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Abstract 
 

The present study evaluates the performance of four noncompensatory cognitive diagnostic 

models — AHM, DINA, Fusion, and Bayesian Networks — using both formative and large-

scale mathematics assessments (Fraction dataset, TIMSS dataset, and Slope dataset). The author 

describes the four models in terms of their parameter estimation results and global model-fit 

conditions, respectively. With regard to the latter, the posterior predictive model checking 

technique with the number-correct score serves as the discrepancy measure. The author describes 

model reliability within the Cognitive Diagnostic Modeling framework via the correct 

classification rate and test-retest consistency rate. Moreover, the author contrasts the DINA, 

Fusion, and Bayesian Networks model in terms of the discrimination of examinees at different 

mastery levels on each of the skills indicated by the Q-matrix. Ultimately, the results of 

examinee classification on individual bases for each of the model pairs are presented.  

Results of this study suggest: (1) the Attribute Hierarchy Model is better at classifying 

students when theoretical predictions about attribute dependencies are specified a priori. (2) 

Even though the DINA model is considered as a simple CDM, it can provide a greater degree of 

information regarding student classification for certain dataset. (3) The Fusion Model can better 

fit on the Fraction and TIMSS dataset, and the computation cost was lower than anticipated. (4) 

While the Bayesian Networks approach proved a flexible technique, it was superior with respect 

to fit and model interpretation on the Slope dataset and Fraction dataset within this study. 
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Chapter 1: Introduction 

Background 

The advantages of incorporating findings of cognitive theories into the construction of 

educational tests were recognized as early as the proposal of Bloom’s Taxonomy in 1956 (Bloom, 

Engelhart, Furst, Hill, & Krathwohl, 1956). However, twenty-five years later, in his paper “The 

Future of Testing,” Robert Glaser (1981) still stressed that: “The research on the diagnosis of 

performance regularities at different levels of learning and development should contribute to 

assessment measures that provide information useful for instructional decision and guidance” (p. 

923). Over the past 40 years, as stated by Pellegrino (2002), cognitive and measurement sciences 

have greatly influenced the understanding of human learning which has helped researchers more 

precisely identify the aspects that need to be evaluated and conduct assessments on these aspects.  

Cognitive theories have played many important roles in educational and psychological 

settings according to several measurement specialists (e.g., Embretson, 1985; Frederiksen, 

Glaser, Lesgold, & Shafto, 1990; Frederiksen, Mislevy, & Bejar, 1993; Nichols, Chipman, & 

Brennan, 1995). Most importantly, according to Embretson (1983), cognitive theory can enhance 

psychometric practice by illuminating the construct perspective of a test, which includes 

knowledge, mental process, and strategies (Leighton, Gierl, & Hunka, 2004). After sufficiently 

defining these aspects, a fundamental structure of cognitive diagnostic assessments (CDAs) can 

be formed by assembling them into cognitive diagnostic models (CDMs) and providing feedback 

to examinees once the CDAs are administered and analyzed. 

The techniques involved in CDAs tend to shift from bugging and debugging students’ 

cognition slips or errors of certain knowledge and then repairing or making remediation 

accordingly (Brown & VenLehn, 1980; Tatsuoka, 1981; VanLehn, 1982), to the utilization of 
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modern statistical models to probe students’ knowledge status (Leighton, Gierl, & Hunka, 2004; 

Tatsuoka, 1983, 2009).  

Just as traditional assessments do, CDAs can recognize students’ failure in accomplishing a 

task, but CDAs are superior at explaining why students cannot perform well based on inferences 

of the skills that they have not mastered (Henson, Templin, & Willse, 2008). Given that CDAs 

can provide multidimensional classifications of examinees upon utilization of various statistical 

models, the emergence of CDAs has largely influenced the foundation upon which inferences are 

made about examinees (Williamson, Mislevy, & Almond, 2001). The prevalence of CDAs in the 

educational setting has greatly changed many aspects of educational assessment including 

assessment design, assessment scoring, as well as score reporting (Nichols, 1994).  

After many years of development, cognitive diagnostic assessments have become tools that 

are very promising in various disciplines (Embretson, 1994; Tatsuoka, 1990; Templin & Henson, 

2006). Many different models have been proposed and the majority of them have been 

successfully utilized to analyze CDAs. According to Rupp, Templin, and Henson (2010), these 

models share a common structure which has three components: (a) observable variables that 

come from individual responses and are analyzed to provide a categorization or classification of 

each individual; (b) latent variables that represent the diagnostic statuses (categorization or 

classification) which are categorical in nature and indirectly represented by observable variables; 

and (c) a probabilistic attribute profile estimated for each individual who takes the assessment as 

a result of the cognitive diagnostic analysis. Besides the model structure components, almost all 

the CDA models require an attribute construct, which is also often referred to in the literature as 

a skill or attribute structure. This structure originally came from the Rule-space Methodology 

(RSM; Tatsuoka, 1983, 1990) and is known as Q-matrix (or an incidence matrix) for it 
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demonstrates the relationship between a set of K dichotomous attributes and J categorical items. 

It is later improved by the Attribute Hierarchy Method (AHM) by incorporating attribute 

dependencies to represent the relationship among skills. 

Problem Statement 

CDMs have been applied to many different domains. For example, the Rule-space 

Methodology has been predominantly applied to some areas in mathematics, such as addition 

and subtraction of signed numbers (e.g., Tatsuoka, 1983, 1985), addition and subtraction of 

fractions (e.g., Tatsuoka, 1993), and linear algebra (e.g., Birenbaum, Kelly, & Tatsuoka, 1993), 

and also to some general areas in mathematics (e.g., Tatsuoka, 1995; Tatsuoka, Corter, & 

Tatsuoka, 2004) (Gierl, 2007). More recently, it has been applied to TIMSS-R mathematics data 

to investigate the internal characteristics of test-takers by combining teaching quality, content 

attributes, process attributes, and skill attributes (Xin, Xu, & Tatsuoka, 2004). It has also been 

applied to some large-scale language assessments such as TOEIC Reading (Buck, Tatsuoka, & 

Kostin, 1997) and the SAT Verbal (Buck & Tatsuoka, 1998) to demonstrate the potential use of 

attributes to understand students’ performance on language comprehensive assessments. The 

Rule-space Methodology has also been applied to an architecture assessment (Katz, Martinez, 

Sheehan, & Tatsuoka, 1998). In more recent years, the Fusion Model (Hartz, 2002) and the 

Attribute Hierarchy Method (Leighton et. al, 2004) have also been applied to several different 

tests. Jang (2005) applied the Fusion model to the TOEFL iBT Reading and Listening, Li (2011) 

applied the Fusion model to the Michigan English Language Assessment Battery (MELAB), and 

Wang and Gierl (2007) applied the AHM model to the SAT Verbal tests.  

However, applications of CDMs across disciplines in general are quite sparse, which, 

according to Rupp and Templin (2007), is caused by (a) the stringent demands on the cognitive 
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theories needed to postulate precise hypotheses; (b) the lack of data from appropriate research 

designs matched to the hypotheses; and (c) the lack of software programs designed to calibrate 

such data. Even within the domains that have richer cognitive theory foundations, such as 

reading and mathematics, the challenge of understanding the content domains, the difficulty of 

making a specific set of knowledge and its corresponding skills straightforward, and the 

complexity of the psychometric modeling procedure still make the application of CDMs an 

obstacle. Thus, careful evaluation of similarities and differences across different CDMs would 

help practitioners choose between models at an earlier investigation stage, and will eventually 

contribute to the application of CDMs across sets of knowledge and across disciplines. 

In recent years, some empirical studies were done in educational settings to evaluate the 

psychometric quality of some of the emerging CDMs. For example, von Davier (2005) evaluated 

a compensatory diagnostic model that is parameterized similarly to the generalized partial credit 

model by investigating the parameter recovery through simulation study and also by testing it 

using TOEFL iBT item data. Yan, Almond, and Mislevy (2004) compared several CDMs using 

an example from mixed number subtraction drawn from the research of Tatsuoka and colleagues. 

However, similarities and differences among the emerging CDMs have not been well studied. 

According to DiBello, Roussos, and Stout (2007), one of the future research streams is to further 

investigate the performance of CDMs both statistically and psychometrically from the 

perspective of models, methods and applications. Recently, Lee and Sawaki (2009) compared 

three CDMs — the General diagnostic model, the Fusion model, and Latent class analysis — by 

applying them to the TOEFL iBT Reading and Listening assessments in order to investigate the 

performances of these CDMs. According to the authors, the performances of these models when 

applied to language assessment data are not well understood.  
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Purpose 

 In an effort both parallel to and extended beyond what Lee and Sawaki (2009) have done, 

this study aims at investigating the effects of some representative CDMs when applied to 

mathematics datasets. In order to establish a thorough comparison and take into account the fact 

that a model was developed and proposed because it could fit certain types of datasets better and 

deal with certain problems more efficiently, each participating model is matched to a dataset that 

has been previously fitted successfully with that model. Meanwhile, each model will also be 

fitted to every other dataset. 

Variables  

The independent variables are four distinct and commonly seen noncompensatory CDMs: 

the Attribute Hierarchy Model (AHM; Leighton, Gierl, & Hunka, 2004), the Deterministic inputs, 

noisy “and” gate Model (DINA; Haertel, 1989; Junker & Sijtsma, 2001), the Fusion model 

(Hartz, 2002), and the Bayesian Networks Model (BN; Jensen, 1996; Mislevy, 1995; Mislevy, 

Steinberg, & Almond, 2003; Pearl, 1988). The dependent variables are model functionality, 

utility and applicability. 

Research Questions 

The research questions for this study are: 

1. What are the strengths and weaknesses of each approach based on comparative analyses 

and indication of the model evaluation results (functionality)? 

2. What is the extent to which the four models separate examinees across different mastery 

levels on each skill for each dataset (utility)? 

3. What are the similarities and differences among CDMs that are of interest to this study, 

particularly their functioning when applied to mathematics datasets (applicability)? 
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Hypotheses 

The hypotheses of this study are as follows: 

1. The Attribute Hierarchy Model is better at classifying students when theoretical 

predictions about attribute dependencies can be specified. 

2. The DINA Model is the simplest model, but will not provide as much information about 

student classification as it is compared to the other models in this study. 

3. The Fusion Model can better fit most datasets with the highest computation cost among 

the four models included. 

4. The Bayesian Networks Modeling approach can flexibly fit to all the datasets with a 

relatively accurate result. 

Summary 

This study aims at investigating the model performance of four representative CDMs by 

applying the same models to several different mathematics datasets. The other goal of this study 

is to suggest some effective ways to compare cognitive diagnostic models for researchers 

interested in conducting future studies. 
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Chapter 2: Literature Review 

There is not a consensus term for models that aim at analyzing data from CDAs for the 

purpose of making classification-based decisions. According to Rupp et al., (2010) and Rupp and 

Templin (2008), some commonly used terms are Cognitive Psychometric Models (e.g., Rupp, 

2007), Cognitive Diagnosis Models (e.g., Nichols, Chipman, & Brennan, 1995; Templin & 

Henson, 2006), Latent Response Models (e.g., Maris, 1995), Restricted Latent Class Models 

(e.g., Haertel, 1989; Macready & Dayton, 1977), Multiple Classification Latent Class Models 

(e.g. Maris, 1995, 1999), Structured Located Latent Class Models (e.g., Xu & von Davier, 2008a, 

2008b), and Structured Item Response Theory Models (e.g., Mislevy, 2007; Rupp & Mislevy, 

2007). Rupp et al. (2010) suggested a term called Diagnostic Classification Models (DCMs), 

which is based on the notion that when applying the models in practice, a cognitive 

psychological theory is needed as well as the statistical tools (and DCMs are those statistical 

tools). According to them, different terms mentioned above highlight different features of DCMs.  

Although those terms are interchangeable for most occasions, for the purpose of this study, 

the term Cognitive Diagnostic Model is utilized because (a) it highlights the substantive purpose 

of these models for diagnosis rather than selection or placement; (b) models in this framework 

mainly deal with individual responses, but the results could be aggregated to provide group 

information; and (c) this term is more commonly seen in the literature.  

As stated previously, the perspective of CDAs is that techniques involved in CDAs have a 

trend. The techniques started from bugging and debugging students’ cognition slips or errors of 

certain knowledge and then repairing or remediating accordingly (e.g., Brown & VenLehn, 1980; 

Tatsuoka, 1981; VanLehn, 1982). The techniques gradually moved to the utilization of modern 

statistical models to probe students’ knowledge states (e.g., Tatsuoka, 1983, 2009; Leighton et al., 
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2004). Being a well-studied subject, the diagnostic analyses of mathematics assessments 

represent the most merits of CDAs.  

When discussing Cognitive Diagnostic Models that can be applied to mathematics 

assessments, it is worth noting that according to Fu and Li (2007), more than 60 CDMs have 

been proposed so far. Some of them have already been applied to the real world of educational 

and psychological testing and assessment, but others are still in the simulation environment 

because not all models that can be theoretically conceived may be of interest in practice or can 

be estimated (Fu & Li, 2007; Rupp, 2002; Rupp, et. al, 2010).  

In order to get a general picture of relationships among CDMs, the skill structure of CDMs 

(condensation rules) will be introduced in the next section as it is the major and most common 

classification dimension for CDMs (Tseng, 2010). According to Rupp and Templin (2008), this 

information is needed to produce manifest variables, which are observable variables that come 

from individual responses and are analyzed to provide a categorization or classification of each 

individual. Also, condensation rules can be viewed as elementary building blocks of CDMs so 

that different models with specific features could theoretically be relatively easily constructed 

(Rupp & Templin, 2008). 

Condensation Rules 

The skill structure of CDMs is formally recognized as condensation rules because it maps 

the latent responses to the observed responses (Maris, 1995, 1999; Maris, de Boeck, & Van 

Mechelen, 1996). There are three condensation rules that are often used in existing models — 

conjunctive rule, disjunctive rule, and drop-off rule — but more condensation rules exist (Maris, 

1992, 1995). The details of the three widely used rules are listed below (Maris, 1995; Rupp & 

Templin, 2008). 
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Table 1: Three Commonly Used Condensation Rules 

Condensation 
Rule Psychometric Model Description Model Types 

Conjunctive P(Xij = 1) = P(ζ ijk = 1)
k=1

K

∏
 

All the skills have to be 
applied successfully to 
give a correct response to 
an item. 

Noncompensatory 

Disjunctive P(Xij = 1) = 1− (1− P(ζ ijk = 1)
k=1

K

∏ )
 

At least one of the skills 
has to be applied 
successfully to give a 
correct response to an item. 

Compensatory 

Drop-off 

 

P(Xij = 0) = 1− P(ζ ij1 = 1)
P(Xij = 1) = P(ζ ij1 = 1) ⋅(1− P(ζ ij2 = 1))
P(Xij = 2) = P(ζ ij1 = 1) ⋅P(ζ ij2 = 1) ⋅(1− P(ζ ij3 = 1))


P(Xij = K ) = P(ζ ij1 = 1)
k=1

K

∏
 

The process involves K 
components that are 
executed sequentially. 
Therefore, it is only 
possible for the kth skill to 
be applied successfully in 
order for the (k+1)th skill 
to be applied successfully. 

Noncompensatory 

 
Among the three condensation rules, the conjunctive and disjunctive rules are the most 

commonly used and often cited ones in the psychometric field. From the perspective of CDM 

types, the compensatory CDMs have an attribute structure that is informed by a disjunctive 

condensation rule, whereas the noncompensatory CDMs have an attribute structure that is 

informed by conjunctive condensation rule. 

Compensatory CDMs 

For a disjunctive condensation rule, successfully executing some attributes or only one 

attribute of all the attributes tapping onto one item is sufficient in order to give a correct response 

to an item. CDMs incorporating the disjunctive condensation rule are called compensatory 

CDMs. The featured characteristic of compensatory CDMs is that the strength in one attribute 

could compensate for weakness in another, thus mastery of all attributes tapping onto one item is 

not necessary for a test taker to answer the item correctly. Examples of this type of CDM are:  

DINO (deterministic inputs, noisy, “or” gate) Model (Templin & Henson, 2006), NIDO (noisy 
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inputs, deterministic “or” gate) Model (Templin, 2006), and C-RUM (Compensatory 

Reparametrized unified model) (Hartz, 2002; Templin, 2006).  

Noncompensatory CDMs 

For a conjunctive condensation rule, successfully executing all attributes that tap onto one 

item is required in order to answer the item correctly. CDMs that incorporate the conjunctive 

condensation rule are called noncompensatory CDMs. The featured characteristic of 

noncompensatory CDMs is that strength in one attribute cannot compensate for weakness in 

another, thus mastery of all attributes involved in an item is required for a test taker to answer the 

item correctly. Examples of this type of CDM are: RSM (Tatsuoka, 1983, 1995, 2009), AHM 

(Leighton, Gierl, & Hunka, 2004), DINA (Haertel, 1989), and the NC-RUM (Noncompensatory 

Reparameterized Unified) (Hartz, 2002). 

Most of the models that are commonly seen in the literature can be classified as either 

compensatory or noncompensatory CDMs. However, there are some models that have a more 

relaxed requirement on attribute structure. These models can deal with either conjunctive or 

disjunctive type of connection between skills. Examples of this type of CDMs are the MCLCM 

(multiple classification latent class) model (Maris, 1999), and the BIN (Bayesian Inference 

Network) Model (Mislevy, Steinberg, & Almond, 2003).  

Models of Interests 

According to Hartz, Roussos, & Stout (2002), there are two important paradigms in 

cognitive diagnostic modeling: Fischer’s (1973) Linear Logistic Test Model (LLTM) and the 

Rule-Space Model. The Linear Logistic Test Model class decomposes item difficulty into 

discrete cognitive attribute-based difficulties whereas the RSM class decomposes examinee 

abilities into cognitive attributes and then makes inferences (Lee & Sawaki, 2009). Put another 
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way, the LLTM is an item-based model and the RSM is an examinee-based model. The two 

models are considered paradigms because the other CDMs developed subsequently were 

essentially created to improve the two classes of models. For example, the Unified Model 

(DiBello, Stout, & Roussos, 1995) was developed based on the LLTM and the RSM by 

decomposing both the item difficulty parameters into discrete attribute-based difficulties and the 

examinee abilities into discrete cognitive attributes.  

However, due to the fact that some parameters in the Unified Model are not identifiable, a 

reduced parameter space is needed before estimating those parameters. This is where the Fusion 

Model, which is also called Reparametrized Unified Model (RUM; Hartz, 2002) came into play, 

by further dealing with the limitations of the Unified Model. The Fusion Model is now 

considered to be a very successful model because of its flexibility (Kim, 2004). The LLTM and 

RSM paradigms will be briefly introduced next to help layout the fundamental structure of the 

models of interests of this study. 

The Linear Logistic Test Model 

Fischer’s LLTM (1973) model is considered to be the first psychometric model to 

effectively bridge cognitive psychology theories and psychometric properties. The LLTM has 

roots in the work of Suppes, Jerman, and Brian (1968). Fischer (1973) found that the 

psychological complexity of elementary differential calculus problems could be approximately 

explained through the assumption of seven psychologically meaningful operations. LLTM 

incorporates features of the Rasch Model, which can decompose item difficulty parameters from 

a logistic model into discrete skill-based components and thus accomplish the skill diagnosing 

purpose. Even though the LLTM is often considered an extension of the Rasch model 

(Embretson & Reise, 2000), its skill diagnosing ability makes it one of the pioneer lines of 
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research because it multiplicatively joins a cognitive processing component to the Rasch model. 

The mathematical representation of the LLTM is formulated in the following way: 

The item difficulty parameter for each item becomes a weighted sum of all the decomposed 

skill-based difficulties multiplied by a corresponding weight for each item, as defined in 

Equation 1:                                                      

                                                                                                                      𝜎! = 𝑓!"𝜂! + 𝑐
!

,                                                                                                                                                          (1) 

where 𝑓!" contains only 1’s and 0’s and indicates whether skill k is required by item i; 𝜂! is the 

effect of stimulus skill k, and c is a normalization constant which is the intercept of the equation 

and is so determined that 𝜎! = 0. It is often seen set to zero in computation (Fischer, 1973; 

MacDonald & Kromrey, 2011).  

According to Fischer (1973), Equation 1 is then used to replace the b parameter in the 

Rasch model, which is formulated in Equation 2:  

                                                                                                                    𝑃 𝑋!" = 1 𝜃! =
exp    𝜃! − 𝑏!

1+ exp    𝜃! − 𝑏!
,                                                                                            (2) 

where 𝑃 𝑋!" = 1  is the probability that an examinee j answers item i correctly, 𝜃!is the trait 

level of person j, and bi is the difficulty parameter of item i. This replacement leads to the final 

expression of the LLTM in Equation 3: 

                                                                                                                    𝑃 𝑋!" = 1 𝜃! =
exp   [𝜃! − ( 𝑓!"𝜂! + 𝑐! )]

1+ exp   [𝜃! − ( 𝑓!"𝜂! + 𝑐! )] .                                            (3) 

The LLTM can be graphically presented as in Figure 1 shown below: 
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Figure 1: Graphical Representation of the LLTM (Alteration of Wilson & De Boeck, 2004) 

As seen in Equation 3, item difficulty estimates are decomposed to the skill level to measure 

the contribution of skills to the difficulty of each item. Although this item-based model can 

provide useful information for diagnostic purposes, the individual ability estimate maintains the 

unidimensionality feature of the Rasch model, which therefore has limited capacity to provide 

individual skills information (Hartz, 2002). It is also worth noting that the 𝜂! parameter cannot 

be directly interpreted as the difficulty of each skill for each examined item (Hartz, 2002; Kim, 

2004). Due to the two limitations, the application of LLTM to cognitive diagnosis in practical 

educational assessment is largely hampered. 

The Rule-Space Methodology 

As mentioned previously, the Rule-Space Methodology is one of the earliest CDMs and has 

been broadly applied to many assessments that were developed for the purpose of either 

integrated design or retrofitting. It generates diagnostic scores by decomposing examinee ability 

estimates into cognitive outcomes (Tatsuoka & Tatsuoka, 1982). It can deal with either binary or 

polytomous manifest responses but only provides binary diagnostic outcomes (e.g., mastery and 

non-mastery) of certain skills/attributes. The Rule-Space Methodology overcomes the difficulties 
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in cognitive diagnosis caused by the latent features of cognitive processes and different 

knowledge states (Kim, 2004). This is accomplished through defining the relationship between 

the items on a test and the attributes that the items are targeting.  

In general, the RSM classifies examinees into binary performance categories through four 

major components: (a) creating a Q-matrix; (b) defining ideal examinee response patterns 

(knowledge states); (c) establishing a rule-space; and (d) identifying examinees’ actual 

knowledge state as a correlation type of distance from previously defined knowledge. 

The creation of a Q-matrix involves four steps:  

1. Specifying the direct relationships among attributes in an adjacency matrix (A) (k×k). A 

value of “1” in position (j, k) in matrix A will indicate a valid direct connection between 

a prerequisite (j) to an attribute (k). 

2. Specifying both the direct and indirect connections among attributes. This is called a 

reachability matrix (R) (k×k); The R matrix can be calculated by multiplying the sum of 

the matrix (A) and the identity matrix (I), (A+I), with itself n times using Boolean 

algebra operations until invariance of the matrix (A+I) is reached (Tatsuoka, 2009). 

3.  A potential pool of items that probes all the combinations of attributes is considered 

(Leighton, Gierl, & Hunka, 2004). The attributes in the potential pool of items are 

described in the incidence matrix (Q) (k×p), where k is the number of attributes and p is 

the number of potential items. In the Q-matrix, each item is associated with a column of 

attributes marked by 0’s and 1’s, where a value of “1” indicates the attribute is required 

to obtain a correct answer and a value of “0” indicates otherwise.  

4. When the R matrix cannot be expressed as an identity matrix (I) (k×k), a reduced Q-

matrix (Qr) will be created. According to Leighton et al., (2004), matrix Qr represents 
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the attribute blueprint or cognitive specification for test construction, therefore it is of 

particular importance. 

The possible knowledge states are defined by listing all combinations of “can do and cannot 

do” of all attributes based on the resulting Q-matrix and the reachability matrix R using Boolean 

description functions (Gierl, 2007; Tatsuoka, 2009). Computationally, it is achieved by 

comparing the transpose of the Q-matrix (or Qr) which is an examinee × attribute matrix, to the 

Q-matrix which is an attribute × item matrix using Boolean inclusion. 

The establishment of a rule-space is based on statistical analyses of the examinee response 

data. Rule-space is considered as the Cartesian product of IRT theta (θ) and zeta (ζ), where theta 

is the examinee ability estimated from an IRT model, and zeta is a person-fit index which 

measures the unusual examinee response patterns. All the response patterns are transformed into 

the rule-space by a set of ordered pairs (θ, ζ) and the possible knowledge states are represented to 

indicate the centroids of the response patterns in the rule-space (Tatsuoka, 2009). 

The Mahalanobis generalized squared distances in the rule-space between the ordered pairs 

(θ, ζ) represented by an observed response pattern and by the possible knowledge states is used 

to identify examinees’ actual knowledge state. Bayes’ decision rules can also be used to 

minimize misclassification by providing the probability level on which an examinee is likely to 

master certain attributes (Birenbaum, Kelly, & Tatsuoka, 1993; Kim, 2011). 

Given the fact that it can both identify cognitive attributes as a way of bringing cognitive 

science and psychometrics together and determine statistical pattern classification, which is 

initially critical in engineering and medical sciences, the RSM is now widely accepted by 

researchers, test developers and practitioners (Gierl, 2007). However, criticisms of RSMs stem 

mainly from three aspects: (a) the RSM is, in fact, a pattern classification approach rather than a 
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fully probabilistic measurement model and therefore lacks proper fit statistics (Rupp et al., 2010); 

(b) there is still uncertainty about how to accurately classify examinee’s actual knowledge state 

when the possible item response patterns vary (Kim, 2011); and (c) this model is designed to 

decompose examinee attributes/skills into sub-attributes or skills, but the ability estimate (θ) is 

still unidimensional rather than multidimensional. 

Even though both the LLTM and the RSM approaches have been accepted and applied to 

test data, they have not been widely implemented in practical education assessment settings 

(Hartz & Roussos, 2008). This is very likely caused by the fact that both the relationship between 

the items and the skills and the relationship between the examinees and the skills, need to be 

modeled in order for a model to be successful (Hartz & Roussos, 2008). Thus, the fact that 

LLTM only emphasizes the relationship between the items and the skills, and the RSM only 

emphasizes the relationship between the examinees and the skills signifies the need to develop 

models that can advance either or both of the two approaches. 

In more detail, the multidimensional latent trait model (MLTM; Whitely, 1980; Embretson, 

1991) and the general component latent trait model (GLTM; Embretson, 1984) were developed 

as extensions of the linear logistic test model. The DINA and AHM models were developed 

based on the rule space methodology. The Unified model and Fusion model (RUM) were 

proposed to advance both the LLTM and the RSM. In the 1990’s, several influential studies 

about test design approaches were also introduced including the cognitive design system 

(Embretson, 1994) and Evidence-Centered Design (Mislevy, 1994). The former is a framework 

for designing assessment items based on explicit and detailed theories of cognitive response 

process whereas the latter implements Bayesian Inference Networks model, which represents an 

entire class of statistical models with a full probability structure similar to CDMs (Rupp et al., 
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2010). 

Because the purpose of this study is to investigate the performance of CDMs in 

mathematics assessments, and also because the attribute structure of mathematics items is often 

partitioned into a series of operation attributes that are all required in order to answer an item 

correctly, this study will examine several representative models in the noncompensatory CDM 

category (e.g., AHM, DINA, and Full NC-RUM) or the noncompensatory version of a model 

(e.g., BNs), which are considered to be more suitable for analyzing mathematics assessments. 

The next sections describe each of these CDMs in more detail. 

The Attribute Hierarchy Model (AHM) 

Although the RSM (and most of the models in the RSM category) are very useful in 

diagnosing examinee skill profiles, as a noncompensatory model with a conjunctive 

condensation rule, the RSM cannot estimate direct effects of the skills or attributes on cognitive 

requirements to solve an item (Kim, 2011). However, the AHM becomes an exception in this 

category by defining a hierarchical Q-matrix into the design, which can easily represent a 

cognitive model indicated structure. By doing so, an examinee’s test performance can be 

classified into a set of structured attribute patterns by the product of probabilities of positive and 

negative slips using the unidimensional IRT model (Kim, 2011). 

As stated earlier, the AHM (Leighton et al., 2004; Gierl, Cui, & Hunka, 2008) was 

developed as an extension of the RSM. In RSM, the attributes do not need to be hierarchical, but 

the AHM approach demonstrates that defining a hierarchical structure of the attributes could be 

very useful and also very meaningful. The hierarchy here is defined as the direct prerequisites or 

other direct dependencies among the identified attributes for a given test (Gierl, 2007). 

Let’s take Figure 2 for example. It represents a hypothetical hierarchy structure that has a 
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divergent branch. According to Leighton et al. (2004), this type of hierarchy can be used to 

describe the cognitive competencies leading to an answer consisting of multiple components that 

can be judged as either right or wrong.  

 
 
 
 
 
 
 
 
 

Figure 2: A Hierarchical Structure Using Six Attributes. 

The corresponding adjacency matrix (A) (k×k) for this hierarchy is: 
 

0 1 0 1 0 0
0 0 1 0 1 0
0 0 0 0 0 0
0 0 0 0 1 1
0 0 0 0 0 0
0 0 0 0 0 0

 

A 1 in the position (j, k) indicates that attribute j is a prerequisite to attribute k. From Figure 

1 we can tell that position (1, 2) and (1, 4) should be 1 and cells in all other places in position (1, 

k), k=1, …, 6, should be 0, because attribute 1 is a direct prerequisite of attribute 2 and 4. 

Consequently, for positions (3, k), (5, k), and (6, k), k=1, ..., 6, all the cells should be filled with 

0’s. 

A reachability matrix (R) is built next to specify the direct and indirect connections among 

attributes. This is done by conducting a series of Boolean products of the sum of adjacent matrix 

(A) and identity matrix (I) with itself n times until invariance of R is reached. This computation 

is expressed as: R= (A+I)n. For this specific case, n=3 when invariance of R was reached. As a 

result of the Boolean operations, the R matrix is presented as: 
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1 1 1 1 1 1
0 1 1 0 1 0
0 0 1 0 0 0
0 0 0 1 1 1
0 0 0 0 1 0
0 0 0 0 0 1

 

This matrix can also be verified by Figure 1, if one looks through the matrix based on the 

columns. For example, column 3 indicates that attribute 1, 2, and 3 are the direct and indirect 

prerequisites of attribute 3. If looking at the 5th column, we can tell that attribute 1, 2, 4, and 5 

are the direct and indirect prerequisites of attribute 5, so forth and so on.  

The next step is defining the set of potential items. The size of the set is related to the 

number of attributes involved in the structure which equals 2k-1. As we can see from the 

equation, this number can increase rapidly once the number of attributes involved in the structure 

increases. For the case of this example, a set of 63 items is needed for the potential item pool. 

According to Leighton et al. (2004), the set of potential items is described by the incidence 

matrix (Q) of order (k, i) where k is the number of attributes, and i stands for the number of 

items. The Q-matrix is shown below: 

This attribute × item (Q) matrix listed all the possible combinations of attributes which is a 

complete list of items needed in order to probe an examinee’s ability when the attributes are 

independent (not hierarchical). For example, column 1 of this matrix represents item 1 which 

only probes attribute 6, whereas column 6 indicates that item 6 probes attributes 4 and 5. Since 

AHM implements a structural hierarchy, this incidence matrix can be reduced because certain 

combinations of attributes are logically included in the others. Take item (column) 1 (000001) for 
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example, according to the hierarchy structure, attribute 6 requires prerequisite attributes 1 and 4, 

thus, item 1 which only taps on to attribute 6 should be replaced with (100101). This is the same 

as the attributes probed by item (column) 37. Therefore, with a given hierarchy structure, a 

reduced Q-matrix (Qr) can be produced by removing items that can be replaced with the others. 

Using Boolean inclusion, the corresponding Qr matrix is presented as: 

1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 1 0 1 1 1 1 0 1 1 1 1
0 0 1 0 0 1 0 1 0 0 1 0 1
0 0 0 1 1 1 1 1 1 1 1 1 1
0 0 0 0 0 0 1 1 0 0 0 1 1
0 0 0 0 0 0 0 0 1 1 1 1 1

 

Column 1 indicates that an item must be created to probe attribute 1 only whereas column 2 

indicates that another item must be created to probe both attributes 1 and 2. The Qr matrix in this 

example indicates that, instead of creating 63 potential items, 13 carefully crafted items that 

represent the attribute blueprint or cognitive specification for test construction would be 

sufficient to reflect the attribute hierarchy. For practical purposes, by comparing the Q-matrix 

and the Qr matrix, it is clear that the Qr matrix can substantially reduce the number of items 

involved in the analysis. On the other hand, it can also provide cognitive theory a defined role in 

the test design process, which is a distinct feature that separates the AHM from the RSM 

(Leighton et al., 2004). 

Once the Qr matrix is determined, the expected examinee response patterns can be further 

calculated. The reason that Leighton et al. (2004) called it the “expected” examinee response 

patterns rather than using the term “ideal” examinee response patterns as in the RSM, is because 

the authors believed that these response patterns should be observed if the attribute hierarchy is 

true as specified in the adjacency matrix. According to Tatsuoka (2009), the Boolean Description 

Function (BDF) is used to determine the examinee response patterns by assuming all possible 
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combinations of mastery and non-mastery of the attributes. For the case shown here, the 

expected examinee response patterns, total scores, and the expected examinee attributes for 13 

examinees based on the hierarchy in Figure 1 are presented in Table 2.  

Table 2: Expected Examinee Response Patterns, Total Scores, and 
Expected Examinee Attributes for 13 Examinees based on 
Hierarchy in Figure 1 

Examinee 
Examinee 
Attributes 

 Expected Response 
Patterns Total Scores 

1 A1 	  1 0 0 0 0 0 0 0 0 0 0 0 0 1 
2 A1,2 	  1 1 0 0 0 0 0 0 0 0 0 0 0 2 
3 A1,2,3 	  1 1 1 0 0 0 0 0 0 0 0 0 0 3 
4 A1,4 	  1 0 0 1 0 0 0 0 0 0 0 0 0 2 
5 A1,2,4 	  1 1 0 1 1 0 0 0 0 0 0 0 0 4 
6 A1,2,3,4 	  1 1 1 1 1 1 0 0 0 0 0 0 0 6 
7 A1,2,4,5 	  1 1 0 1 1 0 1 0 0 0 0 0 0 5 
8 A1,2,3,4,5 	  1 1 1 1 1 1 1 1 0 0 0 0 0 8 
9 A1,4,6 	  1 0 0 1 0 0 0 0 1 0 0 0 0 3 
10 A1,2,4,6 	  1 1 0 1 1 0 0 0 1 1 0 0 0 6 
11 A1,2,3,4,6 	  1 1 1 1 1 1 0 0 1 1 1 0 0 9 
12 A1,2,4,5,6 	  1 1 0 1 1 0 1 0 1 1 0 1 0 8 
13 A1-6 	  1 1 1 1 1 1 1 1 1 1 1 1 1 13 

The hypothetical examinees listed in this table are assumed to not make “slips” or errors 

that produce inconsistencies between the observed and expected examinee response pattern 

(Leighton et al., 2004). The expected examinee response pattern (0000000000000), which leads 

to a total score of 0, is not listed in Table 2. Looking at Table 2 we can tell that Examinee 2 

(1100000000000) is expected to only be able to answer items 1 and 2 correctly, which will result 

in a total score of 2. This response pattern indicates that the corresponding examinee attribute is 

(110000). 

Once the expected item response patterns are defined, they can be used to estimate 

probabilities of item responses with item response theory models and to further identify unusual 

response patterns. According to Leighton et al. (2004), many indices can be used to identify 
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unusual response patterns but the misfit is usually associated with factors that are not related to 

cognitive attributes required to answer the question correctly. What the authors suggested does 

not require identifying “bugs” in the process as the RSM does; rather it allows the identification 

of attribute combinations that are realistic to the examinees. This purpose can be accomplished in 

one of two ways, which the authors called Method A and Method B. 

In Method A, an observed response pattern is compared against all expected examinee 

response patterns where slips of the form 0 -> 1 and 1 -> 0 are identified (Leighton et al., 2004). 

The difference between the expected examinee response pattern and the observed response 

pattern will produce a string of numbers containing 0’s and ±1’s which stand for no error if it is 

0, -1 as a 0 ->1 error, and +1 as a 1 ->0 error. The probability of k errors of the form 0 -> 1 

combining with m errors of the form 1->0 is presented as: 

                                                                                                      𝑃!"#$%&'%(   𝛩 = 𝑃!" 𝛩 [1− 𝑃!"(𝛩)].                                                                   (4)
!

!!!

!

!!!

 

The examinee will be classified as having the jth set of attributes if the corresponding 

𝑃!"#$%&'%(   𝛩  is large.  

Method B identifies the expected examinee response patterns that are logically included in 

the observed response pattern. When the expected response pattern is logically included, a match 

is found and the examinee is determined to have the sets of attributes defined by the expected 

response pattern. Otherwise, the likelihood of the slips is computed (only the 1-> 0 error is of 

concern in this situation because it indicates the violation of logical inclusion). According to 

Leighton et al. (2004), Method B is a more conservative classification approach than Method A.   

It is worth noting that the fit between the examinee’s expected response patterns generated 

from the attribute hierarchy and the observed response patterns are evaluated before the 
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classification happens. The researchers who developed the AHM have proposed a goodness-of-

fit index called Hierarchy Consistency Index (HCIi; Cui & Leighton, 2009) and a reliability 

index for attribute classifications (Gierl, Cui, & Zhou, 2009) to achieve this goal. However, 

according to Rupp et al.  (2010), AHM is still a pattern classification approach, which imposes 

weaker requirements on the data structure and also yields weaker statistical inference. 

The Deterministic inputs, noisy “and” gate Model (DINA) 

The DINA model is another commonly seen noncompensatory model with a conjunctive 

condensation rule. It separates examinees into two mastery classes for each item: a class that 

masters all the measured attributes in a defined Q-matrix for an item, and the other class that has 

non-mastery on at least one of the attributes in the defined Q-matrix for that item (Rupp et al, 

2010). However, it makes no further distinction among examinees who have not mastered at 

least one attribute. This is based on the assumption that an examinee lacking one of the measured 

attributes has an equal opportunity to an examinee lacking any number of the measured attributes 

in getting a correct response. 

Take an item in the mixed fraction subtraction domain provided in de la Torre (2009) for 

example. According to de la Torre (2009), five skills: (1) Subtract basic fractions, (2) Reduce and 

simplify, (3) Separate whole from fraction, (4) Borrow from whole, and (5) Convert whole to 

fraction, are required to conclude that students have mastered the domain. For an item in this 

domain, say 7 3
5

- 4
5
, the corresponding row of Q-matrix associated with this item is (10110).  

A graphical representation of examinee i's response to item j excerpted from de la Torre 

(2009, p. 118) is shown in Figure 3 below: 
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Figure 3: Graphical Representation of the DINA Model from de la Torre (2009) 

The architecture of the DINA model contains three major building components. The first 

piece is a latent response variable 𝜂!". It is used to indicate whether the examinee has mastered 

all the attributes required in answering the item correctly (𝜂!" = 1) or not (𝜂!" = 0). For the item 

mentioned above, if the examinee has mastered all three attributes required for this item, subtract 

basic fractions, separate whole from fraction, and borrow from whole, then 𝜂!" = 1. If at least 

one of the three attributes is not mastered, either (a) the subtract basic fractions, (b) separate 

whole from fraction, (c) borrow from whole, or (d) none of them is mastered, then 𝜂!" equals 0. 

This is the deterministic inputs component of the DINA model.  

The “and” gate component of the DINA model is the conjunctive kernel that creates the 

vector of response 𝜼! = {𝜂!"} (de la Torre, 2009; Rupp, et. al, 2010). Its mathematical formula is 

listed as follows: 

                                                                                                                                𝜂!" = 𝛼!"
!!" ,                                                                                                                                                              (5)

!

!!!

 

where i represents examinee, j represents item and k represents attribute. And 𝛼!" =1 indicates 
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that the ith examinee masters attribute k and  𝛼!" = 0 otherwise. 𝑞!"= 1 indicates that an attribute 

is not required by an item and 𝑞!"= 0 indicates otherwise. 

 If 𝑞!"= 0, which further indicates 𝛼!"!  has to be equal to 1. In this case, the value of 𝛼!"
!!" 

will not affect the value of 𝜂!". However, if an attribute is required by an item, then 𝑞!"= 1, 

which further indicates 𝛼!"! =𝛼!". In this case, whether 𝛼!"= 0 or 1 will determine if 𝜂!" = 0 or 1. 

𝜂!" = 1 only happens when each of the 𝛼!" involved in the item equals 1, which indicates that the 

examinee has mastered all the attributes required by the item. 

The last component in building the DINA model is the noise introduced in the process, 

which is due to slip and guessing. The slippage happens when the examinee has mastered all of 

the attributes required by the item (𝜂!" = 1) but failed to answer the item correctly. The 

mathematical representation of slip is: 

                                                                                                        𝑠! = 𝑃 𝑋!" = 0 𝜂!" = 1 .                                                                                                                                (6)            

The guessing happens when the examinee has not mastered at least one of the required 

attributes (𝜂!" = 0) but guesses correctly on the item. The mathematical representation of 

guessing is: 

                                                                                                                        𝑔! = 𝑃 𝑋!" = 1 𝜂!" = 0 .                                                                                                                                (7) 

When the probabilities of slip and guessing are determined and when 𝜂!" is known, the 

probability of answering an item correctly can be calculated. The mathematical formula to 

represent the probability for examinee i with the attributes vector 𝜶! = {𝛼!} answering item j 

correctly is given by 

                                                                                                𝑃! 𝜶! = 𝑃 𝑋!" = 1 𝜂!" = 𝑔!(!!!!")(1− 𝑠!)!!" .                                                                      (8) 

Equation 8 shows that, in general, answering an item correctly requires an examinee who 
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has mastered all of the attributes to not slip and an examinee who lacks at least one of the 

attributes to guess correctly (de la Torre, 2009). That is to say, if 𝜂!"  = 1, the examinee should 

answer the item correctly, unless he or she slips. Therefore, the probability of a correct response 

is the probability of no slippage happening which is (1−𝑠!). On the other hand, if 𝜂!" = 0 but the 

examinee answers the item correctly, then the probability of a correct response is the probability 

of guessing itself which is 𝑔!. 

According to de la Torre (2009) and Rupp et al. (2010), the DINA model is a parsimonious 

and interpretable model because it only requires two parameters for each item (𝑔! and 𝑠!) and is 

irrelevant to the number of attributes involved in the test/items. However, the number of 

attributes does affect the parameter estimation process and it could be computationally expensive 

when the number becomes quite large. Therefore, de la Torre (2009) suggested including a 

hierarchy structure in the Q-matrix, as AHM does, to improve the process. The other noteworthy 

thing about the DINA model is that the classification of examinees based on this model still has a 

number of issues that need answering. 

The Fusion Model (Full NC-RUM) 

As stated previously, both the LLTM and the RSM approaches have not been widely 

implemented in practical education assessment settings due to the fact that both the relationship 

between the items and the skills and the relationship between the examinees and the skills need 

to be modeled in order for a model to be successful (Hartz & Roussos, 2008). However, LLTM 

only emphasizes the relationship between the items and the skills and the RSM only emphasizes 

the relationship between the examinees and the skills. Thus, the first model that can advance 

both the two approaches was proposed in DiBello et al. (1995), and was called the Unified 

Model. Since the Unified Model is the foundation of the Fusion Model, which is one of the 
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noncompensatory models of interest in the current study, a brief introduction of the Unified 

Model will be given here first.  

The mathematical representation of the item response function (IRF) of the Unified Model 

is illustrated in Equation 9: 

                                              𝑃 𝑋! = 1 𝜶! , 𝜂! = 𝑑! 𝜋!"
!!"∙!!"𝑟!"

(!!!!")∙!!"𝑃!! 𝜂! + 1− 𝑑! 𝑃!! 𝜂! .                              (9)
!

!!!

 

On the left hand side of Equation 9, variable 𝜶! is the examinee parameter, which denotes 

the complete latent space of all relevant skills. It is composed of two elements, 𝜶! and 𝜶!. The 

former is the vector of cognitive skills specified by the Q-matrix, and the latter is the vector of 

cognitive skills that are outside the Q-matrix. Variable 𝜂! is a unidimensional examinee ability 

parameter, which is a projection of examinee j’s 𝜶! attributes. It can be used to diagnose whether 

a test item is well modeled by the skills in the Q-matrix given the fact that the Q-matrix does not 

have to be a complete representation of the skills required for every item in the test. 

On the right hand side of Equation 9, 𝜋!" = 𝑃(𝑌!"# = 1  |𝛼!" = 1) and 𝑟!" = 𝑃(𝑌!"# =

1  |𝛼!" = 0). Variable 𝜋!" denotes the probability that examinee j correctly applied attribute k to 

item i when the examinee in fact mastered attribute k. Variable 𝑟!" denotes the probability that 

examinee j correctly applied attribute k to item i when the examinee in fact did not master 

attribute k (DiBello et al., 1995). Variable 𝑑! is the probability of selecting the Q-matrix based 

strategy over all other strategies. Variable 𝛼!" represents examinee j’s mastery of attribute k, 

where 𝛼!" = 1 indicates that examinee j has mastered skill k, and 𝛼!" = 0 indicates that examinee 

j has not mastered skill k. Variable 𝑞!" indicates elements in the Q-matrix, where 𝑞!" = 1 

indicates that attribute k is required by item i, and 𝑞!" = 0 indicates that attribute k is not required 
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by item i. Variable 𝑃! 𝜂 =    !
!!!"#  {!!.! !!! !! }

 is a Rasch model with difficulty parameter −ℎ 

(Hartz & Roussos, 2008).  

The total number of parameters to be estimated for each item i on the test is equal to 2ki+3, 

where k represents the number of attributes required by item i: parameter 𝜋!" and 𝑟!" for each 

attribute, two IRT Rasch model parameters 𝑐! and 𝑏!, and parameter 𝑑!. 

According to DiBello et al. (1995), the Unified Model can bring together the discrete, 

deterministic phases of cognition underlying cognitive theory and the continuous, stochastic 

phases of test response behavior that lie beneath IRT. However, the Unified Model is so heavy 

parameterized that not all the parameters can be statistically estimated.  

In order to pick up the flexibility and interpretability aspects of the Unified Model, a 

reduction in the parameter space was conducted by Hartz (2002), which led to the development 

of the Fusion Model. A major change from the Unified Model to the Fusion Model is setting 𝑑! = 

1 for i = 1,…, I, which means that the probability of selecting the Q-matrix based strategy over 

all other strategies is 1. Put another way, the Fusion Model assumes that there is no possibility 

that an examinee will select strategies other than Q-matrix indicated strategy. The total number 

of parameters to be estimated for each item in the Fusion Model therefore is sharply reduced to 

2+𝑘!, as compared to the 2ki+3 parameters in the Unified Model. 

Equation 10 presents the resulting Fusion Model IRF: 

                                                                                        𝑃 𝑋!" = 1 𝜶! , 𝜂! = 𝜋!∗ 𝑟∗!"
(!!!!")∙!!"     𝑃!! 𝜂! ,                                                                      (10)

!

!!!

 

where 𝜶! and 𝜂! are the same as they are in the Unified Model. The term 𝑃!! 𝜂!  still refers to 

the Rasch model with difficulty parameter −  𝑐!. The term 𝜋!∗, which equals   𝜋!"
!!"!

!!! , refers to 

the probability of an examinee that has mastered all of item i required attributes (𝛼!" = 1) will 
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correctly apply all of the attributes to answer item i (0 ≤ 𝜋!∗ ≤ 1). Variable 

𝑟!"∗ =
!(!!"#!!  |!!"!!)
!(!!"#!!  |!!"!!)

= !!"
!!"

, where the terms 𝑟!" and 𝜋!" are the same as they are in the Unified 

Model (0 ≤ 𝑟!"∗ ≤ 1). 

Two pieces are important, the terms 𝑟!"∗  and 𝑃!! 𝜂! .   According to Hartz and Roussos 

(2008), 𝑟!"∗  is like a reverse indicator of the strength of evidence provided by item i about its 

dependency on mastery of attribute k. As can be told from the expression of 𝑟!"∗ , the bigger the 

denominator, the more strongly the item depends on mastery of the attribute, and the less likely 

this item will be answered correctly for a nonmaster of the attribute. Thus, the smaller the 𝑟!"∗  

value, the better the item is at discriminating mastery and nonmastery for item i on attribute k. 

An extended application of 𝑟!"∗  is in test design. According to Roussos et al. (2007), when most 

of the 𝑟!"∗  parameters for an attribute are closer to zero, the test is considered well designed to 

probe mastery of cognitive structure for that attribute. 

The other important piece of the Fusion Model retained from the Unified Model is the 

𝑃!! 𝜂!  component. The term 𝑐! in this component indicates the reliance of the IRF on attributes 

outside of the Q-matrix. With a range of [-3, 3] (mostly for convenience rather than theoretical 

constraints (Hartz & Roussos, 2008)), when 𝑐! is close to 3 (indicates an easy item difficulty in 

the Rasch model), the term 𝑃!! 𝜂!  will be very close to 1 for most of 𝜂! values. This 𝑃!! 𝜂!  

term will have almost no influence on  𝑃 𝑋!" = 1 𝜶! , 𝜂! ; when 𝑐! is close to -3, on the other 

hand, the resulting  𝑃 𝑋!" = 1 𝜶! , 𝜂!  will be very close to 0, which indicates that the Q-matrix is 

incomplete or an attribute already in the Q-matrix needs to be added to an item’s list of measured 

attributes (Hartz & Roussos, 2008; Kim, 2011).  In other words, this  𝑃!! 𝜂!  term is designed to 

account for any model misfit caused by the Q-matrix. 
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According to Hartz & Roussos (2008), the Fusion Model enables the estimation of the most 

critical parameters that are important in the Unified Model with a reparameterized approach. Its 

ability to probe both the relationship between the items and the skills and the relationship 

between the examinees and the skills makes it a more attractive tool for users of educational tests 

compared to traditional unidimensional psychometric models (Hartz & Roussos, 2008). However, 

even though the Fusion Model reduced parameters to be estimated from 2ki+3 in the Unified 

Model to ki+2 (ki = number of attributes for item i), the evaluation of convergence for each 

parameter is still difficult. This is because the Markov Chain Monte Carlo Method (MCMC) 

method is used to estimate the parameters, and as of now, there is no reliable statistic for 

checking MCMC convergence (Kim, 2011; Roussos et al., 2007). Therefore, the parameter 

estimation is still a difficulty for the Fusion Model. 

It is noteworthy that the Fusion Model (RUM) in recent years is broken into a number of 

related models that includes Full Noncompensatory Reparameterized Unified Model, Reduced 

Noncompensatory Reparameterized Unified Model, Compensatory Reparameterized Unified 

Model, and Random-Effects RUM. The differences between these models will not be discussed 

here. Interested readers are referred to Rupp et al. (2010) for more detail. For the purpose of this 

analysis, the Full Noncompensatory Reparameterized Unified Model (Full NC-RUM), which is 

mathematically presented the same as the original Fusion Model, will be used. From here on, it 

will be referred as the Fusion Model. 

Bayesian Networks (BN) 

As an emerging and influential CDM model, a Bayesian network (BN), which is also 

known as Belief Network (or Bayes net for short), represents a flexible approach from a 

Bayesian perspective to statistically model common or complex assessments, including 
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simulation-based assessments (Almond, DiBello, Moulder, & Zapata-Rivera, 2007; Levy, 

Crawford, Fay, & Poole, 2011; Levy & Mislevy, 2004). Being a member of the family of 

probabilistic graphical models, BNs fuse the features of graphical models and probability theory 

to represent the probabilistic relationships among a large number of variables (Levy et al., 2011). 

In other words, a BN is constructed as a pair consisting of a graphical network and a probabilistic 

distribution (Almond et al., 2007).  

A BN’s graphical network is represented by a graph G = (V, E) consisting of a set of 

vertices or nodes, as well as the corresponding edges. The vertices or nodes can be thought of as 

the attributes/skills commonly used in CDMs, whereas the edges are depicting the relationships 

between ordered pairs of nodes. Graphically, nodes (e.g., v and w) are presented by ellipses or 

boxes and each of them has a set of exhaustive and mutually exclusive states (Jensen, 1996; 

Levy et al., 2011). An edge (v, w) is represented by an arrow pointing from node v to node w 

(Almond et al., 2007). 

In a Bayes Net, the edge goes in one direction, called a directed edge; G is thus a directed 

graph. The path between two nodes in graph G can take one of two forms: a directed path or a 

directed cycle. A directed path from node v to node w in a directed graph G = (V, E) is a 

sequence of nodes: v= v0, v1,…, vn= w, where each adjacent pair from v0  to vn is connected by a 

directed edge (Almond et al., 2007). If G is a directed path from v to itself, then it is a directed 

cycle. When a directed graph G has no directed cycles, it is called an acyclic graph. A BN can be 

graphically defined as a combination of finite sets of directed acyclic graphs (DAG). 

Within a DAG for a BN, edges indicate probabilistic dependences between nodes. More 

specifically, the node located at the source of the edge is called a parent node whereas the node 

located at the destination of the edge is called a child node. Further, all the parent nodes with 
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their parents are called ancestors of a node and all the children nodes with their children are 

called descendants of the node. 

The probabilistic distribution of a BN is mathematically formed as follows:  

                                                                    𝑃 𝑋! = 𝑥!,… ,𝑋! = 𝑥! = 𝑃
!

!!!

𝑋! = 𝑥! 𝑝𝑎   𝑋! ,                                                                              (11) 

where 𝑃 𝑋! = 𝑥!,… ,𝑋! = 𝑥!  represents the joint probabilistic distribution of all nodes 

(𝑋!,… ,𝑋!), and each node 𝑋! is a random variable with finitely many states (e.g., dichotomous, 

polytomous, or unassigned) (Almond et al., 2007).  The term 𝑃 𝑋! = 𝑥! 𝑝𝑎   𝑋!  stands for the 

local probability distribution of node 𝑋! conditional only on its parents. This local probability 

distribution is carried out with conditional probability tables that convey the corresponding joint 

distribution only for a node and its parents. These conditional probability tables indicate the 

initial status of the network before any evidence is given. Similar probability tables can be 

calculated for intersections among different nodes and their parents to pass updating information 

from one intersection to another.  

Then, by utilizing the independent relationship in the BN, which assumes that a node is 

independent of its ancestors given its parents and that the relationship between ancestors and 

parents is with respect to some fixed topological ordering of the nodes (Murphy, 1998), a joint 

probability of all the nodes in the graph can be calculated and updated when evidence comes in. 

Depending on the relationship between nodes and their parents, a BN can be either a 

compensatory model or a noncompensatory model. Such evidence is based on observables and 

used to re-adjust the appropriate margin in a conditional probability table.  This updating in the 

end will propagate the resulting change across the whole BN (Almond, Mislevy, Williamson, & 

Yan, 2012). Although BNs can be flexibly used as either compensatory or noncompensatory 



33 
	  

models, for the purpose of this study, the noncompensatory version of the model with a 

conjunctive condensation rule is investigated. 

Take a simple BN for example (Figure 4). When evidence comes in and the whole network 

is updated based on the information, any probability of interest can be calculated. For example, 

the joint probability of all the events in the graph (cloudy weather, the sprinkler is on, it rains and 

the grass is wet) happening at one time can be calculated as P(C, S, R, W) = P(C) × P (S|C)×

P(R|C, S)× P (W|C, S, R). This can be further simplified as P(C, S, R, W) = P(C) × P (S|C)×

P(R|C)× P (W|S, R) = 0.0396, given the conditional independence relationships between nodes 

and their ancestors.  

                	  

Figure 4: Example of a simple Bayesian Network Model (Murphy, 1998) 

As a modeling approach that inherits the features of Bayesian theorem and further combines 

it with graphical networks, BNs allow for a representation of the theory of the relationships in a 

domain and use probability theory to characterize and examine the strength of those relationships 

(Levy et al., 2011). This is done through BN’s flexibility at conducting either top-down or 

bottom-up reasoning to investigate the cause and effect relationship among nodes, where top-

down reasoning is a way to investigate the cause and the bottom-up is for investigating the 

Cloudy 

Rain 

Wet grass 

Sprinkler 

P(C=F) P(C=T)
0.5 0.5

C P(S=F) P(S=T)
F 0.5 0.5
T 0.9 0.1

C P(R=F) P(R=T)
F 0.8 0.2
T 0.2 0.8

S   R P(W=F) P(W=T)
F   F 1 0
T   F 0.1 0.9
F   T 0.1 0.9
T   T 0.01 0.99
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effects of the relationship. This property makes it possible for researchers to set up complex 

attribute structures and solve complicated problems on a fully probabilistic framework, which 

make BNs a proper choice in psychometrics and related applications (Levy et al., 2011; Rupp et 

al., 2007). More specifically, the applications of BNs span across large areas. For example, they 

have been applied to education and related settings such as diagnostic and expert systems 

(Spiegelhalter, Dawid, Lauritzen, & Cowell, 1993), complex assessment systems (Almond et al., 

2007; Levy & Mislevy, 2004; Reye, 2004), as well as intelligence tutoring systems (Conati, 

Gertner, & VanLehn, 2002; Murray & VanLehn, 2000). 

According to Yan et al. (2004), the Bayesian network approach is a strong Bayesian 

approach using informative priors (strong prior opinion about the structure of the proficiency 

variables) and the fusion model in contrast is a data-driven Bayesian approach using weak priors.  

It is worth noting that according to Rupp et al. (2009), most of the core CDMs can be 

expressed under loglinear cognitive diagnosis models with latent variables (LCDM; Henson, 

Templin, & Willse, 2009). That is to say, those core CDMs can be considered as constrained 

loglinear models in logit form. For example: the Fusion Model, DINA model from the 

conjunctive model category and the DINO model from the disjunctive model category. Thus, 

LCDM is considered as a more general model for diagnostic measures.  

The major contribution of LCDM is that it can provide empirical information regarding the 

relationship between attribute mastery and the item response without specifying a typical model 

as either conjunctive or disjunctive (Kim, 2011). However, the number of parameters to be 

estimated doubles when one more attribute is added into the model, which largely increases the 

computation cost when there are a considerably large number of attributes involved in a test. For 

the purpose of this study, because the emphasis is on modeling mathematics datasets with CDMs, 
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which means that the disjunctive models are not of interests; and also because the number of 

parameters to be estimated in Fusion Model is 2+k, whereas the number will be 2k in LCDM, 

meaning that as the number of attributes increases, parameters to be estimated in LCDM can be 

more than what they are in Fusion model, therefore, the advantages of LCDM will not be as 

salient. Thus, the AHM, DINA Model, Fusion Model, as well as the BN Model are investigated 

rather than LCDM. Some of the key features of each model as applied to the analyses are 

presented in Table 3. 

Table 3: Comparison of Features of AHM, DINA, Fusion, and BN as Applied to the Study 

Model 
Assumption  

about Q-matrix Type of Prior Used 
Parameter  
Estimation 

Estimation 
Software 

Attribute Hierarchy Model Hierarchy None MCMC  OpenBUGS 
DINA None None MCMC OpenBUGS 

Fusion Q-matrix does not 
need to be complete 

Non-informative 
(empirical Bayes priors) MCMC Arpeggio 

Bayesian Networks None Informative MCMC OpenBUGS 
 

Model Evaluation 

When a complex diagnostic model is applied to data, the performance of the model must be 

carefully scrutinized, not the parameter estimation process alone, but rather a broader process 

that intertwines the psychometrically oriented validity assessment along with essential statistical 

model-fit procedures (DiBello et al., 2007). This is true for checking one specific model of 

interest, but is also valid for the purpose of comparing different models in determining if there 

are any differences among models and what the pros and cons are of using each model. For the 

purpose of this study, three aspects are considered: model goodness-of-fit, reliability estimation, 

as well the graphical representations of examinee classification.  

Model Goodness-of-Fit 

Traditional model goodness-of-fit emphasizes statistically assessing the agreement between 
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the proposed model and the observed data. However, model goodness-of-fit in CDM framework 

emphasizes a broader perspective specialized to skills diagnostic assessment; the goal is to 

determine if the choice of the model and the subsequent model estimation and examinee skills 

classifications provide accurate enough calibration to allow the practitioner’s skill level 

assessment goals to be met (DiBello et al., 2007).  

It is generally a problem that different CDMs are based on different psychometric 

assumptions and parameter estimation methods. Therefore finding an appropriate model-fit 

measure is not straightforward (Lee & Sawaki, 2009). The model-fit indices commonly used in 

evaluating CDMs are: (a) limited-information fit statistics (𝜒! or G statistics), which focus only 

on summary characteristics of the response pattern distribution (either univariate that is only 

based on the observed and expected responses to a single item, or bivariate that is based on item 

pairs) (e.g., Henson & Templin, 2007); (b) relative-fit indices, such as AIC (Akaike, 1974) and 

BIC (Schwarz, 1976) and their sample-size adjusted versions, which are also useful when 

multiple models fit the data equally well from the absolute fit view point; and (c) estimating 

Mean Absolute Deviation (MAD; e.g., Jang, 2005; Roussos et al., 2006a, 2006b) or Root Mean 

Squared Error (RMSE; e.g., Lee & Sawaki, 2009; Templin & Henson, 2006) indices between the 

observed and model estimated item association statistics on measures of item association 

(between item pairs), such as Pearson correlation, likelihood ratio test, or the Cressie-Read 

statistics (Read & Cressie, 1988) through the Monte Carlo resampling procedure (Templin & 

Henson, 2006).  

More recently, Sinharay (2006) and Sinharay, Almond and Yan (2004) have proposed the 

use of posterior predictive model checking (PPMC; Gelman, Meng, & Stern, 1996) in diagnostic 

testing. This measure is considered to be a test of global model fit and is believed to be 
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applicable across various CDMs (Lee & Sawaki, 2009; DiBello et al., 2007). However, the 

challenge of applying PPMC pertains to the choice of proper discrepancy measures (DiBello et 

al, 2007), and this becomes a tradeoff for the flexibility of PPMC (Levy, 2006). 

Some person fit indices were developed to determine which individuals are not fit well by a 

model (Rupp et al., 2010). For example, the HCIi index proposed for the AHM (Cui, Leighton, 

Gierl, & Hunka, 2006) and an index developed by Chiu and Douglas (2008). However, the 

effectiveness of these methods is still under investigation so these methods have not been widely 

used (Rupp et al., 2010). 

Reliability Estimation 

Although the standard reliability coefficients cannot be directly applied to models like 

CDMs, the concept of reliability is still important in Cognitive Diagnostic Assessment. A 

concept that is equivalent to the standard reliability coefficients in CDAs is the diagnostic skills 

classification reliability (DiBello et al., 2007). This diagnostic skills classification reliability can 

be conceptualized in one of two ways: on the one hand it represents the correspondence between 

inferred and true attribute state; and on the other hand it indicates the consistency of 

classification if the same assessment were independently administered to the same examinee 

twice (DiBello et al., 2007).  A commonly practiced skills classification reliability statistics, is a 

classification consistency test proposed by Henson, Roussos, and Templin (2004). 

Henson et al. (2004) first calibrated a model to generate parallel sets of simulated data. Then 

the mastery/nonmastery for each simulated examinee on each set was estimated. The next step 

was to calculate the proportion of times that an examinee is classified correctly according to the 

treated as true attribute state. This step produced an estimate of correct classification rate for the 

attribute.  On the other hand, the proportion of times an examinee was classified the same way 
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for that attribute on two parallel tests was produced as an estimated test-retest consistency rate. 

The two agreement rate calculations based on simulated data therefore become reasonable 

estimates of actual rates.  

Graphical Representations of Attribute Distribution 

 According to Lee and Sawaki (2009), the similarities and differences of examinee 

classification results across models in the extent to which they discriminated among examinees 

at different mastery levels for each skill can be accomplished by plotting univariate frequencies 

of the posterior skill mastery probability estimates obtained from each model. The authors also 

suggested investigating the similarities and differences of examinee classification results across 

models on individual bases. This is accomplished by presenting the skill mastery probability 

estimates in bivariate scatter plots (e.g., DINA vs. Fusion, DINA vs. BN, and Fusion vs. BN).  

Summary 

In order to utilize modern statistical models to probe students’ knowledge states, the 

techniques involved in CDAs tend to shift from bugging and debugging students’ cognition slips 

or errors of certain knowledge and then repairing or making remediation accordingly. Being a 

well-studied subject, the diagnostic analyses of mathematics assessments represent the most 

merits of CDAs.  

According to Fu and Li (2007), more than 60 CDMs have been proposed so far. Most of the 

models that are common in the literature can be classified as either compensatory or 

noncompensatory CDMs. There are some models that have a more relaxed requirement on 

attribute structure. There are two important paradigms in cognitive diagnostic modeling: LLTM 

and the Rule-Space Model. They have been accepted and applied to test data but have not been 

widely implemented in practical education assessment settings due the fact that LLTM only 
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emphasizes the relationship between the items and the skills and the RSM only emphasizes the 

relationship between the examinees and skills; both relationships need to be modeled in order for 

a model to be successful (Hartz & Roussos, 2008). In recent years, the DINA and AHM model 

were developed based on the Rule Space methodology whereas the Unified model and Fusion 

model were proposed to advance both the LLTM and the RSM.  

Four representative noncompensatory CDMs are included in this study: AHM, DINA, 

Fusion, and BN. Their performances of the models are evaluated on three aspects: model 

goodness-of-fit, reliability estimation, and the graphical representations of examinee 

classification.  



40 
	  

Chapter 3: Methods 

As a parallel and extended effort based on what Lee and Sawaki (2009) have done, this 

study aims to investigate the effects of some representative CDMs when applied to mathematics 

datasets. Multiple models are fitted to multiple datasets and the results are synthesized and 

compared across different examinees/students as well as across different attributes/skills to better 

answer the research questions and test the hypotheses proposed in the previous sections. 

Data Sources 

There are three well-scrutinized datasets involved in the current analysis. The datasets are 

chosen based on the fact that they have either been previously analyzed by a specific model that 

is of interests in the current study or have been widely analyzed by many core CDMs. Further, 

the corresponding Q-matrix has also been published, meaning the Q-matrix for each of the 

dataset has been proven to be stable and can be freely used. The next sections will describe the 

three datasets in detail. 

Dataset 1: Fraction Subtraction Dataset (Tatsuoka, 1984) 

 This dataset was originally provided in Tatsuoka (1984) and later either used or tailored by 

many other researchers (e.g., de la Torre & Douglas, 2004; Henson, Templin, & Willse, 2008; 

Yan, Mislevy, Almond, 2003). The original dataset consists of responses to 20 items involving 

subtraction of fractions from 536 middle school children. 

The eight attributes required to answer these items are based on de la Torre & Douglas 

(2004): (1) Convert a whole number to a fraction, (2) Separate a whole number from a fraction, 

(3) Simplify before subtracting, (4) Find a common denominator, (5) Borrow from whole 

number part, (6) Column borrow to subtract the second numerator from the first, (7) Subtract 

numerators, and (8) Reduce answers to simplest form.  



41 
	  

Table 4: Fraction Subtraction Dataset with 20 items and 8 Hypothesized Attributes 
Item # Item Attributes Required Item # Item Attributes Required 

1 
5
3
−
3
4
 𝛼!,𝛼!,𝛼! 11 4

1
3− 2

4
3 𝛼!,𝛼!,𝛼! 

2 
3
4−

3
8 𝛼!,𝛼! 12 

11
8 −

1
8 𝛼!,𝛼! 

3 
5
6−

1
9 𝛼!,𝛼! 13 3

3
8− 2

5
6 𝛼!,𝛼!,𝛼!,𝛼! 

4 3
1
2− 2

3
2 𝛼!,𝛼!,𝛼!,𝛼! 14 3

4
5− 3

2
5 𝛼!,𝛼! 

5 4
3
5− 3

4
10 𝛼!,𝛼!,𝛼!,𝛼! 15 2−

1
3 𝛼!,𝛼! 

6 
6
7−

4
7 𝛼! 16 4

5
7− 1

4
7 𝛼!,𝛼! 

7 3− 2
1
5 𝛼!,𝛼!,𝛼! 17 7

3
5−

4
5 𝛼!,𝛼!,𝛼! 

8 
2
3−

2
3 𝛼! 18 4

1
10− 2

8
10 𝛼!,𝛼!,𝛼!,𝛼! 

9 3
7
8− 2 𝛼! 19 4− 1

4
3 𝛼!,𝛼!,𝛼!,𝛼!,𝛼! 

10 4
4
12− 2

7
12 𝛼!,𝛼!,𝛼!,𝛼! 20 4

1
3− 1

5
3 𝛼!,𝛼!,𝛼!,𝛼! 

Note: (1) 𝛼! to 𝛼! stand for eight hypothesized attributes. This table is an alteration of the table 
in DeCarlo, 2011, p. 9. (2) These items originally appeared in Tatsuoka, K. (1984), Analysis of 
Errors in Fraction Addition and Subtraction Problems, Final Report for NIE-G-81-0002, 
University of Illinois, Urbana-Champaign. 
 

The corresponding attributes needed to answer each item correctly are shown in Table 4 and 

the equivalent Q-matrix for this 20-item test is shown in Figure 5: 
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Item 01
Item 02
Item 03
Item 04
Item 05
Item 06
Item 07
Item 08
Item 09
Item 10
Item 11
Item 12
Item 13
Item 14
Item 15
Item 16
Item 17
Item 18
Item 19
Item 20

0 0 0 1 0 1 1 0
0 0 0 1 0 0 1 0
0 0 0 1 0 0 1 0
0 1 1 0 1 0 1 0
0 1 0 1 0 0 1 1
0 0 0 0 0 0 1 0
1 1 0 0 0 0 1 0
0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0
0 1 0 0 1 0 1 1
0 1 0 0 1 0 1 0
0 0 0 0 0 0 1 1
0 1 0 1 1 0 1 0
0 1 0 0 0 0 1 0
1 0 0 0 0 0 1 0
0 1 0 0 0 0 1 0
0 1 0 0 1 0 1 0
0 1 0 0 1 1 1 0
1 1 1 0 1 0 1 0
0 1 1 0 1 0 1 0

 

Figure 5: The Proposed Q-matrix for Tatsuoka (1984) Dataset 

Dataset 2: TIMSS 2007 4th Grade Mathematics Assessment (Olson, Martin, & Mullis, 

2008) 

The Trends in International Mathematics and Science Study (TIMSS) is an international 

comparative study that mainly emphasizes evaluating student achievement and students’ mastery 

of curricular instruction on Mathematics and Science (Lee, Park, & Taylan, 2011). It is 

developed by the International Association for the Evaluation of Educational Achievement (IEA) 

since 1995 and carried out at the fourth and eighth grades.  

The test used in this study is a subset taken from TIMSS 2007 4th grade Mathematics 

assessment booklets 4 and 5, which have 23 items with 15 multiple choice items and 8 

constructed response items. This test was originally selected and tailored by Lee et al. (2011) to 

better match their need to conduct research using the DINA model. 
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According to the authors, booklets 4 and 5 were chosen because they contained a great 

number of dichotomously scored items. Two of the items in Lee et al. (2011) analysis are 

polytomous (Item ID M041275 and M031247) and the remaining items are either multiple 

choice items or constructed response items but they all naturally dichotomized based on the 

official coding book. The two polytomous items are removed for this current analysis, which 

results in a 23-item version test with 1131 student responses from the United States only. It is 

worth noting that although the same form and items are used in the current analysis, the 

examinee sample included in this study is different from the sample chosen in the Lee et al. 

(2011) study. Therefore the parameter estimates between the two studies are not comparable. 

However, this study can still use the Q-matrix provided in Lee et al. (2011) study because we are 

able to identify the same items using their ID number provided. 

A total of 15 attributes are defined in Lee et al. (2011) and they are from three content 

domains: (1) Number, (2) Geometric Shapes and Measurement, and (3) Data and Display. The 

Number domain contains four subdomains: (1) Whole Numbers, (2) Fractions and Decimals, (3) 

Number Sentences with Whole Numbers, and (4) Patterns and Relationships. The Geometric 

Shapes and Measurement domain contains three subdomains: (1) Lines and Angles, (2) Two- and 

Three-dimensional Shapes, and (3) Location and Movement. The Data and Display domain 

contains two subdomains: (1) Reading and Interpreting and (2) Organizing and Representing. 

Details of the attributes are listed in Table 5. 

The corresponding Q-matrix for the current analysis is based on tailoring the original Q-

matrix that was proposed by Lee et al. (2011). It is represented in Table 6. 
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Table 5: Attributes Involved in TIMSS 2007 Framework for 4th Grade Mathematics 
Number Whole Numbers 

1. Representing, comparing, and ordering whole numbers as well as 
demonstrating knowledge of place value. 

2. Recognize multiples, computing with whole numbers using the four 
operations, and estimating computations. 

3. Solve problems, including those set in real life contexts (for example, 
measurement and money problems). 

4. Solve problems involving proportions. 
Fractions and Decimals  
5. Recognize, represent, and understand fractions and decimals as parts of a 

whole and their equivalents. 
6. Solve problems involving simple fractions and decimals including their 

addition and subtraction. 
Number Sentences with Whole Numbers 
7. Find the missing number or operation and model simple situations involving 

unknowns in number sentences or expressions. 
Patterns and Relationships 
8. Describe relationships in patterns and their extensions; generate pairs of 

whole numbers by a given rule and identify a rule for every relationship 
given pairs of whole numbers. 

Geometric  
Shapes 

& Measurement 

Lines and Angles 
9. Measure, estimate, and understand properties of lines and angles and be able 

to draw them. 
Two- and Three-dimensional Shapes 
10. Classify, compare, and recognize geometric figures and shapes and their 

relationships and elementary properties. 
11. Calculate and estimate perimeters, area, and volume. 
Location and Movement 
12. Locate points in an informal coordinate to recognize and draw figures and 

their movement. 
Data &Display Reading and Interpreting 

13. Read data from tables, pictographs, bar graphs, and pie charts. 
14. Comparing and understanding how to use information from data. 
Organizing and Representing 
15. Understanding different representations and organizing data using tables, 

pictographs, and bar graphs. 
Note: This table is altered based on Lee et al., 2011, Table 2, p. 153 

 

 

 



45 
	  

Table 6: TIMSS 2007 4th Grade Mathematics Q-matrix 
 
 Number  

Geometric Shapes 
& Measures  

Data  
& Display 

Item 1 2 3 4 5 6 7 8   9 10 11 12   13 14 15 
1 M041052 1 1 0 0 0 0 0 0  0 0 0 0  0 0 0 
2 M041056 0 0 0 0 1 0 0 0  0 0 0 0  0 0 0 
3 M041069 0 1 0 1 1 0 0 0  0 0 0 0  0 0 0 
4 M041076 0 0 1 0 0 1 0 0  0 0 0 0  0 0 0 
5 M041281 0 1 1 0 0 0 0 1  0 0 0 0  0 0 0 
6 M041164 0 0 0 0 0 0 0 0  0 1 0 1  0 0 0 
7 M041146 0 0 0 0 0 0 0 0  1 1 0 1  0 0 0 
8 M041152 1 1 1 0 0 0 0 0  0 1 1 0  0 0 0 
9 M041258A 0 0 0 0 0 0 0 0  0 1 0 0  0 0 0 
10 M041258B 0 0 0 0 0 0 0 0  1 1 0 0  0 0 0 
11 M041131 0 1 1 1 0 0 0 0  1 0 0 0  0 0 0 
12 M041186 1 1 0 1 0 0 0 0  0 0 0 0  1 0 0 
13 M041336 1 1 0 0 1 1 0 0  0 0 0 0  1 1 0 
14 M031303 0 1 1 0 0 0 0 0  0 0 0 0  0 0 0 
15 M031309 0 1 1 0 0 0 0 0  0 0 0 0  0 0 0 
16 M031245 0 1 0 0 0 0 1 0  0 0 0 0  0 0 0 
17 M031242A 0 1 1 0 0 0 0 1  0 0 0 0  0 0 0 
18 M031242B 0 1 1 0 0 0 0 0  0 0 0 0  0 1 0 
19 M031242C 0 1 1 0 0 0 0 1  0 0 0 0  0 1 0 
20 M031219 0 0 0 0 0 0 0 0  0 1 1 1  0 0 0 
21 M031173 0 1 1 0 0 0 0 0  0 0 0 0  0 0 0 
22 M031085 0 0 0 0 0 0 0 0  0 1 0 0  0 0 0 
23 M031172 1 1 0 0 0 0 0 0  0 0 0 0  1 0 1 

 
Dataset 3: The Foundational Concepts of Slope Assessment (FCSA; Broaddus, 2011) 

According to Broaddus (2011), the FCSA dataset was designed to model theoretical 

description of the attributes that contribute to the understanding of five foundational concepts 

related to slope as well as their hierarchy. Among them, A1 stands for the ability to identify 

covariates from a problem scenario; A2 stands for the ability to identify covariates and the 

direction of their relationship; A3 stands for the ability to interpret a slope whose value equals a 

whole number; A4 stands for the ability to interpret a slope whose value simplifies to a positive 

unit fraction; and A5 stands for the ability to interpret a slope whose value simplifies to a 
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positive rational number that is neither a whole number nor a unit fraction. Each item on the 

FCSA was designed to evaluate a precise set of attributes in the Foundational Concepts of Slope 

Attribute Hierarchy (FCSAH) (Broaddus, 2011). 

This 20-item test was administered to students in middle and high school grades studying 

Pre-algebra, Algebra 1, Geometry, Algebra 2, or courses with similar content taken before Pre-

calculus, and it was delivered through computer to 1629 students in a Midwest state (Broaddus, 

2011). 

The researcher was particularly interested in analyzing the dataset with AHM so these 

attributes were decided by content experts through scrutinizing the literature and previous 

investigations into concepts related to slope, and the items were developed from scratch in order 

to strictly evaluate the attributes. The attribute hierarchy structure is represented below: 

	  

Figure 6: The Proposed Hierarchy Structure in Broaddus (2011), page 84 

The adjacent matrix, reachability matrix, Q-matrix, reduced Q-matrix, and so on are hence 

to be available. For the purpose of the analysis, the Q-matrix that results from the AHM analysis 

is also utilized by other models when fitting to the same data. 
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Software 

BILOG-MG3 (Zimowski, Muraki, Mislevy, & Bock, 2003) is firstly used to conduct 

preliminary skill-based item analysis. These analyses are conducted for each dataset involved in 

the current study. Then, SPSS is used to obtain basic descriptive statistics, inter-skill correlation, 

as well as coefficient alpha on the test level and clustered skill level.  

The item parameter estimation phase of AHM is analyzed by three-parameter IRT model 

through a Bayesian approach using MCMC algorithm implemented in OpenBUGS (Lunn, 

Spiegelhalter, Thomas, & Best, 2009). The classification phase of AHM is done by using 

program written in FORTRAN. Both the DINA and BN model are analyzed through a Bayesian 

approach using MCMC algorithm implemented in OpenBUGS (Lunn et al., 2009). The Fusion 

Model is analyzed using Arpeggio version 3.1 (DiBello & Stout, 2010), which is a standalone 

software designed especially for calibrating the Fusion Model. It also employs the MCMC 

algorithm. 

Research Design 

The overall research design of the study is composed of two phases: (1) conducting data 

analysis on scored item responses from three data sources for four models of interest: AHM, 

DINA, Fusion, and Bayesian Networks; and (2) evaluating the model performance with regard to 

the following aspects: model goodness-of-fit, reliability estimation, and the graphical 

representations of examinee classification. It is expected that through the analysis procedure, the 

research questions proposed in the introduction section can be examined and the hypotheses of 

the research can be tested. Since the four models of interest are each fit to three datasets, the 

overall number of conditions that are analyzed on phase one is twelve. Each of the conditions in 

phase one is evaluated based on the three aspects listed in phase two. 
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Data Analysis 

Phase One analysis 

Some basic statistics, such as mean, standard deviation, inter-skill correlations, and standard 

reliability (coefficient alpha) are obtained to provide a general idea about each of the dataset. 

Skill-based item difficulty parameter (b parameter) estimates based on 2PL IRT model as well as 

their visual representations are also investigated. This provides an overall picture about skill 

homogeneity. 

To conduct further analysis, the four cognitive diagnostic models utilize scored item 

responses from the three datasets, along with the Q-matrices described previously. Because 

Method B in AHM is more conservative than Method A (Leighton, Gierl, & Hunka, 2004), AHM 

Method A is used in the current analysis. Separate analyses are conducted for each test using 

appropriate software/codes as listed in the Software section above.  

Phase Two analysis 

(1) Parameter estimation 

AHM Model 

The AHM model utilizes examinees’ expected response pattern (ERP) as an important 

component to estimate the person’s mastery profile. Ideally, the correspondence between the 

elements in reduced Q-matrix and each item should lead to the finding of the elements in ERP. 

However, due to the fact that this study emphasizes real-data analyses and not every dataset is 

designed for AHM, therefore for the datasets that are not designed for AHM method, their Q-

matrices are treated as if they were reduced Q-matrices and the ERP is calculated using Boolean 

algebra based on this treatment. 

IRT 3PL model which utilizes MCMC algorithm is used to get a, b, and c parameters 
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needed to conduct AHM analysis. The MCMC algorithm is also utilized to estimate the IRT θ 

estimates associated with each of the ERP. This step is accomplished by treating each of the ERP 

as an examinee response vector and then using the IRT 3PL Bayesian estimation approach to 

obtain the posterior estimates. After all the elements needed to conduct AHM are prepared, the 

codes written in FORTRAN are used to set up the AHM model and to analyze and report the 

examinee classification information. 

DINA Model 

In the current analysis, the reparameterized version of DINA model — also known as 

“reparameterized deterministic input noisy and model” DeCarlo (2011) — is utilized to obtain all 

DINA related parameters. As we know, substituting Equation 5 (in page 24) into Equation 8 (in 

page 25) gives the DINA model, 

                                                                                                  𝑃 𝑋!" = 1 𝜶! = 𝑔!(!! !!"
!!"!

!!! )(1− 𝑠!) !!"
!!"!

!!! .                                                        (12) 

According to DeCarlo (2012), a simpler (but equivalent) form of Equation 12 can be 

obtained by reparameterizing it as follows: 

                                                                                                            𝑙𝑜𝑔𝑖𝑡𝑃 𝑋!" = 1 𝜶! = 𝑓! + 𝑑! 𝛼!"
!!"!

!!! ,                                                                              (13) 

and the Bayesian version of Equation 13 is therefore formulated as: 

                                                                                                    𝑃 𝑋!" = 1 𝜶! = 𝑒𝑥𝑝𝑖𝑡 𝑓! + 𝑑! 𝛼!"
!!"

!

!!!

.                                  (14) 

The parameter 𝑓! is the false alarm rate and the parameter 𝑑! is a detection parameter 

indicating how well the item discriminates between the presence versus absence of the required 

skill set (DeCarlo, 2012).  Further, the DINA parameters can be easily recovered from the 

RDINA parameters, 
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                                                                                                                                                      𝑔! =
exp  (𝑓!)

1+ exp  (𝑓!)
,                                                                                                                      (15) 

whereas 

                                                                                                                                        𝑠! = 1−
exp 𝑓! + 𝑑!

1+ exp 𝑓! + 𝑑!
.                                                                                                    (16) 

An attractive feature which leads to the decision of utilizing RDINA model to obtain DINA 

related parameters in this study is that it is a simple logistic regression model with latent 

predictors therefore it can be easily fitted with software for latent class analysis (DeCarlo, 2011, 

2012). When representing Equation 14 in OpenBUGS, less informative normal priors are used 

for 𝑓! and 𝑑!, and the bounds function, I(0,) is used to restrict d to positive values. Using 

Equation 14 also avoids the problem that might rise if using Equation 13, which is that when 

there are extreme probabilities, the logits can go toward both positive and negative infinity. 

Fusion Model 

The Fusion model is fitted with software Arpeggio version 3.1 (DiBello & Stout, 2010). 

Since Arpeggio is a standalone software designed especially for calibrating the Fusion Model, 

fitting the Fusion model to each of the datasets is very straightforward.  

Bayesian Networks Model 

The Bayesian Network model in this study only provides examinee posterior skill mastery 

estimates on the skill level. The scored item responses are used to propagate information onto the 

skill level using a heuristic approach (majority vote). The contingency tables are derived from 

this information propagation process. In order to estimate both the contingency tables and the 

examinee posterior skill mastery estimates, for each dataset, a portion of the examinees’ scored 

responses vectors and all the examinees’ scored response vector on certain skill(s) are used as a 

training set (known values). The rest of the examinees’ posterior skill mastery probabilities are 
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estimated and used for comparison purpose later on based on the research questions. In more 

details, for Fraction dataset, the first 236 examinees’ scored response vectors and the scored 

auxiliary skill (skill named “Whole Number”) response vector for all the examinees are provided 

as known values to obtain the contingency tables. Starting from the 237th examinee to the last 

examinee (536th), their posterior skill mastery probabilities are estimated based on the 

contingency tables. For TIMSS dataset, the training set is the first 131 scored responses and 

Skills 13, 14 and 15, whereas for Slope dataset, the training set is the first 629 scored responses 

and Skill 5.  

The general procedure for running each CDM model in MCMC is to load the data into 

OpenBUGS and evoke the syntax program to run two independent chains with 5000 burn-ins 

followed by 5000 iterations with a thinning value of 10 on each chain to conduct posterior 

sampling. After checking and making sure the convergence has been met and the Monte Caro 

errors (Geyer, 1992) were within the acceptable range, the parameters are reported for each of 

the datasets. The same procedure is used to conduct IRT 3PL Bayesian estimation to get values 

needed to precede AHM analysis however, only one chain is used. Even so, we still make sure 

that the convergence has been met and the Monte Caro errors were within the acceptable range. 

It is also worth noting that the program estimated parameters are verified by comparing the 

results in the current analysis to previous studies, if possible, given the fact that the datasets 

chosen in the current analysis all are publically available as well as their corresponding 

parameter estimates. In this way, the validity of the programming/coding, either from 

OpenBUGS or FOTRAN, is also verified. 

(2) Model goodness-of-fit 

A residual analysis type of PPMC approach is implemented in the current study based on 
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Sinharay and Almond (2007) to investigate the model goodness-of-fit within and across datasets. 

It is believed that this approach can provide insights about the overall fit of the model (Sinharay 

& Almond, 2007). Since all the models are within the MCMC framework when possible, the 

implementation of residual analysis is done relatively easily utilizing residuals based on the raw 

scores (number-correct score) of individuals. According to Sinharay and Almond (2007), the 

number – correct score can produce more meaningful and more stable residuals. Even though 

Fusion Model analyses in this study were done in Arpeggio and therefore the exact residual 

analysis is not available, Fusion Model does provide two scores, the estimated score based on the 

Fusion Model and the observed score from the original dataset. Therefore, the difference 

between the two score is the posterior number correct score residual. The residual charts can 

therefore be interpreted in the same manner as the charts produced in DINA and BN models. The 

AHM, on the other hand, cannot provide sufficient information for this comparison, therefore is 

not included in this comparison. 

The PPMC section is embedded into OpenBUGS codes within each model. The values are 

therefore estimated together with other model parameters for each model. 

(3) Model reliability estimates 

The reliability estimation is based on the procedure suggested by Henson et al. (2004) and 

are elaborated in detail in Roussos et al. (2007) and DiBello and Stout (2010). Basically, the 

following approach is taken (the exact formula used was based on verbal communication with 

Dr. DiBello): 

(a) Two parallel sets of simulated data (sample size is 100,000 for each dataset) are 

generated. The generation of parallel sets of simulated data is done after estimating model 

parameters and examinee probabilities of mastery using the original dataset. The posterior 
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probabilities of mastery for each examinee estimated from this original dataset are called the test 

set results. Since all the estimations for this study are done in MCMC framework, the posterior 

draws derived from the test set results are used as the input for the second set of analysis and the 

posterior probabilities of mastery for each examinee estimated from the second set of analysis 

are called the retest set results. The simlulees are then sampled with replacements from each of 

the calibrated sample and the two sets are considered to be parallel.  

(b) The mastery/nonmastery status on each dataset, the (0, 0), (0, 1), (1, 0) and (1, 1) skill 

mastery status pairs, are counted.  

(c) The proportion of times that each examinee is classified correctly according to the 

treated as true attribute state is calculated, which produces an estimate of correct classification 

rate for the attribute. The proportion of times that each examinee is classified the same for that 

attribute on two parallel tests is also produced as an estimated test-retest consistency rate. It is 

believed that in the end, the two agreement rate calculations based on simulated data will become 

reasonable estimates of actual rates (Roussos et al., 2007).  

 (4) Graphical representation of examinee classification 

For the graphical representations of examinee classification, the overall shapes of the 

univariate distributions of the examinee skill mastery probability estimates obtained from DINA, 

Fusion, and BN model are first examined to investigate the similarities and differences across 

models to the extent that they can distinguish examinees at different mastery levels for each skill 

from each other. The AHM model provides similar information from a different perspective by 

combining all the skills and test each examinee’s probability of being classified into each of the 

ideal profile. 

Then, on individual attribute bases, the similarities and differences of examinee 
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classification results across methods are presented in scatter plots in pairs (e.g., DINA vs. Fusion, 

DINA vs. BN, and Fusion vs. BN).  

Summary 

This study investigates the performance of representative CDMs when applied to 

mathematics datasets. Four models are fitted to each of the three datasets. This study is 

conducted in two phases: (1) conducting data analysis on scored item responses from three data 

sources for four models of interest to determine examinee profiles on the attribute level; and (2) 

evaluating the model performance in the following ways: model goodness-of-fit, reliability 

estimation, and the comparison of examinee posterior skill mastery probability estimates across 

models.  

Overall, the steps needed to accomplish the analyses are outlined in this chapter. The results 

will be presented and synthesized in the following chapters.  
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Chapter 4: Results 
 

As stated earlier, this study consists of two phases of analysis: the descriptive phase, which 

describes the features of the datasets and examinees, and the comparison phase, which presents 

the model comparisons results in detail. Using methodologies and procedures that elaborated in 

the previous chapter, a full picture of the study is shown in detail in this chapter. 

Phase One Analysis 

For each of the datasets, the descriptive statistics about examinee scores, as well as the 

reliability and standard error of estimates are listed in Table 7. The reliabilities of datasets 

selected for inclusion in the current analysis are all very high. 

Table 7: Descriptive Statistics and Reliability Estimates of the Three Datasets 

Dataset Nperson M SD NItem Cronbach's 
α SEM 

1. Fraction subtraction  536 10.68 6.49 20 0.94 1.61 
2. TIMSS 2007 Mathematics  1131 9.17 5.26 23 0.84 2.08 
3. Foundational Concepts of Slope Assessment 1629 15.36 3.51 20 0.78 1.63 

 

Table 8: Skill-Based Item Difficulty (Dataset 1: Fraction 
Subtraction) 

Skill N Minimum Maximum Average Difficulty SD 
1 3 0.19 0.61 0.39 0.21 
2 11 -0.79 0.68 0.02 0.50 
3 3 -0.08 0.61 0.30 0.35 
4 5 -0.35 0.68 0.01 0.39 
5 8 -0.08 0.68 0.31 0.26 
6 2 -0.07 0.14 0.03 0.15 
7 19 -1.10 0.68 -0.10 0.54 
8 3 -0.79 0.40 -0.25 0.60 

 
Each dataset is also examined on their skill-based item difficulty. Tables 8 - 10 summarize 

this information for each dataset based on b parameters estimated by BILOG-MG3. Information 

is aggregated based on the Q-matrix associated with each of the datasets. 
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As shown in Table 8, for dataset “Fraction subtraction” (“Fraction dataset” hereafter), Skills 

1 (Convert a whole number to a fraction), 3 (Simplify before subtracting), and 5 (Borrow from 

whole number part), are relatively harder than other skills. Skill 8 (Reduce answers to simplest 

form), on the other hand, is the easiest among them. 

Table 9 is about the “TIMSS 2007 4th grade math” dataset (“TIMSS dataset” hereafter). 

Skills 6 (Solve problems involving simple fractions and decimals including their addition and 

subtraction.) and 12 (Locate points in an informal coordinate to recognize and draw figures and 

their movement.) are the most difficult skills. Skills 7 (Find the missing number or operation and 

model simple situations involving unknowns in number sentences or expressions.) and 15 

(Understanding different representations and organizing data using tables, pictographs, and bar 

graphs.) are the easiest skills.  

Table 9: Skill-Based Item Difficulty (Dataset 2: TIMSS 2007 4th 
Grade Math) 

Skill N Minimum Maximum Average Difficulty SD 
1 5 0.24 2.87 1.77 1.00 
2 15 0.23 2.87 1.10 1.01 
3 10 0.23 2.83 0.96 0.96 
4 3 1.06 2.45 1.76 0.70 
5 3 1.59 1.78 1.70 0.10 
6 2 1.59 2.22 1.91 0.44 
7 1 0.27 0.27 0.27 - 
8 3 0.23 2.83 1.13 1.47 
9 3 0.94 2.09 1.36 0.63 
10 7 0.14 3.66 1.62 1.28 
11 2 0.14 1.71 0.92 1.12 
12 3 0.14 3.66 1.96 1.77 
13 3 0.24 2.45 1.43 1.11 
14 3 0.23 1.59 0.71 0.76 
15 1 0.24 0.24 0.24 - 

 
The skill-based item difficulty of dataset “Foundational Concepts of Slope Assessment” 

(“Slope dataset” hereafter) is shown in Table 10. The skill-based item difficulties of this dataset 
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are balanced with four skill difficulties between 0.70 and 0.77 (Skill 1 — the ability to identify 

covariates from a problem scenario; Skill 2 — the ability to identify covariates and the direction 

of their relationship; Skill 4 — the ability to interpret a slope whose value simplifies to a positive 

unit fraction; and Skill 5 — the ability to interpret a slope whose value simplifies to a positive 

rational number that is neither a whole number nor a unit fraction.) whereas Skill 3 (the ability to 

interpret a slope whose value equals a whole number) is the most difficult skill of the five. 

Table 10: Skill-Based Item Difficulty (Dataset 3: Foundational Concepts 
of Slope Assessment) 

Skill N Minimum Maximum Average Difficulty SD 
1 20 0.22 1.18 0.72 0.24 
2 17 0.22 1.18 0.75 0.25 
3 6 0.59 1.18 0.93 0.26 
4 4 0.61 0.77 0.77 0.17 
5 4 0.22 1.18 0.72 0.39 

 
Table 11: Inter-Skill Correlations and Coefficient Alpha (Fraction 
Dataset) 

 a1 a2 a3 a4 a5 a6 a7 a8 Alpha 
a1 - 0.84 0.80 0.68 0.79 0.65 0.84 0.65 0.84 
a2  - 0.88 0.80 0.96 0.79 0.97 0.83 0.91 
a3   - 0.62 0.93 0.64 0.85 0.63 0.79 
a4    - 0.72 0.82 0.88 0.78 0.86 
a5     - 0.76 0.92 0.75 0.92 
a6      - 0.85 0.67 0.66 
a7       - 0.84 0.94 
a8        - 0.61 
~. Correlation is NOT significant at the 0.05 level (2-tailed). 

  

The inter-skill correlations are also examined to inspect the association between skill pairs. 

Although these relationships will not provide direct evidence for skill homogeneity, the low 

inter-skill correlations might indicate that the two skills are distinct from each other (Jang, 2005). 

Tables 11 to 13 are showing the Pearson correlation coefficients for each skill pair each dataset. 
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Table 12: Inter-Skill Correlations and Coefficients Alpha (TIMSS Dataset) 

 

Table 13: Inter-Skill Correlations and Coefficient 
Alpha (Slope Dataset) 

 
a1 a2 a3 a4 a5 Alpha 

a1 - 0.90 0.84 0.78 0.72 0.78 
a2 

 
- 0.85 0.80 0.73 0.78 

a3 
  

- 0.56 0.63 0.65 
a4 

   
- 0.47 0.51 

a5         - 0.43 
~. Correlation is NOT significant at the 0.05 level 
(2-tailed). 

 

Overall, all the skill pairs exhibited significant inter-skill correlations for each dataset 

especially for the Fraction dataset and the Slope dataset. This is largely due to the fact that both 

the two datasets are designed to have a Q-matrix in mind, and the TIMSS dataset on the other 

hand does not have this feature built in. However, according to Jang (2005), closely related skills 

might lead to difficulties in distinguishing them separately.  

 

Table 12

a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11 a12 a13 a14 a15 Alpha
a1 - 0.82 0.67 0.80 0.77 0.80 0.13 0.52 0.65 0.80 0.50 0.68 0.92 0.47 0.36 0.73
a2 - 0.95 0.72 0.73 0.67 0.39 0.78 0.60 0.69 0.45 0.57 0.78 0.73 0.40 0.81
a3 - 0.61 0.60 0.60 0.30 0.82 0.55 0.62 0.43 0.49 0.61 0.74 0.31 0.73
a4 - 0.76 0.70 0.08 0.45 0.79 0.74 0.38 0.66 0.72 0.33 0.08 0.67
a5 - 0.80 0.21 0.45 0.60 0.69 0.40 0.61 0.71 0.51 0.12 0.70
a6 - 0.13 0.42 0.63 0.71 0.37 0.64 0.75 0.48 0.08 0.62
a7 - 0.20 0.08 0.12 0.08 0.06 0.16 0.27 0.17 NA
a8 - 0.38 0.47 0.32 0.39 0.48 0.77 0.24 0.42
a9 - 0.74 0.34 0.72 0.54 0.30 0.02~ 0.48
a10 - 0.68 0.89 0.65 0.36 0.10 0.68
a11 - 0.70 0.35 0.24 0.09 0.00
a12 - 0.56 0.28 0.05~ 0.45
a13 - 0.52 0.56 0.47
a14 - 0.25 0.40
a15 - NA

Inter-Skill Correlations and Coefficient Alpha (TIMSS 2007 4th grade Math)

~. Correlation is NOT significant at the 0.05 level (2-tailed).



59 
	  

Phase Two Analysis 

Parameter Estimation and Comparisons 

Fraction Dataset 

(1) AHM Model 

As it is noted earlier, the AHM model utilizes examinees’ expected response pattern (ERP) 

as an important component to estimate the person’s mastery profile. Ideally, the correspondence 

between the elements in reduced Q-matrix and each item should lead to the finding of the 

elements in ERP. However, due to the fact that this study emphasizes real-data analyses and not 

every dataset is designed for AHM, therefore for the datasets that are not designed for AHM 

method, their Q-matrices are treated as if they were reduced Q-matrices and the ERP is 

calculated using Boolean algebra based on this treatment. 

For the Fraction dataset, the ERP matrix is listed in Table 14. The hypothetical examinee 

who answered none of the questions right (a vector of all 0’s) and the hypothetical examinee who 

answered all the questions right (a vector of all 1’s) are also included (this is also applied to the 

Slope and TIMSS datasets). The item parameters and student ability (θ) to be used in AHM are 

estimated using 3PL IRT. 

Table 14 indicates that there are 17 expected examinee response patterns with associated 

examinee attributes (also called knowledge states). The examinee will be classified as having 1 

out of 17 sets of attributes if the corresponding probability is the largest among the 17 

probabilities that correspond to each of the 17 attribute sets.  The distribution of classification for 

each examinee in the Fraction dataset is in graphed in Figure 7. The frequency for each ERP in 

the Fraction dataset is graphed in Figure 8. We can see from Figure 7 that the majority of the 

examinees are classified into corresponding ERP with a probability of less than 0.6. The majority 
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of the high probabilities are observed on two extremes. Since the 17 ERPs are sorted based on 

total scores and the IRT θ estimates largely agree with the total scores, we can tell that examines 

with a relatively high or low ability will be classified more confidently. Figure 8 demonstrate this 

fact from a different perspective by showing that attribute 16 (A1,2,3,5,7) can match most of the 

student-observed responses than other attributes, however, with all the probabilities lower than 

0.4. 

Table 14: Expected Examinee Response Patterns and Associated Statistics (Fraction Dataset) 

Examinee 
Examinee 
Attributes  Expected Response Patterns Total Scores 

IRT θ 
Estimate 

1 A0  0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -1.75 
2 A2  0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 1 -1.60 
3 A7  0 0 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 2 -1.24 
4 A7,8  0 0 0 0 0 1 0 1 0 0 0 1 0 0 0 0 0 0 0 0 3 -0.94 
5 A1,7  0 0 0 0 0 1 0 1 0 0 0 0 0 0 1 0 0 0 0 0 3 -1.11 
6 A4,7  0 1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 4 -0.66 
7 A4,5,7  1 1 1 0 0 1 0 1 0 0 0 0 0 0 0 0 0 0 0 0 5 -0.45 
8 A2,7  0 0 0 0 0 1 0 1 1 0 0 0 0 1 0 1 0 0 0 0 5 -0.60 
9 A1,2,7  0 0 0 0 0 1 1 1 1 0 0 0 0 1 1 1 0 0 0 0 7 -0.28 
10 A2,5,7  0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 1 0 0 0 7 -0.40 
11 A2,5,6,7  0 0 0 0 0 1 0 1 1 0 1 0 0 1 0 1 1 1 0 0 8 -0.17 
12 A2,3,5,7  0 0 0 1 0 1 0 1 1 0 1 0 0 1 0 1 1 0 0 1 9 -0.01 
13 A2,4,7,8  0 1 1 0 1 1 0 1 1 0 0 1 0 1 0 1 0 0 0 0 9 -0.09 
14 A2,5,7,8  0 0 0 0 0 1 0 1 1 1 1 1 0 1 0 1 1 0 0 0 9   0.01 
15 A2,4,5,7  0 1 1 0 0 1 0 1 1 0 1 0 1 1 0 1 1 0 0 0 10   0.16 
16 A1,2,3,5,7  0 0 0 1 0 1 1 1 1 0 1 0 0 1 1 1 1 0 1 1 12   0.41 
17 A1-8  1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 20   1.60 
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Figure 7: Examinee Classification Distribution (AHM, Fraction) 

                                      	  
Figure 8: Expected Response Patterns Frequency Distribution (AHM, Fraction) 

The parameters associated with the DINA model is listed in Table 15. The general procedure 

for running the DINA model in MCMC is to load the data into OpenBUGS and evoke the syntax 

program to run two independent chains with 5000 burn-in followed by 5000 iterations on each 

chain to conduct posterior sampling. After checking and making sure the convergence has been 
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met and the Monte Caro errors (Geyer, 1992) were within the acceptable range, the following 

parameters were reported for each of the datasets. 

(2) DINA Model 

Table 15: Parameter Estimates (SEs in Parenthesis) for the (R)DINA 
model (Fraction Dataset) 

Item Parameters (RDINA) 
 

Corresponding 
Parameters (DINA) 

d f 
 

g s 
1 4.98 (0.38) -2.81 (0.32) 

 
0.06 0.10 

2 6.36 (0.49) -2.94 (0.35) 
 

0.05 0.03 
3 6.70 (0.73) -4.59 (0.71) 

 
0.01 0.11 

4 3.35 (0.26) -1.25 (0.15) 
 

0.22 0.11 
5 2.51 (0.25) -0.79 (0.14) 

 
0.31 0.15 

6 3.65 (0.36) -0.19 (0.17) 
 

0.45 0.03 
7 5.11 (0.57) -3.66 (0.55) 

 
0.03 0.19 

8 2.16 (0.24) -0.09 (0.16) 
 

0.48 0.11 
9 1.66 (0.63) -0.94 (0.60) 

 
0.28 0.33 

10 4.89 (0.40) -3.41 (0.35) 
 

0.03 0.19 
11 5.16 (0.35) -2.63 (0.25) 

 
0.07 0.07 

12 3.42 (0.36) -0.50 (0.17) 
 

0.38 0.05 
13 4.62 (0.48) -3.92 (0.46) 

 
0.02 0.33 

14 3.94 (0.36) -0.73 (0.18) 
 

0.32 0.04 
15 5.22 (0.55) -3.27 (0.51) 

 
0.04 0.12 

16 3.14 (0.28) -0.73 (0.17) 
 

0.33 0.08 
17 4.85 (0.36) -3.02 (0.30) 

 
0.05 0.14 

18 3.71 (0.26) -1.92 (0.18) 
 

0.13 0.14 
19 4.87 (0.42) -3.65 (0.38) 

 
0.03 0.23 

20 5.73 (0.53) -4.07 (0.49) 
 

0.02 0.16 
 
The estimated posterior means and the posterior standard deviations are listed on the first 

two columns in Table 15. Although the parameters of the DINA model were transformed from 

the RDINA model, the parameter estimates, as shown above in columns labeled g and s 

respectively, are almost identical to the guess and slip estimates shown in Table 9 of de la Torre 

and Douglas (2004). In our analysis using the DINA model, guessing parameters ranged from 

0.01 to 0.48 with 13 out of 20 less than 0.20. Slip parameters ranged from 0.03 to 0.33 with 18 
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out of 20 less than 0.20. Similar results have been observed by de la Torre and Douglas (2004) 

and DeCarlo (2012). 

(3) Fusion Model 

The parameters associated with the Fusion model are shown in Table 16. 

Table 16: Parameter Estimates for the Fusion Model (Fraction Dataset) 
Item pi* r* 1 r* 2 r* 3 r* 4 r* 5 r* 6 r* 7 r* 8 c 

1 0.91 0.00 0.00 0.00 0.06 0.00 0.74 0.66 0.00 2.45 
2 0.98 0.00 0.00 0.00 0.03 0.00 0.00 0.67 0.00 2.33 
3 0.92 0.00 0.00 0.00 0.01 0.00 0.00 0.50 0.00 1.91 
4 0.96 0.00 0.95 0.83 0.00 0.36 0.00 0.92 0.00 1.07 
5 0.89 0.00 0.38 0.00 0.68 0.00 0.00 0.92 0.59 2.47 
6 0.98 0.00 0.00 0.00 0.00 0.00 0.00 0.25 0.00 2.36 
7 0.95 0.05 0.61 0.00 0.00 0.00 0.00 0.50 0.00 0.54 
8 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.88 0.00 1.07 
9 0.82 0.00 0.18 0.00 0.00 0.00 0.00 0.00 0.00 2.56 
10 0.88 0.00 0.67 0.00 0.00 0.07 0.00 0.47 0.27 1.91 
11 0.97 0.00 0.86 0.00 0.00 0.10 0.00 0.34 0.00 1.54 
12 0.97 0.00 0.00 0.00 0.00 0.00 0.00 0.13 0.84 2.32 
13 0.72 0.00 0.19 0.00 0.25 0.07 0.00 0.26 0.00 1.65 
14 0.97 0.00 0.75 0.00 0.00 0.00 0.00 0.05 0.00 2.20 
15 0.97 0.08 0.00 0.00 0.00 0.00 0.00 0.26 0.00 0.96 
16 0.96 0.00 0.70 0.00 0.00 0.00 0.00 0.09 0.00 1.91 
17 0.95 0.00 0.71 0.00 0.00 0.10 0.00 0.15 0.00 1.21 
18 0.89 0.00 0.81 0.00 0.00 0.37 0.42 0.05 0.00 2.06 
19 0.92 0.13 0.33 0.27 0.00 0.28 0.00 0.28 0.00 0.69 
20 0.92 0.00 0.76 0.49 0.00 0.02 0.00 0.18 0.00 1.50 

Mean 0.93 0.01 0.40 0.08 0.05 0.07 0.06 0.38 0.09 1.73 
 
According to Roussos et al. (2007), the parameters in the column labeled “pi*” are 

representing the probability that an examinee having mastered all the Q-matrix required skills for 

an item will correctly apply all the skills when solving the item. On the other hand, for an 

examinee who has not mastered a required skill, this examinee’s correct item response 

probability is proportional to the corresponding values in columns labeled “r*1” to “r*8”. 

Therefore, generally speaking, the bigger pi* is, the better. Whereas the closer r* is to zero, the 
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better. The rule of thumb for the magnitude of r*, according to Roussos et al. (2007), is with an 

average value of less than 0.5 for each skill. For this dataset (Fraction dataset), the pi* estimates 

overall are quite high for all the items, which means that the probability that an examinee having 

mastered all the Q-matrix required skill for an item will answer the item correctly is very high 

for this dataset (Fraction dataset).  Since the average r* parameters for each skill is smaller than 

0.5, we can say that the test displayed a high cognitive structure for each of the skill. Further, we 

can state that this test is well designed for diagnosing purpose. The c parameter is a unique 

component in the Fusion model that is not provided in any other CDMs (Roussos et al., 2007). It 

has many good features, such as evaluating the validity of a Q-matrix. Technically, the bigger c 

is, the better. Here with most of the c values bigger than or close to 2, the Q-matrix is considered 

to be good. We can notice that item 7, 15, and 19 have quite a low c value, which means that 

there is a potential need of fixing the correspondence between Q-matrix and the item. 

(4) BN Model 

The graphical representation of the BN for fraction dataset is shown in Figure 9.  

	  
Figure 9: Graphical Representation of Fraction Dataset for BN Model 
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This graph is an update and revision based on the previous study conducted by Yan, 

Almond, and Mislevy (2004). In their study, the data came from the responses of 325 students 

who Tatsuoka identified as using Method B. Yan et al. (2004) simplified the analysis by 

considering 15 out of 20 items based on the criterion that these 15 items did not necessarily 

involve in finding a common denominator. This approach led to the inclusion of the following 5 

skills in the BN model in their study: (1) Basic fraction subtraction; (2) Simplify/reduce fraction 

or mixed number; (3) Separate whole number from fraction; (4) Borrow one from the whole 

number in a given mixed number; and (5) Convert a whole number to a fraction.  

However, for the purpose of comparing the performance of four different models, a different 

approach is taken in this study. It is decided that all 536 students’ responses need to be used and 

therefore all the skills proposed by de la Torre & Douglas (2004) are included in the current 

analysis. Hence, the BN graph utilized in the current analysis is developed as an incorporation 

and extension of the graph provided by Yan et al. (2004). The “Whole Number” node, according 

to Yan et al. (2004), is an auxiliary node that is not in the original Q-matrix but is presented and 

created to make the connections across the panel be logical and cohesive in terms of mathematics 

content.  

It is worth noting that in Yan et al. (2004), the starting values for the parameters were from 

the posterior approximations in Mislevy et al. (1999). The contingency tables used in their study 

came from expert judgment. In this study, the starting values are generated by OpenBUGS, and 

the contingency tables derived from treating part of the dataset as training data. This study also 

had a test run on using the whole dataset as training data to learn the contingency tables. The 

results indicated that when there is a direct correspondence, the elements in the contingency 

tables in the test run matched well to the ones estimated in Yan et al. (2004). 
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For the current analysis, the model converged successfully after running two independent 

chains with 5000 iterations following 5000 burn-in iterations and with a thinning value of 10 for 

each chain. The priors used in the current analysis are following Yan et al. (2004)’s 

recommendation. The contingency tables derived from propagating item-level information to the 

skill level using a heuristic approach (majority vote) is presented in Table 17. 

Table 17: Contingency Tables of the BN model (Fraction Dataset)   
S1 

(7,8) 
[1,1,1] [1,1,2] [1,2,1] [1,2,2] [2,1,1] [2,1,2] [2,2,1] [2,2,2] 
0.788 0.212 0.741 0.259 0.433 0.567 0.388 0.612 

S2 
(WN) 

[1,1] [1,2] [2,1] [2,2] 
    0.961 0.039 0.144 0.856 
    S3 

(WN) 
[1,1] [1,2] [2,1] [2,2] 

    0.961 0.039 0.261 0.739 
    

S4 
[1] [2] 

      0.463 0.537 
      S5 

(WN) 
[1,1] [1,2] [2,1] [2,2] 

    0.969 0.031 0.190 0.810 
    

S6 
[1] [2] 

      0.585 0.415 
      S7 

(4,6) 
[1,1,1] [1,1,2] [1,2,1] [1,2,2] [2,1,1] [2,1,2] [2,2,1] [2,2,2] 
0.768 0.232 0.451 0.550 0.406 0.594 0.261 0.739 

S8 
(7) 

[1,1] [1,2] [2,1] [2,2] 
    0.762 0.238 0.105 0.895         

 
Table 17 lists the parent of a skill node in parentheses under each node name. For example, 

“(7, 8)” in the same cell with “S1” are the parents of Skill 1 in order. The following columns 

labeled with 1 and 2’s inside square bracket are the conditional probabilities. For example, 

[1,1,2] means that the probability of students mastered Skill 1 but none of the parent is 0.212. On 

the other hand, [2,2,2] means that the probability of students mastered Skill 1 when all the parent 

nodes are mastered is 0.612, and a student did not master Skill 1 when all the parent skills are not 

mastered ([1,1,1]) is 0.788. The general trend for every skill with any number of parent nodes is 

that having mastered the parent node(s) will increase the probability of having mastered the 
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children nodes. Overall, by evaluating the contingency tables, we can tell that Skills 1, 4, and 6 

are relatively harder to be mastered as they are compared to the other skills.  

Comparing the Four Models 

(1) The overall estimated g and s parameters for each item in the DINA model are within an 

acceptable range, however, items 6 and 8 observed a very large guessing value (0.45 and 0.48 

respectively). When checking back to the original Q-matrix, it is noticed that these two items are 

the only items that required mastery of Skill 7 alone, which is a skill that is required by 19 out of 

20 items. This indicates that Skill 7 is a very important skill. Similarly, Item 9 has both a large 

guessing and a large slip parameter. The Q-matrix indicates that only Skill 2 is involved in this 

item and this is the only item that requires the mastery of Skill 2 alone. 

(2) The Fusion model is clearly showing that Skill 2 and Skill 7 are the only two skills that 

have a relatively large average r* value (0.40 and 0.38 respectively). According to Roussos et al. 

(2007), r* is behaving like an inverse indicator of the strength of evidence provided by an item 

about mastery of a skill. The closer r* is to zero, the more discriminating that item is for that 

skill. Here, we can tell that items in general are not so much dependent on either Skill 2 or Skill 

7, therefore there is a high probability for a nonmaster to get the answer correct. And this, links 

back to the discussion we just had on DINA parameters. 

(3) The Bayesian Network model in this study looked only at the skill level information. As 

discussed earlier, the BN for Fraction dataset indicates Skills 1, 4, and 6 are relatively harder to 

be mastered compared to the other skills as the probability of mastering the node when all the 

parent nodes are mastered (if applicable) is not as high as the other nodes. Skills 4 and 6 don’t 

have parent nodes, therefore there is not much information we can conclude due to the 

procedures that were taken in this analysis. However, Skill 1 is a node that has both parent and 
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children nodes, therefore, information around Skill 1 should be very rich and reliable. When 

linked back to the original Q-matrix again, we can tell that items 7, 15, and 19 are the ones that 

are associated with this skill. This means that there is potentially an alignment issue between the 

structure of the Q-matrix and the items since this alignment is used as the guideline to aggregate 

information on the skill level. Looking at the parent nodes of Skill 1, we can tell that it might 

also be because Skill 7 is not a well-defined node, therefore Skill 1 turns out to be the way it is.  

(4) Differently from the other models, the AHM indicates that ERP 16 is the response 

pattern that 185 (34.5% of overall) students are matched to, however, with each student having a 

certainty lower than 0.38. This means that for the 185 students who were classified into this 

group, they were likely to have mastered skills 1, 2, 3, 5 and 7 but with a not so high certainty.  It 

is also noticed that 25 (4.7% of overall) students were classified into ERP 1 with the highest 

certainty being 0.6. This indicates that for those students classified into ERP 1, the model 

indicated that they didn’t master any skills. 
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TIMSS Dataset 

(1) AHM Model 

The ERPs in TIMSS again are derived from treating Q-matrix as the reduced Q-matrix. 

   Table 18: Expected Examinee Response Patterns and Associated Statistics (TIMSS Dataset) 

Examinee 
Examinee 
Attributes 

Expected Response 
Patterns Total Scores 

IRT θ 
Estimate 

1 A0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -0.89 
2 A1,2 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 -0.32 

3 A5 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 -0.59 

4 A3,6 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 -0.39 

5 A2,7 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 -0.91 

6 A2,4,5 0 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 -0.22 

7 A10 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 2 -0.33 

8 A1,2,4,13 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 2 0.06 

9 A12,13,15 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 2 -0.31 

10 A10,12 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 1 0 3 0.13 

11 A9,10 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 3 -0.21 

12 A1,2,5,6,13,14 1 1 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 3 0.11 

13 A2,3 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 0 1 0 0 3 -0.88 

14 A2,3,4,9 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 0 0 0 1 0 0 4 -0.59 

15 A2,3,14 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 0 0 1 0 0 4 -0.89 

16 A10,11,12 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0 0 0 0 0 1 0 1 0 4 0.14 

17 A2,3,8 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 0 1 0 0 0 1 0 0 5 -0.49 

18 A9,10,12 0 0 0 0 0 1 1 0 1 1 0 0 0 0 0 0 0 0 0 0 0 1 0 5 0.32 

19 A1,2,3,10,11 1 0 0 0 0 0 0 1 1 0 0 0 0 1 1 0 0 0 0 0 1 1 0 7 0.21 

20 A2,3,8,14 0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 0 1 1 1 0 1 0 0 7 -0.48 

21 A1-15 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 23 2.51 
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            Figure 10: Examinee Classification Distribution (AHM, TIMSS) 

                                	  
        Figure 11: Expected Response Patterns Frequency Distribution (AHM, TIMSS) 

According to the results of the AHM analysis, 288 (25.5% of overall) students are classified 

into ERP 18 with the highest certainty being 0.21. That means the students were considered to 

have mastered attributes 9, 10, and 12. The next two highest ERP that matched to student 
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responses are ERP 19 (13% of overall, mastered attributes 1, 2, 3, 10, and 11) and 20 (19.5% of 

overall, mastered attributes 2, 3, 8 and 14) with the highest probability being 0.31 and 0.98 

respectively. There were 49 (4.3% of overall) students classified in ERP 1 with the highest 

probability being 1.00, which indicates that these students didn’t master any skill on the TIMSS 

dataset. Since ERP 18 accommodates the largest number of students in the TIMSS dataset, but 

with such a low certainty, this ERP might not be the best match. 

(2) DINA Model 

Table 19: Parameter Estimates (SEs in Parenthesis) for the 
(R)DINA Model (TIMSS Dataset) 

Item Parameters (RDINA)   
Corresponding 

Parameters (DINA) 
d f   g s 

1 6.02 (0.65) -4.13 (0.64) 
 

0.02 0.13 
2 3.35 (1.33) -4.36 (1.23) 

 
0.01 0.73 

3 5.72 (0.62) -5.30 (0.62) 
 

0.00 0.40 
4 2.33 (0.73) -2.35 (0.63) 

 
0.09 0.51 

5 6.70 (1.83) -4.21 (0.83) 
 

0.01 0.08 
6 6.88 (0.54) -3.64 (0.46) 

 
0.03 0.04 

7 7.18 (0.95) -6.19 (0.94) 
 

0.00 0.27 
8 5.40 (1.18) -3.75 (0.39) 

 
0.02 0.16 

9 5.69 (0.64) -4.23 (0.63) 
 

0.01 0.19 
10 4.48 (0.99) -6.70 (0.98) 

 
0.00 0.90 

11 3.55 (0.75) -3.79 (0.58) 
 

0.02 0.56 
12 6.36 (0.60) -4.54 (0.60) 

 
0.01 0.14 

13 7.23 (1.33) -4.05 (0.37) 
 

0.02 0.04 
14 0.63 (0.37) 0.78 (0.18) 

 
0.69 0.20 

15 0.87 (0.49) -0.32 (0.29) 
 

0.42 0.37 
16 1.28 (1.50) -1.17 (0.43) 

 
0.24 0.47 

17 1.17 (0.58) 0.07 (0.29) 
 

0.52 0.23 
18 1.39 (0.73) -0.86 (0.49) 

 
0.30 0.37 

19 0.99 (0.34) 0.39 (0.17) 
 

0.60 0.20 
20 0.10 (0.08) -0.13 (0.07) 

 
0.47 0.51 

21 0.47 (0.45) 0.40 (0.22) 
 

0.60 0.30 
22 0.28 (0.12) -0.46 (0.08) 

 
0.39 0.55 

23 2.16 (1.80) 1.17 (0.10)   0.76 0.03 
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Although the same form and items are used in the current analysis and in Lee et al. (2011), 

the examinee sample included in this study is very different from the sample chosen in the Lee et 

al. (2011) study. Therefore the parameter estimates from the two studies are not comparable.  

The estimated posterior means and the posterior standard deviations are listed on the first 

two columns in the table above. Using the RDINA model, the derived guessing parameters 

ranged from 0.00 to 0.76 with 13 out of 23 less than 0.20. Slip parameters ranged from 0.03 to 

0.90 with 9 out of 23 less than 0.20. By evaluating the g and s parameters we can tell that item 14 

to item 23 are exhibiting a very high guessing value in general with a couple of them having a 

very high slip value, such as items 16, 20, and 22. Items 2, 3, and 4, on the other hand were 

exhibiting a very high slip estimate.  

(3) Fusion Model 

The parameter estimates for the Fusion Model (TIMSS data) is shown in Table 20 below.  

The pi* estimates overall are not very high, which means that the probability that an 

examinee having mastered all the Q-matrix required skill for an item will answer the item 

correctly is not very high for this dataset. It is also noticeable that from item 11 and on, majority 

of the items have multiple r* values that are close to 1.  

As stated earlier, the rule of thumb to determine if a test displayed high cognitive structure 

for each of the skills is that the average r* parameters is smaller than 0.5 for each skill. For this 

TIMSS test, all the skills have proved to display a high cognitive structure except Skill 2 and 

Skill 3. We therefore cannot safely state that this test is well designed for diagnosing purposes. 

With most of the c values bigger than or close to 2, the Q-matrix is considered to be reasonable. 

Although, we can notice that items 2, 5, and 9 have quite a low c value, which means that there is 

a potential need for fixing the correspondence between Q-matrix and the item. 
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Table 20: Parameter Estimates for the Fusion Model (TIMSS Dataset) 
Item pi* r* 1 r* 2 r* 3 r* 4 r* 5 r* 6 r* 7 r* 8 r* 9 r*10 r*11 r*12 r*13 r*14 r*15 c 

1 0.98 0.01 0.97 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.38 
2 0.63 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.07 
3 0.85 0.00 0.59 0.00 0.16 0.04 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.75 
4 0.98 0.00 0.00 0.96 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.36 
5 0.99 0.00 0.90 0.89 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.27 
6 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.74 0.00 0.00 0.00 1.46 
7 0.84 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.23 0.05 0.00 0.23 0.00 0.00 0.00 0.84 
8 0.82 0.42 0.73 0.75 0.00 0.00 0.00 0.00 0.00 0.00 0.29 0.09 0.00 0.00 0.00 0.00 0.90 
9 0.97 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.00 0.00 0.00 0.00 0.00 0.21 

10 0.11 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.15 0.18 0.00 0.00 0.00 0.00 0.00 0.88 
11 0.51 0.00 0.94 0.90 0.21 0.00 0.00 0.00 0.00 0.07 0.00 0.00 0.00 0.00 0.00 0.00 1.02 
12 0.94 0.05 0.94 0.00 0.48 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.41 0.00 0.00 1.48 
13 0.78 0.22 0.44 0.00 0.00 0.73 0.70 0.00 0.00 0.00 0.00 0.00 0.00 0.64 0.24 0.00 1.41 
14 0.95 0.00 0.64 0.97 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 2.73 
15 0.92 0.00 0.27 0.90 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 2.09 
16 0.52 0.00 0.22 0.00 0.00 0.00 0.00 0.91 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 2.19 
17 0.99 0.00 0.98 0.11 0.00 0.00 0.00 0.00 0.99 0.00 0.00 0.00 0.00 0.00 0.00 0.00 2.89 
18 0.86 0.00 0.53 0.01 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.95 0.00 2.63 
19 0.88 0.00 0.80 0.63 0.00 0.00 0.00 0.00 0.98 0.00 0.00 0.00 0.00 0.00 0.97 0.00 2.84 
20 0.52 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.98 0.97 0.97 0.00 0.00 0.00 2.72 
21 0.94 0.00 0.46 0.94 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 2.74 
22 0.48 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.97 0.00 0.00 0.00 0.00 0.00 1.82 
23 0.99 0.99 0.65 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.99 0.00 0.98 2.91 

Mean 0.80 0.07 0.44 0.31 0.04 0.03 0.03 0.04 0.09 0.02 0.11 0.05 0.08 0.09 0.09 0.04 1.55 
	  



74	  
	  

(4) BN Model 

The graphical representation of the BN for TIMSS dataset is shown in Figure 12 and the 

contingency tables for the BN model for TIMSS dataset are shown in Table 21. The graphical 

representation is developed with the purpose of connecting all the elements in the Q-matrix 

smoothly and logically but still maintaining the mathematics learning progression. However, it is 

worth noting that this graphical representation is only based on one content expert’s judgment, 

therefore there is no validating information associated with the current analysis. 

	  
Figure 12: Graphical Representation of TIMSS Dataset for Bayesian Networks Model 

Table 21 lists the contingency tables for the BN model, TIMSS dataset. The general trend 

for every skill with any number of parent nodes is that having mastered the parent node(s) will 

increase the probability of having mastered the children node. Overall, by evaluating the 

contingency tables, we can tell that Skill 3, 4, 7, 9, 11, and 13 are relatively harder to be mastered 

compared to the other skills, because the probability of mastering the node when all the parent 
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nodes are mastered (if there are any) doesn’t increase that much when it is compared to the 

probability of mastering the node when fewer parent nodes are mastered.  

Table 21: Contingency Tables of the BN Model (TIMSS Dataset)  

S1 
[1] [2]       
0.583 0.417       

S2 
(1) 

[1,1] [1,2] [2,1] [2,2]     
0.989 0.011 0.023 0.977     

S3 
(1,2) 

[1,1,1] [1,1,2] [1,2,1] [1,2,2] [2,1,1] [2,1,2] [2,2,1] [2,2,2] 
0.476 0.524 0.501 0.499 0.498 0.503 0.460 0.541 

S4 
(1,2,3) 

[1,1,1,1] [1,1,1,2] [1,1,2,1] [1,1,2,2] [1,2,1,1] [1,2,1,2] [1,2,2,1] [1,2,2,2] 
0.877 0.123 0.649 0.351 0.583 0.417 0.550 0.450 
[2,1,1,1] [2,1,1,2] [2,1,2,1] [2,1,2,2] [2,2,1,1] [2,2,1,2] [2,2,2,1] [2,2,2,2] 
0.387 0.613 0.562 0.438 0.458 0.542 0.366 0.634 

S5 
(4) 

[1,1] [1,2] [2,1] [2,2]     
0.937 0.063 0.435 0.565     

S6 
(5) 

[1,1] [1,2] [2,1] [2,2]     
0.698 0.302 0.036 0.964     

S7 
(3) 

[1,1] [1,2] [2,1] [2,2]     
0.836 0.164 0.561 0.439     

S8 
(7) 

[1,1] [1,2] [2,1] [2,2]     
0.533 0.467 0.238 0.762     

S9 
[1] [2]       
0.672 0.328       

S10 
(9) 

[1,1] [1,2] [2,1] [2,2]     
0.837 0.163 0.200 0.800     

S11 
(4,10) 

[1,1,1] [1,1,2] [1,2,1] [1,2,2] [2,1,1] [2,1,2] [2,2,1] [2,2,2] 
0.445 0.555 0.387 0.613 0.539 0.461 0.444 0.556 

S12 
(9) 

[1,1] [1,2] [2,1] [2,2]     
0.788 0.212 0.067 0.933     

S13 
(3) 

[1,1] [1,2] [2,1] [2,2]     
0.798 0.202 0.519 0.481     

S14 
(13) 

[1,1] [1,2] [2,1] [2,2]     
0.714 0.286 0.435 0.565     

S15 
(14) 

[1,1] [1,2] [2,1] [2,2]     
0.292 0.708 0.090 0.910         

 
Further, Skill 3 and Skill 11 are considered as problematic nodes because: for Skill 3, [1,1,2] 

is 0.52 but [1,2,2] and [2,1,2] both are of a value of 0.50, which indicates that mastering either 
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Skill 1 or Skill 2 did not help students mastering Skill 3, and only when both Skill 1 and 2 were 

mastered would the students’ chance of mastering Skill 3 increase to 0.54. For Skill 11, [1,2,2] is 

even bigger than [2,2,2], which indicates that mastering Skill 4 did not help students master Skill 

11. 

Comparing the Four Models 

 (1) The overall estimated g and s parameters for each item in the DINA model are within an 

acceptable range. However, as stated earlier, items 14 to 23 are exhibiting a very high guessing 

value in general with a couple of them being very high on slip value as well, such as items 16, 

20, and 22. Items 2, 3, and 4, on the other hand, were exhibiting a very high slip value. Item 10 is 

very problematic since it has a 0.90 slip rate, which means that 90% of the time a student who 

should answer item 10 correctly did not get it right. Items 20 and 22 are two other very 

problematic items because they have a high value on both guessing and slip. When checking 

back to the original Q-matrix, it is noticed that items 10, 20, and 22 all require the mastery of 

Skill 10. For items that were showing a high guessing value, such as items 14, 15, 17, 19, 21, and 

23, it is noticed that they all require the mastery of Skill 2, and they also required Skill 3, except 

item 23. 

(2) The Fusion model shows that Skill 2 and Skill 3 have a relatively large average r* value 

(0.44 and 0.31 respectively). Skill 10 is the next skill that has a high average r* value (0.11). 

Since r* is an inverse indicator of the strength of evidence provided by an item about mastery of 

a skill (Roussos et al., 2007), we can tell that items requiring Skills 2, 3, and 10 in general are not 

good for discriminating Skills 2, 3, and 10 respectively as they were expected. The information 

reflected by the DINA model is again verified in the Fusion model. 

(3) The Bayesian Network model again only looked at the skill level information. As 



77 
	  

discussed earlier, the BN for TIMSS dataset indicates that Skills 3, 4, 7, 9, 11, and 13 are 

relatively harder to be mastered compared to the other skills, as the probability of mastering the 

node when all the parent nodes are mastered (if applicable) is not as high as the other nodes. 

Skill 9 does not have a parent node, therefore there is not much information we can conclude due 

to the procedures that were taken in this analysis. 

However, Skill 3 is a node that has both parent and children nodes, therefore information 

around Skill 3 should be very rich and reliable. When linking back to the original Q-matrix 

again, we can tell that this skill is required by a lot of items. This means that there is potentially 

an alignment issue between the structure of the Q-matrix and the items since this alignment is 

used as the guideline to aggregate information on the skill level. Looking at the parent nodes of 

Skill 3, we can tell that it might also be because Skill 2 is not a well-defined node therefore Skill 

3 turns out to be the way it is. A majority of the other problematic nodes (e.g., 4, 7, 11, and 13) 

all have one parent in common, Skill 3, which can account for the performance of these nodes. 

(4) The AHM indicates that ERP 18 is the response pattern that 25.5% of the students are 

matched to, with each student having a certainty lower than 0.21. This means that for the 288 

students who were classified into this group, they were likely to have mastered skills 9, 10, and 

12 but with a low certainty. It is worth noting that the total score associated with this ERP is only 

5, which makes sense that this might not be the best match. Clearly, this is the downside of using 

Q-matrix retrofitting to get ERPs.   

Slope Dataset 

(1) AHM Model 

For the Slope dataset, the AHM model indicates that the 312 (19.2% of overall) students 

were classified into ERP 9 and 285 (17.5% of overall) students were classified into ERP 8 with 
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the highest certainty being as 0.83 and 0.89 respectively. The total score associated with ERP 9, 

and also ERP 8, is 16. The results of this analysis are comparable to the results in Broaddus 

(2011) and the discrepancies were due to the fact that the current analysis utilized MCMC 

approach to estimate IRT θ values whereas EM algorithm was used in Broaddus (2011). 

   Table 22: Expected Examinee Response Patterns and Associated Statistics (Slope Dataset) 

Examinee 
Examinee 
Attributes Expected Response Patterns Total Scores IRT θ Estimate 

1 A0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 -2.97 
2 A1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 4 -2.36 
3 A1,2 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0 0 8 -1.77 
4 A1,2,3 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 12 -0.77 
5 A1,2,4 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 0 0 0 0 12 -0.95 
6 A1,2,5 1 1 1 1 1 1 1 1 0 0 0 0 0 0 0 0 1 1 1 1 12 -1.04 
7 A1,2,3,4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 16 0.24 
8 A1,2,3,5 1 1 1 1 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 16 0.13 
9 A1,2,4,5 1 1 1 1 1 1 1 1 0 0 0 0 1 1 1 1 1 1 1 1 16 -0.12 
10 A1-5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 20 1.81 

 
 

                  	  
        Figure 13: Examinee Classification Distribution (AHM, Slope) 
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            Figure 14: Expected Response Patterns Frequency Distribution (AHM, Slope) 

From Figures 13 and 14 we also can notice that matches between different ERPs and 

students’ responses were distributed more evenly in terms of number count of students. This is an 

indication that the test has a well-designed content structure because students with the same or 

similar total scores will be distinguishable in terms of whether they mastered certain skills or not. 

(2) DINA Model 

The estimated posterior means and the posterior standard deviations are listed on the first 

two columns in the table above. In our analysis using the RDINA model, guessing parameters 

ranged from 0.24 to 0.81 with 0 out of 20 less than 0.20. Slip parameters ranged from 0.01 to 

0.63 with 16 out of 20 less than 0.20. The fact that the value of the guessing parameters are all 

above 0.20 indicates that although the test can distinguish students with the same or similar total 

score and can inform the skills that each student very likely have mastered, the test is relatively 

easy because students who are indeed item nonmasters have a high chance of guessing the item 

correctly. 
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Table 23: Parameter Estimates (SEs in Parenthesis) for the (R)DINA 
Model (Slope Dataset) 

Item Parameters (RDINA)   
Corresponding 

Parameters (DINA) 
d f   g s 

1 1.97 (0.26) 0.61 (0.22) 
 

0.65 0.07 
2 2.74 (0.37) 1.45 (0.24) 

 
0.81 0.01 

3 2.19 (0.27) 0.42 (0.23) 
 

0.60 0.07 
4 1.76 (0.16) 0.70 (0.10) 

 
0.67 0.08 

5 2.18 (0.22) 1.32 (0.11) 
 

0.79 0.03 
6 1.78 (0.16) 0.60 (0.10) 

 
0.65 0.09 

7 1.78 (0.13) -0.62 (0.10) 
 

0.35 0.24 
8 1.70 (0.15) 0.48 (0.10) 

 
0.62 0.10 

9 1.86 (0.14) 0.03 (0.10) 
 

0.51 0.13 
10 3.18 (0.21) -0.07 (0.10) 

 
0.48 0.04 

11 2.21 (0.14) -0.54 (0.10) 
 

0.37 0.16 
12 3.07 (0.25) 0.55 (0.10) 

 
0.63 0.03 

13 2.24 (0.14) -1.17 (0.12) 
 

0.24 0.25 
14 2.72 (0.19) 0.00 (0.10) 

 
0.50 0.06 

15 2.03 (0.14) -0.87 (0.11) 
 

0.29 0.24 
16 1.66 (0.17) 0.78 (0.10) 

 
0.69 0.08 

17 2.05 (0.18) 0.43 (0.10) 
 

0.61 0.08 
18 4.07 (0.77) 0.60 (0.10) 

 
0.64 0.01 

19 2.27 (0.15) -0.69 (0.10) 
 

0.33 0.17 
20 0.48 (0.13) -1.01 (0.10)   0.27 0.63 

 
(3) Fusion Model 

The Fusion Model related item parameters are listed in Table 24 below.  

The pi* estimates overall are quite high for all the items, which means that the probability 

that an examinee having mastered all the Q-matrix required skills for an item, will answer the 

item correctly is very high for this dataset (Slope dataset). However, item 20 had a relatively low 

pi* value (0.41), which means that even though an examinee having mastered all the Q-matrix 

required skill for item 20, this examinee will only have a 40% chance to get item 20 correct. 

It is also noticeable that all five skills in this dataset had a relatively high r* value in 

general, especially for Skills 1 and 2. Therefore, Skills 1 and 2 failed to contribute to producing a 
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high cognitive structure as they were expected to. We therefore can tell that Fusion model didn’t 

fit well with the Slope dataset. With most of the c values bigger than or close to 2, the Q-matrix 

is considered to be reasonable and well matched. 

Table 24: Parameter Estimates for the Fusion Model (Slope Dataset) 
Item pi* r* 1 r* 2 r* 3 r* 4 r* 5 c 

1 0.96 0.86 0.00 0.00 0.00 0.00 2.39 
2 0.99 0.92 0.00 0.00 0.00 0.00 2.84 
3 0.97 0.82 0.00 0.00 0.00 0.00 2.29 
4 0.96 0.73 0.91 0.00 0.00 0.00 2.34 
5 0.99 0.89 0.89 0.00 0.00 0.00 2.62 
6 0.98 0.87 0.82 0.00 0.00 0.00 1.86 
7 0.89 0.67 0.68 0.00 0.00 0.00 1.28 
8 0.92 0.74 0.81 0.00 0.00 0.00 2.47 
9 0.92 0.74 0.82 0.76 0.00 0.00 2.16 
10 0.99 0.63 0.70 0.77 0.00 0.00 2.49 
11 0.93 0.64 0.59 0.58 0.00 0.00 2.21 
12 0.99 0.74 0.76 0.93 0.00 0.00 2.72 
13 0.91 0.54 0.53 0.00 0.63 0.00 1.38 
14 0.97 0.64 0.69 0.00 0.91 0.00 2.22 
15 0.87 0.55 0.55 0.00 0.40 0.00 2.59 
16 0.97 0.90 0.84 0.00 0.86 0.00 2.27 
17 0.94 0.73 0.77 0.95 0.00 0.89 2.72 
18 0.99 0.74 0.75 0.95 0.00 0.92 2.83 
19 0.96 0.67 0.59 0.00 0.00 0.23 2.23 
20 0.41 0.87 0.84 0.00 0.00 0.64 2.31 

Mean 0.93 0.75 0.63 0.25 0.14 0.13 2.31 
 
(4) BN Model 

Table 25 lists the contingency tables for the BN model, Slope dataset. The general trend for 

every skill with any number of parent nodes is that having mastered the parent node(s) will 

increase the probability of having mastered the children node. Students who did not master the 

parent node would still be able to get the skill right but with a chance range from 2% to 45%. By 

evaluating the contingency tables in the current structure (Figure 6), we can tell that the structure 

of the current data is well defined to use BN model. 
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Table 25: Contingency Tables of the BN Model (Slope 
Dataset) 

S1 [1] [2]   
0.077 0.923   

S2 
(1) 

[1,1] [1,2] [2,1] [2,2] 
0.980 0.021 0.072 0.928 

S3 
(2) 

[1,1] [1,2] [2,1] [2,2] 
0.544 0.456 0.017 0.983 

S4 
(2) 

[1,1] [1,2] [2,1] [2,2] 
0.630 0.370 0.072 0.928 

S5 
(2) 

[1,1] [1,2] [2,1] [2,2] 
0.617 0.383 0.053 0.947 

 
Comparing the Four Models 

 (1) The overall estimated s parameters for each item in the DINA model are within an 

acceptable range. However, as stated earlier, the items in Slope dataset are exhibiting a very high 

guessing value in general with a couple of them being relatively high on slip value as well, such 

as items 7, 13, 15, and 20. Items 2 and 5 are very problematic since they have a guessing rate of 

0.81 and 0.79 respectively, which means that 81% and 79% of the time a student who was not 

able to answer each item correct can guess correctly. When looking at the Q-matrix below in 

Figure 15, it is noticed that items 7, 13, 15, and 20 all require the mastery of Skills 1 and 2. For 

items that were showing a high guessing value, such as items 2 and 5, it is noticed they all 

require the mastery of Skill 1. 

(2) The Fusion model shows that Skill 1 and Skill 2 have a very large average r* value (0.75 

and 0.63 respectively). Skill 3 is the next skill that has a high average r* value (0.25). Since r* is 

an inverse indicator of the strength of evidence provided by an item about the mastery of a skill 

(Roussos et al., 2007), we can tell that these items in general are not good for discriminating 

Skill 1, 2, and 3 respectively as they were expected. The information reflected by the DINA 

model is again verified in the Fusion model. On the other hand, the Pi* values are very good, 
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which indicate that examinees who have mastered all the Q-matrix required skills for an item 

will correctly apply all the skills when solving the item, and the c values are close to or bigger 

than 2, which indicates that the Q-matrix is defined quite well. 

 
 

Item 01
Item 02
Item 03
Item 04
Item 05
Item 06
Item 07
Item 08
Item 09
Item 10
Item 11
Item 12
Item 13
Item 14
Item 15
Item 16
Item 17
Item 18
Item 19
Item 20

1 0 0 0 0
1 0 0 0 0
1 0 0 0 0
1 1 0 0 0
1 1 0 0 0
1 1 0 0 0
1 1 0 0 0
1 1 0 0 0
1 1 1 0 0
1 1 1 0 0
1 1 1 0 0
1 1 1 0 0
1 1 0 1 0
1 1 0 1 0
1 1 0 1 0
1 1 0 1 0
1 1 1 0 1
1 1 1 0 1
1 1 0 0 1
1 1 0 0 1

 

 

Figure 15: The Q-matrix for Slope dataset (Broaddus, 2011) 

 (3) The BN for Slope dataset indicates that Skill 2 does not discriminate mastery and 

nonmastery well as it is expected because being the only parent node of Skills 3, 4 and 5, not 

mastering Skill 2 will still lead to 45.6% chance of mastering Skill 3, 37% chance of mastering 

Skill 4, and 38.3% chance of mastering Skill 5, respectively. Whereas, when looking at Skill 1, 

the chance of mastering Skill 2 without mastering Skill 1 is only 2.1%. This agrees with the 

findings from the previous models as well. 

(4) As stated earlier, the AHM indicates that ERP 9 is the response pattern that 19.2% of the 

students are matched to with a relative high certainty. This means that for the 321 students who 
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were classified into this group, they were likely to have mastered Skills 1, 2, 4 and 5. It is worth 

noting that more than 1 ERP has a total score of 16, but the fact that AHM is able to distinguish 

examinees with different profiles indicates that the test has a well-designed content structure.  

Model Goodness-of-fit Comparisons 

A residual analysis type of PPMC approach is implemented in the current study based on 

Sinharay and Almond (2007) to investigate the model goodness-of-fit within and across datasets. 

It is believed that this approach can provide insights about the overall fit of the model (Sinharay 

& Almond, 2007). Since all the models are within the MCMC framework when possible, the 

implementation of residual analysis is done relatively easily utilizing residuals based on the raw 

scores (number - correct score) of individuals. According to Sinharay and Almond (2007), the 

number – correct score can produce more meaningful and more stable residuals. However, since 

Fusion Model analyses in this study were done in Arpeggio, the exact residual analysis is not 

available. However, Fusion Model does provide two scores, the estimated score based on the 

Fusion Model and the observed score. Therefore, the difference between the two score is the 

posterior number correct score residual. The residual charts can therefore be interpreted in the 

same manner as the charts produced in DINA and BN models. The AHM, on the other hand, 

cannot provide sufficient information for this comparison, therefore is not included in this 

section. 
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Figure 16: Plots of the Global Model-fit Using PPMC 

*Note: DINA and Fusion Model are on the item level. Bayesian networks Model is on the skill 
level. 
	  

Figure 16 shows, for each examinee, the posterior mean of the sum score residual (blue 

hollow circle) and the corresponding 95% posterior credible interval (using a vertical dashed 

line) versus the predicted mean of the sum score. Taking the same approach but different value 

from Sinharay and Almond (2007), a small random number (uniformly distributed between -0.2 

and 0.2) was added to each of the predicted number-correct scores to avoid having too many 

overlapping points/lines. The 95% posterior credible interval is displayed for DINA and BN 

model but not the Fusion model because the latter model could not provide enough information 

to generate such an interval. It is also worth noting that the DINA and Fusion model charts are 

displayed on the item level but the BN model charts are displayed on the skill level. 

DINA Model Fusion Model BN Model

Fraction Data

  TIMSS Data

Slope Data
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As shown in Figure 16, among the horizontal major grid lines, the line that labeled with 

0.00 is the place where the number-correct score residuals equal zero, which means that the 

predicted and observed sum scores are equivalent. Any value below the line indicates that the 

observed number-correct score is smaller than the posterior mean of expected number-correct 

score.  Accordingly, any value above the line indicates that the observed number- correct score is 

larger than the posterior mean of expected number- correct score.  

Overall, the 95% posterior credible interval lines are much darker on the extremes for every 

model and for each dataset. This indicates that examinees’ predicted mean number-correct scores 

are likely to be distributed on two extremes rather than between extremes.  

When comparing across models within a dataset, we can notice the following: 

Fraction Dataset. (a) For DINA model, the residuals are almost evenly distributed below or 

above the 0-line toward the left of the plot (i.e., for low estimated expected number- correct 

scores) and above the 0-line towards the right (i.e., for high estimated expected number- correct 

score). This indicates that the DINA model generally predicts the scores of the individuals well, 

except for the examinees with a high proficiency in terms of sum scores on the test. For those 

examinees, DINA model under predicted their number- correct scores. There are also a relatively 

large number of examinees’ scores distributed evenly below or above the 0-line between the two 

extremes. (b) For Fusion model, more than half of the examinees were classified below the 0-line 

across the panel, which indicates that Fusion model over predicted more than half of the 

examinees’ scores. (c) For Bayesian Networks model, the residuals are mostly distributed below 

the 0-line towards the left of the plot (i.e., for low estimated expected number-correct scores) and 

above the 0-line towards the right (i.e., for high estimated expected number- correct score), with 

the latter effects being more prominent than the former. This indicates that BN model over 
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predicts the scores of the examinees who have low proficiency and under predicts the scores of 

the examinees who have high proficiency. The under predicting effect is more prominent than the 

over predicting effect. So, BN is a more conservative model, Fusion is a more liberal model, and 

DINA is the model that standing in between. The performance of the DINA and BN are 

comparable. 

TIMSS Dataset. (a) For DINA model, the residuals are almost evenly distributed below or 

above the 0-line towards the left of the plot (i.e., for low estimated expected number- correct 

scores) and above the 0-line towards the right (i.e., for high estimated expected number- correct 

score. There are also a relatively large number of examinees’ scores distributed evenly below or 

above the 0-line between the two extremes. This indicates that the DINA model generally 

predicts the scores of the individuals well, except for the examinees with a high proficiency in 

terms of sum scores on the test. For those examinees, DINA model under predicted their sum 

scores. (b) For Fusion model, about equivalent number of examinees were classified above and 

below the 0-line across the panel. This indicates that Fusion model performed well on the TIMSS 

dataset. (c) For Bayesian Networks model, the residuals are mostly distributed below the 0-line 

towards the left of the plot (i.e., for low estimated expected number-correct scores) and above the 

0-line staring from the midway of the chart and all the way towards the right extreme (i.e., for 

both middle and high estimated expected number-correct score), with the latter effects being 

much more prominent than the former. This indicates that BN model over predicts the scores of 

the examinees who have low proficiency and under predicts the scores of the examinees who 

have high proficiency. The under predicting effect is much more prominent than the over 

predicting effect. So, the performance of the DINA and Fusion model is better than that is of the 

BN model. 
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Slope Dataset. (a) For DINA model, the residuals are mostly distributed below the 0-line 

towards the left of the plot (i.e., for low estimated expected number-correct scores) and almost 

evenly distributed above and below the 0-line towards the right (i.e., for high estimated expected 

number-correct score). There are also a relatively large number of examinees’ scores distributed 

evenly below or above the 0-line between the two extremes. This indicates that the DINA model 

generally predicts the scores of the individuals well, except for the examinees with a low 

proficiency in terms of sum scores on the test. For those examinees, DINA model over predicted 

their sum scores. (b) For Fusion model, the same phenomenon as in the Fraction and was noticed 

here: more than half of the examinees were classified below the 0-line across the panel. This 

again indicates that Fusion model over predicted more than half of the examinees’ scores. (c) For 

Bayesian Networks model, the residuals are evenly distributed below and above the 0-line across 

the board. This indicates that BN model overall performs better than the other two models. 

When comparing across datasets within a model, we can notice the following: 

DINA model. Although the three datasets have similar number of items (20, 23, and 20 for 

Fraction, TIMSS, and Slope dataset respectively), the distribution range of the posterior mean of 

expected number correct score is getting smaller from Fraction dataset, TIMSS dataset, to Slope 

dataset. The DINA model fitted well on the Fraction dataset, similarly well on the TIMSS 

dataset, but worse on the Slope dataset. 

Fusion model. The distribution range of the posterior mean of expected number-correct 

score is getting smaller from Fraction dataset, TIMSS dataset, to Slope dataset. The number 

correct score residuals range is distributed within a similar range for Fraction and TIMSS dataset 

(close to a symmetric range) but it has a quite non-symmetric range for Slope dataset (more 

examines’ number-correct residuals were located below 0-line). 
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BN model. BN model performed well on the Fraction and Slope dataset in terms of the 

proportion of examinees above or below the 0-line. However, BN didn’t fit as well on the TIMSS 

dataset because it under predicted the middle- to high-proficiency level students’ sum score on 

TIMSS dataset. 

When comparing DINA and Fusion on the item level across datasets, it is noticed that DINA 

model generally has a narrower range of posterior mean sum scores than Fusion model does. 

Model Reliability Check  

In order to estimate the correct classification rate and test-retest consistency rate, each 

calibrated model is used to generate parallel sets of simulated datasets and then the mastery vs. 

nonmastery profiles for each simulated examinees on each dataset is obtained. Since all the 

estimations for this study are done in MCMC framework, the posterior draws are used as if they 

are the simulated datasets. Both the Correct Classification Rate and the Test-retest Consistency 

Rate are reported in this section based on examinee estimates using MAP.  

The correct classification rate is estimated by calculating the proportion of times that each 

examinee is classified correctly on the test, whereas the test-retest consistency rate is estimated 

by calculating the proportion of times that each examinee is classified the same on two parallel 

tests. In the following tables, the column labeled (0, 0) indicates the fact that the same examinees 

are classified as skill non-masters on the first test and the same on the parallel test. The column 

labeled (0, 1) indicates the fact that the same examinees are classified as skill non-masters on the 

first test but as skill masters on the parallel test. Accordingly, the column labeled (1, 1) indicates 

students were classified as skill-masters on both of the tests and the column labeled (1, 0) 

indicates students were classified as skill-masters on the first test but were classified as non-

masters on the parallel test. Overall, across models and datasets, the (1, 1) classification category 
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is always the most prominent category of all. Therefore, for the following comparisons, the (0, 

0), (0, 1) and (1, 0) conditions are compared in more detail. It is also worth noting that, the 

following tables for each model within each dataset is not directly comparable in terms of value 

because they each are based on the model estimated probability of proficiency and each model 

estimates this value differently, and also because the true basedline is unknown. We therefore 

only compared values within each table, and for across model comparisons, we used the table-

inferred information. 

Fraction Dataset 

Tables 26-28 show that the correct classification rate (CCR, labeled as “% correct” in the 

tables) for DINA model, Fraction dataset, ranges from 94.07% to 98.45%, with Skill 2 having the 

lowest and Skill 6 having the highest CCR. For Fusion model, Fraction dataset, CCR ranges 

from 79.10% to 98.5%, with Skill 3 having the lowest and Skill 4 having the highest CCR. For 

BN model, Fraction dataset, CCR ranges from 99.26% to 99.84%, with Skill 2 having the lowest 

and Skill 8 having the highest CCR. For the test-retest consistency rate (TCR), DINA model has 

a range from 0.910 to 1.000, Fusion model has a range from 0.673 to 0.97, and BN model has a 

range from 0.985 to 0.997. The orders of the skills based on CCR and TCR are the same for 

Fusion Model and BN model respectively, but the orders of the skills based on CCR and TCR are 

slightly different for the DINA model. 
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Table 26: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (DINA, Fraction)

 

For DINA model (Table 26), ordered skills, based on CCR values from low to high are 

Skills 2, 8, 1,5, 7, 4, 3 and 6, whereas ordered skills, based on TCR values from low to high are 

Skills 1, 5, 7, 4, 2, 8, 3 and 6. Cohen’s Kappa is also included in the analysis and there are four 

skills are low on Cohen’s Kappa: Skill 2, 8, 3 and 6. These four skills are showing a pattern that 

there were more students classified as low-proficiency students (students who did not master the 

skill) on the first test but classified as having mastered the skill on the re-test (a.k.a. (0, 1) 

condition) than in the (0, 0) and (1, 0) conditions. This also means that, low skill masters were 

overpredicted on Skills 2, 8, 3, and 6. This can also be verified by looking at the column labeled 

“NM% correct (correct classification rate for the skill non-masters)” and “NMTCR (test-retest 

rate for the skill non-masters)”, where the above-mentioned fours skills are having relatively low 

values.  

For Fusion model (Table 27), ordered skills, based on CCR values from low to high are 

Skills 3, 6, 8, 2, 1, 5, 7 and 4. The order for TCR is the same. Skill 3, 6, 8 and 2 although are 

good on M% correct (correct classification rate for the skill masters), are very low on rest of the 

indices. These four skills are showing a pattern that there were a comparable number of students 

classified as low-proficiency students (students who did not master the skill) on the first test but 

classified as having mastered the skill on the re-test (the (0, 1) condition) as in the (1, 0) 

Table 26  
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (DINA, Fraction) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 21834 1999 2784 73383 95.22% 96.34% 91.61% 0.870 0.910 0.930 0.846 
Skill 2 1477 4608 1318 92597 94.07% 98.60% 24.27% 0.306 0.952 0.972 0.632 
Skill 3 2203 2302 185 95310 97.51% 99.81% 48.90% 0.628 0.974 0.996 0.500 
Skill 4 12830 790 2070 84310 97.14% 97.60% 94.20% 0.883 0.945 0.953 0.891 
Skill 5 23298 726 2988 72988 96.29% 96.07% 96.98% 0.901 0.929 0.924 0.941 
Skill 6 0 1546 0 98454 98.45% 100.00% 0.00% 0.000 1.000 1.000 1.000 
Skill 7 31855 2476 1134 64535 96.39% 98.27% 92.79% 0.919 0.932 0.966 0.866 
Skill 8 2057 5640 0 92303 94.36% 100.00% 26.72% 0.402 0.970 1.000 0.608 
Overall 95554 20087 10479 673880 96.18% 98.47% 82.63% 0.614 0.951 0.968 0.786 
!



92 
	  

condition. This means that the low-proficiency students were overpredicted and the high-

proficiency students were underpredicted for Skill 3, 6, 8 and 2. However, for the latter effect, 

both of the comparable effects are less prominent than the effect of accurately predicting low-

proficiency students condition. 

Table 27: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (Fusion, Fraction) 

 

Table 28: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) 
(BN, Fraction) 

 

For BN model (Table 28), ordered skills, based on CCR values from low to high are Skills 

2, 6, 4, 1, 5, 7, 3 and 8. The order for TCR is the same. Not like the DINA and Fusion model, the 

skill CCR and TCR for BN model is good overall with no particular skills showing a distinct 

pattern. 

TIMSS Dataset 

Tables 29-31 show that the CCR for DINA model, TIMSS dataset, ranges from 81.56% to 

Table 27  
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (Fusion, Fraction) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 43561 3058 2223 51158 94.70% 95.80% 93.40% 0.894 0.900 0.920 0.877 
Skill 2 16374 5528 2661 75437 91.80% 96.60% 74.80% 0.749 0.866 0.934 0.623 
Skill 3 26986 9854 11036 52124 79.10% 82.50% 73.30% 0.554 0.673 0.712 0.608 
Skill 4 39549 793 713 58945 98.50% 98.80% 98.00% 0.969 0.970 0.976 0.961 
Skill 5 46102 1558 1855 50485 96.60% 96.50% 96.70% 0.932 0.934 0.932 0.937 
Skill 6 20372 8989 10425 60214 80.60% 85.20% 69.40% 0.539 0.698 0.748 0.575 
Skill 7 18301 1425 176 80098 98.40% 99.80% 92.80% 0.948 0.970 0.996 0.866 
Skill 8 28229 9310 9488 52973 81.20% 84.80% 75.20% 0.600 0.699 0.742 0.627 
Overall 239474 40515 38577 481434 90.10% 92.60% 85.50% 0.773 0.839 0.870 0.759 

!

Table 28 
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (BN, Fraction) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 59691 386 195 39728 99.42% 99.51% 99.36% 0.988 0.988 0.990 0.987 
Skill 2 56735 393 349 42523 99.26% 99.19% 99.31% 0.985 0.985 0.984 0.986 
Skill 3 61184 0 174 38642 99.83% 99.55% 100.00% 0.996 0.997 0.991 1.000 
Skill 4 43994 0 622 55384 99.38% 98.89% 100.00% 0.987 0.988 0.978 1.000 
Skill 5 58346 168 184 41302 99.65% 99.56% 99.71% 0.993 0.993 0.991 0.994 
Skill 6 57297 526 162 42015 99.31% 99.62% 99.09% 0.986 0.986 0.992 0.982 
Skill 7 52622 0 340 47038 99.66% 99.28% 100.00% 0.993 0.993 0.986 1.000 
Skill 8 40939 0 161 58900 99.84% 99.73% 100.00% 0.997 0.997 0.995 1.000 
Overall 430808 1473 2187 365532 99.54% 99.41% 99.66% 0.991 0.991 0.988 0.994 
!
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98.81%, with Skill 15 having the lowest and Skill 12 being having the highest CCR. For Fusion 

model, TIMSS dataset, CCR ranges from 78.20% to 98.80%, with Skill 15 having the lowest and 

Skill 10 having the highest CCR. For BN model, TIMSS dataset, CCR ranges from 98.45% to 

99.83%, with Skill 2 having the lowest and Skill 5 having the highest CCR. For the test-retest 

consistency rate (TCR), DINA model has a range from 0.738 to 0.998, Fusion model has a range 

from 0.661 to 0.976, and BN model has a range from 0.967 to 0.996. The orders of the skills 

based on CCR and TCR are the same for Fusion Model and BN model respectively, but the 

orders of the skills based on CCR and TCR are slightly different for the DINA model. 

Table 29: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (DINA, TIMSS) 

  

For DINA model (Table 29), ordered skills, based on CCR values from low to high, are 

Skills 15, 8, 7, 11, 3, 14, 6, 5, 2, 1, 4, 10, 13, 9 and 12, whereas ordered skills, based on TCR 

values from low to high, are Skills 15, 7, 11, 14, 3, 6, 5, 2, 1, 4, 10, 9, 13, 8 and 12. There are six 

skills in the model are low on Cohen’s Kappa, NM% correct and NMTCR: Skills 8, 12, 13, 3, 6 

and 15. Among the six skills, three of them (Skills 8, 12, and 13) are showing a pattern that there 

were more students who were classified as low-proficiency students (students who did not 

master the skill) on the first test but were classified as having mastered the skill on the re-test 

Table 29 
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (DINA, TIMSS) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 3991 76 5821 90112 94.10% 93.93% 98.13% 0.549 0.889 0.886 0.963 
Skill 2 48635 3575 2515 45275 93.91% 94.74% 93.15% 0.878 0.886 0.900 0.872 
Skill 3 16984 6722 3424 72870 89.85% 95.51% 71.64% 0.705 0.838 0.914 0.594 
Skill 4 2293 501 3230 93976 96.27% 96.68% 82.07% 0.534 0.929 0.936 0.706 
Skill 5 21679 3248 4115 70958 92.64% 94.52% 86.97% 0.806 0.866 0.896 0.773 
Skill 6 11870 6257 2759 79114 90.98% 96.63% 65.48% 0.672 0.865 0.935 0.548 
Skill 7 55287 12287 0 32426 87.71% 100.00% 81.82% 0.745 0.799 1.000 0.702 
Skill 8 508 12696 0 86796 87.30% 100.00% 3.85% 0.065 0.990 1.000 0.926 
Skill 9 11222 330 1845 86603 97.83% 97.91% 97.14% 0.899 0.957 0.959 0.944 
Skill 10 53258 716 1768 44258 97.52% 96.16% 98.67% 0.950 0.952 0.926 0.974 
Skill 11 21857 776 10381 66986 88.84% 86.58% 96.57% 0.723 0.805 0.768 0.934 
Skill 12 91 1192 0 98717 98.81% 100.00% 7.09% 0.131 0.998 1.000 0.868 
Skill 13 1143 1911 430 96516 97.66% 99.56% 37.43% 0.483 0.977 0.991 0.532 
Skill 14 32126 6490 3502 57882 90.01% 94.29% 83.19% 0.786 0.826 0.892 0.720 
Skill 15 44954 18444 0 36602 81.56% 100.00% 70.91% 0.641 0.738 1.000 0.587 
Overall 325898 75221 39790 1059091 92.33% 96.38% 81.25% 0.638 0.888 0.934 0.776 
!
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(a.k.a. (0, 1) condition) than in the (0, 0) and (1, 0) conditions. Three other skills (Skills 3, 6, and 

15) are showing a pattern that there were more students classified as low-proficiency students 

(students who did not master the skill) on the first test but classified as having mastered the skill 

on the re-test (the (0, 1) condition) than in the (1, 0) conditions. This means for Skills 8, 12 and 

13, the effect of overpredicting the low-proficiency students is more prominent than the effects in 

condition (0, 0) and (1, 0), whereas for Skill 3, 6 and 15, the effect of overpredicting the low-

proficiency students is more prominent than the effect of underprediciting high-proficiency 

students but less prominent than the effect of accurately predicting low-proficiency students 

condition. 

Table 30: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (Fusion, TIMSS) 

 

For Fusion model (Table 30), ordered skills, based on CCR values from low to high are 

Skills 15, 7, 14, 11, 13, 12, 9, 4, 2, 5, 8, 6, 3, 1, and 10. The order for TCR is the same. Only 

Skill 15 is low on almost every index except NM% correct. Comparing to the other skills, Skill 

15 had a comparable number of students between skill pattern (0, 1) and (1, 0), which means 

there were a comparable number of students classified as low-proficiency students (students who 

did not master the skill) on the first test but classified as having mastered the skill on the re-test 

Table 30 
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR)  (Fusion, TIMSS) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 49052 769 2011 48168 97.20% 96.00% 98.50% 0.944 0.946 0.923 0.970 
Skill 2 44089 7259 2370 46282 90.40% 95.10% 85.90% 0.808 0.830 0.907 0.757 
Skill 3 36560 4347 654 58439 95.00% 98.90% 89.40% 0.895 0.909 0.978 0.810 
Skill 4 47064 3792 7691 41453 88.50% 84.40% 92.50% 0.770 0.800 0.736 0.862 
Skill 5 52999 4387 4684 37930 90.90% 89.00% 92.40% 0.814 0.836 0.804 0.859 
Skill 6 53865 1491 3562 41082 94.90% 92.00% 97.30% 0.897 0.905 0.853 0.948 
Skill 7 45089 7621 7591 39699 84.80% 83.90% 85.50% 0.695 0.742 0.730 0.753 
Skill 8 52325 3743 3606 40326 92.70% 91.80% 93.30% 0.851 0.864 0.849 0.875 
Skill 9 48825 4763 6946 39466 88.30% 85.00% 91.10% 0.764 0.795 0.745 0.838 

Skill 10 49174 610 615 49601 98.80% 98.80% 98.80% 0.975 0.976 0.976 0.976 
Skill 11 46659 6485 7740 39116 85.80% 83.50% 87.80% 0.714 0.757 0.724 0.786 
Skill 12 46849 5207 7511 40433 87.30% 84.30% 90.00% 0.745 0.780 0.736 0.820 
Skill 13 46840 5161 7980 40019 86.90% 83.40% 90.10% 0.736 0.774 0.723 0.821 
Skill 14 45838 7654 7457 39051 84.90% 84.00% 85.70% 0.696 0.744 0.731 0.755 
Skill 15 41640 9405 12388 36567 78.20% 74.70% 81.60% 0.563 0.661 0.622 0.699 
Overall 706868 72694 82806 637632 89.60% 88.50% 90.70% 0.791 0.821 0.803 0.835 

!
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(the (0, 1) condition) as in the (1, 0) condition. Put it another way, the effects of overpredicting 

the low-proficiency students and underpredicting the high-proficiency students were both salient 

for Skill 15 than for any other skills in Fusion model. 

Table 31: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (BN, TIMSS) 

 

For BN model (Table 31), ordered skills, based on CCR values from low to high are Skills 

2, 7, 3, 8, 9, 14, 4, 10, 1, 12, 15, 6, 13, 11, and 5. The order for TCR is the same. Of all the skills 

examined, Skill 2 had the lowest value on % correct, M% correct, Cohen’s Kappa and TCR and a 

relative low value on the rest of the indices, whereas Skill 15 and 8 had the lowest value on 

NM% correct and NMTCR. 

Slope Dataset 

Tables 32-34 show that the CCR for DINA model, Slope dataset, ranges from 90.59% to 

98.03%, with Skill 1 having the lowest and Skill 5 being having the highest CCR. For Fusion 

model, Slope dataset, CCR ranges from 78.80% to 90.10%, with Skill 4 having the lowest and 

Skill 1 having the highest CCR. For BN model, Slope dataset, CCR ranges from 99.62% to 

99.82%, with Skill 5 having the lowest and Skill 4 having the highest CCR. For the test-retest 

consistency rate (TCR), DINA model has a range from 0.837 to 0.996, Fusion model has a range 

Table 31 
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (BN, TIMSS) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 61890 164 365 37581 99.47% 99.04% 99.74% 0.989 0.989 0.981 0.995 
Skill 2 60022 711 842 38425 98.45% 97.86% 98.83% 0.967 0.969 0.958 0.977 
Skill 3 49582 182 534 49702 99.28% 98.94% 99.63% 0.986 0.986 0.979 0.993 
Skill 4 62404 302 271 37023 99.43% 99.27% 99.52% 0.988 0.989 0.986 0.990 
Skill 5 73491 173 0 26336 99.83% 100.00% 99.77% 0.996 0.997 1.000 0.995 
Skill 6 54113 181 275 45431 99.54% 99.40% 99.67% 0.991 0.991 0.988 0.993 
Skill 7 67932 365 521 31182 99.11% 98.36% 99.47% 0.980 0.982 0.968 0.989 
Skill 8 43149 546 164 56141 99.29% 99.71% 98.75% 0.986 0.986 0.994 0.975 
Skill 9 68547 278 363 30812 99.36% 98.84% 99.60% 0.985 0.987 0.977 0.992 

Skill 10 64368 191 358 35083 99.45% 98.99% 99.70% 0.988 0.989 0.980 0.994 
Skill 11 45291 100 177 54432 99.72% 99.68% 99.78% 0.994 0.994 0.994 0.996 
Skill 12 58637 243 282 40838 99.48% 99.31% 99.59% 0.989 0.990 0.986 0.992 
Skill 13 64822 361 76 34741 99.56% 99.78% 99.45% 0.990 0.991 0.996 0.989 
Skill 14 62973 335 266 36426 99.40% 99.28% 99.47% 0.987 0.988 0.986 0.989 
Skill 15 20509 334 158 78999 99.51% 99.80% 98.40% 0.985 0.990 0.996 0.968 
Overall 857730 4466 4652 633152 99.39% 99.27% 99.48% 0.987 0.988 0.985 0.989 

!
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from 0.752 to 0.866, and BN model has a range from 0.993 to 0.996. The orders of the skills 

based on CCR and TCR are the same for BN model, but the orders of the skills based on CCR 

and TCR are slightly different for the DINA and Fusion model. 

Table 32: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (DINA, Slope) 

 

For DINA model (Table 32), ordered skills, based on CCR values from low to high are 

Skills 1, 2, 3, 4, and 5, whereas ordered skills, based on TCR values from low to high are Skills 

2, 1, 4, 3, and 5. Skills 5, 3, 1 and 4 are low on Cohen’s Kappa and NM% correct, whereas Skills 

1, 2, and 4 are low on NMTCR. The pattern among these skills is that there were more or 

comparable number of students who were classified as low-proficiency students (students who 

did not master the skill) on the first test but were classified as having mastered the skill on the re-

test (a.k.a. (0, 1) condition) than in the (0, 0) and (1, 0) conditions. In detail, for Skills 5, 3 and 1, 

the effect of overpredicting the low-proficiency students is more prominent than the effects in 

condition (0, 0) and (1, 0), whereas for Skill 4, the effect of overpredicting the low-proficiency 

students is as prominent as the effect of underprediciting high-proficiency students and as the 

effect of accurately predicting low-proficiency students’ condition.  

For Fusion model (Table 33), ordered skills, based on CCR values from low to high are 

Skills 4, 3, 5, 2 and 1, whereas ordered skills, based on TCR values from low to high are Skills 4, 

5, 2, 3 and 1. All the skills are low on NM% correct, Cohen’s Kappa and NMTCR, whereas 

Skills 4 is low on % correct, TCR and MTCR and Skill 5 is low on TCR and MTCR. The pattern 

Table 32 
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (DINA, Slope) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 7323 9414 0 83263 90.59% 100.00% 43.75% 0.564 0.918 1.000 0.508 
Skill 2 15989 2242 6746 75023 91.01% 91.75% 87.70% 0.725 0.837 0.849 0.784 
Skill 3 136 1908 62 97894 98.03% 99.94% 6.65% 0.118 0.996 0.999 0.876 
Skill 4 2191 1926 2047 93836 96.03% 97.87% 53.22% 0.504 0.939 0.958 0.502 
Skill 5 1400 4728 173 93699 95.10% 99.82% 22.85% 0.347 0.975 0.996 0.647 
Overall 27039 20218 9028 443715 94.15% 98.01% 57.22% 0.452 0.933 0.960 0.663 
!
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among for Skill 4 is that there were more students who were classified as low-proficiency on the 

first test, were classified as having mastered the skill on the re-test than in the (0, 0) and (1, 0) 

conditions. For Skill 5, there were more students who were classified as low-proficiency on the 

first test, were classified as having mastered the skill on the re-test than in the (1, 0) condition, 

but less than in the (0, 0) condition. That means, the effect of overpredicting the low proficiency 

students is more prominent than the effects in the condition (0, 0) and (1, 0) for Skill 4, whereas 

for Skill 5, the effect of overpredicting the low-proficiency students is as prominent as the effect 

of underprediciting high-proficiency students but is less prominent than the effect of accurately 

predicting low-proficiency students condition. 

Table 33: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (Fusion, Slope) 

 

For BN model (Table 34), ordered skills, based on CCR values from low to high are Skills 

5, 2, 1, 3 and 4. The order is the same for TCR. The only skill that is slightly lower on NM% 

correct and NMTCR is Skill 1. Overall, skills all performed well. 

Table 34: Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates 
(TCR) (BN, Slope) 

 

Table 33  
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (Fusion, Slope) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 11350 7729 2178 78743 90.10% 97.30% 59.50% 0.639 0.866 0.948 0.518 
Skill 2 12570 7567 3975 75888 88.50% 95.00% 62.40% 0.616 0.830 0.905 0.531 
Skill 3 6669 13673 3899 75759 82.40% 95.10% 32.80% 0.340 0.836 0.907 0.559 
Skill 4 11657 14747 6471 67125 78.80% 91.20% 44.10% 0.393 0.752 0.840 0.507 
Skill 5 14200 8098 7296 70406 84.60% 90.60% 63.70% 0.550 0.765 0.830 0.537 
Overall 56446 51814 23819 367921 84.90% 93.90% 52.10% 0.507 0.810 0.886 0.530 

!

Table 34 
Skill Based Correct Classification Rates (CCR) & Test-retest Consistency Rates (TCR) (BN, Slope) 

 
(0,0) (0,1) (1,0) (1,1) 

% 
Correct 

M % 
Correct 

NM % 
Correct 

Cohen's 
Kappa TCR MTCR 

NM 
TCR 

Skill 1 9728 253 75 89944 99.67% 99.92% 97.47% 0.982 0.994 0.998 0.951 
Skill 2 14382 243 114 85261 99.64% 99.87% 98.34% 0.986 0.993 0.997 0.967 
Skill 3 9719 186 60 90035 99.75% 99.93% 98.12% 0.986 0.995 0.999 0.963 
Skill 4 14803 51 126 85020 99.82% 99.85% 99.66% 0.993 0.996 0.997 0.993 
Skill 5 12979 196 182 86643 99.62% 99.79% 98.51% 0.983 0.993 0.996 0.971 
Overall 61611 929 557 4E+05 99.70% 99.87% 98.51% 0.986 0.994 0.997 0.969 
!
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When synthesizing all this information, we can notice that (a) for Fraction dataset, DINA 

model and Fusion model both agreed that Skills 2, 8, 3, and 6 are the less reliable skills in the 

test. However, BN model identified none. (b) For TIMSS dataset, DINA and BN model both 

identified Skills 15 and 8 to be less reliable, and Fusion model identified Skill 15 alone to be less 

reliable. (c) For Slope dataset, both DINA and Fusion model identified Skills 4 and 5 to be less 

reliable, whereas both DINA and BN model identified Skill 1 to be less reliable. 

Visual Representation of Model Comparisons 

Since skill and item mastery diagnosis on an individual bases is always one of the end goals 

of conducting CDM analysis, visual representation of examinee classification is therefore 

needed, especially for model comparison purpose. In order to provide a better idea about 

examinee classification, the overall shapes of the univariate distributions of the examinee skill 

mastery probability estimates obtained across datasets and across models are examined. Then, on 

the individual attribute bases, the similarities and differences of examinee classification results 

across methods are presented in bivariate scatter plots, which indicate the skill mastery 

probabilities for three pairs of models (i.e., DINA vs. Fusion, DINA vs. BNs, and Fusion vs. 

BNs). The AHM model is not included in this section because it cannot provide information 

needed for this comparison, however, the distribution of examinee ERP profile has already been 

shown in the Parameter Estimation and Comparisons section. 

As mentioned earlier, the BN model used both certain skills and part of the examinees to 

train the BN model and to learn the parameters, therefore, the skill mastery probability estimates 

for BN on an individual bases is only valid for the examinees’ responses that were not used to 

train the model. That means for the Fraction dataset, 300 out of 536 examinees are included in 

the following comparisons, and the values are 1000 out of 1131 and 1000 out of 1629 for TIMSS 
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and Slope dataset, respectively. 

(1) Separability of Examinees Across Different Mastery Levels on Each Skill 

This separability check is designed to examine the similarities and differences across the 

three models in the extent to which they discriminated among examinees at different mastery 

levels for each skill. The outputs are organized so that the three models can be compared 

pairwisely within each dataset. 

According to Lee and Sawaki (2009), the shapes of the distributions provide an indication 

of the separability (or discriminability) of masters and nonmasters on each skill. Although this 

study didn’t take the approach of using either cut-off score 0.5 or cut-off score 0.4/0.6 with 

indifference region to classify students, it is still expected that each model would be able to show 

the univariate distribution in a U-shaped format in a general term of “master” versus 

“nonmaster”, so that, according to Lee and Sawaki (2009), the majority of the examines are 

associated with skill mastery probabilities close to 1 (master) or 0 (nonmaster), whereas there 

were fewer examinees in between the two extremes.  

However, for the current analysis, since the MCMC approach is taken and the posterior 

mean values are used, therefore even for models that are designed to classify students into two 

categories (skill masters and skill nonmasters) (e.g., DINA model), it is still possible to appear 

probabilistic values that are not exactly 0 or 1. 

Fraction Dataset 

Figures 17 and 18 show univariate distributions of the posterior skill mastery probability 

estimates obtained from DINA, Fusion, and Bayesian Networks model for each skill on the 

Fraction dataset. The rows in these two figures are for Skills 1 through 8, with the eight skills 

being: (1) Convert a whole number to a fraction, (2) Separate a whole number from a fraction, 
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(3) Simplify before subtracting, (4) Find a common denominator, (5) Borrow from whole 

number part, (6) Column borrow to subtract the second numerator from the first, (7) Subtract 

numerators, and (8) Reduce answers to simplest form, respectively.  

The patterns observed for all the skills presented in Figures 17 and 18 indicate that DINA, 

Fusion and Bayesian Network models are sharing some similarities in estimating students’ 

probability of mastery. Among them, Fusion model and BN model are showing relatively clear 

U-shaped patterns, whereas DINA model is not showing as a clear U-shaped pattern as the other 

two models. However, as can be seen in the figures, the three models agree the best on Skill 7, 

followed by Skill 1 and Skill 5. These results correspond very well with the previously 

mentioned item descriptive statistics in Table 8: (a) Fraction dataset has a low average item 

difficulty overall; (b) Skill 1 and Skill 5 are the most difficult skills on average in the test; (c) 

Skill 7 is the skill that can discriminate the examinees the best because it is the skill that is 

required by 19 out of 20 items in the Faction dataset. 
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Figure 17: Model Estimated Examinees’ Mastery on Each Skill (Fraction Dataset, Skills 1 - 4) 

 

            DINA Model                            Fusion Model                    Bayesian Networks Model 



102 
	  

 

	  
Figure 18: Model Estimated Examinees’ Mastery on Each Skill (Fraction Dataset, Skills 5 - 8) 

TIMSS Dataset 

Figures 19 to 21 show univariate distributions of the skill mastery probability estimates 

obtained from DINA, Fusion, and Bayesian Networks model for each skill on the TIMSS 

dataset. The rows in these three figures are for Skills 1 through 15. Skills 13, 14, and 15 only 

         DINA Model                  Fusion Model             Bayesian Networks Model 



103 
	  

have two charts each on Figure 21 because Skills 13, 14, and 15 are the skills that were used to 

train the Bayesian Networks model and learn the parameters.  

 

	  
Figure 19: Model Estimated Examinees’ Mastery on Each Skill (TIMSS Dataset, Skills 1 - 5) 

                 DINA Model                                 Fusion Model                              Bayesian Networks Model 
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Figure 20: Model Estimated Examinees’ Mastery on Each Skill (TIMSS Dataset, Skills 6 - 10) 

            DINA Model                            Fusion Model                         Bayesian Networks Model 
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Figure 21: Model Estimated Examinees’ Mastery on Each Skill (TIMSS Dataset, Skills 11 - 15) 

            DINA Model                             Fusion Model                      Bayesian Networks Model 
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The patterns observed for all the skills presented from Figures 19 to 21 indicate that DINA, 

Fusion and Bayesian Network models are sharing some similarities in estimating students’ 

probability of mastery. Among them, the DINA model and Fusion model are showing relatively 

clear U-shaped patterns, whereas the BN model is not showing as a clear U-shaped pattern as the 

other two models. However, as shown in the figures, the DINA and Fusion model agree the best 

on Skill 2, followed by Skill 10 and Skill 15. These results again correspond very well with the 

previously mentioned item descriptive statistics in Table 9: (a) Skill 2 is the skill that can 

discriminate the examinees the best because it is the skill that is required by 15 out of 23 items in 

the TIMSS dataset; (b) Skill 10 is also required by multiple items in the TIMSS dataset; (c) Skill 

15 identified in this analysis is the skill that was identified as having a low reliability in the 

previous section. 

It is worth noting that the BN model in this section is clearly not performing as well as the 

other two models because it failed to distinguish skill masters and skill nonmasters. By 

evaluating the BN columns from Figures 19 to 21 we can notice that the examinee’s probability 

of proficiency predicted by the BN model is centered between 0.20 and 0.60 for most of the 

times. 

Slope Dataset 

Figure 22 shows univariate distributions of the skill mastery probability estimates obtained 

from DINA, Fusion, and Bayesian Networks model for each skill on the Slope dataset. The rows 

in these two figures are for Skills 1 through 5. There were only two charts about Skill 5 on 

Figure 22 because Skill 5 is the skill that is used to train the Bayesian Networks model and learn 

the parameters.  
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Figure 22: Model Estimated Examinees’ Mastery on Each Skill (Slope Dataset, Skills 1 - 5) 

            DINA Model                               Fusion Model                       Bayesian Networks Model 
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The patterns observed for all the skills presented from Figure 22 indicate that DINA, Fusion 

and Bayesian Network models are sharing some similarities in estimating students’ probability of 

mastery. Among them, the BN model is showing a relatively clear U-shaped pattern, followed by 

the DINA model. The Fusion model is not showing as a clear U-shaped pattern as the BN model 

but is quite close to the DINA model. As can be seen in the figures, the three models agree the 

best on Skill 2, followed by Skill 1. These results again correspond very well with the previously 

mentioned item descriptive statistics in Table 10: (a) Skill 2 is the skill that can discriminate the 

examinees well because it is the skill that is required by 17 out of 20 items in the Slope dataset; 

(b) Skill 1 is required by all the items in the Slope dataset. 

By evaluating the columns from Figure 22 we can notice that the examinee’s probability of 

proficiency predicted by the BN model is very clear cut, as is for the DINA model. However, the 

Fusion model tends to spread the distribution over the panel. 

(2) Similarities and Differences of Examinee Classification Results Across Models 

The following figures are showing the bivariate scatter plots for skill mastery probability 

estimates for each dataset and for different pairs of the models (DINA vs. Fusion, DINA vs. BN, 

and Fusion vs. BN). An open blue dot in each plot represents the coordinate of the skill mastery 

probability estimates obtained from the two models being compared for a given examinee. As 

previously mentioned, the BN model used both certain skill and part of the examinees to train the 

BN model and to learn the parameters, therefore, the skill mastery probability estimates for BN 

on the individual bases is only valid for the examinees’ responses that were not used to train the 

model. That means, for the Fraction dataset, 300 out of 536 examinees are included in the 

following comparisons, and the values are 1000 out of 1131 and 1000 out of 1629 for TIMSS 

and Slope dataset, respectively. 
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Since this is a pairwise model estimated probability comparison, if the posterior skill 

mastery probability estimates obtained from the two models in each of the plot agree, the dots 

will spread along the diagonal line. If it is ideal, the majority of the dots should also be clustered 

around the coordinates (0, 0) and (1, 1), because the ideal univariate distribution of the frequency 

in Figures 20 - 25 is U-shaped. However, since this ideal condition is not met by all the models, 

clusters deviated from the coordinate (0, 0) and (1, 1) are observed in the following charts. 

In general, when dots deviated from the diagonal of the chart, it means the two models are 

showing some disagreement. When the dots distributed above the diagonal, it means that the 

posterior skill mastery probability estimates obtained from the model represented by the y-axis is 

higher than the estimates obtained from the model represented by the x-axis. If the dots 

distributed below the diagonal, it means the values estimated by the model represented by the x-

axis is higher than estimated by the y-axis.  

Fraction Dataset (Figures 23 - 24) 

Evaluating the DINA vs. FS column we can notice that for majority of the skills, the dots 

are clustered above the unit diagonal, which indicates that examinees were assigned higher skill 

mastery probabilities in DINA model than in the Fusion model. 

However, the opposite pattern is observed for Skill 7, where the Fusion model estimates 

tended to be higher than those for DINA model. For Skills 1, 2, 4, 5, and 8, although there are a 

large portion of dots deviated from the unit diagonal, there still are a considerable amount of dots 

spread along the diagonal line which means that the two models agreed for a certain degree. 
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Figure 23: Pairwise Comparisons of Examinee Skill Mastery (Fraction Dataset, Skills 1 - 4).    

(“~” means the correlation is not significant at 0.05) 

                 DINA vs. FS                                  DINA vs. BN                                     FS vs. BN 
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Figure 24: Pairwise Comparisons of Examinee Skill Mastery (Fraction Dataset, Skills 5 - 8)  

(“~” means the correlation is not significant at 0.05) 

                 DINA vs. FS                                  DINA vs. BN                                     FS vs. BN 
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Evaluating DINA vs. BN column we can notice that for the majority of the skills, the dots 

are also clustered above the unit diagonal, which indicates that examinees were assigned higher 

skill mastery probabilities in DINA model than in the BN model. It is also noticeable that BN 

model tended to dichotomize the posterior skill mastery probability estimates. There still are a 

considerable amount of dots spread along the diagonal line which means that the two models 

agreed for a certain degree. 

Evaluating Fusion vs. BN column we can notice that for the majority of the skills, 

examinees were assigned higher skill mastery probabilities in Fusion model than in the BN 

model. The dots on the panel, although deviated from the diagonal a lot, are spread more along 

the diagonal than in the previous DINA vs. BN comparison. This means that Fusion model and 

BN model agree more than DINA model and BN model. By examining the correlation values 

associated with each chart we can notice that for majority of the skills, the correlations between 

Fusion and BN model is higher than that is between Fusion and DINA model, whereas the 

correlation between DINA and BN model is the lowest. 

TIMSS Dataset (Figures 25 - 27) 

Evaluating the DINA vs. FS column we can notice that for seven out of 15 skills (Skills 1,3, 

4, 6, 9, 12, and 13), the dots are clustered more above the unit diagonal, which indicates that 

examinees were assigned higher skill mastery probabilities in DINA model than in the Fusion 

model. However, the opposite pattern is observed for the other eight skills, where the Fusion 

model estimates tended to be higher than those for DINA model. For these skills, although there 

are a large portion of dots deviated from the unit diagonal, there still are a considerable amount 

of dots spread along the diagonal line which means that the two models agreed for a certain 

degree. 
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Figure 25: Pairwise Comparisons of Examinee Skill Mastery (TIMSS Dataset, Skills 1 - 5)  

(“~” means the correlation is not significant at 0.05) 

                 DINA vs. FS                                   DINA vs. BN                                      FS vs. BN 
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Figure 26: Pairwise Comparisons of Examinee Skill Mastery (TIMSS Dataset, Skills 6 - 10)  

(“~” means the correlation is not significant at 0.05) 

             DINA vs. FS                         DINA vs. BN                             FS vs. BN 



115 
	  

 

        

       

      

             DINA vs. FS                          DINA vs. BN                                FS vs. BN 

Figure 27: Pairwise Comparisons of Examinee 
Skill Mastery (TIMSS Dataset, Skills 11 - 15) 
(“~” means the correlation is not significant at 
0.05) 
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Evaluating the DINA vs. BN column we can notice that for the majority of the skills, the 

dots are also clustered above the unit diagonal, which indicates that examinees were assigned 

higher skill mastery probabilities in DINA model than in the BN model. There still are a 

considerable amount of dots spread along the diagonal line which means that the two models 

agreed for a certain degree. It is also noticeable that the DINA model tended to dichotomize the 

posterior skill mastery probability estimates for most of the skills whereas the BN model tended 

to dichotomize the posterior skill mastery probability estimates for Skill 3 and 7. 

Evaluating the Fusion vs. BN column we can notice that for the majority of the skills, the 

dots are clustered parallel above and below the unit diagonal. It is also noticeable that the Fusion 

model tended to dichotomize the posterior skill mastery probability estimates for most of the 

skills whereas the BN model tended to dichotomize the posterior skill mastery probability 

estimates for Skills 3, 4 and 7. By examining the correlation values associated with each chart we 

can notice that the correlations between DINA and Fusion model is higher than that is between 

Fusion and BN model for majority of the skills, whereas the correlation between DINA and BN 

model is the lowest. 

Slope Dataset (Figure 28) 

For the DINA vs. FS column, dots are clustered more above the unit diagonal. Examinees 

were assigned higher skill mastery probabilities in DINA model than in the Fusion model. The 

two models agreed for a certain degree. It is worth noting that there are a lot of dots distributed 

near the upper bound line of each chart. This indicates that a lot of examinees who were 

considered as having mastered the skill in DINA model were having very different posterior skill 

mastery probabilities when analyzed using Fusion model. 



117 
	  

For the DINA vs. BN column, for Skills 3 and 4, the dots are mostly clustered above the 

unit diagonal, which indicates that examinees were assigned higher skill mastery probabilities in 

DINA model than in the BN model. The two models agreed for a certain degree. It is also 

noticeable that the BN model tended to dichotomize the posterior skill mastery probability 

estimates for most of the skills. For Skills 1 and 2, there are noticeable vertical parallel lines of 

dots across the unit diagonal. This means that there were a lot of examinees who were considered 

as having comparable value of probability of skill mastery in BN model, were estimated as 

having very different posterior skill mastery probabilities in the DINA model. 

Evaluating the Fusion vs. BN column we can notice that the BN model tended to 

dichotomize the posterior skill mastery probability estimates for all the skills. For all four skills 

included in the comparison, there are noticeable vertical parallel lines of dots across the unit 

diagonal. This means that there were a lot of examinees, who were considered as having 

comparable value of probability of skill mastery in BN model, were estimated as having very 

different posterior skill mastery probabilities in the Fusion model. Examining the correlation 

values associated we can notice that the correlations between DINA and BN model for Skills 1 

and 2 are higher than other pairs. Overall, correlations among paired models are not high across 

the board. 



118 
	  

	  
Figure 28: Pairwise Comparisons of Examinee Skill Mastery (Slope Dataset, Skills 1 - 5)  

 (“~” means the correlation is not significant at 0.05) 

        DINA vs. FS           DINA vs. BN                       FS vs. BN 
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Summary 

This study investigates the performance of representative CDMs when applied to 

mathematics datasets. Four models are fitted to each of the three datasets. Two analysis phases 

are conducted: (1) the descriptive statistics about examinee scores as well as the reliability and 

standard error of estimates are obtained for each dataset. Each dataset is also examined on their 

skill-based item difficulty and inter-skill correlations; (2) the model performance is evaluated 

through: model goodness-of-fit (PPMC technique), reliability estimation (correct classification 

rate and classification consistency rate), and the comparison of examinee posterior skill mastery 

probability estimates across models on both skill and examinee bases.  

Overall, the steps outlined in Chapter 3 are followed and the results based on these designed 

steps are presented in this chapter.  

  



120 
	  

Chapter 5: Discussion 

The present study investigated the performance of four noncompensatory cognitive 

diagnostic models — AHM, DINA, Fusion, and Bayesian Networks — when applied to both 

formative and large-scale mathematics assessments that were either specifically or not 

specifically designed for diagnostic purposes. The four models were firstly described in terms of 

their parameter estimation results and secondly in terms of their global model-fit conditions 

using posterior predictive model checking technique with number – correct score being the 

discrepancy measure. The two aspects were then followed by the investigation of model 

reliability in CDM framework (the correct classification rate and test-retest consistency rate). 

Then, the DINA, Fusion, and Bayesian Networks model were compared in terms of the 

discriminability of examinees at different mastery levels on each of the skills indicated by the Q-

matrix. Lastly, the results of examinee classification on individual bases for each of the model 

pair were presented. 

Altogether, this study is interested in the following research problems: (1) Strengths and 

weaknesses of each approach based on comparative analyses and indication of the model 

evaluation results; (2) The extent to which the four models separate examinees across different 

mastery levels on each skill for each dataset; and (3) Similarities and differences among CDMs 

that are of interest to this study, particularly their functioning when applied to mathematics 

datasets.  

All these research problems have been addressed in detail in the previous section and a 

synthetic representation of the information is addressed in this section. 

Recap of Model Comparative Analyses and Model Evaluation Results 

There are four different models utilized in this study, among them, AHM is very different 
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from the rest in terms of the parameter estimation, model goodness-of-fit, and model reliability. 

When synthesizing all the information from Fraction, TIMSS, and Slope dataset, the following 

facts are noticed: 

Parameter Estimation Information 

DINA and Fusion model both identified Skills 2 and 7, Skills 2, 3 and 10, and Skills 1 and 2 

as the key skills that need further evaluation when analyzing Fraction dataset, TIMSS dataset, 

and Slope dataset respectively. On the other hand, Bayesian Networks model identified Skill 1, 

Skills 2 and 3, and Skill 2 as the key skills that need further evaluation when analyzing Fraction 

dataset, TIMSS dataset, and Slope dataset respectively.  

The AHM method, although took a different approach in diagnosing student performance, 

indicated that (a) when analyzing Fraction dataset, a large portion of the students are matched to 

ERP 16 with all the probabilities lower than 0.40, which means that those students were likely to 

have mastered Skills 1, 2, 3, 5, and 7 but with a not so high certainty; (b) when analyzing TIMSS 

dataset, a large portion of the students are matched to ERP 18 with all the probabilities lower 

than or equal to 0.21, which means that those students were likely to have mastered Skills 9, 10, 

and 12, but with a relatively low certainty; and (c)  when analyzing Slope dataset, a large portion 

of the students are matched to ERP 9 with all the probabilities lower than or equal to 0.83, which 

means that those students were likely to have mastered Skills 1, 2, 4 and 5 with a relatively high 

certainty. Therefore, when comparing the performance of AHM across datasets, we can tell that 

AHM performed very well on Slope dataset, which is followed by Fraction dataset, but not so 

good on TIMSS dataset. 

As it was discussed by Jang (2005), if two skills have a low inter-skill correlation, which 

means they are distinct from each other, they can be easier distinguished separately, and therefore 
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it would make it easier for diagnostic purpose to tell if an examinee had mastered a certain skill 

or not. This also means that, when two skills have a very high inter-skill correlation, it will be 

more difficult to distinguish them separately, and therefore not so ideal for diagnostic purpose. 

When referring back to the information provided at the beginning of the result section (Tables 8 

to 13), we can notice that all the skills within each dataset that are identified in parameter 

estimation section tend to have a very high inter-skill correlation with the majority of them 

having the highest correlation among each other in the test. And this is largely caused by the fact 

that a considerable number of items in each dataset are loaded to these skills. In other words, the 

skills are sharing some common items. In this case, on one hand, it is indicating that the skills are 

important; on the other hand, it inevitably leads to the difficulty to determine students’ skill 

mastery level. And this tends to be worse when a test is not designed for diagnosing from the 

first place, like it is the case in TIMSS dataset in this study. 

Model Goodness-of-fit Information 

When comparing across models within a dataset, we noticed that: (a) when analyzing 

Fraction Dataset, BN is a more conservative model, Fusion is a more liberal model, and DINA is 

the model that stands in between. The performance of the DINA and BN are comparable; (b) 

when analyzing TIMSS Dataset, the performance of the DINA and Fusion model is better than 

that of the BN model; and (c) when analyzing Slope dataset, BN model overall performs better 

than DINA and Fusion models. 

When comparing across datasets within a model, we noticed that: (a) DINA model fitted 

well on Fraction dataset, similarly well on TIMSS dataset, but was worse on Slope dataset; (b) 

Fusion model fitted well on Fraction and TIMSS dataset but was worse on Slope dataset; and (c) 

BN model performed well on the Fraction and Slope dataset. However, it didn’t fit as well on the 
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TIMSS dataset.  

Model Reliability Check Information 

DINA model and Fusion model both agreed that Skills 2, 8, 3, and 6 are the less reliable 

skills in the Fraction test, whereas BN model identified none. DINA and BN model both 

identified Skills 15 and 8 to be less reliable in TIMSS test, and Fusion model identified Skill 15 

alone to be less reliable. Both DINA and Fusion model identified Skill 4 and 5 to be less reliable 

in Slope test, whereas both DINA and BN models identified Skill 1 to be less reliable. 

Going back to the previous chapter, we can notice that these identified skills are sharing one 

feature in common. That is, most of the less reliable skills are the ones associated with a medium 

to low skill difficulty estimate that aggregated from the item difficulty estimates using 2PL IRT 

model. This connection makes sense because the model reliability indices included in this study 

is a function that involves the proportion of times that each examinee both mastering and not 

mastering an attribute. 

Graphical Representation of Model Comparison Information 

(1) Comparing Models on Skill Level 

Both of the Fusion and BN model for Fraction dataset are showing relatively clear U-shaped 

patterns, whereas DINA model is not showing an as clear U-shaped. The three models agree the 

best on Skill 7, followed by Skill 1 and Skill 5. Both of the DINA and Fusion models for TIMSS 

dataset are showing relatively clear U-shaped patterns, whereas the BN model is not showing an 

as clear U-shaped pattern. The three models agree the best on Skill 2, followed by Skill 10 and 

Skill 15, where Skill 15 is only compared between DINA and Fusion. Overall, BN model didn’t 

perform well on the TIMSS dataset. For Slope dataset, the examinee’s probability of proficiency 

predicted by the BN model is very clear-cut, as is for the DINA model. However, that is not the 
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case for the Fusion model. 

(2) Comparing Models on Individual Level 

For Fraction dataset, examinees were assigned highest skill mastery probabilities in DINA 

model and the lowest in BN. For majority of the skills, the correlations between Fusion and BN 

model is higher than other pairwise comparisons. Overall, three models performed comparably 

well. 

For TIMSS dataset, examinees were assigned highest skill mastery probabilities in DINA 

model among all the models. The correlations between DINA and Fusion model is higher than 

that is between Fusion and BN model for majority of the skills, whereas the correlation between 

DINA and BN model is the lowest. Overall, DINA and Fusion model performed better than BN 

model. 

For Slope dataset, examinees were assigned highest skill mastery probabilities in DINA 

model among all the models. The correlations between DINA and BN model for Skill 1 and 2 are 

higher than other pairs. Overall, correlations among paired models are not high across the board. 

BN model performed better than the other two models. 

Indication of Model Comparative Analyses and Model Evaluation Results 

In earlier chapters we have hypothesized: (1) The Attribute Hierarchy Model is better at 

classifying students when theoretical predictions about attribute dependencies can be specified; 

(2) The DINA Model is the simplest model, but will not provide as much information about 

student classification as it is compared to the other models in this study; (3) The Fusion Model 

can better fit most datasets with the highest computation cost among the four models included; 

and (4) The Bayesian Networks Modeling approach can flexibly fit to all the datasets with a 

relative accurate result.  
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Through the process of fitting each of the models of interests to different datasets, we 

noticed that: 

(1) It is true that the Attribute Hierarchy Model is better at classifying students when 

theoretical predictions about attribute dependencies can be specified. As noted earlier, the Slope 

dataset is designed to match the AHM model. The Fraction dataset didn’t have a graphical 

structure designed from the first place, but it did have a cognitive structure imbedded. However, 

the TIMSS dataset is not designed for diagnostic purposes. Although the AHM model cannot be 

easily compared with other CDM models in the current study, when looking at the model 

performance across datasets, we did find out the pattern that AHM fitted better on Slope dataset, 

followed by the Fraction dataset. The fact that AHM did not do well on TIMSS dataset is 

because that this study purposely chose TIMSS dataset as an example dataset that does not have 

a content (or network, hierarchical) structure built in. 

(2) It is not always true that the DINA model provides the least information about student 

classification as it is compared to the other models in this study. From the previous discussions 

we can notice that DINA performed well on Fraction and TIMSS dataset, but not as well on 

Slope dataset. Since DINA tends to dichotomize examinees into only two categories, we can 

notice that examinees were always assigned the highest skill mastery probabilities in DINA 

model when they were compared to the other models for the same examinees.  

(3) It is true that the Fusion Model can better fit most datasets, mostly on the Fraction and 

TIMSS dataset, however the computation cost is not the highest as it is compared to the DINA 

and BN models in this study because the other two models also used the MCMC algorithm. 

(4) It is true that the Bayesian Networks approach can flexibly fit to all the datasets, but it is 

only more superior on the Slope dataset and the Fraction dataset. Bayesian networks model 
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performed well on the Fraction and Slope dataset but not well on the TIMSS. This is very likely 

caused by the fact that both the Fraction and Slope dataset were designed to have a cognitive 

structure in mind whereas the TIMSS dataset did not have this feature built in.  

Limitations 

This study yielded various pieces of useful information that help us gauge the potential 

usefulness as well as the challenges associated with applying cognitive diagnostic models to 

mathematics assessments that were designed either had a diagnostic purpose in mind or had not, 

by including several representative noncompensatory models in the analysis and fit each of the 

models with a carefully chosen real mathematics assessment dataset. As it was the case in Lee 

and Sawaki (2009), this study demonstrated the applicability of using a specific cognitive 

diagnostic model to achieve the goal of classifying students into different mastery level reliably 

and consistently in at least a moderate manner. This study was also able to identify the features 

of the dataset that each different cognitive diagnostic model is more suited for and was able to 

link the model-inferred information back to the descriptive analysis presented in the beginning of 

Chapter 4 to provide additional information on explaining the performance of each model. 

However, this study has several limitations: 

(1) Even though all the models in the current analyses utilized MCMC algorithm when 

possible (except the classification analysis phase of AHM model), the model comparisons are 

still not thorough because the Fusion model was analyzed using standalone software rather than 

in OpenBUGS like the rest of the models. This therefore made the model comparisons phases not 

as ideal as they were expected. However, this study did choose a very straightforward 

discrepancy measure (number-correct) for model-fit and unified indices for model reliability 

calibration. Therefore the models are successfully compared as best as they can be. 
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(2) The inclusion of Bayesian Networks model in the current analysis is very innovative. 

However, according to Rupp et al. (2010), although the area of Bayesian Networks analysis is a 

very rich area of research with a long history, the application of Bayesian Networks model in the 

area of diagnostic assessments has only been popular in recent years (e.g., Levy & Mislevy, 2004; 

Sinharay & Almond, 2007; West et al., 2010; Yan, Mislevy, & Almond, 2003). Therefore a lot 

of questions need to be researched and addressed before practitioners can make good use of it. 

The limitation of current analysis resides in the way of training the model to obtain contingency 

tables for further analysis. Given the fact there has not been a very good way to aggregate item 

level information on to skill level in general in education settings (Conati et al., 2002), this study 

used one of the common heuristic practices in the computer science field. The heuristic approach 

is based on the Q-matrix and is on individual bases. It decides that an individual is considered to 

have mastered a skill when more than half of the items tapping onto that skill were answered 

correctly for that examinee. It is worth noting that this approach is only used for setting up the 

first step of training the model, it has nothing to do with diagnosing the final examinee mastery 

levels. Even so, there is a possibility that if another training method is used, the results could be 

different. Thus, the training method might have affected Bayesian Network analysis results here 

in some way or another. 

(3) The structure/graphical model in TIMSS is only based on one content expert’s judgment. 

Therefore the validity of the structure cannot be verified. Since Bayesian Networks model 

heavily relied on the graphical representation of the data structure, a different structure or a 

revised structure of this graphical representation might lead to some different findings. 

(4) The AHM model was analyzed but not really compared with the other models due to the 

fact that it is less a probabilistic model. Since AHM is not built on strong statistical assumptions 
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but rather on a strong pattern classification approach (Rupp et al., 2010), even though it also 

belongs to the noncompensatory CDM category, it cannot be well compared with other models 

included in the current analysis in terms of parameter estimates, model goodness-of-it, model 

reliability, and the general picture of examinee classification. 

Future Studies 

Since not many studies in the field have done the same work as this study has, it is apparent 

that the results of the current study need to be verified through a series of systematic replication 

studies, which also includes carefully designed simulation studies to make the comparison 

baseline (the examinee true skill mastery profile) known in advance. 

One of the indications of the current analysis is that when a content (or network, hierarchical) 

structure of the mathematics assessment is defined, certain CDMs will perform better on that 

assessment than the others, such as the case of AHM and BN performed better on Slope dataset 

than DINA and Fusion did. Therefore, it would be helpful to verify if this is the case when 

actually several datasets are created with a scrutinized graphical structure in mind rather than 

trying to retrofit some datasets as it is done in the current analysis. 

According to DiBello et al. (2007), internal validity check, which uses the test data itself to 

help verify the authenticity of the model, is a good way to evaluate CDMs. This is based on the 

idea that for each item in the test, once examinees are classified into one of the binary mastery 

categories, they are logically separated into two subsets: the set of all examinees who are masters 

of that item, and the set of all examinees who are not masters of that item. According to the 

authors, it is expected that the item masters will perform decidedly better than item nonmasters, 

and item high nonmasters will perform decidedly better than the item low nonmasters. And if 

two proportions (masters vs. nonmasters, and high nonmasters vs. low nonmasters) are close, it 
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can be concluded that the inferred skill classification has little effect on performance of that item. 

And this will indicate the need for revisiting the Q-matrix and the skill coding for that item.  

Due to the fact that not every model in the current analysis is on item level, (e.g., current 

Bayesian Network analyses are synthesizing information on skill level), the internal validity 

check method was not utilized in this analysis. But it would be a useful index for model 

comparison purpose if all the models can provide item level information or if this information 

can be designed into a simulation environment. 

Because the major purpose of this study is comparing models in terms of parameter 

estimates, model goodness-of-it, model reliability, and the general picture of examinee 

classification, the individual response profiles and the detailed mathematical skill contents are 

therefore not included in the current analysis. This is also the reason that the AHM model cannot 

really be compared with all other models included in the current analysis. In order for this study 

to be more meaningful and find more mathematics content-wise features, individual profiles 

should be included in the future analysis to get a broader picture. 
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Appendix A IRT Parameter Estimates & Skill-level Information Function (Fraction Dataset) 
	  

 

 

  

3PL IRT Model Parameter Estimates (Fraction Dataset)
Item 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
a 1.49 2.01 1.61 2.29 1.13 1.62 1.70 1.33 0.69 2.32 3.24 1.31 1.88 1.57 1.91 1.31 2.75 1.64 2.48 2.80
b 0.00 -0.12 0.05 0.32 0.15 -0.95 0.40 -0.24 -0.20 0.45 0.28 -0.70 0.69 -0.65 0.27 -0.57 0.34 0.21 0.63 0.44
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Appendix B IRT Parameter Estimates & Skill-level Information Function (TIMSS Dataset) 
 

 
 

 
 

 

 

 

 

 

  

3PL IRT Model Parameter Estimates (TIMSS Dataset)
Item 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23
a 2.64 1.74 1.75 2.14 2.77 3.58 1.97 1.66 2.40 1.00 1.04 2.27 1.61 0.28 3.88 2.75 1.15 3.15 0.47 0.97 0.64 1.38 0.22
b 0.38 1.04 0.95 0.51 0.59 0.23 0.71 0.91 0.42 2.59 1.37 0.46 1.08 -1.37 1.08 1.59 1.26 1.30 1.34 2.66 1.00 1.67 -2.63
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Appendix C IRT Parameter Estimates & Skill-level Information Function (Slope Dataset) 
	  

  

3PL IRT Model Parameter Estimates (Slope Dataset)
Item 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
a 0.48 0.69 0.58 0.65 0.73 0.74 0.87 0.67 0.71 1.41 1.00 1.24 1.01 1.10 0.89 0.65 0.76 1.36 1.03 0.82
b -2.35 -2.95 -2.03 -1.47 -2.06 -1.17 0.00 -1.15 -0.76 -0.82 -0.43 -1.27 -0.03 -0.95 -0.08 -1.51 -1.23 -1.20 -0.24 2.09
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Appendix D OpenBUGS Code for RDINA Model (Slope Dataset) 
 

Model 
{ 
 #priors for RDINA parameters f and d 
 for (j in 1:20) { 
 d[j] ~ dnorm(0, 0.1) I(0,) 
 f[j] ~ dnorm(0, 0.1)} 
 #priors for skill class sizes 
 p1 ~ dbeta(1,1)    p2 ~ dbeta(1,1)  
 p3 ~ dbeta(1,1)    p4 ~ dbeta(1,1)  
 p5 ~ dbeta(1,1) 
 for (i in 1:1629){ 
 x1[i] ~ dbern(p1)   x2[i] ~ dbern(p2)  
 x3[i] ~ dbern(p3)   x4[i] ~ dbern(p4)  
 x5[i] ~ dbern(p5) 
 pa[i,1]<- 1/(1+ exp(-f[1] - d[1]*(x1[i]))) 
 pa[i,2]<-  1/(1 + exp(-f[2] - d[2]*(x1[i]))) 
 pa[i,3]<-  1/(1 + exp(-f[3] - d[3]*(x1[i]))) 
 pa[i,4]<-  1/(1 + exp(-f[4] - d[4]*(x1[i]*x2[i]))) 
 pa[i,5]<-  1/(1 + exp(-f[5] - d[5]*(x1[i]*x2[i]))) 
 pa[i,6]<-  1/(1 + exp(-f[6] - d[6]*(x1[i]*x2[i]))) 
 pa[i,7]<-  1/(1 + exp(-f[7] - d[7]*(x1[i]*x2[i]))) 
 pa[i,8]<-  1/(1+ exp(-f[8] - d[8]*(x1[i]*x2[i]))) 
 pa[i,9]<-  1/(1 + exp(-f[9] - d[9]*(x1[i]*x2[i]*x3[i]))) 
 pa[i,10]<-  1/(1 + exp(-f[10] - d[10]*(x1[i]*x2[i]*x3[i]))) 
 pa[i,11]<-  1/(1 + exp(-f[11] - d[11]*(x1[i]*x2[i]*x3[i]))) 
 pa[i,12]<-  1/(1 + exp(-f[12] - d[12]*(x1[i]*x2[i]*x3[i]))) 
 pa[i,13]<-  1/(1+ exp(-f[13] - d[13]*(x2[i]*x4[i]*x1[i]))) 
 pa[i,14]<-  1/(1 + exp(-f[14] - d[14]*(x2[i]*x4[i]*x1[i]))) 
 pa[i,15]<-  1/(1 + exp(-f[15] - d[15]*(x2[i]*x4[i]*x1[i]))) 
 pa[i,16]<-  1/(1 + exp(-f[16] - d[16]*(x2[i]*x4[i]*x1[i]))) 
 pa[i,17]<-  1/(1 + exp(-f[17] - d[17]*(x1[i]*x2[i]*x5[i]*x3[i]))) 
 pa[i,18]<-  1/(1+ exp(-f[18] - d[18]*(x1[i]*x2[i]*x5[i]*x3[i]))) 
 pa[i,19]<-  1/(1 + exp(-f[19] - d[19]*(x1[i]*x2[i]*x5[i]))) 
 pa[i,20]<-  1/(1 + exp(-f[20] - d[20]*(x1[i]*x2[i]*x5[i]))) 
 } 
 
#Initials 
list(d=c(2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2,2),  
f=c(-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1,-1))  
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Appendix E OpenBUGS Code for Bayesian Networks Model (Slope Dataset) 
 

Model 
{ 
for ( i in 1:1629) { 
s1[i] ~ dcat(p.s1[1:2]) 
s2[i] ~ dcat(p.s2[s1[i],1:2]) 
s3[i] ~ dcat(p.s3[s2[i],1:2]) 
s4[i] ~ dcat(p.s4[s2[i],1:2]) 
s5[i] ~ dcat(p.s5[s2[i],1:2]) } 
p.s1[2] ~ dbeta(a, b)  
p.s1[1] <-1-p.s1[2] 
for (j in 1:2) {     
p.s2[j,1:2]~ddirch(prior.2[])   
prior.2[j]<-1 
p.s3[j,1:2]~ddirch(prior.3[]) 
prior.3[j]<-1 
p.s4[j,1:2]~ddirch(prior.4[]) 
prior.4[j]<-1 
p.s5[j,1:2]~ddirch(prior.5[]) 
prior.5[j]<-1 
} 
 
list( 
a=23.5, b=3.5, 
….)  
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Appendix F FORTRAN Code for Attribute Hierarchy Model (Broaddus, 2011) 
 
PROGRAM PROBABILITY 
INTEGER,ALLOCATABLE::ER(:,:),OR(:,:),ITEM(:),D(:,:,:) 
REAL,ALLOCATABLE::THETA(:),A(:),B(:),C(:),P(:,:,:),PP(:,:) 
CHARACTER(8)::ID(5),SID(4635) 
 
NE=4635 
NI=20 
NER=5 
 
ALLOCATE 
(ER(NER,NI),OR(NE,NI),THETA(NER),A(NI),B(NI),C(NI),ITEM(NI),D(NE,NI,NER),P(NE,NI,NER),PP(N
E,NER)) 
 
OPEN (10,FILE="ERV2.DAT") 
100 FORMAT (A2,1X,20I1,1X,F9.6) 
OPEN (20,FILE="DATA.TXT") 
110 FORMAT (A8,1X,20I1) 
OPEN (30,FILE="BILOG_PAR.OUT") 
120 FORMAT (T7,I2,1X,3F9.5) 
 
DO i=1,NER 
  READ (10,100) ID(i),(ER(i,j),j=1,NI),THETA(i) 
END DO 
DO i=1,NE 
  READ (20,110) SID(i),(OR(i,j),j=1,NI) 
END DO 
DO i=1,NI 
  READ (30,120) ITEM(i),A(i),B(i),C(i) 
END DO 
 
OPEN (50,FILE="Dj.OUT") 
150 FORMAT (100I3) 
 
DO i=1,NE 
  DO j=1,NI 
    DO k=1,NER 
    D(i,j,k)=ER(k,j)-OR(i,j) 
    END DO 
  END DO 
END DO 
 
DO i=1,NE 
  DO k=1,NER 
    WRITE (50,150) (D(i,j,k),j=1,NI) 
  END DO 
END DO 
 
DO i=1,NE 
  DO j=1,NI 
     DO k=1,NER   
     IF (D(i,j,k)==-1) THEN 
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      P(i,j,k)=C(j)+((1-C(j))/(1+EXP(-1.702*A(j)*(THETA(k)-B(j))))) 
     ELSE IF (D(i,j,k)==1) THEN 
      P(i,j,k)=1-(C(j)+((1-C(j))/(1+EXP(-1.702*A(j)*(THETA(k)-B(j)))))) 
     ELSE IF (D(i,j,k)==0) THEN 
      P(i,j,k)=1 
     END IF 
     END DO 
  END DO 
END DO 
       
OPEN (60,FILE="Prob.OUT") 
160 FORMAT (2i5,2x,100F10.6) 
DO i=1,NE 
  DO k=1,NER 
    WRITE (60,160) i,k,(P(i,j,k),j=1,NI) 
  END DO 
END DO 
 
OPEN (70,FILE="FINALTHETA.OUT") 
170 FORMAT (F10.6,1X,F10.6,1X,20I2) 
180 FORMAT ("OBSERVED RESPONSE PATTERN -- ",100I2) 
190 FORMAT (//) 
200 FORMAT ("    THETA    P(THETA)           EXPECTED RESPONSE MATRIX") 
210 FORMAT ("EXAMINEE # ",A8) 
220 FORMAT ("#",I5) 
PP=1 
DO i=1,NE 
  DO j=1,NI 
    DO k=1,NER 
        PP(i,k)=(PP(i,k)*P(i,j,k)) 
    END DO 
  END DO 
END DO 
DO i=1,NE 
  WRITE (70,220) i 
  WRITE (70,180) (OR(i,j),j=1,NI) 
  WRITE (70,210) SID (i) 
  WRITE (70,190) 
  WRITE (70,200)  
  DO k=1,NER 
  WRITE (70,170) THETA (k),PP(i,k),(ER(k,j),j=1,NI) 
  END DO    
WRITE (70,190) 
END DO  
 
OPEN (80,FILE="PP.OUT") 
250 FORMAT 
(A8,1X,F10.6,1X,F10.6,1X,F10.6,1X,F10.6,1X,F10.6,1X,F10.6,1X,F10.6,1X,F10.6,1X,F10.6,1X,F10.6) 
DO i=1,NE 
  WRITE (80,250) SID(i),(PP(i,k),k=1,NER) 
END DO  
END PROGRAM 
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Appendix G TIMSS Dataset Items 
	  
SOURCE: TIMSS 2007 Assessment. Copyright © 2008 International Association for the 
Evaluation of Educational Achievement (IEA). Publisher: TIMSS & PIRLS International Study 
Center, Lynch School of Education, Boston College, Chestnut Hill, MA and International 
Association for the Evaluation of Educational Achievement (IEA), IEA Secretariat, Amsterdam, 
the Netherlands. 
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Appendix H Foundational Concepts of Slope Assessment (Broaddus, 2011) 
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