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OPTIMAL CONTROL FOR A MIXED FLOW
OF HAMILTONIAN AND GRADIENT TYPE
IN SPACE OF PROBABILITY MEASURES

JIN FENG AND ANDRZEJ SWIECH, WITH APPENDIX B BY ATANAS STEFANOV

ABSTRACT. In this paper we investigate an optimal control problem in the
space of measures on R2. The problem is motivated by a stochastic interacting
particle model which gives the 2-D Navier-Stokes equations in their vorticity
formulation as a mean-field equation. We prove that the associated Hamilton-
Jacobi-Bellman equation, in the space of probability measures, is well posed
in an appropriately defined viscosity solution sense.

1. INTRODUCTION

We consider a system of controlled partial differential equations

(1.1) Op+div(pu) = vAp+m,
(1.2) u = u,=—-K"xp.
In the above, x = (1, 72) € R? and v > 0,
1 1
N(z) = ——log|z|, K(z):=VN(z)=———, zecR2\{0},
2 2 |zf?

(1.3) K*(z):= JK(x) = VtN(x), where V* = (0,,, —0s,) = JV,

0 1
[ 21)

Let P(R?) denote the space of probability measures on R? and P,(R?), and the
space of probability measures on R? with finite p-th moments. We will introduce
a weighted Sobolev space H_; ,(R?) in (L.IZ) which can be viewed as the tangent
space of P5(R?). The control variable m satisfies m(t) € H_q ,)(R?), which means
that the control only pushes along tangent directions. This ensures that the dy-
namic is kept on the space of probability measures. The meaning of a solution
to (LI)-(T2) is made precise in Definition [Tl The existence and some regularity
properties of solutions are established in Section [2] Using the tools of calculus on
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3988 JIN FENG AND ANDRZEJ SWIECH

the space of probability measures, we will later see (Lemma B.8]) that (LI can be
rewritten as an abstract evolution equation which is a mixture of a Hamiltonian
flow, a gradient flow, and the control variable m, i.e.

(1.4) Oip = J-grad e — vgrad,s +m,

where s : Po(R?) — R U {+00} is the entropy functional (LI5) and e : P2(R?) —
R U {400} is an energy functional (L.I7]).
To define our optimal control problem, we prescribe an infinitesimal running cost

1
(1.5) L(p,m) := EHmHZ—l,p'

We refer to (ILTT)) for the definition of || - ||-1,,, which is defined for all Schwartz dis-
tributions. Writing the distributional derivative p = 0;p, provided pu € L}OC(RQ),
and identifying m with p through (Il), we have

. 1. )
L(p,p) = 7|16+ div(pu) — vAp|2, .

In this article, by an action integral, we mean

T
(1.6) )] = [ Llls) po)is

If u(t)p(t) € L}, .(R?) for t € (0,T)] a.e., then Ap is well defined and takes values in
[0, 4-00].

Next, we introduce a class of admissible paths, or equivalently controls by the
above identification,

K:= {p() :p € C([0,00); P2(R?)),3p : [0, 00) x R? = R such that
(1.7) 0=ty <ty <..<ty,<..t, — +oo such that p € C°([ty, tns1] x R?),
n=0,1,...,(p,m) solves (1)) — (L2) with m = -V - (pr)}.
Above, by writing p€ C° ([t tni1]xR?),n=0,1, ..., we mean that p€ C°°((t,, tn11)

xR?) and it extends to a function in C2°([t,,t,+1] x R?) for every n. However p
may be discontinuous at the points ¢,,. We set

(1.8) Koo = {p() € K5 p(0) = po }.
We are interested in variational (or control) problems of the type

(1.9) f(po) := Rah(po)
= s [ e (a7 hp(e) = Llpl). o) )5 p € K}

— sup{ [ a0 (p(s)) — Ay(p))ds : p € Koo,
/ ( )

where o > 0 and & is bounded from above. We call f the value function.
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OPTIMAL CONTROL IN SPACE OF MEASURES 3989

1.1. Notation. For p,v € Py(R?), we set
T(p,7) = {n(da, dy) € P(R® x R2) : n(da, R?) = pldz), 7(R2, dy) = 7(dy)}.
The Wasserstein order 2 metric d on Py(R?) is defined as

(1.10) d*(p,v) := inf { /]RZ><R2 lv —y|*n(dx,dy) : 7 € I‘(p,w)}.

(P2(R?),d) is a nonlocally compact, complete separable metric space (e.g. Chapter
7 of Ambrosio, Gigli and Savaré [3]). We define

(L11) ol = s (2loom)— [ [VePdph vme D)
el (R?) R2

and

(1.12) H_1,(R?) := {m e D'(R?): |m] -1, < oo}.

Appendix D in Feng and Kurtz [I1] discusses some properties of this space and its
relation with the 2-Wasserstein space (Pa(R?),d).
For a function f : P2(R?) — (—o0, +00], its effective domain is

D(f) = {p € P2(R?Y) : f(p) < +00}.

Let E := P»(R?). Then (E,d) is a complete separable metric space, and this
will be our state space throughout the paper.
We define moment functionals

(1.13) My(p)i= [ laPdp, >0,
R
and the Fisher information functional
2
(1.14) I(p) = / ﬂdm = 4/ \V/p|?dx;
R2 R2

p

I(p) = +oo if p does not have a Lebesgue density. The equivalence of the two
different expressions above for I, as well as a number of other properties, can be
found in Appendix D.6 in [I1]. We also define the entropy functional s : Pa(R?)
R

)

(1.15) s(p) = /plogpd:z:7
R2

and s(p) = 400 when p does not have Lebesgue density. To see that the above is
well defined, we note the following estimate (see e.g. a remark on page 9 of Jordan,
Kinderlehrer and Otto [18]):

(1.16) / |0\/10gp|p(dx)§0/ e_lx‘/de—i—/ |z|p(dz).
R? R? R?

Next, we define an internal energy functional on Py (R?) by
1
T2

A cautionary note is necessary here. Consider a more general situation of p €
M(IR?), the space of finite signed measures. Formally, it seems that K = V(—A)~!

A1) )= 5= [ N oot
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3990 JIN FENG AND ANDRZEJ SWIECH

and
) = U-B)pp) = 5(-8)" 0. (~A)(=A) )
= IVl = 5 [ o).

The above symbolic calculation is not true because in dimension two, (—A)~!p may
not decay at infinity sufficiently fast to allow integration by parts. For instance,
if p has compact support, (3.15) in Majda and Bertozzi [20] gives the following
estimate: L )

—Z2,T1

u(z) = 2 z|?

This implies that [o, [u(x)[*dz = oo if p(R?) # 0. However, at least when p €
P(R?), e(p) € (—o0,+o0] is always well defined. This follows easily from the
inequality N(z) > —C(1 + |z|) for some C > 0.

Finally, the velocity field v = (u1, us) defined by (L2) is a vector. In the follow-
ing, we denote the 2 x 2 matrix Du = (Vuy, Vug).

p(R?) +O(|z|~?), for large |z|.

1.2. Relation with the 2-D incompressible Navier-Stokes equation. In this
section we discuss, rather informally, the motivation behind our optimal control
problem and its connection to a particle model.

Consider the 2-D Navier-Stokes equations
(1.18)  dwu+ (u-V)u+Vp=vAu, divu=0, lim u(z)=0,

2|00

where u = u(t,z) = (u1 (¢, x1, x2), ua(t, 21, x2)). Taking
= curlyu = Oy, u1 — Oy, Ug,

we arrive at its vorticity formulation

(1.19) O + div(pu) = vAp, u=—K=* xp.

The above is essentially (ILT]) with m set to zero. In fact, a refined model at a particle
level can be introduced for which (II9)) is just the mean-field (i.e. law of large
number) limit equation for a collection of stochastic vortex particles interacting
in a particular manner. Ideas of this kind, in the deterministic setting (i.e. with
v = 0), can be found in Chorin [7] and Lions [19] for the study of an incompressible
Euler equation (see also Majda and Bertozzi [20]). In particular, Lions [I9] outlines
a heuristic procedure to motivate the formulation of a class of variational problems
associated with large time coherent structures for such flows.

The stochastic interacting particle system was first introduced in [2I] and was
later studied in [22] 23] 24} [25]. Various results about convergence of laws of the
empirical measures (as the number of particles goes to infinity) to the law of the
solution of the vorticity equation, and the propagation of chaos property, have
been proved in the above papers. We refer the readers there for details and further

references.

The stochastic particle particle system is constructed in the following way. Let
there be n; particles (Xi,...,X,,) modeling vortices rotating counterclockwise,
let there be ny particles (Y7, ...,Y,,) modeling vortices rotating clockwise, and let

n = ny1 + ny be the total number of particles. As we move to the macroscopic
level, we lose track of individual particles and only see collective effects given by
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OPTIMAL CONTROL IN SPACE OF MEASURES 3991

the number density of two types of vortices, which is represented by the probability

measure
1

1.20 n(t, dz, dy) = 0(x,(0).v; (v (dz, dy).

(1.20) pult, dz, dy) mw; (xu(0),Y; o) (4, dy)

Two useful functionals of p,, are
ni n2

(121)  po(tde) =ni 'Y Ox,y(da),  po—(tdy) =ny' Y Sy, (dy),
=1 =1

which are the marginal probabilities of p, (¢, dz,dy). The dynamic of all particles
is defined through a system of stochastic differential equations

(1.22) dX; = wu,, (X;)dt+ V2vdB;,
(1.23) ay; = u,, (Y;)dt +2vdWj,
where the density dependent vector field
n n
up, (2) = —JVNp=( 1pn,+ - 2p,L7_)(z)

n n

ni n2
= —n ') JVNu(z = Xi)+n" 'Y JVN,(z = Y)).
i=1 j=1

In the above, (B, ..., B,,, Wi, ..., W,,) is an R?"-dimensional standard Brownian
motion and N, is some Lipschitz smooth potential approximating the Newtonian
potential N in (I3]) with the property VN, (0) = 0.

By Ito’s formula, for each ¢ € C2(R? x R?),

(e, pn(t)) = (Vap(2,y)-tp, (2)+Vyo(2,y)-tp, (Y), pu)+V (D@ y) @, pn)di+d M (1),

where MY is a martingale with co-quadratic variation

1
w1 P2 — .
(124) d[M 7]\4 ](t) = 2V7’L1 X 1 <V(w,y)§01 V(w’y)<p2,pn>dt.
Define
5f 5f of
(1.25)  Anf(p) = <Vm§(ﬂc7 y) - up(x) + Vy(;—p(w, Y) - up(y), p) + V{Agey) 55 P)
k
P > Om0((01.0),- -, 0k I VP10, p)

I,m=1
for smooth test functions
(1.26)

f(ﬂ) = w(<501,p>7 sy <(,0k,P>),'l/1 € CQ(Rk)’@l € CSO(R2 X R2)7k =1,2,....

Therefore, p,(t) as a probability measure valued process, with trajectories in
C([0,00); P(R? x R?)), solves the martingale problem given by

(1.27) flpn(t)) — /0 A f(pn(s))ds = martingale.

The process p,(-) is Markovian. Indeed, the form of (L20) suggests that the pro-
jection of p,, to a “lower dimensional” subspace of probability marginals (p;', p;),
where

p: (ta dl') = Pn(t’ dx, R2)a Pr (t, dy) = Pn(t, R27 dy)
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3992 JIN FENG AND ANDRZEJ SWIECH

forms a system of Markov processes as well. Its martingale problem generator can
be identified through

(128)  Ang(ps,p-)
og dg og
= (V— u,ps)+{(V—"— u,,p_) + v(A——,py) +v(A——p
<5p+p+><5p_p><5p++><

k
+nfly Z 6lmw(<<p17p+>7 ey <¢k7 P7>)<V<Plv¢m7p+>

l,m=1

2k

+TL2_1V Z alm/l/}(<9017p+>a'"7<¢k7p—>)<v¢lv¢map—>

l,m=k+1
for smooth test functions

(129) g(p) = ¢(<<P17P+>7 ey <<PI<:>P+>= <¢17p*>7 sy <¢k7p7>)7
where 1 € C*(R*),¢;,¢; € C®°(R?),k = 1,2,.... Assuming n~'n; — A; and

considering
n1 o
Hn = —Pn+ — —Pn,—,
n n
then p, — p at least formally, where p solves (LI9). To simplify, we consider
the special situation of counterclockwise rotation only, i.e. if A_ = 0, the limit-

ing martingale problem for (I27)) becomes the Schwartz distributional formulation
of (ILI)-(T2) with m = 0. This corresponds to letting n = n; and eliminating
everything involving p_ component in the above g and A,g.

Therefore, at least from a mathematical point of view, model ([L22)-(T23) con-
tains more information than the usual Navier-Stokes equation (II9]), which only
expresses the (already averaged) mean-field behavior. One example where such
additional information can be useful is in computing a path space level entropy
(rescaled by particle numbers) in the sense of Boltzmann. The rigorous justifica-
tion of such computation belongs to the probability theory of large deviations. To
be precise, we want to identify a function S which takes values in [0, +o0] and is
defined over Borel sets A in an appropriately defined path space such that

(1.30) _ _
—S(A°) < liminf n~*logP(p,(-) € A°) < limsupn~'logP(p,(-) € A) < —S(A).
n—oo n—o0o

In particular, S has a “density” I which is known as the action functional (or rate
function)

S(A) = inf I(p(-)),

()= inf 1(p()

with

T
um>Hw»:—hmnmmﬂ%m%oe&@mna/memmw
e—0+ n—oo 0
We note that S is really a quantity arising from the nonlinear scaling behavior of
the stochastic processes (L2I)). It contains information about the limit process
and cannot be obtained from the limiting deterministic 2-D incompressible Navier-
Stokes equations or their vorticity formulation alone. Justification of the limit (T30])
and identification of the rate function I (and hence S) are related to variational
problems of optimal control nature, which are (LI)-(L3) in this specific context.
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OPTIMAL CONTROL IN SPACE OF MEASURES 3993

They can be studied by establishing well posedness of the Hamilton-Jacobi-Bellman
(HJB) equation

(1.32) (I—aH)f=h

for 0 < a < o for some g > 0, and for a sufficiently large class of h, where the
first order differential operator Hg(p) := H(p, gradg(p)) is an appropriate limit of

H,g=n"te ™A,e".

See Feng and Kurtz [I1] for a general method developed in the context of metric-
space valued Markov processes.

The above H is defined for smooth test functions g of the form (L.29). One can
then extend H in a viscosity extension sense to the H defined in Section @l This
helps when a convergence theory (H,, converges to H) and a well posedness theory
for the limiting equation need to be studied in one framework altogether. A general
method for doing this is described on pages 111-113 and illustrated in Section 13.3.3
of [11] for a related model. We do not try to investigate whether this approach can
be applied here. Instead, we are only concerned with the well posedness theory
for (L32). We do it by a direct approach, which is more in line with a more
classical viscosity solution approach. We introduce another class of test functions
(Definition EI)) on which H (from Section M) is defined. Our notion of viscosity
solution applies to discontinuous functions. We prove a comparison principle for
the general case of discontinuous sub/supersolutions, and then show, using dynamic
programming principle arguments, that the value function is the unique viscosity
solution of the HJB equation. This has an advantage of avoiding a rather delicate
issue of the continuity of the value function, which we obtain as a byproduct of
the proof of comparison principle. Another feature of our argument is the use of
the Borwein-Preiss [6] variational principle to produce extremal points. This allows
us to perform perturbed optimization based on the use of d? as part of the test
functions. The whole paper relies heavily on the abstract calculus in the Wasserstein
space based on mass transport techniques whose rigorous theory can be found in
[3]. The chain rule formula (Appendix D) is especially critical for our purposes.
An equation of type ([L32) for which K+ (see the definition of H) is replaced by a
smooth kernel has been investigated successfully in the space of measures by Feng
and Katsoulakis [I0] (see also [I1]). Here, the singularity of K is the main source
of technical difficulties. However, in the proof of comparison, many techniques of
[T0] still apply after more or less extensive modifications. To obtain key estimates
we have to proceed through a layer of rather involved approximations and make
extensive use of Sobolev type inequalities to estimate orders of approximation. We
mention that existence of viscosity solutions was not investigated in [10]. In [IT], it
was indirectly handled using the properties of Markov processes and large deviation
techniques.

Finally, we remark that equations of type (LI)-(T2), with K+ replaced by vari-
ous other kernels and with possibly different diffusion terms, have recently appeared
in modeling of biological aggregation (swarming, schooling, flocking, etc.) and other
pattern formation models that incorporate aggregative and dispersive types of be-
havior. We refer for instance to [B] 28] and the references therein for more. In
these models the motions of individuals are represented by deterministic or sto-
chastic particle systems similar to the one described here in Section [[.2] and the
continuum equations are their mean field limits. The general framework developed
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3994 JIN FENG AND ANDRZEJ SWIECH

in this paper could potentially apply to such problems which have similar Hamil-
tonian/gradient structure. This however has to be investigated on a case-by-case
basis, as our analysis of the control problem and the associated HJB equation re-
lies heavily on many special properties of equation ([LI)-(LZ), in particular the
orthogonality of J-grad e and grad,s.

1.3. Solution of the control equation. We make precise sense of what we mean
by (L.I)-[T.2).
Definition 1.1 (Weak solution). (p,m), p : [0,4+00) — P2(R?), is said to be a
(weak) solution to (ILT]) provided that
(1) p e C(]0,00), P(R?));
(2) for each 0 <t < 0o, p € L2([0,t], L*(R?)) and m € L*([0,], H_1 ,(R?));
(3) forall0 < s <t <ooand p=¢p(tz) e Cx(0,0)x R?),
(1.33)

(e(), p(t)) — (p(s), p(s))

_/:( /ze]Rg (Orp(r, ) +Vo(r,x) - u(r,z) + vAp(t, x))p(r, dz)+(m(r), 80(7")>)d7"

If we restrict (II)) to the time interval [0, 7], we require test functions ¢ to be in
C([0,T] x R?).

We recall that in the definition above (m(r), ¢(r)) is understood in the distribu-
tional sense. Since (see [II], Appendix D5) there exists v(¢) such that m(r) = -V -
(p(r)v(r)), where [ |v|*p < 400, we have (m(r), ¢(r)) = [ Ve(r,z)-v(r,z)p(r, dz).

Remark 1.2. Recall that u = — K1 % p. If for each 0 < ¢ < oo, p € L2([0,t], L?>(R?)),
then by (.27 we know that p|u| € L*([0,#] x R?), and it then follows that the term

! e (V) - udpdr in (I33) is well defined.

Existence and regularity estimates for the solution to (II]) are established in
Section

1.4. Main result. Let H, the test functions and the notion of the viscosity solu-
tion for (I32) be defined according to Section @l The main result of this article
is the following well posedness of ([332), which follows from the conclusions of
Corollary and Theorem [6.3]

Theorem 1.3. Let a > 0 and h € Cy(E) be uniformly continuous on finite level
sets of s+Ms. Then equation (L32) has a unique bounded viscosity solution which is
given by the value function f = Roh in (L3). The solution is uniformly continuous
on finite level sets of s + Ms.

2. EXISTENCE AND REGULARITY FOR THE CONTROLLED
PARTIAL DIFFERENTIAL EQUATION

Let p € C°([0,00) x R?). We define
m:= =V - (pVp), v(t,z):= V.p(t, z).

We construct a solution of (ILIl)-(L2) with initial condition p(0) = po through
a stochastic particle method and prove some regularity results. For results on
approximations of the uncontrolled version of (II))-(2)) by an interacting particle
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system we refer to |21 [22] 23] 24 [25], and for general results about existence and
uniqueness of solutions of the 2-D vorticity equation we refer to [13, 20] and to [14],
where existence of solutions was shown when the initial vorticity was a finite Radon
measure.

We introduce a controlled version of (L22H[:23]) but with only counter-clockwise
rotating particles

(21) dXz = UG"*p"(t) (Xz)dt + U(t,Xz)dt + vV 2I/dB,L', XZ(O) = X0i7 1= 1, ceey 1y
where Xg;,7 = 1,2, ..., are i.i.d. random variables with law pg defined on the same
probability space as the Brownian motions B;,7 = 1,2,.... Moreover, we choose
a specific N,, := G, * N with G,, defined as follows. Let J(2) : R? — R, be
a radial symmetric C* function with support on [—1,1]?, [J(z)dz = 1. Let
J5(2) := 672J(67'2) and §,, — 0 be such that nd2 — oo (e.g. 8, =n~/3). With a
slight abuse of notation, we also denote J,, = J5,. Finally, G,, := J,, *J,,. Therefore
UG, xp, (1) (T) = —(K* % G,) * pu(2).
Recall that solutions of (21 define measures

1 n
pu(t) = > dx.n(da).
i=1
Define

(22)  enlpn®) = 5 (No s pul0)pu(t)) = 5.5 D NalXalt) = X5 (1))

ij=1

Lemma 2.1. Let Ms(pg) < +00 and s(po) < +00. Then lim,_,o d(pn(0), po) =0
a.s., and

(2.3) E[M2(pn(0))] = M2(po),
(2.4) Jim Elen (pn(0))] = e(po)-

Proof. For every ¢ satisfying (1 + |z|?)tp € Cp(R?), we have
E[lp(Xo0i)|] < C[1 +E[|X0il?]] = C[1 4+ Ma(po)] < oc.
By the strong law of large numbers,

i [ p@)en(0)(d) = tim 3" (Xi) = [ pladpn(da) as
i—1 R?

n—oo R2

This implies that p,, converges to po in the 2-Wasserstein distance almost surely.
Equality 23) follows by direct verification:

EMa(pn (0))] = 5 DB Xoi®) = Malpo).

As regards (Z4), using [22)) we have
n’-n

1< 1
E[en(Pn(O))}ZZ—ng_ Z ‘E[NH(XOi_XOj)]"_%Nn(O)* o2
i,7=1,1#j
Since |J5| < C§72 and is equal to zero when |z| > §, an easy calculation involving
a change to polar coordinates gives us |V, (0)| < —C'log d,,. Moreover, by Lemma
T4 e,(po) — e(po) as n — +oo. Therefore ([Z.4) follows. O

en(p0) 5 Na(0).
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3996 JIN FENG AND ANDRZEJ SWIECH

By the existence theory for stochastic differential equations with Lipschitz coef-
ficients, the above finite system has a unique solution on any finite time interval.
Then by Ito’s formula, for each 0 <t < T, ¢ € C2([0,T] x R?),

(2.5) (g, pu(t)) = (O, pu)dt + (—div(pn(ticp, +0)) + v p, )t + AME (2)
= (Op + (UG, xp, + V) - Vo +VAp, py)dt + dM(t),
where

M#(t) = szlz /0 Vo(r, X(r)) - dB;(r).

We recall that for 0 < s <t < T, MY (t) := M7(t) — My (s) is a martingale for
t > s with quadratic variation

t
(2.6) (M7 )(t) = 2vn ™" / / IVeo(r, )| pn(r, dz)dr.
s JR2
Taking expectation in the integral form of (Z3]) we have for 0 < s <t <T
(2.7)

E({p(t), pn(t)) — E{p(s), pn(s)) = E/ (or + Vo (ug,p, +0) + AP, pr(r))]dr.

In the following, when we view P(R?) as a metric space, the metric is always
taken to be a fixed one that gives the weak convergence of probability measure
topology (i.e. the narrow convergence topology). When we view P,(RY) as a
metric space, however, the metric is always the p-Wasserstein metric.

Lemma 2.2. Let Ms(pg) < +00,5(po) < +00, T >0 and p € C([0,00) x R?) be
given. Then there exists p(-) € C([0,T]; P(R?)) such that (p,—V - (pVp)) is a weak
solution of () on [0,T] and p(0) = pg. Moreover, for every 0 <t <T

(2.8) My (p(t)) < (Ma(po) + ([[v]l3, + 4v + Co)t)e!
and
T
(2.9) /0 p(r)||3dr < 4oo0.
In particular Mx(p(t)) is continuous at 0. We also have p(-) € C([0,T]; Py(R?)) for
0<qg<2.

Proof. We will show that the family {p,(:) : n = 1,2,...} as C([0,7]; P(R?))
valued random variables is tight, and we will obtain p(-) in a limit which will be
made precise later.

We consider second moment estimates first. We note that the set

Ko ={pePR?: Myp) <C}
is compact in P(R?) with the weak (narrow) convergence topology. By Ito’s formula
(2.10)

dMs(pn(t)) = 2(x - (uG, +p + V), pn)dt + 4vdt + dN,(t)
< My (pn(t))dt + / [o(t, z)[>pn(t, da)dt + e, (t)dt + dvdt + dN, (1),
R2

where

@) et [ [ @m0 K=t dop
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and the local martingale N, (¢) has quadratic variation

[N,](t) —8un1/0t /R \z[2pp (r, dz)dr

The inequality above follows because, denoting K,, = G, * K,
[ 2w, @t o)
R2
= = [ 0 p) ot da)
[ [ @0+ K= ppaltdeiont.dy)
R2 JR2
= @)= [ [ v K- petdnpledy
R2 JR2

= en(t) — /]R2 Y- UG, xp, (y)pn(tv dy),

where we used the fact that K;-(—z) = —K;-(z). If we replaced K,, in (ZII)) by K,
then ¢, (t) would become zero because z - K- (z) = 0. This identity does not hold
when K is replaced by K,. However, we have the following estimate. We notice

that

2K = [ 2 K )Gy

R2
:/ y-KL(Z—y)Gn(y)dy:/ y- Kz — y)Gnly)dy.
R lyl<2/n

Therefore

0] < 12 K)o < sup yGulw) sup, [ 1K= y)ldy

ly|<2/n zeR? J|y|<2/n

< Cin sup / 1 dy < Cln/ idy < (Cs.
z€R? J|y|<2/n |z =y ly|<2/n |yl
Denote the stopping time
Tn,c = inf{t > 0: Ma(p,(t)) > C}.
Then by the optional sampling theorem and Grownwall’s inequality, we have

E[Ms(pn(Ta,c AT))] < (Ma(po) + ([v]3, +4v + C2)T)e”,

implying
lim supP(7,,c <T) < lim supP(Ma(pn(Tnc AT)) > C)
C—oo pn C—oo pn
< C}im sup CilE[MQ(pn(Tn,C AT))] =0.
—00 g

In the above, we note that for each n fixed, since v and K xG,, are globally Lipschitz,
Ms(pn(t)) € C([0, T]; R). We obviously also have for t <T

(2.12) E[M;(pn(1)] < (Ma(po) + (|[v]|% + 4v + Ca)t)e".
In summary, a compact containment condition is satisfied, i.e.

lim supP(3t € [0,T), pn(t) &€ Kc) = 0.
C—oo p
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3998 JIN FENG AND ANDRZEJ SWIECH

Next, we prove that for each ¢ € C°(R?), {p£(t) = (o, pn(t)) : n = 1,2...}
is tight in C([0, T];R). Then by Jakubowski [I7], we conclude that {p,(-) : n =
1,2,...} is tight in C(]0,T; P(R?)). Since |{¢, p)| < ||¢]loo, it is sufficient to have
the following uniform modulus of continuity estimate:

(2.13) E[l{, pu(t +h) = pu(t))[] < CHY™.

For the sufficiency, see Theorems 8.6 and 8.8 in Chapter 3 of Ethier and Kurtz [9].
We use the martingale characterization (2.5) to obtain such an estimate. However,
because of the singularity in wj, «,,, we first need another energy estimate.
Notice that dN,,(X;(t) — X;(t)) = 0 and that ||J,,||c < C39,,2; hence |G,,(0)] <
(36, 2. By Ito’s formula, we have (recall definition (2.2]))
(2.14)
den(pn(t)) = (VN % pu(t)) - (VE Ny % pu(t) + 0(t)), pn)dt
+vn™2 Y AN, (X; — X;)dt + dM;(t)
i#]
= (VN % pp(t)) - v, pp)dt —vn=2 Z Gn(X; — X;)dt + dM;(t)
i#]
3/2 2 —15-2 e
< Crul|In * pully’ “dt — v||Jy * pplladt + Csvn™ 6, “dt + dM;
< Oy dt — gan % pu2dt + Cavn =16 2dt + dME.
In the above, the first inequality follows from
(2.15) (VN % pn) - v, pn) = (K * (o % pn), Jn * (pnv))
1/2
< N(xo)E * (T # pu) 2l T * ()2 < Cll T * pally [T % o2,

where O = {z : dist(z,0) < 1} is the fattening of a bounded open subset O
containing the support of v (equivalently, p) by the support of all mollifiers J,, and
where x 4 is the characteristic function of a set A, and the last step above follows

from ([T4]).

The martingale
t t
ME(t) = Varn=2 Y / VN, (X; = X;)dB; = V2vrn™' ) / (VN,, * pn)(X;)dB;
i o —Jo
has quadratic variation

1) = 2 Y [ O, s (Xl P

t
= 2un~ ! /W/O |an*pn(r)(x)\2pn(r,dx)dr.

Therefore, taking expectation in the integral form of ([2ZI4) and combining the
result with (212) yields
(2.16)

v T
E[en(Pn(T))+M2(Pn(T))+5/O 1 Jn%0n (r)|13dr] < Elen(pn(0)]+e" M2(po)+Cop,r-
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Since polynomial growth at infinity dominates logarithmic growth, e,, + My > ¢ >
—00, and thus we have

T
@17 FEL[ 1+ ()] < Elen(pn(0)] + € Malon) + Cupr.

Similar to (2IH), we have

3/2
(V@ - UGy )] < Clldn % pally .

Consequently,
t
B[ [ (Vg pa) 4] < Clt = 5]/

Applying the above estimate to ([25]) we easily obtain ([213).

As mentioned before, by a combination of Theorems 3.8.6 and 3.8.8 of [9] and by
[I7], we conclude that the family of probability distributions/laws on P(C([0,T];
P(R?))) for random variables {p,(-) : n = 1,2,...} is tight. By the Pohorov
theorem, the family of probability laws is relatively compact in the topology of weak
convergence of probability measures. We select a convergent subsequence and, with
a slight abuse of notation, we still label the subsequence by n. By the Skorohod
representation theorem (e.g. Theorem 3.1.8 in [9]), we can construct a canonical
probability space on which random variables p, p,,n = 1,2, ..., are defined, with
the property that g, has the same law as p,, for n = 1,2, ... and such that

(2.18) pn — p as.in C([0,T); P(R?)) as n — +oo.

We observe that [27), (Z12)), (ZI7) hold for p,,, while we cannot replace p by py,
in (Z3). We will first pass to the limit in (ZI2) and [ZI7). Since M; is lower semi-
continuous with respect to weak convergence of probability measures (i.e. narrow
convergence), we have by Fatou’s lemma E[Mas(p(t))] < liminf, . E[Ms(p,(¢))]
which, together with (2.12)), gives us

(2.19) E[M>(p(t))] < (Ma(po) + (|vll3 +4v + Ca)t)e".
By @4), E[e,(pn(0))] = e(po). Finally, since for h € L*(R?)
Ty e
PeC,.(R?) R2

we have for every ¢ € C.(R?)

n—roo

lirginf | Jn % i (1)]|3 > lim inf {2/ In % pr(r)da — ||1/)|§} .
n o0 RQ
But
lim I * pp (1) dx = lim pn(r)Jn %0 dx = lim p(r)y de,

n—oo R2 n—oo R2 n—oo R2

so we have

lp(r)ll3 = sup {2/ p(r)@bd:c—llwlli] < liminf ||.J,, * g (r)|I3-
eC. (R?) R2 n—0o0

Combining these facts with (ZIT) and using Fatou’s lemma, we thus obtain

v T
(2.20) 5E[/o lp(r)l13dr] < e(po) + " Ma(po) + Cyp,1-
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4000 JIN FENG AND ANDRZEJ SWIECH

We will now pass to the limit in (Z7) for ¢ € C°([0,7] x R?). Following the
proof of Lemma [7.]] we introduce a radial cutoff function ¢ € C2°(R?), 0 < ¢ < 1,
¢(z) =1 for |[x] <1 and ¢(z) =0 for |z| > 2 and define ¢, (z) = ¢(x/7) for 7 > 0.
Then defining Ky , = —¢, K+, Ky, = —(1 — ¢, )K=,

UG, xpn = —K+ %G, * pn =K1 %Gy *pn+ Ko %Gy * pn.

We know that there is a set of full measure such that p,(-)(w) — p(-)(w) in
C([0,T); P(R?)). For w in this set we have the following. Since ||Ka, * G, —
Ko lloo = 0 as n — 400, [|[Kar x Gy * pn(r)(w) = Ko r % pp(r)(w)|lec — 0 as
n — —+oo for every r € [0,7]. Also, since Ky . * p,(r)(w) are equibounded and
equicontinuous, we observe that K , * () pn(w) = K. 2.+ % p(r)(w) locally uniformly
as n — +oo for every r € [0,T].

Using these, the inequality [|[Vo- K » %Gp*pn oo < C|| K2, |loo and the Lebesgue
dominated convergence theorem, it is then easy to see that for 0 < r < T,

t t
(2.21) / (V- Ky % Gy P, po(r))dr — / (V- Ky *p,p(r))dr as.
s S
and
¢ ¢
(2.22) E[/ (Vo Ko+ % Gy * P, pp(r))dr] — E[/ (V- Ko *p,p(r))dr].
By Young’s inequality we have ||V - K1 ; * J,, * pplle < C7||Jy * ppll2. Thus

(V- Ky xGy, * Py )| = ‘<K1,T * I % Py In x (Pn Vo)) < Oy % ﬁn”%a which,
using (ZI7T), yields

t t

(2.23) IE[/ (V- Kir % G % s o (1)) dr] < CT]E[/ s 5 ()| 2d1] < Cor-
Since by the same argument we also have

t t
(2.24) B[ (Ve Karxp.pl)ldr) < O7E[ [ o(r)]ar) < Cir,
sending n — oo and then 7 — 0 gives us

t t
@25) Bl (Te+uc,ep,, il ))dr] > B[ (Vi up pr))dr],

Moreover, [Z21)), (Z23), (224) and standard arguments also imply that there is a
subsequence nj such that

¢ ¢
(2.26) / (Vo -ua,, +p,, > Py (r))dr — / (Ve - u,, p(r))dr ask — 400 as.

Similar convergences of the other terms in (7)) are easy consequences of the fact
that g, (-) = p(-) a.s. in C(]0,T]; P(R?)) and the Lebesgue dominated convergence
theorem. In the end we obtain

(2.27)  E[{p, p(t)) — (p, p(s)) — / [(pt + V- (u, +v) +vAp, p(r))]dr] =0
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and, for a subsequence ny,

k—+4oco

lim [w, o)== [ [0 450 (U + 01+ 2D, ()] dr}
(2.28)

= pup0) = (00(6) = [ lor + T+ (uy+0) +v2pu )] as.
By 290), 1), 227), 228) and Fatou’s lemma we now obtain
Var [<¢,p<t>> ~ (o))~ [ e + i Gty +0) + 080, dr}

:Var[ lim [w,ﬁnk(t»—@,mk(s»

k—+o00

t _
~ [ o+ 90 tteep, + 0+ 0] ]

< hkrglor;f Var <507ﬁnk (t)> - <507ﬁﬂk (8)>

t
~ [ [t Vo e ep, + )+ ()] dr

= liminf Var | (¢, pn, (1)) — (@, pn,.(s))

k—oc0

t
_/ [@t + Vo (ug,, spn, +0)+ VAP, py, (r))] dr

(2.29) = liknléréf[M;fw](t) < lim inf 20T ||V 2n,~t =0.

This, together with ([Z27), shows that for every 0 < s < t < T and every ¢ €
C([0,T] x R?),

(230)  (p.p() — (. p(s)) = / (ot + Vo (uy + ) + vAG, p(r )] dr, 2.

It now remains to use that a.s. p(-) € C([0,00); P(R?)) and invoke a separability
and continuity argument, together with (Z20) and estimates of Lemma [TH, to
conclude that there is a set of full measure such that (Z30) is satisfied for every
0<s<t<Tandevery p € C([0,T] x R?), i.e. that a.s. (p,—V - (pVp)) is a
weak solution of (I.I]) on [0, 7.

Finally, by (ZI9) and (220), we can choose a trajectory p(-) := p(-)(w) which
satisfies (Z8) and and ([29]). The continuity of Ma(p(t)) at 0 follows from (Z8]) and
the lower semicontinuity of My with respect to narrow convergence since p(t) — po
narrowly as ¢ — 0. The fact that p(-) € C([0,00);P,(R?)) for each ¢ < 2 is
standard. d

Once we know that the weak solution we constructed is in L?([0, T, L?(R?)), one
can study its further regularity properties by classical and semigroup techniques (see
for instance [13] and the references therein). We do not do it here since we are only
interested in estimates and formulas for Ms, s and d2.
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4002 JIN FENG AND ANDRZEJ SWIECH
Before we proceed to the next lemma we need to introduce another mollifier. Let

0 <~ <1and G e C®(R?) be a radial, positive function such that G(z) = ce~1*!"
for [z > 1, where ¢ is chosen so that [ G(z)dz = 1. We set

x

Gs(a) = 672G(5).

We then mollify p into ps(t, ) = Gs * p(t,x) > 0 for every ¢ > 0.

Lemma 2.3. There exists Cs > 0 depending only on & and supg<,<r Ma(p(t)) such
that

(2.31) [log ps(t, )| < C(1+ [z]).
Proof. We have by Jensen’s inequality
Cs > log ps(t,z) = log ( . Gs(z —y)p(t, y)dy)
> / (108G — ) plt,y)dy
> = [ o1+ 1al+ D)o )y = ~Co(1 + ).
O

Lemma 2.4. Let p(-) € C([0,T); P(R?)) be such that (p, —div(pv)),v = Vp solves
[CI)-(@3)) in the weak sense and let s(p(0)) < 400,

(2.32) S, Ma(p(t)) + /OT lpll3dt < oo,
and

(2.33) lim Ma(p(t)) = Ma(p(0))-

Set

Adp()) = 3 / [ ot )Pott,a)dads,

Then p € AC((0,T); P2(R?)), and for 0 < s <t < T and some constant C = C,, >

0,

(2.34) Ma(p(t)) < (Ma2(p(0)) + 4vAi(p) + 4vt)e’,

(2.35) (ol + 5 [ Tr))dr < s(p(0)) + CAp(),
0

(2.36) Ms(p(t)) — Ma(p(s)) = / (41/ +2 /Rz x - vpda;) dr,

(2.37) s(p(t)) — s(p(s)) = —l//:I(p(r))dr—l—/: (/ v-@dp)dr.

R2 p
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Proof. Let

us(t, ) = M’ vs(t, )

_ Gs * (pv)(t, )
ps(t, x) ’

ps(t, )

Then, using the definition of a weak solution, it is easy to see that for every ¢ €
C>(R?) and for 0 <t < T,

| osttore@iz = [ ps(0.0)0 @)z
R2 Rz
(2.38) = /]R?/O [vAps — div(ps(us + v5))](r, x)(x)drdz.

Since Aps = (AGs) * p,div(psus) = (VGs) * (pu), div(psvs) = (VGs) * (pv), and
using (Z.27), we get that for every s € (0,7),z,z € R?,

/ Aps(s,m)ldy < G5, |Aps(sa) — Aps(s,2)| < Csle — =,
RZ

/RQ |div(psus)(s,y)|dy < Cs /Rz [u(s, y)|p(s,y)dy < Cs||p2(s)]|2,

|div(psus) (s, x) — div(psus) (s, 2)| < Csllp2(s)|l2lx = 2|,

| aioson)s.ldy < Cs [ 1ot ) Pols. )y < G,
divipsos)(s,2) = div(pss)(s,2)] < Cs [ [o(s.0) Pols.phdyle — 2| < Cole — 2.
R2

Therefore defining hs(s, z) := [vAps — div(ps(us + vs))](s, z), we see that for every

te(0,T),r,z € R2,
¢ ¢
/ hs(s,x)ds —/ hs(s,z)ds
0 0

and for every z € R% hs(s,z) € L'(0,7). Thus ([Z38) implies that for every
0<t<T zeR?

< C~’5|‘TE_Z|5

pa(t,2) — ps(0,2) = /0 (s, 2)ds,

i.e. the function ps(-, z) is absolutely continuous on [0, 7] for every z € R2.
Therefore, setting F(r) = rlogr, we can write

(239) s(psl) = s(ps(0)) = | (Flps(t,2)) = Flps(0.2)))da
= / / F'(p5(r,x))<VAp5(r,x) —div(pg(r,x)(u(;(r,x)+v5(r,x)))>drdx.
R2 Jo

We notice that because of (Z32]) the integral in (Z39)) is finite. We will demonstrate
it only for the term | [ F'(ps(r,z))div(ps(r, x)us(r, z))drdz, as the other terms are
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4004 JIN FENG AND ANDRZEJ SWIECH

easy. First we notice that by Lemma 23]
[F"(ps(r, )| = [log ps(t,2) + 1| < C(1+ [2]") < C(1+ |2]) < C(L+ |z —yl| + |y])
for every r € (0,T),z,y € R?. Thus, by [232) and (2),

/0 - |F'(ps(r, x))div(ps(r, ©)us(r, z))|drdx

T
= /0 /Rz /]Rz C(l+ |z =yl + [yDIVGs(x — y)lp(r, y)|ulr, y)|dydrdz
S/0 /RQ Cs(1 + |y p(r, y)|u(r,y)|dydr

T 3 . T
<cs [ | [ s ] ol < 65 [ ol <+,

We want to integrate by parts in (2239]), i.e. we want to write
(2.40)

t
lim / F"(ps(r, x))( —v|Vps(r,2)|* + psus - Vps + psvs - Vp(g)d:vdr
B

\v4 2
lim / ( — Vﬂ + (us + vs) - Vpg)da:dr
Br Ps

' Vo5 || V5] :
< lim | —v|— +V2 H— (/ (Jus|* + |v5|2)dp5) dr
/0 fimeo ( VP 2By VP |l L2 () \Jre2

v t t
<=2 [twar+C, [ [ (uaf + los)dpsar
0 0 JR2

We notice that the last line of (Z40) is well defined, as by Lemma 8.1.9 of [3],
together with (232)) and Lemma [[5] we have

t t
lim/ / (us|? + [vs[2)dpsdr = / / (ul? + [v]2)dpdr
=0 Jo Jr2 o JRr2

t
(2.41) < | (cnpn%+ / |v|2dp) dr.
0 R2

Assuming for a moment that integration by parts was allowed in ([Z40]), we pass

to the limit there as § — 0. It is easy to see that \/ps(r) — /p(r) in L*(R?)
as 6 — 0. Thus, using the weak sequential lower semicontinuity of the norm and
Fatou’s lemma we obtain

t t
timsup— [ 1(ps(r)dr =~ limint |19 V/ps(0)[3dr
0 0

6—0
t t t
a4 <= [mint VYol < = [ 19 Ve0ar = = [ 1(p()ar
Now, since F(p(0)) € L'(R?), using Jensen’s inequality

s(os0) = [ F(Goxp0))da < [ Gy s F(p(0)d.
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which yields

(2.43)
i int —s(o5(0) = iy | G+ F(p(0))d = / F(pl0))dz = ~s(o(0))

Finally, using Fatou’s lemma we have
(2.44) s(p(r)) < liminf s(ps(r)).
6—0

Therefore letting § — 0 in (Z40) and applying (Z4T))-(244) we obtain

14

@45 sto)+ 5 [ 10 < (0 + O (Aol + [ IolBdear).

Let us now justify that we can integrate by parts in (Z40). We can pass from
the first to the second line in (Z40) if we can show that for every s the boundary
integral

(2.46) /6  (Jo8(ps(s) + 1)(Vs(s) Gy » (pu)(s) = Gis » (pr)(s)) - neo(a)

goes to 0 as R — oo, where n is the exterior unit normal vector on dBg. Since
|0BRr| = 2nR and |log(ps(s)) + 1| < C(1+ RY) on 0Bg, this will be achieved if we
can show that

C

(2.47) [Vps(s,2)| +[Gs * (pu) (s, 2)| + [Gs * (pv) (s, 2)| < [T

for some € > 0 and all 2 € R?, where C is some constant which may depend on s.
Let 7 =1+ v+ € < 2. We will use the fact that for every z,y € R?,

z[" < C(lz —y|™ + [y[").
The Cjs’s below are generic constants and may differ from line to line.

(1) We have, since ||v]|o0 < 00,
2" (IVps (s, 2)| + |G * (pv) (s, 7))
< /}R2 Cllz —yI" +lyIN(IVGs(x —y)| + Gs(z = y)|v(s, y)])p(s, y)dy

< Cs(s) + Cs(s) /R2 [yl p(s, y)dy < Cs(s)(1 4+ Ma(p(s))) < Cs(s)-

(2) Using generalized Holder inequality and (T2]),
|2[7|G5  (pu)(s, 2)| < /R2 Cllz = yI™ + yINIGs(x = y)l[uls, y)lp(s, y)dy

< [ G+t n)lo(s. ) < Collo5)]

-
+Oa</ Iylpsydy) (/ Ipsydy) lJull o

< Csllp()lla + Cs L+ o()lls ™ llo()]1E )
< G+ [p)5F ) < Cs(1+ [Ip()]12).
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This completes the proof of (247T).
With the above estimate, we can now improve (245) by getting rid of the
fot llpll3dr term. Since

1l1p < Idiv(po)ll-vp + 1Al -1, + v (ou) -1,
< (P 1) 2 4 (P,

by Lemma we have
T
1l < .
0

By Theorem 8.3.1 of [3], p € AC((0,T); P2(R?)). We can now apply the chain rule
of Lemma [C.T7 and the convexity results regarding M, and s of Lemma in the
Appendix to obtain the following.

Since I(p(r)) < oo for a.e. r € (0,T), by Lemma [T6, [, u- Vpdz = 0, and by
Lemma [T7, [,, 2 - udp = 0. Also, since M(p(t)) is continuous at 0, ([Z45) implies
that s(p(0)) is continuous at 0. Therefore we have for 0 < s <t < T,

M>(p(1))
— Ms(p //R 41/—0—233 (u+v)p )d:z:dr

—|—/ / 41/+2x~vp>dxdr
s JR2

< My(p(s)) + 4v(t — 5) +2/ (VABRG) / of2dp(r) ) dr

< My(p(s)) + 4(t — ) + / ([ 1ofdotr) + Ma(otr)) ).

The required estimate now follows from Gronwall’s inequality.
On the other hand,

s(plt)) = //R p|2 + (vt u) - Vp)dedr

- _V/s I(p ())dr+/$t(/R2v-¥dp)dr

< s+ [ (v + VT [ 1eantr)) i
< slols)) ~ 2 / (o) + C, / t / JoPdp(r)r

Lemma 2.5. Let p(),v be as in Lemma 24 Then

(2.48) —%dz(p() o)+3 Le / / Voo (V@—Fu—kv) (r, da)dr

Jorall0 < s <t < T and 0 € P2(R?) with s(o) < co. In the above, py, is
the difference of two convex functions defining Brenier’s optimal transport map in
Theorem D.25 (Appendiz D) of [11].
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Proof. The result follows from Lemmas [[.17 and [[.18 in the Appendix. O

We can now state the following existence result.

Corollary 2.6. Let pg € P2(R?) be such that s(pg) < +00. Let p : [0,00) x R? — R
be such that there exists a sequence 0 =tg < t1 < ... < t,, < ...,t, — +00 such that
p € C([tn, tnr1] xR?) forn = 0,1, .... Then there exists p(-) € C([0, +00); P2(R?))
such that (p, =V - (pVp)) is a weak solution of (LI on [0,00) and p(0) = po.
Moreover, if p(-) € ICp,, then p(-) satisfies 234)-(Z37) and (Z4]) for every 0 <

s <t<oo, and

1
2

(249)  d(p(t),po) < Oy <C2+5(Po)+M2(Po)+ I Vdepdr) Vi

for0<t<1.

Proof. The result follows from Lemmas 221 [Z4] and and the definition of a
weak solution which allows us to patch together solutions obtained on intervals

[0,t1], [t1,12],.... Estimate (249) is the consequence of estimates (234, (237,
([T28), and the characterization of the 2-Wasserstein distance; see for instance [3],
(8.0.3), page 168. O

3. THE CONTROLLED PDE AS A MIXTURE OF CONTROLLED GRADIENT
AND HAMILTONIAN FLOWS

It is useful to adapt a geometric point of view for interpreting (LI)). The goal is
to discover a gradient and Hamiltonian flow structure of (II]) and rewrite it as an
abstract evolution equation (3.2Z3) in the Wasserstein space (P2(R?),d). To achieve
this, we need to invoke some results in optimal mass transport theory [3], [29].

3.1. A differential calculus on P(R?). Following Otto [26], we formally view
(P2(R?),d) as an infinite-dimensional Riemannian manifold with tangent space
T,P2(R?) at p modeled by using H_; ,(R?). Let function f : P2(R?) — R U {£o0}
and pg € E. This allows us to define the notion of gradient.

Definition 3.1 (Gradient). For each p € C®(R?), let pP = pP(t,z),t > 0, be
defined according to

9P () + div(p"Vp) =0, p?(0) = po.

The gradient of f evaluated at pg, written as gradf(po), is said to exist if and only
if it can be identified as the unique element in the Schwartz space D’(R?) satisfying

o 107(0) = F(0)

— e} 2
=504 t = <gradf(p0)7p>7 Vp € C¢ (R )

Following Gangbo, Kim and Pacini [12], and Ambrosio and Gangbo [2], we
introduce the notion of a symplectic gradient.

Definition 3.2 (Symplectic gradient). For each p € C°(R?), let pP = pP(t,x),t >
0, be defined according to

9pP(t) + V- (p"(JVp)) =0, p"(0) = po.
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4008 JIN FENG AND ANDRZEJ SWIECH

The symplectic gradient of f evaluated at pp, written as J-grad f(po), is said to
exist if and only if it can be identified as the unique element in the Schwartz space
D'(R?) satisfying
P(t)) —
Lo LP(0) = (o)
t—0+ t

Example 3.3. Let p; € C°(R?), k= 1,2,.... We denote

—

95':(9017-‘-790/6)7 ’(/}:(’(/}1771/%)

For smooth test functions of the form

(3.1) f(p) = h({p,p1)s- -, {p, 0x)) = h({p, B)),

where h € C1(R¥), we define the unconstrained first order variational derivative

= <J'gradf(p0)7p>7 Vp € C(?O (RQ)

k
% = Z dih((p, &)

i=1
Then

) )
(3.2) grad,f = —d1v(pV%).

Next, we consider functionals e, s, d?(-,7), M as defined in (LI2), (LI5), (TI0),
(CI3). The functionals My, d?(-,~) are continuous, and e, s are lower semicontinu-
ous on the metric space (Py(R?),d). In addition, by Theorem D.28 on page 381 of
Feng and Kurtz [11] (also Lemma 10.4.4 of [3]),

(3.3) grad,s(p) = —Ap, if s(p) < o0,
(3.4) grad, d*(p,v) = —2div(pVp,), if p, have Lebesgue densities.

In the above,

1
Ppy(T) = _‘73|2 —¢p(2),
2

where ¢, ., is the convex function defining Brenier’s optimal transport map as in
the Kantorovich duality formulation of the 2-Wasserstein metric (e.g. Theorems
D.20 and D.25 in [I1I]). Let O be the interior of the convex hull of the support of
p; Vp, ~ is only defined in O. But p(O) =1 and

(3.5) / V00 ()2 p(da) = / & — yl?m, - (de, dy) = d(p,) < oc.
R2 R2xR2

So, taking pVp,, , to be zero off the support of p, pVp,, , € L' (R?) and V-(pVp, ) €
D'(R?). Thus (B.5) means that

(3.6) ||gradpd2(p,’y)||2_17p = 4d*(p,7), if p,7 have Lebesgue densities.
Direct calculation reveals that

(3.7) grad, Ma(p) = —div(2zp).

We also refer to a broader class of examples given in Theorem 10.4.13 in [3]. Re-
garding e we have the following result.
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Lemma 3.4. Let py € Po(R?) be such that ||poll2 < co. Then
(38) gra’dpo 6(/70) = _div(povUpo)a
(3.9) J-grad, e(po) = —div(poup,),
where Uy, = N * pg.

Proof. Let £ = Vp : R? = R2 be a vector field such that p € C°(R?). We define a
corresponding flux {®(¢) : t € R} by
O®(t,) =€0®(t,-),teR, P&(0,2)==x.
Let
Op+div(p€) =0, p(0) = po.

By [3], chapter 8, we know that p € AC((0,00); P2(R?)) and p(t) = ®(t)4po in
the sense of a change of variable formula such that for every nonnegative Borel
measurable function ¢,

(3.10) [ ewtt.n = [ o(@a)min).

We notice that since ®(t) is smooth and ®(0,x) = x, hence for 7 > 0 small enough
and 0 <t <,

detD®(t, z) > eg for some €y > 0.
Therefore, since ®(t) is a diffeomorphism, (BI0) implies that for 0 < ¢ < 7,

p(t, ®(t,z)) = po(z)[det DD(t, )]~ .

Therefore

(3.11)

1 2 lpo (@) / 2 / 2

— > —————dr = t, P(t detD®(t, z)dx = t d
ol > [ B de = [ ott. bt o) PerData)de = [ lote, )P

which implies that

sup |[p(t)]]2 < oo.
o<t<T

It is also easy to see that

sup Ma(p(t)) < .
o<t<T

Recall that e, (p) = 1/2(N,, % p, p), where N, = N « G,, = N x J,, * J,, and J,, is
a standard mollifier defined in Section 2l We notice that

en(p(t)) = %/W . N (®(t,z) — ©(t,y))po(y)po(z)dydz,

and thus, by the dominated convergence theorem, we easily obtain the fact that

lim o e, (p(t)) = en (po).
By Lemma in the Appendix, e,, is A-convex. By the chain rule in Lemma

v
(3.12) enlp(®) = eulp)+ [ [ (VN < plo) - €p(ryar.
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4010 JIN FENG AND ANDRZEJ SWIECH

By Lemma [T4 lim,—, o e, (p(t)) = e(p(t)) and lim,,—,o en(po) = e(po). Also, since
VN, = VN % G,, using Holder inequality and (Z4]), we obtain

/0 t / (VN % p(r)) - Edp(r)dr — / t /RJVN Folr)) - edplr)dr

< / 1o 12 (TN * (G # plt) — p(£))) - Ell2dr
0
< c/ |Gy p(£) — p(8)]|3/2dr — 0 as n — occ.
0

Thus, letting n — oo in (BI2]) we arrive at

(3.13) clott) = elpn) + [ [ (N ptr)gdp(ryar

We now claim that [, (VN % p(r))&dp(r) is continuous in > 0. To see this, we
first note that by the change of variables,

/R (TN plr))€p(r)

=5 | [ IN@(r2) - 9 €@ 2) ~ @0 (e o) dod
R2 JR2

Second, by the Lipschitz continuity of &,

|({(z) —&(y))VN(z —y)| < C,  for some C > 0.

Hence the continuity of [, (K  p(r))&dp(r) in r follows by the dominated conver-
gence theorem.
Consequently,

i 7 (elpl) = e(o(0)) = [ ()TN x po)d,
which shows [B8)). The proof of B3] is virtually the same. O

We recall that condition ||pgll2 < co in the above lemma is weaker than I(pg) <
o since [lpoll3 < C(1+ I(po)).

3.2. Several useful identities and estimates. We now give several estimates
regarding grad,s, grad,Ma, grad, e, and J-grad,e. For p € P5(R?) we denote by
P, to be the projection operator of L?(p) functions on to the subspace

L*(p)
Ly(p)={Ve:peC2®)} .

Then
(L3 (p)* = {v € L*(p) : div(pv) = 0}.
Moreover,

(—div(pu),—div(pv)),lyp:/ (Ppu)(va)dp:/ vaudp:/ uP,vdp.
R? R? R?

See Section 8.4 of [3].
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Lemma 3.5. Assume that p € P2(R?) satisfies I(p) < oo and that v, 42, ... are as
in Definition @1l Then:

(314) ngadpSHQ—l,p = I(p)’
I7-gradel1, = [ 1PougPolda) < €O+ 1)
(3.15) Jarad, Ma(p) 21, = 4V(p)

(3.16) ||gradp2/3kd2m>||21p—4\|2/3kv pVp,) 121,

k=1

—

<4 (Z ) (Zﬁkllv (0¥ ) I2 )
k=1 k=1
= (Z m) > Brd*(p.")
k=1 k=1
and
(3.17) (grad,s(p), J-grad e(p)) -1, = — /R2 Vp Kt spdx =0,
(3.18) (grad,s(p), grad, Zﬂkd (P, ")) —1,p = 225’“/ Vp-Vp,kdr,
k=1 /R
(3.19) (grad,s(p), grad,Ma(p))-1,, = 2 /]R2 Vp-xzdr=—4,
(3.20) (J-grad e(p), grad,,Ma(p))-1,, = —2 » Kt sp-xzpdr =0,
(3.21)

o0 (o]
(J-grad,e(p), grad, Zﬂkcﬂm YN -1, = —ZZm /R KTy ep e,

(3.22) (gradng ,grad, Zﬁkd 0, fy 1p=2 Zﬁ’“/ x-Vp, kpdr.

Proof. 814)) follows from Theorem D.45 of [I1]. (BI5) follows from Lemmas B.4]
and [CH BI5) and BI8) follow from (B7) and B4)). BIT) follows from (3] and
Lemmas B4 and BI19) follows from B3), B1) and integration by parts, and
B20) follows from Lemma [[7l The remaining formulas are also straightforward

using (3.4). O

We will see in Section B3] (equation ([B23))) that the controlled PDE system (ILT])-
([C3) is just a mixture of a controlled Hamiltonian flow and an antigradient flow.
Here we provide some estimates for each term of the flow which will be crucial in the
proof of the comparison principle. First, an adaptation of the results in Theorem
D.50 of [I1] (see Remark D.51 there) gives the following monotonicity estimate for
grad,s.

Lemma 3.6. For p,y € P2(R?) satisfying I() + I(p) < +o0,
(—gradps,gradpd2>_1,p + (—grad,,s, gradﬂ/dQ)_l,, <0.
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Unfortunately, we do not have such a monotonicity property for the Hamiltonian
term J-grad ,e. However, we have the following approximate result.

Lemma 3.7. Suppose that p,v € P2(R?) satisfy I(v) + I(p) < +o0o. Then for each
6 > 0 there exists a constant Cs > 0 such that

(J-grad e, gradpdz),l’p + (J-grad,e, grad7d2>,1
< 3d(p,)VI(P) + 1) ((C + 5(0) + Ma(p)? + (€ + 5(3) + Ma())? )
+ Csd*(p, ),

where C'is from Lemma [L10

Proof. We denote
u(@) = K+ xp(x), v(y) = —K**(y).

Let w9 € T'v(p, ), the set of optimal measures. Then by (321,
(J-grad e, grad, d?)_, o+ <J—gradwe,grad7d2>,1 ~

/RQ /11@2 = —v(y))mo(dz, dy).

Let Js be the kernel approximating —K = from Lemma [10] i.e. Js is equal to Jj
from Lemma for large enough k, and let

us = Js x p, vs=Js*n.
Since J; is Lipschitz we have
(z = 2)(Js(2) = Js(2")) < Cslz = &/
for all z, 2’ € R2. It now follows that

[ = ) este) ~ vsto)ymotr, dy)
— /I /z/ /(as - y)(fa(a: — ') — Js(y — y'))ﬂo(dm", dy')mo(dz, dy)

% /M /wy (:E -z’ —(y— y’)) (ja(:r —a) = Js(y — y’))wo(dx’, dy' Yo (dz, dy)

IN

1 1
505 [ 1o = ylPmo(de, dy) = 5Csc(p.).

The second equality above follows from the fact that Js(—z) = —Js(z) and sym-
metry of the integral.

On the other hand, by Lemma

[ @ = 0)((wle) = us(o) + (0(0) — vs(0) mold, dy)

< \//|I—y|2d7fod$dy \//|u—u5|2 dz) + \//|v—v5|2 (dy))
< dp)VAVI(P) +1(7) ((C + s(p) + Ma(p)F + (€ + 5(7) + Ma(1)F) |
which completes the proof. O
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3.3. Controlled gradient-Hamiltonian flow. Using (B3]), Lemma[34] and Cor-
ollary we can interpret (ILI]) as a controlled gradient-Hamiltonian system.

Lemma 3.8. Let p(-) € ICp,, where s(p(0)) < +00. Then the weak solution of the
controlled PDE (1) can be re-written as a mizture of a Hamiltonian flow, negative
gradient flow, and control variable in the form

(3.23) Oip = J-grad e — vgrad,s + m,

where m = =V - (pVp).

4. VISCOSITY SOLUTIONS
In this section we introduce the notion of a viscosity solution. We recall that
E = P5(R?). For p € E such that I(p) < +oo and m € H_; ,, we define

(4.1)
- ~ - 1
Hp.in) = sup |(J-grad,e — vgrad,s, )1+ (m, i) 1 — o m]2y,
meH_1,, v
= = =12
= (J-grad e — vgrad,s,m) + v|m[Z; ).
For p € C°(R?) we denote my, := —V - (pVp) € H_1 ,. We then define

- N - 1
H,(p,m) = <J-gradpe —vgrad,s, my_1,,+ (Mp,M)_1,, — EHmZ,HQ_Lp.

We notice that

(4.2) H(p,m) = sup Hy(p,m).
peCE (R?)

Let @ > 0 and h € Cp(E). We want to show that the value function

13w =suw{ [ (0 hloto) - Lo(0. 50 ) p € K |
0

is the unique viscosity solution of the HJB equation

(4.4) f = aH(p,grad, f) = h(p).

We need to define the notion of a viscosity solution.

Definition 4.1. We say that ¢ : E — R U {400} is a test function if

oo
Y(p) = 0s(p) + 6Ma(p) + Y Bed®(p.7") + ¢,
k=1
where 0 < 0 < 1,6 > 0,c € R, B > 0 for k > 1, )7, B < +oo, the set
{#* : k > 1} is bounded and every v* has Lebesgue density.

Obviously >"32, Bkd?(p,~*) is continuous in E. Since convergence in E implies
convergence of second moments, Ms(p) is also continuous in E. It is also well known
that s(p) is lower semicontinuous in FE, for instance using the lower semicontinuity
of relative entropy (see for instance Lemma 1.4.3 of [8]) and continuity of Mz (p).
In fact, every test function 1 is narrowly lower semicontinuous, and its level sets
{p:¢¥(p) < r} are compact in the narrow topology of E.

We recall that if I(p) < +oo, then p € D(¢) and grad,¥(p) € H_1 ,, and then
H(p, grad,y(p)) is well defined. Otherwise we set

H(p,grad,i(p)) = —oo if I(p) = +oo,

Licensed to Univ of Kansas. Prepared on Mon Jun 30 12:31:46 EDT 2014 for download from IP 129.237.46.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
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and for every p € C°(R?),

Hy(p, —grad,v(p)) = H(p, —grad,¥(p)) = +oo if I(p) = +oo.

Definition 4.2. We say that ¢ : E — R is a viscosity subsolution of (&4 if
whenever (g — ¢)* has a local maximum at pg for a test function v, we have

(g —¥)*(po) + ¥(po) — aH (po, grad, 1(po)) < h(po)-

We say that g : E — R is a viscosity supersolution of (@) if whenever (g + v).
has a local minimum at py for a test function 1, we have

(9 +¥)x(po) — ¥(po) — aH(po, —grad, 1 (po)) = h(po)-

A function g : E — R is a viscosity solution of (4] if it is both a viscosity
subsolution and a viscosity supersolution of (Z4]).

Above, (g — 1)* (respectively, (g — 1)) means the upper (respectively, lower)
semicontinuous envelope of g — .

The reader may wonder what roles the various parts of test functions play. The
part 0s(p) + 0 Ma(p) plays a role of a cutoff function and a function which will pro-
duce coercive terms in the equation. The functions of the form Y ;7 | Bxd?(p, ")
contain doubling functions and functions which allow us to perform perturbed op-
timization (see the next section). We also mention that the first definition of a
discontinuous viscosity solution, for equations with unbounded terms in a Hilbert
space, was introduced by Ishii in [16].

Remark 4.3. We notice that the above definition of a viscosity solution implies that
po in the subsolution and the supersolution parts necessarily satisfies I(pg) < +oc.
Therefore, in fact, H(po, *grad,0tp(po)) is always finite and we don’t have to use
the extensions of H introduced before, and it is enough to use the definition of H

given by ([@I1]).

5. THE COMPARISON PRINCIPLE

In this section we will show a comparison result. We first recall a variational
principle of Borwein-Preiss (see [6], Theorem 2.6 and Remark 2.7) which is stated
here in the form adapted to our case and which can be easily deduced from the
proof of Theorem 2.6 of [6].

Lemma 5.1. Let g: E X E — [—00,400) be upper semicontinuous and such that
g(p,v) = —oo if either p or v does not have Legesque density. Let for n > 1,
(0°,7°) be such that

1
9(p°,7°) > sup g — —.
EXE n

Then there exist sequences (p*), (Y*) of measures that have Lebesgue densities such
that d(p"*, p°) < 1,d(7%,7°) < 1,k > 1, p¥ — p", 3% — ™ for some p", 4" € E,
and sequences of nonnegative numbers (8L), (87) such that ;25 6L = 1,i = 1,2,
such that

1
g(p™,4") > sup g — —
EXE n
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and

1<% o 1 .
9(p" ") = =Y B (0", 5N — > B (v A"
k=1 k=1

+oo +oo
1 N 1 ~
> g9(07) = = D B (0, 5") = — > B (1,7"),
k=1 k=1
for all (p,v) € E X E.

Theorem 5.2. Let a > 0 and h; € Cy(E),i = 1,2. Let f and f be two bounded
functions such that f is a viscosity subsolution of

(5.1) f—aHf=Mh
and f is a viscosity supersolution of

(5.2) f—aHf = hs.
Then

(5.3)

Glm lir?jélp {f(p) = () : (s(p) + Ma(p)) + (s(7) + M2(7)) < R,d(p,7) <7}

< lim limsup {hi(p) = ha(7) : (s(p)+Mz(p))+(s(7)+M2(7)) < R,d(p,~) <7}

R—+4o00 r0

Proof. If (53]) does not hold, then there exists > 0 such that if 0 < g — 1 is
sufficiently small, we have

kg o= lim limsup {5F(p) =f(7) : (s(p)+Ma(p)) +(s(7) + M2(7)) <R, d(p,7) <1}
(5.4)
> 8+  lim limsup {Bh1(p) = ha(7) = (s(p) + Ma(p)) + (5(7) + M2(7)) < R,
d(p,y) <7} =0+ks.
Set for 0 < <1
k.0 1= lim sup {BF(p) = 0(s(p) + Ma(p)) — f(7) = O(s(7) + M2(7)) = d(p,7) <7}

= limsup {(Bf — 0(s + M2))"(p) — (f + 0(s + M2)).(7) = d(p,7) <7},

r—0

kg.o.c = sup { (B = (s + Mz2))"(p) — (f +0(s + Mz))«(7) — idZ(P, 7}

= 2e

We recall that
(5.5) s(p) + Ma(p) > Cy forallpe E
for some constant C7, and then it is easy to see that

. = 1
(5.6) ks Lim k.o,
(5.7) koo = lim kg
Denote

Faolp) = (BF = 0(s+M2))"(p), [ ,(7) = (f +0(s+ M2))u(7)-

We notice that if 7579@) > —o0, then s(p) < +o0, and so p must be absolutely
continuous with respect to the Lebesgue measure. Also, if f 5 0(’y) < 400, then
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4016 JIN FENG AND ANDRZEJ SWIECH

s(y) < 400, and thus 7 has Lebesgue density. Therefore we can apply LemmaBIlto
obtain for n > 1 sequences (5*), (%) of measures that have Lebesgue densities such
that pF — p", 3% — A" for some p",7" € E, where d(p*, p") < 1,d(7%,7") < 1
k > 1, and sequences of nonnegative numbers (53}), (87) satisfying E::{ BL =1
1 =1,2, such that

)

9

Taal0") = L340 = 5od(0",7")

)

(5.8) .

_ 1 1
_ — 2 — B
> sup {fﬁ,e(p) F56(7) = 547 (p, ”y)} —=kpoe—

and
T n n 12nn 1+0012n~k: 1+OO22 n zk
Foo(p") = f5e(0") = 5cd (0" )_EZﬂkd (", P )_EZﬂkd (")
k=1 k=1
7 L o L S b = GPOR
> Fa0(0) = £4,(0) = 5o d*(0:7) = = > B (p,5") = — D BRd*(7,5)
k=1 k=1
for all (p,v) € E x E. Moreover, it follows from (5.H) and (5.8)) that
(5.9) s(p") + Ma(p") < C(0), s(v") + Ma(v") < C(0)

for some constant C'() independent of n. It is also a rather straightforward obser-
vation (see [16] for similar arguments) that

1
(5.10) lim lim sup 2—d2(p”, ~4") =0 for every 0,
€

=0 poo

(5.11) lim lim sup lim sup (6(s(p™) + Ma(p™)) + 0(s(v") + M2 (7"™))) = 0.

0—-0 -0 n—00
To see these, let p — p", 77" — 7" be such that
foo(p™) = lim (Bf —0(s+ Ma))(p}),
Jj—+oo
ny __ : ?’L

We then have from (G5.8)) that for large j,

_ 1 1
kgo.e <(Bf —0(s+ M2))(p}) — (f +0(s + Ma2))(v}) — XdQ(p}’,v}’) +o
Therefore

1 _
kg..e + de(P?ﬁf) < (Bf —0(s + M2))(p})

n 1 2/ n n 1 1

which implies

1 1
5.12 kgoe+ —d*(p",4") < kgpoe + —.
(5.12) s0.e T (0" ") < ko2 +
Likewise, we obtain
1, , 0 , 1
B+ (0,00 + 5 (5 + M) (9) + (5 + Ma)(3])) < B g o +

which, using the lower semicontinuity of s + My, gives

1 0 1
(513)  kpoc+ 0 (0" 1") + (5 + Ma)(o") + (5 + Ma) (") < g g o +
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It now remains to take lim._,o limsup, ., in (BI2) and use (@.7), and then take
the limits limgy_,o limsup,_,, limsup,, ,, ., in (BI3)) and use (E.6)) to produce (G.10)
and (5110, respectively.

We also observe that (56), (&7), (58) and (GI0) imply

(5.14) lim lim lim sup(fﬁﬂ(p") — iﬁ’e(’y")) = kg.

0—0e—0 500

Finally we notice that since s + Ms/2 > —c; for some constant ¢; > 0, we have
OMsy < 20(s+ Ms + ¢1), and this, together with (&ITI), yields

(5.15) lim lim sup lim sup 6(Ma(p") + Ma(~y™)) = 0.

0—=0 -0 n—00

Set
+00 g
e(p) = Brd*(p. %), () = Brd* (v, 7).
k=1 k=1

We can now use the definition of a viscosity solution. We recall that we have
I(p™) + I(y™) < 4+o0. For f we obtain

Fa0x(p") — [(J—gradpne(p") —wvgrad,.s(p"), Ograd . s(p")

+ Ograd Mo (p") + —grad,non(p") + 5-grad,nd*(p",7")) 1 pn
(5.16) y . o §
+5 Ograd,,s(p") + Ograd,n Mz (p") + —grad,npn(p")

1 2/ n _n ?
+ocerad,ed™(p",7")

] = Bha(p") < C10,

—1,p"

where C is the constant from (G.5]). We now estimate, using (314)-(316), B.I7)-
B22), Lemma [0 and standard Schwarz’s and Young’s inequalities,

a(J-grad ,.e(p"), Ograd . s(p")
+ Ograd . Ma(p™) + %gradpncpn(p") + %gradp,Ldz(p"ﬁ”)},Lpn
Gar) < af(J-grad,.e(p”), igradpndz(p”,v”)%l,pn
£ gm0+ (072 0]
< a(J-grad.e(p"), %GgradpndQ(p”,v")%l,pn + %(1 +1(p")) + %

(5.18)
— av(grad,.s(p"), Ograd . s(p")

1 1
+ Ograd,,, My(p") + —gradnpn(p") + 5-grad,nd®(p",4")) 1,pn
1 C
< —avfI(p") +4avl + —1(p") + —lgrad,ion(p™)|2 1 n
n 1 n n
— av(grad,.s(p"), %gradpndQ(p ")) =1, pm

< - (au@ — E) I(p") + 4avd + . av(grad,.s(p"), igradpnd%p ™) —1,pm
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4018 JIN FENG AND ANDRZEJ SWIECH

_Hegradpns(p ) + Ograd . Ma(p") + Egradpnnpn(p )+ igradpndQ(p o )|L1,pv

< [(292 + %) I(p™) + (20 4+ 0) Ma(p™) + C (92 + % + %)

+6l2 <1 +Cs (9 + %)) d2(p",’y")] ,

where we have estimated
(Bgrad . s(p") + Ograd,. Ma(p"™) + Egradpnapn(p ),—gradpndQ(p M) —1,pm

2e
68
< 2
4[

T T 1 T
(P") + 0% (p") + —lgrad npn (P12 1 n
1 1 .
#5300 (04 1) larad (" ") -1
Now let 6 > 0 be such that
_ 144
(5.20) §<(1-8) - %.

Then, if
20v0%?  avl Co+1 avb

1 _
—_ < — — Gy 0+ = o
6<87 S8 2<+n><’
we see from (516)-(E19) and (BI5) that
_ 1
o0, (0) — f-grad pue(p") — v grad ("), ograd (0", 7))

avh . av(l+96) 1
LTI A e

where limg_,q limsup,_,, limsup,, , ., w(f,€e,n) = 0.
Repeating similar arguments we also obtain

(5.21)
d*(p",4") — Bha(p") < w(B,€,n),

n n n 1 n o.n
iﬁﬂ)m(’)’ )+ oz(J—grad,yne(”y ) - Vgradqns('Y )7 %gradfy"d2(p Y )>—17’Yn

(5.22) avd 1
- 510" —avr(1 = 8) 5d*(p",7") = (v") = —w(0; €, ).
Combining (521)) with (5.22]) and using (520) yields
= avl <1
Foon(0") = L4y, (") + == (L") +1(") + avd 5 d* (", 7")
3 s 1 s n
(5.23) — afJ-grad . e(p") — v grad . s(p"), Z—GgradpndQ(p ")) —1,pm

n n 1 n n
— aJ-grad (") — varad,os(+"), porad,ud®(5", 7)) 1
< Bha(p") = ha(Y") +w(0, €,n).
It now follows from Lemmas and B, together with (59), applied with

P S— V]

(C+O@):V 2
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that

-7 n n avl n n <1 2/ n .n

Foon(p") = f5,,(0") + L") +1(v")) + avdZd"(p",7")
5.24 v =1 . 1, .
O ooy [PVl )T T I — Coed? (67, 7")

< ﬁhl(pn) - hl('yn) + w(9> 6,71)7

which, together with (5I0), obviously implies
(525)  Taonlo™) = £y (") < Bha(") = ha(2") + w(6,e,n).

It now remains to apply limg_,q lim sup,_,, limsup,,_, ., to both sides of (23] and
invoke (BI0), (511) and (5I4) to obtain

kg < /;ﬁ,
which contradicts (&.4). O

Corollary 5.3. Let a > 0 and h € Cy,(E) and be uniformly continuous on finite
level sets of s + My. Then the equation f — aHf = h has at most one bounded
viscosity solution. Such a solution is uniformly continuous on finite level sets of
s+ M2 .

6. EXISTENCE OF VISCOSITY SOLUTIONS
We begin with a preliminary lemma.

Lemma 6.1. Let v be a test function, p € C°(R?). Then:

(i) (N, p) = s H(p, Agrad ,¢(p)) defined on (0,+00) X E is upper semicontinuous
at (1,p) for every p.

(ii) (A, p) = S Hy(p, —Agrad, v (p)) defined on (0,+00) x E is lower semicontin-
wous at (1,p). In particular, (X, p) — 3 H(p, =X grad, i (p)) is also lower semicon-
tinuous at (1, p).

Proof. We will only show (i), as the proof of (ii) is similar. We recall that if
I(p) < 400, then

grad,s(p) = =V - <p%) ;
J-grad e(p) = =V - (p(=K*+xp)),
(6.1) grad, Ms(p) = =V - (22p) ,

grad, > Brd*(p,7*) = =2 BV - (pVpyr) -

k=1 k=1

Therefore, using (314)-(B22)) and elementary Schwarz and Young inequalities,
if A is close to 1 so that /2 < A0 < (14 6)/2 we obtain that there exists a constant
Cy,s and for every € > 0 a constant C, such that

o Agrad, o) < =20y + [ oy oo +er(p)
R2

+C > Bed®(p,7") + Cos (1 + Ma(p) + Y Bed’(p, Vk)> .
k=1

k=1
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4020 JIN FENG AND ANDRZEJ SWIECH
Since by Lemma

[ o < o+ 100)),
R2

we therefore obtain that if € is small enough, then

(6.3) H(p, Agrad, ¥ (p)) < —wf(p%rce,é <1 + Ma(p) + Y Brd(p. 7’“)) -
k=1

This obviously shows that if p" — pg and I(p") — +oo, then H(p, Agrad,y(p)) is
upper semicontinuous at (1, pg).

Therefore it remains to show the upper semicontinuity in the case when p™ — pg
and sup,, I(p") = R < 4oco. In this case all the terms of the Hamiltonian are
bounded, so we can eliminate A from our considerations and just set A = 1.

We will be using a result proved in [II] (Lemma D.48), where in our case

Vp" Vo
6.4 V/p" = -
(6.4) 2" 2y/po
(6.5) V" = /po in L*(R?),
(6.6) VPP i = POV Dpy 4 in L*(R?)

for every k > 1.
Since p™ — po in E, p™ have uniformly integrable 2nd moments. This, together
with (6.3]), implies that

(6.7) z\/p" — z\/po  in L*(R?).

We now notice that, by BId), —|lgrad,s(p)||%, , = —I(p) is upper semicontinu-
ous and, by B.I5) and B1G), [lgrad,M2(p)|%, , and |lgrad,, 533271 Bed?(p,7")II24 ,

are continuous.
We will now show that

(6.8) Upn /P = Upor/po  in L2 (R?).

Let ¢ € C2°(R?) be radial, 0 < ¢ < 1, ¢(z) = 1 for |z| < 1/2 and ¢(z) = 0 for
lz| > 1. We set for r > 0, ¢,(z) = ¢(x/r). We decompose —K+ = —¢, K+ —
(1— ¢ )K+ = Ky, + Ky, which induces the decomposition of u, into u, =
u,l)’r + u?f =Ki,*p+ Ky, *p. Now

1,7‘ ,T n 2,’1" T n
[tpn VO™ = wpev/Pollz < Ml (upil = up WP |z + [l (g = g )V |2
+ [lupe (Vo™ = Vo) [|2-

Using Holder inequality and Young’s inequality for convolutions we obtain (see also

=V/po weaklyin L?(R?),

1/2
It = b VAT 2 < gt = upllalle™ 15 < 1 Ko

|3llpn = poll2llo™[3% < Cr1/2,

IN

2, , 2, , 1/2
(27 = w2 la < lu — a2 |lallo™ 13
< Ko llallon — polli ]3> — 0 as n — oo,

A

(6.10)
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and, by (72), (Z28) and (63),

1/2 1/2
[tpe (V7 = /Bo)l2 < Nlupg lIsIVE™ — Vaolls 2 IVP" — v/polls’
(6.11) §C||\/p”—\/p_0||;/2—>0asn—>oo.

Thus ([68) follows after we let r — 0.

‘We now notice that
1

2 B /R VP Vg eda <2y B/ T(0m) ( /R VP e P dx)
k=m k=m

2

<2 VI d(p"A*) <2 (Z ﬂk) VI(pm) (Z ﬂde(p”,v’“)>
k=m k=m k=m

<2 (Z ﬂk> VR <Z ﬂde(Pna'Yk)> < w(%)
k=m k=m

for some modulus w independent of n, and the same estimate is also true for p°.
Therefore continuity of the term in ([B2I]) is enough to show the continuity of
the partial sums

Zﬂk /2 Ktspn. Vppn yredz
k=1 R

for every m > 1. This is however clear by (6.6) and (G.5]).
The continuity of the term in (BIJ)) (respectively, [8:22])) follows by the same

argument if we use ([6.4]) and (G.6]) (respectively, ([G.6]), (61)). O

To prove that the value function f is a viscosity solution of ([4]) we will use
the principle of dynamic programming. Its proof follows standard arguments (see
for instance [4]), since our definitions of weak solution of (LI]) and of admissible
trajectories KC,, allow us to concatenate admissible trajectories, i.e. if p1(-) € KCpy,
p2(-) € K,, () and we define

() = { p1(7) if 7 € (0,t],

P pa(T—1t) if 7>t

then p(-) € K, .

Lemma 6.2. The value function f satisfies the dynamic programming principle,
i.e. for every po € E andt >0,
(6.12)

f(po) = sup {/0 e 7 (a7 h(p(7)) = L(p(7), 4(7))) dT+6a_ltf(p(t))}-

p€’Cp0

Theorem 6.3. Let « > 0 and h € Cp(E). Then the value function f defined by
&3) is a viscosity solution of ().

Proof. We will first show that f is a viscosity subsolution.
Let (f —)* have a local maximum at pg. Let p™ — po be such that

£ = 0o > (F = ) (00) — —

n?’
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4022 JIN FENG AND ANDRZEJ SWIECH

This implies that

(613) £ = 9" = (F = 9" (o0)
and
(6.14) Flp) = (o) < Fo™) = (") + 5

for p in some neighborhood of py. This obviously implies that

(6.15) sup s(p") = Cp < +00.

By the dynamic programming principle, for every n > 1 there exists p" € K,n
and a corresponding my~ as in the definition of )~ such that
(6.16)

1) < [T ® (@G ) = ol (P ) ) dr 4 e TSGR +

We notice for future use that a particular consequence of (GI6]) and the boundedness
of f and h is that

(6.17) fp") < % + f(ﬁ"(%))

for some constant R; independent of n. Moreover, it also follows that

3=

(6.18) s4p [ " g (7)1 ooy = Ra < o0

for some Ry > 0. Therefore, (615), (618) and 249) of Corollary imply
(6.19) A7 (1), 5"(0)) < O

for some constant C' independent of n.
Now, it follows from (G.I4]) and (G.I6]) that

N — ) — 2

1

< w(ﬁ"(%)) —(p"(0)) + /0 TeE (a—1h<ﬁ"(r>> = 2l <T)||2_1,ﬁn<7>) dr.

Therefore, using (2Z36), (Z31), [248) and writing the terms using the abstract
gradient notation (G.I]) we obtain

Lty vold
< [ ([ W) - v ys(7)
0
L L1
+ mpn (1), gradzn (W (p" (7)) —1,5n(r) — € “EHmp”(T)lQl,ﬁ"(‘r)]

+atea h(ﬁ"(T))) dr

< /0 ; (e%H (ﬁ”(ﬂ,eigrad,;n(ﬂw(ﬁ”(ﬂ)) + ale%h@"(r)))dr.
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Multiplying the above inequality by n/a we therefore obtain that there exists t,, €
(0,1/n) such that

1 1 tn tn tn
PG5 4 mo() < ae™ % (5 (1), € grad gy, (7" (1)) + e~ % (" (1),
which, upon using ([G.I7), gives
(o) = (p™) + (o) = ae™ % H (5" (ta), € ¥ grad (5" (tn) )

(6.20) .
< e E (" (b)) + no(-).

Therefore we can now pass to liminf,, . in ([G20) using p™ — pg, Lemma BG.11(i),
©13), 619), and the lower semicontinuity of ¢ to conclude that

(f =¥)*(po) + ¥(po) — aH (po, grad, 1(po)) < h(po).

To show the supersolution property let (f +1), have a local minimum at p° and
let p™ — pg be such that

FO™) + (™) < (f +)u(po) + ni

As before we have
F™) + (") = (f +1)«(po)
and )
Fp) +9(p) = f(p") +9(p") = —
for p in some neighborhood of py.
Let p € C°(R?) and let m, = —V(pVp). By the dynamic programming princi-
ple, if p"(-) € KC,n corresponds to the control m,,, then

Fo") > /0_ e~ <a1h(ﬁ"(r)) - 4%”"12(7)“2—17/3"&)) dT“Lei%f(ﬁn(%))'

This in particular implies that

(6.21) £ 2 £ () (),

where w(1) — 0 as n — 400 which now replaces ([GI7). We can now repeat the
steps of the proof of the subsolution property to obtain
o 1
£ (L) 4 o)
1

> [ (ae 1, (), sy 0 57 ())) + R (7)) )
0
which, together with (621]), implies that

~n 1 1 —in ~n in ~n —ing on
P (5) +m0(=) = ae™ % Hy (57 (tn), €% grady 67" (ta)) ) + €~ F (7" (t))
for some ¢, € (0,1/n). Thus again we can send n — +oo and use Lemma G.IY(ii)
and the lower semicontinuity of ¥ to get

(f +9)«(po) = ¥ (po) — cHp(po, grad, ¥ (po)) = h(po)
for every p € C°(R?). It remains to invoke (2)) to conclude the proof. O
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4024 JIN FENG AND ANDRZEJ SWIECH

Remark 6.4. The main differences and difficulties (compared to [IT], 10]) in the
proof of the comparison theorem come from the terms involving J-grad,e. They
are a result of the singular nature of the kernel K+ and required several new
technical results. In particular, the most difficult result to control terms in (5.23)
were estimated with the help of the key Lemma [3.7] Lemma [B.7] in turn, is proved
using a very technical result about an approximation of the velocity vector field u
(Lemma [716)), which requires harmonic analysis tools of Appendix B. The terms
involving J-grad ,e also needed delicate treatment in the proof of the existence of
viscosity solutions to show the semicontinuity of the Hamiltonian evaluated on test
functions.

7. APPENDIX

7.1. Appendix A: Estimates regarding 2-D Newtonian and related po-
tentials. Recall that the kernels N and K are defined in (L3]),

U=Nsxp, u=-Ktxp,
and the 2 x 2 matrix Du = (Vuy, Vug).
Lemma 7.1. Let p € Po(R?). Then:

(1) U € L} (R?) for p € (1,00).
(2) uw e LV (R?) for p € (0,2); indeed, u € L*>°(R?). Furthermore, VU =

K+*pandu=—-JVU.
(3) Let the singular integral operator P be defined through the principal value
integral as

Pola) =P~ [ Pla = y)oldy) = lim Pz — y)p(dy),
R2 =0t Jiz—y|ze
with
1oz 1 —2z129 22— 22
PO= T o= | 303 2|
Then as a Schwartz distribution,
(7.1) Du(x) = (Pp)(z) + @J.

In particular, divu = 0.
(4) If ||pll2 < +o0, then u € LP(R?) for every p > 2, and

1-2
(7.2) Jully < Cliplla ™",
which implies that for every p > 2 and € > 0,
(7.3) [ull, < €llpll2 + Cep-

Moreover u € L}, _(R?), and for every R > 0 we have

loc

(7.4) lullZ2(5,) < Crllplla:

Estimates (L2)-(C4) are also true for u =K * p.
(5) For each p € (1,00), there exists a finite C, > 0,

(7.5) [1Dullp < Cyllpllp-
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Proof. Let ¢ € C°(R?) be a radial function such that 0 < ¢ < 1, ¢(z) = 1 for
|z] <1 and ¢(x) = 0 for |x| > 2. First, we introduce a smooth cut-off function
¢p(x) = ¢(x/B), B > 0. Then

(7.6) U=Nxp=U; g+ Uy =(¢ppN)*xp+[(1—¢p)N]*p.
By Young’s inequality for convolution and direct integration,
(7.7) 1U1,8llg < lloBNlqllolly = Crgllplls <00, 1< g < o0

Furthermore, because logr < r for r > 1,

18 as@| <t [ o= ulowldy < Ca+ [ Iullotwldy+ ).

Therefore, U € LY (R?), p € (1,00).
Similarly,

(7.9) u=—-JKxp=uip+usp=—J(¢pK)xp—J(1—¢p)K)x*p.
Hence by Young’s inequality,

lu1,Bllp < oK lpllpll < oo,
[uz,Blly < [I(1 = ép)Klly ol < oo,
1<p<2<yp <o

Hence v € LP (R?*) for p € (0,2). Indeed, by assuming p(dz) = p(z)dz,
(K * p)(x)] < (2m) 7" [po ﬁp(z — y)dy, and by an inequality regarding Riesz po-

tential (e.g. Theorem 6.1.3 of Grafakos [15]),

1K % pll 200 m2) < Cllpll L1 (m2)-

The general case of p without density follows by standard procedure of mollifying
with a smooth convolution kernel.

The conclusion VU = K x p is standard and follows from Fubini’s theorem and
integration by parts against test functions ¢ € C°(R?) to show the equality in the
distribution sense.

The expression for Vu in (1)) is the second part of Proposition 2.20 in [20], which
follows from Proposition 2.17 in [20] and Fubini’s theorem (noting K € Lj,_(R?)).

Regarding (C2))-(T4), using Young’s inequality we have for p > 2,

2
(7.10) lur,Bllp < 08Kl 22 [Ipll2 < CB¥lp]2,
and for 2 < p < oo,
2-p
(7.11) luz,llp < [I(1 = ¢B)Kljpllpll < CB7,
which gives (Z2) if B = ||p||5*. In particular,

(7.12) luz,Bllo0 < =

for some constant C, so taking B = ||p|\271/2 in (CI0) with p = 2 gives (T4). (Z.3)
follows from (7.2]) because for any a € (0,1) and € > 0, r* < er + C, for r > 0.
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4026 JIN FENG AND ANDRZEJ SWIECH

The estimate ||[Dull, < C,llp|l, follows from the Calderon-Zygmund inequality
IPfllp < cpll fllp, p € (1,00) (or see [I3], page 225). O

Using Green’s formula, we can identify that as Schwartz distribution,

(=A:)N(z —y) = 6, (d).

Therefore, as long as (—A)~! can be reasonably defined (see the next lemma),

(=A)~1p = N x p. The following is Lemma 1.12 of [20]:

Lemma 7.2. Let g € L'(R%) n CY(R?), ||

wiz1(loglz])g(z)|dz < co. Then U =
N x g€ C*(R?) and —AU = g.

Invoking estimate (1) for p € (1, +o0] and (L8], for each B > 1, there exists
Cp > 0 such that

(113) <o) = [ UG@hde) = 500n -+ Uanop) < Ca (ol + 14 M ().

Finally, if we use the decomposition u = u; g + u2,p = u1 + ug as in (), then,
fori=1,2,

10suzllz = [10:((1 = ¢5)ET) * pll2 < 0:((1 = ¢5)K)|l2llpllh < Co.5,
which, together with (ZH), gives
(7.14) [Dusll2 < C(1+ [|p]2)-
We next recall the following Sobolev inequalities in 2 space dimensions.

Lemma 7.3. Let ¢ € [2,00), ¢’ € [1,2]. There exist constants Cy,Cq > 0 such

that
(7.15) Iflle < Collfllwreee),
(7.16) Iflle < Collfllwiree),

and there exists a constant a > 0 such that
a— @12 _
(7.17) / (e WIZHINIE — 1)de < 1.
R2

Proof. The first two are standard Sobolev inequalities (see for instance Cases B
and C of Theorem 4.12 of Adams and Fournier [I]), and the last one is a version of
Trudinger-Moser’s inequality (e.g. Theorem 8.27 and Section 8.29 in Adams and
Fournier [1]). O

Lemma 7.4. Let Ms(p) and s(p) be finite. Then e(p) is well defined and
(7.18) e(p)] < C1 + Ca(Ma(p) + 5(0)).

Moreover if N, = G, x N, where G,, = J, *x J, and the J, are defined at the
beginning of Section [, and e, (p) := 1/2(N, * p, p), then

(7.19) Jim e, (p) = e(p)-

(Convergence ([[I9) is also true if the G,, are replaced by any family of standard
mollifiers with compact support.)
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Proof. To prove (I8)) we will show a stronger statement that if pq, pa € Pa(R?),
then

2

@200 [ pila) [ Dozl =sllpm()dyds < €1+ Co > (2(p) + 500
Let ¢ € C2°(R?) be radial, 0 < ¢ < 1, ¢(z) = 1 for |z| < 1/2 and ¢(z) = 0 for
|z| > 1. Denote Ny(x) = ¢(|z|)|log |z||, N2(z) = (1 — ¢(|z|))|log |x||. Then

/ p1(x) Nz(w—y)pz(y)dydwéc*/ pl(w)/ (|| + lyl) p2 (y)dydx
R2

(7.21)
<C/ |2|p1(x dx+C/ lylp2(y)dy < C(1 + E My (pi))

=1

We now notice that if r,s > 0, then
rs <e" + (slogs—s).

Therefore

Ni(z = y)pa(y) < MY + (pa(y) log p2(y) — p2(y)),

and thus

[ @ [ 3= sontduds < iy s [ ¥i(x = )a(u)ay

< sup / Nie) gy 4 / (p2(y) 10g p2(y) — p2(y))dy
(722) z€R2 By () B ()

1

S/ —dy+/ p2(y) log p2(y)dy
B Yl {p2(y)>1}
< O+ 5(p2) + Ma(p2),

where the last inequality follows from (I6). This gives (ZIS).
To show ([ZI9) we now define

Ni(z) =—1/2m)p(z/e€) log x|,
Nae(z) = —1/(2m)(1 — ¢(x/€)) log |z].

Then

— [ [isGe-yppa@isdst [ [(Nax Gl - ppwp()dyds,

Since N (*G,, converges pointwise to Na . asn — 0o and [Na G, (2)] < Ce(14|2|)
on R?, by the Lebesgue dominated convergence theorem we get

(7.23) lim //N2E*G z— 1)y )p(x)dydx://N275(:E—y)p(y)p(x)dyd:1:.

n—oo
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4028 JIN FENG AND ANDRZEJ SWIECH

Now arguing as in the proof of (T20]), we obtain for n large enough so that d,, < €,
(7.24)

‘// (Ni,c  Gn)(@ = y)p(y)p(z)dydr| = ‘//Nl,e(y)(Gn*p)(x—y)p(x)dydx
< el sup /B INWI(Gr * p)(z — y)dy

- 27 rER2

<L sup / iyt [ (G p)(2) log(Gr ) ()
27 z€R? | B (x)
<e —|— — sup / / (z — w)(p(w) log p(w)) +dwdz
T zeR2 (z) JR2

sw—ﬁ;;lﬂg/% (o) o) = (o),

where w(e) — 0 as ¢ — 0. Above we used Jensen’s inequality to obtain that
(Gp *x p)(2) log(Gy, * p)(2) < Gy x (plog p)(z). Since by the same argument we also
have

(7.25) [ [ 1cte = iptointarins| <o
([T19) follows from (T23), (C24]) and (T.25) if we let € — 0. O

Lemma 7.5. There exists a constant C' > 0 such that

(7.26) | 1udo < Cllpl < €1+ 1)
and

(7.21) | ukdo < Cllpla

Proof. By ([Z2)

| lupde < ulZloll < Clol

and the conclusion now follows since

(7.28) ol < Cllipll +11Vpll) < C(1+

II\fII C+ VI

1

2 1
/ |uldp < (/ Iulzdp> lollz < Cliellz-
R2 R2

Lemma 7.6. Suppose I(p) < co. Then

[ @1vpla)ds < o
Rz

Now

and

/ u(z) - Vp(z)dz = 0.
RZ
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Proof. By Lemma [(.5]

/ lul[Vplda < \// lul2dp \// ol e < o1+ 10)).

Let Js be a standard mollifier with compact support. Set us := Js xu = —K~* *
(Jsp). Then us € C*°(R?) and, by Holder’s inequality, (T2) and ||.Js *pll2 < ||p||2,

/ [us|Vplda < lfusllallplla® (1(0))/2 < Cllpll2(1(p))"/* < C(1+ I(p)),

and similarly
| sz < Cllpla < €1+ 1)

Also divus = Js * divu = 0. Moreover,

lim us - Vpdr = / - Vpdz,
§—0 R2 R2

since

[, tus =l Vpldz < 1us = ullallo3*((p))"/2 0 a5 5 0.

Now, using the functions ¢ from the proof of Lemma [T we have

/w-Vpda; =| lim /¢BU5-Vpdm

R2 B—+o00 R2

= i Vo +opdivus] pdx| < 1i ¢ lus|pdz — 0 as § — 0
= |glm . B - ustopdivug] pdz) < lim - R2u5px as .

O
Lemma 7.7. Assume that I(p) < co. Then
/ x - up(z)p(de) = 0.
R2

Proof. The integral is well defined since by Lemma [T5, [, |u[*p(dz) < co. The
conclusion now follows because

/sz.u(ﬂc)ﬂ(dx) = _/ (KL % p)(2)plde)
// v —y)+y) K- (x —y)p(dz)p(dy)

—/ / y-KL(x—y)p(dw)p(dy):—/ y - u(y)p(dy).
R2 R2 R2
0

7.2. Appendix B: A useful inequality regarding the product of functions.
(by Atanas Stefanov) In this section several technical estimates are proved which
are key in proving Lemma [[.T6] which is essential in establishing (B.7).

The Fourier transform, denoted by F (acting on Schwartz functions), is defined
via

fle):= | saemia,
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4030 JIN FENG AND ANDRZEJ SWIECH

whereas the inverse transform F~! is given by
fla)= [ f(ee*m=ede.
Rd
Let us build the following partition of unity. First take an even Schwartz function

P(z) € C°(RY) so that

_ 1’ ‘£| S 15
’(/}(6) - { 0’ ‘£| > 2.

Introduce a function y : x(§) = ¥(&) — ¥(2£). Clearly, for all £ # 0, we have

oo

> xR =1

k=—o0

We define the Littlewood-Paley operators Py, P<j, P via the formulas

Pif(€) = (27" f(©),
Pif(§) = w270 f(©),
Py :=Pi_o+ ...+ Piyo.
Occasionally, we denote for simplicity fi = Pirf, f<ix = P<if. We collect the

properties of the Littlewood-Paley operators in the following.

Lemma 7.8. We have the integral representation formulas for Py, P<y,

Pyf(x) = 2 / (2 (2 — ) Fw)dy,

Rd

Pepfla)=2" | P (2" (z = y)) f(y)dy.
Moreover, we have the following decomposition formula:
(7.29) Pilfgl = > Pulfug] + Pelforg<nss] + Pelf<issger].
1>k+3

The former sum corresponds to what is commonly called the high-high interaction
term, while the latter two sums represent are the high-low interaction term and
low-high interaction term, respectively.

Proof. The kernel representation formulas for P, and P<j, are due to the following
simple properties of the (inverse) Fourier transform:

Pof = F 7 (x@7%)f() = F @75 )] = f = 2M%(2%) +
and similarly for P<y f. -

Regarding ([7.29]), we first make the simple observation supp(fg) = supp[f *g] C
supp [+ supp §. Write
Pylfg] = Pelfgr) + Pelforg) + Pel(f<k—3 + for+3)(9<k—3 + g>k+3)]-
In addition, there is the observation that Pi[fski39~k] = 0 by the observation
above, and hence
Pylfgr] = Plf<k+39~k],
Pylforg] = Pelforg<i+s)-

Licensed to Univ of Kansas. Prepared on Mon Jun 30 12:31:46 EDT 2014 for download from IP 129.237.46.100.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use



OPTIMAL CONTROL IN SPACE OF MEASURES 4031

Also Py[f<i—39<k—3] = 0 = Py[f<r—39>k+3)]. Finally,
Pilforisgskrsl = Y Pelforisg) = D Pulfual,

1>k+3 1>k+3
where the first identity is by definition and the second identity follows due to
Pylf<i—391] = 0 = Py[f>1+391], whenever | > k + 3.
Putting all terms together yields (Z.29). O

Note that, since x, ¥ are even functions, y, 1[) are real valued functions.

Definition 7.9. Let ¢ : R,y — Ry be an increasing, convex function, ¢(0) = 0,
lim, o {(r) = +00. Then, the Orlicz function space X, is a Banach space with a
norm given by

|u(x

lul| x, :=inf{A>0: /Rd ¢( )\)|)da: <1}

Let ¢* be the Legendre transformation of (. Then X¢- is an Orlicz space, too.
We would like to mention the following property (e.g. Proposition 1 on page 58 of
Rao and Ren [27]):

(7.30) Sup, | [ ulz —y)v(y)dy| < Cllullx..
S

Note that the version in [27] requires ¢(1) 4+ ¢*(1) < 1. We do not require this here,

hence we have a constant C on the right-hand side of the inequality. In the next

lemma, we compute the dual Orlicz function to () = (72 + 1) log(r? + 1), which

gives rise to the Orlicz space L?Log(L)(R™), which is defined as X, with ¢(r) =

(r? 4 1)log(r? + 1). Note that according to the definition || - ||z < C|| - || 12L0g(L)-

U||X<.

Lemma 7.10. Let F : R — R, h : R — R be two convex functions with respec-
tive Legendre-Fenchel transforms F* and h*. Suppose that F is nondecreasing,
lim;_y oo F(t) = 00 and that h is lower semicontinuous. Then

(Foh)*(y) = inf{F*(a) + ah*(8) : « € R, B € R%: a8 = y}.

Proof. This is Theorem D.3.5 in Dupuis and Ellis [§]. O
Lemma 7.11.
SOE—
PSS max(1,log(s))
Proof. Take
F(p) = (p+1)log(p + 1);
then

F*a)=e*! —a.
Let h(z) = |x|?/2; then h*(B) = 32/2. Consequently,

(©)*(s) = (Foh)(s)
= inf{e*! —a—|—o¢% caf =s,a,p € R}

1 5
= 1 f a—L _ e
Inffe ot o5t

s2

2a(s)

= ea(5)71 _ OC(S) +
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4032 JIN FENG AND ANDRZEJ SWIECH

where a(s) satisfies

2 > 202 (e — 1) = 5% = 5% < € = log(s) < a,
eo‘_l—a—i—i = i—f-i—l—l—a 25"
20 a  a? ~ max(1,log(s))
(I
Proposition 7.12. Let Qy, be either Py, or P<j. Then
2dk:/2
(7.31) |Qk fll oo (rey < C NG £l L2 Log(L) ()

There is the bilinear estimate

(7.32)

C
1P [uv][| 2 g2y < jﬁ(IIVUIILz(R2)+IIVv||L2<R2))(HUIIL?Log(L)(R‘z)+||v||L2Log<L>(R2))-

Proof. We start with the proof of (731, after which we will be able to deduce
[T32)) as a consequence of it and (Z29). We will give a proof of this only for Py,
the other one being similar. We have

1Pl = sup2) [ 524w = ) fw)dy] < OR8] x..

Fllz2Log(L)®e)-

It remains to show that p = [|¢(2F)||x,. < C27%/2k~1/2 From the defining
equation of || - [ x,_.,

[ e Gy =1

We have by Lemma [(.8]

2 & 2k 2
2 IX( Ay)\k dy > 1.
p? Jga max(1, In([X(2%y)|/ 1))

A change of variables 2Fy = z yields the inequality

|>A<(Z)|2 > kd 2
(7.33) / max (L, () = OF

From ([Z.33), since the left-hand side is bounded by [;. [%(2)[* < C, we immediately
get p < C27F4/2 Tf we feed this estimate back in the left-hand side of (Z33)), we
get

kd, 2 o2, © NP —kaja , ©
s <0 XE)I+ 4 [ [X(2)[dz < €2 +o
z: R

[R(2)] <2-ke/4 k
It follows that p < C2-k4/2E=1/2,
For the proof of (T32), we write first

P jluwv] = Z Py [uv].

k:k>j
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Next, for each term Pjy[uv], we employ the decomposition (7-29). We have
Pp(uwv) = Z Pyluvi] + Prlugv<nts] + Prlu<itsv~r]-
I>k+3

Since the second and third sums are symmetric in u,v, we consider only one of
them, say Pylu~kv<g+3]. We have by Holder’s inequality

| Pr[u~kv<islllre®e) < Cllu~kllL2@®2)lver+sll Lo @2)-

By (Z31)), we can estimate [|[v<jis||pm®2) < C28kY2||0|| 12 Log(r)(r2), Whence we
obtain the estimate

| Prlu~rv<risllloe@ey < CQkk71/2||U~k||L2(R2)||”||L2L09(L)(R2)
< Ck™2|| Va2 @2)l|9]| 12 Log(2)R2)-

Consequently, we have

1> Prlucrverrsliz < O I1Pslumkv<nss]llie
k:k>j k:k>j

1 C
< CHU||2L2Log(L)(R2) Z EHVU'N/CH%?(]R?) < 7HU||2L2Log(L)(R2)||VU'||2L2(R2)’
kik>j

which shows (Z32) for the high-low terms.
For the high-high interaction term, we estimate by Sobolev embedding and
Holder’s inequality that

| Pr[u~ivr]| L2 gey < CQk/2||U~l”l||L4/3(R2)
< C’2k/2\|u~l||L2(R2)Hvl||L4(R2)'

We use the Gagliardo-Nirenberg inequality and (Z31]) to estimate

1/2 1/2
lvill Larey < Hvl||L/oo(R2)||Ul||L/2(R2)

_ 1/2 1/2
< O 0l oy ey 1911 oy

Putting all these estimates together, we obtain

1> D" Pelusw)llfeeey <CY I Y Prelumivn)|izgee

k>j1>k+3 k>j I>k+3
2
ol/2+k/2
< CH’UHLQLOQ(L)(RQ)HU||L2(R2) Z Z —11/4 ||u~l\|L2(R2)
k>j \I>k+3

C
STHUHL?Log(L)(R%||v||L2(R2)Z D0 2Ry ey |, || L2 g2)-
J k>jl1,l2>k+3

Now,
SN 2B ] e ety | 2 )
k>jl1,la>k+3
<C Z 2l1/2+12/2+min(117l2) ||U~11 ||L2(R2) ||U~l2 ||L2(R2)'

l1,l2
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4034 JIN FENG AND ANDRZEJ SWIECH

By symmetry, it will suffice to estimate the sum above with I; < l,. We have by
Cauchy-Schwartz

> 2GR g [ty [ 22 (r2)
l1,l2:1:<l2

SCY P a2 )2

l1,l2:11<l2
(D 2 unnlEagan 2T < O VulEa ey
l1,l2:11 <12

Thus,

1YY" Peluaavn)ll7z @ \/—”UHLQLOQ(L)(R?)||v||L2(R2)||vu”L2(R2)
k>j71>k+3

Recalling || - ||z> < C|| - [ 12 Log(1), We conclude (Z32). O
The following estimate will be useful for approximating velocity field u.

Lemma 7.13. Let ¢ € C2° and radial, so that suppp C {x: |z| < 1}. Define
T3

g(r) = V[sﬁ(ﬂ?)wl

Then
9]z < C.
Proof. We have
PN - z —2miz-
a(&) = —27rz§1/ <p(:1:)—126 izt dy,
R? |2
If |&1] < 100, we have
1
6] < 2007r/ lo(x |—dx < 2007 x 27r/ lo(p)ldp < 0.

Let |¢&1] ~ 2',1 > 1. Then, since 1(2'z) + Zk,75 x(2*Fz) = 1 on the support of ¢,
we have

-1
@l <c2([ |so<x>|w<2lx>|%dx+k_z_5| [ ela(zia) Te=mieaa))

The first integral is estimated easily:
—141

2
1
/ o)l (2'a) de< / Lir < 007

For the second integral, integrate by parts twice in the variable x;. We have

-1 d? x -

219 L1 _omia- fd /_ 2k 1 —27rzw-£d )

[ ela(zia) The e [ dm e ) e s
Observe that

| 252‘ CQ_QZ
while (recall supp(x) C {1/2 < \x| < 2})
d? x1
| lp@x (2 )|—H < C2M(Ix(2%2)| + X' (2% 2)] + [X" (25 2)]).

1
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Thus, we have

— k41
-1 T1  _on _ 2 _
2k o 27rzm-£d < (2 2123k dp = 2k 2l.
g | Pl e e ta < 2 [ a0
Thus,
-1
gEl<c2@t+ Y 2k <
k=-5

d

7.3. Appendix C: Approximation of the velocity field u. First, we have the
following estimate.

Lemma 7.14. There exist constants C1,Co > 0 such that

C 2
1Porpl3 < 17510 (Ca+ S(p) + Map))

Proof. Without loss of generality, we assume that the right-hand side is finite. We
take u = v = ,/p in (T32) and notice that, for ¢(r) = (1 +r?)log(1 + r?),

Vol iotonny <1+ [ o(pde <3+ [((ologp) v 0)iz <3+ L, plozpe
R p(x)>1

where the first inequality follows from properties of the Orlicz norm (e.g. Theo-
rem 13 on page 69 of Rao and Ren [27]) and the second inequality follows from

(7.34) o(r) <r* 4+ 1r?log(1+r?) < r?(1 +2log?2) + (r?logr?) V0.
Noting that r|logr| < /r for 0 <r <1, we get

/ p|log pldx < / +/
0<p(z)<1 0<p(z)<e~lel e~lel<p(z)<1

< /e_m/zd:v + / |z|p(x)dz < C + Ma(p).
Thus we conclude that

||\/ﬁ||L2Log(L) < C+ S(p) + M2(p)

Since
IVVollz < I(p),
the lemma now follows from (7.32). O
Recall that v = u1 g + ug g in () for each B > 0. We approximate u; = u1 p
by
U<k = P<pug = ng:( (_¢BKL) * P) = J<p1 % p,
where
Jera(@) = F((=onK () ) (@) = / (—opKH)(©p27 et mde.
£eER

We now approximate u by

U<k,1 T U2 = (Jgk,l — (1 — ¢B)KJ') *p = jk * .
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4036 JIN FENG AND ANDRZEJ SWIECH

Then

Lemma 7.15. For each k;~, B >0 ﬁ:{ed, Jp = J<ka — (1 — ¢p)K* is Lipschitz
continuous, bounded, and Jy(—z) = —Ji(2) for all z € R2.

Proof. The kernel (1 — ¢p(z))K*(2) is Lipschitz. Therefore we only need to verify
the same property for J<j 1:

Tena(@) = el < [ 1(GaROW )l - slde

A

< (f El1GRR (€)1de ) 2 — y] < Crple — .
|§]<22k+1 £ER?

where the last inequality follows because every
9K ||oo < /2 lop(2)K(2)|dz < 4.
R

The boundedness and antisymmetry of .J;, are straightforward from its definition.

O
‘We notice that
Poyui = —Pop(¢ppKb)xp=—(¢p5K") * (Psyp) = —J(¢5K) * (P>kp)
VPoguy = —PopV((¢sK™")*p)

- —P>,€((V(¢>BKL)) x p) = —J(V(¢5K)) * (Psrp).
Therefore

1Psrutll2 < (@K1 ]| Psrpll2-
In addition, by Lemma [T13] since ¢p is radial,

—

IV(¢BK)|leo < 00

and

—

IVPspull2 = [[(V(¢K)) * (P>kp)ll2 < [[V(0BK) ool Psrpllz < CllPskplla-

In summary,
(7.35) [uskillz + IVusklls < Cl[Psrplla-

Lemma 7.16. For every 0 > 0 there exists a bounded, Lipschitz continuous and
antisymmetric function Js : R? = R such that for every p € Pa2(R?), the function
us = Js * p satisfies

(136) [ lu(e) — us() Po(e)dr < 51(0) (€ + (o) + Ma(p))”

for some absolute constant C.

Proof. We only need to prove the case when I(p) < co. We set Jy = Jy,, where B
is fixed and k will be chosen later. Then

us = i +,p = —J (Per(9pK) + (1 - 65)K ) # p

and

U—Us = U] — U<kl = U>E,1-
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Let a > 0 be the constant in Moser’s inequality ([TIT)). It then follows that

/ lu — us|*p(x)d :/ |us k1> p(z)ds
R? R?

2
_ alusg1(z
= @ Nkl + [Vusal) [ S )
{z:p(z)<1}U{z:p(z)>1} ||u>k,1 |2 + ||vu>k,1 |2

IN

-1 2 alusp 1(37)|2
a” " Cy||Pskpl| (a+/ ) p(m)dx)
g ? {z:p(z)>1} ||u>k,1||% + ||V’U,>k71||%

alusp 1 (@)|2

a7101||P>kp||§(a+/ (eHu>k‘1H§+Hvu>k,1H§ —1)dx—|—/ plogpdx)
R2 {z:p(z)>1}

Cal| Pskpll5(Cs + s(p) + Ma(p))
1)@ + s(0) + Mo ()"

In the above, the first inequality follows from (.35]), the second from the Legendre
transform identity

IN

IN

IN

(" = 1)* =sup(zy —e’+1)=zloge —x + 1,
y

the third follows from (ZI7), the fourth from an elementary calculation as in the
proof of Lemma [[T4] and the last from Lemma [.T4l It now remains to take k
sufficiently large. O

7.4. Appendix D: The chain rule. The following is an adaptation of Propo-
sition 10.3.18 of Ambrosio, Gigli and Savaré [3] to special cases which cover our
applications. We restrict our attention to A-convex functionals on P2(R?) defined
in Definition 9.1.1 of [3]. This is a notion of convexity along geodesics in the mass
transport sense.

Lemma 7.17. Let f : P2(R?) — (—o00, +o0] be lower semicontinuous and \-conver.
Assume that D(f) # 0 and that there exists po € D(f) and ro > 0 such that

inf{(p) : d(p. po) < ro} > —oc.
Let p(+) € AC((a, b); P2(RY)) with p(t) € D(f), and moreover let
Op+div(pv) =0, a<t<b,

hold for some v such that v(r,-) € L% (p(t)) and fab Jga lv(r,z)?p(r, da)dr < co.
Suppose that

grad f(p(t)) = —div(p(t)u(t)), u(t,") € L3 (p(t))

for a.e. t € (a,b).
Then for every (s,t) C (a,b),

£ = 1) = [ [ vtra) - utrz)otr.deir

Proof. All references (to theorems, lemmas, etc.) below refer to [3].

By Lemma 10.1.3, A-convexity implies that f is regular in the sense of Definition
10.1.4. By Theorem 4.1.2, A-convexity in this context also implies that (10.3.1b) is
satisfied. The conclusion follows from Theorem 10.3.18. O
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Lemma 7.18. The functions —d?(-,) defined in (LI0) (with v € P2(R?) fized),

s(-

) in ([LID), en(:) in 22) and My(-) in (LI3) when p > 1, are all A-convez, for

some \ € R.

Proof. Again, all the theorems, propositions, etc., in the proof refer to [3].

The case of —d?(,v) follows from Theorem 7.3.2; the case of s(-) follows from

Proposition 9.3.9 and Remark 9.3.10; the case of M,(-) follows from Proposition
9.3.2. The function e, (-) is a special case of Example 9.3.4 and Proposition 9.3.5.
Note that N, (x)+Cp|z|? is convex for some C,, > 0. See also examples in Chapters
16 and 17 of [29]. O
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