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ABSTRACT

The initial-boundary value problem (IBVP) for the Korteweg-de Vries (KdV) equation on an interval is studied by extending a novel approach
recently developed for the well-posedness of the KdV on the half-line, which is based on the solution formula produced via Fokas’ unified
transform method for the associated forced linear IBVP. Replacing in this formula the forcing by the nonlinearity and using data in Sobolev
spaces suggested by the space-time regularity of the Cauchy problem of the linear KdV gives an iteration map for the IBVP which is shown to
be a contraction in an appropriately chosen solution space. The proof relies on key linear estimates and a bilinear estimate similar to the one
used for the KdV Cauchy problem by Kenig, Ponce, and Vega.

Published under license by AIP Publishing. https://doi.org/10.1063/1.5080366

I. INTRODUCTION AND RESULTS
We consider the following initial-boundary value problem (IBVP) for the Korteweg-de Vries (KdV) equation on an interval

Btu+8fu+u8xu:0, 0<x<¥l, 0<t<T, (1.1a)
u(x,0) = up(x), (1.1b)
u(0,t) =go(t), u(lt) =ho(t), ux(l,t)="hi(t), (1.1¢)

where T < 1, and prove its well-posedness for initial data uo(x) in the Sobolev space H;(0,¢), 2 < s < 1, and boundary data suggested by

the time regularity of the Cauchy problem of the linear KdV, namely, go(t), ho(t) in the Sobolev space Ht% (0, T) and h,(t) in the Sobolev

space H; (0, T). For this, we develop a natural extension of a novel approach recently introduced for the well-posedness of KdV on the half-
line,”’ which is based on the solution formula produced via Fokas’ unified transform method (UTM) for the associated linear IBVP. Using the
solution formula obtained by the Fokas method on an interval, we define an iteration map and show that it is a contraction on an appropriately
chosen solution space by deriving the needed linear estimates and a bilinear estimate analogous to the one used for the KdV on the line by
Kenig, Ponce, and Vega.”

The KdV equation has a long and celebrated history in both mathematics and physics. It was first derived by Boussinesq in 1877 as a
model for long waves propagating on shallow water. Boussinesq’s main motivation was to provide a theoretical explanation of Scott Russell’s
observation of the “great wave of translation,” nowadays simply known as soliton."’ Indeed, the KAV equation (1.12) admits several traveling
wave solutions including the two-parameter family of solitons

u(x,t) = SCsech2[§(x—ct—b)], (1.2)

¢ being the speed of propagation and b being an arbitrary constant. In fact, Korteweg and de Vries, who rederived KdV in 1895,” showed
that the solitons (1.2) arise from a two-parameter family of periodic traveling wave solutions described by elliptic functions known as
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cnoidal waves in the limit of their Jacobi elliptic modulus tending to one. The study of KdV remained dormant for several decades, until
the 1965 numerical experiments of Zabusky and Kruskal'® for the case of periodic boundary conditions, which indicated that soliton solu-
tions of KAV interact almost linearly, preserving their shape and speed and experiencing merely a phase shift due to the collision. (Zabusky
and Kruskal were actually the ones who came up with the name “soliton.”)

The initial value problem (IVP) for KdV has been studied extensively and via different approaches. After the renewed attention
sparked by the work of Ref. 48, Gardner et al.”’ solved the IVP for KdV on the line for data of sufficient smoothness and decay by
introducing the celebrated inverse scattering transform, which relies on the integrability of KdV and, more precisely, on the Lax pair
formulation™

poe + (Ju+ k) =0, (1.3a)

‘ut+(%uf4k2);¢x7éux‘u =0, (1.3b)

where y = p(x, t, k) and k € C (note that the compatibility condition px: = g implies KdV for u). In Sobolev spaces, the KdV IVP has
been studied by many authors using methods from partial differential equations and harmonic analysis. For instance, Kenig, Ponce, and
Vega™ proved local well-posedness in H'(R) for s > —3/4 by using Bourgain spaces, which had been introduced by Bourgain® to establish
well-posedness for s = 0. Later, this was extended to a global well-posedness result by Colliander et al. 2 Moreover, Christ, Colliander, and
Tao'' proved that the KdV solution map fails to be uniformly continuous in H’ for s < —3/4 (this result was first proved by Kenig, Ponce,
and Vega™ for the complex-valued problem). The critical exponent s = —3/4 was settled by Guo,” who proved global well-posedness of KdV

in H™¥/*(R). Prior to these results, Kenig, Ponce, and Vega™ had established well-posedness of KAV in H(R) for s > 2 by introducing an

appropriate solution space. Some other earlier results can be found in the work of Bona and Smith,” Saut and Temam,"* Constantin and
Saut,"’ Kenig, Ponce, and Vega,33 Bona and Saut,' and the references therein.

In contrast to the IVP, the analysis of IBVPs for KdV [and other nonlinear evolution equations like the nonlinear Schrodinger (NLS)
equation] is less developed. One of the difficulties arising in the IBVP setting was identified early on by noting that the Fourier transform,
which is used in the Cauchy problem to solve the forced linear IVP and in turn defines the iteration map for showing well-posedness
of the nonlinear IVP after replacing the forcing with the nonlinearity, is no longer available. In fact, the lack of Fourier transform led
to two independent approaches that were introduced in the early 2000s for the well-posedness of the KdV equation on the half-line,
namely, the studies of Colliander, Kenig, and Holmer, " and of Bona, Sun, and Zhang.” In the first approach, which has also been
adapted for NLS on the half-line by Holmer,” the forced linear IBVP is written as a superposition of IVPs on the line and the powerful
Fourier analysis machinery is exploited. In the second approach, the forced linear IBVP is solved via a Laplace transform in the temporal
variable.

As usual in contraction mapping schemes, the iteration map used in each of the above two approaches provides the basis for all
of the subsequent well-posedness analysis. Hence, using an iteration map which is natural to the IBVP setting is crucial in optimizing
this analysis. In this connection, we note that a novel approach has recently been introduced for proving well-posedness of IBVPs for
nonlinear evolution equations. This approach has already been employed for the NLS, KdV, and “good” Boussinesq equations on the half-
line’ """ and overcomes the lack of the Fourier transform in the IBVP setting by exploiting the relevant solution formula produced via
Fokas’ unified transform method.'”"” The Fokas method can be used for solving linear evolution equations of arbitrary spatial order and
dimension and supplemented with any type of admissible boundary data. In this light, it can be regarded as the analog of the Fourier
transform in the case of linear IBVPs and hence comes forth as the natural way of defining the iteration map to be used for showing
well-posedness of nonlinear IBVP via contraction mapping. The essence of the new approach lies in the analysis of the pure linear IBVP,
i.e., of the case of zero initial data and zero forcing. In particular, estimating the Fokas solution formula of this problem reveals the cor-
rectzspace for the boundary data of the nonlinear problem. This step makes crucial use of the boundedness of the Laplace transform
inL”.

To state our results precisely, we recall the following spaces. For s € R and (a,b) c R, an interval that could extend to infinity on either
side, the Sobolev space H*(a, b) is defined by

H'(a,b) = {f f = F|(a)b) where F € H'(R) and ||f He(ab) = Fegl(fR) IF [ gy < oo}, (1.4)
and the Sobolev norm on R is defined by
2~ 2 %

Flugy = ( [ (1+€)F d), 15
Pl = ( [, (1+ € Fe@) ot (15)

where F(£) is the Fourier transform on R defined by
B(E) = f ™ p(x)dx, EcR. (1.6)

R
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Furthermore, following Ref. 33, for s > 0, we define the Banach space
X = {ueC([0, TLH(0,0)) : ully = AT (1) = max{A{s(u),A7(u),A5 (1)} < o0}, 1.7)

where the norms A{(u),A3,(u), A1 (u) are defined by

AL = sup JulDl o (18)
te[0,T] *

T T g 2 :

Ays(u) = | sup / |D.Ocu(x, t)| dt ] , (1.9)
xe[0,] /0
T T i\
A3 (u) = f sup |Oxu(x, t)|7dt| , (1.10)
0 xe[o,0]
|8fcu(x,t)|z, seN={0,1,2,-}

|Dsu(x, t)* = (1.11)

—X

2
Bisju(x +z,t) - oLl u(x, t)‘

5 v dz, s=|s|+B.0<B<1
Next, using the above definitions, we state our first result as follows.

Theorem 1.1 (Well-posedness of KAV on an interval). Let % < s < 1. For data uop € Hy(0,£), go,ho € H? (0,T), hy € HE (0, T), and
satisfying the compatibility conditions

uo(O) :go(O), uo(f) = ho(O), (1.12)
there exists T*, 0 < T* < T < 1 with

* . 1
T  =min<{ T, , ¢s>0, (1.13)
{ 1636?(“\/2)3(umgo,ho,hl)%}

where ||| p is the data norm defined by

[ Cutorgos oo )y = Ntoll o) + ol st oy + Mol o o Ml s (1.14)
such that the KAV IBVP (1.1) has a unique solution u in the Banach space
X={ueC([0, T HL(0,0)) : AT (u) < 00} (1.15)
Also, the solution satisfies the size estimate
1l < 26 (uo, g0, o, 1 ) | - (1.16)

Finally, the data to solution map {uo, go, ho, h1} = w is locally Lipschitz continuous.

The above theorem is a natural extension to an interval of the well-posedness result of the KdV IBVP on the half-line proved in Ref. 20
using a novel approach based on the Fokas method. For well-posedness results of the KAV IBVP on an interval using the other two approaches
mentioned earlier, we refer the reader to Refs. 4 and 32.

The Proof of Theorem 1.1 is based on the solution formula of the associated forced linear KAV IBVP produced via the Fokas method.
Replacing in this formula the forcing by the KdV nonlinearity gives an iteration map which we prove to be a contraction in the solution space
X defined by (1.15). Therefore, we begin with the following linear KdV IBVP with forcing:
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Ou+0u=f(xt), 0<x<l 0<t<T, (1.17a)
u(x,0) = up(x) € Hy(0,4), (1.17b)
w(0,8) = go(t) € H* (0,T), u(bot) =ho(t) € H* (0,T), ux(6t) = hi(£) € H (0, T). (1.170)

Using the Fokas method, also referred to in the literature as the unified transform method (UTM), we get the following solution to the problem

(1.17):
u(x, t) = S[uo,go,ho,hl;f] (x,1)

1 [: eik"+ik3t[ao(k) + F(k, T)]dk + 1 faw eikx+ik3t{ A(lk) [N(k, T)[(‘x + l)e—iakl 3 ei,‘alké]

- 2 2
~ [N(ak, T)(a+1) - N(a’k, T)]e*"’“f] + k2§o(k3,t)}dk+ 1 / e”f‘**/f)*fk’t{;
oDy

Q) [ocN(k, T)

2

_(a+1)N(ock,T)+N(oc2k,T)]+ikle(k3,T)—szzo(ks,T)}dk+$ fa A
Dy

. {A(lk) [aN(k, T) = (a+ 1)N(ak, T) + N(o’k, T)] + ikh1 (K, T) = K*ho(K’, T)}dk, (1.18)
where
A(k) = e g~ e_i“ke((x +1)+ e_iazke, o= e%ﬂi, (1.19)
N(k,t) = dio(k) + F(k, t) — K80 (K%, 1) — e [ikhy (K, ) — Ko (K, )], (1.20)
¢ —ik’7 t —ik’T £ —ikx
F(k,t) = f e f(kT)dr = f e f e f (x,7)dxdr, (1.21)
0 0 0
t . . - t . .
ik t) = f e lu(0,1)dr, ik ) = f e lu(e, 7)dr. (1.22)
0 0

Theorem 1.2 (Forced linear KAV estimate on an interval). Suppose that 3 < s < 3. Then the Fokas formula (1.18) defines a solution

u € C([0, T]; Hx(0,£)) to the forced linear KAV IBVP (1.17) with compatibility condition (1.12), which satisfies the estimate

sup ||S[u0,g0, ho, h1§f](t)

te[0,T]

o S {0y + g0l st oo+l D]

13 (o) ERNCED)

ema (15 7Y [ 1O 00 ] (1.23)

The literature on KdV is vast. More results on KdV, and in particular, about the IBVP on the half-line and an interval for the KdV and
the cubic NLS equations that has been studied via the integrable nonlinear extension of the Fokas method, can be found in Refs. 7, 6, 9, 15, 16,
18,24, 22,23, 40, 25, 37, 41, 46, and 47 and the references therein. Also, for a thorough introduction to the Fokas method, we refer the reader
to the monograph'’ and the review article.”® Finally, we mentioned that recently Ozsar and Yolcu™ have used the unified transform method
for proving global well-posedness results for the biharmonic nonlinear Schrodinger equation on the half-line.

Structure. The paper is organized as follows. In Sec. 11, we prove Theorem 1.2 by decomposing the forced linear KdV IBVP (1.17) into
two simpler problems, a forced IBVP on the half-line and a reduced IBVP on the interval with all data zero except for the boundary data at the
right endpoint. In Sec. I1], we prove the key estimate for the Fokas solution of the reduced IBVP (2.12), where the boundedness of the Laplace
transform in L? plays a crucial role. In Sec. IV, we state all the estimates needed for the solution of the forced linear IBVP on half-line, which
was used in the decomposition of our interval IBVP. Some of these estimates are taken from Ref. 20, and the rest are proved here. In Sec. V,
we recall the iteration map defined by the Fokas solution formula when the forcing f is replaced with the KdV nonlinearity and provide the

bilinear estimate needed for estimating the quantity fOT [uws () i{s (0,041 in the solution space X. Also, we estimate the solution map in the

X-norm [see estimate (5.12)]. Finally, in Sec. VI, we combine Theorem 1.2 and the results of Sec. V in order to prove Theorem 1.1 for the
well-posedness of the KAV IBVP (1.1). We conclude with Sec. VII, where we provide an outline of the derivation of the solution formula to
the forced linear KdV (1.17) via the Fokas method.

J. Math. Phys. 60, 051507 (2019); doi: 10.1063/1.5080366 60, 051507-4
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

Il. PROOF OF FORCED LINEAR KDV IBVP ESTIMATE (THEOREM 1.2)

To prove Theorem 1.2, we decompose the forced linear KAV IBVP (1.17) into two simpler problems A and B. Problem A is the following
forced IBVP on the half-line.
Problem A: Half-line problem

drw + Bw = F(x,t) € C([0, T]; Hy(0, 00)), x€(0,00), te(0,T), (2.1a)
w(x,0) = wo(x) € Hy(0, 00), x€[0,00), (2.1b)
w(0,1) = go(t) € H* (0,T), tef0,T], 2.1¢)

where wo(x) and F(x, t) are extensions to half-line of 1(x) and f(x, t) from the interval (0, £) satisfying the estimates

lwoll s (0.00) € 210l 0.0y I1Fll o1t 000y € 2 ooy o.ey)- 22)

Using the Fokas method, we find that the solution to this half-line problem is given by

S[wor g0 F] = i f R g (k) + (k) ]dk

1 ihcrik’t ;o 2~ 2 2
+ o /(;D e {a[@o(ak) + F(ak,t)] +a [Wo(a"k) + F(a’k, t)]}dk
3

ikx+ik’t 2~ (13
o fa R (1, 1)k 2.3)

For this solution, we shall need the following linear estimates, which were proved in Ref. 20, except the last one that involves the spatial
derivative of the solution.

Theorem 2.1 (Ref. 20). If <s< 2, then the Fokas method formula w = S[wo,go;F] in (2.3) defines a solution w € C([0, T]; H;(0, 00))
to the linear KAV IBVP (2.1) wzth the compatibility condition wo(0) = go(0) and satisfying the space estimate

tﬁpuwa)w@m><QMwo@mm> Igol, o™ T VL omm e ) (24)
€ 0,

the time estimate for the solution

2-s
sup (9l <6 (Flnom + ol o+ T IFlisquriancoen ) 25)

x€[0,00) )

and also the time estimate for the derivative of the solution

s+l

< (lnl ooy + ol 2

sup [wx(x)]] 5

x€[0,00) H3 (o.1)

(0.T)

2-s
3

#max{T T} Fl ot (0 ) (2:6)

Thanks to the above estimates and using linearity, we can subtract problem A from forced linear KdV IBVP (1.17) on the interval and obtain
the following simpler pure IBVP.
Problem B: Pure IBVP on the interval

dv+0iv=0, xe(0,0),te(0,T), (2.7a)
v(x,0)=0, x¢€(0,¢), (2.7b)
v(0,£) =0, te(0,T), (2.7¢)
V(0 1) = ho(f) —w(bt) = B (E) € H* (0,T), vx(byt) = ha(£) —wi(68) = i (1) € Hy (0,T). 2.7d)

Next, we shall extend the reduced boundary data kg (¢) and hj (t) appropriately so that they have compact support, in which case the time
transform reads as Fourier transform. For this, first we extend them to the whole line as Sobolev functions of the same class, and then we

J. Math. Phys. 60, 051507 (2019); doi: 10.1063/1.5080366 60, 051507-5
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

multiply them by a test function which is equal to one on [0, T] and supported in [-2, 2]. Finally, keeping the same notation, we apply the
following lemma which can be found in Ref. 42.

Lemma 2.1. For a general function h* (t) € H;(0,2), s > 0, let

elsewhere.

il*(t)i{g’*(t), te(0,2)

Ifogs< %, then for some cs > 0, we have

|7 (2.8)

Hi(R) < CsHh* H;(0.2)"

If % < s < 1, then for estimate (2.8) to hold, we must have the condition h* (0) = h*(2) = 0.

For hj (t), which belong to a Sobolev space with the exponent in (£, 1), applying the first part of the lemma, while for hg (), which
belong to a Sobolev space with the exponent in (%, 2), applying the second part of the lemma, we have

L L IO I { PP
Now, letting
hy=hy and hs=hj, (2.9)
and using the time estimate (2.5) and the estimate for the derivative (2.6), we get
|2 ||H% 0 ° lwoll g 0,00y + ||g0\H:le(O)T) + HhOHH:le(O)T) + T IFll 2 (o, (0,000 (2.10)
sl oy S 1Ly + 100 o+ Wil
#max{T 5, T3l o 131 000))- 211)

Reduced pure IBVP on interval. Thus, we have reduced IBVP (2.7) to the following simpler IBVP with boundary data h; and h; extended
nicely to h; and h3 so that they are compactly supported (allowing us to replace time transform with Fourier transform, which is used in
Sobolev norms)

O +dv=0, xe(0,0),t€(0,2), (2.12a)
v(x,0) =0, x¢€(0,¢), (2.12b)
v(0,£) =0, te€(0,2), (2.12¢)
o(6) = (1) € H (0,2), ve(6.t) = ha(t) € H' (0,2). (2.12d)

Applying the Fokas solution formula (1.18) with f = 1y = go = 0 and using the fact that now h, and h3 are compactly supported in the interval
[0, 2], which gives

3 2 . . - .
iy (k,2) = / "y (1) dr = f " hy()dr = ha(K), and (k. 2) = s (),
0 R
we obtain the following formula for the solution to the reduced IBVP (2.12):

hy, h . 1 eik(x—é)+ik3t o\ [ —iakel —ia’ke k’jl K*)dk
o(xt) = S[0,0, s 3;0] = 5 faDwaD‘UBD‘ W(l -a )(6 —-e )l 3(k7)
k(=) +ik’t

1 2N —iakt —ioke]727 ;13
— _ - -(1- k“hy (k) dk, 2.13
"o /6D+uaD;u8D; A(k) [((x @)e (1-a)e ] 2(k) (2.13)

where D}, D7, D; are shown in Fig. 1. Now, we are ready to state the key estimate for the reduced KdV IBVP, which plays a crucial role in our
approach. More precisely, we have the following result, whose proof is given in Sec. I1I.
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FIG. 1. The regions D* and Dy, D; in the complex k-plane.

Theorem 2.2. If 0 < s < 2, then the UTM formula (2.13) defines a solution v € C([0,2]; H3(0, 0)) to the reduced IBVP (2.12) which

5
satisfies the space estimate

sup HS[O, O,hz,h3;0] |

te[0,2]

L]

vory <6 (Il ] s ),
H;(0,€) H,3 (02) H?(02)
where cs > 0 is a constant depending on s.

Next, combining the above estimate with the half-line estimate (2.4), we prove Theorem 1.2.

Proof of Theorem 1.2. Taking advantage of our decomposition of the solution to the forced linear KdV IBVP, we have

u= S[uo,go,ho,hl;f] —w+v= S[wo,go;F] + S[O, 0, hz,hg;O], x€(0,¢), te(0,T).

Therefore,

sup |u
1

H;(0,€) < sup ”S[wo’go;F]”Hs(O’oo) + sup HS[O’O’hZ’h3;0]”Hs(og)'
te[0,T te[0,T] x L

te[0,2]

By Theorem 2.1, we have

3-2s
3

sup HS[wo,go;F] HH;(OEOQ) <6 (Hw0| FHLZ([O,T];H;'(O,oo)))

<000y T 180+ T
te[0,T] Hi(0.00) H,

2 (0.T)

< 2¢ (HMO

3-2s
H(000) T “gOHH% ontT’ ‘V”LZ([O,TJ;on,e)))’

and by Theorem 2.2, we get

sup [S[0,0,h2, hs;0]]

te[0,2]

He(0,0) S 6 (th HH%(O,z) * Hh3HH§(0,2))

s+l
3

< ol o
t

i 000) + 180l o o ol Il

+max{T3,T > }\V||L2([0,T];H;(0,€)))'

Putting these together, we obtain the desired estimate (1.23).

(2.14)
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Ill. PROOF OF ESTIMATE FOR REDUCED IBVP (THEOREM 2.2)
We begin by writing the solution (2.13) to the reduced IBVP as follows:

V=71 10U+ U3,

where v, is the part of v over OD*, v, is the part of v over OD7, and w3 is the part of v over 0D, (see Fig. 1). Here, we shall estimate only
vy since the rest are similar. To do this, we further decompose v, into the parts v1; involving k3 and vy, involving hy, that is, v1 = vi1 + vi2,
where

1 eik(xfé)ﬂk}t 5 ke ikt R 5
- — — (1~ e Y ikhs (K7 dk, 3.1
v 2 /E;D* A(k) (1-a )(e ¢ )Z 2(K) (3-1)
eik(x—[)+ik3t

v [(a—a?)e™™ (1 oc)e_iazke]szzz(k3)dk. (32)

In fact, here, we estimate only v;;. The estimation of v, is similar.
Space estimate for v11. We rewrite v1; as
. 23, A
o = f C(k) ™™ kivs (K ) dk, (3.3)
ap*

where
i i _in2
¢ sz.(e iakt _ uxk£)

C(k) = kedD". (3.4)

ekl — e—itxk@(a + 1) + e—ia?ke’

First, we observe that the denominator in (3.4), which in (1.19) is denoted by A(k), has no zeros on D" for k # 0 (see Lemma 7.1). Also, we
note that when k is on D" then ak is on D] and a*k is on &D; . Hence, in C(k), the exponential |e”*| - co when k € D" and |k| — oo,
while the other exponentials stay bounded. This implies that

|C(k)| s1 as |k] — oo. (3.5)
Moreover, when k is near 0, we see that the denominator A(k) ~ k* and the numerator is like k. Therefore, we have

1

C(k) ~ p

as k—0. (3.6)

These suggest the splitting of the integral (3.3) into three terms, one near zero and the other two far away on C; and C,, that is,
V1] ~ V() + V1 + Vz, (3.7)

where

Vi(xf) = fc COR) ™ ks (k) dk,
]

and Cj, j = 0, 1, 2, are shown in Fig. 2. By the symmetry of the domain D", the estimate for V; is similar to the estimate for V5. So, here, we
derive the estimates only for V; and V.

Estimate of V5. Our method of estimation on the contour C; is similar to the one used in Ref. 20, where the key ingredient is the L* bound-
edness of the Laplace transform. Here, we reduce into a Laplace transform situation by using the parameterization [1, c0) 5> k — ak € C; so
that

Va(x,t) = f1  C(ak) ™ (ak) s (~K*) dk, (3.8)

where a = e3', which gives a® = —1. To prove the desired estimate for V(x, t), we begin by estimating the Sobolev norm of V,(x, t), that is,

IV2(#) 11 0,0y - For this, we recall that for any function f(x) on (0, £) the description of its H*(0, £)-Sobolev norm in the physical space for s >
0 is given by
" Ls] A L] 2
V Hi(0,6) ~ Z ”81fo1,2(0>£) + ”ax fH[;> (3.9)
j=0
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where s = [s| + f3, € (0, 1), with s = | s| denoting the integer part of s. Furthermore, for any test function ¢ defined on (0, £) and f8 € (0, 1), its

fractional norm ‘ is given by

|<p(x1) o(x:)[* ¢ ey lp(z+y) — o)
H‘PH/; /x of x2|1+2[5 dx1dx2:2/y:0/2;0 S v

dzdy, (3.10)

where the second equality is obtained by changing variables x; = z + y and x> = y. So, in our case that we have 0 < s < 3/2, we need to estimate

the L? norms of V,(t), 0+ V2(t) and the fractional norms of V(t), 0x V().
Fractional norm of ;" V5. Differentiating j times V> (x, t) with respect to x, we obtain

AV (1) = f  C(ak) ™ iy (<K dk.
1

Forj=|s|and f8 € (0, 1), using the second form of fractional norm (3.10), we have

tak(z+y) mky

(3.11)

Gy (k)dk‘

2 ey [Pz ) - VA 0P e ey |7
Fvanly= [ [ ey [
I 2D . Jo EE zdy= | |

where

G (k) = C(ak) - ke ® s <k,

dzdy,

(3.12)

The following crucial lemma, which is proved in Ref. 20, provides a way of handling the complex exponentials involved in the above integral.

Lemma 3.1 (Estimating along the complex UTM contours). For y = yr + iy, y1 > 0, we have

‘eiykx _ eiyky| < \/_(1 + |YR|)| —yikx _ —y,ky| Vx,y > 0.
Y1

NS

Applying this lemma with y = e3 = a, which has imaginary part a; = %= > 0, we have

eiak(z+y) _ eiaky —ark(y+z) _ e—a;ky‘.

<c-le

(3.13)

Furthermore, making the change of variables k" = \[k replacing the upper limits £ and £ — y by oo, and switching dz with dy integration, we

get
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2
dydz.

ovaolys [© s [
B =0 |22 Jy=o

Now, we need the following important result, whose proof follows from the one in Ref. 21 (see also the work of Hardyl‘)), by multiplying Q(k)
by the characteristic function y (¢,0) (k).

[ -G (K K

Lemma 3.2 (L* boundedness of the Laplace transform). Suppose that Q(k) € L(c,00), ¢ > 0. Then, the map Q(k) —> [ e Q(k)dk
is bounded from L;(c, 00) into L;(0, o) with

Applying Lemma 3.2 with Q(k") = (1 - e Kz )Gy, (K, t) and switching dz and dk’, we have

ST erawa] < mIAE ey 614

—k'z
. 2
H&LJVZ(t)”g = f |G (K ) /_ E |1+2/3) dzdK'.

Finally, using the elementary estimate

oo l_e—kz 2
[z:o (MT‘B)dZ: k*, 0<p<1, (3.15)
we obtain
2 oo oo .
v, (¢ :f Gk t Zk’zﬁdk’s/ K B Pdk < s . 3.16
10" Va(t) | 4 1«:%' (K| | s(=K)F (k) I 3”H3(R> (3.16)

L2 norm of 8. V;. For 0 < j<|s] € N, using (3.11) and changing variables as before, we obtain

oo LA 2
f I iy (k) |dk

; 2
|94 va(t) HLﬁ(o,z) S .
12(0,6)

Thus, applying Lemma 3.2 with Q(k) = |[K/* hi3(—=k®)|, we get
. 2 ; N 2
10V (0lisc00) S 1K KKy S Is1 < s (3.17)
Finally, combining (3.9), (3.16), and (3.17), we obtain the desired estimate (2.14) for V,(x, t).
Estimate for V. Recall that Vj is defined by integrating over the two symmetric segments in the complex k-plane starting at 0 and ending at

—% + %i and the other at % + ?i, that is,

3.

2 N 1,4
Vo(x,t) = (1‘2:)’{ [ o  CRE ™ ks ()l + / U O(K) R Ky (K )dk} (3.18)

l+

Here, we only estimate the second integral
ikx+ik’t
Voo (x,t) = f C(k) ks (k) dk (3.19)
since the estimation of the first one is similar. For any j € N, we have
A Voa(x 1) = f (C(k)k) ke T (K ) dk.

Since for k € [0, 1 + ?z] and x € [0, £] we have (C(k)k) - eikx+ik3t(ik)j uniformly bounded, and
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R 2 i
)] = | [ ha(e)at] 5 Vsl oy 5 oy (320)
we see that |9} Vo (1) HLi(M) < ks HLZ(O,z)’ which implies
B
IVor ()l 0.0y = ]; 10Vl 20,0y S B3] 1202 S I3 I 029 (3.21)

for any positive integer u. Therefore, applying the last estimate for y = [s] + 1, s > 0, we get

[ Vo2 (1)

H:(0,0) S | VOaz(t)HHFJ“(O)e) S Hh3HH§(0,2) < ”thHf &) (3.22)

which is the desired estimate (2.14) for Vi, (x, t). This completes the Proof of Theorem 2.2.

IV. PROOF OF FORCED LINEAR IBVP ESTIMATES ON HALF-LINE (THEOREM 2.1)

To prove Theorem 2.1, we decompose the half-line IBVP (2.1) into simpler problems, and at the same time, we provide the basic estimates
for each one of them. Then, using these, we prove the estimates contained in Theorem 2.1. In fact, here, we focus only on the derivation of the
time estimate for the solution (2.5) and the time estimate for the derivative of the solution (2.6). The other estimates are contained in Ref. 20.

We begin by decomposing the forced linear IBVP (2.1) into a homogeneous problem (A) and an inhomogeneous problem (B). Then, we
decompose both problems further in a convenient way.

A. The homogeneous linear IBVP

Ut + Uyex = 0, x€(0,00), te(0,T), (4.1a)
u(x,0) = wo(x) € Hy(0,00), x€[0,00), (4.1b)
u(0,1) = go(t) € H* (0,T), te[0, 7], (4.1¢)

with the solution given by u(x, t) = S[wo, £05 0] (x,t), which is defined in (2.3); it can be decomposed further into the following two problems:
A,. The homogeneous linear initial value problem (IVP)

Ui+ Ugex = 0, xeR, te(0,T), (4.2a)
U(x,0) = Up(x) € Hy(R), xeR, (4.2b)

where Up € H;(R) is an extension of the initial datum wy € H;(0, c0) such that | Uy

#: () < 2[wol g (9,00 With the solution given by
1 iEx+ilt 73
UGt = S[Ua0](x1) = 5 f&Ref 80T (£)dE, (4.3)

where Up(§) = [, e Up(x)dx, E€R.
A;. The homogeneous linear IBVP with zero initial datum

Up + Uy = 0, x€(0,00), te(0,T), (4.4a)
u(x,0) =0, x €[0,00), (4.4b)
u(0,t) = Go(t) = go(t) - U(0,1), te[0,T], (4.4¢)

with solution u(x,t) = S[O, Gos 0](x, t), which is defined in (2.3).

B. The forced linear IBVP with zero data

U + Uer = F(x, 1) € C([O, T1; Hy (0, oo)), x€(0,00), te(0,T), (4.5a)

u(x,0) =0, x €[0,00), (4.5b)

u(0,t) =0, te[0,T], (4.5¢)
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whose solution is u(x, t) = S[O, 0;F ] (x,t), which is defined in (2.3). This problem can be further decomposed into the following two problems:
Bi. The forced linear IVP with zero initial condition

Wi + Wy = Fe(x,t) € C([0, T]; Hy(R)), xeR, te(0,T), (4.6a)
W(x,0) =0, x e R, (4.6b)

where F, € C([0, T]; H;(IR)) is an extension of the forcing F € C([0, T]; H;(0, 00)) such that sup |F.(t) H: (0,00)- The
te[0,T] A

Heqry <2 sup [|[F(t)
* te[0,T]

solution of this problem is given by the Duhamel representation

j b bt "= ’ ’
W(x,t) = S[0; Fe] (%, 1) = _i fs " [ L SO (£, ¢ dt dE, (4.7)
t
- ﬂ'ﬁ:OS[Fe(gt ;0] (x £ - ¢')dt', (4.8)

where F, is the Fourier transform of F, with respect to x, and S[Fe(~, t'); 0] in the Duhamel representation (4.8) denotes the solution (4.3) of
problem A; IVP (4.2) with Fe(x, t') in place of the initial datum Up(x).
B;. The homogeneous linear IBVP with zero initial condition

Ut + Vxxx = 0, x€(0,00), te(0,T), (4.9a)
v(x,0) =0, x €[0,00), (4.9b)
v(0,£) = —W(0,£) = ~Wo(t), te[0,T], (4.9¢)

whose solution is v(x,t) = S[O, - Wo; 0] (x,t), which is defined in (2.3).
Next, we describe the estimates for each one of the above problems.

Theorem 4.1 (Estimates for homogeneous IVP A;). The solution U = S[UO;O] to IVP (4.2) defined by formula (4.3) satisfies the space

estimate
sup [S|Uo;O[(O)l,.s oy = U0l (my> SER, (4.10)
te[0,T] [ :| H:(R) )
the time estimate
S{ Uo; 0 sl <ol T)|Uo|l g (ry> 2 -1, 4.11
sup [S[Us 0]l < (14 VT) Uil ey s “11)
and the time estimate for the derivative of the solution
sup || 3<S[ Uo; 0] (x) ||H§- o) <o(1+ \/T)H Uo ”Hi(R)’ s20. (4.12)
xeR AN

The proof of this result can be found in Ref. 20 except the derivative time estimate (4.12). However, its proof is similar to that of the time
estimate (4.11), and therefore, we omit it.
The solution to the IBVP A, is estimated by first extending Gy from (0, T) to a function h on R supported in [0, 2] and such that

|h| w  $[Go| w ,viaLemma 2.1,and then estimating the solution v = [0, ;0] to the following pure IBVP:
H* (R) H,* (0,T)
Ut + Uy = 0, x€(0,00), t€(0,2), (4.13a)
u(x,0) =0, x€[0,00), (4.13b)
u(0,t) = h(t), te[0,2]. (4.13¢)
Theorem 4.2 (Estimates for pure IBVP on the half-line). Suppose that % <s< % The solution v = S[O, h; 0] to pure IBVP (4.13) defined
by
1 o A
v(x,t) = S[0,h;0] = -5 fa R E()dk,  x € [0,00), te[0,2] (4.14)
D+
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satisfies the space estimate

sup [|S{0,50((t)],, <olh| @, (4.15)
te[0,2] I | H(0.00) | lHy‘ (R)
the time estimate
sup [S[0,A50](x)| @ <c(1+VT)|h| @ (4.16)
xe[O,I:o) | [ ]( )‘Hf (0.2) ( )H HHLB (R)
and the time estimate for the derivative of the solution
sup |9S[0, h;O](x)HHg(O‘Z) <e(1+VT)|h| . (4.17)

x€[0,00)

Also, the proof of this result can be found in Ref. 20 except estimate (4.17), which can be proved like estimate (4.16), and therefore, we
omit it.

Theorem 4.3 (Estimates for forced IVP B1). The solution W = S[O; Fe] of the forced IVP (4.6) defined by Egs. (4.7) and (4.8) satisfies the
space estimate

sup |S[0;F](t)
te[0,T]

T
(s < LO [Ee(O) ] rydts s € B, (4.18)

the time estimate

1 1-2s
max{T?,T 3 }|F Homyy —l<s<i
sup ”S[O, Fe](x) H a < Q{ }” EHLZ([O,T]aHx(R)) . 2 , (4.19)
<R H,* (0.T) TS ||FeHLZ([0)T];H;(R)), 3 <s<2
and the time estimate for the derivative of solution
1 3-2s
max{T2,T5 }||F]| eryy, 0<s< 2
sup [ 3:S[0: F](x) ] s 51 e AR(TER) 2 (4.20)
xeR t (O’ ) T HFe”LZ([O,T];Hi(R))’ 2 <s<

sl
Estimates for problem B,. By the time estimate (4.19), we have that —-Wy(t) € H,* (0, T), and similarly by the time estimate (4.11), we have

st
that Go(t) € H,” (0, T). Therefore, the solution of problem B; (like that of problem A;) is estimated by using Theorem 4.2.
Next, combining the above estimates, we prove Theorem 2.1.

Proof of Theorem 2.1. Since the space estimate is done in Ref. 20, here, we focus on the time estimate of the solution. The time estimate
for the derivative of the solution is similar. Using the superposition principle, we express the Fokas solution formula for the half-line forced
IBVP (2.1) as follows when x >0and 0 < t < T:

S[wo, gos F] = S[Uo; 0] + S[0, g0 — S[ Us o]‘ % 0] +8[0; F.] + S[0,-S[0; F. ]

;0]. (4.21)
x=0

Let m = *. Applying the triangular inequality for the norm sup |-|| (o,r)> then using the fact that T < 1 and (0, %) ¢ R, and finally applying
x20 e

the time estimate (4.11), (4.16), and (4.19), from (4.21), we get

S| wo, g0; F . < S| Up; 0 . S10,90 — S| Up; 0 ;0
s 1S m g 15, €592 ISL0501 0y 50 S0~ {00

H}"(02)
+ sup ||S|0; Fe |(x)|[ ... + sup |[S]0, -S| 0; F, ;0(x
9 L3RIy s S-SR ]|l
2-s
<6 (H Uo H(R) T lgol 1% o) +T> ”FBHLZ([o,T];H;(R)))-
Now, using the estimates |Us | . (ryy S [wol s (9,00) 20 [ Fell: my) S | Fllgr: (0,00 8iVes the desired time estimate (2.5). m]
J. Math. Phys. 60, 051507 (2019); doi: 10.1063/1.5080366 60, 051507-13

Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of
Mathematical Physics ARTICLE scitation.org/journal/jmp

Proof of Theorem 4.3. Here, we only prove the time estimate (4.19). The time estimate (4.20) is similar, and the proof of the space estimate
can be found in Ref. 20. Noting that -1 < s < 2,s # 3 <= 0 < m < 1,m # 1, we use the following physical space description of H;" (0, T)
norm [see (3.9)]:

-t |W(x,z+t) - W(x,
-0 Zl+2ﬁ

2 T 1)
IWE) By oy = [WE [ WL, T) +2 [ N I . (4.22)

Next, we shall estimate the L*-norm | W (x) || 12(o,r) @nd the fractional norm [|W(x) 4.
Estimation of the L*>-norm | W(x)| . (o,ry- Using the Duhamel representation (4.8) of the solution to the forced linear IVP with zero initial

[W(x) ||L,2(0,T) = ([:Z(ﬁio ‘S[Fe(~, t');O](x,tf " dt/)zdt)é.

In the inside integral, replacing the upper limit ¢ with T and applying Minkowski’s inequality to switch dt and dt’, we get

conditions (4.6), we have

T
IWE) o < ft IS[R):0] et = )y

Now, using the time estimate for the homogeneous IVP (4.11) with m = 0 or s = —1, we obtain

1

T T 5 2
sup W) oy 5 [ 1P gyt < VI( [ IOyt 53 -1, (423)
XE€. = =

where in the last step we applied the Cauchy-Schwarz inequality.
Estimation of the fractional norm || W(x)||g, 0 < § < 1. Using solution formula (4.8), we have

W(x,t+z) - W(xt) =~ fio [S[Fe(-, t);0](xt+z—1t") = S[Fe(: t’);O](x,t—t’)]dt’
+/:”S[Fe(-,t');o](x,t+z—t')dt'. (4.24)

Now, using the inequality (a + b)? < 24% + 2b?, the fractional part in (4.22) yields

2

T 1t oo [S[Fe(t);0] (3t + 2= ) = S[Fe(1');0] (.t = ') |dt’
W) ff=o /z=o : [ pever ] dzdt (4.252)

T prT-t 1 t+z , o
+[=0fzzo W[ S[Fe(t);0](x,t +2—')dt

=t
Next, we estimate (4.25a) and (4.25b) separately. We begin by estimating (4.25a). We have

2
dzdt. (4.25b)

- T T-t 1 T ’ ’ ’ ’ ’ :
(4.23;1)<ft:0 fzzo (ﬁﬁ_o ‘S[Fe(‘,t);o](x,t+z—t)—S[Fe(~,t);0](x,t—t)dt) dzdt.

Applying Minkowski’s inequality to switch dzdt and dt’, we get

(4.2

Ul

T T -t 1 ’ ’ ’ INE % ’ :
a) € /;:0(/;:0 /2:0 W‘S[Fe(.,t);0](x,t+z—t)—S[Fe(.,t);o](x,t—t)‘ dzdt) at'|,

which by the fractional norm description (3.10) reads as follows:

(4.252) = (ft:TO HS[Fe(.,t’);o](x,t—t’) ﬁdt’)z. (4.26)
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Finally, applying the time estimate for the homogeneous IVP (4.11) with % = f3, we get

T 2 T
(4250 5 ( |G Hi(R)dt') T [ IR0 eyt (4.27)

which is the desired bound for (4.25a).
Next, we estimate (4.25b) for which we consider the cases 0 < < % and 1 < B < 1 separately.

The case % <B<lor % < s < 2. As we will see below, in this case, we utilize the Sobolev embedding theorem. Using solution formula (4.3) to
the initial value problem with data F.(x, t), and switching the d¢ and dt’ integrations, we get

1 T Tt
4.25b) =
(4.25b) ftzo _/Z:O Z1+28

Also, using the fact that for any non-negative function ¢(x, t) we have [, ¢p(x,t)dt < [, |¢(t) |, dt, the last relation gives

T T—t
(4.25b) < f f !
t=0 Jz=0  Z1*2P

Furthermore, applying the Sobolev embedding theorem, we bound the L*°-norm by the H*-norm as follows, when s > 1:

2

e p3 t+z 3

/ i (t42) / it F.(& t)dt' dE| dzdt.
EeR =t

1
2m

1 2

21

dzdt. (4.28)
L (R)

s HZ 3
f ezfxﬂf (t+2) e—zf ! Fe(é‘) t,)dt/d£
£eR r=t

T orT-t 1 || 1 b By [ ey~ 2
sty [T ol [ [ R g ardg|  dedr
t=0 Jz=0 2 21 JEer 1=t H: (R)
Then, computing the H*-norm, we get
e [T Y| [ R v yar | dedea
4.25b) € —_— 1+ (S, 1 )dt t,
o)< [ f 5 [ )| e R ar | dee
which by using Minkowski’s inequality to interchange d¢ and dt’ gives
- T T—t 1 t+z , , 2
(4.25b) < LO fz:o ﬁ( [ TR H;(R)dt) dzdt. (4.29)
Moreover, applying the Cauchy-Schwarz inequality in ¢', we get
- T T—t t+z 2 28 41
(4.25b) < f, 0 fo [ R gyl deat (4.30)
and using Fubini’s theorem to interchange dt’ and dt integrations, we have
L T 2 T o [t , B<1 T2 1 o2 ,
(4.25b) < [ Ry /Zzoz [ . dudedt 2 [ R gyt (4.31)

which is the desired time estimate for the second part of fractional norm (4.25b) when % < s < 2. Finally, combining the L? estimate (4.23)

2
with the fractional case estimates (4.27) and (4.31), and recalling that 1 - 8 = %, we obtain

1

T 5 ~ T :
sup [ W pory 3 V(| I Oygere) + 77 ( [ 1Ol 0r)

T<l  p-s T
15[ IR0
t=0

which is the desired time estimate (4.19) when % <s<2.
The case 0 < 8 < 1 or -1 < s < 1. Applying the Cauchy-Schwarz inequality in the dt’ integral of (4.25b), we get

5 3
H;(R)dt) , (4.32)
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T T-
(4.25b) < f f t
t=0 Jz=0

Now, simplifying, using Fubini’s theorem to interchange dz and dt integrations, letting ¢, = t + z, replacing lower limit ¢, = z with ¢; = 0, and
again using Fubini’s theorem to interchange dt; and dt’ integrations, we get

(z f IZ|S[F3(., t);0](x.t +2 - t')|2dt')dzdt. (4.33)

t'=

1
Z1+2B

=28 T ) L ’
1228 Jimo IS[Fe(-t);0] (21 — £ )”Lﬁ oyt (4.34)

(4.25b) <

Furthermore, using the homogeneous IVP time estimate (4.11) with s = —1, we get

1 ) 2
jTl /3”FEHLZ([O,T];H;(R))’ Vs> -1, (4.35)

4.25b) €
(4.25b) 3

which is the desired time estimate for the second part of fractional norm (4.25b) when —1 < s < %
Finally, combining the L?-norm estimate (4.23) with the fractional case estimates (4.27) and (4.35), and recalling that 1 — 23 = %, we

obtain
1 1
JT T 2 2 1-28 T 2 2
sup [W(x) | oy S VT |Fe(t) 5yt | +T IFe(t) | 1gs my dt
<R ‘ t=0 x t=0 x
Tél 1 1-2s T 2 % 1
2 3 —_ —_
< max{T ,T }(ft=o | Fe(2) H;.(R)dt) R 1<s< > (4.36)
which is the desired time estimate (4.19) when -1 < s < % O

V. ESTIMATES IN THE SOLUTION SPACE X

We begin by recalling that our iteration (solution) map defined by the forced linear IBVP with initial data uo; boundary data go, ho, h1;
and forcing f reads as follows:

u- Oy = S[uo,go,ho,hl;f] = S[wo,go;F:” + S[O, 0, hz,h3;0]. (5.1)

x€(0,£)

Our strategy for proving existence of solution to our IBVP for KdV on the interval (0, ) is to use the basic estimate (1.23) with f = uu, and
1

show that the iteration map @ is a contraction in a good solution space. However, the term ( [OT HfH?{S(O, g)dt) * is not good if we consider

the classical Hadamard space C([0, T]; H;(0,¢)) as our solution space since replacing f with the KdV nonlinearity uw, we would need the

following “algebra property:”

If1

H(0,6) = H”wx”H;(o,e) < H”HH;(o,e) HwHH;(O,E)’

which is not true, and therefore, the last term of estimate (1.23) does not allow us to close the loop in Hadamard space C([0, T]; H;(0,£)). In
the framework of the KdV IVP, this was first realized by Kenig, Ponce, and Vega in Ref. 33, where they introduced certain A-norms in order
to prove well-posedness of KdV for data in H(R), s > 3/4. These A-norms were also used in Ref. 20 for proving well-posedness of the KdV
on the half-line. The A-norms needed for the interval are similar and are defined in the introduction by (1.8)-(1.10).

Next, we shall provide a bilinear estimate of the problem term by using the A-norms. More precisely, we will prove the following
result.

Lemma 5.1 (Bilinear estimates on an interval). Let % <s<1land 0 < T < 1. Then, for two test functions u(x, t) and w(x, t) defined for
0<x<land0<t<T,wehave

[ sty

Furthermore, in the space X, this bilinear estimate reads as follows:

Tyt < (C-TF+4TOM ()45 () +40- 1 ()’ A3 (w)’. (5.2)

i,;(”)dt) <max{(6-T* +47%)1,208 ) ul o] . (5.3)

T
luwsl 2 o198 0.0y = (/0 luwy]
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Proof of Lemma 5.1. The first bilinear estimate (5.2) implies the second bilinear estimate (5.3). This follows from the definition of the
norm ||-||x in (1.7), that is,

lully = A" (u) = max{Ais(u),A2(u), A5 (u)}.

So, here, we focus only on deriving (5.2). By the fractional description of H*-norm, we have

T 2 T 2 2
/(; ||”w)C(t)HH;(o,z)dt:f0 [H”wx(t)HLi(o,e)+H”wx(t)”;;]dt~ (54)

For the first term, taking sup over x for both functions and then taking sup of u(x, t) over t, we get

T 4
/ f |u(x, ) we(x, t)*dxdt < £+ sup sup |u(x, 1) / sup |w (x, t) [ dt. (5.5)
o Jo

te[0,T] xe[0,£] xe[0,¢

Then, by the Sobolev embedding theorem, for s> %, we have

sup (e, 1)] < [ 0) |y 0y < Ao (8). (5.6)

x€[0,¢]

In addition, using the Cauchy-Schwarz inequality to dt, we have

T ) T % T 4 > 1L .. 2
fo sup. lw (x, 1)t < fo dt fo sup. (e t)|'de | = THAT ()] (5.7)
xe[0, x€[0,
Therefore, we get the desired estimate (5.2) for the first term of (5.4)
T 2 1T T 2 ;1
fo ()]s gyt < € TE e AT @) Vs> 2. (5.8)
For the second term in the right-hand side of (5.4), using the fractional norm definition, we have
O—x 2
f Juwy(£)|2dt <2 f f f e (x + 2, )2 tl)m“("’ OF dzavae
2 f f f ()Pl * 2 tl) w@OF g
+2s

Furthermore, in the first z-integral letting y = x + z, we obtain

Clu(x, t) —u(y,
f s (1) 2 <zf s fwy (7, ) [ f ( ‘x) yPEZ{ OF feayar (5.9)
L—x - 2
+2 sup u(x,t)|*dx - sup [ws(x+2,1) = wa( 1) dzdt. (5.9b)
te[0,T] xe[0,] /0 0 Zi+2s

Using definitions (1.8) and (1.9), we get

(5.9b) € 20-[Mo(WArg(w)]?s Vs > 3 (5.10)
Also, applying the Cauchy-Schwarz inequality in ¢, we get

(5.92) QZ(‘/O‘TXEs;p]|wx(x,t)| dt) (/ (f fe ‘“(xi;) yrllg’; ol dxdy)zdl‘);

T % 1
T LT T
=23 (w)®- (/0 lu 4H;(O>Z)dt) <2T2 (A3 (w)A,(w)]. (5.11)
Combining the inequalities above gives the desired estimate (5.2). m]
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Next, for proving that the solution map is a contraction on the space X, we need to estimate the iteration map S[uo, 0> ho, ;s uwx] in the
A-norms (1.8)—(1.10).

Proposition 5.1 (Estimates for the forced linear IBVP in X space). For % < s < 1, the Fokas solution formula S[uo,go, ho, h1 ,f] of the forced
linear KAV IBVP defined by (1.18) with f = uwy satisfies the estimate

”S[”O’g‘)’ho’h“”w"]nx < CS(HMO H:(0.) Igo "H% (0.1 + o ”H% (0.1) * ”Hﬁ (,1)
emax{T5, (€T3 +4T2)7 - T5,200 - T5 Yl Jwlly ). (5.12)

Proof of Proposition 5.1. Using the following decomposition of the solution to the linear forced IBVP (1.17) on the interval (0, £)

S[Mo,go,ho,hl;f] = S[wo,go;F]‘ <(00) + S[0,0,hz,hg;o], (513)

we see that it suffices to estimate the restriction of the solution of the half-line problem (2.1) and the solution to the pure linear IBVP on the
interval (2.12).

Estimation of the 1-norm for S[wo, g F ] . First, we recall the A-norms for the half-line defined in Ref. 20. They are given by

x€(0,£)

Ars(w(®) = sup [w(t)] 0.0y (5.14)
te[0,T] *
T T A
AL (w) = ( sup f |ZDew(x,1))| dt) : (5.15)
xE[O,oo] 0
T T 4 !
Al (w) = f sup [Bvw(x0)dr, | (5.16)
0 XG[0,00]
where the operator 7, is defined as
|Ovw (x, 1), seN
| Zw(xt)|* = (5.17)

2
oo [0 w(x +2,8) - 0 w(x, t)‘
/0 vy dz, s=|s]+B,0<B<1.

Also, we recall the following estimates proved in Ref. 20. For § < s < 1, we have

T . 3 .
AI,S(S[wO’gO’F]) < CS(HwO Hs(0,00) t Hgo”H%(o,T) +T ”F”LZ([O,T];H;(O,OO)))’ (5.18)
for 0 < s < 1, we have
T 1
Az,s(s[w0>g0;F]) S Jlwol H:(0,00) T o] 1 o) +T3 HFHLZ([O,T];H;(o,oo)); (5.19)

and for s > %, we have

A (S[wo, o; F]) $ wo

H: (0.00) T 180/ ufom T Tl o1yt (0,00)) (5.20)

Using these estimates and the fact that S [wo, £05 F] is a restriction of the function S [wo, €05 F] on the interval [0, £], we obtain

x€(0,£)
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AT(S[wO,gO;F]LG(O)Z))SAES(S[’UJQ,go;F]l )+/12T,S(S[wo,go;F] )+A§(S[wo,go;F:”

QA{S(S[wo,go;F]) + A{S(S[’wo,go;F]) + AZ(S[’U)(),g();F])

xe(0,¢) x€(0,£) xe(O,Z))

1
SHMOHH;(O,OO) +gofl e ) +T3 HF”LZ([O,T];H;(o,oo))'

H> (0T

Also, since [[uo |1 g,¢) bounds [[wo || (g,00y 20 [f (1) | 2 (9,0 DOUNds [ F(£) 11 (0,00 We get for 2gs<1

W (SlwngsF]| )5 olign + ol s, + T L qorgencoon: (5.21)

xe(0,€) H3 (0,T)

Finally, letting f = uw, and applying the bilinear estimate (5.3), we get the desired estimate (5.12) for the first term of (5.13).
Estimation of the 1-norm for S[O, 0, h, hs; 0]. We do it for each one of the norms )LIT)S, /\22, PER

/XIT,S— norm. By the definition of the /\{s—norm (1.8) and Theorem (1.2) (or Theorem 2.2), we have

1 3

T . s — —
ATL(8[0,0,2,h530]) < (|2 i o * 1L ) 3<s<3 (5.22)
which is bounded by the right-hand side of the estimate (5.12), as desired.
AZT, ,— norm. Next, we shall prove that for 0 < s < 1, we have the desired estimate, i.e.,
T . .
134(8[0,0, 2, h330]) < I o * Hh3HH;<o,z))' (5.23)

As in the Proof of Theorem 2.2 for the reduced IBVP, we estimate the part of the solution S[O, 0, hy, hs; 0] that corresponds to D" and the
boundary value k3, i.e., vi1 = Vo + V1 + V3, which is given in (3.7). In fact, we only estimate V, which is given in (3.8) and the part of V,
which is given by (3.19) and is denoted by V. We begin with V.

A1(V2). The case s = 0. Using the formula for V5, the definition of the A,-norm and making the following change of variables 1 = —k?,

we get
2 \2
at| .

Considering the inside integral as the inverse Fourier transform of a ¢-function on R after multiplying the integrand by the characteristic
function y (- e,~1) (%), and applying Parseval’s theorem, we get

T T -1 1 z‘tﬁ%x—il %xA
Mo(v) = sup [ [ clant)ee T iy
xe[0,0] 70 ad

214 2 % ~ %
[ ()| dﬂ) S(SUP flhs(ﬂ)zdn) = Ihsliz ey
xe[0,£] /R

since C(ak) is bounded for |k| > 1. This is the desired estimate (5.23) for s = 0.
The case 0 < s < 1. Making again the change of variables 7 = —k®, we see that the fractional part of the A1 -norm defined by (1.11) reads as
follows:

-1 1
Mo(V2) 5 ( swp [ _[cCant)

xe[0,¢

T 2 xo 1 T -1 L —i{m%(x#—z) —iaq%x int7 g
[AZ,S(VZ)] ~ sup ﬁ/o‘ |[oo C(-an®)(e -e )e" h3(n)dy| dtdz.

xe[0,0] 70

Also, as before using Parseval’s theorem in #-variable and using the fact that C(ak) is bounded, we have the following estimate for the inside

integral:
T
!

Furthermore, by Lemma 3.1, we have

-1 L —iun%()ﬁz) —iaq%x int ? -1 —iar[%(x+z) —imﬁxzA 2
[ c-antye = M s )| des [ e - P )P

L) _ Lb

1 1
—ian3 (x+z —ian3 x
’e 03 (v+2) _ =ian

sﬁ(u%)

Finally, using the above two inequalities, we see that 11 (V) satisfies the estimate
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2 -1 £x 1 3 % x+z V3 3x
P s sup [ eP( [ g (50 - ey

xe[0,4]
<sw [ ls@fulars i
where in the second step we use again the inequality (3.15) after some simplification in the dz integral. This is, again, the desired estimate.

A3, <(Vo,2). The case s = 0. Recalling that Vo(x, t) is given in (3.19), we see (like in the Proof of Theorem 2.2) that s (k)| < || ||L%(0,2),
which gives the desired estimate

Ao(V2) S Ih3ll 12 0.2)-

The case 0 < s < 1. Parametrizing the integral in (3.19), we have
05+ 21 ikerik’ty 2013 ! iakx—ik’t z 3
Voa(x,t) = f C(k) ™™ ks (K Y dk = / Clak)e (ak)hs (~K)dk, (5.24)
0+0+i 0
where a = e3". Since C(ak) - k is bounded for |k| < 1, using the Cauchy-Schwarz inequality, we get

1, . 1.
10: Vo (x +2) — OcVor ()* < f |/ K2 _ gk 2 g f s (k)| dk.
0 0

Now, substituting the above estimate into the A, ;—norm (1.9), we get

x€[0,£] 0

o 1 ) : 1. 3
Asz(Vo,2)<|:sup [T on |emk<“z>—e'“k"|2dkdz] [ rRorar]
> Z1+2s 0 0

Also using the fact |ei“k"| S 1forx € [0, £] and (3.15), we get

O—x O—x | iak(x+z) _ xakx 1
f 1 f | mk(x+z) tukx‘zdkd / f |E | = gk < f klsdk <L
0 z +2s 1+25 0

Combining the last two inequalities gives the desired estimate A{ s(Vo2) < |hs| 2 ®)

/\3T — norm. Next, we prove that for % < s < 1wehave

T . .
A3 (80,0, ;0] < |2 W ot \\thH?(O‘Z)). (5.25)
As before, here, we estimate only Vo, and V; since the estimation of other terms of the solution S[O, 0, ha, h3; 0] is similar.
Estimation of A} (Vy, ). Differentiating Vo2 (x, t) with respect to x in (5.24), we get
1 3, o
BeVor (1) = f C(ak)e™ 1P hs (k) dk. (5.26)
0

Then, using the fact that |C(ak) ei“kxfikatkz\ < 1for ke [0, 1] and x € [0, £], we have

T . T 4 : iakx—ik’t
AL (Voo) = (/ sup 04 Voa (%, 1)) dt) - (f sup ‘f C(ak)e™ K 2hy (—k )dk| dt)
0 xef0,0] x€[0,¢]

1

T 1. 4\ 1.
( [ suw | [ s (-] dt) <TH o1y < 1302y (5:27)
0 xefo,0]L /0

where the last inequality follows from (3.20). Thus, we get the desired estimate for Vo (x, £).

AN
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Estimation of A} (V). Here, we are motivated by the ideas presented in Ref. 33 about the KAV Cauchy problem. We begin by recalling that
Va(x.t) = f1  Cak) ™ (ak)hs (<K ) dk.
Differentiating it with respect to x and letting 7 = k>, we have for x € (0, ¢) and t € (0, T)
BV (1) = fl ~ Cak)e ™ i ak)2hs (—K ) dk = f1 = Clard)e ™ ity (—o)dr, (5.28)

Therefore, by the definition of the )L3T-n0rm, we have

l

T co . 1 . Lo 4 \i
AT(Vy) = f sup |0Va(x0)|'dt| = f T () (<1)de] dt | (5.29)
0 xe[0,0] 0 xe[o,0]
Next, we define
Bl = riClari)h(-1), T>1, :i/ it
R(7) {0, rel, and R(¢) 5 Js € R(7)dr. (5.30)
Also, for a given number r, we define the operator
AR(x 1) = f R (5.31)
Using these definitions, we see that A1 (V) reads as follows:
AL(V2) = ( J1a7 R - t)an(M)dt) = [a7 RG] im0y (532)

and the desired estimate follows from the following result.

Lemma 5.2 (Strichartz-type estimate for the interval). For R € L}(R), the operator AR defined by Eq. (5.31) is bounded from L} into
LRy 1£(0,£)), that is, it satisfies the estimate

HNR(’C’_t)HLq[R,;L‘;(o,z)] = |AR(x, t)HLq[R,;L‘;(o,JZ)] <CrlRlg g (5.33)

for some constant Cr > 0, where r = —i, p=oo,and q=4.

In fact, since |C(a‘r§ )| is bounded for 7 > 1, applying Lemma 5.2 for R given by (5.30), we have

V) 8 IRy 5 ([ e isCoPar) s ([ 10 2P = ol < Ihs

HEE R
ifs> 3 . This proves the desired estimate (5.25).

Proof of Lemma 5.2. By duality, for 1% + 1% =1land é + % =1, we have

NIE . =sup{‘ [ I RGONQUs ] 1l 0y = 1}. (5.34)

By Fubini’s theorem, Plancherel’s theorem, and Cauchy-Schwarz inequality, we see that

‘ [ ARG 01[QUs ) Y] < [R], H f f e NI (e, — 1) drdx

L} (R)

Therefore, to prove (5.33), it suffices to show that

Again by Fubini’s theorem, Plancherel’s theorem, and Holder’s inequality, we have

(5.35)

¢
/ A"Q(x,-)dx
0 L} (R)

x=

1Rl oyt ey
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>

L[R2, [0.0]]

oo ¥4 X Y - 1/3
t - 2r 5t
/ / ez‘r ela'r X,—iar X rQ (X2,T)dX2dT
7=1 X

=0

/Z AN Q(x,-)dx
x=0

which shows that it is suffices to prove that

Now, recalling thata = 1 + i% and using the Fourier transform property f’;\g = f?, we see that

2
< 7 v

o L VRV
t - 2r -5t
/ /‘ en ezur X,—1aT Xl_[ fQ (xz,‘r)dxzd‘r
=1 Jx;=0

2

$1Qly gt oy (5.36)

LRI, [0.4]]

oo 4 . . 1/3 - 1/3
t — 2r 5t
f f E” emr x,—iat 7 x; T rQ (xZ,T)dedT
7=1 X,=0

£ OO it il —x )3 _N3 1
~ f / (f ez‘r(t tl)g Yiln—x)T e 2 (x1422)T TZVdT)Q(xZ,tl)dtldX2.
x,=0 JHeR T

=1

Therefore, applying Fubini’s theorem and using Holder’s inequality, from (5.36), we get

oo ¥4 . .13 - 1/3
t - 2r 5t
f / ex‘r elar Xy —iar XlT rQ (Xz,T)ddeT
=1 Jx,=0

2
LER

At this point, we shall need the following lemma for the interval (0, ¢), whose proof is similar to Lemma 2.1 in Ref. 37 for the line. Also, a
simple modification of its proof works for the half-line.

(5.37)

LI[R;L£(0,0)]

<

foo ei‘r(fffl)e*%i(xzfxl)Tl/sefé(xﬁx;)rlﬁTZrdT
T

=1

QU gyt

1, (0012, (0.0) ()

Lemma 5.3. The following estimate holds:

Hfoo eirte—%i(xz—m)rme_%(x1+xz)11/3 T_%d‘t’ < |t|_%. (5.38)
=1 L2 (0,0)L2(0,6)
Applying the above lemma to inequality (5.37), we get
° £ irt iar'Px,—iar'Px, _2r st
f / e 2 '77Q (%2, T)dx2dr
7=l S0=0 L{[RLE(0,0)]

9 \la
a)"

oo o 1
< (f ‘f It =] QC. 1) dnr
t=—o0|Jtj=—00

Finally, using fractional integration, we obtain the desired inequality (5.33).

VI. WELL-POSEDNESS OF KdV IBVP IN SOBOLEV SPACES ON AN INTERVAL

Finally, having established the key estimate (5.12) in the solution space X, now we are ready to prove Theorem 1.1 for the KdV IBVP
(1.1).

Existence and uniqueness of solution. We show that the iteration map for the solution of the KdV IBVP (1.1) u > ®u = S[uo, 0> ho, s uux]

is a contraction in the space X. First, we show that it is onto. For u € X and s € (%, 1), using the estimate (5.12), and for 0 < T* < T < 1, we
have

%1 2
0l < & 1oLy + 1800, 5 )+ Pl 5 ) # Wil gy #2004 VOIT ). (61)

Now, choosing u in the ball B(0, ) = {u € X: ||u| x < r} with radius

r = 2¢:[ (0, g0, o, ) [ s (6.2)
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where the data norm ||-||p is defined by Eq. (1.14), and using estimate (6.1), we see that for the iteration map @ to be onto it suffices to choose
a T" such that £ +¢(1+ \/_)T*w ror

T* < [64c?(1 + ﬂfH(uo,go,ho,hl)ug]*. (6.3)

Next, we show that the map @ is a contraction in X; i.e., for any uy, u, € X, we have
1
[@us = Oua |y < S — 2 - (6.4)
For this, using the identity u1Oxu1 — 120xuz = 3 [Ox (ur +u2) (w1 —2) + (1 + 12 ) O (11 — u2) ] and applying estimate (5.12), we get, for 2 <s <1,
ol
|®ur - Dua |y = §[0,0,0,0; 11 Oy + 120z | < 2¢5(1 + VOT* (] + w2l ) |ur = 12 5o
which gives contraction if 2¢;(1 + /7) T3 (r+r)<1/2,0r

< 166+ VY (0,0, hos k) 3] (65)
Combining conditions (6.3) and (6.5), we get the maximal lifespan
T =min{ (165 (1 + V)| (s, g0, ho i) 5] } (6.6)
for which the iteration map @ is a contraction in the ball B(0, r) c X. Thus: th~e equation u = ®u has a unique solution u € B(0, 7) c X.
Continuity of the data-to-solution map. Let (10, o, ho, h1) and (o, §o, ho, h1) be two different data lying inside a ball B, c D of radius p >

0 centered at a distance r from the origin. Furthermore, denote the corresponding solutions to the KdV IBVP (1.1) by u = @, o . % and
=0 j,, i respectively. Then, by the contraction condition (6.6), their maximal lifespans T, and T are given by

19,80 o

Tu:rnin{T (16> (1+v/0)° | (ut0, g0, o ) 3] } T; mm{T [16°¢ (1+v/)* | Citos 2oy Fros ) 3] }

Furthermore, observing that the following lifespan
T = min {1, [168¢(1+ VI (r+p)*] }Smin{Tu,T,;} 6.7)
is common, we have that both solutions » and # exist for any 0 < ¢ < T.. Also, if we denote by Xr, the solution space X defined by (1.15) with
T* = Ty, Xu the solution space X defined by (1.15) with T* = Ty, and X_ the solution space X defined by (1.15) with T* = T, then we have
that X, ¢ X; and X; c X.. Next, we determine a ball B(0, r.) c X such that for any w, it € B(0, r.) with data in the ball B, we have
lu =ty <2¢ (w0, 80, ho, ) = (i0, g0, ho, 1) | - (6.8)

For this, using the estimate (5.12), we have

|u— iy =[S[uo - it0, g0 — &o. ho — hos hy = hys uuy — itity ] I,

<c | (tt0, g0 oy 1) = (0, go, oy ) | + 266(1 + VO T2 ([lu] .

i

X'

Furthermore, since u, i € B(0, r.) ¢ X,, the above inequality implies

~ ~ 1
Ju— it < ol (0, gos hos hn) = (fior G0 o ) | + 26s(1 + VO T - 21+ |u— it .,

which after combining the terms |[u — @[ ,_gives the following choice of r.:

= ﬁ\/i :max{[8c5(1+\/Z)Té]_l,ch(r+p)}, (6.9)

which implies (6.8), i.e., the Lipschitz continuity of the data-to-solution map.
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VIl. DERIVATION OF THE FOKAS SOLUTION FORMULA

In this section, we derive the UTM formula for the linear KdV on the interval

Ou+du=f, 0<x<l 0<t<T, (7.1a)
u(x,0) = uo(x), (7.1b)
u(0,t) =go(t), u(lt) =ho(t), ux(l,t)="hi(t). (7.1¢)

Using the adjoint equation d;it + 93t = 0 for it = e e get the divergence form
. 13 . a3 : .3
(™ )+ (TR O2u + ikDeu — K u])y = e TR (7.2)

Defining the Fourier transform for an L*-function ¢(x) on the interval (0, £) by

R ¢ .
o(k) = [ ef'kx(p(x)dx, keC, (7.3)
0
we integrate the divergence form (7.2) over [0, £] and solve the first order differential equation with respect to ¢ to obtain the following global
relation:
e Ml t) = (k) + F(k £) + [ (K, 1) + ik (K, ) = K30 (K, )]

— e MRy (K, 1) + ikhn (K, £) = Kho (K, 1)], ke C, (7.4)

where

I £ . t .
F(k,t) = f KTk nydr, gk t) = f M u(0,7)dr, Rk t) = f 8 u(e, 7)dr.
0 0 0
Inverting equation (7.4), we find the integral representation
uCst) = 5= [ 7 o) + O 0)Jdks o [T S [0 + ik (€, 1) - Ko (K, 1)k
T J-oo T J—oo

- zi f T RO (8,1 + ikin (I, £) = Ko (K, £) |k, (7.5)
T J—oco

which involves the unknown boundary values 9,u(0, t), 8,% u(0,1), 8fu(€, t) via the transforms g1, $, h. To eliminate these unknowns, we
deform the contours of integration from R to the boundaries of the regions D*, D7, and D; (see Fig. 1) and hence rewrite (7.5) as follows:

u(x,t) = i f : M g (k) + F(k, t) | dk + i . Iy (1, 1) + kg (K, 1) — Ko (K, 1) | dk

1 k(x—0) 4T 13 s e s
+27Tfabl.e GO iy (10, £) + ik (K, 1) = Ko (K, 1) ]k

1 k(x—0) 4T 13 P e s

s /(;D; RGe=0)+ t[hz(k ot) +ikhy (K, t) — k"ho(k ,t)]dk. (7.6)

The above deformation is possible, thanks to analyticity in k (Cauchy’s theorem) and the exponential decay of the relevant integrands in the
complements of the regions D*, Dy, and D; . For example,

[ TR 5 (1) + ik (K 1) — Ko (K, 1) ]dk
= fam eikx+ik3t[g2(k3, t) + ikgl(ka, t) _ ngo(ks,t)]dk 7.7)
since (i) e is bounded for Im(k) > 0 (recall that x > 0) and exponentially decaying for Im(k) > 0 and (ii) ¢* (=7 is bounded for Im(k*) > 0

(recall that ¢ > 1), i.e., for arg(k) € (0, g) U (g, m)u (%, 2m), and exponentially decaying for Im(k®) > 0, and hence, (-0, 00) can be deformed
to the boundary of the region D* via Cauchy’s theorem. The rest of the terms in (7.5) and (7.6) can be handled like (7.7).

J. Math. Phys. 60, 051507 (2019); doi: 10.1063/1.5080366 60, 051507-24
Published under license by AIP Publishing


https://scitation.org/journal/jmp

Journal of

Mathematical Physics ARTICLE scitation.org/journal/jmp

27 .
Next, combining the global relation (7.4) with the two identities obtained from it after replacing k by ak and a’k with a = ¥ ', we get
a system of three equations that are solved via Cramer’s rule for the unknown functions g1, &, .. Substituting the resulting expressions into
formula (7.6), we get the desired UTM formula (1.18). Crucial to this last step of the computation is the following fact.

1

i iy
,es .

Lemma 7.1. The zeros of A(k) lie outside D* U Dy U D;. More precisely, all the zeros lie along the rays es!, er
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