atomic clock
and the optical frequency of a stabilized narrow-band
continuous-wave �cw� laser used for the actual spectroscopy.
However, suitable narrow-band-width cw sources rarely exist
at high frequencies �10�, such as vacuum-ultraviolet �vuv�
and extreme-ultraviolet �xuv� radiations.

More recently, coherent vuv �11� and xuv �12� radiations
at a repetition frequency of more than 100 MHz, a 1000-fold
improvement over previous experiment �13�, have been ex-
plored experimentally via high-order harmonic generation
�HHG�. If the high-frequency comb laser can be generated
successfully, there will be a number of applications such as
vuv-xuv holography, nanolithography, x-ray atomic clocks,

and for the testing of fundamental theories such as quantum
electrodynamics. However, there are currently some experi-
mental difficulties in the observation of the frequency comb
structure within each harmonic order, with the exception of
the third-order harmonic case �11�. Accurate theoretical ex-
ploration of the frequency comb structure and coherence
within each high harmonic is thus of timely importance and
will facilitate further experimental development of the fre-
quency comb laser in the vuv-xuv regimes. In a recent paper,
we have initiated such a theoretical study for the atomic hy-
drogen system �14�. The time-dependent Schrödinger equa-
tion is solved accurately by means of the time-dependent
generalized pseudospectral �TDGPS� method �15�. We found
that a nested comb structure appears within each of the har-
monics, ranging from the first harmonic all the way to the
cutoff harmonics. This suggests that the experimental obser-
vation of the frequency comb structure in the vuv-xuv re-
gimes will become feasible when the spectral resolution is
improved.

In this paper, we extend the ab initio study to the rare-gas
atoms, particularly, the helium atoms, which are one of the
most common systems used in the experimental studies of
HHG and comb laser. One of the goals is to investigate the
effect of electron correlation on the comb structure and co-
herence. The self-interaction-free time-dependent density-
functional theory �TDDFT� recently developed �16,17� is ex-
tended for the ab initio treatment of the frequency comb
structure and coherence within each order of high harmonics.
In addition, we also present the single-active-electron �SAE�
model calculation for comparison. Finally, we investigate the
effect of ionization dephasing and intensity-dependent phase*sichu@ku.edu
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shifts on the frequency comb structure and coherence. The
results presented in this article are of current interest and
significance to the experimental realization of phase-
coherent frequency combs in the vuv-xuv regimes �11,12�.

The paper is organized as follows. In Sec. II, we briefly
outline the self-interaction-free TDDFT procedure and asso-
ciated TDGPS computational techniques for accurate non-
perturbative treatment of HHG and frequency comb pro-
cesses. Comparison of the all-electron TDDFT data to the
SAE model results is also presented. In Sec. III, we present
the wavelet time-frequency analysis of the comb spectrum.
The effect of ionization dephasing on the frequency coher-
ence in intense laser fields is explored in Sec. IV. This is
followed by a conclusion in Sec. V.

II. SELF-INTERACTION-FREE TDDFT FOR
THE TREATMENT OF FREQUENCY COMB

STRUCTURE AND COHERENCE

To understand the mode structure of a frequency comb
emitted by a mode-locked laser, consider the pulse circulat-
ing in a laser cavity �9�. Since the group velocity of the pulse
envelope and the phase velocity of the carrier wave are not
equal, there is a phase shift �� from pulse to pulse. The
angular frequency spectrum emanating from such a pulse
train gives rise to comb lines, spaced by the repetition angu-
lar frequency �r=2� /� and the offset carrier envelope fre-
quency �0=���r /2�. The comb angular frequencies �m�
are given by

�m� = m��r + �0, �1�

where m� is an integer index and typically on the order of
105–106 �12�.

To pursue the exploration of the detailed comb structure
of each high-order harmonic, we perform accurate calcula-
tions of the time-dependent wave function, induced dipole
moments, and HHG power spectra of He atoms by means of
the TDDFT with optimized effective potential �OEP�
�16,18,19� and self-interaction correction �SIC� �16,17�. The
central equation of the TDDFT+OEP-SIC formalism for the
treatment of multiphoton processes of many-electron atomic
systems in a sequence of intense laser pulses is given by, in
atomic units,

i
�

�t
�i��r,t� = Ĥ�r,t��i��r,t� = �Ĥ0�r� + V̂�r,t���i��r,t�,

i = 1,2, . . . ,N�, �2�

where Ĥ0�r�=− 1
2�2+VSIC,�

OEP �r ,0� is the field-free Hamil-
tonian with an OEP and SIC at t=0 and � is the spin index.

V̂�r , t� contains the electric-dipole coupling to the laser field
and the residual time-dependent OEP with SIC �16,17�,

V̂�r,t� = − F0 · rE�t� + VSIC,�
OEP �r,t� − VSIC,�

OEP �r,0� , �3�

where

E�t� = �
n=1

N

Ê�t − n��exp�i��ct − n�c� + n���� , �4�

where Ê�t� is the Gaussian envelope function, F0 is the laser
electric field amplitude, � is the pulse separation, and N is the
total number of excitation pulses. The frequency comb has a
centered mode at �c and its frequency spectrum is related to
Eq. �1� by absorbing integer multiples of �r contained in �c
and renumbering the comb modes, namely,

�m� = m��r + �0 = n��r + �c. �5�

The time-dependent OEP-SIC potential, VSIC,�
OEP �r , t�, is deter-

mined as follows �16,17�:

VSIC,�
OEP �r,t� = 	ext�r,t� +� 
�r�,t�

�r − r��
d3r� + Vxc,�

SIC �r,t� , �6�

where 	ext�r , t� is the external potential, 
�r , t� is the electron
density, and the exchange-correlation �xc� potential with SIC
is given by

Vxc,�
SIC �r,t� = �

i


i��r,t�

��r,t�

�	i��r,t� + �V̄xc,i�
SIC �t� − v̄i��t��	 ,

�7�

with

	i��r,t� = −� 
i��r�,t�
�r − r��

d3r� −
�Exc�
i�,0�

�
i��r,t�
, �8�

and V̄xc,i�
SIC �t�= 
�i��V̄xc,�

SIC �r , t���i�� and v̄i��t�
= 
�i��vi��r , t���i��. The TD OEP-SIC equations are solved
for the individual time-dependent spin-orbital wave func-
tions �i��r , t� in a self-consistent manner. Moreover, the
single-particle time-dependent OEP-SIC is local �for every
time step� and has the correct long-range �−1 /r� Coulombic
potential behavior �16�. The advantages and recent applica-
tions of the TD OEP-SIC approach to various intense-field
multiphoton processes are reviewed in �17�.

The time evolution of the spin-orbital wave functions can
be calculated accurately and efficiently by means of the
TDGPS method �15–17�. The TDGPS consists of the follow-
ing two essential steps: �a� the spatial coordinates are opti-
mally discretized in a nonuniform spatial grid by means of
the generalized pseudospectral technique �20� with the use of
a very modest number of grid points. The mesh structure is
characterized by denser grids near the origin and sparser
grids for large distances. �b� A second-order split-operator
technique in the energy representation, allowing the explicit
elimination of undesirable fast-oscillating high-energy com-
ponents, is used for the time propagation of the wave func-
tion �15�,

�i��r,t + �t� � e−iĤ0�t/2e−iV̂�r,�,t+�t/2��te−iĤ0�t/2�i��r,t�

+ O��t3� . �9�

The TDGPS technique has been shown to be both computa-
tionally considerably more efficient and accurate than the
conventional time-dependent techniques using equal-spacing
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grid discretization �15–17�. The norm of the field-free wave
function is preserved to a high accuracy �10 digits of ac-
curacy� during the time propagation. Having determined the
time-dependent spin-orbital wave functions �i��r , t�, we then
compute the time-dependent induced dipole moment as

d�t� =� z
�r,t�dr = �
i�

di��t� , �10�

where

di��t� = ni�
�i��r,t��z��i��r,t�� �11�

is the induced dipole moment of the ith spin orbital and ni� is
its electron occupation number. The power spectrum of the
HHG is determined by taking the Fourier transform of the
total time-dependent induced dipole moment d�t� and scaling
it to the one-pulse case

S��� = � 1

N
�

ti

tf

d�t�e−i�tdt�2

, �12�

where N is the total number of pulsed used in the calculation
and ti and tf are the initial and final times of the incident
pulses, respectively.

The time-dependent �multiphoton� ionization probability
of the ith spin orbital can be calculated according to Pi��t�
=1−Ni��t�, where Ni��t�= 
�i��r , t� ��i��r , t�� is the time-
dependent survival probability of the ith spin orbital. More-
over, it is imperative to mention that all the electrons are
treated explicitly and each contributes to the total effective
potential and multiphoton processes.

Based on the TDDFT+OEP-SIC method, we shall now
investigate the HHG process from He atoms in linearly po-
larized intense laser-pulse sequence. We first perform the cal-
culations with the following laser parameters: 20-fs full
width at half maximum �FWHM� Gaussian laser pulses of
wavelength =800 nm with peak intensities of I=5
�1013 W /cm2 and ��=� /4. The time delay � between
pulses is set to be 0.2 ps, allowing to expedite the numerical
process and will not affect the coherence of the harmonics.
Larger � will also be used later on. Since the gas target
embedded in the cavity focus will interact with about five to
seven coherent excitation pulses before leaving the interac-
tion region �11,12�, a finite number of pulses will be used
throughout the calculation.

We first compare the HHG spectrum for the one- and
five-pulse excitation cases. When time-delayed coherence la-
ser pulses are used �N�2�, quantum interference fringes
clearly appear within each of the harmonic orders, as shown
in Fig. 1�a�, for the case of N=5. The overall global pattern
of the power spectra for the one-pulse excitation �denoted by
red dots� and shown in Fig. 1�b� closely resembles to that
formed by the five-pulse case �solid line�. We found that a
nested comb structure is formed within each harmonic order
when more than one excitation pulse is utilized. The inset of
Fig. 1�a�, for instance, clearly displays the symmetric fringes
formed around the 25th harmonic. In addition, N−2 interfer-
ence substructures appear between adjacent comb modes.
One can establish that the frequency comb of the fundamen-
tal mode formed by the pulse sequence is accurately trans-

ferred into each of the generated harmonics. Furthermore, we
have thoroughly verified that the splitting between comb
mode frequencies, also referred as the repetition frequency
�r, is exactly given by �r=2� /�. These equally spaced dis-
crete frequencies are essentially caused by constructive
quantum interference emanating from the phase-locked in-
duced dipole moments. In other words, the phase contribu-

tions �n, defined as d̃n���= �d̃n����ei�n��� of separate induced
nth-dipole pulses emanating from the pulse train, are identi-

cal at �r �14�. Here d̃n��� is defined as the Fourier transform
of the time-dependent induced dipole moment d�t� integrated
between the times �n−1�� and n�.

We note that at this relatively weak laser field, the inten-
sity of the scaled power spectra S��� shows no considerable
gain from the interaction of five pulses as obtained from the
one-pulse case. To understand this feature we computed
Pi��t� for the He atom. Sequential ionization only occurs
during each excitation pulse process as illustrated by the
driving laser field in Fig. 2�a�. A uniform staircase pattern
visibly depicts the overall appearance of the ionization prob-
ability once the laser-pulse train is completed �see Fig. 2�b��.
The ionization probability from the 1s orbital increases rap-
idly during each of the pulse peak intensity. Beyond the
pulse’s peak intensity, the ionization probability reaches an
ionization plateau region until the next pulse comes to inter-
act with the atom. In relatively weak laser intensities where
minimal ionization takes place and the neutral atom lingers
as the dominant species, the laser field sees nearly the same
population on the ground state. Hence, the ionization prob-
ability after each consecutive pulse remains nearly equal.

It is instructive to make a comparison of the results of the
present all-electron TDDFT+OEP-SIC procedure to the
conventionally used SAE model. As to be shown below, the

FIG. 1. �Color online� �a� The scaled HHG power spectrum
S��� of He atom generated by one pulse �dotted line� and five
successive 20-fs FWHM Gaussian pulses �solid line�. A detailed
view �inset, frequency resolution used is 10−4 a.u.� of the nested
comb structure �for N=5� is shown in the vicinity of the 25th har-
monic. �b� Scaled HHG power spectrum S��� generated by N=1
pulse. Laser intensity used is 5�1013 W /cm2, wavelength is 800
nm, and �=0.2 ps.
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all-electron TDDFT formalism allows a detailed exploration
of the effects of the dynamical electron correlation on ion-
ization, HHG, and frequency comb coherence in a unified
and self-consistent manner. In our SAE treatment, we per-
form the time-dependent OEP-SIC calculation with one of
the 1s electron while the other electron is held frozen to the
1s, orbital similar to the procedure used in �16�. Figure 3�a�
shows the comparison of the results of ionization probability
of the He atom obtained from the all-electron TDDFT
+OEP-SIC formalism �solid line� and the SAE model �dot-
ted line� for the case of laser wavelength 800 nm, laser in-
tensity 5�1013 W /cm2, and �=0.2 ps. It is seen that the
SAE model predicts considerably larger ionization probabili-
ties than those of the TDDFT calculations. We also found
that the discrepancy increases with increasing laser intensity
�not shown�. The discrepancy can be understood by the fol-
lowing manner. In the actual time-dependent ionization pro-

cess of the He atoms, the average electron binding energy of
the atom should increase with time. This is due to the fact
that when the atom is partially ionized �in terms of the ion-
ization probability�, the remaining electron �in terms of
bound-electron probability� will be more tightly bounded due
to the dynamical screening effect. For the He atom, the ion-
ization potential of the neutral He atom is 0.904 a.u., while
for the He+ ion, the binding energy is 2.0 a.u. The all-
electron TDDFT takes into account such a dynamical screen-
ing correlation or equivalently the dynamical electron corre-
lation, while the SAE model does not consider that.
Consequently, the SAE electron is always less bounded by
the nucleus, leading to the overestimation of the ionization
probability.

In Fig. 3�b�, we present the comparison of the scaled
HHG power spectrum density S��� obtained by the
TDDFT+OEP-SIC method and the SAE model. For clarity,
only the peak intensities of harmonics near the cutoff region
are shown for comparison. We note that in general the SAE
model tends to underestimate the harmonic power spectrum
intensity for higher harmonics. Similar observation was pre-
dicted by our previous TDDFT study �16� and the recent
fully ab initio two-electron six-dimensional �6D� calcula-
tions �21�. Figure 3�c� displays a detailed view of the nested
comb structure in the vicinity of the 25th harmonic order for
both TDDFT and SAE calculations. Despite the quantitative
discrepancy, the SAE model is still capable of providing the
frequency comb spectrum and coherence at least in a quali-
tative fashion. The deviation of the SAE results from the
TDDFT data can be again attributed to the fact that the SAE
model does not take into account the dynamical electron cor-
relation.

We next investigate the effects of varying the pulse sepa-
ration � on the coherent properties of the frequency comb.
Note that HHG processes occur over the duration of each
individual pulse cycle only which is a much smaller time
scale than the separation � between successive pulses gener-
ated by a mode-locked femtosecond laser with a repetition

FIG. 2. �Color online� �a� Driving laser field composed of five
successive 20-fs FWHM Gaussian pulses. �b� Ionization probability
of He atom. Laser parameters used are the same as those in Fig. 1.

FIG. 3. �Color online� �a� The ionization
probability of the He atom obtained from the
TDDFT+OEP-SIC �solid line� and SAE �dotted
line� calculations, respectively. It is seen that the
SAE model predicts considerably larger ioniza-
tion probabilities than those of the two-electron
TDDFT calculations. �b� The scaled HHG power
spectrum S��� of the He atom obtained from the
TDDFT+OEP-SIC �black squares� and SAE
�blue stars� calculations. For clarity, only the har-
monic peak amplitudes are shown. �c� A detailed
view of the nested comb structure in the vicinity
of 25th harmonic order. Laser parameters used
are the same as those in Fig. 1.
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frequency of 100 Mhz �10 ns�. Hence, the emitted HHG
radiation should not be appreciably affected by the delay �
between pulses. Figures 4�a� and 4�b� show the harmonic
spectra nearby the 25th harmonic for N=5 and �=10 ps and
1 ns, respectively. Other laser parameters are similar to those
in Fig. 1. Since the repetition frequency �r is inversely pro-
portional to �, the comb mode separation decreases as � is
increased. In addition, the spectrum intensity S��� is nearly
invariant to �. Despite much extended time separations be-
tween pulses, we note that the coherent properties of the
frequency comb fully prevail. Similar behavior was recently
reported for the case of atomic H, where even for � extend-
ing as long as 10 ns, the temporal coherence was still fully
preserved �14�.

The effects on the frequency comb structure and coher-
ence as the pulse number N varies are then explored. Figure
4�c� shows the frequency comb structure �nearby the 25th
harmonic� for �=0.2 ps for the case of N=1 �dash�, 5
�smaller dash�, 7 �dashed dot�, and 15 �solid� pulse�s�, re-
spectively. Laser parameters other than N and � are the same
as those in Fig. 1. After varying the number of excitation
pulses from N=1 to N=15, the contours of the power spec-
trum and the symmetry in the fringe shape remain un-
changed. The comb’s repetition frequency is fully preserved.
Due to intrinsic interference effects, sets of N−2 additional
peaks are present between adjacent comb fringes. In addi-
tion, the harmonic intensity S��� appears to be independent
of N, but, as we will explore subsequently, it is not the case
when stronger laser intensities are utilized. On the other
hand, the spectral resolutions of the comb modes, being

inversely proportional to N, are notably enhanced with in-
creasing N. In the limit of implementing an infinite number
of pulses, very sharp comb lines would be produced. Beyond
these features, our results show that the coherence properties
are essentially retained as N varies.

Next, we study the carrier-envelope phase coherence in
the emitted HHG radiation by investigating in more detail
the comb spectral spacing of the qth harmonic order. Since
the driving pulse train is a frequency comb with frequencies
Eq. �1�, the generated photons, according to energy conser-
vation, are sums of integer �odd� number of photons emanat-
ing from the driving field. The comb structure of the funda-
mental mode is then transferred to each of the qth harmonics
in the xuv HHG spectrum. In this manner, the HHG spec-
trum now contains q frequency comb structures centered on
each harmonic and the output of the qth harmonic-order re-
sults in a spectrum with frequencies given by Eq. �13� �12�,

�m� = m�r + q�0, �13�

where the xuv comb frequencies are now �m� =q�m� and the
comb index integer m is given by qm�. To determine the
phase coherence of HHG, we shall define the spectral shift as
�=q�0=q���r /2� and monitor � as a function of q and
��, respectively.

We calculate the HHG power spectra and ionization prob-
abilities for each of the following cases: ��=0,� /16,� /8
for N=5, �=0.2 ps, and a laser intensity of 5
�1013 W /cm2. Figures 5�a�–5�c� illustrate the comb struc-
ture around q = 5, 17, and 25 harmonic orders, respec-
tively, for ��=� /16 �thick red line�. We compare them to
S��� when the pulse-to-pulse phase shift is doubled to ��
=� /8 �thick blue line� and shown in Figs. 5�d�–5�f�, respec-
tively. The corresponding results for ��=0 �thin lines� serve
as the reference frequencies. First, Pi��t� �not shown� at the
end of the pulse train is completely independent of �� used.
As a result, we observe that the S��� intensity for various
cases of �� remains nearly constant and �r is fully pre-
served. Afterward, Figs. 5�a�–5�c� illustrate how the spectral
shift � or the spacing between the reference comb line ��
=0 and the concerned comb line ���=� /16� increases
�shown between arrows� according to the harmonic order q.
The linear dependence of � on q can be more clearly distin-
guished by comparing, for example, the spacing between q
=5 and q=25 for ��=� /16 �Figs. 5�a� and 5�c�� and ob-
serving that the spectral shift � also increases by a factor of
5. Similar results are obtained for the case of ��=� /8 �Figs.
5�d� and 5�f��. To check the � dependence on ��, it is
enough to show that for a given harmonic, for instance, q
=5 �Figs. 5�a� and 5�d��, the spectral spacing doubles as ��
doubles. Similar findings can be observed for q=17 �Figs.
5�b� and 5�e�� and q=25 �Figs. 5�c� and 5�f��, respectively.
Consequently, the phase shift � under weak to medium-laser
fields is linearly dependent on q and ��, indicating the phase
coherence is fully preserved and Eq. �13� is valid. To deter-
mine the degree of coherence among the emitted HHG dur-
ing each excitation pulse, we perform a time-frequency
analysis of the frequency comb spectrum below.

FIG. 4. �Color online� Detailed view of the nested comb struc-
ture in the vicinity of the 25th harmonic generated by a laser field of
five successive 20-fs FWHM Gaussian pulses �N=5� for �= �a� 10
ps and �b� 1 ns. �c� The HHG power spectra for �=0.2 ps in the
vicinity of the 25th harmonic for N=1 �dash�, N=5 �smaller dash�,
N=7 �dash dot� and N=15 �solid� pulse�s�, respectively. The scaled
HHG spectrum intensity S��� is invariant to N and the fringe res-
olution is enhanced as N increases. Laser intensity used is 5
�1013 W /cm2 and wavelength is 800 nm.
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III. WAVELET TIME-FREQUENCY ANALYSIS
OF THE FREQUENCY COMB SPECTRUM

To explore the details of the quantum mechanisms in-
volved in the formation of harmonic interference, we inves-
tigate the HHG time-frequency profiles �d�q

�t��, obtained
from the wavelet time-frequency analysis of the induced di-
poles d�t� �22–25�,

d�q
�t� =��q

�
� d�t�ei�q�t−t0�e−��q�t − t0��2/2�2

dt , �14�

where �q=q�c, �c is the fundamental laser angular fre-
quency, and q is the harmonic order. In the discussion below,
we choose �=10 to perform the wavelet transform. Figures
6�a�–6�e� show successive time profiles �Fig. 6�a� for the first
pulse, Fig. 6�b� for the second pulse, etc.� for the cases of
N=5, q=45, and ��=� /32. For the laser intensity of 5
�1013 W /cm2, where minute ionization takes place �see
Fig. 2�b��, the magnitude of the time-dependent profile
�d�q

�t�� during each pulse remains nearly unchanged. We
note that in each of the time profiles corresponding to each of
the incident pulses, two dominant emissions occur within
each optical cycle, indicating that only one returning �short�
trajectory has the largest contribution. This characteristic is
especially indicative of harmonics in the cutoff region. Simi-
lar characteristics are observed in harmonics ranging from
31st up to 49th harmonic order �not shown�. Emission times
corresponding to these harmonics nearly coincide during
each of the five pulses, suggesting a high degree of spectral
synchronization emanating from each pulse. On the other
hand, time profiles for harmonics in the plateau region ex-
hibit more than two emissions per laser optical cycle as a
result of the contributions from the short and long trajecto-

ries �26�. Results for the harmonic in the plateau region, q
=21, are presented in Figs. 7�a�–7�c� corresponding to the
first, third, and fifth pulses, respectively. Indeed, the time
profiles display more than two emissions occurring within
each optical cycle indicating contributions from both trajec-
tories. Furthermore, to determine the coherence character of
the emitted HHG radiation among successive pulses, we
compute the dynamical phase ���q�te�� from the wavelet
analysis of the induced dipoles. Note that the dipole time
profile at harmonic frequency �q, the dynamical phase, and
the recollision time �te� are related to each other by the fol-
lowing expression �24�:

d�q
�te� = �d�q

�te��e−i��qte+���q�te���. �15�

Here the peak emission times te, corresponding to the
maxima of the dipole time profiles, can be interpreted semi-
classically as the electron-ion recollision times �24�. Results
of the dynamical phase ���q�t�� calculations are displayed in
Figs. 6�a�–6�e� �denoted by solid dots�. At this relatively
weak laser intensity, the comb structure of the fundamental
mode is fully transferred to each of the harmonic orders.
Moreover, the dynamical phase’s behavior of a given har-
monic during the first pulse should have a high degree of
resemblance to that obtained from the other consecutive
pulses if the ground-state population is nearly the same �or
when the ionization probability is very small� in each pulse.
Indeed, we note that the overall magnitude of the dynamical
phases among different pulses is nearly uniform and encom-
passing only up to 2 rad during the sequence of pulses. In
addition, the dynamical phases increase slightly and homo-
geneously with each successive pulse. We monitor
���q�te���q=45� during six consecutive peak emissions �de-
noted A–F in Fig. 6�a�� occurring in each of the atom-laser

FIG. 5. �Color online� Scaled
harmonic power spectra S���
generated by a train of five
�N=5� 20-fs FWHM Gaussian
pulses near the �a� fifth, �b�
17th, and �c� 25th harmonic for
��=� /16 and ��d�–�f�� for
��=� /8, respectively. The
carrier-envelope phase cohe-
rence is fully maintained in the
emitted radiation. Laser intensity
is 5�1013 W /cm2, wavelength
is 800 nm, �=0.2 ps, and the
frequency resolution is 10−5 a.u.
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interactions. Our calculations demonstrate that �� between
two consecutive pulses for a given emission peak is indeed
nearly constant ���=0.2�0.01 rad�. Figure 6�f� shows the
linear dependence of ���q�te�� with the excitation pulses.
The observed coherence of the frequency comb may be as-

sociated to the fact that there is a constant phase difference
among subsequent pulses, as depicted in Fig. 6�f�. In addi-
tion, the span of which �� varies directly depends on the
pulse-to-pulse phase shift �� and it is independent whether
the harmonic belongs to the plateau or the cutoff region. In
the case of the plateau harmonic, we monitor the emission
peaks labeled A–F, as seen in Fig. 7�a�, throughout the train
of pulses and obtain a similar linear dependence as noted
above. However, for the plateau harmonic, we observe that
the extent at which �� varies is at least 4 times greater than
that of the cutoff harmonic. Despite the significant range of
��, the robustness of the comb fringes in each harmonic is
still fully maintained.

IV. IONIZATION DEPHASING EFFECTS
IN STRONG FIELDS

Here, we will extend our investigation by studying the
effects on the frequency comb structure and coherence under
superstrong intensity laser fields. We explore the possible
ionization dephasing effects as strong laser fields largely ion-
ize the atom. First of all, under the influence of strong laser
fields, we note that the increase of the ionization probability
of He atoms is no longer uniform in amplitude during each
of the consecutive pulses. For instance, Figs. 8�a�–8�c� illus-
trate the extent of ionization taking place for the laser inten-
sity of 9�1014 W /cm2 after one �N=1�, five �N=5�, and
seven �N=7� pulses, respectively. The He atom undergoes a
more substantial ionization at the end of the first pulse than
the succeeding pulses. The difference in ionization probabil-
ity among pulses is more apparent in the case of stronger

FIG. 6. �Color online� ��a�–�e��
Dipole time profiles �in the unit of
10−11 a.u.� of the q=45 harmonic
order corresponding to each suc-
cessive pulse produced by a train
of five �N=5� 20-fs FWHM
Gaussian pulses and their corre-
sponding dynamical phases
���q�te�� �denoted by solid dots,
in radians� calculated at the
“peak” emission times. �f� The dy-
namical phase during each emis-
sion time �denoted by A–F� in-
creases homogeneously with each
successive pulse. The laser inten-
sity is 5�1013 W /cm2, wave-
length is 800 nm, ��=� /32, �
=0.2 ps, and the time resolution
is 0.01 a.u. The time is measured
in units of the field period T
=2� /�c.

FIG. 7. �Color online� Dipole time profiles �in the unit of
�10−9 a.u.� of the 21th harmonic order corresponding to the �a�
first, �b� third, and �c� fifth pulses produced by a train of �N=5�
Gaussian pulses and their corresponding dynamical phases
���q�te�� �denoted by full circles, in radians� calculated at the
“peak” emission times. �d� The dynamical phase during each emis-
sion time �denoted by A–F� increases homogeneously with each
successive pulse. Laser parameters used are the same as those in
Fig. 6
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laser fields such as 2�1015 W /cm2 shown in Figs.
8�d�–8�f�. Indeed, at the end of the first pulse, more than half
of the total ionization probability takes place, as seen in Figs.
8�e� and 8�f�. Conversely, the last pulses will contribute the
least to the total ionization as shown in Figs. 8�b� and 8�c�
for 9�1014 W /cm2 and in Figs. 8�e� and 8�f� for 2
�1015 W /cm2, respectively. As the laser intensity increases,

the ground-state population becomes partially depleted in
each of the instances the atom encounters a pulse. In this
manner, after the first pulse excitation, the ground-state
population will be less than 100%. When the next pulse in-
teracts with the atom, the amount ionized will not be the
same to that of the first pulse excitation since the initial-state
population for the second pulse is no longer the same as that

FIG. 9. �Color online� Scaled
harmonic power spectra generated
by a train of five �N=5� 20-fs
FWHM Gaussian pulses near the
�a� 5th and �b� 25th harmonics for
��=� /16 and ��c� and �d�� for
��=� /8, respectively. �e� The
blueshifted 255th harmonic. The
carrier-envelope phase coherence
is only partially maintained in the
emitted radiation. Laser intensity
is 2�1015 W /cm2, wavelength is
800 nm, �=0.2 ps, and the fre-
quency resolution is 10−5 a.u.

FIG. 8. �Color online� Time-
dependent ionization probabilities
for He atom for N=1, N=5, and
N=7 �20-fs FWHM� Gaussian
pulses under laser field intensities
of ��a�–�c�� 9�1014 W /cm2 and
��d�–�f�� 2�1015 W /cm2. Un-
even ionization between pulses
takes place under strong laser
fields. The wavelength used is 800
nm and �=0.20 ps.
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of the first pulse. In addition, as the atom is partially ionized
�in terms of the ionization probability�, the remaining elec-
tron will be more tightly bounded by the nucleus due to the
dynamical screening effect. Hence, the average electron
binding energy of the remaining electron density increases
with time, making it more difficult for the electron to detach.
Consequently, the step amplitudes in the ionization probabil-
ity will not be identical. Also, He+ may become the dominant
species when large ionization takes place. He+ is much more
difficult to ionize due to its substantially larger ionization
potential than that of the neutral atom and the ionization
probability should decrease from pulse to pulse �16�.

Next, we study the carrier-envelope phase coherence in
the emitted HHG radiation by investigating the comb spec-
tral spacing of the qth harmonic order in strong laser fields.
We calculate S��� for each of the following cases: ��
=0,� /16,� /8 for N=5, �=0.2 ps, and a laser field intensity
of 2�1015 W /cm2. Figures 9�a� and 9�b� show, respec-
tively, the comb structure around the q=5 and 25 harmonic
orders for ��=� /16 �thick red line�. For the case of ��
=� /8 �thick blue line�, the results are displayed in Figs. 9�c�
and 9�d�, respectively. We observe, for example, in the case

of ��=� /16 �Figs. 9�a� and 9�b�� that the spectral shift �
�shown between arrows� between harmonics q=5 and q
=25 also increases proportionally to q. Likewise, � increases
by a factor of 2 when �� is doubled as illustrated for the
harmonic q=5 �Figs. 9�a� and 9�c��. Thus the linear depen-
dences of � on q and �� remain valid for lower harmonics.
However, cutoff harmonics which suffer the largest blueshift
due to the nonadiabatic effect caused by the rapid increase of
the laser electric field �27� do not follow well the linearity
proposed in Eq. �13�. For example, Fig. 9�e� shows the de-
viation �� between the expected � obtained from Eq. �13�
�solid arrow� and the calculated position �dashed arrow� of
the interference comb. Since the blueshift increases with har-
monic order q, it is much smaller for lower harmonics. As a
result, Eq. �13� can be considered valid only for these lower
harmonics. On the other hand, as the blueshift becomes more
important as in the case for the cutoff harmonics, the lineari-
ties of � on q and �� are no longer valid. Hence, this devia-
tion �� can be attributed in part to the fact that Eq. �13� does
not take into account the blueshift that high-frequency har-
monics undergo through.

FIG. 10. �Color online� ��a�–�e�� Dipole time profiles �in the unit of 10−6 a.u.� of the 245th harmonic corresponding to each successive
pulse produced by a train of �N=5�20 fs FWHM Gaussian pulses and their corresponding dynamical phases ���q�te�� �denoted by solid
dots, in radians� calculated at “peak” emission times. �f� The dynamical phase does not increase homogeneously during each emission time
�denoted by A–D� with each successive pulse and the comb coherence is lost. The laser intensity is 2�1015 W /cm2, wavelength 800 nm,
��=� /8, �=0.2 ps, and the time resolution is 0.01 a.u.
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Finally, we present the time-frequency wavelet analysis
for the case of N=5 and laser intensity of 2�1015 W /cm2,
as shown in Fig. 10. We observe that the magnitude of the
time-dependent dipole profile �d�q

�t�� for the 245th harmonic
varies from pulse to pulse, as illustrated in Fig. 10�a� for the
first pulse, Fig. 10�b� for the second pulse, etc. The first two
pulses see the most significant decrease in magnitude. This
characteristic is closely related to the distinct extent of ion-
ization taking place during the first and the second pulses as
shown in Figs. 6�e� and 6�f�, respectively. Since the extent of
ionization is nearly the same among the last three pulses �see
Fig. 6�e��, their corresponding dipole time profiles are also
similar in scale among each other. Results of the dynamical
phase ���q�t�� calculations for each of the five pulses are
displayed accordingly in Figs. 10�a�–10�e� �denoted by filled
circles�. Since the ionization contributions resulting from the
last three pulses are very similar among each other, ���q�te��
for these pulses shows a more homogeneous pattern. We
monitor ���q�t�� during four consecutive peak emissions
�denoted A–D in Fig. 10�a�� and show the results in Fig.
10�f�. We note that spectral phase locking among pulses is
rather poor. Indeed, the difference in dynamical phase ��
between pulses for any given emission event is not constant
anymore, indicating the loss of temporal coherence. The
comb interference structures in some instances are not fully
symmetrical and now show secondary peaks between the ac-
tual interference fringes as observed in Figs. 9�b�, 9�d�, and
9�e�. The N−2 substructures between fringes are completely
washed out.

V. CONCLUSION

We have presented an ab initio nonperturbative investiga-
tion of the frequency comb structure and coherence within
each order of the HHG of rare-gas atoms by means of the
TDDFT with OEP and SIC. The TDDFT+OEP-SIC equa-
tions are solved accurately and efficiently by means of the
time-dependent generalized pseudospectral technique. In ad-
dition, we also perform the SAE model calculation for the

comparison. We found that it is significant to include the
dynamical electron correlation, which is included in the
TDDFT+OEP-SIC formalism but not the SAE model, for
the quantitative exploration of the strong-field ionization,
HHG, and frequency comb structure and coherence. For the
frequency comb study, it is seen that a nested comb structure
appears within each of the harmonics, ranging from the first
harmonic all the way to the cutoff harmonics in weak and
medium strong laser fields. The frequencies of the comb
spectrum nested in each the harmonics are equally spaced by
the repetition frequency which is inversely proportional to
the time separation of the pulses. As the number of pulses
interacting with He atom increases, the more ionization the
atom will undergo and the greater the resolution of the comb
fringes is obtained. The time-frequency characteristics of the
HHG coherence structure are analyzed in details by means of
the wavelet transform of the time-dependent induced dipole
moment. The frequency comb interference modulation can
be attributed to the phase locking of harmonics among suc-
cessive pulses. However, under very strong laser fields from
which atomic ionization is rather substantial, the frequency
comb coherence is not longer preserved in the single-atom
response. In addition, significant ionization will have also
strong effects on the phase matching during time propagation
as well. Thus to ensure the full frequency comb structure and
coherence in high harmonics, it is advantageous to use only
weak or medium strong laser field strengths in the experi-
mental studies.
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