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Complex-scaling generalized pseudospectral method for quasienergy resonance states
in two-center systems: Application to the Floquet study of charge resonance enhanced multiphoton
ionization of molecular ions in intense low-frequency laser fields
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We present a complex-scaling generalized pseudospectral method for accurate and efficient treatment of
resonance states in two-center molecular systems, involving optiorainiformgrid discretization of the
Hamiltonian in prolate spheroidal coordinates. The procedure is applied to the first converged non-Hermitian
Floquet study of multiphoton ionization of molecular ions in intense low-frequéb@§4 nm laser fields. We
explore the underlying mechanism responsible for the ionization enhancemeast @it ldome critical inter-
nuclear distances. Several features of the complex quasienergy states are observed. A detailed analysis of the
nature and dynamical behavior of these quasienergy states reveals that the ionization enhancement is mainly
due to the effect of charge-resonance-enhanced multiphoton resonances @f tredllo, states with excited
electronic states at some particular internuclear distances. These “critical” distances depend on the details of
molecular electronic structure and the laser frequency and intensity used in the study.
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[. INTRODUCTION the complex quasienergy to the? order [8]. As will be
shown later in this paper, the “exact” ac Floquet calcula-

The study of dissociative ionization of diatomic mol- tions reveal several new features on the characteristics and
ecules in intense laser fields is a subject of considerable cudynamical behavior of complex quasienergy states at differ-
rent interest both experimentalljl—-5] and theoretically entR, which have not been seen in the dc field limit. Exami-
[6—8]. For the prototype molecular-ion system,™ both  nation of the nature of these complex quasienergy states
the time-dependent wavepacket methi6fland Floquet ap- leads to new insights on the detailed mechanisms for the
proach(using complex basis functionf7,8] have been used enhanced ionization phenomendgh) Second, we introduce
for the study of the multiphoton ionization in strong fields. a new and generalomplex-scaling generalized pseudospec-
Experimentally it has been found that linear molecules tendral (CSGPS$ technique for the determination of resonance
to align along the linear polarization of the laser fields. Fur-states, including complex quasienergy resonance states, for
ther, the kinetic energy of the dissociated fragment ions aptwo-center diatomic molecular systems. In the present con-
pears to be independent of the laser pulse and ionizatiotext, the CSGPS method provides an optimahuniform
fraction, and is only a fraction of the Coulomb energy of thegrid technique for the discretization of the molecular Floquet
ions at the equilibrium separatid®, [2,4,5. A possible in- Hamiltonian. The CSGPS method was previously developed
terpretation of the latter observation is that “Coulomb explo-for the one-center atomic systefii] and has been applied
sion” does not take place at the equilibrium internuclear dis-successfully to the study of multiphotdil] and above-
tanceR, but at a larger “critical” distanceR.) at which the threshold ionization[12] and high harmonic generation
ionization rate peakf9]. The enhanced ionization at some (HHG) [13] of neutral atoms or negative ions in strong fields.
larger internuclear distance has been observed experimett-was found that highly accurate resulfsr both ground and
tally [3] and confirmed by theoretical considerat[@+8]. In  excited resonance staja=an be efficiently obtained with the
the case of low-frequency ac fields, the theoretical analysiase of only a modest number abnuniformpseudospectral
of the enhanced ionization process is generally proceeded lgrid points. The present extension of the CSGPS procedure
means of the over-the-barrier breakup mechanism in thé the two-center systems allows accurate and efficient deter-
static (do) field limit at fixed internuclear distande [6—8]. mination of electronic quasienergy resonances of diatomic
However, there is still some disagreement on the the actuaholecular systems in strong fields even for the challenging
detailed mechanisms responsible for the enhanced ionizationase of the low-frequency fields.

The goals of this paper are twofolth) First, we present The paper is organized as follows. In Sec. Il we outline
the first converged non-Hermitian Floguet calculations of thethe basic procedures for the determination of both bound and
multiphoton ionization of H* (at fixed R) in the low- resonance states for two-center diatomic molecular systems
frequency(1064 nm regime and we explore the origin of with or without the external fields. In Sec. lll, we extend the
ionization enhancement. Due to the large number of Floqugtrocedure along with the non-Hermitian Floguet formalism
photon blocks involved in the low-frequency fields, “exact” to the study of the phenomenon of the enhanced ionization of
Floquet calculations are difficult and previous studies of thisH,™ in intense low-frequency1064 nm laser fields. The
problem have used either the cycle averaged (e¢e, an  underlying mechanism of the ionization enhancement is then
average of the ionization rates at different dc fields over onexplored by means of a detailed study of the nature of the
optical cycle [7,8] or included the asymptotic expansion of complex quasienergy states involved.
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II. GENERALIZED PSEUDOSPECTRAL METHOD

FOR THE BOUND AND RESONANCE STATES
IN TWO-CENTER MOLECULAR SYSTEMS

In the case of the Legendre pseudospectral mefhodl 1],
which we adopt in this article, the boundary points age
=yo=—1 and XNMZYNfl- x(i=1,...N,—1) and
yj(i=1,... N,—1) are the collocation points determined,
respectively, by the roots of the first derivative of the Leg-
endre ponnomiaPNM with respect tax and the first deriva-

tive of Pn, with respect toy, namely,

A. Bound-state systems

The field-free electronic Hamiltonian of M, in atomic
units, can be written as

- 1V2 1 1
2 Ir=Rq| [r=Ry|’

@ P, (x)=0, ®

wherer is the electronic coordinate, arid;=(0,0,a) and
R,=(0,0,-a) are the coordinates of the two nuclei in Carte-
sian coordinates. The internuclear separafbis equal to
2a. Now consider the bare electronic Hamiltonian
in the prolate spheroidal coordinateg,,¢), 0<u<<ow,

Ph.(¥)=0. ©

It follows that the cardinal functions possess the following
unigue properties:

Osv=m, and Os¢=<2w, where x=asinhusinvcose, gi(xi)=3 i1, (10)
y=asinhu sinvsing, andz=a coshu cosv [14]. Equation '
(1) can be recasted into the following form: 9i(y;)=3, . (12)
A=— i : l : _( sinh,u—) We shall use the following mapping relationships betwgen
2a°| (sintfp+sirfy)sinhu du I and x and betweem and y:
1 J J
| siny— 1+x
* (sintf .+ sirv)sinv av(smvﬁv) m=bi (12
. 1 9? 2 coshu )
sinffu sirfy d¢?|  a(cosfu—cosv) @ V:g(lﬂ/)’ (13)

Due to the axial symmetry of the system, the solutions of the

static Schrdinger equation
Hy=Ey (3)

take the form,
Y1) =MD (11, v),

In the pseudospectral method, we expaddu,v) by
(I)N,L’Nu('“”’)’ the polynomials of ordeN , andN,, in x and

v, respectively,
q)(l'(” V):(I)N# ,NV(/-LI V)
M'NV

= (i v gilx(w)1gily(v)], (5

i=0j=0

(M=0,+1,+2...). (4

=z

and further require the approximation to be exact, i.e.,

(DN#,NV(Mi-Vj):Qb(Mi1Vj)5¢ij- where {x(u;)} and

{y(vj)} are the two sets of collocation points to be described

below. In Eq.(5), gi(x) andg;(y) are the cardinal functions
[10,11] defined as

1 (1=x) P}y (X
ST TN DRy 0 X%

(6)

1 (1=y*)P{(y)
G TN DR ) Yy,

()

wherexe[—1,1], ye[—1,1], ue[0], ve[0,7], andL

is the mapping parameter. The collocation pointsxfft)
andy(v) are determined by Eq$8) and (9). Having con-
structed the mesh structure, we define a set of discrete
weightsw{(i=0,... N,), w/(j=0,... N,), and a pair of
discrete matriced* andd”, which generate approximate in-
tegrals and partial derivatives on the mesh according to the
relations(where F is a function ok andy):

1
f 1Fdxz2 W F(X;,Y), (14)
— |
1
J fdyzEj WYF(X,Y)), (15
and
JF
—| =2 dF(X,Y), (16)
2 X=X; K I
JF
Wy =2 diF (XY, (17)
Y=Y K
where
dgk(x)
X
! dx e
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v _[dY
d”:(_

5| i (29)

Direct pseudospectral discretization of the Hamiltonian inlt i now straightforward to perform the variation Bf with
Eq. (2) leads to arasymmetrieigenvalue problem. To sym- Te€SPect toy, Eq. (20), on the two-dimensional grid. This
metrize the Hamiltonian discretization, we consider the alter/e@ds to asymmetricgeneralized eigenvalue problem:

native but equivalent variational form of the Sctimger
equation

af dPry* (A—E)y
Sy*

=0. (20

For the case of K in the prolate spheroidal coordinates, we

rewrite the integral in Eq(20) as[15]

Fszf d3ry* (H—E)y (21)
1 5 1 ad\2 (D)2
2a sinfu+sirfy| | ou v
m? g
+ —ZJ d%W
2a sinkf u sinfy
2 coshu
N 2
fd ' a(cost u—cosv) TE|l®)% (22
where
d®r=a3(sinffu +sirfv)sinhu sinvdu dvde.  (23)

DiscretizingF s under the polynomial approximation, E@),
we obtain

Fo= 2, ¢i’j¢ij§k: O diidyg +

i

> ¢ij'¢ij2l Qi|d|de|V,-r

(PN

2 coshu;
hui +E}

2.0 2
+m2i2J ‘bii‘"’ii_iZj bijWij a(cosifu;—cosv))
(24

where ¢;; stands for¢(u;,v;), andqg, w, andw’ are the
weights

' . d,u, dv

0 = 2maw;w)sinhy, vaj(&)xﬂ.(d_y)y:y., (25
i ]
Wij:q”(sinr?,uﬁrsinzvj), (26)
Wi =w;; /sintPp; sirfy, (27)
and
" dx|
4i=\au) % 8
I

1 1 v
[EkZ, ¢i,jqkjd’kﬁdfi,+zzl ¢ij'Qi|d|de|j']
Rl I

2w;; coshy;
+| wi;m?— ] :

&ij=Ewij ¢ .

a(costfu; —cosv;)
(30

Equation (30) can be further simplified by setting;;
= Jw;; #;; [10] to obtain

1 Uk; 1 dil
O Ty e S, ¥ [ Ry SV —— | 1
[Zk«i’ IJVWi'jWi,j o 25 " VWi Wijr o
Wij 5 2 coshy;
+|—m?— i =Exii -
wijm a(cosiu;—cosv,) Xii =Exij (3Y)

This is the final working equation for the discretization of the
H,™ Hamiltonian in the prolate spheroidal coordinates.
Equation(31) has the form of a standard eigenvalue problem
of a sparse real symmetric matrix.

As a measure of the accuracy of the procedure, we have
calculated the ground-state energy of'H Using only a
modest number of grid poin{d2 points inw and 10 points
in v), we have obtainede=—1.1026342144949 a.u., in
complete agreement with the exact value
—1.1026342144949 alu6].

B. Complex-scaling generalized pseudospectral method
for the resonance-state problems

The generalized pseudospectral method described above
for bound-state eigenvalue problems can be extended to the
resonance-state complex eigenvalue problems by means of
the complex-scaling transformatiph7]. In the prolate sphe-
roidal coordinates, only the coordinate needs to be com-
plex rotated, namely,

p— pe', (32)
wherea is the rotation angle. Consider, for example, the dc
field ionization of H™ . In a static electric field parallel to

the molecular 2) axis, the Hamiltonian of K" becomes
1 2 coshu

N
H 2V a(cost u—cosv)

+Fa coshu cosv,
(33

whereF is the electric-field amplitude. Following the similar
discretization procedures as discussed before, we obtain the
following sparse complex symmetric matrix eigenvalue
problem:
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TABLE I. The calculated dc widtﬂfl(,g andI';, of the log and 1o, energy levels of Bl . Also shown
for comparison are the results obtained by Zuo and Bandr&lknd Mulyukovet al, [8]. The dc-field
strength used i&=0.0533 a.u.

1—‘lcrg (a'u) Flvu (a-u)
R(a.u) Ref.[6] Ref.[8] Present Refl6] Ref.[8] Present

6 2.2x10°% 569<10% 5692x10°° 9.8x10* 1.87x10° %  1.873x10°°

10 1.3x10°%  3.92x10°° 3.922x10°° 1.5x10°%® 2.20x10°%  2.197x10°°

14 251075  7.30x10°®  7.305x10°% 2.8x10°* 6.78<10°*  6.778<10°*
! Sy Aki dedh + = E X di M 4rg” [Hy— e—nw]d +3Facosh,u cosy[®,_;+ D, 1]=0
5 irj T dkilir i iy n " " ’
2 Kk Wi’jWi j i WI]Wij' = 2 (38)

2 coshy; (n=0,x1,+=2,...).

+| Facoshu; cosv;— Xij = Exij -
a(cosftu, COSZVJ) Performing the complex-scaling transformation, Eg§2),

(34 and using the variational formulati¢similar to Eq.(20)] for

the Floguet Hamiltonian, it leads to the minimization of
Some results of our calculated dc field ionization widths are d

presented in Table |. Also shown in Table | are the results 2 , 1 [ aD,\2 [P, 2
obtained by Mulyukovet al,, [8] using a different time- Fs:_Zf r— . ( ) )
independent method. The agreement of these two time- R Smhz’“Jrsmzyl I v
independent calculations is excellent. The dc ionization 2 coshu )
widths of H,* have also been calculated by Zuo and Ban- —f 3 a(cosu — codv) +nw+e|(P,)
drauk [6] by a time-dependent procedure. Their estimates
(shown in Table) are smaller than the two time-independent 3
calculations by a factor of 2 to 3. + Faf d°r coshu cosv(®y_ 1+ Py 1) P,
C. Complex-scaling generalized pseudospectral method (n=0,=1,=2,...). (39
for the determination of complex quasienergies associated
with multiphoton ionization processes Discretizing Eqs(39) by means of the CSGPS method and

Corresponding to the periodically time-dependent Ham"_performlng the minimization, we obtain

tonian, in atomic units, q
il

ES Xl + ES Xy ——
|3|(r,t)=—£V2 2 coshu " w4 U

2 a(cosKu—codv)

didy,

+Facoshu; cosvj(xjj '+ X[‘]“)
+aF coshu cosv coswt, (35
2 coshy; N
describing the interaction of the,H molecule with a mono- ~ a(costu, — cogv, )XIJ €Xij»
chromatic, linearly polarized, coherent laser field of fre-
guencyw and peak field strength, with electric field along (n=0,+1,+2,...). (40)

the internuclear axig, one can look for the wave function o . _ '
W¥(t) in the following form according to Floquet theorem Then we have an infinite dimensional complex symmetric

[18]: matrix, whose complex eigenvalu¢e=(Eg,—1'/2)] are
. related to the positions and widths of the shifted and broad-
W(r,t)=e ' d(r,t). (36)  ened complex quasienergy stafés].

Here € is the quasienergy, andi(r,t) is time periodic and
can be expanded in a Fourier series with the fundamental
frequencyw:

Ill. A CASE STUDY: NON-HERMITIAN FLOQUET
STUDY OF THE CHARGE-RESONANCE-ENHANCED
MULTIPHOTON IONIZATION OF H 2+ IN THE

) INTENSE LOW-FREQUENCY LASER FIELDS
Dd(r,H)=2, dy(r)e ", (37)
n

In this section, we present an application of the CSGPS
procedure along with the non-Hermitian Floquet formalism
where the quasienergy-state Fourier compon@ptr) is  [18] to the study of the mechanisms for the enhanced ioniza-
time independent. An equivalent time independent Floquefion phenomenon of §f ions in intense monochromatic
HamiltonianH may be obtained bj18] low-frequency laser fields. The laser parameters used are
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FIG. 2. The real parts of the complex quasienergieRvOnly
those quasienergy states whose dominant components are érgm 1
and 1o, states are included. Two different groups of quasienergy
states can be identified. The solid lines indicate one representative
quasienergy level from each group.

FIG. 1. Electronic energy levels & electronic states of field-
free H molecular ion vs internuclear distand® The proton-
proton Coulomb repulsion energy is not included. The, istates
are in solid lines, while the®, states are in dotted lines.

wavelength 1064 nm and peak intensity*10V/cn?. As-

. N . - and 1o, states. In fact, the information regarding enhanced
suming the laser polarization is along the internuclear

: lv theS. electronic stat dtob idered ionization can be extracted from these complex quasienergy
axis, only the2. electronic states need 1o be considerea. fstates alone. Fig. 2 shows several intriguing behaviors of the

H +F|gure fl S?OWS ft.h? f|eld—|freed<'alctactron Stn?rgg kl)evter:s %eal parts of the quasienergy levels. Firstly, the quasienergy
2" as a function of internuclear distanBgobtained by the levels are nearly parallel to each other in the larger internu-

generalized pseudo_spectral method discussed in Sec. Il. TI}?ear separation regim&>6a, and the separation of each
two lowest electronic states,o] and 1o, become nearly ;

. quasienergy curve is equal to the photon frequanc@n the
degenera_te a_t largét. In _the presence of the e_:xternal fields, other hand, the behavior is quite different at shorter distance
the electric dipole coupling of &, and 1o, is linearly pro-

portional toR and becomes very significant. This phenom-(R<5aO)' ForR close to the equilibrium distancé(), the
enon, known as the “charge resonancéCR) effect [19], quasienergy levels are separated into two different groups. In

. . one group, Re&f) first increases with increasing and re-
occurs only in the odd-charged molecular-ion systems. A group, Req) g

; . . . . . embles the behavior of the field-freeryl state.(We shall
will be exploited in this section, the combined effect of CR_caII this group the “lower” group. In the other group,

and the multiphoton transitions to excited electronic states 'ﬁe(e) first decreases with increasirg and resembles the
the main mechanism responsible for the enhanced ionizatiolr)1

phenomenon observed for the molecular-ion systems. ehavior of the field-frge &, state (We shall call this group
In Figs. 2 and 3, we present thHedependent real and the “upper” group) Within each group, the separation of

imaginary parts of the complex quasienergies of Hre-

spectively, in the presence of the linearly polarized 1064-nm 4.0 ' ' '
monochromatic laser field with peak intensity*4@v/cn?. — lowerstate

The number of grid points used are 46 in thecoordinate | upper state

and 34 in thev coordinate. Due to the symmetry of the 30 L

system, only half of ther grid points are actually needed. Up

to 121 Floquet photon blocks are used to achieve fully con- 2

verged results. The largest dimension of the Floquet matrix ;*

considered in this study is 87 120. The complex quasienergy = 20 1

eigenvalues can be determined accurately and efficiently byg

the implicitly restarted Arnoldi algorithm for a complex =

sparse matrix previously developed and used for the atomic

resonancefll]. To our knowledge, this is the first success-

ful attempt to perform fully converged Floquet calculations

for low-frequency(1064 nm multiphoton processes in mo-

lecular systems. 0.0
Due to the large number of the electronic and Floquet

blocks involved, the resulting Floquet energy-level structure

is rather complicated. In Fig. 2, we show only those quasie- FIG. 3. The imaginary parts of the complex quasienergieR vs

nergy states whose major components are the field-fege 1 from the lower and upper groups of quasienergy levels.

1.0 -

4.0 6.0 8.0 10.0 12.0
Internuclear distance R (a.u.)
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nearby quasienergy levels are exactky.2Ne label two of 1.0 — ' ' '
the representative quasienergy lev@ae from each group N,
by solid lines in Fig. 2. An important consequence of the
Floguet symmetry is that all of these quasienergy states in=
the lower (uppe) group, separated byn2e (m integep in
energy, are in fact physically indistinguishable and contain
the same information regarding multiphoton dynamics. Thus,
for example, while thgreal) energy is separated byni,
each quasienergy state in the lower uppej group has the
identical imaginary energy, Inej, since the latter is related
to the total ionization rate of the physical state. Thus in the
following we shall use the dynamical information contained
in the two quasienergy levelslenoted by solid lines in Fig.
2) to explore the multiphoton dynamics and the mechanisms
responsible for the enhanced ionization phenomenon. 0.0 , , ‘ ,
Figure 3 shows th&-dependent imaginary partaidths) 20 4.0 8.0 8.0 10.0 12.0
of the complex quasienergies in the loweolid line) and Internuclear distance R (a.u.)
upper (dotted ling groups, respectively. It is intriguing that
both curves exhibit two major peaks in the ionization rate at,
certain larger distancd® For the “lower” group, the largest

ionization enhancement occursR&=9 & and a second en- hat the majority of the electron population is transferring

hancement occurs arouriR=6.2 &. For the upper group, pack and forth between the field-freed and 1o, states. A
the major enhancement occurs arolR 8 & and the sec-  ore detailed analysis will be presented below.

ond enhancement &=5 &. The ionization enhancement |t js instructive to study the property and dynamical be-
phenomenon at some larger internuclear distanbas been  payior of these two groups of Floguet quasienergy states in
reported in other recent theoretical studjés-8] and inter- ¢ low-frequency and charge resonance regimes as a func-
preted in the light of the over-the-barrier ionization picture intion of internuclear distanc®. We consider first the time-

the dc-field limit. In the dc field, the ionization width of the averaged electron population remaining in the barg and
upper “2p” level (in the field-free united-atom language 1o, states:

much larger than that of the lower ‘&' [8] state. In a low-

0.8 - EN .

on

0.6

0.4 -

—— P, (upper state)
——- Py (lower state) .
—-— Py, (lower state)
............ ’_)10: (upper state)

Time-averaged electron popula

FIG. 4. The time-averaged electron population mgland 1o,
tes from the lower and upper groups of quasienergy states.

frequency laser field, a certain amount of the electron popu- 1(T _ 2

lation is excited to the @ level due to charge resonance Pi, :ff dt| X e Y Log| k)| = [(Log|Pp?,
and/or multiphoton absorption. Thus in the dc-field picture, 0 " " 41
the 2p level is considered to be the major state responsible 4D
for the observed ionization enhancemé¢6t8]. Zuo and 107 9

Bandrauk([6] argugd t.hat' thg major ionization peak arises ok ?f dt| >, e el 1g,|0K)| = [(Loy|dX)2,
from over-the-barrier ionization of thep2level out of the Y 0 n n

higher electronic-field potential well. Mulyukaat al. [8] on (42

the other hand, have suggested that the ionization enhance- ) ] ] )

ment is due to the mixing of thestate, which is localized Where =2/ w is the period®,, is the nth Fourier compo-

in the higher well of the double-well electronic-field poten- Nent of the quasienergy state from E&7), andk is the

tial, with energetically nearby highly excited states that ardndex for different Floquet states corresponding to those
localized in the lower potential well. Over-the-barrier ioniza- @diabatic quasienergy levels shown in Figure 2. Note that
tion from the lower well can proceed without the impedimentheré we only consider the periodic part of the quasienergy
of back scattering of the electron from the hump between th@lgenfuggt:ons, Eq(37), since the quasienergy exponential
wells. These authors also performed perturbative correctiond@ctor € ", Eq. (36), describes only the overall decaying
through orderw?, of the shifts of & and 2 levels in the behavior. The rgsults are shown in Fig. 4 for both the upper
low-frequency ac field8]. However, the perturbative correc- and lower quasienergy stategmmely, those denoted by solid
tions breakdown near ionization peak positions. Althoughines in Fig. 2. In fact all the upper-group quasienergy
the dc-field picture of the ionization enhancement is insightStates, separated bymi (m intege), have the identical
ful, detailed mechanism does not yet appear to be Seme@lectron populatlon_behawor as that shown in Fig. 4 and is
Also the dc-field predicted peak positions are somewnhat difindependent of the indei It is the same for all the quasie-
ferent from those of our quasienergy calculations. Finallynergy states in the lower group. We found tﬁg;?{%

our results indicate that the quasienergy states in both uppet 1, indicating that the dominant electron population still
and lower groups both show double-peak enhancement fé@emains in the &, and 1o, states in this laser intensity (0

tures. Qualitatively, this latter observation may be attributeqlwcmz) Moreover. the curve foF in the upper state is
to the fact that our Floguet study is a genuine ac-field study ' ' Log

and the upper and lower quasienergy states are the dynamicmost the same as that pf, in the lower state, and vice
combination of both the “%” and “2 p” levels in the sense versa. Thus the upper and lower quasienergy states form a
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1.00 1.0 -
./
0.95 ;
/
0.90 &0 p,, (upper state) . 0.8 - /
c H—x pk,: (lower state) !
2 085 i c /
g k=] /
a 6] . . . 8 06 - /
0.80 : o ;
g 2.0 4.0 6.0 8.0 10.0 12.0 §_ plug (lower state)
s g |- P, (lower state)
3 0.20 T T . . 5 T P, (upper state) |
ﬁ £ 0.4 | —— Py (upperstate) i
»— p,, (lower state) @ u /
013 &--Op,, (upper state) 1 w /
3 ]
0.10 i i
02t /
0.05 _ ) j
Y % e //
0.00 TR 160 12.0 00—t ‘ o~
2 ' ' ) ) ' 2.0 4.0 6.0 8.0 10.0 12.0
Internuclear distance R (a.u.) Internuclear distance R (a.1)
FIG. 5. TheR-dependent electron population in therl and FIG. 6. Same as that of Fig. 5 except that the time is now set at

lo, states at timeé=mmn/w, wherem is a positive integer. The t=(2m+ 1)/ w
population is independent ofi.

pair of complementary states. Finally it is interesting to seespreads among many Fo_ungr compogﬁrgs._ In th's case, the
modulus of the exponential time facter "7 is unity, and

the oscillatory behavior of the electron population as a func- . .
tion of R at larger internuclear separation. all the 1o (or 1o,) Fourier components have the same sign

We also examine the temporal behavior of electronic@nd they add up constructively. As a result, there is little
population at different time as a function of internuclear Net” electron transfer between thes}, and 1o, levels and

separatiorR. Again we only consider the periodic part of the the €lectron population remains close to unity in the,1
quasienergy eigenfunctions of typical upper and lower states€Ve! for the lower quasienergy state and in the, level for

In Fig. 5 we show the electron population remaining in theth€ Upper quasienergy state for larger

1oy and o, states at=mm/w, corresponding to the peak The electron pop_ulation bE_havi(_)rta%(ijL;)w/Zw, m
field amplitude case, where is a positive integer: integer, corresponding to the instamt each optical of zero

electric dipole coupling, is shown in Fig. 6:
2

= 07 > e MM 1gy| D)) (43)
Piog w n M (2m+1)m —in(2m+ 1) w2 2
prot= | = S e (104l |
mar . 2 4
pmu(t=7)= S e i by . (44 49
n
o o ) 2m+21)7 » 2
We found that at this instant of timén each optical plgu(t=T =D e MM DT 5 D) .
cycle, regardless the value o), the dominant population is n (46)

in the 1oy level for the lower quasienergy state and in the

1o, level for the upper quasienergy state. This is partly due

to the fact that at=0, the lower state reduces to the field- In this case, the exponential time facter "?™*1)7/2 pe.

free 1oy level while the upper state reduces to the field-freecomes+ 1(+i) and —1(—i) alternatively for the Iry(10)

1o, level. Several salient features are observed in Fig. SFourier components, resulting in the near cancellation of the
First, we see a significant “dip” in the electron population contributions from various Fourier components. The out-
nearbyR=3.6 g. Notice that the energy separatitat fixed come is that electron absorbs and emits photons and jump
R) of the bare by and 1o, levels (Fig. 1) is larger than  back and forth between thes} and 1o, Floquet ladders as
one-photon energy fdR<5.1a,. Thus in these shorter inter- R varies. For largeR, the electron populations show a near
nuclear distance ranges, the transition between these twseriodic function ofR and the upper and lower states form a
states is multiphoton dominant. The dip arouRek3.6 g  pair of conjugated levels.

indicates that there is a multiphoton resonance between the When all the time within a given optical cycle is consid-
lo, and 1o, levels and some population transfer betweenered, the averaged electron population behavior is depicted
the two levels takes place. When the internuclear separatioin Fig. 4. The oscillatory behavior at largBrregime can be
Rbecomes larger than §,chowever, the &g and 1o, levels  described as the consequence of a “charge-resonance-
becomes nearly degenerate and the electric dipole couplingnhanced multiphoton transition” effect, namely, strong
between the two levels is significant and increases linearlfLoy-10, coupling prevails in each sequential photon
with increasing R. The quasienergy eigenfunction now absorption/emission in the Floquet state ladders:
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FIG. 7. The temporal behavior of the electron population of the FIG. 8. Same as those of Fig. 7 except for the upper quasienergy
lower quasienergy states at several internuclear separ&iddsly states.
the population in the “right”-half spacez{0) is included.

It becomes more difficult for the electron to jump from one

Jloy,n><|lo,,n—1><|1lo,,n—2><|10, otential well to the other aR increases. Finally, within
g u g u p . : y
(47 each optical cycle, there are small fluctuations. These may be
n—3>«|log,n—4> ..., attributed to the charge resonance enhanced multiphoton ex-
citation.

wheren is the photon block index ane> denotes the electric Now we come to the center of the question regarding why
dipole coupling. Since thea]g and 1o, levels are nearly there exists two ionization peaks for both lower and higher
degenerate, the coupling in each step is strong. The resultirguasienergy states seen in Fig. 3. Using the dc-field picture,
quasienergy eigenfunction spreads among many higher Fo@hakeshafet al, [8] argued that the ionization enhancement
rier components. of the “2p” state is due to its mixing with energetically

It is also instructive to examine the time evolution of the nearby highly excited states that are localized in the lower
electron populatiorat fixed internuclear distand®) at each  electronic-field potential well, followed by the over-the-
electronic-field potential well, providing the information barrier ionization from the lower well. In the following we
about the electron localization and/or delocalization. Sinceexplore the mixing of the bared, and 1o, states with
we are dealing with the ac field problem, the population inexcited electronic states in the presence of the low-frequency
the left (z<0) and right ¢>0) potential wells should be ac field. This provides new insights regarding the actual
identical. This population can be estimated by integrating thénechanism responsible for the ionization enhancement. Re-
electron population over half of the spaay, the right-half ~ call that we have found earlier that the majority of the elec-
spacez>0) only tron population remains in theo}, and 1o, states. However,

these two levels alone cannot contribute to the ionization. In

3 o ) ) reality, they have some substantial mixing with excited elec-
Nright(t) =27a joz dVJO du(sintfu+sirfv) tronic states through various multiphoton resonances. Since
these excited electronic states have much larger ionization
Xsinhy sinv®(w,v,t), (48)  widths than those of &; and 1o, states, their contributions

can lead to the overall ionization enhancement. To explore
where ®(u,v,t)=®(r,t) in Eqg. (36). Again we consider this further, we plot in Fig. 9 the electron population of vari-
here only the periodic part of the quasienergy eigenfunctionous excited electronic states estimated by the projection of
Several representative internuclear distarR@se chosen to the lower quasienergy state onto various field-free excited
display the electron population behavior in the right potentialelectronic states. Figure 9 shows thaRaround 9 g, there
well (z>0): those two distances that exhibit the ionizationare substantial populations of various excited electronic
peak positions and one smaller and one lafgefhe results  states, with the major contribution arising from the J3state
are shown for the lowefuppe) quasienergy state in Fig. 7 atR=9 &. This accounts for the major ionization enhance-
(Fig. 8). Note that Rg(t) is a periodic function of time as it ment atR=9 & of the lower quasienergy state seen in Fig.
should be. The most prominent feature is that it fluctuates u@. Similarly, the other smaller ionization enhancement of the
and down around the mean value 0.5 for all the distdRce lower quasienergy state is due to the contributions of the
Thus the electron does not appear to prefer to localize in thexcited states arounB=6 & with the dominant contribu-
right (z>0) or left (z<0) potential well. This ac picture is tions arising from the &4 and 40, states, etc. Figure 10
different from that inferred from the dc picture. Notice also shows the corresponding information for the “upper”
that the amplitude of the fluctuation decreaseR awreases. quasienergy state. Similar analysis provides the clue to the
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FIG. 9. The electron population of various excited electronic
states calculated from the lower quasienergy states.

ionization enhancement & =8 & and 5 g of the upper
guasienergy state seen in Fig. 3.

Finally it is instructive to make some comparison of the
present time-independent Floquet results with other results
such as those obtained by the numerical solution of the time-
dependent Schdinger equatiorj6]. In general one expects

that the time-dependent calculations can reproduce the be-

havior of Floquet quasienergy results if both calculations are
fully converged and if the following two conditions are sat-
isfied: (a) the laser field is turned on adiabatically, afi)

there are no avoided crossings of quasienergy levels. Inde
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N
N

o
[0 0]
—

— Lower QE state it 7
--- Upper QE state P 1
[ OPresent TD calculation
®-@ Ref. [6]
----- Ref. [8]

. . 12
lonization rate (10 °/s)
- =2 NN N W W A~ A
NN OO ©O A OO MDD OO O b
T T L LA UL B
| | | |

i
T2 7T
{
A\

0 & ' ! ! ! !
2 4 6 8 10 12 14

Internuclear distance R (a.u.)

FIG. 11. Comparison of the ionization rate o} s R obtained

%}{ the time-dependent numerical calculations of R&fand by the

esent time-independent Floquet quasienei@¥) calculations.

excellent agreements of the time-dependent and Floquet rjso shown here for comparison are our new time-depen¢iy

sults were obtained in a number of previous studies of mulresuits(open circles and the cycle-averaged dc quasienergy widths
tiphoton ionization and/or high harmonic generation rates obf the 2p state(dotted ling of Ref.[8]. The laser wavelength and
atomic systemg21]. In the time-dependent calculation of intensity used are 1064 nm and'4@v/cn?, respectively.

H, by Zuo and Bandrauk6], the laser field is turned on
linearly in the first five optical cycles and then kept constan
The norm of the wave function decays exponentially due t
the removal of the electron at the boundary of the numeric
grid. The overall feature of the time-dependent redudiss
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tqualitatively similar to the pattern of the lower or upper
c'guasienergy levefalso reproduced in Fig. 11 for compari-

§orﬁ, showing the ionization enhancement can occur at two

alarger internuclear distances. The peak positions of the time-

dependent calculatior[$] are closer to those of the lower
quasienergy level. However, the peak ionization rates of Ref.
[6] are smaller than those of the lower quasienergy level. The
situation is somewhat similar to that shown in Table |, where
the dc widths obtained by Ref6] are also smaller by a
factor of about 3 than our results and those of R&f.

Also shown in Fig. 11 for comparison are the the cycle-
averaged dc quasienergy widths of thp 2tate (i.e., the
average of the dc ionization rates over all instantaneous
value of the ac-field strength during one optical cyaé-
tained by Mulyukov etal, [8]. These (frequency-
independentdc quasienergy widths are significantly higher
than those of the time-dependent results of Zuo and Ban-
drauk[6], although the peak heights of the dc rates are likely
to be an overestimation. Mulyukat al,, [8] also considered
the w? correction term to their dc quasienergy widths, but the
perturbative correction breaks down near the peak positions.

A couple of intriguing questions arise regarding the com-

FIG. 10. The electron population of various excited electronicparison of the time-dependent calculations with the present
states calculated from the upper quasienergy states.

Floquet results. Do both lower and upper quasienergy levels
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contribute to the total rate in the time-dependent calcula=5 to 12 g) in our time-dependent calculations, there is no
tions? What happens if the field is turned on adiabatically%yoided crossing of the upper and lower quasienergy levels
Also can the near degeneracy of the unperturbeg and  (cf. Fig. 2. The upper quasienergy level is likely to also
1o, states at intermediate and large distances cause sorgentribute to the ionization rate in the avoided crossing re-
mixing of the two quasienergy levels in the time-dependengions in nonadiabatictime-dependent calculations. In sum-
calculations? To answer some of these questions, we haveary, the analysis of the quasienergy level behavior pre-
performed a time-dependent calculation independently bgented in this paper provides new insights regarding the
means of thetime-dependent generalized pseudospectratletailed ionization enhancement mechanisms, which cannot
(TDGPS method recently developed in our group for non-be easily obtained by the time-dependent procedure.
perturbative treatment of multiphoton ionization and high In conclusion, we have presented a new CSGPS proce-
harmonic generatiofiHHG) of atoms[20] and molecules dure .for accurate and efficient determination of the complex
[22] in strong fields. The TDGPS procedure allomsnuni- ~ duasienergy states of two-center molecular systems. We have
form and optimal spatial grid discretization of the Hamil- @Pplied the procedure to the study of the mechanism respon-
tonian, which is essential for the Coulomb potential, andSiPle for the ionization enhancement of Hin intense low-

efficient time propagation of the wave function. High- frequency(1064 nm laser fields. From the present Floquet

precision time-dependent wave functions can be obtained b udy,. we Igad to the conclusion that the ionization enhance.—
ent is mainly due to the charge resonance enhanced multi-

this procedure as demonstrated, for example, by the excelle f th d 1o ith ited
agreement of the HHG power spectrdeéngthandaccelera- photon resonances o t QT& an oy states with excite
electronic states. The “critical” distances where the ioniza-

tion forms over 20 orders of magnitude0,2Z. In the , .
present time-dependent calculation, the field is turned on lintion enhancement occur depend on the molecular electronic
early for the first ten optical cycles and then the field ampli-St'Ucture and laser frequency and intensity used. Finally, we
tude is kept constant. The initial statetatO is assumed to note that the outlined CSGPS procedure in this paper is quite
general and can be applied to other two-center problems as

be in the unperturbedd, electronic state of b . Our time- :
dependent results for the intermediate and large distances a\f’@”' We are currently extending the CSGPS method along

shown by the open circles in Fig. 11. interestingly, the ion-W'th the Floguet formulation oftime-dependent density-

ization rates from our time-dependent calculations followfunCtIonal theon{21] for nonperturbative treatment of mul-

closely and nearly coincide with those of the lower quasien:[!phOton processes ehany-electrorsystems in intense laser

ergy level. This indicates that our field turn-on proceduref'elds'
appears “adiabatic” enough and the lower quasienergy level
unambiguously provides all the needed information for ac-
counting the enhanced ionization at intermediate and IlRrge  This work is partially supported by NSF under Grant No.
The agreement of our time-dependent and Floquet resul®801889. We acknowledge Kansas Center for Advanced Sci-
also confirms the numerical convergency of both calculaentific Computing for the support of Origin2400 supercom-

tions. Note that in the range of internuclear distancBs ( puter time.
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