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ON THE GENERATION OF STABLE KERR FREQUENCY COMBS
IN THE LUGIATO-LEFEVER MODEL OF PERIODIC OPTICAL
WAVEGUIDES*
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Abstract. We consider the Lugiato—Lefever (LL) model of optical fibers. We construct a two
parameter family of steady state solutions, i.e., Kerr frequency combs, for small pumping parameter
h > 0 and the correspondingly (and necessarily) small detuning parameter, o > 0. These are O(1)
waves, as they are constructed as a bifurcation from the standard dnoidal solutions of the cubic
nonlinear Schrédinger equation. We identify the spectrally stable ones, and more precisely, we show
that the spectrum of the linearized operator contains the eigenvalues 0, —2«, while the rest of it is a
subset of { : ®u = —a}. This is in line with the expectations for effectively damped Hamiltonian
systems, such as the LL model.
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1. Introduction. Optical frequency combs are a series of precisely spaced, sharp
spectral lines, which provide a new level of capabilities in the field of precision mea-
surements as well as many other exciting applications. The discovery that these Kerr
combs can be generated by a special class of microresonators, called whispering gallery
mode (WGM) resonators, has recently renewed physicists’ interest in this already ac-
tive area of research [2, 12, 13, 16, 14].

Mathematically, this is modeled by a variant of the Lugiato—Lefever equation, in-
troduced in 1987 in [13]. The equation, which is a version of the nonlinear Schrédinger
equation that includes driving, damping and detuning, was shown to be the appro-
priate spatiotemporal model for Kerr-comb generation in whispering-gallery-mode
resonators (see [3]). There are numerous papers dealing with the model derivation,
as well as further reductions to dimensionless variables (see, for example, [15, 7, 14]
among others). The model equation, considered in [5, 6] as well as [17, 18], is given
by

(1.1) Yt + Bvze + (v +1i0)9 — ily|*y = F.

Here, one distinguishes between the cases § > 0 and 8 < 0, the former one being
the case of standard dispersion, whereas the latter is referred to as anomalous disper-
sion (see [5, 6] for further discussion). The other parameters have distinct physical
meaning, which is explained below, for a slightly more specific version of the model.
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In this work, we shall be concerned with the model with anomalous dispersion
B < 0. In addition, it is convenient, after several equivalent scaling transformations, to
reduce to an equivalent format, which works better for our purposes. More precisely,

(1.2) {iut—i—um—u—&—2|u|2u:—iau—h,t>0,—T<x<T,

u(t,=T) =u(t,T),u'(t,-T) =u'(t,T)

shall be referred to as the Lugiato—Lefever (LL) equation. Here, u denotes the field
envelope, a (complex-valued) function, ¢ is the normalized time, and x is the azimuthal
coordinate, while a > 0 is the detuning/damping parameter and the normalized
pumping strength parameter is A > 0. It is important to state that T is a fixed
parameter, which shall be kept fixed throughout.

We are interested in time independent solutions, that is, frequency/Kerr combs
u(t,z) = p(z) and their stability, as solutions of the full time dependent problem
(1.2). These satisfy the time-independent equation

(1.3) — "+ =2p*p =iap+h,-T <z <T,

where ¢ satisfies the periodic boundary conditions.

A few words about the range of the parameters. Physically, it is preferred that
the pumping parameter h be small. In fact, the case h = 0 is used by many authors as
a bifurcation point to construct such waves, starting with a “good” solution at h = 0.
On the other hand, in a recent paper [14], the authors have studied the relationship
between o and h, which supports the existence of Kerr combs. The case a = 0
offers another useful starting point for bifurcation analysis, when h # 0. This point
of view is explored via formal methods in [16], by using the approach in [1], in the
related context of the forced nonlinear Schrédinger equation (NLS) model. Similar
construction was carried out in the periodic case in [19], since one can write an explicit
solution in the case o = 0 in terms of Jacobi elliptic functions.

In the periodic setting, there are numerous recent developments as to the existence
(and, subsequently, stability) of periodic solitary waves, which are close to constants,
both in cases of standard and anomalous dispersion. In [19, 18, 17, 5, 6], the authors
have studied stationary solutions of (1.1), close to constants. More precisely, in [5, 6],
the close to constant periodic solutions have been constructed, by means of bifurca-
tions close to points of Turing instabilities. In [17] the authors proved asymptotic
stability of close to constant solutions, given their spectral stability.

In the whole line case, two families of explicit solutions were explicitly found in [1]
for the case a = 0. Their spectral stability was also discussed there, in the setting of
forced NLS—one family was found to be unstable, whereas the stability of the other
family was left as an open question. To the best of our knowledge, no solutions of
(1.3) have been constructed, when o # 0,h # 0, so this seems to be an interesting
direction for future research.

Our goal in this paper is to explore the existence and the stability properties of
the solutions of (1.3), in the physically relevant regime 0 < h << 1. Mathematically
(and also from a physical perspective), it turns out that « is also necessarily a small
parameter; in fact a ~ h. In addition, we are looking for large solutions close to the
standard dnoidal solutions for NLS, with o = a = 0, as these are well-known in both
the theoretical context and also easily physically realizable. Most importantly, we
are interested in such solutions that are dynamically stable as solutions of (1.2). We
achieve all of these goals, by first constructing a family of such solutions, as long as
the necessary conditions on «, to be established below, are met. Next, we provide an
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explicit characterization of their spectral stability; in fact, we provide a fairly explicit
description of spectrum of the linearized operator, which should be useful in further
studies of its semigroup properties. We postpone these considerations for a future
publication.

1.1. Construction of stationary solutions. It will be important to under-
stand the behavior of the solutions of (1.2) in the case when one of the parameters is
zero. This is interesting in itself, but it will also give us important clues as to what is
important (and reasonable to expect) in the case of interest 0 < a, h << 1.

PROPOSITION 1 (h = 0 does not support stationary solutions). The equation
(1.4) ¢ —p+2plo+iap=0,-T<z<T

does not have nontrivial periodic classical solutions @, .

In the case h > 0, @ = 0, one looks for spatially periodic, time-independent
solutions of (1.2), u = ¢(x). That is, we look to solve the equation

(1.5) ' —po+20°=—h, -T<z<T.

PROPOSITION 2 (the stationary waves for a = 0,h > 0). There exists hg > 0,
so that for each h : 0 < h < hg, there is a one parameter family of solutions . of
(1.5), where ¢ is a real-parameter, so that the quartic equation

(1.6) 2 =224 2hz+¢=0
has four different real roots. We have the following explicit formula for it:

Ca(Gs—C1) + Gi(Ca — §3)8n2(%, K)
(3 —C1) + (Ca— C3)5n2(%, k)

(L.7) plx) =

where (1 < (2 < (3 < (4 are the roots of the quartic equation (1.6) and

W2 (Ca = ¢3)(C2 — C1) = 2 _
V(G —&)(G—G)

(G — )G —¢)’

The function ¢ is 2T periodic, with T = Ty, . = /gK(k), which is a continuous
function of ¢, h. Finally, for small enough h, there are 2T periodic solutions with
period satisfying

(1.8) Te (2’3/47r+0(h),2’%% +0(1))).

Remarks.
1. In the case h = 0, one sees that the parameter ¢ must range within (0, %) and
we may explicitly compute the roots as follows:

b= = [T ==y [T

After some algebraic manipulations, the solution for h = 0, ¢q, turns out to
be a rescaling of the standard dnoidal solution of the cubic NLS, parametrized
by ¢, to account for all possible periods T = T'(c) € (27%/4m, o0).
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2. For small h # 0, one needs to require ¢ € (0, 2) +O(h). In addition, a better
parametrization is via m = min_r<,<7 p(x), where m € (O,%). More

precisely, one can write
(1.9)

G=—V1—m2+0(h), & =-m+O0(h), ¢s=m, (4 =/1—m?+O(h).

We now turn to a necessary condition for the existence of the waves, when both
parameters are nonzero, h,« > 0. Our first result in this direction states that if A is
small and ¢ is an O(1) solution, then o = O(h).

PROPOSITION 3. Let 0 < h << 1. Assume that (1.3) has a solution p. Then

V2T

N ||‘P||Z21[_T7T].

For the proof, take a dot product with ¢ = @1 +i¢y in (1.3). Then, since its left-hand
side is real, taking imaginary parts results in

T
allg|? = / ea(o)do < VAT

Thus, if ||¢||z2(—7,7) = O(1) and T' = O(1), we have that a = O(h).

Now that we know that o = O(h), we take the ansatz o = aph per Proposition
3. Our next result describes the existence of waves for 0 < h << 1, a = agh, which
only holds for a specific range of values ag.

In order to state the result, fix the period 27" and for small enough h > 0, denote
©p to be the solution produced in Proposition 2. Indeed, as we will show in the proof
of Proposition 2, for a fixed and sufficiently small A and T inside the prescribed range,
(1.8), there is a ¢ = ¢(h), for which there is a solution ¢, with the prescribed period.
Note that for h = 0, one obtains the classical dnoidal solutions, g, as discussed
earlier. With that, introduce the self-adjoint operators £, with domains H?[-T,T],

Lip=—024+1-6p3,
Lo =—-02+1-2p7,
Ly =Ly,

which will be important for our arguments in what follows. The next result is the
main existence result of the paper. Note that all implicit constants will depend on
the fixed period T.

THEOREM 1. Let ap: 0 < g < f‘lw’f”“g. There exists ho = ho(ag) > 0, so that for
every h : 0 < h < hg and o := agh, there exists a stationary solution o = Ya1+1Pa,2
of (1.3) and there is the following Taylor expansion formula for it:

b

(110)  par= (a0 + PHDE+O0) ) o + W0+ Oy (1),
Q

(1.11) P = (bo — ShD§ + O(hQ)) o+ hUY + Oy (h2),

where ¢ = Oyyyyr (R?) denotes a function, with ¢ L o : ||qllp2j—rm) < Ch?. In

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/24/21 to 129.237.35.237. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

STABLE FREQUENCY COMBS IN PERIODIC WAVEGUIDES 481

addition, there are the following relations:

loll? loll? (Lpo)*
ap = o0g , bo=ag ,00 =% —ag;
(1, ¢0) (1, ¢0) lloll* 0
Do _ 8<90(2)L11[1]7L:1[b0 — aoo])
2 <17¢0> 7

WY = af L7 [1] + bo L= " [bo — ciopol;
\Ifg = aoboLll[l] — aoLil[bO — a0<p0].

Remarks.

1. Note that there are two solutions constructed in Theorem 1—one for og > 0
and another for op < 0.

2. Note that by Proposition 5 below, Ker[L_] = span[po], Ker[L4] = span[p}].
Therefore, the expression L~! [bo— o] is well-defined, since by the definition
of by, we have that by — agpo L Ker[L_]. Similarly, 1 L Ker[L,], whence
L7'[1] is well-defined.

3. The theorem applies under the more general ansatz o = agh + O(h?). In
fact, since its statement is of first order in h, the proof in this more general
case goes without any changes or modifications.

1.2. Stability of the stationary solutions. Before we discuss our stability
results, let us emphasize that all of them are regarding spectral stability with respect
to co-periodic perturbations—that is, the perturbations are taken to be 27T periodic.
The question for stability in the spaces with more general periods 2nT,n = 2,...
or more generally with localized perturbations is undoubtedly interesting and highly
nontrivial, but it falls outside the scope of this paper.

Our first result is regarding the instability of ¢y, for a = 0.

PROPOSITION 4. Let « = 0. Then, for all sufficiently small values of h : 0 <
h << 1, the waves (1.7) are spectrally unstable solutions of (1.2), with respect to
co-periodic perturbations. Moreover, the instability presents itself in the linearized
operator by a single real unstable eigenmode.

The proof of Proposition 4 is presented in section 2.4 below. It is a direct conse-
quence of the spectral properties of the operators L 5, presented in Lemma 1 below,
and the instability index count.

Regarding the waves constructed in Theorem 2.1, we have the following complete
characterization.

THEOREM 2. Let h, o, o be as in Theorem 1. Then, @, ts spectrally stable with
respect to co-periodic perturbations if and only if

<17 900>2 o 042
lpoll* 7°

o) = —

In addition, in the stable case, the spectrum of the full linearized operator has two
real simple eigenvalues 0 and —2«, and the rest of the spectrum is on the vertical line

{p: Ry =—a}.
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(1,00)2
[lpoll*

single real unstable eigenvalue in the form povh + O(h), where!

In the spectrally unstable case, which occurs for oy = — a2, there is a

aoll4ol|?

— > 0.
—<L+19007<P0>

Mo =

We briefly explain our approach toward the proof of Theorem 2. It turns out,
rather unsurprisingly, that the linearized problem looks like a damped version of the
linearized NLS. This is manifested in the form of the linearized operator, N}, — «,
with J* = —J, N = N, (see (4.1) below). Note that this looks like a standard
Hamiltonian linearized operator, moved « units to the left. Since the translational
symmetry persists even when both « # 0, h # 0, the system keeps its zero eigenvalue
due to the translational invariance. More concretely, a simple differentiation in the

profile equation yields (JN, — a)(i?’l) = 0, while Hamiltonian symmetry dictates
«@,2

another eigenvalue at —2a. These are the movements of the algebraic multiplicity two
eigenvalue at zero (with one eigenvector and one adjoint), present at a = 0, due to
translational invariance. These arguments account for the translational eigenvalue(s)
for the case 0 < h << 1, = apoh.

For the original Schrédinger problem, with o = h = 0, there is a modulational
invariance, i.e., u — e"u preserves solutions. In its linearized operator, one finds
another pair of eigenvalues at zero, again with one eigenvector and one adjoint. Once
h > 0, modulational invariance is broken, but as we are still close to the problem for
h = 0, this double eigenvalue is expected to move close by. The main focus is then on
the movement of this pair of eigenvalues.

We show that there are two scenarios—for the wave ¢, with oy > 0, the modula-
tional eigenvalue splits into a pair of positive and negative real eigenvalues, of order
O(\/E), so it presents itself as instability even after taking into account the damping,
which moves the spectrum to the left @ = agh units, thus still resulting in instability
since vVh >> h.

In the other case oy < 0, the multiplicity two eigenvalue at zero for h = 0 splits
into a pair of two marginally stable eigenvalues, with negative Krein signature. At
the same time, the self-adjoint operator Ny has initially only one negative eigenvalue
and an eigenvalue at zero, generated by the modulational invariance, and in fact
No(%) = 0. After we turn on the h > 0, we show that the zero eigenvalue moves to
the left, creating a second negative eigenvalue for Ay, so n(N}) = 2. This presents
an interesting stability configuration—while it has two negative (potentially unstable)
directions for NV}, we encounter two marginally stable eigenvalues with negative Krein
signature, which allows us to conclude spectral stability, by instability index count.

Let us mention that an approach similar to the one offered here definitely fails in
the case of periods 2nT,n = 2,.... Even for the standard case of the cubic NLS, the
stability of dnoidal waves in the spaces L*[—nT,nT] [4, 8] uses additional structure,
like higher order conservation laws, available only for this specific model. This is
unlikely to work in this case, so we leave this question for future investigation.

The plan of the paper is as follows. In section 2, we start with the details of the
construction for the case & = 0,h > 0 and the nonexistence of stationary waves for
h = 0, > 0. Then, we present the spectral properties of the linearized operators

INote that by Proposition 5 below, the expression under the square root is positive, since
(L1 0, %0) < 0.
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L—most of them are well-known from previous investigations, but a few are not
and are necessary for our arguments.? Next, we extend some of these results by
perturbative methods to the waves ¢}, and the operators L4 ;. This allows us to
show rigorously the instability of the waves arising for a = 0, namely, ¢y, and we can
in fact compute its single unstable mode to its leading order O(\/E) In section 3, we
proceed with the construction of the waves in the case 0 < h << 1, = agh.

We perform first an informal analysis of the problem. In particular, we show
solvability of an appropriate formally linearized system, which then allows us to set the
nonlinear problem in a way so that the implicit function theorem applies rigorously—
to establish the desired existence of ¢, . In section 4, we study the linearized stability
of the waves @, as explained above.

2. Preliminaries. We first present the proofs of Propositions 1 and 2.
2.1. The stationary waves for h = 0,a > 0 and h > 0,« = 0.

Proof of Proposition 1. Let ¢o = a1 + i@a,2 be a solution of (1.4). Then, we
have

90:;,1 — Qa1+ 2(0% 1 + 0% 2)Pan — @Paz =0,
(2.1)

Poz — a2 + 2002 1 + 02 2)Pa2 + a1 = 0.

Denoting the second order self-adjoint differential operator L := —92 + 1 —
2(p2 1 + @2 2), we see that (2.1) is a relationship in the form

Lipa,1]) = —apa,2,
L[(pa,2] = 0Pq1-

Thus, applying L to to first equation, we obtain L?[p, 1] = —a?p,1. By taking a
dot product with ¢, 1, we obtain

0< ||L<Pa,1H2 = <L2[90a71]7‘:0a,1> = _0‘2||800¢,1||2 <0,

which is a contradiction. 0

Proof of Proposition 2. We integrate once (1.5) to get
(2.2) P = ¢t +¢® —2hp -,

where ¢ is a constant of integration. Recall that our interest is in the regime 0 <
h << 1. We demand that (; < (3 < (3 < (4 are four real roots of the polynomial
2* — 22 4+ 2hz + c. Then, we rewrite (2.2) in the form

(2.3) ¢ = (G —9)p = C)p =) (e = G).
The solution of (2.3) is given by (1.7), where

G+ G+G+G=0,

(2.4) C1G2 + €13 + C1a + (23 + C2Cs + (3¢4 = —1,
’ C1€2C3 + €1G2Ca + C2(3Ca + (1(3Cs = —2h,
C1¢2(3¢ = c.

2Some of the more technical calculations are actually left for the appendix; see Proposition 8.
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These are the solutions that we shall be interested in. These solutions have been
found in the Lugiato—Lefever context in [1] and [16] (see also [15]). In the whole line
case, the explicit formulas appear, for example, in [1].

The current construction gives us a parametrization in terms of ¢,h. We now
comment on the range of ¢, for which the condition that the polynomial 24 —224-2hz+c
has four different and real roots. At least for h = 0, this is easy to characterize.
Namely, the quartic has four real roots exactly when ¢ € (0, ). Then, for 0 < h << 1,
we clearly must require that ¢ € (0, 1) within an error of O(h).

For future purposes, however, it will be beneficial to parametrize the waves in
terms of a different set of parameters m, h, where m = min_r<,<7 ¢(z). In fact, m is
exactly the root ¢3 above, since the explicit solution ¢ varies in the interval [ps, 4],
and hence ¢ = —m* + m? — 2hm.

We proceed as follows—set ¢ = m + 1 in (2.2), whence we require that ¢ > 0
and we obtain the following equation for :

(2.5) ()2 = p[—p> — dmyp? + (1 — 6m?)eh + (2m — 4m> — 2h)].

In order for such ¢ to exist, we clearly need (2m — 4m? — 2h) > 0, that is, m €
(0, %) within O(h). Note that this is consistent with the relations ¢ € (0, 3) and
¢ = —m* + m? within O(h). In addition, the polynomial z — —z% — 4mz? +
(1 — 6m?)z + (2m — 4m3 — 2h) has a positive root—denote the smallest positive
root by 1. In this case there is unique solution to the equation

(2.6) ¥ = —/Y[—¢3 —dmap? + (1 — 6m2)Y + (2m — 4m3 — 2h)],-T <z < T,

which satisfies the following:

e ¢ is even, decaying in [0,7] (and so ¢'(0) = 0),

e 0(0) = s — b3, W(T) = 0,
since ¥(0) = p(0) — m = ¥, — 3. Now, it is much easier to parametrize the roots
(1,-..,C4, which will be useful in what follows. Take again h = 0, and then the final
result will be within O(h). We have the equation

222 =—c=m*—m?.
This has solutions 21 2 = +m, z3 4 = £v/1 — m2. By the restriction, m € (0, %), we

have that v/1 —m?2 > m, whence we arrive at (1.9).

We now compute the range of the T' =T, . As it is a continuous function of ¢, h,
it will cover an interval, so we aim at computing its endpoints, modulo errors O(h),
as h will be small in the applications. It is worth rewriting an equivalent definition of
the roots, in order to discuss the asymptotics of x, g, which enter the formula for the
period. We have

44\/;+\/i‘32h<4’ Cs\/;\/iCQth,
sz—\/;—\/i—C—Qh@a @:—\/;ﬂ/i—c—%cl.

Clearly, as ¢ — %, we have that &4, — % + O(h), &,& — —% + O(h), so

& — O(h),g = V24 O(h). So, using that lim,_, K (x) = Z, we conclude that in this
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limit, limc_,% eh = 2-3/47 4+ O(h). For the other limit, as ¢ — 0 and small enough

h, write
12 GGG —C)
(Ca = G)(¢G —¢1)
Note that (¢4 — (1) = 2+O(h),C4—C2 =14+0(h),(3—¢ = 1+O(h), so g =2+40(h).
Note, however, that

1 1 c+2h
@:%_,/4_0_%@: S > et oG
14/ —c—2n¢

In addition, (3 — (2 > (3. Thus, the expression (3 — (2 is minimized, exactly at
c = 0,(, = 0, in which case (3(0,h) = 2h + O(h?). Plugging this in the formula
To,n = /9K (k(0,h)), we obtain

Ton = 24 + O(h)K (1 — 4h + O(h?)).

Note that since lim,_,o4 2K (1—x) = 7, we conclude that Ty, = 2% 740(1). Thus,
we see that the period sweeps the interval T € (273/47 + O(h),2~ % F+0(1)). O

We now give the basic spectral properties of the linearized operators associated
with ©@h-

2.2. Spectral properties. Before listing these properties, let us state them in
the easier case h = 0, of which we bifurcate as h # 0.

PROPOSITION 5. The linearized operators Ly satisfy the following spectral prop-
erties:
o I._ >0 with L_[<p0] =0, L—|{<,00}L >0,
e n(Ly)=1, Li[py] =0 and 0 is a simple eigenvalue for L.
In addition, the following two relations hold:

<£_T_7109007 <)OO> < Oa <£-T—710[1]v @0) =0.

Remark. The condition (EI}()@O, o) < 01is equivalent to the stability of the wave
©0, in the context of the periodic NLS problem (1.2), with h = 0.

Proof. Note that ¢o satisfies (1.2) with h = 0, and hence L_[gpg] = 0. Since
o > 0, it follows by the Sturm-Liouville theory that L_ > 0 and 0 is the bottom of
the spectrum and £ o[{,03+ > 0.

Next, we show the properties of L. By differentiating the profile equation (1.5),
Ly [eg] =0, that is, 0 is an eigenvalue for L. Since

T
(Lyp.g) = / bz <o,

it follows that L. has a negative eigenvalue. Since ¢, has exactly one change of sign,
it follows that there is a unique simple negative eigenvalue, so n(L;) = 1.

Finally, it remains to show that Ker[L,] = span{p}}. In order to do that, we
will show that the second independent solution of the equation L[g] = 0 does not
belong to the space L2, [=T, T]. Normally, such a solution g can be written down by
the reduction of order formula as follows:

o) = (o) | ' le))dy
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The problem is that such a formula blows up whenever the interval of integration
contains 0. So, we use an alternative description of the eigenfunction, due to Rofe-
Beketov (see [20, Exercise 5.11, p. 154)),

, (2 - 603(1) ((ph(®) — (Ph®)?) , (@)
(x)/o (@2 + @D Y @) + (@)

This function is well-defined and satisfies £4 o[g] = 0. In order to show that the
eigenvalue at zero is simple, it suffices to prove that g is not 27 periodic. Clearly, the
second part of the formula in g is 27 periodic, so we concentrate on showing that the
first piece, g1 (), is nonperiodic. In fact, g1(—1") = ¢1(T"), since ¢((T') = ¢p(=T') = 0.

We show that in fact gj (=7") # g1 (T). Since, ¢ (—=T) = ¢(T) # 0, it suffices to
show that

(2~ 663)) (h(1)? —( (2 - 663 (2h(1))? — (Sl )?)
/o (b )2 + (el @)?) d“é/ (AT CA)D

Since the integrand is even, this is equivalent to

2.7)

/ (2 = 65 (y)) (w6 (y)* — (<P6’(y))2)dy 40,

(¥ (1)) + (¢5(9))*))?

We postpone the verification of (2.7) and the proofs of (L’jr}ogoo,ga@ < 0 and

(E;}Oapo, 1) = 0 to the appendix. The computations are somewhat long and tech-
nical, but otherwise standard. ]

We now continue with our investigation of the behavior of £4 when 0 < h << 1.
By a simple differentiation of (1.5), we still obtain, even for h # 0, L4 p[¢’'] = 0, so
0 is still an eigenvalue. This is of course due to the translational invariance, which is
preserved even after adding h.

2.3. The waves ¢p and their linearized operators L4 ;. In order to set
the stage for our later considerations, it is helpful to observe that given the relations
(1.9),

on =10+ O(h), Ly n=Lio+Op2)(h), N\j(LLn)=j(L+)+ O(h),

where we have used the notation A\g(£) < A\ (£) < ... to enumerate the eigenvalues of
a self-adjoint operator £ bounded from below, in an increasing order. In particular, it
follows that Ao(L4,1) = Mo(L+) +O(h) < 0 for small values of h, whereas A1 (L4 1) =
0, while A\o(L+ ) = A2(L4 )+ O(h) > 0. Thus, the structure of the spectrum for £, ,
is the same as L4 as described in Proposition 5. In particular, the operator £, j has
a one dimensional kernel, spanned by ¢}, and it is hence invertible on the subspace
of even functions.

Our next result concerns the structure of £_j; when h # 0. Note that the
modulational invariance is lost after the addition of h, which is why the zero eigenvalue
for L_ is expected to move away from zero once we turn on the h parameter. Let us
record the formula £_ ¢, = h, which is just a restatement of (1.5). We have the
following lemma.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/24/21 to 129.237.35.237. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

STABLE FREQUENCY COMBS IN PERIODIC WAVEGUIDES 487

LEMMA 1. There exists hg > 0, so that for all |h| < hg, we have the following
formulas:

(2.8) on = g0+ hLT'[1] + O(h?),

T

d

(2.9) Ao(Lop) = Wh +O(h?),

o wo(x)de

T
d
(2.10) o= o+ L7 4313 1)+ A 0Dy oy
fo 900($>dx

where® @p : L p[@n) = No(L— n)@n is the ground state of L_ . In particular, £_ j >
0 for0 < h<<1.

Remark. A simple perturbation argument shows that A (£_ ;) = A (L-)+O(h),
which is well-separated from zero.

Proof. By differentiating with respect to h the profile equation, we obtain
L1 n[Onpn] = 1. As a consequence, since we know Ker[L, ] = span[y}] (and hence
1 1 Ker[L4 1)),

Onpn = L[] + 6,

for some §. We claim § = 0. Indeed, we know that ; is an even function, and so
is Oppp. Clearly L4 ), (and its inverse on Ker[£ ,]*) acts invariantly on the even
subspace, so Cllh[l] is even as well. Thus, the odd piece d¢}, is actually zero, whence
6 = 0. Thus,

(2.11) on =0+ hL 1] + O,

Next, since L_ has a simple eigenvalue at zero, L_ j has a single eigenvalue close to
zero, in the form \o(L_ ;) = ah + O(h?). Say the corresponding eigenfunction is in
the form g + hz, z € H?[-T,T). Thus,

(2.12) L_ plpo + hz] = ah(po + hz).
However, by (2.11),
Lop=—00+1—=2p) =—0241—2¢p5 — 4L} [1]e" + O(h?)
= L_5—4hgoL ]} [1] + O(R?).
By taking the first order in h terms in (2.12), we obtain
L_[z] = 430(2)51’1,1[1] + app.

Now, take dot product with ¢g. Note that since 1 L Ker[Ly 3], we have that £jr’1h 1] =
L7'1] + O(h). Since (L_[2], o) = (2, L_[po]) = 0, we obtain the relation

alleoll® + 4(ph, LT [1]) = 0.

Thus, a = — W‘éHQ <L;1[<pg], 1). However, the profile equation can be rewritten as

L+ [900} = _4S037

Ji po(z)dz

3The quantity (4(,0%[/11[1] + 1T o2 (2)dz

@0) 1 o, whence L:l is well-defined.
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whence L;l[gog] = —iQ@O + 6 and
T
f_T wo(z)dx
a = ﬁ > O
f_T wo(x)dx
Also,
T
B B “po(z)dx
s= 7Y |42 + ff+¢o +0(h),
f_T @O(x)dx
which is (2.10). d

Next, we linearize about ¢y. Let u(t, ) = op(x) + v(t, x), where v is a complex-
valued function. Plugging this in (1.2) and ignoring the contributions of all terms in
the form O(v?), we obtain

—vVat + Vigg — V1 + 6050 = 0,

V1t + Voge — V2 + 2‘;0%'02 =0.

This is clearly in the form

Lin O v\ [ vt
(o e ) ()=

where J = ( % }). Introduce £, := (Lg’h C?.h ). Taking the ansatz (1) — eM(!vr),

— Vg

(2.13) j£h<2 >/\<2 >

Thus, the stability of the wave ¢}, is determined from the eigenvalue problem (2.13).
Following the usual notions of spectral stability, we say that the wave is spectrally
stable if (2.13) has no nontrivial solutions (that is, ¥ # 0), (\, @) : ¥ € H?[-T,T] with
RA > 0.

2.4. Proof of Proposition 4. As an immediate consequence of the results of
Lemma 1, we can conclude the instability for the eigenvalue problem (2.13). Indeed,
we have that n(Ly) = n(L4 ) + n(L_p) = 1, while Ker[£_ ] = {0}, Ker[L4 ] =
span[Oz¢p]. In addition, since (C:}h[achh],achh> > 0, by the positivity of L£_ 4
(whence E:}h > 0), we conclude n(D) = n((ﬁ:}h [0xn], Oxon)) = 0. By the instability
index counting theory, we conclude that the eigenvalue problem (1.9) has a single real
unstable eigenvalue for all small values of h. This completes the proof of Proposition
4.

2.5. A precise asymptotic for the unstable eigenvalue. For the purposes
of the analysis of the full problem (that is, with h # 0, # 0), we need to compute
the unstable eigenvalue of the eigenvalue problem (2.13), at least to leading order in
h.

To this end, for the spectral analysis of (2.13), we are looking to find the pair A =
0,7 = (), which solves (2.13) for h = 0. In other words, we claim that the instability
established in Proposition 4 is due to the bifurcation of the zero eigenvalue, present
at h = 0 and corresponding to the modulational invariance. Due to the Hamiltonian
symmetries, this multiplicity two eigenvalue at zero splits into one positive and one
negative eigenvalues, once h > 0.
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Multiplying (2.13) by J and taking the ansatz v = ¢y, + hz,z € L2, [-T,T)
(and observing that £y j is invertible on the even subspace), we obtain

(2.14) L nlon +hz] = =N2LY [on + hz].
Taking into account L_ p[pp] = h and E__hlh [pn] = L3 o] + O(h), we arrive at
(2.15) h(1+ L_ p[2]) = =N*[L; o] + F(h,2)], F(h,z) = O(h)+ O(z).

It becomes clear that the ansatz for the eigenvalue A must be in the form A = avh +
O(h), whence by taking dot product of (2.15) with ¢y, and taking only O(h) terms

T
(L 0, ) = / po(z)dz.
T

Recalling (L_T_lgao, o) < 0, we derive the formula

f,TT (po(.’ﬂ)dlﬂ

- > 0.
—(L7 0, o)

Furthermore, (2.15) is solvable for small h, by the inverse function theorem. In this
way, we have rigorously shown the following, more precise and quantitative, version
of Proposition 4.

PROPOSITION 6. There ezists hg > 0, so that for all h : 0 < h < hg, the eigen-
value problem (2.13) has the unstable eigenvalue in the form

T
g po@yde ‘T_fO(x)dx Vi + O(h).
—<L+ ®0, o)

Beyond this point A\p, the rest of the spectrum is stable. In fact,
U(Jﬁh) \ {)\h, —)\h} c iR.

3. The construction of the waves for 0 < h << 1,0 < a << 1. We
now proceed with the construction of the waves in the regime where both parameters
h,« are turned on. We henceforth assume h > 0. In addition, we wish to keep the
solutions in the even class.

Let 9o () = @a,1 + ipaq,2 be a solution of (1.2). That is,

Pa,l = Pa,t T+ 2(90371 + 90372)90&,1 = apa2 — h,
(3.1)

Do — a2+ 2(0%1 + 0h2)Pa2 = —Pa
For a more symmetric formulation, introduce
()51 = Pa + Pa,2s ()52 = Pa,1 — Pa,2-
We have the equations
¢1 — P1+ (@7 + @3)p1 = —ada — h,
(3.2)
@y — P2+ (@7 + P3) P2 = g1 — h.
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Introducing the operator £ = —02+1— (33 +¢3) = —02+1—2(¢2 | +¢2 ,), We can
rewrite the previous relations in the form L£[p1] = a@py + h, L[@s] = h — a@;. Apply

L to the first equation. We obtain
(3.3) ~ '

It is now useful to perform some analysis in the regime h << 1. If £ does not
have any eigenvalues close to zero, that is, £2 > 62,6 = O(1), we will have from (3.3)
that ©a.1 = O(h), pa2 = O(h), whence we have £ = —92 + 1+ O(h). In this case,
one can show that (3.3) has (small) solutions, given approximately by

o = h(—02 +1)11] + O(h2),
(3.4) ey = ah(—2 + 1)2[1] + O(?).

So, we have shown the following.

PROPOSITION 7 (existence of small solutions). There exists hg > 0, so that for
all 0 < h < hg,a > 0 there exists a solution of (3.3), in the form (3.4).

Unfortunately, these solutions are not very useful from a practical point of view,
since they are small. On the other hand, one can show that they are spectrally stable
in a straightforward manner. Indeed, this follows once we recall the observation above
that £ = —02 4+ 1+ O(h) is a strictly positive operator. Then, it is easy to conclude
the stability of the linearization around the solutions (3.4).

3.1. O(1) solutions of (3.2)—An informal analysis of the profile equa-
tion. As we have mentioned above, we shall use h as a small parameter, by taking
a := aph,ag = O(1). Next, we assume that (3.2) (or equivalently (3.3)) has a solu-
tion. In addition, we model L to be a small perturbation of L_. In particular, it has
a small and simple eigenvalue close to zero. This is needed in order to produce O(1)
solutions of (3.3). Denote the small eigenvalue by o, = ooh + O(h?), with a corre-
sponding eigenfunction ¢, = ¢¢ + O(h). In addition, the next eigenvalue is positive
and order O(1).

By projecting (3.3) onto 3, and its complementary subspace {¢p, }*, we arrive at
the formula

hU <17¢h> 1
(3.5) ol = 02 ol ¥ +aq1, a1 =0(h),q1 € {pn},
ah 1,
(3.6) oz = (abn) ) gn = O), a2 € {on}™

o2+ a lgn? "

One can in principle continue with the construction of ¢4 1, ¢q,2 based on (3.5) and
(3.6), but it becomes hard to keep track of the expansion of o, in powers of h.
Instead, we will pass to the known waves g, since we have a good understanding of
the operator L_. More precisely, we take the ansatz

(3.7) Qa1 = (ag + arh + O(h?))go + h¥1, Wy L gy,
(3.8) Ya,2 = (bo + bih+ O(h*))po + hW¥a, Uy L ¢y,

Comparing the expansions (3.5) with (3.7) (and (3.6) with (3.8), respectively), we
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have the formula

oo (1,¢0)
3.9 ag = )
) 7+ lol?
(310) bO _ o <17<)00>

o+ of lleoll®
Next, using the form of the operator L, we have
L= =07 +1-2(p21 +¢h,) = =07 +1—2(af + b3)g5 + O(h).

Since we expect that Lisa perturbation of L_, we must require a2 + b3 = 1. This,
together with (3.9) and (3.10), implies that oq is completely determined by ag and in
fact,

(3.11) o5 +af =

We can rewrite (3.2) equivalently as follows:

(312) (‘C - iO‘)ﬁ(S%,l + 9004,2) + (anc,l - @a,?)] = h(]- + Z)

Denoting q := i(¢a,1 + Pa,2) + (Pa.,1 — Pa,2), We can write L=-02+1—|¢? In
addition, ¢ has the representation

(3.13) q = (co+cih+O(h?))pg+h¥, U L ¢,

where clearly co = i(ag +bg) + (ap — bg) can be expressed in terms of ag. For example,
lco|? = 2(a + b3) = 2. Compute

lq1* = |col*h + 2hgRlcoci] + heolco¥ + o ¥] + O(h?) = 295 + hVay + O(h?),
upon introducing Vi := 2¢gR[coc1] + po[co¥ + ¢ V). It follows that
L=-02+1—|q*=L_—hVy +O(h?),
whence (3.12) becomes
(3.14) (L— — h(Vy +iag) + O(h?))((co + c1h + O(h?))po + h¥) = h(1 +1).

In order to resolve this equation, we need to go in powers of h. The terms with power
h® are clearly absent, due to L_[po] = 0, which is just the profile equation. For the
first order in h terms, we have the equation

(315) L VU — (V\I} + iOl())C()QDO =1+:.

Taking (3.15), and its complex conjugate, and in addition the form of Vi and |¢g|? = 2,
we arrive at the system
(3.16)

—02 +1— 44} —c3p? U\ _ (1+i+iaocopo + 2p3coR[coci]
—C53 —07+1—4dgf ) \¥ 1 — i —iagCopo + 2pgcoR(cocr] ) -

Diagonalizing the system leads to the equations

(3.17) L [coW + W] = co + o + i(Co — co) + 8piR[coci],
(3.18) L_[—oW + coWU] = cg — ¢ — i(co + @) — 4icgpp.
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Note that one solvability condition for (3.18) is exactly {co—co—i(co+Co) —4icopo, o)
= 0. Elementary computations show that this is equivalent to by(1, p0) = agl|wol|?,
which is exactly the relation (3.10) and (3.11).

The other relation is that since ¥ L g, we need to have W + co¥ € {pg}+.
This imposes the relation, from (3.17), L} '[eo + & + (G — o) + 8¢piR[cocr]] € {po}+
or equivalently

[co + o + (G0 — co)l{L3 (1], o) + 8R[coci (LT [195], o) = 0.

In fact, since (L7'[1],00) = 0 and (L} '[¢3], wo) = —1{¢0,¢0) # 0, it follows that
R[coc1] = 0. It even looks as if we have one degree of freedom, since ¢; is complex
valued (and hence two parameters are involved). In the actual nonlinear problem,
however, we need to involve a higher order solvability condition for (3.18), which will
finally yield the right number of equations.

3.2. Solutions of (3.2)—Rigorous construction. We now set up the full
nonlinear problem (3.2), with 0 < h << 1, in the equivalent formulation (3.12). More
precisely, armed with the results from our informal analysis, we set the unknown
function

4= Pa1— Pa2+i(Pa1+ ¥a2) € Lf}er.[_Tv T]

in the form
qg=(c+dh)pg+h¥, U L @y, c=ag—by+ilag+bp),

and ag, by are given by (3.9), (3.10), and (3.11) in terms of ag. Note that |c[? = 2

(L,0)
Meoll?
Now that we have set ¢ (and in particular ag,bp), we are looking for a scalar

function d = d(h) and a function W(h) € {@o}+, so that (3.12) holds. We compute
|l = 2¢% + hV + h?[|d29] + o (AW + d¥) + [¥[7],

Also, in accordance with (3.11), we require ag : 0 < ap <

where - -
V = 20 R[ed] + 2p0R[cV]

is a real-valued function as before. Introduce the real-valued function
G =G(d, V) = [d]*@f + o (d¥ + d¥) + ||
We thus have a formula for £ as follows:
L=-024+1—q*=—-0241-2p2 —hV —h?’G =L_ —hV — h?G.
Plugging this into (3.12), we obtain the following relation:
(3.19) (L_ —h(V +iag) — h2G)[(c + dh)po + h¥] = h(1 + ).
After some algebraic manipulations, we obtain
(3.20) L_W —c(V +iag)po — (141) — h[(V +iap)(dpo + W) + cpoG] = h*G(d, ¥) V.

Similar to the derivation of (3.16), we take (3.20) and its complex conjugate to obtain
the following nonlinear in h system of equations:

—024+1—4p3 —c?p} U\ _( 1+i+iagepy + 203 cR[cd)
&%} 02 +1 — 4 T 1 — i —iagepo + 2p5cR]cd]

+h< (V +iag) (dpo + V) + cpoG ) N 2< G(d, ¥)T )

(V — iao)(d@o + \I/) + EWOG G(d, \IJ)@
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Diagonalizing yields the equivalent equations

(3.21) Ly[eV + V] = dag + 8pR[cd] + hEy (h,d, V)
(3.22) L_[—¢¥ + c¥] = 4i(by — agipo) + 2ih[VeS|ed]

+ VS[eW] — appoR[cd] — apR[eV]] + h2Es,
where F4, E5 are smooth functions of the respective arguments. This is the system
that we need to solve—that is, the goal is to find a neighborhood (0, ho), so that for
every h € (0, hg), there is a scalar function d = d(h) and a function ¥ = ¥ (h) € {po}+,
so that the pair satisfies the previous two relations.

To that end, we shall use the implicit function theorem. It is clear that it is more

convenient to introduce two real variables* Dy := R[cd], D2 := S[cd]. Clearly, the

system requires some solvability conditions. We have already established that with
our choice of ¢, we have that

c—C— Z(C + E) — 4i0[0(p0 1 ©o-
So, from (3.22), we need to require
0= (VoS(cd) + VS[e¥] — appoRfed] — agR[e¥], o) + O(h)
= <D2V<p0 — Diagpo + V%[C\I/], QD()> + O(h).

In the last identity, we used that ¥ L ¢q, whence by the reality of ¢g, we have that
U 1 ¢ as well (and thus any linear combination of ¥, ¥ is perpendicular to ¢g).
Thus, we end up requiring

(323) <D2V(po — Diagpo + VS[C\I/], g00> + O(h) =0.
Since ¥ + c¢¥ L ¢q , we need to have
0 = dao(L;'[1], o) + 8D1 (L3 [¢3]. 1) + O(h).

Recalling that (L7'[1],¢0) = 0 and Ly[po] = —4¢3, whence L[] = —1ipp and
the previous relation reads

(3.24) — 2Dy (o, 1) + O(h) = 0.

The analysis so far allows us to solve the system (3.21), (3.22) for h = 0. Namely,
from (3.24), we infer that

(3.25) DY =0.

The next step is to find ¥°, from (3.21) and (3.22), at h = 0. Inverting L in (3.21

and L_ in (3.22) and taking the difference, and taking into account that R[cd] =
DY + O(h) = O(h), we obtain®

0_ dagL 7 [1] — 4L~ by — aoepo]
2

Note that ¥° L g (as it should be), since L3 '[1] L ¢o, and Image[L='] L .

(3.26) W = caoL ' [1] — icL="[by — aopo).

4Recall that c is already fixed in terms of ag, so finding D1, D3 is akin to finding the complex
number d.
5Recall that by — apwo L o, so taking LTtis justified. Similarly, with the definition of D in

(3.25), taking L_;l is justified as well.
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Finally, we use (3.23) to determine DJ. We obtain the formula
(3.27) DYV 00, p0) = —(S[clq], Vo).
We clearly need to compute R[cW¥o], S[c¥o]. We have from (3.26),

%[C\i/o] = 2@0.[/;1[1},
%[C\Ilo] = 2L:1[b0 — Ozog@o].

According to its definition

VO = V(O, \Ifo) = Q@gD? + (Po[C\I;O + 5\110} = 2@0%[0@0] = 2@0@0.[/_7_1[1].

Consequently, since L' [p3] = — 10,
(3.28) (VOp0,00) = dao (i, L [1]) = —ao(1, o).
Finally,

(S[eWo], VP%0) = Bao(w§ L3 [1], L= [bo — anwo]).-
From (3.27), we deduce

(3L (1], L= [bo — aoeo])
<17 QOO> .

To recapitulate, we have determined, in (3.26), together with D, DY as deter-
mined above, the unique solutions of (3.21) and (3.22), when h = 0. We now set
up the implicit function argument, which will work in a neighborhood of the solution
h =0, ¥ given by (3.26), and DY, DS.

First, we set the solvability condition arising in (3.22), namely, the scalar function®

(3.29) Dy =38

Ql(h; U Dy, DQ) = 2i<D2V(D1, \I’)QOQ + V%[C\I/} — appo Dy — Oéog[c\i/], (p0>
+ h<E2(h‘7 \117 Dla D2)7 300> = 2Z<D2V(D1a \I/)QDO + V(Dla lII)S[clI/] - aO@ODh ()00>
+ h<E2(h7 \Ilv D17 D2)7 SOO>7
where V (D1, V) = 2D1p2 + o (¢¥ +cV). The other function is constructed as follows:
apply L7" in (3.21) and LZ" in (3.22) (once we make sure that the right-hand side is
orthogonal to ¢g). After subtracting and simplifying,
Qa(h; W, Dy, Dy) = 26¥ — [dao L3 '[1] = 2Dypo + hL3 [By (b ¥, Dy, Dy)]]
+ 4iL” by — cvopo] + L2 [Pypy [2ih(D2V (D1, ¥)po — Diagpo + V (D1, U)S[e?]
— aoS[c¥]) + h?Ey(h; ¥, Dy, Ds)]].
Note that the projection Py, ;1 becomes irrelevant, once we impose the condition

Q1(h; ¥, Dy, D3) = 0! On the other hand, we need it in the definition of Q3 to keep
it well-defined, even when Q1 (h; ¥, Dy, D3) = 0 is not enforced. We now consider

(Q1,Q2)(h; ¥, D1, Do) : Rx {po}t xRxR = Rx L2, [-T,T]

per.

SHere we use again that (J[c¥], pp) = 0.
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and we would like to solve

Ql(h7 ‘ijDlaD?) = 07
0.

(3.30) ’ Q2(h; U, Dy, Dy) =

We again note that if one obtains solutions to (3.30), the projection Py, ;1 becomes
irrelevant and the system @1 = Q2 = 0 becomes equivalent to the system (3.21) and
(3.22). Observe that by our earlier considerations, for A = 0, we have a solution that
is

Q1(07 \I}O’ 07 DS) = 07

Q2(07 \1107 07 Dg) = 07
where @Y is given in (3.29). Our construction of the family W(h), Di(h), D2(h) in a
neighborhood of (0, hg) will follow, once we can verify that

d(Q1,Q2)(0;9°,0,DN[-,-, ] : {0}t xR xR =R x L2, [-T,T]

per.

is an isomorphism. That is, for every x € L2, [~T,T] and z € R, there must be

per.

unique solution ¥ € {pg}+,d; € R,da € R of the linear system

dQl(O’ \I]O’ 07 Dg)[wa d17 d2] =z,
dQ2(0; ¥°,0, D9)[th, dy1, ds] = x

so that the linear mapping (x, z) = (¥(x, 2),d1(x, 2), d2(x, z)) is continuous.
First, we compute dQ2(0; U0, 0, D) [, d1, ds] = 261 + 2d1pp. In order to prepare
the calculation for dQ1(0; ¥°,0, DI)[¢,dy, ds], observe that

V(D17 \Ij) = 2D1<p(2) + 2(1008%[0\1}]’
dv (0, %°)(dy, %) = 2d1o5 + 2¢0R[cy)].

Consequently,

dQ1(0;¥°,0, D9) [, dy, do] = 2i{daVp¢ + D3(2d105 + 200R[ct)]), 00)
+ 2i<(2d130(2) + 20oR[cy)])S[cWo), o) + 2i<V03[c1/)], o) — 2ia0d1||<p0H2.

Now, the equation y = dQ2(0; ¥°,0, D9)[t),dy, d2] has the form
X = dQ2(0;¥°,0, D3) [, dy, do] = 2¢¢) + 2d1py.

It clearly has the unique solution

(X, ¥o) 1 L
= = —(y—2 .
dl 2||Q00||2’¢ 2E(X dlgﬁo) € {@0}

Plugging the expressions for d; and v into the equation d@, = z produces a linear
equation for ds, once we take a dot product with ¢g. More precisely,

d2(V 00, 00) = % — (DY(2d1 + 200R[c]), o) — ((2d165 + 200R[cy])S[cWo], ¢o)
+ apdi||oll®> — (VOS[ed], ¢o),

which also has a unique solution, provided the coefficient in front of it, (V% o) # 0,
is nonzero. But we have already verfied that (see (3.28)). We also see that the solution
ds depends linearly, through a nice formula on y,z. It follows that the mapping
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(x,2) = (¥,dy,ds) is indeed an isomorphism, in the sense specified above. The
implicit function theorem thus applies and we have constructed the solutions.

It remains to verify the formulas (1.10) and (1.11). First, we have that cd =
DY +iD§ + O(h) = iD3 + O(h), whence

b _
DY +i-2 2“°Dg.

) + bg
3.31 4 =-Xpy -2
(331) pg=
Thus, starting with the relation va,1 — @a,2 + (a1 — Pa,2) = ¢ = (¢ + dh)po + AT,
we deduce

b _ _

Pa,1l = (ao + 2°h1)§) w0+ h(ag L 1]+ bo L=  [bo — aopo)) + O(h?),
Q, _ _

a2 = (bo - ?OhDg> @0 + h(agbo L' [1] = agL="[bo — coipo]) + O(h?),

which is the final claim in Theorem 1.

4. Stability analysis for the waves. The linearization of (1.2) around the
solution ¢, from Theorem 1 is constructed as follows. Set u = o + vV, 90 = Qa1 +
iPa,2,V = v1 +ive. After ignoring O(|v|?) terms (and keeping in mind that o = agh),
we obtain the following system:

—0Ohvg _ —02 41— (6@3,1 + 2903“2) —4pa1Pa.2 v\ L [ V2
Oy —4pa,100a,2 =07 +1— (2021 + 692 5) ) \va —v1 )’
Introduce the self-adjoint operator (with domain H?[-T,T| x H?[-T,T)])

N, = =02 +1— (602, + 202 5) 4001002
’ _49004,1()004,2 _8;% +1- (24103,1 + 6303,2)

In the eigenvalue ansatz, v;(t,-) — e*z;(-), the problem becomes

(4.1) j/\/h(2>_(A+a)(j>.

2

Introducing p := A + «, note that (4.1) is a Hamiltonian eigenvalue problem in the
form JN},Z = pZ, enjoying all the symmetries afforded by the Hamiltonian structure.
Let us record it as

(4.2) jNh<2)u<2>

In addition, A = 0 and 21 = ¢, 1,22 = ¢, 5 is an eigenvalue (of algebraic multiplicity
two) for (4.1), in accordance with the translational invariance of the system (1.2).
Our task here is a bit unusual in that we need to make a good distinction be-
tween (4.1) and (4.2). More precisely, our goal is to find conditions for (or actually
characterize) the waves that are stable, or equivalently, we need to ensure that the
eigenvalue problem (4.1) and \ satisfy R\ < 0. In terms of p, the stability is equiv-
alent to Ry < «. Here and below, we use the instability index theory developed for
eigenvalue problems in the form (4.2), which among other things counts eigenvalues
with positive real parts for (4.2). Let us reiterate again that the existence of those
does not necessarily mean instability for (4.1), unless Ry > o = agh. In fact, we /have
already one “instability” for (4.2), namely, an eigenvalue p = o with e-vector (g?'l).

a,2
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To this end, we need to track the evolution of the eigenvalues at zero, as we turn
on h. Before we get on with this task, we need a few preparatory calculations. We
need to compute

6921200 4pa1Pa
W= ’ ' 9 9
49001,19001,2 29004,1 + 6@&,2
in powers of h. Expanding in orders of h, we obtain
2+4a2  4dagh
_ 2 0 000
W= ( daghy 2+ 4b32 )
66[0\1/(1) + Qbo\Ifg + 2aob0D8 20,0\1’(2) + 2b0\11(1) + (b% — ag)Dg 2
+ 2o ( 2a0WY + 2500 + (B2 — a2) DY 2a0 00 + GbWY — 240D ) T O

Diagonalizing the matrix
24+ 4(13 4(10bo -9 6 0 S_l
dagby  2+4b3 ) 0 2

B ag —bo -1 _ ao bo
s=( ) st =(% o)

leads to the representation

6 0 6ag —2b
Ws[wg (0 2>+2h<p0[\11‘1) <_2§O 2a00)

0(6bo 2a0\ 0 (0 1 -1 2
”’2(2% 20) =8 (7§ )| s+ om.

Upon the introduction of the new variables

(Z)=s"(2)

and since ST1JS = J, we can rewrite the eigenvalue problem (4.2) in the form

(4.3) J/W(%)ﬂ(%)

where

_(L+ O
6ag —2b 6bg  2a 0 1
_ 0 0 0 0 0 0 o 2
2ho {‘I’l <—2b0 2a0 > + ¥ <2a0 2b0> Dy <1 o)] +O(R).
Note that N}, = SM,S~! and TN}, = ST M, S™1, so the spectra of the full linearized
operator, JNj, is equivalent to J M. Also, o(Ny) is equivalent to o(My,).

Since the two problems are equivalent, we note that the form (4.3) of the eigen-
value problem is more suggestive of our approach. For h = 0, we have two dimensional
Ker[M,], spanned by the vectors is” (%0) and (o). We need to see what the evolu-
tion of the modulational eigenvalue is as h : 0 < h << 1, i.e., the one corresponding
to the eigenvector (2 ). This is because, by index counting theory, the instability can

only appear in the even subspace of the problem. Also, we can clearly consider My,
instead of £, as the two operators are similar through the matrix S.

via

"Both vectors have one additional generalized eigenvector, so an algebraic multiplicity four at

zero.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 02/24/21 to 129.237.35.237. Redistribution subject to SIAM license or copyright; see https://epubs.siam.org/page/terms

498 S. HAKKAEV, M. STANISLAVOVA, AND A. STEFANOV

4.1. Tracking the modulational eigenvalue for A} 0 < h << 1. Since
Ny, is similarlily equivalent to My, we might as well consider M, instead. We set up
the following ansatz for the eigenvalue problem for My,:

hpy hp:
4.4 M =oh .
(44) h<@0+hp2> 7 (SDO-thz)

Using the precise form of My, to the leading order h, we have
Lip1 + 293 (260 % — 2a9 W5 — DY) = 0,
L_py — 43 (agW + boWY) = 0.
The first equation is resolvable, since 2¢2(2bpW¥Y — 2aoW¥9 — DY) is even and hence

perpendicular to Ker[L;] = span[p)]. The solvability condition for the second one,
oo + 49 (agP? + beWY) L g, is what yields the formula for oo, namely,

(45) oo = —4 <(p%(a0\11(1) + bO\I/g)a 900> = —day <L-_',-1[1]7 908> = ag <17 900>
[loll? loll? leoll*”
since ag¥9 + bo U9 = agL;'[1] and L '[p3] = — 0.

In conclusion, the modulational eigenvalue at zero for h = 0 has moved to the left
for ag < 0, while it moves to the right for ag > 0.

4.2. Tracking the modulational eigenvalue for JN}, 0 < h << 1. Taking
cues from the proof of Proposition 6, we take the following ansatz for the former

modulation eigenvalue at zero and its corresponding eigenvector (£0 )—we take p =
poVh and (2 )= (ga?a/fg;z ). Plugging this in (4.3), we obtain, after some elementary

algebraic manipulations,

( L+(;_(ho)<h) I —4h<p00(c(1g\)11(1) + b)) ) ( @;/fthqg ) — uo\/ﬁ< —W\o/ﬁ—qlth ) .

Resolving the first equation, to its leading order v/h, yields the relation L,q =
— oo, or, since L is invertible on ¢y,

(4.6) ¢ = —poL3 o] + O(h).
In the second equation, the leading order is h, whence we get the equation
(4.7) Lgz — 4¢5(ao¥? + bo¥3) = pog1 = —g L3 [po)-

This equation is solvable, provided we ensure 4¢3(ao¥? + boW9) — 2L o] L o,
whence
g2 = L2 493 (a0 P9 + bo¥3) — ug L3 [iwol].

Thus, we have located the former modulational invariance eigenvalue. Namely, it is
pov'h, where 1o ensures 49t (ap¥Y + boWI) — ungl[cpo] 1 pg. Equivalently

(5 (a0 ¥y + bo¥Y), o)

(48) =4 d
<L+1<Po, ®o)
It remains to compute this last expression. We have
3 0 0
4 aaO\Il +bO\II ao — @071
p = PO O T I0Y) _y00 s p ) = —ap 20l
<L+ 800,900> <L+ <P0,S00> < + 8007900>
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Since (L0, o) < 0, we have that sgn(ud) = sgn(ag). In other words, if ag > 0,
we have the instable mode

- ao{o, 1)
(49) Ho = _<L11Q007(P()>\/E+O(h)’

while for ag < 0, we have a marginally stable pairs of eigenvalues

a0<9007 1> \/;L + O(h)

+i 0
(L0, o)

4.3. Stable and unstable eigenvalues: Putting it together. Before we
proceed with our arguments, let us discuss our findings so far.

In the case ag > 0 (or equivalently og > 0), we have an unstable eigenvalue in the
form povh + O(h), where pg is real and determined from (4.9).

The case where pg is purely imaginary is more complicated and it needs extra
arguments, based on our earlier computations of the sign of the eigenvalues and the
index theory. We deal with it below. Henceforth, assume ag < 0. Note that both the
even and odd subspaces are invariant under the action of A}, and JN},, so we will
consider them separately.

4.3.1. Spectral analysis on the even subspace. In this case, we have estab-
lished the emergence, from the modulational eigenvalue at h = 0 (which has algebraic
multiplicity two), of a pair of marginally stable eigenvalues i[+pov/h+O(h)]. We now
compute the Krein index of this marginally stable pair of eigenvalues® i, /figvh +
O(h).

For a simple pair of eigenvalues, the Krein index coincides with the sign of the

expression (R( w;/fﬁn ), MpR( ¢;/-EZZQ )) (see [10, p. 267]). To this end, realizing from

(4.6) that g; is purely imaginary to the leading order (in the case under consideration),

\/qu \/EQ1 2 0 0 3
R R = —4h{pg, ¢ U0+ b)) + O(h3/?
< ( wo + hgo M wo + hao < 0 O(CLO ! 0 2)> ( )

= —daoh{pj, L' [1]) + O(h*/?) = agh{po, 1) + O(K/?).

It follows that for ag < 0, the problem has a pair of marginally stable eigenvalues
+i[\/oVh + O(h)] with a negative Krein signature.

Recall that n(Ny) = n(Myp) = 1, which arises in the even subspace. Moreover,
dim(Ker[Np]) = dim(Ker[Mo]) = 2, but recall that one of them occurs in the even
subspace, namely, (fo ), while the other occurs in the odd subspace, namely, (%6 ).
In order to alleviate the notation, for a self-adjoint, bounded from below operator
M, acting invariantly on the even and odd subspaces, we introduce Meyen/odd =
M |cven joddsubspace and then neyen (M) = n(Meyen), and similarly for neqq(M).

We claim that for small enough A > 0, neyen(Nr) = 2, due to (4.5). Indeed,
Neven(No) = Meven(Ly) = 1, according to Proposition 5—this O(1) eigenvalue re-
mains negative, after the perturbation. In addition, as we have shown in (4.5), the
modulational eigenvalue at zero for h = 0 has become negative. Thus, all potentially
negative eigenvalues in the even subspace are accounted for. (Recall the translational

8Which is of course relevant computation, only if by > ag.
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eigenvalues appear when one considers the action on the odd subspace.) By the index
counting formulas

0 < Nunstabie,cven(TNR) < n(Np) — #{X € iR : A has negative Krein signature}
< neven(Nh) —-2=0,

since we have already verified that there is at least one pair of purely imaginary
eigenvalues, j:i\/;To\/E + O(h) with negative Krein signatures (and even eigenfunc-
tions!). Thus, nunsmble,even(j/\/‘h) = 0, proving that no instability can occur in the
even subspace. By the Hamiltonian symmetry considerations, o(JN}) C iR and
o(JNn — @) C —a+iR. This concludes the analysis on the even subspace, and we
have stability there, for ag < 0.

4.3.2. Spectral analysis on the odd subspace. For the odd subspace, the
index count is somewhat simpler. Recall there is the “unstable” eigenvalue at pu =
a = aph for the eigenvalue problem (4.3), which corresponds to the translational
invariance; see (4.2) and the discussion immediately after. So, this implies that
nunstable,odd(jMz) > 1. On the other hand: mltlaﬂy nodd(NO) = nodd(MO) = 0.
S0, noga(Np) < 1 if the translational eigenvalue has moved to the left, or if it has
moved to the right, then® n,q4(N;,) = 0. Applying index counting theory, however,
we have that on the other hand n,4q(Np) > Nunstable,odd(TNp), whence

1 < nunstavle,odd(TNR) < Noda(Np) < 1.

In particular, 1 = nunsmble,odd(JNh) = Noqa(Np), and so the translational eigenvalue
has moved to the left to become a negative eigenvalue for N, oq4. In addition, the
“unstable eigenvalue” is exactly the one computed explicitly, namely, 4 = «, and there
are no other unstable eigenvalues in the odd subspace. Note that by the Hamiltonian
symmetry the eigenvalues of (4.3) are symmetric with respect to the imaginary axes,
so there is another, stable one at © = —a. We mention that there is a lot of point
spectrum on the imaginary axes as well, since the problem is of periodic nature and
the resolvents are compact operators, forcing the discreteness of the spectrum.

In terms of the original spectral variables, by combining the conclusions for the
even and odd subspaces, we obtain that if A € o(JN,, — «), then

A=p—aC {{a}U{—a}U{N:RA=0}} —a={0U{-2a}U{r: RA\=—a}.

This is exactly the statement of Theorem 2 and its proof is now complete.

Appendix A. Tracking the translational eigenvalue for M}, 0 < h << 1.
Again, we work with My, since N}, and M, are equivalent. We set up the following
ansatz for the eigenvalue problem for My:

0 + hp1 ©y + hpt
Al ¥o —oh( ¥0 .
(A1) Mn ( hpa 7 hpo

In other words,

Ly — 12hgpo(ag P9 + by 03) O(h) Pothpr \ _ o o+ hm;
2hipo (260 W] — 2a9W9 — DY) L 4 O(h) hpo hpo '

9See the appendix for a calculation involving the direction of the move, which turns out to be
inconclusive to its leading order, so this calculation is not sufficient to establish n(N}) = 1.
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To the leading order h, we have the equations

Lip1 — 12¢0(ag¥y + bo03)pf = o,
L_ps + 200 (2bg V] — 2ag¥5 — D)} = 0.

The second equation always has a solution as 2¢pg(2by W) — 2ag¥9 — DI) ¢} is an odd
function, so it is perpendicular to Ker[L_] = span[eo].

The first equation requires the solvability condition o)+ 12¢0(ag®9+bo W)l L
). Noting that ag® + by¥3 = agL ' [1], we derive the formula for g,
(povn(ao¥? +boWh) h) _ 1, ao

(A.2) oo = —12 2
o1 le6l?

(L3111, 00(90)?)-

This quantity can be computed explicitly; in fact (L;l[l], vo(pp)?) = 0, see Propo-
sition 8 below. So oo = 0. Thus, our analysis is not precise enough'® to compute
explicitly the next order term. As we have shown above, with index counting calcu-
lations, it turns out that this eigenvalue must have moved to the left (of order o(h))
to become a negative one.

Appendix B. Computation of the relevant quantities involving L_T_l.

PROPOSITION 8. In the setup of Proposition 5, we have the following formulas:

(B.1) (L7 0, ¢0) <0,
(B2) (LT'1],0) =0,
(B.3) (L7, 00(00)?) = 0,

(B.4) /OT (2= 68w ((eh @) — @HW)D) )

(
((#6(9))* + (26 (¥))?))?

Proof. For the proof of (B.1), recall the basic properties at h = 0. In this case
(1.5) has a solution

vo(z) = adn(azx, k),

where k2 = % Also Ly = —92 4+ 1 —2(¢pg)?. Since Ly} = 0, the function

T 1 ’
¢(m)z<p6(x)/ md& ‘ :28/ :f/ =1

is also solution of L;1 = 0. Formally, since o[, has zeros using the identities

1 1 0 sn(z, k) 1 1 0 cn(z, k)

7

en?(y, k) dn(y,m)@iycn(y,,%) sn2(y,k)  dn(y, n)gysn(y, K)

and integrating by parts we get

1 [1-2sn?(ax, k) 9

Y(x) = —ak sn(ax,ﬁ)cn(ax,m)/o

a2k? dn(az, k)

1 —2sn?(as, k)

dn?(as, k)

10We do not have the precise asymptotic expressions of order O(h?) above, although this is in
principle possible, after heavy computations.
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-0.25

-0.30

-0.35

-0.40

-0.45

1 L L L 1 L L L 1 L L L 1

0.2 0.4 0.6 0.8 1.0

B2 (k) ~(1-r>) K (k)

Fic. 1. The function k — SR R (R =2 ()]

Thus, we may construct the Green function
L' = b [ v f)ds—(s) [ eh(s)f(s)s + Cruta),
0 0

where C is chosen such that L;,lo f is periodic with the same period as @g(x). After
integrating by parts, we get

©5(T) + ¥

(B.5) (L3 %0, 00) = — (93, 9) + 5 (0, ¥) + Cy (00, ¥).

We have
(p0,¥) = = [B(k) — K()],

(B.6) (@) = 5212 — K2)E(r) - 201 - k2K (1))

" 2T_ 20
Co = — E1T (9, ) + FEDL 28O,

With this finally we get

E2(r) — (1 = k) K?(k)

B0 — 1)K (r) — (2 — kD) E(R)]

<L—T-19007 <)00> =

See Figure 1.
For the proof of (B.2), we have

L = ¢ / " (s)ds — p(a) / " oh(s)ds,

23 1) = B [ yyie-3 [ s@a@ern0) [ v,
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where
1/ T)
C, = T) — _ O(
Using that %dn(z) = —k?sn(z)cn(z) and integrating be parts, we get
T
| @

K

zg Tnax _57120[:1/' X lnga TMIIJ
2[3/()d()(12 (ca))do + gdn*(T) [ dn2(ax)d]

71— 2sn2(ax)
= —d K ———dx.
32" ! )/0 dn?(ax) v

Similarly, integrating by parts

2dn(o<T) 1 - 2sn?(ax)
/ V(@ a2k? /0 dn?(ax) d
Thus,
2( 3 (T
20 / wle)ds 3 [ la)ed(a)dr =0

Using that ¢fj(T) = o®k2v/1 — k2, and ¢/(T) = V1 — K2 fT %m(;;mdx, we get

503

C1+ ¢0(0) = po(T ;C
For the proof of (B.3),
T
(L1, o) (eh(2))?) = / / (s)dsda - / ()03 () ()2

+ (C1 + 0(0 /w Yoo () (9 () da.

Again integrating by parts, we get

¥ _dn(az) [T 1—2sn?(as)
/0 Vls)ds = a?k? /0 dn?(as) ds,

[ @ [ v [ @i e
= [ et [ [ voris v

_ 3.2 e 92 2 2 _
a’K ; (1 —2sn°(z))sn*(x)en*(x)dn(z)dz = 0.

and
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) (2—k2)
Fic. 2. The function k — 2K (k) — E(k).

1—k2

2 _ 2a%-1
T«

Now, using that &

/ (2 — 695 (1) (o (y ))2—(<P()’(y))2)dy
0 ((¥0(9))* + (¢5(9))?))?

:/m%%d%M%D@ﬂwﬁw hzlen?(y) — sn()2dn?(y) )
0

[sn2(g)en® () + 5z fen? () — sn2(w)]2dn2(y)]

, we get

dy.

Using Mathematica, we are able to compute this last expression explicitly

T (2 - 63 (b)) — (BW)D) o (2K
A (hw)? + (e = 2k = B <.

as is clear from Figure 2. 0
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