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From 1900 to 1926. Professor Wilczynski published many 

artiolee on the proj9otive differential �eometry of ourvea, 

surfaoes, and curves on surfaces. These papers appeared 

for the moat part in the Transactions of the American Math

ematical Society, and the American Jou�nal of Mathematics. 

Hia work on sp�oe curves is to be round either in an artiole 3 

of 1905 or a text book' of 10O�. 1his book incorporated the 

work of several articles on curves and ruled surfaoeo. The 

method of approach was based on Lie'• theory of continuous 

groups. However, the forms obtained were not truly canonical. 

In 1928 Professor Stouffer� published Boroe canonical forms 

for the differential egu�tions of curves in a plane or in 

ordinary space. The method of approaoh was simple and did 

not employ Lie'e theori. However, the canonical rorm for 

&pace ourves was not a �eneralization of that for plano 

curves. 

At the ou��eation or Professor Stourfer the problem of 

deter�inin� a canonical form or forms for curves in n-dimen

eional apace wae undertaken. 

The canonical form here obtained ie an exaot �eneralization 

of the oanonioal form for ourvee in ordinary apaoe as men

tioned above. The reaults are valid for any apaoe of three 

or more dimensions re�ardless of whether thenumber of dimen

sions is odd or even. 

The •riter wishes to express his �ratitude to Profeaaor 

Stouffer for the inspiration, helpful su�gestiona, and kindly 

oritioiam �iven in the solution and presentation of this 

problem. 

See biblio�raphJ a\ the ond. 
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§ 1. INTRODUCTION 

A atudy of the projeotive differential propertiea or • 

ourve in n-di■en■ional apaoe may be baaed on the linear 

homogeneoua differential equation 

( 1. 00) 

{'IIH) (illtl) (IY') 
y +, I P, y +

. . . + p y
'11 t I 

= O· I 

where Pt are funotione of the independent variable x.

If the ourve be repre•ented in homo�eneoua coordinate• 

by n+1 funat1ona YL(x) then the coeft1oienta p� may be

eo deter■ined as t.o make t.he Yi.. a fundamental aet of 

aolationu of 1.00,provided the ourve doea not lie in a 

apaoe of leas than n di&enaiona J in ■hioh oaae t.he Wronakian 
I (""' , I · Y

1 
, • • • , Y;v. , YM+-• ie different from aero. 

Conversely, Ginne �ny fundamental· aet or solution• of 

1.00 ooneiata of n+1 linearly independent tunotiona�theee 

■ay be taken aa the homo�eneoua ooordinatea of a curve in

n-dimeneional ■paoe. However, any aet of linear oo■bina

t.ione

( 1. 01) 
Y· L 

= 

of a first fundamental aet of solution• Y1 
fundamental aet provided that the determinant 

ia itHlf a 

I,..· · I ia v L 1 

1 

:lirferent from aero.· We aee then that. with eaoh differential 

equation there ie aaeooiat.ed not. one but an inrinit.e number 

of ourvea all related by projective t.ran■formatione. 

ln .teneral the aolutiona of 1. 00 are po■er aeries in (x ,.:.xc,;).. 

val1� in the nei�hborhood of Xo, where x Q ia a re�ular 

point for the differential equation. Hence. we may etudy by 

thie aethod only tho•• differential propert.iea of the ourve 

•hiob are invariant under the projective tranafor■ation 1.01.

Moreover. neither the parametric repreaentation or the

ourve nor tbe aa■ooiated differential equation ia unique. A

t.ran■for■ation

1.J • 1.2, · · ·,n+1., 



(1.02) E =. E(x)

of the independent variable or a transformation 

(1.08) 

ot the dependent variable, where E and� are arbitrary 

tunotiona of x, will leave the curve unaltered. These 

are the moat general tranaformations converting the dif

ferential equation 1.00 into another ot the aame form and 

order.• 

• 
See lllo■J'll•kl. ProjeotiYe !llfterentlal Geoaetry or CurYee 

and �uled Surrao••• Lelpsl�.•Teubner. Chapter 2. 



§ .2. TRANSfORMATIONS OW THI VARIABLIS 

Let the differential equation 1.00 be tran■tormed by 1.02 

into a new equation 

( :a. 00) 

where 

( 2. 01) 

3 

Belo• are ifiven t.he tiret, five t.•r•• of the II t.h derivative 

of y ueed in the above tranafor■at.ion. 

( 2. 08) 

+ 

+ 

+ 

(-t� ·2)t· (,»') { � / , -m- J .. ,,, + 11 J r;. ) r. 

,,._ ' -m-, '( ?14-1, V I 
'l, .... .,.,[('�){E' ), E +. 16(°';')-0�') F.

1 E' 

+ 10(-:1)-{E 
1

)1n-1. (E'''t"

+, lOb(i'HE')
'>lr

-
7 

(E'')
2.

E.''' 

+. 106(�)-(E' t· 'I (E").11- 1

• • 

Wllosyn■kl publl■h■4 (Ib14. 0 p.·20•21.) a g■n■ral ■■thod tor ob\aln1nt
ln order \b■ tar•• of 2.,e. �he work le inorea■ln�ly dlltioul\ aft■r the 
fire\ two ter■e •. 

.,./·m-•J ( 1;) ( E' )'"'-t E ,, 

:1 ( ';) ( f. / t- 'I ( F. '') 7- ) 

l..., '!.) "'1 -¥ IV ..,_ ,- I ' 

,, - ((",;)U:' > f. • 10<';-Hr.'>'"-" F. 11 F.." 

+ lf ('';)( F. I t'-t (f( ).3] 



Subetitution ot the expressions 

the tirat tour ooeffio1enta ffi 

C 2. oa) 

t, +

(#1) y in 1.00 gives for 

I ') i. 

j, ( ) t2:!.:..!. f 'I-' I
t 

J,11 - i... z l 
l � --rr;_ :=. i/

1..
+- /)I - I If-' I, + J L 

. 'f 't' � 

(�')� = f
,, 

-t- '-(lh-,)41' f� + 2-(�-3) [r' t J/rl;� 'f' 'l t... 

4 

f ( 11- :;') [ f ,/ t ( 2 /fl - �) f/, I 'f + { l)t - l.l(rYI -1.l 3/ � t, 

l��M - Jcrrr +Z6 'f" I If' 2.

6 

- 7 I 
"'I. 

+:zJuM -152. r�] /JM - V>/)f

tf ., 

where 

'- I _, .,,-, 

----
5/11- II I I 

'I-" '3 

+ 

+ J 



Equation a.oo on bein� tranaror■ed by 1.oa takea the 

fol"■ 

where 

( 2. Ofi) 

+ p y 
11+1 

+ 

•. O·,

The derivativee or� ueed in the above tranarormation 

•ere obtained from the relation
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§ a. CANONICAL EXPANSIONS

Let it be aaaumed that there eaiete amoni the ooetfioienta 

P1 of equa\ion a.o� and their derivative• eome relation in

variant under rurther tranarormationa or the form 1.02 and 

1.oa only it t.he funotiona I: and �- are auoh that E" and �'
are identioally zero. The ditferential equation 2.04 ia then
■aid to be in • oanonioal form.

It will be our purpose to obtain auoh a oanonioal form and
to determine the tranaformationa 1.02 and 1.03 whioh derive 
aald form from the ori�inal equation 1.00. Further, we shall 

aeek aome Qeomet.rioal relation, between tbe ourve and ita 

related ayate■ of referenoe. oharaoterizin� this oanonioal 
form. 

We ••Y without loaa of generality oonaider solutions of 
2.04• in the neighborhood of F.=01aino� any value E0 . 

of the 

parameter oould be t.ranaformed into E=O by means of the 

ai11ple relation E =, E +, E., , • It ie evident. from the form 
of 2.03 that thia transformation would not diaturb the oanoni

oal form.· 

Beoauae or the above, and the diaouaeion or 1.01, we are 
Justified in reatriotine our study to the projeotive differ
ential propert.1••• near E•O , of any one of the ant.ire family 
of ourvea aaaooiated with the canonloal equation 2.04� In ao 

doinQ we etudy the projective differential properties common 
to all ourvea or the family.· 

Let ua oonaider then a partioular fundamental eat or aolu
tiona obtained by •••n• of the well known theory or ordinary 

linear differential equation•• We aeau■e a aolut.lon of the 
fora 

Y ( E) ... Y ( Q,) + Y 1 ,( 0 ) f

wbere the derivative• of order greater than n are deter■ined 
by the differential equation 2.04 and it.a der1v•tiv••• The 

aerie■ a.oo ■ay be written in the for■ 

{ 3~ 00·) • .J 
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(8.0·1) 
' ("") 

• • • ' +· yo {X.,....,) 11 

where t.he ooetfio1onte X
1 

are thamaelvea power aeries in 
E.: Theaa n+t ooeft'ioient.a X1 tor11 a fundamental ■et,, valid
in the na!Qhbprhood of E=O, with Wronekian equal to unity 
for E•O.: 

On oomput.1n·g t.heae ooeftioienta we notioe that, they would 
be l(raatly ■iaplifiad ware P,· • o. fi'rom -the for11 of 2.os

and a. 06 it follo•• t.hat P,, would be zero if "'', + �fl, • O .. : 
Further, thia fora •ould re■ain iffYariant under traoeforma
tiona aiailar to 1.02 and 1.08 only if the funotiona oorre� 
apondiaf!t t.o E" and �-• were ident.ioelly zero. Hanoa the 
function �- or the tranaformation 1. 08 ia aaaumed to satisfy 
the differential equation >. '/X = - R 1 so that P: a, O. 

The ourve un�er oonsideration ia ·than expressed in the 
p•r•metric 
(8.02) 

X· 

■hara
( 3.03)

ror111 

i.-1 

E 
( 1-t )'!! 

by

�-i_,titl 

E ...,+,
♦, +·

(n+t)!, 

1 • 1. a ••.•• • n+1 )

- p �.� .. 1. = .,,t, ,, ... 

E '1'1+2 
A 

L-t1+1. (n+a) :, 

-fr 

* 

The non-ho■ofeneou■ ooorcUnat.aa z. =. Xi.ti I X, or • 
point on the ourve are fiven by 

., 

., 

l 

{I = 
l lllf-2. 

+ 

P' 
'lf-t-1 



(3.06·) 

Z'-

where 

(8.05.) 

E
l 

I 

1:•1 ., 

•. P, 

Bt,-rl♦I 

.;,, 0 

Jl .... , 
( n+t) !t 

8 

J 

(n+2) l,, 

I 

finallr, on e11■1nattng the parameter E or the expaneione 
a.o,- we have the ourve repre■ented by the n-1 oanonioal

expaneion•

(8.08) 

z. L 

,. • 
'"'t 41�• 

+ 

;_( 'lt+I )P 2, -,,_ I 

z ,'" ... 
,

( n+1) �t 

,........ 

+. 

2 111 t'Z 

Z' 41t-.Z. 
n I 

....., i.. MU 
-, n-♦-2-)

""'
-��i

2' • (111+1 ). P
,.. t 

+. 

:..c't' )P'. . 
,,,_, .) 

,,. = ('"
+

' )P 
...... i. "1♦1 - ,_ . ,t,f,I -i.

,.. •. -<!�; >i> 
...... �IJ1t2. :..,,,+•)p•, ... llt#-1-&. 

,,. 
•. 0

...... "'lltf-1 
,,. 

'Ii lll♦'L 

,,. ... z.- .. 

•. -C' .. , )P 
,,._, � 

* 

lt ehould be noted that tha oaeonioal ror■ and tberetore 

the ooeff1o1ente PL are ■till unknown. Bxpaneion• a.oe
repreeent the •••oo1ated expaneion• of the canonical for■• 

The ooe,rto1ente c,, are tuaotion• of th• P� who•• proper 
value• are yet to be deter■tned. 

) 

11 +1. 

+ +. + 

B, M+• a A 2. IHtl 
Q = A 2 -11 ·t-2. c.: I 111 t1. ' 

PL-tl+I = Ai.ti 1H + I BL"" +l. ., Ai- t I ttt-l·t 

Q B,,.., M+l.·• A'ff-4--1 -111 111-1- 1 ) ,., f-'l.. . 

=, 

•here 

.I 

.., 
/ 



J 4;.! OSCULATING OURVB OP DSGRSB n 

It ta ooaaon kno•l•die that rive point.a in a plane 
determine a oonlo •hile ■lx point• ln ordinary •tao• 
det.er■lne a oJ'b:lo., It. 1• our purpoee to ahow t.hat. 
n+8'. pot11t.e 'ill --an n•dlmenatonal apaoe deter•1t1in• a ourve 
ot de.tree n. , 

Let •·be tbe l\aaaber ot ,0111ta requi:red t.o determine 
1. 

the (n+�) oonat.anta •�; ot t.he parametrio equation• 
c,,.oo) 

i • 1,1, , • • •,n+t • 
It 1• •••uaed that. the n+1 hoao,ieneoua coordinat.ea are 
known tor aaoh or the_R point••' The parameter , takea 
on N dtrreren\ value a t., 1 t. 2. , , t ,., tor t.ha •••illn-
ed ,01nt•• Ho••••r, in tixinl the para■etrio ayatem •• 
are at libart.:, t.o •••1ltn value• to t at three or the 
point.a. lt'or lnatanoe •• miQbt. aet. t, • -0 1 t 1 • 1, and 

t. 3 • �. Tb• other N-8 value• ot t muet be fixed by the
hoa0Qeneo11a ooordi11at.e• or t.be N point.a. Again,,· the 
proporUonalit.v raot.or f' t.•k•• on N ditterent value• 

t=;, r.. . • • . •, �N for t.h••• po1nt.e.· Ho•ever, t.be

equat.1on• are ho■olleneou• in r°. and 0. .. 3 benoe onlv
H-1 or t.he oonat.ant.• � are ••••nt.ial.• ll'or lnet.ano• ••
■ifbt. ■et. f; • 1. Henoe
( ,.01)

N(n+1) •
2 (n+1) 

fro• ■hioh it. rollo•• t.hat N • n+3. 

+ (H-1) • 

Let. ue oonaider no• t.ha llaitinl tor• ot • ourve of 
de�r•• n det.erain•d b� n+:8 point.■, on t.ha original ourve 

• 8-.0_8. •• t.h••• point.• approaoh ooinoidenoe.· Oenerall■inll 
t.he oonoepte or ooniaol be,•••n t.■o plane our•••• or t.•o 
•k•• 011rv••• •• ••¥that. t.he■e two J•r••• have oont.aot. or
o�d•r n+a. Further, •• oall thi• partloular ourve or
defr•• n an oeo11lat1a·, our•••

• B•• no\e on· ftea\ tlllf•• '

p X i. •. a i. o + II i. I t, 
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We ehall al■o uae the oorreapondingf analrtioal detinition.·

It the ezpan■ion■ tor tbe oarve of degree n ag�ee with the 

espaneion• a.oa up t.o and inoludinll t.he t.er11e of order n+2 

•• aa, that the two ogrvea have oontact of order n+:a. The 

former 1• eaid to o■oulat.e the latter. We oould have uaed

thia detin�ti�n enti�ely.- However the geometrical oonoopta 

aid in ai'11plitying the •ork. 

Prom 8�02 it ia evident. t.ba\ t.he homogeneous coordinate• 

X ;_ or t.he point f.•O are 1,0, ...• o. So long aa there ia no

dan�er o� ambiguity we shall for the sake or brevity oall 

thi■ the point X(O) , or juat X. Similarly, the ooordinatee 

or X' are (0,1,0, . ,O), and so on until finally the oo

ordinatea or X 1"' 1 are (o, ... ,O·, t). ·

The tangent. to t.he ourve ia determined by X and X', -t.ha 

oeoulating plane by x,x•. and x•, and t.be oeoulating linear 

k-apaoe br X, X' • X••• ... • X 1" ! Where k =. n-1• ·

Aooording t.0 t.he geomet.rioal oonoept of contact two curve•

with oont.aot of the aeoond order have a com■on tangent and a 

oommon oaoulatin�1 plane. Two ourves •1th contaot of order 

equal t.o or Qreater than n-1 have oo■■on oaoulat.ing linear 

epaoee up to and including the oeoulat.in� linear (n-1)-epaoe. 

If the curve represented by 4�00 i• to have oaoulating 

linear apaoea in oom■on with the original ourve �.02 eeveral 

or the ooetfioienta a . muat be 1dent1oallr ■erc. Thua, 
l l 

• .. • •;• · · · • • ,,,t- • will be aero at the oont.aot. point. t.•0

onlr if • 4v: a
3 0 

• . • • • o. The point x• will be on the 

tangent. Una X • X • • • • • O determined by X and JC' only 
3 If 

tr • �, • a .., ,•··• • o. Likewiae, t.be point s '"' •111 be in
the oaoulating linear k-apaoe X • . .. • X • 0 only

I'\ -t.. .,, +• 

if a i. I\. o,

I The oorreapoadenoo •••i-here la an axaot gener-1.laatloa ot tbe nlatlon 
ooaaeo\lDC. •order of oonlaot•• •aa■ber or ooiaoident Pointe•, 1,114 •agree■eat 
of e•panaloaa• aa Uaoaaaed. la � 212 •. of Qo11raat-Re4riok. llatbe■atioal 
AaalJ'ala. Tol.le'. 
•• Here •• l■ a pala\ oa tbe llne· tancent '° \be oaoula\in� oun• 4.00•at
tb■ poln\ t • 01 Here 11 la tbe ai■llar Point on th• \an1■nt to \he original
oar••• Tb■ oapltal let\era 11 alao r■pr■a■at the n,nalng ooonlaatea of any
point la apao■ referred to \be bolyhadroa d.e\eniae4 by X.X'••· .• 1t�1 •. 



The equation• 4·.00 are now ttreatly ■1apl1t1ed in that 
all term• below the main dia�onal have been oaueed to 

Thie ourve then outa the reterenoe n-1 epaoe 
in t.w·o po·inta one or wbiob 1• t.be point. t • o 

Let. ue aet. a,., 111 • o.· In ao doing 
•• met-ely ••-•i"n t.ha ooordina\e t. • :c to thi• other

11 

point. in the n-1 apaoe. further, it will be moat· con
venient. t.o have· a 10 • a

21 
• t. The tlrat ia made po••

elble bJ a proper ohoioe or to and the eeoond by a proper
oboioe or the unit. point t • 1.· Equation• 4·.00 no• aeaume 

the tor■ 

( 4. 02) 
'l.. 

f x, 1 
♦, a II t + a 1,_ t +, .. • • + a,"" t , 

fx 2.. =.
2 • ,..._

t +. a22 t. 
♦ .. +, a21)\ 

t , 

fx, 2. 
a)2 t +. - C> + a31t\ t , 

• • • • • 
m-• 

* P xm •. a"h 11\•I 
t ♦ 

I 

f x.,. .,•. a t 11,-\ •
'

'11,f-l '°"

In order to deter■ine the ooeffioiente or the above 
espan■ion• •• fir■t change to non-ho■ogeneoua ooordinatee 
by diYidinat p X

i.
+• by f' x, • Then 

(4.08) 
z. L 

where 

f' x,+• 
• = b- . t.'" +

(' x, i.i. 

b i. ·L 
,. a i.•• L. I b" i.•1 =,

a i. 1 •. 0 tor j > n • 

b.. t 
L Ltl 

a.:.., i..+1 

i.t• 

-

♦, 

a. .
i.f'I L 

. 

a II , 

Nest we eliminate t bet•een the espan■ione for • i. and ••
thereby obtaining 

c .. z I. (4·.04·) z. ,. +
LI. I 

•here 1 • 2, a,.. • •• n
( 4o O&,) C .. • b-. D 

I. L LI. 

(4.08) ci.i.•• =-, bi. i.t-1 
:I a 

Ltl L.♦ I 

. ... . 

Ci. i•• 
z .. ♦ 

I 

• 

8it-• 
i. I 

i b"i. b 11_ 

a
i.+ , ;_ a11 - i

• 

b- • (11L&. 2Z 

. 

- a" )

vanleh.· 

xn • O 

oounted n~l- \i•••• · 

=, 

L 

• , 

• 
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Sinoe the ooeffioient.a or a. 08 and 4-'. 04 auat ooinoide up t.o 

and inoludin� ter•• of order n+2 we aet, oi�= 1 / i! and 

o
L+I ( • 0 resulting at onoe in

Sino• •
.,, .,,. • a

,..,
.,

M
+' • O t."o simple equationa are obtained

from 4a06 for i • n-1 and i = n l:'eeultin� in a,, = a. 7.-,_ • o. 

and ooneequently 

(4.08) a 
� t I L t I 

= o. i = 0.1,2, - • • ,n-1 • 

In a similar fashion we find the ooeffioients or the third, 

fourth, and fifth diagonals of 4.02 to be 

( 4·.09) 

(4·. 10) 

.. 

• 

(3'1 - 2i)P,._ 
i ! 2(n+-2) 

1 = 0,1 ••.. ,n-2 

(4n-3i-4)P3 (3Xn-i-2)P L 

11 31 (n+2) 

1 • O, 1, .. . , n-3 

"' 

• 

(n+-2)(6n-4·1-10)P
'f 

- 4(n+2)(n-i-3)P3
I 

+ 12(n-8-i)(n-2-i)P
L 

i I 4 I ( n+2) 2. 

i • 0.1, • • . • n-4 • 

�he reault■ or 4�09, 4�10 and 4.11 "ere obtained fro■ 

the r-elation■ 

. a i..t-1 L = 1 / i I 

'L 



( 4, 12) 

(4·.13) 

(4.16) 

( 4, 16,) 

where 

( 4·.18) 

( 4·. 19) 

(4,20) 

(4.21) 

b l i.+2. = a�+,�+ .. , 

bl �t-3 = a Lf- I i..t) 

b ,_ � +'t = aLf-1 L +'f 

C ' l f, '+ = bi.. i. +'If 

-

a , 2 / 
i I, 

•' , 

a,3
I 1 '' . ' I 

a,* I i ,..i - a ,-z. bi... i.+2

b,5" I (i-1)!: 
2. 

b 1 3 / 2 ( i-'1.) !: ,

a .. =, Q: for j ,> n • t 1 

C .. = 0 for j <., n+1 • ' 1 

Ci ltlt- I 
= ,.. 

I (n+.1) !. •Ji. '11-t I • 

CL. lllt-'L. = C ;_ 114tz. I ( n+2) �; •

13 

I 
( 4, 14·) 

Ci. dl. = b i. +-'2. - b13 I ( i-1) !. , 

Ci. L+3 = b.:.i.+3 - b ,,,_ I (i-1)!: , 

(4-. 17) 

- (1+2) b.,-1 ci.~t2. 



� 5.· PRINCIPAL TAIGINT PLAIR 

Theorem. i" 1.f· t•o ou.-pea in. .-ci ..... ,uio•oL s�ot:• hove 

cont.act of or-lier-, • at a f)oint. ther.e exish e1 uni q v.e 1>Ja11e 

fr-o�_on.y fJoint of •hioh one oan f>rpJ•�t the t■o our••• b y 

••Gns of t•o h.yt>er.-co••• •ith oonte1ot of o.-tl,er. ■+.z.l

Let the two curve• be repreeented by the expanalona

( 5.01) 

t.nd 

(5,.02) 

•here

(1,.03)

lPurther111ore 

(5,.04) 

z. =

Z· = 

y •km,

1 • 

j -

k • 

2 y,. 
L 1 

L b .. 
L '\ 

0 i. k • 

2,3, . .. 

2,a, . , , 

2, 3, . . 

z, 

z, 

.n I 

, oo, 

•• • 

14 

tor &t leaet one value ot 1. Here again the ooordinatea Zt 

are non-homogeneou• and related to the boaogeneoua coordinate■ 
Xi., by Zi. •, X;,_+1 / X

1 
�! 

Thi• th■ore■ 1• • i■aerallaatlon·ot one ■tate4 tor orilnar, apaoe by 
Halphen.: 8•• Jburnal 4• 1 1 1001• Polyteobnl•11•• 13�0� •01,,, •. 

BoweYer. bl■ proof i■ rather dittioult and oan not be readily 
■Kten4e4 to•byper-epaoe.· The pr■■eat ■ethod of approaob ••• fir■t ■■ployed
by Btoutt■r. tor 011rY■■ in ordlaarr apao■, • 1111· hh leotur•• or 1'12'7-28

at the UnlY■r■ltr of Ku••••·

l 

l 
l 

' 1t la that • 2,, and 
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Cone1der now a new ayat.em of reterenoe difterinf from t.he 

original only in the (n+1)th ver\ea. Wit.h reapeot t.o t.he 
ne■ ayet.em of 

preaented bJ 
(°&.orsJ 

and 

( 5,.06,) 
•here
(15.07).

reterenoe the t.wo curve• 

z i.. 2 f;, ,z I 

7.. = L !\ .. Z I 
1

l Ll 

r;_ I\ = ¢. L t\ • 
i • a.a, •...• n • 

J • a-.s. • • •. c:c • 

k • 2 .• s •. • ·• 111 • 

in oont.aot may be re-

• 

It ahould be noted that t.he new ayate■ or reference le not 

rat determined. hence the ooetfioienta r. 1 and �Li are un
known. However. ainoe the property of oontaot 1• independent 
or the system of referenoe 1 we are justified in writing the 

equal.ions 5.07 . 

Our proof oonaiata in ahowin� that the (n+t)th vertex or the 
new ayatem or rererenoe oan be ohoaen in a double infinity of 
ways eo as to aake 

(6,.08) 
tor-

(.\ j_ Ml+ I 1 

a.a •• • •• n-1. · 
The ■oat general tranatormation relatin� any t•o aeta or 

homo,Zeneoua ooord"inat.ea in on• to one oorreapondenoe ia 

(5.09) 

1.J • 1.2. • • • 8 n+1.

However. ainoe in this instance the two eyat.e•s or rererenoe 
have their riret o vertices in oom■on. the transror■ation 
5,.09 beoo■es •i■ply 
( 15. 10) 

/' x. • X· ♦, a.
L L 111 t-l 'hf-I J 

r X · .. 

x ,,, .. , .: 
"'+•. 

The two •r•tema or non-ho■ofeneoue ooordinat.ea are then re
lated blf 

..l =. 

X 
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( 6,.11). f' Xi.+• Z· +- h_Zm 
z, = L 

fX, .... CJ z ,,.. 

z 
z"' 

•. • 

.. a z,,.. 

where tor the convenience in writing 

(5.12) - a -- OIi -ti♦I , f. 
" L

- CJI L ♦ I .,,. ... , • 

The tirat. relation or 6.11 m11y be repreeent.ed in t.he form 

or an expansion by 

(5.1.8) 

z. (z;_ �� z,�J(l - 2  2. 
)= +. .... oz,,. +, CJ z,,. ♦ 

• .
. 

On aubatitattn� in tbe above the �•panaione e.01 for the 

rtret. carve, and 

ourve, •• obtain 

(5.14•) 

( 5. tb_) 

and 

(5.1.'7) 

adain the expaneiona 6.02 tor-

two 

z, 

zi 

Z· L 

aeta or 

z, 

= z. 

= 

• 

expe.naion• 

+ z 1,1,,� z, •

1,1,i.i z I I 

< iL v, .i z I , 

, 

1 • 2,3, ••,n-f; 

j • 2, 3, • • · , 00 • 

, 

Beoa11■e or ,;_. oa we have

( 6. 1.8) 

and 

"'i. k. =. O· 

1 • 1,8,, ··,D-1 1 

k ■ a,a,. •:, ■ , 

the ■eoond 

L =. , 
1 

1 

= 

L 

. 
l 

l 

(5 .• 1.6-) z. ... 

L 

• 



( 5.19) 

1 • 2,8, • •, ,n-1. 

On el1m1nat,inl1 t.he paramet.er Z,between 5.14 and 5.15, and 

again bet.ween 5 .• 1.8- and 6. ·17, we obt.a1n t.he u:panaione 5.05. 

and 6. 08 tor i • 2,8:, • · · , n-1. · 
�he demonat.raticn or the ■et.hod emplored in elia1nattng 

z, will be greatlJ oondenaed bJ the uee of a function Qr•
defined bJ the following examplee.· Lat 
( 6. 20) 

.,,. 23

be the au■ of the produota or the permutation• of the 

•lementa µ�1 taken 2 at a ti••• ■uoh that the aum of the

weUht■ or t.he ■eoond eubaoript.e is a. where ",, 
• 1.

Si■ilarlJ,

5.01) 

" 2 µ,J"'J.'f =, µ" 1'13 
♦ µ,1.µ12 + "n "''' ,: ♦ 1,1., 2. , 

17 

In order to eliainat.e t.be z,� teral of 5.lf we aquare both 
aeaber■ or 6. '14', multiply by Pl 1. =, Ui. 1. , and ■ubtraot fro■ 
5.1.5. Then 
(5.22) 

Zi, 
,. J l" i. ... - - ] +r� 1 z, ,. r .. ; z, + fl. 1. Ql'f Z1 

+. . 
,J 

where 
r..; 1,1, i.3 r .. ,. 0

2
3 •

In order t.o elia1nat.e the z,3 ter• ot 6.22 •• oub• both
•••bare or 6.14·, ■ul t.lply by r" 3 1 and aubt.raot fro• 6. 22. 
Then 

( r;. 28) 

z .• ,. 
fi\ Z, 

.3 
r z· 't .) r.1. z, - = 

L� I 

where r • "i..,. r .. 2 � 111 ri 3 o ;,1
' 

L If- ' 
. 

" •, 2 l1 1 , 

'2 

=. 



In a eiailar faehion we eliminate term• of higher degre• 

in �, . The coeftioient fi�•i•ill be identically 

( 5. 84•) 

18 

No element µ 1 i or Q 
2 

l)tt+• will have a aeoond aubeoript greater 

than •• Again, no element of 0
3 

,.,.,+,•ill have a aeoond eub

aoript greater than m-1. Hence the first term i,&
.: 

"""'•' is the 
only element "' i. ; or 5.24· with a aeoond aub■oript of m+1. 

ll'l"om t.he eya■etl"y of our notation it ia evident. that. �t 1ti+• 
may be obtained from S, 24 by the aubetitution of v .. 1 for µ i. -i•: 

It followa then from 6,18 that 

( 5, 25) 
- '1 i. 11'11 +-I =, µ .. /)II t• - Vi. 11"1 ♦ I 

Now it ia a eimple matter to choose �- ao aa to make the 

differenoe 5.19, and oonaequent.ly the difference 5.26, aero 

if y "" '\'11-t-l* 6 111 '"'•' 
•' If however Y

,.,.l'hi t• = 0"1Ml+-I we

have merely to repeat our- proof after interohanging the 

(k+1)th and (n+1)t.h vert1oea of referenoe where k represents 
a value of 1 for whioh y L Mt+• 4 6 ,. ,,,.,. +• •' 

Let ua aaaume then that y =/:. O , and inaiat that 
""""' .. ' ,,i 'Mt-ti 

( 5. ·28) 

13. L 
1 = 2 1 3 1 • ,  .,n-1 • 

The (n+t)th vertex or the new ayatem of reference ia of oourae 
repreaented by X 1 •, X � •. · • • •, X '>\. •. O, X lllt-' =, 1.: Thia 

•••• vertex aooordinQ to the relation• 6.10 and 6.12 ia repre
eented in the ori1 final eyeta■ of oool'dinatea by 

(6.2'7) 
x3 •

� z.x, = (J' 

X 1.. =. -e, X = f!IM-1..... 

X = 1
llt ♦-I 

•

.. 

/ 



where _<F and -/3, are arbitrary. Hano• thia vertex of 

projeotion ■ay be any one of • double 1ntinity of point• 

lying in • plane.· The two hyper-oonea with oontaot of 

order m+-1 are repreeented by the expansion• 5. 05. and 6. 06 

where 

(6.28) 
f; I\ 

i • 

k • 

2,8, 

I\ ;_ K 

. . 

2. 8, ·

,n-1 , 

,■+1 • 

Since ,.. and -/3, are arbi t.rary while the oonatante 

A A � are definite it follo•• that the 
v;,., t-'J, · , ,�.,,, _, 
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prinoipal tanQent plane 5.a? oontain• the vertioea (1,0,· ·,O) 

and (o. 1,0, · • ,o). 

In thie eeotion we have made but a brief inveettgation of 

the prinoipal plane.· However, it i■ ewident that there are 

many exteneione.· One intereating faot might be noted in 

paeetng. The equation• 6.28 represent not only two hyper

oonea in n-climenaional epaoe but aleo two ourvea in the (n-1)

di■enaional ■paoe Z� • o. 'l'heee two curve■ aay be projeot.ed 

by ■eana of two hyper.oonea with oontaot of order a+a. further

more, - the vertex of projection aay be any point of a unique 

plane in the ( n-1 )•cliaenaional apaoe. · Thia reaaoninll may be 

repeated until •• obtain finally two ordinary oonea with oon

t.aot, or order ■+-n-2 in three diaenaional apace. 

• 



§ 6,, ASSOCIATED GEOMETRY OF THI CANONICAL PORN

We have •••u••d • oanonioal form though ite nature i• 

•• r•t unknown. It 1• our purpoee now to determine the

�eometrioal and analytioal obaraoteriatioa or aaid tor••
Aooordin� to 3,01 the point Y ie given by the X coordi

nates (1 1 01 , .  , 10), Y' by (0,1 1 0 1 • • • ,0), y• by

(0,0,1,0, .. , 1 0) , and Y'"'' by (0, •. -,0,1). These 

(n+�) ;oint• are the vertioea of our oanonioal polyhedron 

or refareno•• 
Suppoae now that the (n+1)th vertex �,�,of the ayetem of 

reference ie tranatormed into some other point yt�> by a 

ohanie E � l(E) in the independent variable.· Corre
epondinQ to 2,02 we have 

(6.00) 
y(,t,1) :::- y (lk'(�·, '>1 + y ("1-1)

('�) ( t'Y
"'

-l.. -5 ,,

20 

•here in t.hie inatanoo s lKJ 
= J K�/ J � I\ •. Proa the form 

or t.be above it i• evident that i<-11> •111 not oontain Y<'" -•J 
in ooabinatioa with Y and the other r1rat n derivative• or 

Y, only it 
(6.01) 

Binoe • traneror■ation with E' • O would be tri•i•l it 
tollo•• that E" muat be ident1oa11y �•ro- That 1•• E" =, O, 

e � A f +? where A and Bare arbitrary oonatant■ or 

integration. and 

+ • I 

,, - _J • f" I J .; 2. - o . 
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Aalain, euppoee that Y 1""'i• t.ran■for■ed 1nt.o ao•• other point

y <""
1 by a ohan{le Y • I\ Y in I.he dependent variable.· Cor-

responding t.o 2.06, •e have 

(6.02) 

y ('h) = }\ y (Ml+- (�) A y ,.,..,J + C�) ).." y ('1f-'1..) + . . 

■here in thia inat.anoe J\ = I/;:. • and both A and )\ are

I 

funotiona or E.• rrom the form or the above it ia evident that
i

1�' •ill not contain i <�-� in combination with Y and the
other firat n derivative■ of Y. only if {�)A' ia identioally

aero, That ia - l\ '/.A
L

.=. 0, Sinoe a transformation wit.h
- _, 
A= � would be trivial it follo•• that A muet be aero.

Since the tranarormed point yf,,�111 remain int.he (n-1)

epaoe determined by Y • Y • ,, y•,• •. • • Y C'lr•ll , Y ('1f > only if f •= >.' = o
it follows that just thia property will characterize a canonic
al form, 

No• t.he oaculatin� (n-2)-apace Z = 7, =, 0 ia deter-
"11 ,i,,,-, 

mined by the n-1 point.a Y,Y'.,Y•, •.• 1 Y<111•1J, Aleo the principal 

tan;ant plane, to the ourve a,06 and it.a osoulatin� curve of 
degree n, contain• the first two of these point.a. It 1a evident 

then that the oaculatin� (n-�)-apaoe and the prinoipal tangent 
plane determine a unique epaoe or (n-1) di■eneiona. Let u• 

•••u••• for our canonical torm, that the point y 1¥) ie in this 
unique (n-1)-spaoe. 

In order to determine the analytioal oharaoteriatios of our 
oanonioal tor■ •• oonaider the gene-ral diaoua■ion or § 6 •• 

applied to our two particular ourvea •1th oontaot of order 
m • n+2. For the firat ourve 

<e.oa> 

y
L \ 

•bile for the aecond ourve

E> 
L l 

C . .
L l 

Again•• oonaider a second polyhedron of reference ditfer

inC rrom our oanonioal polyhedron only in the (n+t)th vertex. 

(6.04) 



Correapondtn� to 5.10 the two systems of homogeneous 

ooordinatee are related by 

( 6. 06) 
-rTX

-ti
t-•

I 

=. X· 
L , 

22 

The (n+1)th vertex (O, ,0,1) of the new eyetem is repre-

aented in the homogeneous ooordinatee of the canonical 

ayatem bJ 

( 6-. 06) X, 

uet ua assume that 

y '11 "11+1 

If 

(6.08) 

O'l1 fflfl 
= 

=, cr- ' 

8'l1111+3 
( n+3) �; 

o. 

b 
,,,_, M1tf y = 

..,., ...... (n+3)!· 
= O· , 

then acoordin� to 6.26 and 6.06-, 6
,,.

_1 is !idontio11lly zero

and the (n+1)th vertex of the new system of reference re

main• in the canonical (n-1)-apaoe .X ,,. =.0 , or Z
,,_

_ 1 =,O. 

I� 1• evident that the converse of the laet statement ia 

true. Heno� the relations s�oe and � 

analytically our oanonioal for■• 

=. 0 oharaoteriae 

In order to determine geo■etrioally some of the vertioee 

of the oanonioal polyhedron of reference •e neat atudy the 
linear (n-1)-apaoe 

f'X, = x, 
PXi. +. f3 .. _, X,.. -t- • 

fl X41 +, = x'l1f-l ., 

X i. 2 - (3, 

Xn1 = - 8,.,.,_, I 

X ,., t- I = 1 

(6.07) 



(6.09) x,. X2 X ...,.,., 

X
I; 

XI X 1 1 
I -z.. '>I� I 

x
11 

x" X
II 0

. I 1. l)f �' J 

• 

X l ti-,) X ,,,., ·•) 
z. X I'" •I) 

,..,+, 

oaoulat1n� the oeoulatin� curve 4.02. Here X. represent 
l 

the ooordinatea of a point in the linear apace while 

represent the expaneione of 4.02. 

The determinant of 6.09 is greatly simplified by the 

x .
l 

proper oombination or rows. We eliminate the term with 

23 

ooertioient a i. M in all elements or the determinant •1th the 

exception of the last row by subtracting t timee the elemente 

or row 3 from n timea the element• or row 2. subtracting 

t ti■ea the elementa or row 4' from n-1 ti11,es the elements of 

row a. etc. A�ain. we eliminate the term with coefficient 

•L�-• in all elezenta or the determinant with the exception

of the laat two rowe by subtract.in� t times. the elements of

row 3 from n-1 times the element.a of 2. aubtraotin� t times 

the elements of row 4· from n-2 times the elements of row a. 

eto.· In a similar manner we eliminate aa many terms aa 

po■sibl•• · fi'inally, the elements or the 1 th column beoome 

(8.10) 
X 

L 

n a i.c + all t

(n-1) a•' +. 2 I & .l l. t, 

2� (n-2) II 
L 1.. 

+ 31
•• � t.

8 ! (n-3) a 
l � 

+ 4! a. 
L ... 

. . • 

( n-1) � a + n I . .  
L /h -1 L'k 

Aooording to 4.02, 4.07 and 4�09 we have 

J <. 1�1 1 a .._ ;_-, • _1 / (i-1)! and • Li. 

6.09 then aaaumea the for■ 

• O for

Equation

t. • 

t. • 



x
, 

n
 

t
 

"' 

*
t 

2
 

•
1 2

.t. 

2!
(n

-
2)

 a
12

 + 
3!

 a
13
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3!
(o

-
3)

 a
 

+ 
4·

� a
 

t 
13
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1
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•
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3 
!(n

-
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+ 
4 
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t.
ZJ

 
2t'

 

.
 

• 

• 
• 

..
 

• 

X
3 

0
 

•
+-

t 

n
-

2
 

-t-
"'
 

•
t 

1
1

a
 

t
. 

3,
 

.
 

• 

• 
• 

• 
.
 

..
 

• 

x�
 

X
..,

 

0
 

0
 

0
 

0
 

t.
0

.
 

n
-

3
 

t
 

• 

• 
.
 

• 

.
 

.
 

.
 

-
.
 

... 
.
 

• 
• 

.
 • 

.
 

.
 

.
 

.
.
 

..
 

.
 

x"'
+

' 

0
 

0
 

0
 

o- • 

II)
 

•

(6.11) 
0 
11 
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where other values or al� are �iven by 4�09, 4.10, 4.11. 

Uow the linear (n-1)-spaoe 6.11, osculating the osculat

ing curve or de�ree n at the point t, outs t�e tan�ent line 

X3 =. Xy = ' • • -= 0 in the point 

(6.12) x, V 

"2 

n t 
a 0 • 

We noted that the osoulat.in� curve 4.02 outs t.he (n-1)-space 

X� • O in one point, other than t•O, to which the ooordi

nat.e t• tJ;; ••• aaai�ned. At t.= .,; t.he point 6. 12 has the 

homo�eneoua ooordinat.ee 

(6.13) 
X 

1 • o,

1 

or just. (o·. 1,0, • • • ,O) • 

= X = 
' 'f 

= 0 

The oso�l&tin� linear (r.-t.)-epaoea 6.11 intersect the 

plane, X ., = X _; = • · = 0 ir1 the one parameter family of lines 

(6. 14·) 

X I 

n 

2 •11.t 

X ,_ 

t. 

n-1

0 

t. 

• o.

The above equation is a quadratic in t of the form 

( 6.16) 
b t + C = 

�I I 

where b • - nX z.. • c • n(n-t)X
.1 • 

These atrai�ht lines envelope a curve given by the oquat.ion 

6�16 and it.a rirat derivative •1th reapeot to t. In other 

worda equation 6.15 haa a double root. and it.a diaori■inant 
is ident.ioally aero. The envelope or 6.14· ia than the oonio 

(6.18) 

X 

0 

.. 

2. a t + 

n x~ - 4(r.-l) x,x 3 

X1 



•here
3n Pi. 

2(n+2) 

The polar line or the point. (0,1,0, · · · ,0) with reilard 

to thia conic ie the line x� = O in the oeoulatin� plane. 

26 

The tan�ent, to the curve obtained by takin� the first 

derivative of the expansions or the ori�inal ourve 3.02, 

interaeota the above pol<Ar line in the point (o,o, 1,0,· · ,o). 

Conic co,1,0, • • • ,o) 

Pole 

(0,0,1,0, · · · .o>



� 7•. CANONICAL B'ORM OF THE 0,1,-'IRl:NTIAL llQUATIOH

The ooeffioiente ot the ter■e of degree n+3 in the ••

panaion• a.02, 8.04 and 3�0& are easily computed from the 

relation• 

(7.01) 

(7.02) 

('7.08') 

( 7. 04·) 

(7.05) 

(7.06) 

(7.07) 

(7.08) 

(7.09) 

A
l '),HJ 

-

A • 

'lit• '111t J 

8 • 
2. ">1+3

s. ""t} 
• 

BM MtJ 
-

Cl 
• 

1)1 t- ) 

CJ 111tJ 
-

Ci. Mt- J 
• 

C,,, 11•tl 
-

Ai.-1 IH♦Z 

A 
"" /1'1f Z. 

A J 
,")ft-J 

AL+' 
Mt- J 

A,,,,+, mr7 

B
2 '11 t- J 

BJ/J1-tJ 

B ·  L Mt] 

B 41 .,.. + J 

+ 

+ 

-

A I M 1" '1.. + 
A,,, 1'1 + I A I l'j,1 ti • 

I 

A. + A A • L 'll!+l. �Mt• L Mtl 

I 

* A + • 

111 t• 111 t l. 

( n+2)( n+3) 
2 A, 1)1+1 • 

• 

( n+3) a, 
111 ... 2. • 

( n+3 ){ n+-2) 
B, Mt- I • 

2 

• 

• 

Sinoe 7.08 ia entirel� different from 7.06 or 7.07 it ia 

evident that the values of the ooeffioient 

(7.10) 
C,,_, _, Ill t l 

( n+3) ! 

are divided into the three o•••• of n•3, n•4 and n) 4� 

Bv •••n• of 7.08, 7.oa, 7.01 1 a.O6 1 a.oa we obtain 
,, 

(7.11) 
. 1OP.,. 

+ 6P�

6! 
• 
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I 

, 
- 16P:, 

'Z. 
- 86P2 



Dy means of 7.07, 7.04, 7.01, 3.05, a.oa we obtain 

(7.12) 
- 100Po1-

,, 
+ 20P.J + 10Pi.

z. 
- 100P .._ 
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By meane of 7.08, 7.04, 7.01, a.oa we obtain for n :> 4 

(7.13) 
O,i..,-1 M +-1 

( n+3) I 
.. 

The oorreapondin� ooeffioient for the oeoulating curve 

of degree n is readily obtained from 4.17 and 4.14 for 

1 = n-1. We have 

where 

(7.16) 

(7.16) 

(7.17) 

(n-2)a,� - (n-t)ai� 
"2. 

a ,1. • /2. b I J 
• + 

(n-1) ( n-1) (n-2) 

:2. 
bn 

2( n-3) ! 

•,i.. = 

8nP
1--

2(n+2) 
' 

0 • 
'11 •I 11 /'I 

n+-2 

- ( n+t) nP;z. 

2(n+1) ! 

(3n-2)P._ 

2(n+2) 
by 4·. 09 , 

by 7.16 and 4.12 

by 4.20 and 3.07 

However, a''+ • a 2 , • 0 for n•3, •
2.

Y • O for n•4, 

(7.18) 

for n > 4 , 

I � 

5(n+2)(n-2)P
..,. 

- 4·(n-8)(n+2)P, + 12(n-8)(n-2)P,

4' I ( n+2:) 4 

"' 7! 

( n+3) I 

+ 
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(7.19) 

( n+2) ( 5n-14·) P ,;-
,. 2 

+ 12(n-4)(n-3)P

4• ! (o+2) 2-

for n > 4 • 

Henoe t.he values or 7.14· are divided int.o t.hree oaaea 

similar to thoee of 7.to. They are 

(7.20) 

(7.21) 

0 =-
ZL 4, I fi. 2. 2 ! 

0 J7 =

I '-
12Qf � - 4BP3 + 48P�

4'! 6 1.. 3 I 

• I 

-(n-6)(n+2)P"' - B(n+2)PJ
.,,_,., ... ] 4·1 (n+2)z. (n.-1) !

n > 4·. · 

+ 6 ( n z. -e )P 1-. 
�

ll'ortunat.elr t.he dU'ferenoa bet.ween 7. 14· and 7.10 ia in 

the ■a■e form for all t.hree oaeea. We find that 

• 

c,,., _, -'>lt-J

( n+S) ! 

.. • 
I .. ,, 

(n+2)(5P
.,_ 

- BP
1 

+ 3P
z. 

) - 3( 5n+12)P z. :r.. 

31 (n+2) z. (n+3) (n-1)! 

2. 

We ■hall denote the numerator of the ri�ht hand member of 

7. 28 br i' • It ia our purpose no• t.o expr••• Y in term•
of E • the ori4tinal ·ooeffioienta p. • and their derivative•;

and ■o to ohooae the tranatormation 1.02 •• to make M • 0 •

We have already in■i■ted that the function ;,.. oft.he 

tranaformation 1.08 aatiafy the differential equation 

l, 

6 p z. 
z 

= 

(7.23) 
0 ,,,_, -11 t 3 



30 

Thie equation 7.24 and it■ first k-1 derivatives enable ua 

to solve for the k th derivative ot J\ in t.erma of A and 
t.he tiret k-1 derivative• of 111 • We find

(7.25.) 

n , 
I 

"' n, 

,v 
ff, 

1 

I 

2n, 

,, 
3n, 

0 

1 

n, 

3n,'

O· 0 0 

0 0 0 

1 0 0 

R, 1 0 

4n,' o, 

Equation 2.0� with the above valuearor the derivative& or 

>, then expreaaea P
.,..,._ 

in t.erme or n,, " .z. • · · · ,n,,..... an:i the

fir■t •-1 derivativea of n, • The result.in� expreaaion■

for P
.:;. 

• P3 • and P 't are 

t 7 '2 b) 

r2. 
-rr; 

n-;= 2. Tr, + ii:
Ti:, rr. 

rr, (._; 

½ Tr -rr; + nr1I 

TT:" I 2 rr;, TT", 

rr, t 0 

ir:' -rr, () 

r� :. -
1T ,, 

2 --n: , ,,-, I 

-rr. "'
I '31f," 3� � 

I °' t l, Tf2. �,

TT',, � 

11, 

't rr, 
Tf' I 

I 

rr:" 
I 

- n,;r
._ I 

(J 

TT", 

2 ,r, 

�.I - lf- -rrJ -rr;

t "J

-t- -rr.,.

) 

n, 

= 
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With th••• aa a pa�t.ern 1t. 1• a ai■ple matter to write down

-· 
t.he oorreapondlng expreaaiona tor P s- , p, , . . , P .-

� /11fl 
The valuea tor Tr, , r,.,_, rr;, -;r;, were fiven by the relaUona

or 2. 03·. · _P'ro■ the t1rat one or t.beae lfe obtain

/, -t-

h ') 2 I I 

J n: = l. - -r 1, 

+:['Y"-4-'f 1
f +-2-t,1

3] 
1 

,, 

- [ 't' ,,_ 7 -V 'f' ' + 6 Y,, J ] /,

Now let. -n. be the aame tunotion or the ooeftioient.a 
' L 

p i.. 
that. P i. i■ or the ooettioient.• ir._ • (See '7.26) 

By direot. ■ub■t.1 t.ut.1on we obt.ain fro■ '1. 26-, '1. 2'1 and 
2-. 03 the expre■■iona for P

;, 
in t.er■■ ot ,l?: , 513

..,_ J 
- , ,� 

Below are �iven t.be r••�lt.• ro� P
1 , P

l 
, and P, •l■o

·oert.ain derivative■ or P
.z. 

and P
3 

• 

p .. 

;-. ')J II I/ I I -Z. ] _j,, 
\..._'? rr; :::. 1, - ) If f, - l 'f - 2. 'f , . I 

(i:-') 'f ,,, . .4 ,,, 
-:, -rr. = (/,· - l If I, 

/._1)2.p = 
l 2. 



('7.&9). 

(t') 3 � I = �
I 

- 2 'I-- Jt - '11: z. L-r ,, - :?. 'f' '-f +- '-r ] _1 

( §
1 

l t; _;_ !{\ _ ; y-' ;�\_ _ 
M; 7. [ 'f ,1 _ } 'f 1 'f/ -I- 'f' J J

('7.80) 

('I.SB) 
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J

( s' )
if f'f _ ;p+ _ { If' � - [( ,,ldl) 'f"' 

1 
- IYI +:� +' '"j ;f3

Z..

('7.83) 
l ' I I < 'f J Lftf 'f/ -_4 l// t' t 'I' • 

c,.n> 

• 
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On •ll-b■\it.aUng ,.ea.,. ,.e1·, 7.ao,�, 7.88 int.o t.h• eapi-e .. toa 

tor II we obt.-•in 

•here

('1.85)

li'l"oa '1. 99 lt. 1• evident that 8, i■ •n invariant.* or rank• 3 
repre■ented by 

('1 .• 8"1) 
/;J :: 

J 

'fbe ditt•renoe 
('1.88) 

1• readily computed rrom the relat.iona '1.0'1. '1.08 and 4�16. 

'fh•e ••lue■ or th••• coefficient• are divided int.o the two 

oaaea or n•S and n,s. However, in eaoh oaee the above 

d1fferenoe 1■ equal to �, exoept tor a oonatant faot.or.
Henoe t.he aeaumption or 6.07 1• equivalent t.o aaaua1ni that. 

&; " 0 •. 
I't b } 1a different fro■ aero it, 1■ •l••:r• po■aible to ■aka 

U • 0 bJ ohooainQ 'f' •uob that
('1.89) 

'f/ = - l'1 I I 5" b 7 .

•ro■ the tor■ or '1.84 it 1• evident that t.he tor■ U • 0
la preeerved under further tranator■atione or the indepen
dedt. variable only it \he tunot.ion+' of the t.ranator■•tlon 
1• aero.• 

Buppo■e that. the tranefor■ation 1.02 la followed bv t.be 
t.ranator■at.ion 1.oa. Relation• a.06 expreaa the new ooer

ftoient• in \er■• or ,-r: , A and \he derivat.1••• or A • 

•• B•• 8\011ffor. Balle\ia· of \be ••rloaa lla\beaa\loal Boole\� •
YOl.· ,, .•. paf• 292.:
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8~ dir.eot eubet1 tut ion we tind that the •••• tu.not.ion ii ot 
th••• new that M ia or the ooettiolent• TT"L 1• 

euoh that i • M • Henoe the tunotion Mia invariant under 
the dependent variable tranaformetion and the form if • O ie 
therefore not disturbed. 

From the first equation of 2.03 it 1• evident that the form 
P, • O ie not disturbed by the transformation of the inde-

pendent variable if f = o. ,rom the first equation of 2.06 
it ie evident that the for•~ • O ie preserved under further 

or the dependent variable only if the function 
I 

A of the t.raneformation ia zero. 

P'UNDAM1!!NTAL THEOREM I. lny Jinea.- diffe.-entiaJ . 
eqwation J.00 •ay be tr~nsfo.-~ed into.a ca11onioai fo.-~ 2.00 

by 11ea.t1s of the 1.oa •ith E;"/e' =, - 'M.? 16 8:, I 

foLLo•ed by the t.-~nsfor~ation 1.03 •ith l'il •. - n, • if 
&1 r/. O.· This canonical is charo.cte.-.is1ed by M = P, =, 0 
and is ._,._ese,.ved unct,.-. fur.the.- transfor.•a.tions on Ly if the 
functions l and E of the tr~nsfor~a.tions or• such that 

' •. E" =. 0. · 

PTTNDAMINTAL THEOREM Ile the canoniacaL 
is cla,iraoter,ia·ed by the [Get th.ot the (>R+l)th verte.x- YIM) 

of the canonical ~oJyhed,.~n of reference is in th., unique 
linea.r. (n-.t)-st,cace, deter.••ned by the osculotit1-f linear (t1-2)-
st,oce Gttd the ._rinc•t>aJ tangent 1>Jan• to the curve and ih 
oscuJGtint cur,ve of liegr.•• "• The oscuJcitit1f cu.-;i,e of defr,ee . 
n cuts the above •entio,ud unique H,uar. (n-1)-st,ace in the 
co•tact ,ioint t=/J counted (t1-l) ontl in onothe.-, t>oint 
-duifnoted 6y t=i ~. The contoc·t t>o•nt t.=P •s the ffr.st uer.tu 
l>oint (~.o . ., ... • Ct,) of tlu ocanonioai t,o l,ylud,-on of .-.efer.e,aoe •. 
r.Jae Jineca.-. (n-i)-st,oc• osovJcatinf the osouia.tint cur-;i,e of 
def.-.ee n mt the f>o.••t t=, inte.-sects the tci•t••t U11e 
to the or.igi110L cur,ve an~ its osculatint cur,ve of detr.e• n 
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i" th• uconll 1>oi1lt (O,l,O, ... .,O) of the ca:ionicaL (Jolyh•dr.on 

of reference. The Linear (n-1)-sfJaces osculatint the oscuLat

iftt inf curve of d•�r�e n intersect the osculatinf t>lane 

co,u,on t.o th.,, orif[inaL curve a.nd its oscuLa.tinf curve of degree 

n in a. one 1>ara.11eter. fa.•i Ly of lines enve lot,int a conic. l'he 

1>0La.r line of the f)oint (0,1
1

0 ., ... .,0) •ith rufJu:t to this 

conic:: is the, line joining the .first a.nd third vertices of the 

eanonic1d t>oLyhedron. The third ve-rtex (0,0 ., 1 ., 0, . .,0) is at

the inter�e�tion of the above mentioned -olar Line with the 

t�nfent Line to the curve tener��ed b y Y' .•

-



� B. IHVABIAN'l'S AND· COVARlAl'lS

p·or t.he eake of brevl t.1 let ue repreeent. the linear 
.;; ,._. 

equation a.o� by L(P l )Y • o.- rurtber� let t.ble equation 
be t.ra,.eforaecl into another equ11Uon L( P ._ )Y' • o·. in the 
•••e oanon:loal tor■ •• e.o,. The •o•t ,eneral tran■tor■•• 
Uon relaUng t.heae two •111aUo.na 1e of t.he for■ E •. lf(E)� · 
and Y •. A f , ■here E" =, �:' =. O. i rro• the ror■ of 2.oa 

. 

and a.06 it ia at. onoe evident that eaoh P.__ differ■ fro■ 
tbe oorreepondin, ooetfio1ent P .. only by• oonet.ant. faotor. 
'l'hat le, the ooeffioienta of the oanonioal for■ are definUe
ly tb:ed eaoept. for oonatant factor••· Again, fro• t.he tor■ 
of a.02 and 2. 06 it. i■ at. onoe eYS.dent. t.hat. y<-»•�1rtera fro■ 
Y < ·"'onlr bJ a oonatant. faot.or. Sino• Y 1 (""lrepreaent. the 
bo■ogeneoua ooorcUnatee ot the ( ■+1) th ••rt.ex or t.he oanonio
al polrhedron of l'eferenoe it follows that the point. Y- <"":' l 

ooinoidea wit,h y l -""'·f'or eaoh value ot •• That. ia, the vertioe■ 
of the oanonioal polrhedron are abaolutelr ftxed. 

Parthermore. the funot.iona P or t.he original ooettioient• 
l 

P,• p
1

, • . • • P
._ 

and their derivative• are int.he for■ of 
relative invariant.a. In order t.o show t.hia. let. ua oon■ider 
t.•o linear bo■ogeneoua di•tferential equaUona L(P, )r • 0 
and L( P .. )i • O related by per■iaaable tranato.rmat.iona of the 
for■ of 1.02 and 1.oa. 'l'wo euoh equat.ion• are aaid to be 
equivalent.. Aooordin(! tot.he firet. tun4ament.al theore■ t,beae 
two equat.1ona ••r be t.ranatormed into two oanonioal tor•• 
L(P, )Y • O and L(P.)Y • o.· No• eaoh P; ia expreeaabl• in 
ter■a of p, 1 p � • , p, � in '1. 28, '1. 29 and '1. 82, and the
oorreapond.inll ooetfioient. Pi ta the eame ranot.ion or P, , �, 
. · · • , p. • Now t..he p, are related t.o r.: encl th••• in t.urri
are related to P� by definite t.ranefor■atione, hence P. aay 
be expre■aed in teraa ot P, , P.., , . - . , P

,,.. 
._ 1 • But. Pi. and 

PL are ooeffioient.a or t.wo oanonioal tor■• benoe, ••••have 
Juat. ••ew, can differ onlr bra oonat,ant factor. It follow• 
t.ben that. aaoh P

i. 
tunotion of p

1 
1 p

1, • . . • pL cUtfera fro■ 
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t.he c.orreepondia:,Q P

.: 
ru�ot.ion or i, , i

1. , ... , P.: 
, and 

ooneequently, from the P- runotion or i, p , p. b1 1 ·� '-' L 

at ■oat a oon■t.ant faotor. Henoe eaoh p. ie in th• rorm of 

• relative invariant.
In •·a•o·t17 the •••• ••Y •• ■how that the functions y\*)ot

t.he ori,Unal coetfioient• P, , P,_, ... , p+i+• and derivatives

or y are in the fora of relative oovarianta. 

Tbe in-Yariant■ P., , PJ, and P
,_ 

are at onoe obtained fro• 

'7.28, '1. 29 and '1_-3·2 on the eubat.itut.ion of - M / tfit:l-3 for 

y/ • The � in-Yarianta � , P� , • • · • , P� +• form 

our oonplete a1ate■ of invariant■, All other invariant• are 

ooabination■ of the■e or their derivative■,· 

One ■imple invariant &
1 

■iiht be noted in pa■eing. The 

derivative of G3 ia ■imply
<e.01) 

-1 

Henoa from t.he forlll or 7. 34 it is evident. that. r, b3 + M ie 

an invariant of ronk 4·. In order to conform t.o t.be not.at.ion 
or Wiloa1neki •• shall denote this last invariant by 6(n+2)&�. 
'!'hen 

(8.02) 

The oovariant• Y ,  Y', y• ••� be computed tro■ 2.06, 2.02, 

'1. 26, '1. ar,., and '7. 89. · On reyereinll the r-elat.ioa• obtained 

fro■ 2. 06 tor ■ • 0·1 1 1 21 •• have 

(S t- ,) ;>,. y = 11

y' 
I 

��)\ - -,., ,,'\ 

- [
,, -i(�)�] 1{

,, " , I )\ 

/" y" t
- 2 1 )\ 

)I 

Afain, on reYereing tbe relation■ obtained tro■ 2.02 for 
• • 0,1,2, •• haYe



,, 

"'y = � 

I y• J A ( f, + � 'f J -1 

-1 ,, + r l I', -f- ( IJ1- I) +' ]
°
--r:i I 

■here 'f = 

The ot.her oovariant■ y'"• .. · • y <.,.,J ot our ooaplet.e e1ate■ 

or oovar1ant■ ••Y be ooaput.ed in a ai■ilar manner,· The 
derivative■ or order equal to or greater than n�1 are 
eapreeeable in t.er■■ of the•• covariants by •••n• of the 
oanonioal equat.ion 2.04. 

BB 

~---- -- ---- - - -----
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