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A NONOVERLAPPING DOMAIN DECOMPOSITION METHOD FOR
INCOMPRESSIBLE STOKES EQUATIONS WITH CONTINUOUS
PRESSURES*

JING LIt AND XUEMIN TU#

Abstract. A nonoverlapping domain decomposition algorithm is proposed to solve the linear
system arising from mixed finite element approximation of incompressible Stokes equations. A con-
tinuous finite element space for the pressure is used. In the proposed algorithm, Lagrange multipliers
are used to enforce continuity of the velocity component across the subdomain boundary. The con-
tinuity of the pressure component is enforced in the primal form, i.e., neighboring subdomains share
the same pressure degrees of freedom on the subdomain interface and no Lagrange multipliers are
needed. After eliminating all velocity variables and the independent subdomain interior parts of the
pressures, a symmetric positive semidefinite linear system for the subdomain boundary pressures and
the Lagrange multipliers is formed and solved by a preconditioned conjugate gradient method. A
lumped preconditioner is studied and the condition number bound of the preconditioned operator is
proved to be independent of the number of subdomains for fixed subdomain problem size. Numerical
experiments demonstrate the convergence rate of the proposed algorithm.
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1. Introduction. Domain decomposition methods have been well studied for
solving incompressible Stokes equations and similar saddle-point problems; see, e.g.,
[16, 24, 20, 10, 3, 22, 11, 28, 29, 25]. In many of these works, special care is taken to
deal with the divergence-free constraints across subdomain boundaries, which often
lead to large coarse level problems. The large coarse level problem will be a bottleneck
in large-scale parallel computations, and additional efforts in the algorithm are needed
to reduce its impact; cf. [31, 32, 30, 17, 4, 15, 33]. Some recent progress has been
made by Dohrmann and Widlund [5, 6] for almost incompressible elasticity, where the
coarse level space is built from discrete subdomain saddle-point harmonic extensions
of certain subdomain interface cutoff functions and its dimension is much smaller than
those in previous studies. Kim and Lee [13, 14] and Kim, Lee, and Park [12] studied
the FETI-DP and BDDC algorithms for incompressible Stokes equations where a
lumped preconditioner is used and reduction in the dimension of the coarse level
space is also achieved.

In most of the above mentioned applications and analysis of domain decompo-
sition methods for incompressible Stokes equations, the mixed finite element space
contains discontinuous pressures. Application of discontinuous pressures in domain
decomposition methods is natural. The decomposition of the pressure components
among independent subdomains can be handled conveniently and no continuity of
pressures across the subdomain boundary needs to be enforced. However, a big class

*Received by the editors January 5, 2012; accepted for publication (in revised form) February 4,

2013; published electronically April 23, 2013.
http://www.siam.org/journals/sinum/51-2/86150.html

TDepartment of Mathematical Sciences, Kent State University, Kent, OH 44242 (li@math.kent.
edu, http://www.math.kent.edu/~1i/).

fDepartment of Mathematics, University of Kansas, Lawrence, KS 66045-7594 (xtu@math.ku.edu,
http://www.math.ku.edu/~xtu/). This author’s work was supported in part by National Science
Foundation contract DMS-1115759.

1235

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 06/30/14 to 129.237.46.100. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

1236 JING LI AND XUEMIN TU

of mixed finite elements used for solving incompressible Stokes and Navier—Stokes
equations have continuous pressures, e.g., the well-known Taylor-Hood finite elements
type [27]. There have been some approaches using continuous pressures in domain
decomposition methods for solving incompressible Stokes equations, e.g., by Klawonn
and Pavarino [16], by Goldfeld [9], by Sistek et al. [26], and by Benhassine and
Bendali [1]. In their work, an indefinite system of linear equations need to be solved,
either by a generalized minimal residual method or simply by a conjugate gradient
(CG) method. To the best of our knowledge, no scalable convergence rate has been
proved analytically for any of those approaches using continuous pressures.

In this paper, we propose a nonoverlapping domain decomposition algorithm for
solving incompressible Stokes equations with continuous pressure finite element space.
The scalability of its convergence rate is proved. In this algorithm, the subdomain
boundary velocities are dealt with in the same way as in the FETI-DP method: a
few from each subdomain are selected as the coarse level primal variables, which are
shared by neighboring subdomains; the others are local to subdomains and Lagrange
multipliers are used to enforce their continuity. The subdomain boundary pressure
degrees of freedom are all in primal form. They are shared by neighboring subdomains
and no Lagrange multipliers are needed for their continuity. After eliminating all
velocity variables and the independent subdomain interior parts of the pressures,
the system for the subdomain boundary pressures and the Lagrange multipliers is
shown to be symmetric positive semidefinite, which is solved by using a preconditioned
CG method. Condition number bounds as strong as for the scalar elliptic case are
established.

Only the application of a lumped preconditioner in the proposed algorithm is
studied in this paper. The lumped preconditioner was first used in the FETI algo-
rithm [7] for solving positive definite elliptic problems. Compared with the Dirichlet
preconditioner, also used for the FETT algorithm [8], the lumped preconditioner is
less effective in the reduction of the iteration count, but it is also less expensive in
the computational cost for each iteration step. The main operation in the lumped
preconditioner is subdomain matrix and vector products, while the implementation
of the Dirichlet preconditioner requires solving subdomain systems of equations. For
using the lumped preconditioner in the proposed algorithm to solve incompressible
Stokes problems, the coarse level space can be chosen the same as that for solving
scalar elliptic problems corresponding to each velocity component for both two- and
three-dimensional problems. The additional subdomain edge and/or face components
in the coarse space corresponding to the divergence-free constraints across subdomain
boundaries, as discussed in [22], are not needed here, but they are needed when the
Dirichlet preconditioner is used in the proposed algorithm, which is addressed in [34]
by the authors. To stay focused on the purpose of this paper, the discussion of the
proposed algorithm and its analysis are based on two-dimensional problems; the same
approach can be extended to the three-dimensional case without substantial obsta-
cles, which will be briefly discussed in several remarks in this paper. It is also worth
pointing out that the domain decomposition algorithm and its analysis presented
in this paper apply equally well, with only minor modifications, to the case where
discontinuous pressures are used in the mixed finite element space.

The remainder of this paper is organized as follows. The finite element discretiza-
tion of the incompressible Stokes equation is introduced in section 2. A domain
decomposition approach is described in section 3. The system for the subdomain
boundary pressures and the Lagrange multipliers is derived in section 4. Section 5
provides some techniques used in the condition number bound estimate. In section 6,
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a lumped preconditioner is proposed and a scalable condition number bound of the
preconditioned operator is established. At the end, in section 7, numerical results for
solving a two-dimensional incompressible Stokes problem are shown to demonstrate
the convergence rate of the proposed algorithm.

2. Finite element discretization. We consider solving the following incom-
pressible Stokes problem on a bounded, two-dimensional polygonal domain 2 with a
Dirichlet boundary condition:

—Au* +Vp* =1 in Q
(2.1) -V-u*=0 in @,
u* =uj, ondQ,

where the boundary data ujy, satisfies the compatibility condition |, 90 Uho - n = 0.
For simplicity, we assume that uj, = 0 without losing any generality.

The weak solution of (2.1) is given by the following: find u* € (H&(Q))2 ={ve
(H*(Q))? | v =10 on 9Q} and p* € L?(2) such that

(2.2) {a(u*,v) +b(v,p*) =(f,v) Vve (H&(Q))2 ,
' b(u*,q) =0 Vg € LA(Q),

where a(u*,v) = [, Vu* - Vv, b(u*,q) = — [,(V-u*)q, (f,v) = [,f v. We note
that the solution of (2.2) is not unique with the pressure p* different up to an additive
constant.

A modified Taylor-Hood mixed finite element is used in this paper to solve (2.2).
The domain € is triangulated into shape-regular elements of characteristic size h.
The pressure finite element space, Q@ C L?(Q2), is taken as the space of continuous
piecewise linear functions on the triangulation. The velocity finite element space,
W C (H} (Q))2, is formed by the continuous piecewise linear functions on the finer
triangulation obtained by dividing each triangle into four subtriangles and connecting
the middle points of its edges. A demonstration of this mixed finite element on a
triangulation of a square domain is shown in Figure 2.1.

The finite element solution (u,p) € W € @ of (2.2) satisfies

e 55 JBI-0)

where A, B, and f represent respectively the restrictions of a(-,-), b(-,-), and (f,-) to
the finite-dimensional spaces W and ). We use the same notation in this paper to
represent both a finite element function and the vector of its nodal values.
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The coefficient matrix in (2.3) is rank deficient. A is symmetric positive definite.
The kernel of BT, denoted by Ker(B7T), is the space of all constant pressures in Q.
The range of B, denoted by Im(B), is orthogonal to Ker(BT) and is the subspace
of @ consisting of all vectors with zero average. The solution of (2.3) always exists
and is uniquely determined when the pressure is considered in the quotient space
Q/Ker(BT). In this paper, when ¢ € Q/Ker(BT), q always has zero average. For a
more general right-hand-side vector (f, g) given in (2.3), the existence of its solution
requires that g € Im(B), i.e., g has zero average.

The modified Taylor—-Hood mixed finite element space W x @), as shown in Fig-
ure 2.1, is inf-sup stable in the sense that there exists a positive constant 3, indepen-
dent of h, such that
(2.4) sup b, q)

w [w]

we

> Bllalle Vg€ Q/Ker(BT)

H1

(cf. [2, Chapter III, section 7]), or equivalently in matrix/vector form,

<(], BW>2 2 T

(25) S Aw) > B°{¢,Zq) Vg€ Q/Ker(B").

Here, as always used in this paper, (-,-) represents the inner product of two vectors.
The matrix Z represents the mass matrix defined on the pressure finite element space
Q, ie., for any g € Q, ||q]|2> = (¢, Zq). 1t is easy to see (cf. [35, Lemma B.31]) that Z
is spectrally equivalent to h2I for two-dimensional problems, where I represents the
identity matrix of the same dimension, i.e., there exist positive constants ¢ and C,
such that

(2.6) ch*I < Z < CRh*I.

Here, as in other places of this paper, ¢ and C represent generic positive constants
which are independent of the mesh size h and the subdomain diameter H (discussed
in the following section).

3. A nonoverlapping domain decomposition approach. The domain 2 is
decomposed into N nonoverlapping polygonal subdomains €;, i = 1,2,..., N. Each
subdomain is the union of a bounded number of elements with the diameter of the
subdomain in the order of H. The nodes on the interface of neighboring subdomains
match across the subdomain boundaries I' = (U9€;)\9Q. I is composed of subdomain
edges, which are regarded as open subsets of I', and of the subdomain vertices, which
are end points of edges.

The velocity and pressure finite element spaces W and @ are decomposed into

W=wW,PwWr, Q= Par,

where Wy and @ are direct sums of independent subdomain interior velocity spaces
ng) and interior pressure spaces Q(IZ), respectively, i.e.,

W =@PWY, @ =@e)
i=1 =1

Wr and Qr are subdomain boundary velocity and pressure spaces, respectively. All
functions in Wr and Qr are continuous across the subdomain boundaries I'; their
degrees of freedom are shared by neighboring subdomains.

To formulate our domain decomposition algorithm, we introduce a partially sub-
assembled subdomain boundary velocity space Wr,
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N
Wr = WP Wa=winP <@WX>> :
i=1

Wi is the continuous, coarse level, primal velocity space which is typically
spanned by subdomain vertex nodal basis functions, and/or by interface edge-average
basis functions with constant values, or with values of positive weights on these edges.
The primal, coarse level velocity degrees of freedom are shared by neighboring sub-
domains. For the lumped preconditioner used in this paper, the coarse level velocity
space can be chosen the same as for solving scalar elliptic problems corresponding to
each velocity component. For example, Wy can be as simple as spanned by subdo-
main vertex nodal velocity basis functions. The additional coarse level components
across the subdomain edges, as discussed in [22], are no longer necessary here, even
though including them in the coarse level space can improve the convergence rate
of the proposed algorithm in terms of better stability of a certain subdomain jump
operator; see Lemma 5.5.

The complementary space W a is the direct sum of independent subdomain dual
interface velocity spaces WX), which correspond to the remaining subdomain bound-
ary velocity degrees of freedom and are spanned by basis functions which vanish at
the primal degrees of freedom. Thus, an element in the space Wr typically has a
continuous primal velocity component and a discontinuous dual velocity component.

The functions wa in Wa are in general not continuous across I'. To enforce
their continuity, we define a boolean matrix Ba constructed from {0,1,—1}. On
each row of Ba, there are only two nonzero entries, 1 and —1, corresponding to the
same velocity degree of freedom on each subdomain boundary node but attributed to
two neighboring subdomains, such that for any wa in Wa, each row of BaAwa =0
implies that these two degrees of freedom from the two neighboring subdomains be
the same. When nonredundant continuity constraints are enforced, Ba has full row
rank. We denote the range of Ba applied on W by A, the vector space of the
Lagrange multipliers.

In order to define a certain subdomain boundary scaling operator, we introduce
a positive scaling factor d'(x) for each node x on the subdomain boundary I'. Let
N, be the number of subdomains sharing =, and we simply take 6f(z) = 1/A,. In
applications, these scaling factors will depend on the heat conduction coefficient for
scalar elliptic problems and on the first of the Lamé parameters for the equation of
linear elasticity, respectively; see [19, 18]. Given such scaling factors at the subdo-
main boundary nodes, we can define a scaled operator Ba,p. We note that each row
of Ba has only two nonzero entries, 1 and —1, corresponding to the same subdo-
main boundary node z. Multiplying each entry by the scaling factor §'(z) gives us
Ba.p.

Solving the original fully assembled linear system (2.3) is then equivalent to the
following: find (uy, pr, ua, um, pr, \) E Wi QrpWaP Wi Qr P A such
that

[A;r BYL, Aia Am BE, 0] [uw] [f]

By 0 Bia Bm 0 0 I 0
(3'1) AAI B}FA AAA AAH BIY:A Bg UA _ fA

An; BY; Ana Amn Big 0O ury fir |’

Brr 0 Bra Brm 0 0 pr

0 0 Ba 0 0 of[Ar] |0
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where the subblocks in the coefficient matrix represent the restrictions of A and B
in (2.3) to appropriate subspaces. The leading three-by-three block can be made block
diagonal with each diagonal block representing one independent subdomain problem.

Corresponding to the one-dimensional null space of (2.3), we consider a vector
of the form (ur, pr, ua, um, pr, A) = (0, 1,,, 0, 0, 1,.,A), where 1,, € Q; and
1pr € Qr represent vectors with value 1 on each entry. Substituting it into (3.1) gives
zero blocks on the right-hand side, except that at the third block the right-hand side
equals

1

(3.2) BTy BL] L’"] + BI

pr

The first term represents the line integral of the normal component of the velocity
finite element basis functions across the subdomain boundary on neighboring subdo-
mains. Corresponding to the same subdomain boundary velocity degree of freedom,
their values on the two neighboring subdomains are negative to each other, and the
values are unchanged under the application of BX Ba p, which essentially computes
the jump of a function across the subdomain boundary. Therefore

1 1
w7 B || = Bhman {120 5L ||

]'PF

from which we know that, taking

A=—Bap [Bian Bia] [1“] ;
1PF
the right-hand-side block (3.2) equals 0. Therefore, a basis of the one-dimensional
null space of (3.1) is

(33) <Oa 11017 0, 0, 1PF7 _BA,D [B?A BFTA} |}p1:|> :
pr
4. A reduced symmetric positive semidefinite system. The system (3.1)
can be reduced to a Schur complement problem for the variables (pr, A). Since the
leading four-by-four block of the coefficient matrix in (3.1) is invertible, the variables
(ur, pr, ua, un) can be eliminated and we obtain

(4.1) @t =
where
Ay BT, Aja Am ' [BE 0
(42) G- Brr 0 Bra Bru| |Brr 0 Bia Bm 0 0
0 0 Ba 0 ||Ax; BT Aaa Aan| |BE. BX
Anr By Ana Amn BL; 0
and
Arr BYL, Aia Am ey
(4.3) g Brr 0 Bra Brn| |Bir 0 Bia Bm 0
0 0 Ba 0 Aar B?A Aan  Aan fa
An; BY; Ana Amn fio
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We denote

A BY, Ama Am
~ B 0 B B
44y A=t S PRI nd B =
AA] BIA AAA AAH

AH[ B?H AHA AHH

Br; 0 Bra Brno
0 0 Ba 0

We can see that —G is the Schur complement of the coefficient matrix of (3.1) with
respect to the last two row blocks, i.e.,

A 0

0 —-G|’

From the Sylvester law of inertia, namely, the number of positive, negative, and
zero eigenvalues of a symmetric matrix is invariant under a change of coordinates,
we can see that the number of zero eigenvalues of G is the same as the number of
zero eigenvalues (with multiplicity counted) of the original coefficient matrix of (3.1),
which is one, and all other eigenvalues of G are positive. Therefore G is symmetric
positive semidefinite. The null space of G is derived from the null space of the original
coefficient matrix of (3.1), and its basis is given by (cf. (3.3))

)]

1PF

I —A'BE
0 I

I 0
—BoAl T

A BL
Be 0

We denote X = Qr @ A. The range of G, denoted by Rg¢, is the subspace of X
orthogonal to the null space of G and has the form

Ipr Ly,
an)  ro={ ] x| -t (masists sta[f]) <o},

The restriction of G to its range R¢ is positive definite. The fact that the solution
of (3.1) always exists for any given (f;, fa, fir) on the right-hand side implies that
the solution of (4.1) exists for any g defined by (4.3). Therefore g € Rg. When the
CG method is applied to solve (4.1) with zero initial guess, all the iterates are in the
Krylov subspace generated by G and g, which is also a subspace of Rg, and where
the CG cannot break down. After obtaining (pp, A) from solving (4.1), the other
components (uy, pr, ua, ugn) in (3.1) are obtained by back substitution.

In the rest of this section, we discuss the implementation of multiplying G by a
vector. The main operation is the product of A=! with a vector; cf. (4.2) and (4.3).
We denote

A]] B}} A]A fI
Ay =|By 0 Bia|, Amw=Aly=[Anr Bl Anal, fr=10
Aar BIn Aaa fa

and define the Schur complement
Sn = Ann — A AL A,

which is symmetric positive definite from the Sylvester law of inertia. Sy defines the
coarse level problem in the algorithm. The product
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-1

A BYL Aia Am fr
By 0 Bia Bm 0

Aar BIy Aaa Aan fa
Anr Bfy Ana  Amn fn

can then be represented by

AL
0

_A;rl ATH

St (fu — A A )
It

which requires solving the coarse level problem once and independent subdomain
Stokes problems with Neumann type boundary conditions twice.

5. Preliminary results. We first define certain norms for several vector/function
spaces. We denote

(5.1) W=W;PWr.

For any w in \7\7, we denote its restriction to subdomain €2; by w( . A subdomainwise
H'-seminorm can be defined for functions in W by

N
wiin =Y w3,
=1
We also define

VZWI@QI@WA@WH

and its subspace
(5.2) Vo= {U = (wr, p1, Wa, wn) € V | Biywr + Biawa + Brnwy = 0} :

For any v = (wy, pr, wa, wi) € ‘70, let w = (wy, wa, wy) € W. Then

wil' TAr Aia Am] [wr
(5.3) (v,v) 3= |wa Aar Aaa Aan| |wa
Wi Anr  Ana  Annm| |wn
T[4 AL AT T T
3| MO VRS ML i W
i=1 w%) A%)I AS)A Aﬁ)n W(&) i=1 W(&) .

= |W|%117

ie., (-,-) 7 defines an inner product on Vo. In (5.3), the superscript ) is used to

represent the restrictions of corresponding vectors and matrices to subdomain ;.
Since W is essentially the subspace of W with continuous subdomain boundary

velocities, the inf-sup condition (2.4) and (2.5) also holds for the mixed space W x Q.
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Arr Aia Am
; Auw= |Aar Aan Aan
Anr Ana  Ann

Brr Bia Bm

(5.4) B=
Br; Bra Brn

as in (3.1); then

~ \2
(2. Bw)
(5.5) sup ——"— > p°(q,Zq) Vg€ Q/Ker(BT),
weEW <w, Auw>
where § is the same as in (2.4) and (2.5). ~
We also have the following lemma on the stability of the operator B.
LEMMA 5.1. For any w € W and q € Q, <§w,q> < |wl|mlgllzz-
Proof.

<§wﬂ>2: <§/in.w<i>q>2 < <§E \//Q |VW(1‘)|2\//Qi q2>2
- (5_5 A 'VW“"2> (ﬁ_vl /| q2> = (Wi laliZ. O

The finite element space for subdomain boundary pressures, Qr, is a subspace
of L3(T'). For each pr € Qr, its finite element extension by zero to the interior of
subdomains is denoted by p&, which equals pr on all subdomain boundary nodes and
equals zero on all subdomain interior nodes. We can see that p& € Q C L*(Q2) and
|\p1‘?||2L2(Q) = (pt,pf ), from the definition of Z in section 2.

From (4.2) and (4.4), we can see that

G = BoA'BL.
In particular, we denote the first row of B¢ by
Br=[Br; 0 Bra Brnl;

for the second row, we denote the restriction operator from V onto Wa by Ra such
that for any v = (wy, pr, wa, wr) € V, Rav = wa. Then G can be represented by
the two-by-two block structure

(5.6) G=

where
G:DF;DF = éfj_léga GppA = EFg_lézBZ,
Gapr = BAEAg_lgl?a G = BAEAE_1E£BZ.

The pressure components of all vectors in Rg with gy = 0 (cf. (4.5)) form a
subspace of Qr and we denote this subspace by Rg|q,.. From the definition of Rg,
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we can see that for any vector pr € Rg|qy p%FlpF = 0, and then its extension by zero
to the interior of subdomains, pflj, also has zero average.

The following lemma follows essentially from [35, Lemma 9.1].

LEMMA 5.2. For all pr € Rg gy,

52”171?”%2(9) < (pr; Gprprpr) < ||p1€||2L2(Q)a

where pl‘? represents the extension by zero of pr to the interior of subdomains and (3
is the same as in (2.4) and (2.5).

Proof. Note that even though A~ is indefinite in 17, it is positive definite when
restricted to a subspace of V', where the pressure component equals zero, and the
norm || - || 5, is well defined.

To prove the left-side inequality, denote for any v = (vy, va, vi) € W, vl =
(vi, 0, va, vi1) € V. We have

2

~ ~ ~ 2
(pr.BoA™'Blpr) = | Blpe|y, = sup A = sup S
veEW HV Hg—l vEW v A v
(TE ; 2 B 3 2
piBwl) (o )
= sup St = sup > B (pF pf), = B2 ),

wew wiTAwf wew WTA,w

where we have used the inf-sup condition (5.5) for the inequality in the middle.
To prove the right-side inequality, for any given pr € Rg|q., denote vl =

(Vi, p1, Va, viI) = ﬁ’lggpp, and the shorter vector v .= (vy, va, vyy). From
the continuity of B in Lemma 5.1 and (5.3), we have

<prvérg71§1:fpr> = <pFJ§FVT> = <p1}§a§V> < ||PIE||L2 [V

PO PR e~ 1/2
= lle (A~ Bfor, A Be) = 9z (or. oA Blor) "
The following corollary of Lemma 5.2 is an immediate result from (2.6) and the

facts that [|pf |72y = (PF,PE) 40 (PF,PE) = (pr,pr).
COROLLARY 5.3. There ezist positive constants ¢ and C such that

ChQﬁQIpr < Gprpr < Ch2IpF,

where I, is the identity matriz of the same dimension as Gppp, and 8 is the same
as in (2.4) and (2.5).

Remark 5.4. Lemma 5.2 and Corollary 5.3 are not used in our proof of the con-
dition number bound in section 6. However, it is intuitive to see from Corollary 5.3
that the first diagonal block G, in matrix G can be approximated spectrally equiv-
alently by the identity matrix multiplied by h2, which is what is being done in our
block diagonal preconditioner discussed in section 6.

We also need to define a certain jump operator across the subdomain boundaries
I'. Let Pp : V — V be defined by (cf. [21])

Pp = RABX pBaRa.
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We can see that application of Pp to a vector essentially computes the difference
(jump) of the dual velocity component across the subdomain boundaries and then
distributes the jump to neighboring subdomains according to the scaling factor 6 ().
In fact, the dual velocity component is the only part of the vector involved in the
application of Pp; all other components are kept zero and are added into the definition
to make Pp more convenient to use in the presentation of the algorithm. We also
have, for any v = (wy, pr, wa, wn) € V,

(Ppv, Ppv) 5 = (BX pBawa, BX pBawa) ,

The following lemma can be found essentially from [23, section 6.1]; see also (5.3).
LEMMA 5.5. There exists a function ®(H/h) such that for all v € Vp,

(Ppv, Ppv) 7 < CO®(H/h) (v,v) 5 .

Here, for two-dimensional problems, ®(H/h) = (H/h)(1 + log (H/h)), when only
subdomain corner velocities are chosen as coarse level primal variables; ®(H/h) =
H/h, when both subdomain corner and edge-average velocity degrees of freedom are
chosen as primal variables.

Remark 5.6. For three-dimensional problems, just as for the positive definite
elliptic problems discussed in [23, section 6.2], when both subdomain corner and edge-
average velocities are chosen as primal variables, ®(H/h) = (H/h)(1 + log (H/h)).

The following lemma is also used and can be found at [10, Lemma 2.3].

LEMMA 5.7. Consider the following saddle-point problem: find (u,p) € WPHQ

such that
u f
p g’

where A and B are as in (2.3), £ € W, and g € Im(B) C Q. Let 8 be the inf-sup
constant specified in (2.5). Then

A BT

(5.7) 5o

1
Julla < [If]la-+ + Bllgﬂz—u

where Z is the mass matriz defined in section 2.

6. A lumped preconditioner. We consider a block diagonal preconditioner
for (4.1). From Corollary 5.3, the inverse of the first diagonal block Gprp. of G
can be effectively approximated by 1/h? times the identity matrix. The inverse of
the second diagonal block BA RaA~'R% B can be approximated by the following
lumped block:

M;' = Ba,pRAARLBY .

This leads to the lumped preconditioner

M—l _ #Ipr‘
M
for solving (4.1).

Remark 6.1. The mesh size h is used in the above preconditioner. For applications
where the mesh size is not explicitly provided and only the coefficient matrix in (2.3)
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is given, an estimate of h can be obtained by comparing the nonzero entries in A
and B blocks. From the definition of A and B for the incompressible Stokes problem
(2.2), entries in A and entries in B have a difference of factor h in general.

M~ is symmetric _positive definite. Multiplication of M ~! by a vector requires
mainly the product of A with a vector. When the CG iteration is applied to solve the
preconditioned system

br

(6.1) MG =M1y

with zero initial guess, all the iterates belong to the Krylov subspace generated by
the operator M ~'G and the vector M ~'g, which is also a subspace of the range of
M~1G. We denote the range of MG by Rj;-1¢. The following lemma shows that
the CG iteration applied to solving (6.1) cannot break down.

LEMMA 6.2. Let the preconditioner M~ be symmetric positive definite. The CG
iteration applied to solving (6.1) with zero initial guess cannot break down.

Proof. We just need to show that for any 0 2z € Ry;-1q, Gx #20. Let 0 £z =
M~1Gy for a certain y € X and y # 0. Gz = GM ~'Gy, which cannot be zero since
Gy # 0 and y'GM Gy # 0. 0

LEMMA 6.3. Let M~1 be symmetric positive definite. For any x = (pr, \) €
Ry,

(y, )

Mzx,z) = max ————.
< ) yERGy#0 (M~1y,y)

Proof. Denote the range of M—:G by Ry;-1/2¢. For any x € Ry;-14,

. L <M%x,z>
(Mx,x>=<M§a:,M§a:>: max -~
2€R,, 125270 (2, 2)
<M%x M_%y>2 2
= max 7 = max & 0

 yeRg,y#0 <M*%y, M*%y>  yeRG,y#0 <M71y7y>.

In the following, we establish a condition number bound of the preconditioned
operator M ~*G. We first have the following lemma.
LEMMA 6.4. For any v € Vj,

(M~ Bev, Bov) < CO(H/h) <Zv, v> :

where ®(H/h) is as defined in Lemma 5.5.
Proof. Given v = (W[, qr, WA, WH) e VW, let Gpr = Briwi+ Brawa + Browr.
We have

1 . \T ~
(M1 Bev, Bov) = 75 (goe o) + (BaRav) M;'BaRav

1 _\T o _
=13 (9pr> Gpr) + (BARAU) BA,DRAARKBZJ) (BARAU)

1
h?
1

ﬁ <gprvg;l71“> + C(I)(H/h) <va>ga

<gprvg;l71“> + <PDU7 PD’U>E

—~
o
[N}

~

IN
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where we used Lemma 5.5 for the last inequality. It is sufficient to bound the first
term of the right-hand side in the above inequality.

We denote w = (wy, wa, wi) € W. Since Byywy + Brawa + Binwn = 0
(cf. (5.2)), we have

T
(e Gor) = Briwi 4+ Biawa + Bmiwn Brywi + Brawa + Bmwn
proJpr Briwr + Brawa + Brown Briwr + Brawa + Brown
(. Bw),

where B is defined in (5.4). From (2.6) and the stability of B (cf. Lemma 5.1), we
have

_ 2
6.3) — ¢ >—i<§ Bw) < C(Bw,Bw)  =C M
. h2 gpr7gp1‘ - hQ W, bW ) = W, BW Z_l_ I‘;lea'QX <Qaq>Z
(w2 llqll3 2
< Cmax —*————*= =(C|w =C vz,
WO Iz, Ml =G

where for the last equality we used the fact that Byywy + Byawa + Binwpn = 0
and (5.3). a

LEMMA 6.5. For any given y = (9pr»90) € Rg, there exists v € Vo such that
Bev =y and (Av,v) < ﬁ—CQ <M*1y,y>.

Proof. Given y = (gpr, gr) € Rg, take W(AI) = Bg)DgA. Let wD) = (0, W(AI),O) €
W, PWa@ Wy and o) = (0, 0, wy), 0) € W, P QP Wa P Wn. We have

(6.4) w2, = <AMwX),wX>>
and
0
(6.5) B! = Pre 0 Bra - Brn TO _ BFAW(AI)‘|a
0 0 Ba 0 BA,DgA o
0

where we used the fact that BABX p, = I.

We consider the solution to the following fully assembled system of linear equa-
tions of the form (2.3): find (ngl)’ q;n)’ W(FH), q(FH)) EWPQIPWrPHQr
such that

I
Arr BE A BE Wg ) 0
By 0 B 0 ql(rH) _BIAW(AI)
(6.6) T T an| — ’
Brr 0 Brr 0 q§”) Gpr — BFAW(AI)

where a particular right-hand side is chosen. We first note that since (gp..,9x) € Ra,
the right-hand-side vector of the above system satisfies (cf. (4.5))

I I
(_BIAW(A))Tlpz +(gpr _BFAW(A))Tlpr = gzj;r Ipr _ngA7D (B?Alm + BlIAlpr) =0,

i.e., it has zero average, which implies existence of the solution to (6.6).
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Denote wiD = (wi'", wl!?) ¢ W. From the inf-sup stability of the original

problem (2.3) and Lemma 5.7, we have

(6.7)
I 2 I 2 2
i, < L[ [-Brawd’ 1 < BIAW(AW e lo 1
RS Ipr — BFAW(AI) Z-1 - A BFAW(AI) Z-1 B 9pr 7-1

The first term on the right-hand side of (6.7) can be bounded in the same way as
done in (6.3), and we have

2

(1
B]AW
(6.8) (AI)] <C <AAAW(AI)7 W(AI)> ;
BFAWA z-1

the second term can be bounded, using (2.6), by

0
Ypr
(IT) (I1)

Split the continuous subdomain boundary velocity wy. */ into the dual part w, "’ €

‘W A and the primal part wgl) € Wi, and denote v1) = (wgﬂ), q}m, W(AH), wgl)).

We have from (6.6),

2

C
(6.9) < 2 (Gpr> Gpr) -

Z-1

wiiD
q(U)
(6.10) [Bir 0 Bia B I(H) = —Biawy
Wa
wii?)

and

Wgn)

I
qu ) = [gPF_BFAWX)]

W(AII) 0

Brr 0 Bra Brno

(6.11) B =
0 0 Ba O

wil?

Let v = v + oD, We can see from (6.10) that v € Vp; cf. (5.2). We can also
see from (6.5) and (6.11) that Bcv = y. Furthermore, by (5.3),

ol = WO WD B < [ B w O < S (Anawld) wil )4

ﬁQ

where we used (6.4), (6.7), (6.8), and (6.9) for the last inequality.
On the other hand, we have

ﬁ2h2 <gPF ’ gPF> ’

_ 1 B 1 O
<M ly’y> = ﬁ <gprvgpr> + g;Mng)\ = ﬁ <gprﬂgpr> + g;BA7DRAAR£B£,Dg>\

1
:ﬁ<gprvgpr>+<AAAw(AI)7w(Al)>' a

We also need the following lemma.
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LEMMA 6.6. For any v = (wWy, pr, Wa, Wi1) € Vo, Bew € Re.
Proof. We know that for any (f;, fa, f1) € W; @ Wa @ W, g defined by (4.3)

is in Rg. For any v = (wy, pr, wa, wi) € Vp, from the definition of A in (4.4),
there always exists (f7, fa, fi1) € Wi @ Wa @ Wy such that

f[ fI
~ 0 ] ~ .10
Av = , le., v=A

fA fA

frr frr

Taking such (fr, fa, fir), g defined in (4.3) is Bew. O
The following lemma is an immediate result of Lemmas 6.5 and 6.6.
LEMMA 6.7. The space Rg is the same as the range of Bo applied on V.
The condition number bound of the preconditioned operator M ~!'G is given in
the following theorem.
THEOREM 6.8. For all x = (pr, \) € Ry-1¢,

cBf? (Mz,z) < (Gz,z) < CO(H/h) (Mz, x).

Here, for two-dimensional problems, ®(H/h) = (H/h)(1 +log (H/h)) when only sub-
domain corner velocities are chosen as coarse level primal variables; ®(H/h) = H/h
when both subdomain corner and edge-average velocity degrees of freedom are chosen

as primal variables.
Proof.

(Ga,z) = 2" Bc A '\BLz = 2" Bc A AAT ' BLx = <Allng, .Z*lng>g.

Since E‘lng € Vp and (-,+) 7 defines an inner product on Vo, we have

~ 2
(A BE2) | Bov, z)?
(6.12) (Gz,xr) = max N T TA max { wa) .

veVowzo (U, 0) 7 VEVo,0£0 <Av,v>

Lower bound. From Lemma 6.5, we know that for any given y = (gp.., 91) € R,
there exits v € Vj such that Bev = y and (Av,v) < %(M‘@,y). Then from (6.12),
we have

(Gx,x) > 7<B€U’$>2 > cﬁ27<y’x>2

(Av,v) (M~1y,y)
Since y is arbitrary, using Lemma 6.3, we have

(y,z)°

Gz, z) > cf? X
< ) 2P yeRgy#0 (M~1y, y)

=cB* (Mz,x).

Upper bound. From (6.12), Lemmas 6.4, 6.7, and 6.3, we have

(Bcv,x>2
<GZIJ,ZI3> S O@(H/h) UEI\X/ljJi};éO <M71.BC’U, BCU>
_cagr/m) max 0T ca(m) (Mew). O

yERG y#0 (M 1y, y)
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Remark 6.9. The upper bound ®(H/h) can be improved when the Dirichlet
preconditioner is used in the algorithm. However, using the Dirichlet preconditioner
requires more computational cost in each iteration and more complicated coarse level
space in the algorithm for solving incompressible Stokes problems; cf. [22]. For exam-
ple, for two-dimensional problems, besides the subdomain corner velocities, certain
subdomain edge-average velocities are also required in the coarse level space and the
upper bound ®(H/h) = (1+log (H/h))? can be obtained in Theorem 6.8. Application
of the Dirichlet preconditioner in the proposed algorithm is addressed in [34] by the
authors.

Remark 6.10. For three-dimensional problems, the same bound as in Theorem 6.8
can be proved, where ®(H/h) = (H/h)(1 + log (H/h)), when the coarse space is
spanned by both subdomain corner and edge-average velocities; cf. Remark 5.6. Since
only the lumped preconditioner is considered in this paper, the additional coarse level
components, as discussed in [22], corresponding to the divergence-free constraints
across subdomain boundaries and required for using the Dirichlet preconditioner, are
no longer needed here.

Remark 6.11. With only minor modifications, the algorithm proposed in this
paper and its analysis apply equally well to the discontinuous pressure case. In that
situation, pr and the blocks related to it in (3.1) can simply be replaced by the vector
containing subdomain constant pressures and its corresponding blocks, respectively.
The formulation of the algorithm then follows as presented in section 4, and the same
bound as in Theorem 6.8 will be obtained. Note in particular that the bound obtained
in Theorem 6.8 is for the lumped preconditioner case, which is different from the
quasi-optimal bound obtained previously by other authors, e.g., [22], corresponding
to using the Dirichlet preconditioner. Numerical experiments of our algorithm for the
discontinuous pressure case will also be reported in the next section.

Remark 6.12. The same condition number bound has been proved by Kim and
Lee [14] and Kim, Lee, and Park [12] for their FETI-DP algorithms with lumped
preconditioner for solving incompressible Stokes equations. In their algorithms, dis-
continuous pressure is considered and their approaches do not apply to the continuous
pressure case.

7. Numerical experiments. We consider solving the incompressible Stokes
problem (2.1) in the square domain € = [0,1] x [0,1]. Zero Dirichlet boundary
conditions are used. The right-hand-side function f is chosen such that the exact
solution is

sin® () sin? (7y) cos(my) 5 o
o 3 and p=2"—y“.
—sin“(7x) sin® (7y) cos(wx)

The modified Taylor-Hood mixed finite element, as shown in Figure 2.1, is used
for the finite element solution. The preconditioned system (6.1) is solved by the CG
iteration; the iteration is stopped when the L?-norm of the residual is reduced by a
factor of 1076,

Table 7.1 shows the minimum and maximum eigenvalues of the iteration matrix
M~1G and the iteration counts. Two different coarse level spaces are tested in the
experiments: the coarse space spanned by only the subdomain corner velocities and
the coarse space spanned by both the subdomain corner and the subdomain edge-
average velocities. Even though the edge-average velocities are not required in the
coarse space for the analysis, including them in the coarse level problem improves
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TABLE 7.1
Performance of solving (6.1) with different coarse spaces using continuous pressures.

Corner velocities only

Corner and edge-averages

H/h #£sub Amin Amaz Tter Amin Amaz Tter
8 4 x4 0.35 8.92 21 0.36 2.82 16
8 X 8 0.35 10.07 28 0.36 2.83 16
16 x 16 0.35 10.23 29 0.36 2.83 17
24 x 24 0.35 10.30 29 0.36 2.83 17
32 x 32 0.35 10.33 29 0.36 2.83 17
#sub H/h Amin Amaz Tter Amin Amaz Tter
8 x 8 4 0.30 4.22 21 0.33 291 18
8 0.35 10.07 28 0.36 2.83 16
16 0.35 24.22 36 0.36 3.54 17
24 0.35 40.12 43 0.36 5.27 19
32 0.35 57.15 50 0.36 7.05 22
60 8
O experiment data ,° O experiment data .
== |east—square fit K 7t ='="least-square fit ,‘0 1
50} K 1 : ’
\" 6 i'
4 o 1 b
0 K 5 \'\,6
3 g 5,
30 4
(<E o4 (<E y 1
ld 3 o 4
20 K j (] 'l
KZ
'\' 2 \'\'
) J 4
10 !\o ; ®
o
0 0
4 8 16 24 32 4 8 16 24 32
H/h H/h

Fic. 7.1. Least-square fit of Amaz tn Table 7.1 by (H/h)(1 + log (H/h)) (left) when the coarse
space spanned by only the subdomain corner velocities and by H/h (right) when the coarse space
spanned by both the subdomain corner and the subdomain edge-average velocities.

the convergence rate. We can see from Table 7.1 that the minimum eigenvalue is
independent of the mesh size in both cases. The maximum eigenvalue is independent
of the number of subdomains for fixed H/h; for a fixed number of subdomains, it
depends on H/h in the order of (H/h)(1 + log (H/h)) for the case when the coarse
space is spanned by only the subdomain corner velocities and in the order of H/h
when the coarse space spanned by both the subdomain corner and the subdomain
edge-average velocities; cf. Theorem 6.8. Plots of the least-square fit of the maximum
eigenvalues by (H/h)(1 +log (H/h)) and H/h for both cases, respectively, are shown
in Figure 7.1.

Table 7.2 shows the performance of our algorithm for solving the same problem
but by using a mixed finite element with discontinuous pressure. We use a uniform
mesh of triangles, shown on the left in Figure 7.2; the velocity finite element space
contains the piecewise linear functions on the mesh and the pressure is a constant on
each union of four triangles as shown on the right in the figure. The same mixed finite
element has also been used in [22].
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TABLE 7.2
Performance of solving (6.1) with different coarse spaces using discontinuous pressures.

Corner velocities only Corner and edge-averages

H/h #£sub Amin Amaz Tter Amin Amaz Tter
8 4x4 0.48 7.93 22 0.50 2.31 13

8 x8 0.48 9.00 25 0.50 2.31 13

16 x 16 0.48 9.20 25 0.50 2.32 14

24 x 24 0.48 9.20 25 0.50 2.32 14

32 x 32 0.48 9.21 25 0.50 2.31 14

#sub H/h Amin Amaz Tter Amin Amaz Tter
8 x8 4 0.41 3.91 19 0.47 2.05 13
8 0.48 9.00 25 0.50 2.31 13

16 0.49 21.39 36 0.49 3.30 16

24 0.50 35.56 43 0.49 4.89 19

32 0.50 50.87 50 0.48 6.58 21

Fic. 7.2. The mesh and the mized finite element.

Comparing Table 7.1 with Table 7.2, we can see that the convergence rates of our
algorithm, using either continuous or discontinuous pressure, are quite similar.
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