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1 Introduction

In this project, we learn about unique factorization domains in commutative algebra. Most
importantly, we explore the relation between unique factorization domains and regular local
rings, and prove the main theorem: If R is a reqular local ring, so is a unique factorization
domain.

2 Prime ideals

Before learning the section about unique factorization domains, we first need to know
about definition and theorems about prime ideals.

Definition 2.1. In a commutative ring R, the ideal [ is prime if ab € I implies a € I or
b € I. Alternatively, I is prime if R/I is an integral domain.

The following theorem tells us another way to define prime ideals.

Theorem 2.1. Let S be a multiplicatively closed set in a ring R and let I be an ideal in R
maximal with respect to the exclusion of S. Then I is prime.

Proof. Given ab € I , we want to show a € I or b € I . We give a proof by contradiction,
suppose a ¢ I and b ¢ I, then the ideal (I,a) generated by I and a is strictly larger than I.
So the ideal (I, a) intersects S. Thus, there exists an element s € S of the form s; = i; + xa,
where 7; € I and x € R. Similarly, we have s, = i5 + yb, where 75 € I and y € R.

s1-52 = (ip+za)(iz + yb)
= 109 + 11yb + isxa + xyab

Thus, s1s9 € I. However, S is multiplicatively closed set, then s;s5 € S, which is a contra-
diction. Therefore, a € I or b € I, which implies [ is prime. O



Definition 2.2. The set S is saturated if x € S with s; - s5 =  and both 51,59 € S.

Theorem 2.2. The following are equivalent:
(1) S is a saturated multiplicatively closed set;
(2) The complement of S is a set theoretic union of prime ideals in R.

Proof. Assume (2) holds. Proof by contradiction. Suppose s1-s5 € S and s; or sy € Z, where
Z = |JI; and I; are prime ideals. Since I; are the complement of S, Z is the complement
of S. Without loss of generality, suppose s; € Z, then s; - s € Z, which is a contradiction.
Assume sq,s9 € S and s1 - 59 € S, then s -89 € Z, s0 81 or s € Z, which is a contradiction.

Assume (1) holds. We can take z in the complement of S. Then the principal ideal (z)
is disjoint from S, since S is saturated. Then using the Zorn’s Lemma, we can expand (z)
to an ideal I maximal with respect to the disjointness from S. Then by Theorem 2.1, [ is
prime. Thus, every = not in S has been inserted in a prime ideal disjoint from S. Therefore,

(2) holds. O

Prime elements and irreducible elements are very important concepts we need to learn
for unique factorization domains.

Definition 2.3. p € R is called prime if p # 0, p is not a unit in R, and p|ab implies p|a or
plb. An ideal generated by a prime element p, denoted by (p), is called principal prime.

Definition 2.4. p € R is called irreducible if p # 0, p is not a unit in R, and p = ab implies
a is a unit or b is a unit.

Then we can find the relation between principal prime elements and irreducible elements
in a integral domain.

Lemma 2.3. In an integral domain R with unity, a principal prime element p is an irre-
ducible element.

Proof. Let p be a principal prime element is R, then (p) is a prime ideal in R. Assume p is
not an irreducible element. Let p = ab, then neither a nor b is a unit in R. Moreover, ab = p
implies ab € (p). Since (p) is a prime ideal, we have either a € (p) or b € (p). Without
loss of generality, suppose a € (p), then a = pm for some m € R, so we have p = (pm) - b,
which implies mb = 1, since p is nonzero in an integral domain R. Thus, b is a unit, which
contradicts the assumption. Therefore, p is an irreducible element. O]

Theorem 2.4. If an element in an integral domain is expressible as a product pips...p, of
principal primes, then that expression is unique, up to a permutation of p's, and multiplica-
tion of them by unit factors.

Proof. We prove by inducting on the number n of principal prime factors of an element a.
When n = 1, we let a = p, where p is a principal prime. Assume a = zy, where x and y are
not units, but this assumption contradicts Lemma 2.3, so either x or y is a unit. Without
loss of generality, assume z is a unit. Then we have (1/x)a = y, then p is a principal prime,
since the product of a unit (1/x) and a principal prime a is a principal prime. Thus the case
for n =1 holds.



Suppose the theorem is true for all a that can be expressed as a product of n—1 principal
primes. Let a = p1pa - Pn—1Pn = QG2 - - - @, Where p; and ¢; are principal primes. Then g,
divides some p;. Without loss of generality, assume ¢, divides p,, which implies p, = uqy,
since p, and ¢, are irreducible. So we have

a/Pn =piP2- Pno1 = QG2 - qe—1((1/u)),

hence,
a=p1P2- Pn-1Pn = Q1G2 - - QGe—1((1/w)pr).

Since a/p,, is the product of n—1 principal primes, by the induction hypothesis n—1 = k—1.
Therefore, n = k and p;, ¢; differ by unit factors. O

Theorem 2.5. Let R be an integral domain. Let S be the set of all elements in R expressible
as a product of principal primes. Then S is a saturated multiplicatively closed set.

Proof. 1t is clearly that S is a multiplicatively closed set. Then we need to show that for
allabe S, a € S and b € S. Suppose ab = p1p...p,, a product of principal primes, then p;
must divide a or b. Say a = pja;. Then a;b = pops...p,. By induction on n, we have that
both a; and b are in S, and hence a,b € S. n

3 Localization

Let S be a multiplicatively closed set in R. Let A be an R-module. Define Ag to be
the set of equivalent classes of pairs (a,s) with a € A, s € S, the equivalent relation being
(a,s) ~ (aq,s1) if there exists sy € S, such that sy(sja — sa;) = 0.

We can make Ag into an abelian group by (a, s)+(aq, $1) = (s1a+saq, ss1), and then into
an R-module by z(a, s) = (za, s). The notation for the equivalence class of (a, s) denoted as

a/s or —. We assume S is saturated and 1 € S.
s
There is a natural ring homomorphism from R to Rg.

Is C Rg consists of all i/s with i € I, s € S. The ideal I "explodes” to Rs (i.e. Is = Rg)
if and only if I contains an element in S, and I collapses to 0 if every element of I is anni-
hilated by some element of S.

Given an ideal J C Rg, there is a well-defined complete inverse image I in R, it consists
of all x with z/1 € J.

If we go from J to I and then back to Ig, we find Ig = J. If we start with I C R, pass
to Ig, and then return to an ideal of R, we generally get a larger ideal.

Theorem 3.1. The mappings described above implement a one-to-one order-preserving cor-
respondence between all the prime ideals in Rg and those prime ideals in R disjoint from

S.



We note that the maximal ideals in Rg are the maximal primes disjoint from S.

Theorem 3.2. The mappings described above implement a one-to-one order-preserving cor-
respondence between all the prime ideals in Rp and all the prime ideals in R contained in P.
Thus Rp s a local ring with mazimal ideal Pp.

We then define short exact sequences.

Definition 3.1.
0—=A-toB 20—

is called a short exact sequence if im(f) = ker(g) and f is one-to-one and ¢ is onto.

When we localize each R-module on a short exact sequence with a multiplicatively closed
set S, we still get a short exact sequence of Rg-modules, as the following theorem:

Theorem 3.3. If
0—A—-L-B2oC—0

15 an short exact sequence of R-modules, then

0— Ag—> By 2~ Cs—=0
1s an short exact sequence of Rg-modules.

Proof. Define f; as fs(a/s) = f(a)/s. Let fs(a/s) = 0/1, which implies f(a)/s = 0/1, so
there exists s’ € S such that §'f(a) = 0, which means f(s'a) = 0. Then s'a = 0 implies
a/1=01in Ag. Thus, f; is one-to-one.

We claim that im(f,) = ker(gs). Indeed, firstly let fs(a/s) = 0. Since a/s € Ag,
fs(a/s) = f(a)/s, then gs(f(a)/s) = g(f(a))/s = 0/s = 0. Thus, im(f;) € ker(gs). Next,
suppose b/s € ker(gs), then g5(b/s) = 0/1 in Cg, which implies ¢g(b)/s = 0 in Cs. So there
exists sp € S such that sog(b) = 0, which implies g(sob) = 0. Thus, sob € ker(g) = im(f).
So sob = f(a),a € A, then b = f(a)/sy in Bs. So b/s = f(a)/sso = fs(a/sso) € im(fs).
Thus, ker(gs) C im(fs). Therefore, im(fs) = ker(gs).

Since g is onto, for all ¢ € C, there exists b € B such that g(b) = ¢. So g(b)/s = ¢/s for
0 # s € S. Then by definition, gs(b/s) = ¢/s, where b/s € Bg,c/s € Cg. Thus, g, is onto.
Therefore,

0 Ag Lo B2 0y 0

is an short exact sequence of Rg-modules. O

4 Noetherian Rings

Definition 4.1. A commutative ring R is Noetherian if it satisfies one of the followings:
(1) Every ideal in R is finitely generated;
(2) The ideals in R satisfy the ascending chain condition (ACC);
(3) If X is nonempty and is a collection of ideals, X has a maximal element, not need to

be ideal.



Theorem 4.1 (Hilbert basis Theorem). If R is Noetherian, then R[x] is also Noetherian.

Proof. Suppose R is Noetherian. Let I be an ideal of R[z], to prove R[z] is Noetherian, we
need to show that I is finitely generated. We want to prove by contradiction, then suppose
there exists an ideal I in R[z] which is not finitely generated. We set Iy = (0). Let f; € I
be a polynomial in I of least degree and I; = (f1). Let f be a polynomial of least degree in
I\(f1) and Iy = (fi1, f2). Repeating the process, we let f,,, be a polynomial of lease degree
in I\(f1,..., fm-1) and I, = (f1,..., fm). By this setting, we have

(1)deg(f1) < deg(fa) < deg(fs) <
(2)[; C I, C I3 C

Next, we let a,, be the leading coefficient of f,, and J,,, = (a1, ..., a,), so we get a chain
of ideals J; C J, C J3 C ---. Since this is a chain of ideals in R and R is Noetherian, there
exists n € N such that J, = J,41 = J,40 = ---. Thus, a,,1, which is the leading coefficient

o . b
of fui1,1s in J,, so we can write a,4+1 = »_,_, 75a; for some r; € R. We then let

n

f fn+1 — Zr ( deg(fn+1) deg(fz))f“

=1

sodeg(f) <deg(fn+1)and f € I,,41. Since f, 11 is a polynomial of least degree in I\ (f1, ..., fn),
we have f € I,,. Moreover, because

fos1=f+ Z e9(fat1) deQ(fi))fi’

we then have f, .1 € I,, which is a contradiction by the setting of f,,1. Thus, every I in
R]z] is finitely generated, which implies R[z] is Noetherian.
O

Corollary 4.2. Let n be a positive integer. If R is a Noetherian ring, then the polynomial
ring Rlxy, ..., z,)] is also a Noetherian ring.

Proof. By iterating Hilbert basis Theorem. O]

Then we want to prove the Krull Intersection Theorem. Before the proof, we need to
define Jacobson radical.

Definition 4.2. J(R) = {r € R:Vy € R,1+ zy € U(R)} is called the Jacobson radical of
R, where U(R) is the group of units of R.

Theorem 4.3 (The Krull Intersection Theorem). Let R be a commutative Noetherian ring,
and let I = aR+ -+ a,R be an ideal of R. If an element b of R belongs to (o, I*, then
b is an element of bl.

In particular, if ay, ... ,a, € J(R), orif R is an integral domain, then b = 0 and therefore,

Nz I8 =0.



Proof. For each k > 1, b belongs to I*, there exists a homogeneous polynomial Py (z1,. .., z,)
of degree k such that b = Py(a,...,a,). In the Noetherian ring S = R[zy,...,x,], we
consider the ascending chain of ideals defined by

Jp = PS+--+ PS.

If we fix an integer m such that J,, = J,,11, then we can write P,,.1 = QP + -+ + Q1 Py,
where Q;(x1,...,z,) is homogeneous of degree i. Substituting z; = ay,...,z, = a,, we
obtain

b:b(Ql(al,...,an)+---+Qm(a1,...,an). (1)
Now for i = 1,...,m, the polynomial @Q); is homogeneous of positive degree, so Q;(aq, ..., a,)

is in the ideal (7). From this, it follows that b lies in b1.

In the particular case, with I is contained in J(R), (1) leads to (1 — A\)b = 0, with
A €1 C J(R). By the definition of J(R), 1 — A is a unit, so b = 0.

Suppose R is an integral domain. Since b lies in b1, then b = bi with ¢ € I, so we have
b(1—1i) =0. Since 1 —i # 0 and R is an integral domain, b = 0. Therefore, (;—, [¥ =0 O

Theorem 4.4 (Nakayama’s Lemma). Let R be a commutative ring, let M be a finitely
generated left R-module, and assume that J(R)M = M, where J(R) is the Jacobson of R.
Then M =0.

Proof. Let my,...,m, be a minimal generating set of M. Then we assume that » > 0 and
want to reach a contradiction. Since J(R)M = M, we have m; = jymq + -+ + j.m, for
J1y - Jr € J, which is (1 — j1)my = joms + -+ + j.m,. Since (1 — j;) is invertible, this
enables us to express m; in terms of the remaining m’s. However, my, ..., m, is the minimal
generating set, so this is a contradiction. Thus, m; = 0, which implies M = 0. O

5 Unique Factorization Domains

Now, we are ready to learn about unique factorization domains. This section includes
important theorems and examples about unique factorization domains.

Definition 5.1. Suppose R is a commutative ring with unity 1z, a,b € R are associates if
there exits u which is a unit of R such that a = u - b.

After know the definition about two elements being associates, we can give the definition
of unique factorization domains.

Definition 5.2. An integral domain R is called a unique factorization domain (or UFD) if
it satisfies the following two conditions:

(1) For all @ € R with a # 0 and a is not unit, we can write a = pyps...p,, where n € Z-,
and each p; is irreducible in R.

(2) If a = p1pa...pn = q1q2---Gm With each ¢; is irreducible in R, then n = m, and after
possible rearrangement, p; and ¢; are associates for all 7.

Theorem 5.1. Suppose R is a UFD. p € R is irreducible if and only if p is prime.

6



Proof. (<) Suppose p € R is prime and p = a - b, so p | ab, then by definition p | a or p | b.
Without loss of generality, assume p | a, so 3 ¢ € R such that a = p-c. Thenp =a-b=p-c-b,
which implies p(1 —c-b) = 0. Since R is a UFD, then is an integral domain, so (1 —c-b) =0,
since p # 0 by definition. Thus, ¢- b = 1, which implies b is a unit. So p € R is irreducible.

(=) Suppose p € R is irreducible and p | ab, then 3 ¢ € R such that a-b=p-c. Since R
is a UFD, we can express @ = aj -+ Gy, b = by -+ by, ¢ = c1 -+ - ¢ with ; is unit and a;, b5, ¢
are irreducible, with 1 <7< n,1 <7 <m,1 <[ < k. Thus,

p'CI'CQ"'Ck:al'GQ"'an’bl"'bm-

Then by the uniqueness of product of irreducibles, we get n+m = k. Thus, p is an associate
of a; for some ¢ or b; for some j. If p is an associate of a;, then pla, or if p is an associate of
b;, then p|b. Therefore, p € R is prime. O

Corollary 5.2. Let R be an integral domain. R is a UFD if and only if every non-zero and
non-unit element in R is a product of prime elements.

Proof. (=) Follows from Definition 5.2 and Theorem 5.1.

(<) Suppose an element a € R is a product of prime elements, say a = p1ps - - - p,, where
p; is prime. Since R is an integral domain, by the proof of Theorem 5.1, each p; is irreducible.
Next, we want to show that if by,...,b,,c1,..., ¢, are prime elements in R such that

by- by =c1 - Cm,

then n = m and after rearrangement, we have b; and ¢; are associates.
We prove by inducting on n. If n = 1, then we have by = ¢y - - - ¢,,. Since by is irreducible,
m =1, so by = ¢;. Assume the uniqueness property holds for some n and then we have

b by bps1 =C1-Cm,

S0 bpy1 | (¢1-+-¢p). Since b; is a prime element for 1 < ¢ < n + 1, it follows that b, | ¢;
for 1 < j < m, say byy1 | ¢m- Then there exists some a € R such that ¢,, = ab,,;. Since
Cm, bny1 are irreducible, a must be a unit. So b,; and ¢, are associates. Then we obtain
that

bi---by-bpp1 =c1--Cpe1 - Qbpgr.

Since R is an integral domain, we get
bl...bnzcl...cm_l.a.

Since ¢,,_1 is irreducible and «a is a unit, the product ¢,,_ a is an irreducible element. There-
fore, by the inductive assumption, n = m — 1 and after rearrangement, we have b; and ¢; are
associates. So R is a UFD. ]

Theorem 5.3. If R is a Noetherian integral domain, then R satisfies UFD 1.

Proof. Suppose R is a Noetherian integral domain and a non-zero and non-unit element a
in R can not be written as a product of finitely many irreducibles, then a is not irreducible.
So a = ay - by, where aq,b; are not units and at least one of a; or b; can not be written
as a product of finitely many irreducibles. Without loss of generality, assume that it is
ai, then a; = ag - by, We can continue the same process. In this way, we get the chain
(a) € {(a1) € (ag) € -+, which contradicting ACC condition. Thus, R satisfies UFD 1. [

7



The first example of unique factorization domain we want to show is GCD domains and
LCM domains as the following proposition:

Proposition 5.4. Suppose R be a UFD. Then R is also a GCD domain and an LCM
domain, i.e., every pair of non-zero, non-unit elements in R has a greatest common divisor
and a least common multiple.

Proof. Suppose R is a UFD and non-zero, non-unit elements a,b € R, then we can write

ay . az

a = P1 Po p?{‘

and
b= plilpgz .. 'pzn
where p; is irreducible and prime in R and a;, b; > 0.
Let ¢; =min{a,, b;}, consider
¢ =pipE .. pln
then ¢ | a and ¢ | b, so ¢ is a common divisor of a and b. Let d | @ and d | b where d € R. If
d is a unit, d | ¢, so ged(a, b)=c. If d is not a unit, we can write
d=pypy’--py
then d | a for d; < a; Vi and d | b for d; < b; Vi. Also d; <min{a;,b;} — d; <¢ = d]c.
Thus, ged(a, b)=c.
Similarly, let e;=max{a b;}, consider

_ . e1,€9 e
e=p, Py Py

then a | e and b | e, so e is a common multiple of a and b. Let a | f and b | f where f € R.
If fis a unit, e | f, so lem(a,b)=e. If f is not a unit, we can write

f=plpl--pl

thena | f for f; > a; Viand b | f for f; > b; Vi. Also f; >max{a;,b;} — fi>e; = e [.
Thus, lem(a, b)=e. Therefore, R is also a GCD domain and LCM domain. O

However, the following proposition shows that a GCD domain is not necessary to be a
UFD.

Proposition 5.5. Suppose A =7 + XQ[X], then A is a GCD domain, but not a UFD.

Proof. Since (X) C (3) C (%) C -+ is an ascending chain of principal ideals that does not
terminate, A does not satisfy the ascending condition on principal ideals, so A is not a UFD.
To see that A is a GCD domain, let f,g € A be non-zero, non-unit elements. We will
use the fact that f and g have a GCD in Q[X] and that GCDs in Q[X] are unique only up
to units.
We write f = nfy and ¢ = mgy, where n,m € Z are such that both f; and gy have
constant terms equal to 1. Let dy € Q[X] be the GCD of fy and g so that dy also has

constant term equal to 1. In Q[X] we have equations fo = do-u and gy = dy-v. Then u and

8



v must have constant term equal to 1, and so belong to A. In other words, dy is a common
divisor of fy and gg in A.

Suppose h | fo and h | gy for some h € A. Since the constant term of h is an integer, it
must be +1. Since h is also a common divisor of fy and gy in Q[X], h divides dy in Q[X],
say do = h - q, for ¢ € Q[X]. Since the constant term of h is £1, it follows that the constant
term of ¢ is +1, so ¢ € A. In other words, dy is a GCD of f, and go in A.

Suppose z € Z is the GCD of n and m, since dj is a GCD of fy and gy in A, and f = nfy
and g = mgg, then z - dy is a GCD of f and g in A. Thus, A is a GCD domain. n

Theorem 5.6. An integral domain is a UFD if and only if every non-zero prime ideal in R
contains a principal prime.

Proof. (=) Assume R is a UFD and P a non-zero prime ideal in R. Unless P is a field,
P will contain an element a that is neither 0 or a unit. When a is written as a product of
principal primes, a = pips...p,, one of the factors p; must be contained in P.

(«<)Assume that every non-zero prime ideal in R contains a principal prime. As in
Theorem 2.5, denote by S, the set of all products of principal primes. It is to show that S
contains every element in R that is neither 0 nor a unit. We want to prove by contradiction.
Suppose c is an element of R that is not 0, not a unit, and not in S. Since S is saturated,
the principal ideal (c¢) is disjoint from S. Again, using the Zorn’s Lemma, we can expand
(¢) to a prime ideal P disjoint from S, by Theorem 2.1 and Theorem 2.2. By hypothesis, P
contains a principal prime in S, which is a contradiction. Thus, R is a UFD. O]

Corollary 5.7. Suppose S s multiplicatively closed in a UFD R, then Rg is a UFD.

Proof. Suppose R is a UFD and @Q C Ry is prime, then () = Ps where P C R is prime. So
there exists a prime element p € P, such that p/1 € Rg is prime. Thus, p/1 € Q. Then we
can conclude that () contains a principal prime. By theorem 5.6, Rg is a UFD. O]

Theorem 5.8 (Nagata’'s Lemma). Let R be an integral domain, P := {p;}icr be a collection
of prime elements, and let S be the multiplicatively closed set generated by the p;. Assume
that no element in R is divisible by infinitely many p € P (e.g., R satisfies ACC on principal
ideals) and Rg is a UFD, then R is a UFD.

Proof. By Theorem 5.6, it suffices to show every prime ideal contains a principal prime.
Suppose Rg is a UFD. Let P C R be a prime ideal. If P NS # (), then Js € P, such that
s = pp---p,. Since P is prime, some p; € P. If PN S = (), then Ps C Rg is a prime ideal,
so 3 p/s € Rg is a principal prime in Ps with p € P. Take p € P such that p/1 € Ps.
Since no element in R is divisible by infinitely many p € P, we write p = po - p1- - ps,
where p;---p; € S and pg is not divisible by a prime in S. Then py ¢ S. So we have
p/l 'RS :po/l 'Rs.

We claim that pg is prime. Indeed, suppose pg | ab, then 3 ¢ such that poc = ab and so
B.e=29.b9n Ry = B | %or 2| Lin Rg. Without loss of generality, assume 2 | &
in Rg, then there exists s € S and » € R such that sa = pgr. Since s € S, we can write
s =q - - qr. Then we have q;---qx - @ = po - r, which implies ¢; | por. So by the choice of
po, we have ¢ | r. Thus, we get go---qx - @ = por’, where ' € R. By induction, we have
a = porg, where g € R, so po | a. Thus, pg is prime. Then p € P is a principal prime.

9



So we have every prime ideal in R contains a principal prime, thus by Theorem 5.6, R is a

UFD. [l

Definition 5.3. An ideal I of a commutative ring R with identity 15 is principal if I = (a)
for some a € R, i.e.
I ={ra:r € R}

An integral domain R is a principal ideal domain (PID) if all the ideals of R are principal.

Theorem 5.9. Every PID is a UFD.

Proof. Let R be a PID and take P be prime in R. Then p € P is principal, so P contains a
principal prime. Thus, by Theorem 5.6, R is a UFD. O

Theorem 5.10. R is a UFD if and only if R[X] is a UFD.

Proof. (=) Suppose R is a UFD, S is the set of all products of primes, and K is the field
of fractions. Then Rg[X| = (R[X])s = K[X]. Since K[X] is a PID, then it is a UFD. So
Rs[X] is a UFD. Thus, by Nagata’s Lemma, R[X] is a UFD.

(<) Suppose R[X] is a UFD. Let a be a non-zero, non-unit element in R, so also in R[X],
then by Corollary 5.2, a has a factorization

a=pipa
where p; is a prime element in R[X]. And we have deg(a) =deg(p1) + -- - +deg(p,) = 0,
which implies each p; is in R and is prime. Again by Corollary 5.2, R is a UFD. O]

We would like to show more examples of unique factorization domains as following:

Proposition 5.11. Suppose X1,Y1,...,X,,Y, are indeterminates over R. If R is a UFD
and n > 3, then
R[Xh }/17 s aXnv Yn]/(XIYI +---+ XnYn)

1s also a UFD.

Proof. The proof will require a couple of claims. Let
A:=R[X,Y1,..., X,,, Y]/ (XiY1 + - -+ X,Y,).

First we want to show that A is an integral domain when n > 2. We claim that if A s
a commutative ring, = in A" is a non-zerodivisor, and A;: is an integral domain, then A" is
an integral domain.

We first prove the claim. Suppose u-v =0 in A’, then we get 7-1=0in A . Since A
is an integral domain, ¥ = 0 or § = 0. Without loss of generality, assume ¢ = 0 = %, then
there exists z™ such that ™(1-u—0-1) = 0, which is 2™ -u = 0. Since z is a non-zerodivisor,
z(z" ' - u) = 0 implies "' -« = 0. Then by induction, v = 0. Thus, A" is an integral
domain.

We want to apply the claim to A, so we need to show that X is a non-zerodivisor in A

and show Ay, is an integral domain.
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To see X7 is a non-zerodivisor in A. Suppose X;f =0 in A, then

for some g in R[X1,Y7, ..., X, Y,]. Thus, X1(f—gY1) = g(XoYa+-- -4+ X,Y;,). Since X; does
not divide XoY5 + - -- 4+ X,,Y,,, it divides g. Therefore, f is a multiple of X Y; +---+ X,,Y,,,
so f=0in A.

To show Ay, is an integral domain, our second claim is that if A" be a commutative ring,
and Wy,..., W, are indeterminates over A" and consider F = uW; + agWs + - -+ + anWh,
where u is a unit in A, and as, ..., a, are arbitrary elements in A". Then

AWy, WL J(F) = AW, ..., W,
The proof of the claim: we first define
AW, ... W, — A [W,,...,W,]

by sending W, to (—vasWy — -+ — va,W,,), where v = u~! and W; to W, for i > 2 and
extending it to all polynomial in Wy, ... W,. Then ¢ is a surjective ring homomorphism,
and F is in the kernel of ¢.

To see that F' generates the kernel of ¢, let H belong to the kernel of ¢, and write H as
a polynomial in W, with coefficients in A'[W, ..., W,]. We induct on the degree of W in
H. If it equals zero, then H has to be zero, since ¢ takes H to H in this case. Suppose the
degree of Wj in H is greater than zero. Since F' is a monic polynomial in W;, we can use
the division algorithm and write H = FG + R, where the Wi-degree of R is less than the
Wi-degree of H. Since R = H — F'G, R is in the kernel of ¢. By induction, R is a multiple
of F', and thus H is a multiple of F', so we complete the proof of the claim.

We then apply the second claim to show Ay, is an integral domain by taking

A = RIX7H X1, Xo, .., X,

andu=X; =X, W, =Y1,..., W, =Y,,and F = X;Y] +--- + X,,,,.

Thus, by the first claim above, we get A is an integral domain when n > 2.

Now we can give the proof of the Theorem. We have A/(X;) = R[Y1]/(X2Ya+- -+ X, Y,).
Since n > 3, A/(X;) is an integral domain by the second claim above. Therefore, X; is a
prime element in A. On the other hand, Ay, is a polynomial ring over R, with one of the
variables inverted, so then Ay, is a UFD by Theorem 5.10 and Corollary 5.7. Therefore, A
is a UFD by Nagata’s Lemma. O

The next examples consider the UFD property of coordinate rings over the complex and
real numbers.

Proposition 5.12. Suppose X,Y are indeterminates over C and set
Ay =C[X,Y]/(X?+ Y% —1),

then As is a UFD.

11



Proof. Since C[X,Y]|=C[X +iYV, X —Y]and X?+Y? -1 = (X +4V)(X —iY) — 1. We
can set U = X +¢Y and V = X — Y, then Ay, = C[U,V|/(UV — 1), which is C[U]g with
S ={1,U,U%...}. We know that C[U] is a UFD, then by Corollary 5.7, the ring A, is a
UFD. [

We would have a different conclusion if we change the field from C to R.

Proposition 5.13. Suppose X, Y are indeterminates over R and set
By =R[X,Y]/(X*+Y? 1),
then By is not a UFD.

Proof. To see that By is not a UFD, we show that the image of X in B, is an irreducible
element that is not a prime element.

Since By /X By is isomorphic to R[Y]/(Y?—1), which is not an integral domain, the image
of X in By is not a prime element.

Next, suppose we could factor X = f-¢ in By with f,¢g € R[X,Y]. Thus in R[X,Y],
we can write X = f-g+h-(X?+Y?2—1). Write f and g as a sum of their homogeneous
components, i.e., f = fo+---+ f, and g = go + - - - + gm, where each f; is a homogeneous
polynomial degree ¢ and each g; is a homogeneous polynomial degree j. Then suppose f,
were divisible by X2 +Y?2 so f, = (X2 +Y?)- f . If we set

F=fot At (oot fass+ far),

then it follows that f = f  in B,. Similarly, we may reduce g if g,, were divisible by X2 +Y?2.
In other words, without loss of generality, we may write X = f - g in By so that when we
express f and g as a sum of their homogeneous components as above, X2 +Y?2 divides neither

fn nOT gy

We claim that under this additional assumption, n+m < 1. Indeed, suppose n+m > 2.
From the equation X = f-g+h-(X?+Y?—1), we obtain 0 = f,, - gm + hpim_o- (X2 +Y?).
But then this implies X? + Y? divides either f,, or g,,, which is a contradiction. Thus, we
have n +m < 1. So we get either n = 0 or m = 0,i.e., either f or g is a unit in R[X,Y].
Therefore, the image of f or g in By is a unit in Bs, which implies that the image of X in
Bs is irreducible. O

From Proposition 5.11 to Proposition 5.13, we notice that the UFD property is a subtle
one. To have a deeper view on that, we consider the following proposition:

Proposition 5.14. If XY, Z are indeterminates over C, then for

A3 =C[X,Y, Z]) (X2 +Y?+ 72> -1) and Bs=R[X,Y,Z]/(X?+Y?+ 2% 1)
As is not a UFD and Bs is a UFD.
Sketch of Proof. Since

X2+ Y+ 22— 1= (X +iYV) (X —iY)+(Z-1)(Z+1),

12



we have (X +Y)(X —iY)+(Z—-1)(Z+1) =01in A;.
And so (X +iY)(X —1Y) = (1 — Z)(Z + 1). Since each expression is irreducible in As,
there are two different factorizations in As, which means Az is not a UFD.

The example Bj is a coordinate ring of the real 2-sphere, which is a UFD. We are giving
a sketch of the proof and this sketch is based upon a proof given in [5].

Let R denote the real numbers, and upper case X, Y, Z, U, V, W, T denote indeterminates
over R and lower case z,¥, z,u,v,w,t denote homomorphic images of the variables. So,
we start with the polynomial ring R[X,Y,Z] and mod out the principal ideal generated
by X%+ y*+ Z% — 1, to get the ring Bs, which we want to show is a UFD. Taking T an
indeterminate over Bs, it is enough to show B3[T] is a UFD by Theorem 5.10, and then by
Nagata’s Lemma, it is enough to show that Bs[T,T~'] is a UFD.

Now let S denote the ring R[U,V,W,T]/(U? + V? + W? — T?). Note that ¢ in S is a
prime element, since S/(t) is isomorphic to R[U, V, W]/(U%+ V?+ W?), an integral domain.
If we show S is a UFD, then S[t7!] is a UFD. However, this latter ring is isomorphic to
Bs[T, T~!] by the map from R[U, V, W, T, T~!] that takes U to T, V to yT, W to 2T, T to
T in B3[T, T71].

Thus, it remains to see S is a UFD. However, S = R[U, V, C, D]/(U?*+V?—CD) by setting
C=T-W and D =T + W. Note that S/(c) is isomorphic to R[U, V]/(U? + V?), so c is
prime in S. By the second claim on the proof of Proposition 5.11, S[c™!] = R[U,V, C,C™!],
which is a UFD. Thus, by Nagata’s Lemma, S is a UFD, and the sketch of the proof is
complete.

6 Complexes and Homology

The goal of this section is to prove the theorem: a short exact sequence of chain complexes
implies a long exact sequence on homology. We should first learn about chain complexes
and cochain complexes.

Definition 6.1. (1) A chain complez is a collection C of R-modules and R-module maps

dn

CiviimCpp 220 0

satisfying d,, o d,,.1 = 0, for all n. The d,, are called “boundary maps” or “differentials”.

(1) A cochain complex is a collection C" of R-module and R-module maps

1) 6n+1
/. / n / /
¢t o 2o

satisfying 6,41 0 6, = 0, for all n.
(2) Let C be a chain complex. For each n we define Z,,(C) := ker(d,,), B,(C) := im(dp+1)

and H,(C) := Z,(C)/B,(C). These modules are, respectively, the module of “n-cycles”,
the module of “n-boundaries” and the n'* “homology” module associated to C. Note that
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B,(C) C Z,(C), since d,, o d,+1 = 0.

(2') Let C" be a cochain complex. We define Z"(C') := ker(dp41), B*(C') := im(6y)
and H"(C') := Z"(C")/B™(C’) for each n. These modules are, respectively, the module of

“n-cocycles”, the module of “n-coboundaries” and the n'* “cohomology’ module associated
to C'. Note that B"(C") C Z"(('), since 0,41 © 9, = O.

(3) A chain map f : C — D between chain complexes C and D is a collection of homo-
morphisms f, : C,, = D,, such that the diagram

dnt1 d

e O L O e O

fn+1l fnl/ fnlj

...éDn_"_l?Dn?Dn_lé...
n+1 n

commutes for all n. It follows that f,(Z,(C)) C Z,(D) and f,(B,(C)) C B,(D), So we
obtain induced maps on homology f. : H,(C) — H,(D).

(3") A cochain map between cochain complexes is defined analogously and induces maps

on cohomology. If f: C' — D’ is a cochain map, we denote the induced map on cohomology
by f*: H"(C') — H"(D').

(4) A sequence A 1. B9, of chain complexes and chain maps is said to be exact, if

for each n, the sequence A, L B, -2~ C, is exact. A short exact sequence of complexes

is an exact sequence of complexes 0 AL 2.¢ 0.
Thus, a short exact sequence of complexes is a commutative diagram

PG G N —

To prove the theorem of this section, we need the Snake Lemma.
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Lemma 6.1 (Snake Lemma). Consider the commutative diagram with exact rows

Then we have an exact sequence
ker(f) — ker(g) — ker(h) —2= coker(f) — coker(g) — coker(h).

f

Theorem 6.2. Let 0 C D2s¢€ 0 be a short exact sequence of chain com-
plexes. Then we have a long exact sequence on homology

8711 * * n
i Ho 1 (€) 22 H,(C) L H, (D) 4~ H,,(€) 2~ H, 1(C) — - --

Proof. Consider the following snake diagram

Coo/Bp(C) —= Dy /By (D) — E,/By(€) —0

e oo e

00— Z,1(C) Zp (D) Z,1(E).

The horizontal maps are derived from the chain maps f and g, and the vertical maps are
given by d(z, + B,) = dz,. The kernel of a vertical map is {z, + B, : ,, € Z,,} = H,, the
cokernel is Z,_1/Bn,_1 = H,_1. The diagram is commutative by the definition of a chain
map. But in order to apply the Snake Lemma, we must verify that the rows are exact, and
this involves another application of the snake lemma.

Then consider the diagram

0 c I .p " B 0

I B

0—Ch1—=D E, 0

fnfl n—1 gn-1

where the horizontal maps are again derived from f and g. Since 0 cl.p ¢ 0
is a short exact sequence, each row of the second diagram is exact, then by Snake Lemma,
we have an exact sequence

ker(c) —= ker(d) — ker(e) —2~ coker(c) — coker(d) — coker(e).
Now let us denote

A" = ker(c), B' = ker(d),C" = ker(e), D' = coker(c), E' = coker(d), F' = coker(e).
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Then we have the diagram

A B’ C’
0 c,—~p,— - E, 0
c d e
0_>Cn—1 ﬁDn—l In_1 En—l 0
D’ £ I

We claim that the first and forth sequences are exact. Indeed. We denote induced maps
by an overbar. Let 2 € A’ = ker(c) and y = f,x = fuz, then g,y = gnfar = 0, s0
y € ker(g,). On the other hand, if y € B’ C D, and §,,y = g,y = 0, then y = f,z for
some x € C),. Thus 0 = dy = df,x = f,_1cx, and since f,_; is injective, cx = 0. Therefore
y = fox withz € A, and y € im(f,). So A’ — B’ — (" is exact.

Next, let © € Cy,—1, then g, (fn—12 +im(d)) = gn_1fn_12 +im(e) = 0 by the exactness
of the sequence 0 — C,_y — D,,_y — E,_1 — 0, so im(f,_,) C ker(g,_,). Conversely, if
y € Dpy and g, (y + im(d)) = gn—1y + itm(e) = 0, then g,y = ez for some z € E,.
Since g, is surjective, z = g,x for some z € D,,. So we have ¢, 1y = ez = eg,x = g,_1dx,
soy —dr € ker(gn_1) = im(fn_1). Let y —dxr = f,_qw with w € C,_;. Therefore,
y+im(d) = f,_,(w+im(c)) and y +im(d) € im(f,_,). So D' — E' — F' is exact.

Moreover, we know that if f,, is injective, so is the map induced by f, and if f, ; is
surjective, so is the map induced by f,,_;. Then we can show each row of the first snake
diagram is exact by shifting indices from n to n £ 1. Then by the Snake Lemma, it yields
the exact sequence

H,(C) ~L> H, (D) 2 H,(€) 2+ H,_y(C) ~L> H,_1(D) —> H,_1(£).

Doing this for each n, we can get a long exact sequence on homology

a’n 1 * * n
w1 (€) 25 H,(C) - B, (D) 2~ H,(E) -2~ H, ,(C) —> - -

.-éH

O

By Theorem 6.2, we know that every short exact sequence of chain complexes implies a
long exact sequence on homology. Here, we show that a long exact sequence on homology
arising from mapping cone.

Definition 6.2. The mapping cone C.(f) of a morphism of chain complexes f : A — B is
the complex C.(f) given by C(f), = A,—1 & B,, and differential 0 : C(f), = C(f)n-1, with

7= ((—1%-% g)

where d : A, = A,_1 and 0 : B, — B,,_; are maps in the complexes, and f,_1d =0 f,.
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With the definition above, we can show that the differential 0 is complex as following:

Since
o) = (e ) (%)

- <(—1)"‘1fc(ij:) " 6<Bn>> |

7 (A;nl) - ((—1$“1f g) <(—1)”1fﬁ:11) +5(Bn))
0
- ((—1)”‘2f(d(An—1)) + (—1)”‘15f(An—1>>
-0)

We have a short sequence of complexes of the form

then

0—=B—=C(f)—= A-1—0

where A[—1] means A[—1],, = A,,—1. The injection map B — C.(f) and the projection map
C.(f) — A[—1] are given by the direct summands.

Then by Theorem 6.2, we get a long exact sequence
v —= Hy(A[-1]) - H,(B) —» H,(C.(f)) = Hy(A[-1]) = H,1(B) — - -

where H, (A[-1]) = H,_1(A). Then we can rewrite the long exact sequence on homology
as:
o= Hy(A) — H,(B) = H,(C.(f)) = Hy1(A) — H, 1(B) — - -

7 Regular Sequences and Koszul Complex

Definition 7.1. An element a in R-module A is called a zero divisor on A, if there exists a
nonzero element x in R such that rz = zr = 0. We write the zero divisors on A as Z(A).

Definition 7.2. Let R be any commutative ring, A be any R-module. The (ordered sequence
of) elements z1,...,z, of R is said to be an regular sequence or an R-sequence on A if

(1) (xla s 7xn)A 7é A

(2) Fori=1,...,n,z; & Z(A/(z1,...,2;1)A).

Part (b) of the definition says that z; is not a zero-divisor on A, x5 is not a zero-divisor
on A/x1A,..., x, is not a zero-divisor on A/(xy,...,z,_1)A. Moreover, the case A = R is
of special importance. We then simply say that the sequence z1, ..., z, is an R-sequence.

Theorem 7.1. Let x,y € R be an regular sequence on the R, then x ¢ Z(R/(y)).
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Proof. Since z,y is a regular sequence on R, x ¢ Z(R) and y ¢ Z(R/(x)). We suppose
t' € R/(y) and zt' = 0 and want to show ¢ = 0. Pick any ¢t in R mapping on ', then
xt € yR, say ot = yu. Since y ¢ Z(R/(x)), u € zR, say u = v’ = xt = zyu'. Since
x ¢ Z(R), we can cancel x in the equation zt = xyu’ to get t = yu’ € yR. So t' = 0, which
means x ¢ Z(R/(y)). O

Note that in general, if z,y, z is a regular sequence on R, z,y,x need not be a regular
sequence on R. However, the statement holds in a local ring.

Definition 7.3. (R, m) is called a local ring if R is Noetherian and m is unique maximal
ideal, that is m is all non-units in R.

Lemma 7.2. Let (R, m) be a local ring. If x,y is reqular on R, then y,z is reqular on R.

Proof. From Theorem 7.1, we know that z ¢ Z(R/(z)). Then we want to show y ¢ Z(R).
Suppose ya = 0 in R, want to show ¢ = 0. Then ya = 0 in R/(x), which implies a = 0
mod xR. Thus, a € zR, say a = xag, we have y(xag) = 0, which is z(yag) = 0. Since
r ¢ Z(R), we get yap = 0. We can repeat to get ag = ray, then a = rag = ra;, and so
on. Thus inductively, for all n, there exists a,,_; such that a = 2"a,_; € "R, then by Krull
Intersection Theorem, a € () -, a"R = 0. Therefore, y, z is regular on R. O

Next, we want to introduce associated primes of R-module M and show Ass(M) is finite.

Definition 7.4. Let R be Noetherian, A be a finitely generated R-module and P be prime.
P is called an associated prime if P = (0 :g a) = {r € R | ra = 0} = Anng(a), for some
non-zero a € A. We say P € Ass(A) if and only if P = (0 :g a) for some a € R-module A.

Proposition 7.3. Suppose R is Noetherian and A is a R-module. Then any zero divisor on
A is contained in an associated prime.

Proof. Suppose r € R is a zero divisor on A, then 3 a # 0 such that ra = 0, which means
r€(0:ga). LetC ={(0:ta) |t € R}. Since R is Noetherian, let P = (0 : tpa) be a maximal
element in C. If P is prime, it is an associated prime and r € (0: a) C (0 : tpa) = P. If not,
suppose x,y € R, xzy € P. If © ¢ P, i.e. xtga # 0, then (0 : ztga) # R, then P C (0 : xtpa).
However, since P is maximal, P = (0, ztga), so y € P, whcih means P is prime. Therefore,
repP. O

Lemma 7.4. Giwen a short exact sequence of R-modules
0—->M —>M-—=M' =0
where M’ is a submodule of M and M" = M/M', we have
Ass(M) C Ass(M')U Ass(M").

Proof. Suppose P € Ass(M) and let P = Anng(z) for some nonzero x € M. If x € M’, then
P e Ass(M'). Otherwise, the image T of z in M" is nonzero and it is clear that P C Anng(T).
If this is an equality, then P € Ass(M"). So assume there is a € Anng(Z)\P. In this case,
ax € M'\{0}, and the fact that P is prime implies the inclusion Anng(z) C Anng(az) is an
equality. Thus, P € Ass(M'). O
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Proposition 7.5. Suppose R is a Noetherian ring, M is a finitely generated R-module, then
the following hold:

(1) The set Ass(M) is finite.

(2) If M # 0, then Ass(M) is non-empty.

(3) The set of zero divisors of M equals to

U r

PecAss(M)

Proof. Let us consider the set P consisting of the ideals of R of the form Anng(x) for some
x € M\{0}. Since R is Noetherian, there is a maximal element P € P. We want to show P
is a prime ideal so that P € Ass(M).

By assumption, let P = Anng(z) for some x € M\{0}. Since = # 0, we have P # R.
Suppose b € R\ P, then bx # 0 and we have Anng(xz) C Anng(bz). By the maximality of
P, we conclude that this is an equality, so for every a € R such that ab € P, we have a € P.
Thus, Ass(M) is non-empty. Moreover, we now know if M is nonzero, then we can find
x € M\{0} such that Anng(xz) = P, is a prime ideal.

The map R — M with a — ax induces, thus we have an injection R/P — M, so then
we have a short exact sequence

0— M — M— M/M;, =0,

where M; = R/p;. Since P is a prime ideal in R, we have Ass(R/P;) = {P;}, and Lemma
7.4 implies
Ass(M) C Ass(M /M) U{P},

then it suffices to show Ass(M /M) is finite.

If My # 0, we can repeat this argument and find M; C M, such that Ms/M; = R/ Py
for some prime ideal P, in R. Since M is finitely generated as a Noetherian module, this
process must terminate. So after finitely many steps, we conclude that Ass(M) is finite. By
definition, for every P € Ass(M), the ideal P is contained in the set of zero divisors of M.

On the other hand, if a € R is a zero divisor, then a € I for some I € P. If we choose a
maximal P in P that contains I, then we have P € Ass(M). So a lies in the union of the
associated primes of M. Thus, the set of zero divisors of M equals to

U r

PeAss(M)
O
Then we can give a definition of Koszul complex.
Definition 7.5. Given a ring R and z1,...,x, € R, we define a complex K. as follows: set

Ko = R and K, = 0 if p is not in the range 0 < p < n.

We write for standard basis, using the symbols: e; Ae;, A---Ae;,, for 1 <4y < ... <, <.
For 1 <p <n, welet K, = @Reil/\eiQ/\.../\eiP be the free R-module of rank (Z) with basis
€ /\6i2/\"'/\€ip.
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The differential f, : K, — K, is defined by setting

p
folew Mew AeoNei) = (=1 e Aey Ao N A+ Ney,
j=1
where the superscript €;; means the term is omitted and for p = 1, set f,(e;) = x;. This
complex is called the Koszul complex, written as KC.(x1, ..., z,) or K.(z).

To show f, is indeed complex, we let

foo foralen Newy Ao Neg, )
p+1
=0 (=1 i e, A N A Ay,
j=1
p+1
=3 (=1 'ay fyen, New Ao AT A Aey, )
j=1

—_

p+1
=) (=17 a, (> (—D) ag e A AEL A AL A Ae
1

.

i

j=1
p+1
+ 3 (Dl A AT A AT A Ae,)
k=j+1
p+1 j—1
=N (D) Pa me A AL A AT A Ay,
j=1 k=1
p+1 p+1
YN (D  m e, A AT A AT A e,
j=1 k=j+1

Without loss of generality, assume 1 < kg < jo < p+ 1, then we have

—1\kotio=20 4 o AL, .
(—=1) Tij, Tigy € N+ N Ei

ko+jo—1
+(—1) 0Jo xijoxikoeil VANRIERIVA 6ik0

/\"'/\eijo/\.../\eierl
Ao Neg Ao Aeiyy, =0,

then by induction, we have f, o f,11 = 0.

Suppose we have the Koszul complex

0=K, = =K, =K1 ==K =Ky —0

then K, = R(;), where a commutative ring R and elements xy,2s,...,x, in R with the
canonical basis (e;,,€;,,...,€; ) € R™

For example, when n = 3, we have x, 9, z3 in R. Then K’y has the basis {ej, €3, €3}, Ko
€1 A €9
has the basis ¢ e; Aes p, and K3 has the basis {e; Aea Aesg}. In fact, for the basis of Ko, we
€9 A €3
can have e; A eg, e1 A e3, e5 A ez on different rows to get different basis. So
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filer) = 1, fi(e2) = 22, files) =03 = A= (z1 x2 13).
f2(€1 VAN 62) = T1€6a — T2€1 — 1
0
f2(61 VAN 63) = T1e3 — T3e1 — 0
xy
0

f2(62 VAN 63) = I9€3 — T3Ey —» —T3
4]

—x9 —x3 0
Thus the matrix we have is B= | x; 0 —x3
0 Ty To
T3
fa(ex Nea Ne3z) = x1ea ANe3 —xoey Nes+x3e1 Aeg = | —xo | . Then we have the diagram:
Iy

T3
X1

0 R BB A R 0

N

0 Ks f3 Ko fo Ka fi

—XTy —XI3 0
Since fifo= (1 =2 x3) | = 0 —z3|=(0 0 0)
0 T )

—X2 —T3 0 xs3 0
and fofs = | o1 0 —x3 —x9 | =| 0 ]. Thus, this sequence is complex.
0 T To T 0
Theorem 7.6. Let K.(x1,...,x,) be Koszul complex on a reqular sequence w1, . .., T,, then
K.(z1,...,x,) is isomorphic to mapping cone of

f : ’C.(,’L‘l, c. ,"Enfl) AIC.("El, e ,xn,l)

Proof. By definition of cone, we have C(f), = K,_1(x1,...,2p-1) ® K,(x1,...,2,-1). On
one hand,

Ao (0,e1 A Nepa) = fer Ao Aen1 = Ok (ayewn (€L A ANenia)

-----
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On the other hand,

alC.(a:1,...,:cn) (07 €1 JANRERIVAY en—l)
1

n

=Y (=1)fxiegA---AGA---Aep_t

7=

o

n—1
=fer A Aepq +Z(—1)ixieo/\---/\e_,~/\---/\en_l
=1

—

n—
:f€1 N Nep_1 — 60( (—1)i+11‘z‘61 AERIAWCHANCRIRAN €n_1)

i=1

which is the image of the result of the previous computation. O

With a long exact sequence on homology arising from mapping cone and Theorem 7.6,
we want to show that the Koszul complex on a regular sequence is acyclic. Before showing
the theorem, we need to know the definition of acyclic.

Definition 7.6. A chain complex M of the form
M:O0—=>M, = =M, M,y — =M —My—0

is called acyclic if H;(M) = 0 for each i # 0. In other words, M is acyclic if and only if it
is exact everywhere except possibly at M.

Theorem 7.7. Suppose x1,xs,...,T, in a ring R is a reqular sequence, then the Koszul
complex on this reqular sequence is acyclic.

Proof. Suppose in a ring R, x1,...,x, is a regular sequence. We use induction on n. When
n = 1, then we have x; € R be regular, so we have the map
f K=K
and the Koszul complex is
0— ICl B IC[) —0

Since x; is regular, the kernel of Xy is 0, which implies the Koszul complex is exact at Ky,
but not at K.

When n > 1, assume the theorem holds for the case n—1. Suppose x4, ..., x, is a regular
sequence in R, let © = 2y, %, ...,Ty_1 and = xq,...,x,, then we have the map

fiK(z) =~ K.(z)

So by Theorem 7.6, K.(z') = C.(f). Thus, we have a long exact sequence on homology for
K.(z') and K.(z):

o= Hi(K(2)) —> Hi(K.(2)) = Hi(K.(2) = Hia(K.(2)) —= Hia(K.(2)) = -+

By the assumption the theorem is true for the case n—1, we get H;(K.) =0for 0 <i <n—1.
And so in the long exact sequence above, we get H;(K.) = 0 for 0 < i < n by the exactness.
Thus, Koszul complex on a regular sequence is acyclic. O

22



By Theorem 7.7, we know that if the Koszul complex is acyclic, then
=Ky =Ky > R/IT—0

gives a free resolution of R/I, and we will talk about free resolution on section 9.

8 Height and Dimension

Definition 8.1. In commutative algebra, the Krull dimension of a commutative ring R is
the supremum of the lengths of all chains of prime ideals.

Definition 8.2. The dimension of a ring R, denoted by dimR, is the maximum length n of
a chain Py C P, C --- C P, of prime ideals of R.

Definition 8.3. The notion of height is defined for proper ideals in a commutative Noethe-
rian ring R. The height of a proper prime ideal P, denoted by ht(P), of R is the maximum
of the lengths n of the chains of prime ideals contained in P, ie., P, C P, C---C P, = P.
The height of any proper ideal I, denoted by ht([), is the minimum of the heights of the
prime ideals containing I.

To prove Kull’s Principal Ideal Theorem, we need to define Artinian rings and state a
theorem about the relation between Artinian and Noetherian.

Definition 8.4. An Artinian ring A is a ring that satisfies the descending chain condition
on ideals.

Theorem 8.1. Suppose (A, m) is Quasi-local, A is Artinian if and only if A is Noetherian
and dimA = 0.

Theorem 8.2 (Krull’s Principal Ideal Theorem). Suppose R is a Noetherian ring, 0 # a € R
and a is not a unit. If P is a minimal prime over aR, then ht(P) < 1.

Proof. Consider localize R at P, Rp is a local ring, then ht(P) =ht(Ps), where S = R\P.
We can assume (R, P) is local.

If ht(P) = 0, then we are done.

If ht(P) = 1, then we are done.

Suppose ht(P) > 2 and we want to find a contradiction. Assume there is Qy C @1 C P, a
chain of prime ideals with aR C P . Then we can mod out Q to get the chain 0 C Q; C P,
which means ht(P) > 2. So we can assume R is an integral domain and have the chain of
prime ideals 0 C ) C P with aR C P, and P is the only prime containing a.

Define Q™ = {r € R|s-r € Q" for some s ¢ Q}. Since R/aR has just one prime
P/aR, dim(R/aR) = 0 and R/aR is Noetherian. Then by Theorem 8.1, R/aR is Artinian.
Therefore it follows that

(n+1) (n)
---CQ —l—aRCQ —HLRC---,
- aR - aRR -
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QU™ +aR QY +aR

(s+1) — 0O i
" e so @ +aR = Q" 4 aR, which

then there exists s such that
means Q) C QY + qR.

Let 2 € Q¥,y € QY then x = y+a-r, forr € R. Sox—y = a-r, where (z—y) € Q.
There exists t ¢ Q with t(x —y) € Q° and a ¢ Q, so r € Q). We have

ze Q) +q.Q0
=Q® C Q) + 4. QW
:>Q(s) _ Q(S+1) +a- Q(S)

Q(s) Q(s—i—l) +a- Q(S) Q(S)
= — —a-( )
Qs+1) QG+ O+

QW
:>Q(s+1) =0 (Nakayama’s Lemma)
=Q® = Qb+Y

Then we want to find a contradiction. To see this, let € Q) then 3 ¢ ¢ @ such that
t-x € @Q° Let xyp € Q° such that ¢ - x = zp, so we have x = ¢/t in Ry, which implies
Q¥ C Q*- Rg. Then QY. Ry = Q%' - Rg,s0V n > s, Q" Rg = Q° - Ry, which implies
that ((Q" - Rg) = Q° - Rg # 0. However, by the Kull’s intersection theorem, in this local
ring (R,Q), (),>; " = 0. Thus, @ = 0, which is a contradiction. Therefore, ht(P) <1. O

9 Projective Modules, Projective Resolutions and Pro-
jective Dimension

Definition 9.1. An R-module P is projective if for every R-linear map f : P — N and
every surjective R-linear map g : M — N, there is a unique R-linear map h : P — M such
that f = g o h, i.e. the following diagram commutes:

P
ar
ML N

Proposition 9.1. Suppose R-module P is a projective module, then there exists an R-module
Q such that P & Q) is a free R-module, which also means P is the direct summand of a free
R-module.

Proof. Suppose P is a projective module and choose a surjection 7 : F' — P, where F'is a
free R-module. By the definition of a projective module, there is a map ¢ : P — F’ satisfying
7ol = idp. So we have F' = ker(m)@®i(P). We name @) = ker(m) and we have i(P) = P, then
we can conclude that there exists an R-module ) such that P & @ is a free R-module. [

We need to note that if M’ is a submodule of M, then we have a short exact sequence

0= M —M-— M/M —0
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Moreover, up to an isomorphism, every short exact sequence is of the form:

0o— -N—F 9 K 0

N

0 ——ker(g) —= M — M /ker(g) —=0

Proposition 9.2. Let R be a ring and let

0 N2k

be a short exact sequence of R-modules. The following conditions are equivalent:
(1)There exists a homomorphism h : K — M such that go h = idg.
(2)There exists a homomorphism k : M — N such that ko f = idy.
If either condition holds, we say that the short exact sequence splits.

Proof. (1) = (2) Let h : K — M such that g o h = idg, then define a homomorphism
¢: M — M by ¢ =1idy — hog. We can think of ¢ as a projection onto /N, in that ¢ maps
M into the submodule N and it is the identity on V.

We claim that ¢ is a projection. Indeed, we have gop =g —gohog=g—1idgog=0.
Thus, by the universal property of the kernel, ¢ factors through the kernel f : N — M,
which means there is a unique map k : M — N such that f ok = ¢, i.e. the image of ¢ is
contained in the image of f.

In addition, since go f =0, fokof=¢of=f—hogo f=f. Thus, foralln € N,
f(n) = f(k(f(n))). Since f is injective, n = k(f(n)), which means k o f = idy.

(2) = (1) Similarly, let k: M — N such that k o f = idy, then define a homomorphism
Y:M— Mbyvy=idy— fok. Sovpof=f—fokof=f— foidy =0, then 1 is also
a projection. Thus, by the universal property of the kernel, 1 factors through the kernel
g : M — K, which means there is a unique map h : K — M such that ho g = 1.

Since gof = 0, gohog = goy) = g—gofok = g. Thus, forallm € M, g(m) = g(h(g(m))).
Since g is surjective, for all k € K, there exists m € M such that g(m) = k. Thus, we have
k = g(h(k)), which means g o h = id. O

As a result of Proposition 9.2, suppose a short exact sequence 0 - N — M — K — 0
splits, we have M = N & K.

The following theorem tells us the relation between projective modules and short split
exact sequences, and we are going to use the result of Proposition 9.2 for the proof of the
theorem.

Theorem 9.3. Let R be a ring with identity and let P be an R-module. P is a projective
module if and only if every short exact sequence 0 — N — M — P — 0 splits.

Proof. (=) Let f denote the map from M to P in the given exact sequence. Since P is
projective, there exists h : P — M such that foh: P — P is the identity. This shows that
h is injective and im(h) N ker(f) = 0. Also, every m in M can be written as

m = h(f(m)) + (m — h(f(m))) € im(h) + ker(f)
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so M =im(h) @ ker(f) =2 P® N.

(<) Suppose every short exact sequence 0 — N — M — P — 0 splits. We claim that if
P is a R-module, then there exists a projective module M such that M — P — 0. Indeed,
let S be a set of generators of P. Let Fs be the free module generated by elements e, for s
in S. Then F§ is projective and f : Fg — P given by

f(z Ts€s) = Z TS

is surjective. Name M = Fy, so such a projective module @) exists. Let N be the kernel of
the projection M — P — 0. Then the hypothesis implies that M = P & N. Moreover, the
diagram

can be extended to a diagram

M > L > 0

so N maps trivially to L. Since M = P & N is projective by the claim, there exists a map
' : P® N — M making the diagram commutative. Now put A to be the restriction of A’ to
P. Thus, P is projective. O

Corollary 9.4. If R is a ring with identity, P is a projective R-module and f : M — P 1is
a surjective map of R-modules, then M = P & ker(f).

Proof. Suppose P is projective. We have a short exact sequence

f

0 —— ker(f) M P 0

which splits by Theorem 9.3. So M = P @ ker(f). O

Proposition 9.5. Suppose (R, m) is local, P is finitely generated and projective, then P is
free.

Proof. Suppose P is a finitely generated R-module, then let {py,...,p,} be a minimal system
of generators of P. Then define a surjective map ¢ : R" — P by (x1,...,%y) = > TiDi,
where z; € R". Since P is projective, by Corollary 9.4, we get R" = P @ ker(v). Let
ker(y) = O, we have R" = P ® O.

Then we want to show O = 0. We first multiply m to R* = P & O, then we get
mR" = mP & mO. We can mod out R" = P & O by mR" = mP & mO to get

R"/mR" = P/mP @& O/mO

Moreover, P/mP,O/mQO are vector spaces over the field R/m and the dimension of P is n,

so by comparing the dimension, we get O/mO = 0. Then by Nakayama’s Lemma, we get
O = 0. Thus, P =2 R", which means P is free. O
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Proposition 9.6. Suppose R is a Noetherian ring and P is a finitely generated R-module.
P is a projective R-module if and only if Py is a free Rg-module for all primes ideals QQ C R.

Proof. Suppose P is projective, then Py is projective over the local ring Rg and so is free
by Proposition 9.5.

For the converse, we use the fact that when R is Noetherian, and M, N are finitely
generated R-modules, then Hompg(M, N)s = Hompg, (Mg, Ng) for all multiplicatively closed
sets S. Take a short exact sequence

0 K F—==P 0

of R-modules, with F finitely generated and free. Since R is Noetherian, K is also finitely
generated. We have an induced exact sequence

0 — Hompg(P, K) —= Hompg(P, F) —~~ Homg(P, P)

If we show that 7* is surjective, then there exists h € Hom/(P, F’) such that 7*(h) = idp.
This means h o m = idp, so the sequence splits, and therefore P is a summand of F', by
Proposition 9.2. Thus, P is projective.

To see that 7* is surjective, it suffices to show that (7*)¢ is surjective for all prime ideals
Q. Then we take () a prime ideal in R. By hypothesis, Py is projective, so the sequence

00— Ko —> Fg—"> Py —=0

splits. Thus,

0 — Homp, (Po, Kg) —= Homp,, (Pg, Fo) —= Homp,, (Pg, Pg) —=0

is exact. Therefore,

0— Homp(P, K)g — Homp(P, F)g —2= Homg(P, P)g —=0

is exact. Thus, 77, is surjective. [

Let R be a Noetherian local ring with maximal ideal m, then we will give the definition
of projective resolution and projective dimension.

Definition 9.2. Given an R-module M, an exact sequence

én

Foio-- F,
is called a projective resolution if all of the F; are projective.

Definition 9.3. Suppose M has a finite projective resolution, the minimal length among all
finite projective resolutions of M is called its projective dimension and denoted pdg(M). If
M does not admit a finite projective resolution, then by convention the projective dimension
is said to be infinite.

27



To prove the following proposition, we need to know the definition of free resolutions,
and then minimal free resolution.

Definition 9.4. A free resolution of a R-module M is a complex

Fivo— s FE—>F F F, M 0

with trivial homology such that coker(F; — Fy = M) and such F; is a free R-module.
Definition 9.5. A complex

VARERE F; Fiy
over a local ring (R, m) is minimal if im(F; — F;,_1) C (mF;_4).

In addition, to prove the following proposition we need the fact that if two out of three
modules in a short exact sequence have finite projective dimension, the third does as well.

Proposition 9.7. Let R be local with mazimal ideal m, and let x be a non-zero-divisor in
R that is not contained in m*. Write R = R/(x). Let A be a finitely generated R-module
annihilated by x (thereby an R-module). If pdr(A) < 0o, then pdg(A) < oo.

Proof. Let

0 K F~ A 0
be the start of a minimal free resolution of A over R. Since F* = F/xF, for an appropriate
free R-module F', pdgp(F*) = 1, and in particular, it is finite. Since pdr(A) is finite, this
forces pdr(K™) to be finite, since if two out of three modules in a short exact sequence have
finite projective dimension, the third does as well. By induction of projective dimension over
R, K* has finite projective dimension over R. Thus, A has finite projective dimension over
R, by the reasoning just employed. So, this reduces the problem to the case that pdg(A) = 1.
So if pdr(A) = 1, we take a minimal free resolution

0 K F A 0

over R, where K and F' are free R-modules, and the column vectors in F' generating K have
entries in m. Note that if we invert(localize) =, then A, = 0, which means K, = F, and
this implies that K and F are free R-modules of the same rank.

Assume F' = R". We take vy,...,v, in F' that form a basis for K. Since the resolution
is minimal, the entries of the v; are in m. Let eq,...,e, denote the standard basis for R".
Then since x annihilates A, each xe; is in K. Thus, we can write xe; = ruv, + -+ + v,
for all r; € R. Now some 7; is not in m, otherwise, z is in m?, contrary to the assumption.

Without loss of generality, let 7, be a unit. Then we can write vy in terms of zey, vo, ..., Uy,
so that zey, vq, ..., v, generate K, and hence for a basis for K.

Now write zey = sy(xey) + Sovg + - - - + S,U,, where s; € R. Then since z is not in m?, one
of s9,...,s, must not be in m. Also note that we do not need to consider s;. Then without
loss of generality, let s be a unit. This will give that ze;, xes, vs, ..., v, generate K.
Continuing on this process, we end up with zeq, ..., ze, is a basis for K, and

A=F/K = F/(zF),
showing that A is free over R. Thus, pdz(A) < oco. O
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10 Tensor product, Tor and Torsion

Definition 10.1. Let M, N and L be R-modules.

1. A function f: M x N — L is said to be bilinear if it satisfies the following conditions:
(a) f(my+ma,n) = f(my,n) + f(ma,n), V. my,me € M and n € N.
(b) f(m,ny +n2) = f(m,ny) + f(m,ne), Vm € M and ny,ns € N.
(c¢)r- f(m,n)= f(rm,n) = f(m,rn),Vm € M and n € N.

2. We say that a tensor product for M and N is an R-module P together with a bilinear
function h : M x N — P satisfying the following condition:

Given an R-module L and a bilinear function f : M x N — L, there exists unique
R-module homomorphism ¢ : P — L such that ¢ o h = f. In other words, any diagram

MxN2 p
7
L

with f bilinear, can be completed with a unique R-module map ¢ : P — L.

Proposition 10.1. Let M and N be R-modules. Then the tensor product of M and N exists
and is unique (up to isomorphism).

Proof. Let F denote the free-module on the set {(m,n)}mn)ermxn. Let K denote the sub-
module of F generated by all expressions of the form:
(1) (my +mg,n) — (mq,n) — (Mg, n)
(2) (m,ny + ng) — (m,ny) — (m, na)
23; -( ) — (rm,n)

r-(m,n
4) r-(m,n) — (m,rn)

We set P := F/K and let h: M x N — P be the function taking (m,n) to (m,n) + K,
for all (m,n) € M x N. In other words, h is just the inclusion of the basis for F into F
followed by the canonical projection onto the quotient F /XK. The function A is bilinear, by
definition. Let L be any R-module and f : M x N — L any bilinear function. Since F is a
free module, we can define a map ¢ : F — L by sending each basis element (m,n) € F to
f((m,n)) and extending linearly to all of F.

Since f is bilinear, K C ker(¢). Thus, we obtain an induced map ¢ : F/K — L which
sends each (m,n) + K to f((m,n)). In other words, ¢ is an R—module homomorphism
satisfying ¢ o h = f. Clearly, ¢ is the only R-module homomorphism having this property.
Now suppose that T is an R-module and ( : M x N — T is a bilinear function satisfying
the requirement of a tensor product. Then, first thinking of P as a tensor product, we may
complete the diagram.

MxN — P

b
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with an R-module map ¢ : P — T satisfying ¢ o h = k. Interchanging the roles of P and T,
we get an R-module map v : T'— P satisfying ¢ o k = h, then we get a diagram

MxN2 p
[
P

which can be completed by @ o ¢. But 1p also completes the diagram, so ¢y o ¢ = 1p.
Similarly, ¢ o ¢ = 17, so ¢ is an isomorphism with inverse . In particular, P is unique up
to isomorphism and A is unique, up to composition with an isomorphism. L]

Now that the tensor product of modules M and N exists and is unique, we write M @ N
for tensor product. We also write m @ n for the coset (m,n) + I,V (m,n) € M x N. Every
element in the tensor product can be written in the form ri(m; @ ny) + -+ - + ri(mg ® ng),
for some r; € R,m; € M,n; € N.

Proposition 10.2. The tensor product satisfies the following properties with regard to R-
modules:

1. M®r N = N ®r M.

2. If F is free with basis {v,} and G is free with basis {ws}, then F ®@r G is free with basis
{va ® wg}.

3. If f: M — M and g: N — N’ are R-module maps, then 3! R-module map

f®g: Mr N — M @r N’

satisfying (f @ g)(m®@n) = f(m) @ g(n), YV men € M &g N.

Proof. 1. Let h: M x N — M ®g N be the bilinear map given in the definition of tensor
product and f : M x N — N ® M be the bilinear map taking the pair (m,n) to n ® m.
Then we may complete the diagram

MxN - M@r N

b A

N ®@r M

with a unique R-module map ¢ : M ®gr N — N ®g M satistying ¢ o h = f. In particular,
p(m@N)=n®@m,Vme@necMegrN.

Similarly, 3' ¢ : N®@r M — M ®pr N satisfying ¥(n®@m) =m®n,Vn@m e N @r M.
Thus, ¥ o ¢ completes the diagram

MxN " Mop N

l’lﬂ

M ®p
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Since 1yq,n also completes the diagram, ¢ o ¢ = 1yg,,v. Similarly, ¢ o ¢ = Ing,m, SO
MrN=ZNQrM.

2. We note that the elements {v, ®wg} clearly span F ®@rG. Suppose we have a dependence
relation

Tl(val ® wﬁl) + e + Tn(Ua" ® wﬂn) = 0

Let F be the free module on the elements (v,,ws) € F x G and let f : F x G — F be
the map extending the canonical inclusion of the basis (v,, wg) into F. Then f is bilinear, so
there exists ¢ : F' ®@r G — F satisfying ¢ o h = f. If we apply ¢ to the dependence relation
above, since ¢ applied to the element v, ® wg are basis elements in F, we deduce that each
r; = 0. Thus, {v, ® ws} forms a basis for F @ G.

3. Let h: M x N - M ®p N be the given map and k : M x N — M’ ®r N’ be the
bilinear function which takes (m,n) to f(m) ® g(n). Then there exists unique R-linear map
f®g: MRr N — M @ N', satisfying (f ® g)oh = k.

In other words, (f ® g)(m®n) = f(m)@g(n),vmen e M Qg N. O

Proposition 10.3. Let
0—A—-L-B2oC—0

be a short exact sequence of R-modules. For any R-modules D:

Aor D2 B, D2 C oy D—0

18 exact.

Proof. We note that g®1p is clearly onto and g®1pof®1p = (gof)®@1p = 0, since go f = 0.
We need to see that ker(¢g®1p) C im(f®1p). For this, let ¢ : BRgD/im(f®1p) - C®rD
be the map induced by g ® 1p.

If we show ¢ is one-to-one, then ker(f®1p) = im(f ®1p), since ker(g®1p)/im(g®1p)
clearly belongs to the kernel of ¢. For this, we let h : C' x D — C' ®g D be the given map
and k: C' x D — B® D/im(f ® 1p) be the bilinear map, which takes (¢, d) to the class of
bde B D/im(f ®1p), where b € B is any element satisfying g(b) = c.

If we show k is well-defined, then 3 an R-linear map ¢ : C g D — B®g D/im(f ® 1p)
which satisfies ¢ o h = k. In other words, ¥(c® d) = [b® d.

But if we start with [b®d| € B&gr D/im(f ®1p), and apply ¥ o ¢, we get back to [b®d],
since ¢ (c ® d) = [b ® d]. This implies that ¢ is one-to-one.

To see k is well-defined, suppose g(b') = ¢. Then b—b" € ker(g) = im(f), sob—b' = f(a)
for some a € A. Thus, [b®d] = [/ + f(a) ®d] = [V @d] + [f(a) ®d] = [V ®d] in
B®r D/im(f ® 1p), so k is well-defined. O
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Definition 10.2. (1) A commutative diagram .4

+1 5 Aiprj-1 —5> Ao ——

~

of R-modules and R-module maps is a double complez if each row and column form a complex.

(2) Let A as above be a double complex. Associated to A is a complex T, the so-called
total complex of A. For n € Z, the n'® module in T is the module T}, = @it+j=nA;; and the
n" boundary map (differential) O : T,, — T,_; is the R-module map defined by the equation
d(ai;) = 0(aij) + (—1)d(ai;), ¥ a;; € A;; satisfying i + j = n. Note that d(a;;) € A; ;-1 and
d(ai;) € Ai_1, so O indeed takes values in T,,_;.

Also, since d(a;;) = 0(ai;) + (—1)7d(asy),

0*(aij) = 0(d(ay;) + (=1)d(aij))

0(0(ai;)) + (1) d(9(ay;))

0(5(aij) + (=1)d(ay;)) + (1) d(d(ay;) + (=1)’d(aiy))
5(‘%) (— )J5d(aw) (— )]dé(aw)"i‘dQ( ;)

0

so T is a complex.

We can give an example about double complex: let A: --- A, —4 A,

and B: --- B,, d B,._1 .-+ be complexes. We obtain a double complex:

14®0

"ﬁAn@)RBm—l—l An®RBmé'
d®1p d®1lp

"_>An+1 ®RBm+lmAn+l ®RBm—>

whose total complex is by definition A ® B. In other words, A ®g B is the complex whose
k™ module is @, -1 A; @ B; and whose k' differential satisfies
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O(a; @b;) = a; ® 6(b;) + (=1)7d(a;) ® b;

We note that following from the previous proposition for R-modules A and B, we cal-
culate Tor®(A, B) as follows: Let P4 denote a projective resolution of A, with A deleted.
Tensor P, with B and take homology as following:

Definition-Theorem If A and B are R-modules with deleted projective resolutions P, and
Pg, then TorZ(A, B) is the n'"* homology of the complex Py ®z Pg, ¥V n > 0.

Proposition 10.4. Let A and B be R-modules. Write P for a deleted projective resolution
of A, Pp for a deleted projective resolution of B. Then

H,(Pa®pr B) = H,(Psa®r Pp) = H\(A®r Pg),
for alln > 0. In particular, Tor®(A, B) = H, (P4 ®r P3g).

Proof. Let D denote the double complex whose (i, 7)* module is P; ®p P, where P; is the
it" term in P4 and P]’ is the %" term in Pp. Thus, P4 ®r Pp is the total complex associated
to D. Let C denote the double complex obtained from D by adding the complex A ®g Pp
above the 0" row. Thus, A ®r Pp is the —1% row of C. Note that this is consistent with the
view that A is the —1% term in the complex P4 — A — 0. Thus, C is the double complex

Write T for the total complex associated to C. V n > —1, we have short exact sequences
0—=A®r P —Ty—=(Pa®rPp)n—=0

whose maps are given by inclusion and projection. It is straight forward to check that

the inclusion and projection maps commute with the appropriate boundary maps, so these

sequences fit together into an exact sequence of complexes

Oﬁ-(A ®R'PB)(1)ﬁ-Tﬁ',PA ®R'PBﬁ-0
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We therefore get a long exact sequence on homology
== H,\(T) — Hy(Pa ®@r Pp) — Hy 1 (A®R Pp) (1) — Hypr(T) — -
However, all columns of C are exact, so H,(T) =0,V n > 0. Thus,
H,(Pa®rPp) =2 H, 1(A®rPp)(1)) = H,(A®grPg) Vn >0.

Similarly, we can prove H,,(Pa®rPg) = H,_1((PAa®r B)(1)) = H,(Pa®r B) ¥n > 0.
Therefore, H,(A ®r Pp) = H,(Pa ®r Pp) = H,(Pa®g B), ¥ n > 0. O

From Proposition 10.4, we may calculate Tor(A, B) by taking the homology of the
complex P4 ®r B or the homology of the complex A ®r Pa.

Theorem 10.5. Tor®(A, B) = Tor¥(B, A), for R-modules A and B with all n > 0.
Proof. Follow from the previous proposition. m

We can use Tor to show that a finitely generated R-module M has a finite minimal free
resolution in a local ring R.

Proposition 10.6. Suppose (R, m) is local, M is finitely generated, pdr(M) < oo, then M
has a finite minimal free resolution.

Proof. Since pdr(M) < oo, Tor;(k, M) = 0, for all i > n with pdgr(M) = n. Now compute
Tor;(k, M), using a minimal free resolution

®i

¢7,+1
R SRR | E

F, e F, e F, M 0
Tensor with k = R/m to get an exact sequence

¢’L+1

T i+1/mF@'+ F/mF —>E l/sz | —> -

Since ¢; and ¢; 11 have entries in m, ¢, = ¢;,, = 0, for i > n. We have ker(¢;) = F;/mF; and
im(¢;,) = 0. 0 =Tor;(k, M) = k;er( .)/im(¢;,,) for i > n, which implies F;/(mF;) = 0,
then F; = mF;, which implies F; = 0 by Nakayama’s lemma. Therefore, the minimal free
resolution is finite. O

11 Regular Local Rings

Recall that (Kull’s Principal Ideal Theorem) Suppose R is Noetherian, if [ is an ideal of
R with I = (z1,...,2,)R and P is a minimal prime over I, then ht(P) < n.

Consider R is a Noetherian local ring with the maximal ideal m, written as (R, m),

and dim(R) = d, then by the Kull’s Principal Ideal Theorem, we have that the number of
generators of m is greater than or equal to d =ht(m).
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Definition 11.1. R is a regular local ring if d is the minimal number of generators of m.

Recall that (Nakayama’s Lemma) If M is a finitely-generated R-module and the images
of my,...,my of M in M/J(R)M generate M/J(R)M as an R-module, then my,...,m,

also generate M as an R-module.

For any local ring (R,m), z1,...,x, is a minimal generating set for m if and only if
Z1,...,Ty is a basis in a vector space m/m? over the field R/m, by Nakayama’s Lemma.

In general, if x € m/m?, then:
(1) x is part of a minimal generating set for m since 7 is part of a basis for m/m?.
(2) The minimal number of generators of m/x R is one less than the minimal number of gen-
erators for m, since if {z, zo, ..., x, } is the minimal generating set for m, then {7, Zs,...,7,}
is a basis for m/m?.

To prove the following proposition, we need to use the fact of The Prime Awvoidance
Lemmoa, which says that If an ideal I in a commutative ring R is contained in a union of
finitely many prime ideals P!s, then it is contained in P; for some i.

Proposition 11.1. If (R,m) is a regular local ring, then R is an integral domain with
dim(R) = d.

Proof. 1f I is an ideal, let p(7) be the number of minimal generators of I.

Suppose d = 0, then pu(m) = 0. We have m = (0) € R, so R is a field, then also a
domain.

Suppose d = 1, then m = (z). Suppose ab = 0 and neither a,b = 0. By the intersection
theorem, we can write a = ax™, b = 2™ with «, § are units. Then

0 =ab= ax"Bz™ = afz™™,

so ™™ = (. Thus, z is in the minimal prime, which implies m contained in a minimal prime,

so we have ht(m) = 0, which is a contradiction. Then either a = 0 or b = 0. Therefore, R is
a domain.

Suppose the result is true for dimension up to d — 1. We need to prove that the result
is true for R of dimension d. Suppose m was contained in the union of m? and the finitely
many minimal prime ideals. Then by Prime Avoidance Lemma, m must be contained either
in m? or in one of the minimal prime ideals. However, by Nakayama’s Lemma, m # m?, so
m is a minimal prime ideal, which makes the dimension to be zero. This is a contradiction
to the assumption. Thus, there exists an element € m\m? is not in any minimal prime,
which means # € m with m € P, U---U P, Um?, where P; are minimal primes.

Let A = m/(x), then A is the unique maximal ideal in R/(z). By the choice of R/(z),
we have dim(R/(x)) = d — 1. Now A/A? is a proper homomorphic image of m/m?, so it
can be generated by (d — 1) elements. By Nakayama’s Lemma, A can also be generated by
(d—1) elements. So R/(x) is a regular local ring, and by the induction assumption, R/(x) is
an integral domain. Thus z is a prime ideal of R. Since x is not in any minimal prime ideal,
there is a minimal prime ideal properly contained inside (x) and we call this minimal prime
ideal Q. Suppose y € @, then we write y = rz for some r € R. But since = ¢ Q,a € @, we
have () = x(@). Then by Nakayama’s lemma, () = 0. Thus R is an integral domain. O
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From the prove of Proposition 11.1, in a regular local ring, there exists an element
x € m\m? is not in any minimal prime, which means x € m with m € P, U---U P, U m?,
where P; are minimal primes.

Corollary 11.2. Let (R,m) be a local ring. Suppose x is not in m?, then R is a reqular
local ring if and only if R/(x) is a regular local ring.

Proof. (<) Suppose R/(zR) is a regular local ring, so dim(R/(zR)) = p(R/(zR)). We also
have dim(R/xR) =dim(R)—1. Since x ¢ m?, u(m/(xR)) = u(R)—1. Thus, dim(R) = u(R),
which implies R is a regular local ring.

(=) Suppose R is a regular local ring, so dim(R) = p(R), then dim(R/zR) =dim(R) — 1.
Since x ¢ m?, u(m/(xR)) = p(R) — 1. Thus, dim(R/xR) = pu(R/xR), which implies R/zR
is a regular local ring. O

Proposition 11.3. If R is a regular local ring with dim(R) = d and m = (x1,...,x4). Then
Ti,...,%q 18 a reqular sequence.

Proof. Suppose R is a regular local ring. We want to prove by inducting on d.

When d = 1, then x; # 0. Since R is a domain, z is regular.

When d > 1, z; ¢ m?, x; is nonzero divisor since R is a domain. Again, R/(z;R) is
a regular local ring, so Ty,..., T4 is a regular sequence in R/(z1R) by induction. Thus,
x1,...,xq is a regular sequence. O

Theorem 11.4. Suppose (R, m) is local, dim(R) = d, then the following are equivalent:
(1) R is a regular local ring.
(2) pdr(k) is finite where k = R/m, i.e. R/m has a finite free resolution.
(3) pdr(M) is finite for all finitely generated R-modules M, i.e. all finitely generated
R-modules have a finite free resolution.

Proof. (1) = (2): Suppose R is a regular local ring and m = (z1,...,z4), consider the
Koszul complex on x1,...,x4:

0 ’Cd s lCl IC() R/m —=(
which is exact, since R is regular local, and thus z1,...,z4 form a regular sequence. Then

we have the diagram

d
d

0—p@ o pE) . p® Rr(®) R/m 0

so pdgr(k) < 0.
(2) = (3): Let M be a finitely generated R-module and suppose pdgr(k) < oo, then there
exists n such that Tor;(k, M) = 0, for all i > n and M. Take a minimal free resolution

F.... Fi ¢¢+1Fi bi Fy fi-1

Ff——i—— Fy—> M ——0
Tor;(k, M) = 0, for all ¢ > n. Tensor with £ = R/m to get an exact sequence

bit1 ?;
oo Fra fmFry — = By fmF, =" Fyy fmfy oy ——
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Since ¢; and ¢; 11 have entries in m, ¢, = ¢;,, = 0, for i > n. We have ker(¢;) = F;/mF; and
im(¢;q) = 0. 0 =Tory(k, M) = ker(¢;)/im(¢;,,) for i > n, which implies F;/(mF;) = 0,
then F; = mF;, which implies F; = 0 by Nakayama’s lemma. Thus, we have pdr(M) < co.
(3) = (1): Consider the case M = k. Suppose pdr(k) < oo, take x € m\m? such that
x is non-zero-divisor and x - £ = 0. Then by the proposition 9.7, pdr/r)(k) < co. Then
by induction, we can show that R/(zR) is a regular local ring. So by Corollary 11.2, R is a
regular local ring. O

Corollary 11.5. If R is a regular local ring and Q) is a prime ideal of R, then Rg is reqular.

Proof. Since R is regular, R/ has a finite R-free resolution by R-modules. We then localize
at () to obtain a finite Rg-free resolution of Rg/QRg = (R/Q)g. Thus, Rg is regular by
Theorem 11.4. O]

12 Stably-free Modules

In this section, we introduce the definition and some propositions of stably-free modules
that we need to use for the proof of the main theorem. The goal for this section is to show
that if R-module P is stably-free with rank 1, then P is free.

Definition 12.1. R-module P is stably free if there exists free modules F,G such that
F=GaoP.

The following proposition connects projective modules and finite free resolutions that we
learned on section 9 to stably-free modules.

Proposition 12.1. Suppose P is projective and there exists finite free resolution

¢n ¢n71 .

() : 0 —=F, -~ F, 4 J Iy S 0

then P is stably free.

Proof. We prove by inducting on n. When n = 1, we have an exact sequence

0 F Fy—=P 0

By Corollary 9.4, we have Fy = F} @ P. Since Fy and I} are free, P is stably free.
When n > 1, we have

0 F, -2 K 0

with K = ker(m), is a finite free resolution. If K is projective, then stably free by induction.
Consider the exact sequence

0 K o P 0.

So Fy =2 K@ P. Since Fy is free, so is K & P, which implies K is projective, then K is stably
free. So there exists F, G free modules such that F' = GG K, then FydG = GHKOP = FOP.
Since Fy, F, G are free, P is stably free. O
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Lemma 12.2. Suppose there are column vectors vy,...,v, € R", A = [v1,...,v,] as a
matriz. Then {vi,...,v,} is a basis for R"™ if and only if det(A) is a unit in R.

Proof. (=) Suppose vy, ...,v, is a basis for R™. Let ej,...,e, be the standard basis, then
bi1

612611U1+“'+bn1’0n=>61:A

62:b127)1+"'+bn21)n:>€2:14

bln
an
en:blnvl+"'+bnnvn:>€n:14 .
bnn
Then B = (b;;) = le1,...,en] = A- B, where I, = [ey,...,e,]. Thus, 1 =det(A)-det(B),
which means det(A) is a unit in R.
(<) Suppose vy, ...,v, € R™ and det(A) is a unit in R, then there exists C' such that
I,=A-C.So R"=(e1,...,e,) C(v1,...,0,). Thus, {vy,...,v,} spans R".
(&1 0

Let ryvy +---+7r,v, =0, then A

T 0
1 0
T2 0
Since A is nonzero and invertible, | | | =
T 0
Thus, vy, ..., v, are linearly independent. Therefore, {vy,...,v,} is a basis for R". [
Theorem 12.3. Suppose R" = GOK , where G is free of rank (n—r) and {vy,...,v,_.} C R"
1s a basis for G. Then K 1is free of rank r if and only if the columns vy,...,v,_, can be
extended to an invertible matrix, in other words, can be extended to a basis of R™.

Proof. (=) Suppose K is free of rank r, then there exists wuy,...,u, € K is a basis for
K. Since R* = G & K, {v,...,0y_r,u1,...,u.} is a basis for R". By Lemma 12.2,
det([v1, ..., Un_p,u1,...,u.]) is & unit. Thus, vy,...,v, . can be extended to a basis for

Rn
(<) Suppose vy, ..., Uy_p, W1, ..., w, are such that [vy,... v, w1,...,w,]is invertible, then

{v1,.. ., Un_p,w1,...,w,} is a basis for R". We write w; = w; + k;, where u; € G, k; € K.
Take k € K, then

k=av+ -+ an v +bi(ug + k1) + -+ b(u, + k).
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So we have k — (biky + -+ byk,) = a1v1 + -+ + @y Uy + byug + - - - + bpu,.

Since GNF =0, k—(bik1+- - -+b,.k.) = 0. So k = (bik1+- - -+b.k,.), then K = (ky,... k).
Thus, (vi,...,0p—r, k1, kp) = R*, let A={v1,..., 00—, k1,..., kr}.

Again, let ey, ..., e, be the standard basis, then

C11
c
€1 — A ?1
Cnl
C12
c
€y = A ?2
Cn2
—Cln
Con
€n = A 2
Cnn
So we have I, = A-C. By Lemma 12.2, A is invertible. So the columns are basis for R",
which means ki, ..., k. are linearly independent. Thus, {ki,...,k.} is a basis for K. ]

Lemma 12.4. If P is stably free with rank 1, then P 1is free.

Proof. Suppose P is stably free with rank 1, then we can write R* = R" ! @ P. Let
Vi,...,Un_1 € R"is a basis for R"~!. We want to show that vy,...,v,_; can be extended to
a basis for R". Let m be any maximal ideal. Since R" = R"~! @ P, we have

k" = R"/(mR") = R"'/(mR"™") ® P/(mP),

where k = R/m.

We then let Ty,...,7, 1 be a basis for R"™!/(mR"!) as column vector in k", then rank
C =[v1,...,0,_1]isn—1. Sosome (n—1)x (n—1) submatrix of C' has non-zero determinant,
then some (n — 1) x (n — 1) submatrix of [vy, ..., v, 1] is not in m.

Let A; be the (n — 1) x (n — 1) minor obtained by deleting the i*" row of [vy, ..., v,_1].
Then we have I = (Aq,...,A,)R = R, so there exists ay,...,a, € R, such that

a1A1 — GQAQ S R (—1)”anAn = 1,

a V1 o Up—i
a2
which means A =
an
Thus, det(A) = a;A1 — asAgy + -+ + (—=1)"a, A, = 1. So we know that A is invertible.
Therefore, vy, ...,v,-1 can be extended to a basis for R" O
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13 Main Theorem

Theorem 13.1. Suppose R is a Noetherian ring. If R is a reqular local ring, then R is a
unique factorization domain.

Before the proof, let us learn some history about the theorem. This theorem is called
Auslander-Buchsbaum theorem. And it was first proved by Maurice Auslander and David
Buchsbaum in 1959.

Prior to the result, Zariski proved that if every complete regular local ring of dimension
3 is a unique factorization domain, then every complete regular local ring is a unique factor-
ization domain. In addition, Mori and Krull proved that a local ring is a unique factorization
domain if it’s completion is a unique factorization domain.

In 1958, Nagata proved in [3] that if every regular local ring of dimension 3 is a UFD,
then every regular local ring is a UFD. And then in 1959, Auslander and Buchsbaum proved
in [4] that every regular local ring of dimension 3 is a UFD.

Proof. Since R is a regular local ring, R is an integral domain. Assume dimR = d, then we
can induct on d.

If d=0, R is a field, so is a UFD.

If d = 1, the maximal ideal m = (a) where a € R is prime. Then every prime ideal
contains a principal prime, by Theorem 5.6, R is a UFD.

If d > 1, R is Noetherian. Let us take z € m\m?, so x is prime. By Nagata’s Lemma,
it suffices to show that R, is a UFD. Now, let us choose a height one prime P, in R,. We
then want to show P, is principal.

We claim that P, is a stably-free R,-module of rank 1. Indeed, first take a finite free
resolution of P over R

0 E, F,_4 e F £y P 0,
then localize the resolution at x to get

0 (Fn)m (Fn—1>r (Fl)a: (F(])zﬁpmﬁo

For the claim, we first want to show P, is projective using Proposition 9.6. Take @) C R,
be prime, then Q) = @/, for some prime @' C R with x ¢ (', and Ry = (R;)q is a regular
local ring by Corollary 11.5.

If P,  Q, then (P,)g = (R.)g = Rg is a free Rg-module, which implies P, is projective.

If P, C @, then (P,)g = Py C R is a height 1 prime in Ry, where R has dimension
less than d. By induction on d, (P,)g = Py is principal, i.e. free of rank 1 over Rg, so
P, is locally free over R,, which implies P, is projective by Proposition 9.6. Thus, P, is
projective and there is a finite free resolution of P,. Since P C R with rank(P) = 1, then
by Proposition 12.1, P, is a stably free R,-module of rank 1.

Therefore, by Lemma 12.4, P, is free of rank 1, which implies P, is principal. So by
Theorem 5.6, R, is a UFD. Then by Nagata’s Lemma, R is a UFD. [
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