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Floquet theory and complex. quasivlbrational energy 
formalism for intense field molecular photodissociation 

Shih-I Chua) 

Department of Chemistry. University of Kanas. Lawrence. Kansas 66045 
(Received 6 April 1981; accepted II May 1981) 

A practical and nonperturbative method is presented for studying molecular photodissociation processes in 
the presence of (weak or intense) electromagnetic fields. using only square-integrable (L 2) functions. By means 
of the complex coordinate transformation and L 1 discretization of the vibrational continua. the complex 
quasivibrational energies (QVE) of the Floquet Hamiltonian can be determined by standard non-Hermitian 
eigenvalue analysis. The real parts of the QVE's provide the ac Stark-shifted vibronic energies, whereas the 
imaginary parts are related to the photodissociation transition rates. The theory is applied to the direct 
photodissociation of Hi (lsag -2pa. ) in both weak and strong fields. 

I. INTRODUCTION 

There is currently much interest both experimentally 
and theoretically in the problem of intense field photo
dissociation of molecules. 1,2 Processes such as direct 
photodissociation, predissociation, two-photon and 
multiphoton dissociations are among the ones being 
studied. At low fields, perturbative technique has been 
developed,3 and the theory has been applied successfully 
to simple model problems. However, there remains 
the difficulty of how to carry out the summation over 
the complete vibrational intermediate states correctly. 
At higher fields, perturbation theory may not be appli
cable and the picture of dressed molecule or electronic
field surfaces has been introduced and widely used. 2

,4 

In this paper we present an alternative practical non
perturbative approach, the complex quasivibrational en
ergy (QVE) formalism, based on the generalization of 
the conventional finite-level Floquet theory5 to inClude 
the complete set of continuum as well as bound vibronic 
states. This has the effect of giving each of the dressed 
vibronic levels an intenSity-dependent part (width) in 
addition to the usual field-induced shifts. Proper in
terpretation of the frequency and intensity dependence 
of these complex QVE's gives rise to rates for (multi
photon) photodissociation processes without prior spe
cification of the number of photons involved in the pro
cess, and is equivalent to infinite-order perturbation 
theory, self-consistent in that the shifts and widths of 
aU levels are simultaneously determ'ined. 

In Sec. II, the esse~ce of the complex QVE formalism 
is outlined and a numerical method involving the complex 
coordinate transformation6 is suggested for calculating 
the position of the complex quasivibrational energy 
state (QVES). The utility and power of this technique 
will be illustrated in Sec. III by the example of direct 
photodissociation of Hi in both weak and strong fields. 

II. FLOaUET THEORY. AND COMPLEX 
aUASIVIBRATIONAL ENERGY FORMALISM FOR 
MOLECULAR PHOTODISSOCIATION 

Consider the Schrodinger equation for a molecular 
system in a (single mode) electromagnetic field, 

a) Alfred P. Sloan Foundation Fellow. 

i 1fa>v(r,R, t) lat=JC(r,R, t)>v(r,R, t) , (1 ) 

where rand R stand for electronic and nuclear coor
dinates respectively, and the semiclassical time-depen
dent Hamiltonian JC in the dipole approximation, is given 
by 

JC(r, R, t) = H(r, R) + IJ.(r, R)· £0 cosw t . (2) 

Here, 

H(r,R) = TR + Hel(r, R) (3) 

is the field-free total Hamiltonian (with TR and Hal being 
the nuclear kinetic energy operator and the electronic 
Hamiltonian respectively), /J.(r, R) is the dipole moment 
operator, €o is the electric field amplitude, and w is 
the EM frequency. We first seek the solution of the 
field-free Schrodinger equation, 

(4) 

In accordance with the usual assumption of weak cou
pling of nuclear with electronic motion, one can con
sider R as a slowly varying parameter, and the solution 
of Eq. (4) can be written as 

(5) 

where X,,(R) and 1Ji,,(r, R) are the nuclear and electronic 
wave functions, respectively. In the adiabatic repre
sentation, the electronic wave function 1Ji,,(r, R) is an 
eigenfunction of Hel (r, R) with eigenvalue U,,(R), i. e., 

(6) 

We shall assume {1Ji,,} forms a complete orthonormal set. 

Consider now the solution of Eq. (1) by expanding 
it(r, R, t) in terms of the field-free basis {~J, 

.v(r, R, t) = La,,(t)~,,(r, R) 

" 

Substituting Eq. (7) into Eq. (1), multiplying both sides 
by ~1(r,R)=xj(R)lJij(r,R) and integrating over drdR, we 
find 

i Ifdaj(t)ldt = aj(t) (Xj(R)1 TR + uj(R)1 XJ(R» 

+ L a,,(tXXj(R)1 IJ.J,,(R). Eol x,,(R» cosw t , 
" 

(j,k=1,2, ••. ). (8) 
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2216 Shih-I Chu: Intense field molecular photodissociation 

Here we have assumed that the Born-Oppenheimer ap
proximation is valid, namely, the kinematic coupling 
terms of nuclear and electronic motions which involve 
(I/iJ I TR I I/i,,) can be ignored. In the case of molecular 
photodissociation, this assumption is equivalent to the 
Franck-Condon approximation. The electronic transi
tion dipole moment IJ.Jk(R) in Eq. (8) is defined to be 

where 

H",(R) = TR + U",(R) , 

V",a(R)=~IJ.",a(R)· ~o (a,i3=1,2). 

(9) 

(11) 

(12) 

We note that the coupling matrix in Eq. (10) is of two
by-two block form. Each of the electronic blocks spe
cified by the nuclear Hamiltonian Ha(R) is to be expanded 
by a manifold of nuclear (i. e., vibrational-rotational) 
wave functions to be discussed later. 

The solution of Eq. (10) is formally equivalent to the 
solution of the time-dependent Schrodinger equation in 
matrix form: 

iii e<J>(R, t)/ef = He(R, t)<J>(R, t) , (13) 

where the time-dependent semiclassical nuclear Hamil
tonian He is defined by 

[He(R, t)]"'1! = H",(R)6",a + 2 V",a(R) cosw t · (1 - 6",a) , 

(a,i3=1;2). (14) 

Now that He(R, f) = He(R, t+ T), T=27f/w, the Floquet 
theorem 7 asserts the existence of solutions in the form 

<J>e(R,t)=exp(-iEt/If)'1)e(R,t) , (15) 

where <J>e is called the quasienergy state (QES) corre
sponding to the quasi energy E and 1), is a periodic func
tion of time, namely, 1)e(R, t) =1).(R, t + T). The exis
tence of QES in a periodic time-dependent system has 
been discussed by many authors. 8 Extension of this 
conventional (real) quasienergy concept to a complex 
quasienergy formalism, allowing for the coupling of the 
bound electronic states to the electronic continua, has 
also been extensively studied recently9,10 in connection 
to multiphoton ionization. In the present case of (multi
photon) photodissociation, the quantity of physical inter
est is the vibronic transition rates from vibrational 
bound states in one electronic state to the vibrational 
continua in another electronic state. Appropriate ex
tension of the previous electronic quasi energy forma
lism9,10 to vibrational degree of freedom as discussed 
below leads to a viable method for calculating the com
plex quasivibrational energies, the imaginary parts of 
which are directly related to photodissociation rates. 

The solution of photodissociation problem, or equiva-

Equation (8) now involves only nuclear degrees of free
dom. 

Without loss of generality, we consider now in detail 
the solution of Eq. (8) for the case of two (electronic) 
states. Since we are concerned with the vibronic tran
sitions between two different electronic states, the con
tributions due to the diagonal transition dipole moment 
J.lJJ(R) (which though is crucial for photoabsorption with
in the single jth electronic state) will be ignored here. 
Then the coupled equations in (8) become 

(10) 

lently the solution of Eq. (13) now consists of the follOW
ing steps. The first step is to transform the dynamical 
problem described by Eq. (13) into an equivalent static 
eigenvalue problem. 11 Using the Fourier series expan
sion for the periodic function in Eq. (15) and for the 
semiclassical Hamiltonian He(R, t): 

(17) 
n 

Eq. (13) then reduces to a matrix eigenvalue equation 
for the quasienergies E'S: 

(18) 

In Eq. (18), the time-independent Floquet Hamiltoni~ 
H F is an infinite matrix with rows identified by the palr 
of indices an, and columns by 13m: 

(HF)"'n,1!m = [T R + U",(R) + nnw]o",Bonm 

+ [t/J."'B(R) • EO]On,m=nzl' (1-0"'B) (19) 

Here we use Greek letters corresponding to electronic 
states, while Roman letters will denote Fourier compo
nents. We order the components so that a runs over 
electronic states before each change in n. In the case 
of two electronic states, for example, the Floquet 
Hamiltonian H F has the structure shown in Fig. 1. We 
see H F has a periodic structure with only the number of 
w's in the diagonal elements varying from block to block. 
The structure endows the eigenvalues and eigenvectors 
of HF with periodic properties. 

The Floquet matrix so constructed is a real, sym
metric matrix and contains no discrete spectrum in the 
real energy axis. Writing the time evolution operator 
in the form, 

~ II . (~) exp( - iH Ft/If) = -. dz exp( - tzt/n) z - H F , 
27ft e 

(20) 

gives the usual result12 that the time dependence is 
dominated by poles of (z -HF )"l near the real axis but on 
higher Riemann sheets, and the complex energies of the 
poles are related to the positions and widths Of the 
shifted and broadened quasienergy states. These com-
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• • • • 
A+4fAJI 

aT 
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0 

WHERE 

A= 

AND 

a= 

a 

A+2fAJl 

aT 

0 

0 

TR+U,(R) 

,- .... 
"2 tJ.2, (R)' (0 

0 

,- -
"2tJ.,2(R)·(0 

0 0 

a '0 

A a 

aT A-2fAJI 

0 aT 

-- -1/1-. 2 '2 (R)' (0 

TR + U2 (R)-fAJI 

0 

0 

0 

0 

0 

a 

A-4fAJI 

• • • • 

FIG. 1. Structure of the Floquet Hamiltonian. The Hamil
tonian is compoesd of diagonal Floquet blocks, of type A, and 
off-diagonal blocks of type B. 

plex pole positions may be found directly from the ana
lytically conti~ued Floquet Hamiltonian HF (8) obtained 
by applying the complex coordinate transformation to the 
nuclear coordinate R, R - R exp(i8). This dilatation 
transformation effects an analytic continuation of (z 
-fiF)"1 into the lower half-plane on appropriate higher 
Riemann sheets, allowing the complex quasienergy 
states (now become square integrable) to be determined 
by solution of a non-Hermitian eigenvalue problem. In 
practice, the diagonal electronic blocks H",[R exp(i8)] 
were expanded and discrefized by use of appropriate L2 
(square integrable) radial (vibrational) basis. The de
sired complex quasivibrational energy (QVE) and quasi
vibrational energy state (QVES) are then identified by the 
stationary pointS of the 8 trajectories of the eigenvalues 
of HF (8). Once QVE and QVES are found, the intenSity 
and time-dependent (multiphoton) photodissociation rates 
can also be determined. In particular, in the weak field 
limit, a single QVE is sufficient to calculate the one
photon bound-free transition rate. We refer the readers 
to Ref. 10 for detail discussion on these points. 

III. PHOTODISSOCIATION OF H;-A CASE STUDY 

Similar to the complex electronic quasienergy ap
proach9,10 to atomic multiphoton ionization problems, 
the power of the QVE approach described in Sec. II lies 
in its ability to treat both weak and intense field, single 
and multiphoton photodissociation processes in a unified 

nonperturbative fashion. In order to assess the useful
ness and accuracy of the QVE method, we first carried 
out a calculation of the (weak field) single photon vi
bronic bound-free (1sO'g-2pO'u) transition of Hi, for which 
accurate results have been obtained by others using well 
established techniques. 

For weak-field Single-photon two-electronic -state 
problem, only the minimal (2 x 2 block) matrix A shown 
in Fig. 1 needs to be considered. We shall use the 
Morse potentials3 

Ui(R) = Do{exp[ - 2a (R -Re)]- 2tt exp[ - a(R -Re)]} , 

(i=1,2) (21) 

for describing both the ground (1sO'g) and the excited re
pulsive (2pO'u) electronic states. For the tranSition di
pole moment we adope 

'(R) 
j..t12(R) = j..t(Re) + ~{1-exp[ -ay(R -Re)]}, (22) 

ay 

where j..t'(R.) is the dipole derivative and y is the elec
tronic anharmonicity. The molecular parameters used 
for U(R) and j..t12(R) are listed in Table I, which were 
first suggested by Bunkin and Tugov3 and used recently 
also by others. 13 Bunkin and Tugov found that the ana
lytical U(R) and j..t12(R) given in Eqs. (21)-(22) are in 
reasonable agreement with their exact numerical val
ues. 18,19 

For each of the diagonal electronic blocks in matrix 
A (Fig. 1), we used the orthonormal harmonic oscilla
tor L2 basis 

( 
(3 )1/2 

Xp(R)= 7T1I22PP! Hp({3x)exp(-~{32x2). (23) 

to expand the (vibrational) radial wave functions (p = 1, 
2, ... , N), and Yi",/R) to describe the rotational wave 
function. It is well known14 that the harmonic oscillator 
basis provides a compact analytic representation for the 
complete set of bound and continuum states of an anhar
monic oscillator. The harmonic oscillator basis has 
also been employed successfully by Chul5 recently for 
studying the predissociation lifetimes of van der Waals 
molecules using the method of complex coordinate. In 
Eq. (23), Hp is a Hermite polynomial, x=R -Ro and {3 
is a disposable nonlinear parameter. We used Ro 
=3.0ao, and {3=2.0a(jl (ao = Bohr radius), in the case 
study. 

TABLE 1. Molecular parameters for U1(R) and MI2(R). 

Potentiala Do (eV) a (aliI) R. (ao) 

U t (R) 2.7925 0.72 2.0 1.0 
U2 (R) 2.7925 0.72 2.0 -1.11 

Trans. dipole momentb M(Re) M '(Re) y 

Mt2 (R) 1. 07eao 0.396e - O. 055 

au I(R) =Do{exp[ - 2a(R -R.)] - 2tl exp[ -a(R -Re)]}, i;; 1 for 
Is 0' .. and i ;; 2 for 2p O'u • 

M '(R ) 
bt/12(R) =M(R.)+ ~ {l- exp[-ay(R -Re)]}. 

ay 

J. Chern. Phys., Vol. 75, No.5, 1 September 1981 
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2218 Shih-I Chu: Intense field molecular photodissociation 

The symmetric complex matrix A of Fig. 1 was di
agonalized and the complex QVE's correlated with the 
photodissociating vibronic levels of the ground elec
tronic state were found. A typical e trajectory of the 
complex eigenvalue associated with the (v = O,j = 1) 
level of the lsuK state is shown in Fig. 2 for the case of 
N=25, ..\=900 'A, and F rms =O.OOl a.u. (Frms is the rms 
electric field strength). It is seen the resonance posi
tion is clearly identified by the sharp turning point of 
the e trajectory nearby e "" O. 08 rad. Once the stationary 
point is located, the (weak-field one-photon) photodisso
ciation cross section may be computed from the imagi
nary width r[ = 2 1m (E) 1 directly, 10 

41TW r 
u=3c' T' (24) 

rms 

where the factor (1/3) comes from rotational angular 
momentum averaging. 

Using Eq. (24), the photodissociation cross sections 
for the (v = O,j = 1) and (v = 1,j = 1) levels of the lsug' 
electronic state were calculated over a range of EM 
wavelengths and the results are shown in Figs. 3 and 4, 
respectively. All the data were generated by using N 
= 30, 13= 2. Oaiii , Ro = 3. Oao, and e = 0.08 rad. The field 
strength F rms = O. 001 a. u. was chosen because it belongs 
to the linear, 12 weak field region [i. e., Im{E) ex: I (inten
sity) ex: F;msJ for both v = 0 and v = 1 levels. Convergency 
with respect to basis set size was also performed. It 

-0.97300 
o 

-6 
-2x10 

-6 
-3x10 

-6 
-4x10 

;-
d -6 
~-5xI0 

~ 
-6 

-6x10 

-6 
-7x10 

-6 
-8x10 

-6 
-9x10 

0.18 

0.01 

-0.97305 ER(O.U.) -0.97310 

0.1 

0.08 0.09 
0.Q7~\ / 010 

0.06- -
005 ....... 0.12 
0.04 OJ3 

0.14 
O.l5~ 0.03 

-0.97314 

FIG. 2. A typical B trajectory of the complex quasivibrational 
energy eigenvalue (ER' r/2) associated with the photodissociat
ing level (v = o. j = 1) of the IslT, state of Hi. The dot (.) nwn
bers shown in the figure are the rotational angles B(tn radians>. 
The stationary point nearby B"" O. 08 rad indicates the resonance 
position sought. 

(\j 

E 
~ 
b 

FIG. 3. Weak-field one-photon photodissociation cross sec
tions of Hi (from the Isa,. v = O. j = 1 level). The solid curve 
is the result of current QVE calculation whereas the dashed 
curve is the data of Dunn (Ref. 16). 

was found that the data presented in Figs. 3 and 4 have 
been converged to within 5%. Greater accuracy can be 
achieved by using larger basis set if deSired. In per
forming the complex eigenvalue analysis, we adopted an 

1020 
600h---8::-:0"'O:--:I:::::OOO=-=--...lI~200-;;-;:---'I""400:=--;I-;t600=--"18;f;OO=-::-:20::'-:OO=-2::-:2""OO:::---C2=-400~--;:2~600 

,\(1\) 

FIG. 4. Weak-field one-photon photodissociation cross sections 
of Hi (from the 1sa,.. v = 1. j = 1 level). See the caption of 
Fig. 3 for curve notation. 
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inversion iteration technique used before9,10 which re- IO'17~~~~~~---'---'--'---r--r--r--.-----r----r--r-'-"""-----r-=i 
markably reduces the amount of computer time. For 
example, the curves (generated from about 80 data 
points) presented in both Figs. 3 and 4 took about only 
20 mins of computer time in the Honeywell 66/60 system. 

Also shown in Figs. 3 and 4 are the data computed by 
Dunn16 using the exact numerical data of U(R), 18 and 
1J.12(R)IS and the standard first-order perturbation meth
od. The general agreement between the two sets of data 
appears satisfactory. The discrepancies in the long 
wavelength part of curves mainly reflect the difference 
of potentials and dipole moment used, 11 a fact also 
pointed out by Bunkin and Tugov. 2 We thus see that the 
QVE method appears to be capable of providing photo
dissociation rates of useful accuracy in a straightfor-
ward manner. 

We now turn to the strong field direct photodissocia-' 
tion of Hi. The field strength F rms was varied from 
0.0001 to 0.02 a. u. It was found that the "generalized" 
first-order photodissociation cross section20 a(A) [com
puted from Eq. (24)] are essentially invariant up to about 
FrIllS == O. 005 a. u. for the main photodissociation bands. 
However, the cross sections in the long wavelength part 
(A> 1600 A) are more susceptible to the change of field 
strength and a(A) become field independent only for F r"", 
< O. 001 a. u. In the case of stronger field calculations, 

, 
, , , , , , , , 

--F=oozau 
---- F=o.OI a.u. 

800 1000 IZOO 1400 1600 1800 ZOOO 
A(Al 

FIG. 5. Strong-field "generalized" one-photon photodissocia
tion cross sections of Hi (from the IsO",., v = 0, j = 1 level). 
Solid line for F ..... = O. 02 a. u.. and dashed line for F 11l1li = O. 01 
a. u. As discussed in the text, three Floquet blocks (1. e .• A, 
A ± 2wI in Fig. 1) are required to obtain convergence in strong 
field calculations. Parameters and basis size used here are 
Ro =3.0 ao. f3 =2. 0 aol

, II =0.08 rad, andN =30. 

-- F=Q02a.u. 
--- - - F=O.Olo.u. 

10ZO 
60LO~-800~~I~OOO~u..".I200""""'-I""400=-'~IQOO-==o-'-cl800-=='""'=2.000="=-'=2200"'=-'--:=-2400~"'2600~ 

A(A1 

FIG. 6. Strong-field "generalized" one-photon photodissocia
Hon cross sections of Hi (from the 1sO"" v = 1. j = 1 level). 
Curve notation same as Fig. 5. 

convergence must also be performed with respect to the 
number of Floquet blocks, as well as with respect to 
basis size N. To the extent that enough Floquet blocks 
are included to obtain convergence, all relevant pro-

·o.Z 

·0.3 

·0.40!.-~--!--~"""'Z~~-!:-3-~...J4:-~-±-5~~~6:-~--:!7 

R(OoI 

FIG. 7. Electronic-field representation of photodissociation 
in Hi with field-induced avoided crOSsing. WI and W2 are, 
respectively. the field free IsO", and 2pO"u adiabatic potentials, 
whereas E j and E z are the two electronic-field surfaces cor
responding to the single-photon process of interests (F 1'IDI 

=0.001 a.u .• A=900 AL 
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0.45,r----.-----r---------~ 

040 

0.35 

0.30 

-- F=O.OOI O.U. 

. --- - F=O.020.U. 

E2 

O.250~5;'-'~-'-:"'I.O::--~~-,l,.5=-"-~~2J,.O,.-'-"'-"-~2.L5~~~3L.O~....J 

R(Oo) 

FIG. 8. Field-dependent electronic-field surfaces lE j , E z) 
nearby the avoided crossing region. Shown are the surfaces 
for A= 1000 A with Frm.= O. 001 a. u. (solid line) and Frms= O. 02 
a. u. (dashed line). 

cesses involving different photon numbers are simul
taneously and self-consistently included. For example, 
Figs. 5 and 6 show the intensity dependence of the gen
eralized one-photon dissociation cross sections for the 
dressed (v:= O,j = 1) and (v:= l,j = 1) quasi energy levels 
(in the lsar state) as a function of wavelength and field 
strength. [It was found that three Floquet blocks (A 
+ 2w1, A, A - 2w1) are necessary to obtain convergence 
for the strongest field (F rm.:= O. 02 a. u. ) considered in 
this study.] We see the main photodissociation band(s) 
appear to be blue shifted (i. e., towards shorter wave
lengths) at higher field. Furthermore, a(A)' s in the 
longer wavelength part are substantially enhanced as 
field increases. These flux-dependent phenomena are 
most easily visualized by considering the electronic
field representation. 2,4 Figure 7 shows the electronic
field surfaces, for the case of F rms:= O. 001 a. u. and A 

:= 900 A, computed by the two (electronic) state approxi
mation: 

E 1,2(R) = HW1(R) + W2(R) +nw 

'f [(W2(R) - W1(R) _nw)2 + F!., • • J..t~2(R)]1!2} , 

where WI and W2 are the field-free adiabatic potentials 
for the 1sag and 2pau states respectively, and El and E2 
are the corresponding adiabatic electronic-field sur
faces. As also pointed out by many authors, 2,4 photo
dissociation process between a bound and a repulsive 
excited electronic states can be regarded as a (diabatic) 
curve-crossing or an (adiabatic) avoided-crossing pre-

dissociation problem. Figure 8 depicts the field-depen
dent electronic-field surfaces El and E2 nearby the 
susceptible avoided-crossing region for the cases of A 

:= 1000 A and F rms = O. 001 and 0.02 a. u. It is seen that 
the two electronic-field surfaces "repel" each other as 
field increases, which in turn affects the photodissocia
tion transition probabilities. 

In summary, we have shown in this paper that the 
complex QVE formalism provides an alternative, in the 
case of weak field, and a practical nonperturbative, in 
the case of strong field, method for studying photodis
sociation processes. Interesting and useful extensions 
of the QVE method include multiphoton dissociation of 
small molecules in intense fields and bound-free tran
sition involving shape resonances in the upper electronic 
state. 2j etc. Research projects along these directions 
are underway. 
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