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Introduction 

The ensuing Work ie concerned w:tth var~ous phases of a general 
, , ·- : . : 

theory of aerie$ expansions that ha:s bee~ ~nveatigated [1;]• b)" G~ 
.. -.. ' , 

ll.: 'Price L¼nd others, Let the fu.nction.s f(xl}~-nd u. 11 (x), le 0, l. • • , •. • 

have either real or complex ~alues• while ,c ~at be an element of an, 
' . 

. abstract set :m.,. Tha point~ x,, 0 x,, 111 _._ ••• · x,,,"1 a.re a:uumed to be · 

ln E. 131:ieflr, thi8 gene~A~ theory treats th~ fJer,-es expan~ion$ 

where : 

(A) ·. 

and 

CJ (xllO) . u1 htnd 
o (xt11) 11 1 (Xni) 

•••• 

••• 

(1) 

• Mumbers in brackets refer 1to the bibliography at the end of the paper. 



Cn) 
The denominator of d k' is assumed to be different from zero. This 

represents a. restriction on the functions- u f-f(x) and on the points 

fx., i l . The specific problems to be treated in this· work ea.n now be 

stated. 

Problem -1. Study- the add.'itive homogeneotta funotiotial :d '< (:r); 
,, 

in particular,, determine Ca.) the class of £unetiona f for ·which it is 
. ' 

defined, (b) i ta aontinttity properties, and ( ~J its representations _ 

· l>Y means of integrals; deri?a,tivesi infinite determinants. and. so on. 

•' 

- In· the trea.tment of Problem 1 ,: oe,;-ta.in modified sequences are 

brought under the ge,neral_ theor3" indicated above. .By a modified 

f u{(:x)-sequ.ence is meant a sequence_ o~ f,inoti6ns of the .fo~ u 11 (x)+</J,.., 

wber~/the ftUletions 9t(x) must· satisf7 certain conditions., This 

s~ests another task • 

.Problem 2. E:xam~ne the funetlollals ;a,.. and· the expansions 
oC) . . 

. '[ d. t1 [u., {x} + ¢1r (x)] in -the modified sequences encountered. 
~=O 

in Problem las well a.s other modi:f'iad sequences., 

tn working on PJfoblem li the expression d <~> in (.B) aris-ea 

from the interpole.tion of a function f'()c) de_fined in Eby the, inter-\: 

:pole.ting polynomial 

(nl · . (n) (n) 
( ) d ( ). . . . ·, ( ) 

d 0 U. 0 .x .. -t ·· 1 u. 1 X + ••;•+ d,., tt_,,· x 

· on the n l poin~s x,, 0 • x ,, 1 •· ••• , x M, • Solving the s:,atem of 

equa.tio~a 

(ii) 



i ·::O,l., ••••• (~) ' . ,· ·.• ' '.( ) n, by Cre.me:r•s ·rule• we obtain d. H as. given in Ir ·.-
' ~ ' . . . -_ <"' It is found that a useful device in the dmt)li:f'iaation o:f cl"' 

is the notion of fi_nite orthogonality. Thus mu.ltiply both ~ume:rator 
- . - - (n> "" . . 

and denominator of d h' ..,y the transpose • ot the denominat_or. Xt is 

found that -in -~he . resttl ting -dete:rmine.~ts, except . b1 the column tha_t 
. ' 

in-volvee . f( x) ,. a.l.1.: $lemenh :will l1e of. the . form 

tu w<x.,/.) u1 (X riiJ. 
1:0' , 

(C) 

Now. briefly, we say that the functions u 11 (x), , k =· O, 1 •••• n., 

a:re ftn1 te orthogonal OVf!!r the points. { 'Xni f 1.£ the expression ~n 
. ' . 

(C) vanishes when k ls not equal to l and i .s equal to a non-zero 
(nJ . . . . . . _ . .. ln) . . · . · .·. ... . .•• constent1 o("' when k: is equal to 1., q., depends on le and n in 

general,. If the functions ll I( (x) are finite orthogonal over the given 
. ,' , '. ' '' .· (11} points, 1t is ea.sily seen that the new expression for d,,., redtices to 

n 

(D) ~,f (X,,i) u >< (x,,,;) • kl:; o, l, •••; n • t q" z(X,i_) 
J=o 

l:f'_ the points :x:11H 1 ::: o •••• • n, are properl1 chosen poi,nts in an _ 

interval [a, b] of the real l~.ne and t(x) is Riemann integr~ble, 

1 t has been sho1111 in some oa.aee [1.5] thet •. the limit of the expression 

in (D) is a 111ema.nn integral. 

Irt adcU tion to finite orthogonan t:r, a more general notion. that. 

of finite biorthogonnHty, is useful in the same way for the simplffi .. · 
. . ' u,) 

cation of d 11 • 

(Ui) 



U~ing th:ese notions it has already been shown that the .Fourie:r 

series [16, p. 114] , the Fourier sine serie·s [ 8, PP• J0-35 J 
and the Taylor series in the complex plane [ 1.5 J oome under the general 

theory indicated _S:bove. In all of these oases d w turns out to be an 

integral. , The Tay'lor series for real x has al so been considered [1;] 

with d If being a derivative in this ease. 
' ' 

In Chapter Orie it is shown that the double Fourier serf.es conies 

under< the general theory. Also, using the notion ·of fin! te biorthogo-

na.li ty, the Laurent series is brought under this fra.m·ewo'rke: 

ln connection with Problem l, a form of Bessel•s inequ~-lit:r is 

proven for finit~ orthogonal functions ,,hioh is of interest. l'.t shows-

that the notion of l3essel 1 e inequality :ls so strong that its skeleton 

appears ttmen only the values of funotions on e. finite set of points 

of an interval of the real line are ooncidered i-a.ther then the va.luea 

on the whole interval. 

Certain other more arti:f'ieia.l functions are brought under the general 

theory in Chapter One. 

The work in Chapter One ig concerned· solely with sequenoec of func-

tions which are finite orthogonal or are assooiated with another finite 

bi orthogonal sequence. In contrast• in Chapter. Two ~he sequendes of 

functions consideredare no longer ·finite orthogonal. However· the 

·notion of f1ni te orthogonali t:, is u~od to 'st,idy -d~l and th~ seque~en 

are again brought tmder the ·general theory., It is found that d tf • 

in this case, is the ratio of two infinite determinants. The sequences 

(iv) 



eonsiderad there are of the' ·tr,pe 1 + ¢0(:x:)' cos X ' ..,. ¢1 (:xh sin l! + , 

¢/x), • ••:• cos Io; + ¢2 .,_}x)._ sin kx + ¢2~(x), •••. • 9ertaln 

more general types of modified seqn.enot:n:t are al so considered. - .t\n ex .. 

tended definS,, tion of .fin:l te bi orthogonal functions is gi:ven and a 
. ' . . 

theorem o,onoerning such functitJns is proven. 

a rs,ther abstract s1 tua.tion in regard to modified .seqttenees is 

conddel'ed. Let f11 11 (x) r ... )le a. sequence of f'iliiotions. defined 
0 

on -·Rome .interval of the real line or in. some region of .the ·,eomplc~ 

pla.ne. _ Let .t( x) be defined. on the same intervc.1 or in the region. 
-. ! ' 

Let fo~ ]~ - be .a sequence of ad.di UV£!. homogeneous runct,ionsls 
, . - ~ , , 0 ' 

suoh _that· .o .., [tt 1 _(x)] ::. d~1-.• _.e:tpansio·n~ :•f(-~) •:[ai (~)e'1(K)-f-¢jlJCH 
< ' , . • . , ' 1, :CJ ' C 

are invastlgated tihere ~(x)· are some p:r6pe~ly- restriatecl _ sequence 

of :runetions able . to he expanded. in a se:rles · of the u. 1 ( x). The 

functionnla::>~- i are alsQ inves~~~~ted an~ found expU.nitly • 
. : ·~·,.·~! . -. }~ 

\·: ::· .. 

It is seen that• beca,1se of the nature of the oper.ators OK , 

mo.dified orthotonal sequences 1 .modified Taylor sequences e.nd modified 

·be- investigated. 

oO 

it · might : appear that if :f:rom a sequence·. f u w (x) ! 0 a m.odified 
, oO ' 

_ sequence. l u (x) + <Pw (x) f O is obtained wh_ich hs.,s ce:i-tain _ 
00 

. 

· prope:J ties• t .hen a further modW.ca tion to a sequence f Llw<irl + .. <1> + Gl.,(.tl f., . ·. 
, , 

might be very fruitful. Howover in Chapter- Three ,ft is shown that 

u.nder reatona.ble hypotheses the- rea1.1lt of making two modifications in 

(v) 



suooesdon is completely equivalent to me.king one·· 1rwo-step m.odifieat1on. 

An example of a mod.ification and an extens~on of the' main resttlt 

to a Dana.oh space a.re 1ncluc1ed in Oha,pter Tb.fee. · 

In add.i tion to the topics already indicated the important a_uestiort 

of completeness of• modified seq11enees is . d.i ncussed. The notion< ot 

the. completeness of a certain set of opera.tors is also us·ea. A 

necessary and sttfficient oondition for the oomplehneas .of modified 

geq~l3noee { Plf (xf + ¢"(xfJ: • providing the oequenee f Pl(M( 
is complete h given as the non-vanishing of a. certain infinite 

_de~erminant. A criterion for the non.-vanishing of ~orne of these 

determinanh is presented tha.t is independ.ent of the problem considered 

here. Certain other properties of mod.tried sequences a.re also discussed.. 

Some remarks a.bout the methods a.re a:pp:ropriate. Reav use wac 

made of interpolation in the first two chrrpters. but tn the treatment 

of Problem 2 1 t t:e.1:1 found that interpolation could 1:>e abandoned as a. 

tool. thus. enabling some of the heavier restrictions .. on the problem to 
be removed. Tho role ;played by- norraal determina,nts in tlle entire 

paper ie a. considerable one. Normal cl~terminents were first disciovered 

by Von lfoch in 1892 and most of the work done on them (see [28] [29] 
is due to him. A b~ief aacount of normal d.eterminants is also c~iven 

by F, Ri_esz (25] , who in addition presents ,the notion of e.n 

absolutely con-vergent deterrnina.n-t • It might .be remarked. that the 

extena:lon of the results of this pa.per to the oa.se where the determinants 

involved are abaolutely convergent rather than normal seems to present 

(vi) 



no real dif'fioulty.. Only a few. new resttlts concerning normal dete~minants 

are . proven here, Theorem 19 represents one suoh ret:rtllt that seems to 

have been overlooked.. Theorem 21 waa i:,roven by- F. Riesz in a mu.ch 

more general f~ehion. using d.:tfferent methods11: However, the proof 

given in Theorem 21 uses only-the properties o:f' normal determinants. 

Another result tru;.t dee.l~ purely- w1.th normal determina,nh is 

Theorem :31. This theorem is a simple extension of one proven by 

o. B. Price [24 J • !fow., the feet that a .normal determinant will be 

o.iffereltt from zero ii' the elements oa.ti sfy' certain conditions was 

proven [291 by Von Koch. Theorem Jl does not handle an.v ~oro oaqes 

but the bounds given there are e,t .times. sharper than Von Koch• tt bounds. 

Problem 1 has an interesting history the.t has been pointed. out 

[15} before. Problem 2 lies in a field that we.s opened. by G. D. 

Birkhoff (j] in 1917. J&t . that time. he laid dotm a gt1idi11g principle 

that is of :interest a,nd which oerte.inl;rr holds true in thh paper. 

HAny set. of vectors in a. functional space lying near enough to a 

complete set ·of vectors admitting a rediproee.l set 1 s · i taelf complete 

and admitR a reoiprocal set." The reo:1.proca.1 sets here can be thought 

of as bf orthogonal. nets. 

Bir?plof':f* s work on mod.ified sequences vas continued by ? • L. 

Walsh f:30 J 1tho in 1922 discuased expansions in. sequences which were 

near· ,orthogonal eequenaes, Pa~ey- and Weiner in 19)4 [23] ga,,ve an 

imnorta.nt criterion he,vin.g to <lo with exna.nf'!ione in a seo.uence of . 
.-;.;, . ' '. ,,.. ·' -, . . .. ~· ' 

functions tha.t ·were "nea.r" en orthonormal seqt1.ence. Most of the work 

done since that time has been of' the Paley-Weiner type; For some of 

(vu) 



these re~ults one ~hou.ld consult the bibliography. In this later 

work, t4, modified expansion. is obtained if r P11 (x) j is a sequence of 

orthonorm1:,l £unctions .and f g "(x)f is an::,. sequence of f1motions close 

to iPn (x) f in ~ome sense.· The modified expansion is in terms of the 

g,,, (x)'. Eetl"...g close in some sense involves e. certain. ·numerical 

restriction on· the difference of P n ( x) a,nd g 11( x) • In this 

cU.ssertstion it is seen that if• instead of t~ldng a.ny set of functions 

g n (x) near P n (x) • we take anly_ certain g',, (x) ,. this numerical re-

striction can be cliecarded .• 

One unsolver1 problem· in aonneotion with this work deserves further 

man ti on. !t han be~n found [8, p~. 3·0-,s ] [ 16, '.P• 114 J (27, 

p. 150] that the sequence 1, cos x, sin x, ••• • cos kx, sin lex, ••• 

is i'inita orthogonal over a certain set of points. In anr1ition, the. 

sequences 

b) -~ •••• z 

d) the Haar saq11enoe of functions. 

have been shown [i5 • p~ 'lJj to be £1ni te bl orthogonal over certain 

sets of points. Other more artificial .functions a.re ,ihown in Chapter 

One to possess this property .. :But these are ell the sequencea \Tith 

thi a property that have been found. The loce .. ting of other stteh seqttences 

or th:e establishing of the fact tha.t there a.re no more must remain 

(viii) 



In addit:fon. 1 t ts suggested. that there is a _eontinuing need for· 

rnore kli.owledge about infinite determin~-.nts. ()"lc;r a di:f'fere.nt class 
. ' 

of inf:tnite determinants then those studied hers•. se~ . .fi.5~ pp, 100-12,:;J ) 

After the . corupletion of . thi a thes1 s it v1as found tha.t !i'heorem 

15 together ·lt1i th Theorem 28 had ·been proven by N. ia:r7 [2] a,nd. even 

for the case where the tnf:tni te determln~nh lnvolv,3d we~e absolutely 

,convergent cletermint.:1.rite ra. ther the\n normal determinants. · :Sary oon-

sid.ered only the integral cage however. Theortm 29 which is a generali--

zation of Theorem 28 wa.s not considered. byBa.ey. 

As far a.s the mechanics · of the thesis a.re · eoncotned• chapters• 

sections of'chapters and oertaln items in the sections Eire· indicated 

· numeriea.lly-. Thug a.n entry such as 4.3.2 refers to the s .eoond. 

designated. 1 tern of the th1:rd $OCtion of Chapter Fonr. 

In oonolusion, the author .,dshea to extend his sincere th~nks to 

Professor G. :a. Price whose encouragement• aid and inspiration ha.ve 

made thia thesis possible. 

(ix) 



CH.APT.ER ONE 

FINITE ORTHOGONALITY 

1. 

1.1. Applications· of Finite Orthogonality~ 

A general theory· of series expansions has been pointed ont by o. l3. 

l?rice [15]. · !t will be described briefly below, and the e.pl)Hce.tion of 

finite orthogona.11 ty to this general theory will be· discussed •. 

where 

1.1.2 

and 

Consider the series expansion 

a.; __ = nm C (_ nl, -.1e ,,.,...,k 

..... .............. , , .. .. ; ... . 

- • • .• • .· • • • • lt • .; • • • t • • • .. ! •.•.• ·.• • • • 

Here the denominator of ~n) is ·assumed to be different from 2er~ for a.~l.ll. 

This represents a restriction on the seque:t:tce of ~unctions P 
0
(x), P1(~) • • .. • 

Thia assumption will b~ ever present in this work. although in spec:lal. cases 



. • . 

a.rbi trary- f11notton . f(x) by a fin_it~ line?,r ~~mbin~ti~n of the .seqttence 
· · . . ·i, . · . · .· . · · . , .. •·. . · . .· . · Cnl > · < : . . 

: ,p0( x)t P1 (x), .• ,,. • Thus let· •:xi · -_t i ~) .. o,;_'_l.- . • • _n, be n + l :po_~nts 

1i1 .. 11g1n .an · interval [a._.bJ Of the . .. r .. eai ax.·.:is,, qr ' in. a. region of :th.· ~ 
. . · .•. ·_. ' . -·, _-·- . ·., . -· 

··: ,_· :·::: ·:.- . · ,_ --- :_ _: _'. .,' 

.· ii:eck)> .~ a~n);p Q(x}n>y+ ~n)pl(x}n\+ .•• ' + airi>pnc,.{n)) • i l!;i 1, 
. , •• t n. ,· .. ·. . . . .. .. 

' . '. 

· . Solvin,g this set of equations in the u.sufil. ww,. bearing in mind the 

On . the ( 1(:at) ' 11t&ted. al)Qvel. w~ f ~nd thtt '4n) · =' ~n) • k ;; . 0, 

l ·• .t• .•• n1: _e.s given in1.1.:;~· lfow 1.1.3. {J ta.that' unw!ela.y in general. 
' :-. ;, ·.-:·.- '_-_ . . ,. . . _· .. ·_ -__ . < : : 

.•. Thel"!f~re . it ¥euld be int~rest1ng ~f ebtait: all eXpUeit evaluatio1) o:t' the 

O;,~iiitot '4n) ~• '.l'his has been aOn/in .t~() $lp;~ial eases . 

. -

a.(n) - c .· .. <n) ... _ ... ··.·.· .. ···.· 2 . ', -~,,·· i .· .. ·c· .. ·.·•.· .. x~.f'.· ..• )·.i .. -.:.:.•~in. 'g% . .. ·.· .·-. 
1

' 
!C - k .- n.+l ·. l _,·. -1, ;• 

· ,_.,;., ·i . -al .· .:.·· ;;.:>··,,, . · .. . 

< . ·• . Let :P0 ( :a:) ;_1, ; • • • f:2lt~l( ~) ~-f e f *!./f2/a:) =, ~in, 1 • Rel'e 

let xi~) :- J:.2 Tf ; p, Ot lt • n, 2n, :t{ i.11 Jmown{16~ P.~ '.J.15] 
.. ··.. . 2n 1 • i . .. 

()~nl :£ ~+l .E t<s~> ' 

· 
0
, (nl_ ..z_ 

. · 2k ··· -. 2n+l 

1=0 

• k -1 · . · . . - t • • • • n • 

i . 

It . is e.~:propriate to look briefly a_t the ca.icuiation of, the operator 

'0 ( 11)· .. -•· J - O, : 1, • • • • _.2n, 1n this last case a.s it will bring · to lfeht .an ' j . •. -

• 

0

interesting ;roperty of ;the . dn:e functions ·anci . of the sine and cosine 



:functions wieh will be examined in the oa.ttm of other. sequences- of 

functions. 

Therefore consider 1.1.:3 ,dth P0 (x)· =.: 1,. • •,•.• P~k-, (x) =. cos a,; 
Pzk(z) = sin la• ••·•. • Set x't = 1217 ·• Hereatt~r the su:perso:r!ipt 

. 2n-t-l 
<nl 

(n) will be omitted from Xi 'but it is to be bc,rne in mind that the set 

of interpolation points varies with n. 

Multi:ply both the numerator and. denominator of Cw in 1 .. 1.3 from 
. . 

the left by the transpose of the denominator. In the :resulting rs.tio 

of two determinants, except in the column that involves the function 

,f(x) • ·all of the elements will be of the 
2.n 

form 
zn 

cos kx 2 cos Ix;,, 

L sin kx i sin lx 1 • or 
1:0 

0 k, l n. 

E sin la i cos l:x 1 ., 
1co 

lfe use the following property of the dnes and cosines. 

If x1· = 12 Tf 1 = 0, 1, •·•• Zn, then . 2n+l • 

a) 

1.1.4 b) 

o) 

zn 
L 
i: 0 

f 
i=o 

2n 

i =o 

oos kx 1 cos lx1 
_ 2n+l -- ~-

cos kx1 sin lx s. = O 

sin la 1 sin lx i :: 2n+l 6 kl 2 .. 

a) and e) may be verified by expressing the terms on the left as cosine 

series and using the formula. for the sum of a cosine series. .. b) mq 

be verified by using the symmetry of the :points x i a.bout TI • · In 

Chapter Two formulae including the above for more general values of k 

and l will be derived. 

It is clear that the expression obt:idned :for c tf ·may be evaluated 

immediatel1 when the relations of 1.1.4 are used. We f:!nd. 

t. • 
1=0 



·e . . .... 
Zif-I -

2 
2n+1 

2 
2h+I 

. d Zif~ I,. can be w:ti tten as 

0 ' ,· --
2.k'-I -

2n E' t(xi.) cos kxi 
i::.o 

2.n . : 
. [: ·t(,:;i) sin lot.i. 
.i=o 

't .' · 

If f{ x) 1 s Riemann integrable• . 1 t 1 s fou.nd that 

' ' "27r · 

lim· C -
21f-l -

J.. . f· £_ (x) co$ ·_1aa.x , rr .... ·• . 
. ' 0 ' ' 

. whieh is the c,uatoma.ry Fond.er- coefficient. The same. argum~nt applies 

to , e 2 ,r and c O • . 

llhen given an a.rbi t:rary. sequence of functions., a set o:f' relationa 

analogous to 1.1.4 ,1onld be ~:f 1.1se then, a.El this· would_ ·enable us to 

ca.lcula.te ct< readily., These considerations lead naturally- to the 

following · de£in1 tion~. 

J?efini tion.. ·Tho sequence ot functions <A,("Jr..). ¢, (:x) • ¢
2 
(xl, 

. .,.. is .a~i~ to be finite orthogonal over the set of poinh [ xt] , 
t:: o .•. 1, •• •• • n. if n.nd1 only it · 

f-' . Cn> · <nJd(n J · ~1 . . . .. 

L ¢"(Xi ) ¢1 ( Xi_ )_-· " JI(}) {1~}sb: o. l, ... • n, 
i:o 

(n) 
where d If ie a constant depend.ing .on k and. n in general. The 

problem of finding sequ.enoes of fu.nctio'ns which sa.ti sf"7 • this property 
' . . ' 

of finite orthogonality seems to be a difficult one in general. 

Some sequences ,,:w~ich satisfy this property• 01• another quite similar 

one• in a.deli tfon to the sequences seen above will be poin~e~ out 

below. Al$0 i'ithlia.s been found that the Haar functions [ 15. p • .52] 



· ._ satisfy this prop_erty over a certain se·t · ot points. 

1.2 Double Fourier Series. 

An ob-vious extension of the work in tho pl'eae~ing l)atagra.ph to 

double .Fourier series is 1,ossible. Consider tirst the seqtum~e . of 

functions 5ta1n ':px sin qy J• p: 1, •··•• n~ q = lt •• -.,. n • . Choose 

the double seq_uenoe of numbe·rsX1.· = iTf , i : _l, •••• n, 1'..1· = i1T,•• · · , · · n+1 ·.·· · ·· ·. , · · · ·· ·. n+ 

,i :: 1. • •• • n. · Now take the points (x1 • Y'j) in the p~a.ne.. The 

s. 

gi '9'en sequence of functions is finite orthogonal over these n 2 points 

'for every n. For O L- m, 1. p, q n. 

~ .· L sin mx i $1 n l'l!J 
-i=l j:]_ 

n . 
[' sin mxi ain .PXi 

. i-=-l . 
C 
J="l 

ain ly j sin ffYJ 

- , m #: p o.-. 1 i: q -
Then we have from 1.1.3 

o - · ( 2.. ·) ( 2 ) Kl= n+1 i,;., 
n ,, 

LE 
1::1 j:I 

= ( n + "£ ·.(tJ.t'' r 
'2. / lhp 2 )<Jlq 

The limiting process may be· s.:pplied nnd the tradition.al Fourier 

double-sine coefficient is obtained : · 

7r1T ' 

= (:) 
2 ff f (X,Y)Jjn/<X s111ly dxJy 

o 0 

J.1<11 1 .in"t eg ~rs .• 



' . . . . 

The'. double Fouder series m~ be' hanclied ' in ' an anal:ogoUf} manner. 

·1.:3 Eva.luatitm of the Operator fo~ ~aurent Series. 
\' ' . 

For slmpliclty., let llS i'oonsld,er an annulus about ' the origin in ' 

the 2.:... plane \\1.th radii Rand r, r '- R. · It h to be noted that the 

. :f'o1lowing resu.l t t'1ill hold for an ·annul~s . about the 'p<>int ' f; . = a. 

Let f(a) be a function that is ana.lYt:lo in the annulus • . Let 

be a,.n· 1nterpolatlng' polynom:t~1 · thttt int·erpolat~s the given function 

· on 2n -,.. 1 points lring on the circle J z/ = I' : ,; .r f ~ ··. a. More 

,compactly let :'Zj r=, f' / 9.J· . where 'ej =. J c:~:,) ·• j:: 1. 2, .... 

2n + r. ·, We have the sy-stem of equ.a.tions . 

f(2. )- a_ . 2 ... n + ·a 2--n-+I , 
.··•· · 2ntl - .. r, 2.fl+I · -1'>+1 2rJf'I .+ 

) 
L = - n, .. ..,,,,; 

j .::;l, •••• 2n+ l: k=::-n,. n. Here I f1e1~~-, (K, f(fi~)) 
' '.· ' ' ' ' ;, 

indicates tha.t the oolumn with elements 
H H.i 9· f e , . . ~. is repll?-ced . · 

by the colwnn of elements f ( f ei 9s ) .. , s . ·= 1, .• • • •. 2n -,.. 1. 

We mag facto~ 011t the P's from all O'! the columns leaving a. mul tiplie:r 



,7. 

of tlC • We mu1tipl;r the remaining e:itpression in the nU111er!'1.ti>r and 

denomina..tor from the left by the conjugate transpose of the . denominator •. 

Lemma. 

rt+I • . . 
( ) r.i eJ• ·. u 9; d , l l e . e =. ·2n+I . --r:::s mo . (2n+11 

' ' ' ) 

j-:: l. f:' _r.ie_•. iit»· .: ( 2) e J e 'J -= o 
. j =l. ' 

_, - ~! S moc/{2n+1) 

Proofi The first ip.enti ty is obvicms. In (2) 

The last sum is ·m~rely a. geoinetda progression• its 8ttn1 being 

C r+sJ i 2 TT e zn+z 

. r ·(_ r-tS).i 2'/T ·]· 2.n+:i. . 1 - le zn-11 

1 (r-,s)i E£ e . ~,,-,.2 
0 

The denominator is never equal to zero since x-· -t a . k.(2n1-1) • k an 

integer. 

Using these identities, the transformed expression for a t1" is: 

clearly-

e.~ = 1=.. _!_ rl( 2 Tf 



8. 

· 2rr 
lfow as 11. , -since ·:r(z} ls analytio 1n· the ennni11s and zn+i= Ll 0. 

the ab ova sum 1 s merely a:· Cauchy...-Riemann sum and 

2'ff 

¾1!'.oa·>r ;t f 11 2~ . fe-tri e -f ( f ,iG) de 
0 

N'ow -z = fe J. 8 d0 I dz = T ) z 
so .. tha.t 

_J_ [ -Hz) d lim aJ( - .--;;.,., 2 - '21T i. 
121= f 

2 

~is ia the usual Laurent ooe:f:ficient. Of course, a furthe~ t1tt1d,-

oan. be . made· of the convergence of the interpolating pozynond.al 

-n -n+t 
at +a z-+ -n -n+1 

where a. . is now g:t ven by l ,3 ,., to f( z) in the. annulus. 
J 

It has also been shown [15, p.6] that the functions 'l,, · 2. 
2 

. . .• Ji. 2Tr 
z ·• •••• , .. " .~re . suoh that on the points 2,l = f e --;;;n 

j :: 0 t 1 t • " • l X'l., 

n · 

[ 
j:o 

-k l z . . 2. 
J J 

The proof is similar to that ,1sed for the Lau.rent series. 

-1.4 . Anothe~ Set of Finite _ O_rthogona.l Functions. 

Let fx,,J • n.::: 1. 2, i. •·•· be a. seqt1enee of distinct :points 

in the. interval [0,1] that have the point O as an aoeumul?-U~n point. 

we· een assume the sequence ie orde~ed· in descending me.gni tude •. 



Define a sequence of functions 

is not zero but otherwise arbitra:r:iy. ~~nit· is olea.r that for 

l k. 1 s n 
n L ¢11(XJ) ¢1 (Xj) = 0 

j = l. 
I 

The :process used in parag:raph 1.1 may- be oe.rried out simply. We 

obtain 

f (xk) 
<p~ (Xk) 

) 

Here it is asstuned that the functions f(x) is defined and finit·e 

throu.ghqu.t the intt,?r-va:1 [0,1] • Now. ~f the resulting se1.•ies . h to 

represent f(x) at each of the points xt1• then obviously 

Here it io seen that the interpolating coefficient ts actually th~ 

same a.a the · se~ies coefficient without using the limi tin« proeess. 

The series 1.4.l is the sa'!le for ~11.fun~t~ons which have the same 

value a.t the points l Xn J, n =;::: 1, 2. • • • • Therefore at oth~r :poi1:1ts 

in [ 0.1] it can represent on.ly one of. the functions front this set. 

It isclea.r tJ:iat ma.n.v sueh sets of finite orthogonal tu.notions 

oan be constructed. 

1.5 11~essel • _a Ineqttali ty•~ for Finite Orthogonal ~~t;ons • 

Suppose the set of functions ¢ 
0 
(x), · ¢1 ( x) • ••• • ¢YI (x) •-



. . . : . . 

is finite orthogonal o'Ver the points X 0 • x 1 • ... , ·~ 11- 1 contained 
. . .. _ 

in soma interval (a.,b] • ~en in the u~ual · way-

,,here d11 
on ~.b] • 

Theorem l. 

n •• . 2 -= E ¢,,<xi> providing f(x) Js. defined.· and finite 
1.=o 

Iri order to prove this theorem, consider_ the expresaf6n 

.... -

n . 2 
( f(x) - [.' a~ cpl{ (ir)) . 

1-r=o . . 

&<x>J 2 - 2 t Q~ f (x} ¢1r Cx) .,. f t a~ 'lXJ/P11(x> </Ji(x) 
11=0 j:o )f-::o ,, 

Therefo:re · 

+f t t ai qj ¢~(XjJ <MXj) • 
i ::o j:o lf~o 

Interchange summations and · aun1 over i. first. ~sing .the finite 

orthogonality property . of' r/J
0
(x), • • '• t ¢ n(x) •• we find. 



t' [!cxi) - i; a~ ¢1rcxJ] ! f; [-s cx1t- if (a~)d(f 
i:::o . /f-O 1::0 lf=d 
' • I < • 

) . 

Examining the expression on the lef~, it is seen the~ it ia eque.l to 

zero for each 1, since the 1nterpole.ting . :polynomial is eq_ual to 

f(x) at the points x 0 ; x1 , • •~, :,c: 17 • Therefore 

1.5.1 

This ia true for every n. This completes the proof. 

,11. 

If the set . [ </Jr, (x) l , n .: 0; l, • u, is for e:r.ample l, 
i zTT cos X1 sin Xt • ••; and the points Xi are Xi ::: . ~J. . t then 1.$,l 

becomes. with a trivial change in the range of summation, 
n 2 2 · . 2nn 2 

2a~ 2+ L ( a:., + 11,,,, ) = 2.~+I l ,' [_t (x.i[) . 
,,, :J. ,. =- 1 

This is obviously the point analogue of BeaselJ s inequality f'or the 

Fourier aeries bnt with equality occmrring instead. 

If we consid.er the functions t -n • •• • • l, • •. • 2 "• and instead 
n· 

of ealculatil'i(; Z:: [ f (Xi) '- -i a: <:/>ir (xi)] 2 we 
.1=0 l(=o 



2n+1 -t-n , 
c~tlottlate [: I f ( 2i) - ';l b.., 

, j = l 2n+1 • If-= -n 
b,r : .. z~+• ~.; e-",e1jf{f'e,;.,;) , 
eom:pletely a.nt,,logous to the above 

where 

we obtain !n e. manner 

This is the point _analogtte of an eq,mli ty- used in the proof [26. p. ef} 
of· Oe~uohy1 s inequa.li ty. 

We ho:tre front l • .5.1 

or 

1.,;.2 t ( i <A,(Ki>l= o( (n+l) 
lt'=o !L.=O 

1 • .$.2 is a neeessaey- condition that the functions ¢0 (.x). ¢/x). 

(/J2 (x), ... , ¢,,(x) be finite orthogonal over the points x0 • .Xif! 

xz • u •• • x,,. It should be noted that « depends on n in general. 

1,.5.21s a little disappointing in many. cases. !:f' the.function l 

(or if a' constant function a) is one of the functions ~- (x) • say 

¢0 (x) = 1, then 
n n l. 2 c/J,r (Xi_) ¢0( XJ : 20• <;lJH' ( X_i) -=. 0 J I( f= OJ 

i=O ... 

by finite orthogonality. Therefore 1.5.2 reduces to [t <f>o(xi~ 2 = ~c n+i) 

\1h1oh is trivial, since °' must be n + 1 •.. 



CHAPTlm TWO 

FINITE ORTHOGONALITY Alm MODIFIED SERIES EXPAlTSIONS 

In this chapter we will still be concerned with .. the •evaluation 
Cn) of a f1" in 1.1.2. However, the expression· o f1' in l.l .,3 will no . , 

longer redttee to a Riemann sum as it has in ·the other cases. Here,, 
Cnl . . . . . . . . . o " will keep 1 ts form as the ra.t.io of two determinants and we will 

(nJ 
'be concerned. with prortng the existence of lim c H and the identifi-

cation of the lim! t. l3efore prooeed1ng further :tn this direction 

it is pertinent to review some elementary notions about normal 

determina.nts which will be used rather heavily in the remainder of 

this work. A rather complete. dhoussion of no.rmal determinants will 
ff 

be. found in Ko-wa.lewski' s book:, EINFORRtttm IN DIE DETE:lu\tUTANTENTREORIE 

[20] • 

2.1. Normal Determ1nants4t . 

Assume that the series s : c: + o; -t- cf -+ c! + c; 
-+ e: + c; + • • • converges absolutely. Then the infinite 

determinant 

~-. + ci lJ J,. 

has meaning and is· called a normal determinant. Its 'Value is taken 

as ~\mo0D 11 where D,, is. t~e (n + l)x(n + 1) determinant in the upper 

left hand corner of 2.1.1. 

Consider the matrix 

2.1.2 II •••• 



We shall. consider minors of 2.1.2 and these are formed. in the usu.al 

c:4· 1 c(3. 
J 

14 •. 

Theorem 2 •. · '!he series formed by taking all minors of 2.1~2 converges 

absolutely. 

This is proven by showing. :that the series of absolute values of 

.all :prod:u.ets appea,rlng in ail n-·rowed minors of ·2.L,,2 is less ·than 

or -equal .to -t" -, . "· 
where 

?:'he .. result to~lows :from the convergence· ot 
-t ,, -, n. 

4:heorern ), If one column of 2.lttl is replaced by a bounded number 

$equenoe 1 _the determinant., still has meaning in the sense that lim Dn 

The proof of this theorem rnay be found in Kowalewski' s book, 

Mow consider the following set of equations ( sea [20, P• 383] ) 

in the unknowns x .i t 

• • • • • • • • • • • • • .. • • • • • • • 

Assume that A. = I a;,j I • •· • t 



normal deteNJinant~ Assume I b n '. l 4'. )I, n = o, 11 ... , 't-1here M is 

a · consta.nt independent of n. 

Theorem 4. There is one and only one bounded solution of 2!1,3 •. 

namel7 · · 

r a i 1 I ck, b1 ) 

JaiJI 

using the notation of' parE~raph i.:.3. 

'l'heorem 5. _ The product of t,10 normal determinants 1 s a normal 

determinant • .. 

2.2 Modifications ot ·Fourier Series. 

After pointing out a few important theorems oonoern1ng normal 

determirumts t-te are now read1 . to dlsenss the modif1cat1o_n or the 

Fourier series. This wilf be done from the standpoint of interpolation. _ 

l3y a modifioa.tion of the . Fottr~er ' ~eri~B is meant . a _ change in thE3 basic 

sequenee 1, cos x, sin x. , fH cos nx,. sin rue, •,. ,• to a n~w _ set of 

functions 1 -t ¢0 (x). cos x .+ <A (x), ~in _x + _ ¢z(x), •••• eo,nA' 

+JJ211 _1 (x). sin nx: + cp 2 n (x), .- •• • Here only the evalua-

. tion of the coefficients in the new series: will be conu~dered~ This. 

involves the solution of a typical double--limi t , problem. The con-
vergence of the gi~en interpolating polynomial ,o e.._ given function 

remains to be discussed. However the _ convergence of the res,11 ting 

series .. in a s:pecia.1 ease will be discussed ln the n~xt chapter from 

a. different vie~ipoint than interpolation. One 110rd of caution is 



16 '' . 
needed~: · Here and . in the next chapter all theorems . m.+l be stated 

t111der the ta.cit assumption. , that the determin..,;;,nt appearing in the 

d.enomina.tor of the ooeffioients is non-v~ishfng. : This ·at4sumption 

is Slw~~ pr~sent except where the quesUori 1·s· _apeci:f:tcal.1; t:r~ated. 

Theorem 6., Let f(x} be a continuoh.~ function defined t>n the interval 

[o, Z 7T] and defined by periocllcfty (p.ertocl2 1T) OTer the real line .. 

Further assume that the lottrier series o:f f(x) eonverge.s a'bsoi.u-tely 

in On 211] : ', • · Let f(x) 'be interpolated on the -point's j ( ::+:i) t 

3 = O ,·- 1 . ..... ,_ 2n 1 · by the interpolating polynomial 

.a. 11 (cosnx + 

Also let · (/)J ( x) be continuous on [o, 2 11]) :p~r:tod.tc of_ p&riQct -2 _Tr . · 

and le,t the totality of Fourier coefficients of ¢0 (x)-. ¢1.(x),_.. 

' taken ln series form converge absolutely; 
-. ·. • : . 

· exist and • their :precise values ca,n .be stated. 

!n~erpolate f(x) on the 2n + 1 points .1 . ( t:!-1 ). _ • t -= C>_• 

2n. as described ln the theorem.. We. ob_tain . the set of t,o~tfons 
. . . . . ,: ... . '. .. .... 

·+ ·. -+ . ari(o~1~i -,. 

· J = 0, ;lf •: ... • 2n. 

c; .. -(x ·.)) .. •. + . 0 11 (sin ~J· + <p,,n(_· .. Xj}) .... =f(_K.) 211-, J _ , c; o1 

We obtain by Oramer1a rule• under the assurnpti.on that the determinant 

·,. · 



of the coefficients does not vanish• 

. . - - . . .. 

· 2.2.1 ~Ir= 

. - . . . - .. . . . . . . . . . . . 

cos kX +m (Xo) 
O "f'2k'-1 

17. 

,, s am e ,, c.os KX·+.rl» (Xj) 
'J '1'211- 1 

11Same11 

k = l, 2 1 • •• • n. Ana.l<>gous expressions are obtained for e.0 and 
' l 

b K , 'k; = 1, ••• • n. _ The proof given below needs only sl.ight modifies ... 

tion for a 0 and b tr • 

Multiply both numerator and denominator from the left by- the 

transpose . of the denominator of a'< with all ~- (x) set equal to . aero • . 

(This non-zero multi plier can be readily ev~luatecl when i't is mu~ ti plied 

by 1 tself and the relations 1.1.4 are used). lf the relations 1.1.4 

a.re applied to the resulting expression for a ff and if every row · in 
2n-tl . . · 

the numerator and the denominator 1 s divided by- 2 eJ.COept the 
•·· 

first rows and those by- 2n-t.l we find (erll sums run :from j = 0 -t~ 

. j • 2n): 



. . . ["' !!:{> ... (X·) I 
Ll "Y2;, 'J 2 n +l 

18. 

· f(XJ•)cosJ<• l. • · · r"~ (x),osx. 2 
J 21}-f l L,. 'f'z11 'i ~. ,-;;:i 

\""' ·.N\. (X·) -L 
Li Y-'2if .. 1 J Zn-tl. 

[; 91h'-~Kj) sin n,lj• 2!.,1 

We wish to prove that a 11' exists. First sinoe the ¢i (x) and 

i(x)' a.re integrable over [o/ 2 tr] ·, each element in the two, 

determinants above approaches a limit. · If we temporari.1;r ignore the 

d.ottble 1tm1 t problem involved ,,e would expect lirn a.>r to be 
2 ,r .. :1 rr 11 •-o :,-,r 

1+tir[¢.(x) dx z'ir[r/Ji.Cx)Jx ... z~f f(;rJJx .. 
2" a. ll'Tf' o 2,71° 

;[ <fl. ( xJ cos x Jy l + .:,. [' MxJ c0 sxJx • · · ¢r [f (x) cosxJx · · · · 
0 0 0 

,, 
S cl rn e '' 

. . . :f (X) cos l<X J X 

2~f· ('A17 
(X) J X Zh'-1 

o, 
2,t ;_f ¢2,r-f cosxdlf "same .. 

o : 27T 

1 ~..Lim (K)cosk'xd¥ 1T 'F2t(-l. 

0 • 



The expression has the form o:f ,a ratio of two normal determinants. 

J3y hypotheso s ., the tota.li ty of elements in eaeh determinant 

(excluding the numbers one on the main diagonal) ta.lten. 1~ series form 

converges absolutely,. Thus the proposed a tf has meaning. 

We have yet to show that lim a.>\' = a 11 • For thia purpose. let 
' ' 

P2,.,+ 1 denote the (in+ l)x(2n-t- l) princ~pal minor in. tho upper 

left hand corner of the denominator of a ·--~ it ·. We kno't-1 that lim ~nt'." ,., . . . • . 

exist a and is eque.l to the denominl:1-tor of a 11 Lot F;_,,., 2 deno~e . 

19. · 

the (2n-,. l)x(2n +- 1) determinant ·11?- the denominator of a f( in 2.2.2. 

We will prove that lim P2 .,,,.+ 1 = lim ~n+z Since the Fourier series 
>, ~Cl() • I . 

of (A (x) converges uniformly- to ¢i (x) we may- write 

. i 
,.,here a~ is the Jourier oosine ooe:ffioient of </Ji. (x) and b H is 

the Fourier s:tne coefficient of ¢i{x) , . We use tht:3 elemente~ry ;facts 

concerning finite orthogona.11 ty to tatri te ;p 2 n + 1 in the · following 

form: 
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For brevity ·we \dll aet 

where the r1j may be id.entified easily 1n the cle~_eri:nine.nt_ P2,,+1 . a.hove. 

!.et RK be a k•rowed m:i.nor ot :a ' 211
+2.) ::: \ rij I ; 1,, J .'ii 0; 1, .... 

2n. Let s tf denote the corresponding minor .of .P 2 n+i ., and. T f( the 

algebraic oomplement of. s tf , (A complete demonstration ·of this 

method• applied. to another problem, oan be found in Xowal.ewsk:t's book 

) . The"' . .... 

P,m+2. 1lil p '211+1 + [ 
1 

ll.1 !112,, + • • • -t- L
2
,, ll.2,, fl + :a,m+l 

wh.ete [ denotes a1.unma.tion ·over all k .. rowed minors of .n (znHJ • 
' tf 

This eXpression for .P 2 n +1 ia obta.ined. by expressing P zn-1 1 as the 
2nTl. 

sum of 2 determi~.nh and e~a.11.ding: eaoh term by maa.na of the 

minors involving only r.ij terms. LetMng r 2n;l : . [:"'l / R1 / t 

we see that 

a.:nd 

2 an+l 

'""'IR1I Ll - . / ) 1. 
r"".z17-,.J - ,··'J 2 ! 

ll. IL tintl 
2n. +1 -( --) I . 2/J+l . 

2n 

"1here r 2n11 -= [ I "1 j f • This last statemont can be verified by 
.i,j =o 

considel'ing r: n .. 
1 

, Each tel'!ll in [' 
1
Jn I!/ . e.ppelir!I in the e,:pa.nsi on 
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11 
of r an+t kl times. Uow as ri o0, the T i. a.re: minors of a normal 

determicne.nt. · Therefore they are uniformly bounded [ 20 •, · 1:,. · :;75] • 
Let P be this bo,md. Then 

. · .· . . 2 zn~ . 

l · - I ( r'"zn-t.t r.. P - P P --+ .. El:!:J.t•··+ .. . -t-• ·, 
211+1 2n-t1 - . 1 ! 2 ! : (2n+1) .' ) :J.·. -~M-1, 

=-·~€' -1) 

Ther.efore if' ,4'e :prove that lim r 2n+l = O,. we will have shown the exis• 
. . . 

tence of the Um P 2 n-t.2. a.nd that 1 t equals lim P 2.n+J. ·• · lfowever 
IJ~GO 

• 2n 

%'2111-1: L1 I R1. I = I: I '1.J l : ?:; f~~CosK~+b!s1n~) I 
.i)j =o 

+ 
2
:+, ) i:1 f U a>os KAj + b:. sin fr X1) si"n nxi 1] . 

Lemma: 

a) n 
i= 0 

b) 

211 

;• 

k+ r! 0(2n+l) and k .. r.f! 0(2n+1) • 

= 2~\ · k +r :0'<2n+1) and k-r-;.o(2ni-l), 

, dr 1:-,. rt0(2n+l) and k-r a 0(2n1-l)~ 

: 2n+l, k-tr:0(2n+1) ~nd. k•l!= 0(2n-tl)• 

cos kx:1 sin rxi • 0 , a.11 r and k ; 

c) B sin kx.i sin l'Xi = 0 • k+-rl 0(2n+l) and k~r-, 0(2n,..l),, 
~=O 
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• k•r:0(2n+l) and. k-t.r10(2n+iJ. 
' ' 

=O 

Prc,o~. We shall pro.vs only the statement g~ ven in a). b) . follows 
. . . 21T 

from the fact the.t the sat ~r. points .1 ·ii,;1. • j ::: O, l, ••• 1 2n are 

equally spaeed about TT while the sine and cosine .tunctfons are odd and 

even about TT respectively. The :proo:f' ot c) ls anatogous to a).. Mow 

s11m of a coa:tne series. Now we can· write 

.L .. ( t-ct r) 211' ( 11 ± ,-.) 2JT 
<2n + z .) 2n+1 -=(k'± r} 2 i1 - 2n+1. 

Then ¢learly-

I (1-t+r) 2Tr 
sin z 2n-t1 
2 Sin (tt·H·} 2Tr 

2(2n+i) 

The first case of a) follows immediately.. For tlle other thr.ee oases 

one or both of the sums in 2.2.$ can be eval~a.ted immed.ia~el:r while 

the treatment given above is applied to the remaining sum; · 

The relations 2 •. 2.4 are not new. T.hey can be :found, for example 



in Tonelli' a book [27, p. 150] • 

Applying the lemma to r 2n+i after e. chenge ln summation, we 

see that 

. . 
S S 'S S S . · 5 . a 1-···+a +··•+a +a +a· +···+a +···J+.···+ ,,.,-,.z i\(2MJJ-1 zn+2 11- 17-13 ,n+4. ,l(2n-1,)1-, 

+· .. +f (b s + bs + b s . -,. ... + b s . ) +-(b s + b s + b 1sn·++3· •• + b:.ast., .. +1i.·)·+·fl)'7} ) 
f)t/ 31H 2 b-l)•f-ij ~(2n-t1)-r, jn+ I ~l'J+ 'Z , r, ~, ,, '.JJ 

A a posi ti'Ve integer. 

Consider the set of b; first. Clea.rly- each 'b} :f':rom b ~+ 1 • 

s s 
b n .,. 1 , • •, om-ta.rd -appear$ on.ee arid only once. except . tor the b ,1 {-zn~i) 

. which do not appear in this set• Consider the set of. a} • Clearly-
s s s ea.oh a j in the sequence . a n-t-.l. ; a ,,.,.. 2 , • • • appears . once a.nd onlzr 

once. 

Therefore it is seen that rzn+.1 is a sel'ies of elements taken 

from e~ subset of the set of Fourier coeffioienta of ¢.i(x); 1 = t.· 



• •• , · 2n. ·'llle series formed b;T adding all elements of the set of Fourier 

eoefficien,s of (j)i (x). f = 0, 1 • • • was a.irntttned to converge 

absolutely. ·'J:h:ts series might be written in blook fa.ahion as 
0 - _- . 0 c, 0 c, - -_ ti 
0 + a: + b 1 + a '2 -f- b 2 + • •• + e.17 + bn -+ ••• 

1 ""'11 + b• .1.1 + : + b-_lz 1 - .... 1 + ao + er. 0. 5o + ... + an + u,, -+- •••• 

• 

It may. be written in oon:ventional series form 'by irtarting at the 

upper left ha.nd oorner and, proceeding as 

It ls clear the. t f o_r an __ arbi traey E :,; o we. da.n find an N: 

all -terms te,ken in absolute value in the ~bove series appearing outside 

of the above box ha.ve a. sum less than E • Jut rin+ 1 for these n 

less tha~ or equal to the sttm of a. suoseries ot this series._ 

t?.f11-l L. (= -~ Sinee E. is arbitrary; we have ~~00 f: 2n+l ;:; o. 

The.refore it ha.a been proven the.tlim Pl,= limPn = a~0
. n-a..o_.- · r--. 

where th~· ·superscript D denotes the. denomfna.tor of i",., • ~e proof 

~of 'the numerator of a., is analogous if th@ Fourier coefficients of 

f(x) converge absolutely. 

The conyergenee of the resulting -aerie~ ttr1ll 'be discussed in the 

next chapter. 

2., A General Theorem on Modifications. 

The theorem in the preceding paragraph -suggests a possible 



generalization. To obtain this generalization an e:ctandecl de.finition· 

of finite biorthof~oni1lfty wiil now be giveri. 

Definition! Letf ¢1 (X) } ,. i;: o., 1, ... be defined on an 

interval [a. ·~ of the real line or on a region l. of ·t1:1e complex 
(nJ (n/ . lnJ plane. Let x 0 , x 1 , .. .,. x,, be a certain set of points in the 

illte:rval l.!i;, .b] (or in .l'I.). Le~ t ep:) f ! .1 := O,_ lt ! •• be 

another seq_ttenoe of funetiona defined in (_a., bJ suoh ,~ha.t 

, . ( E3 ( in>). , <=- M ' - i = o,-s .1 = s • l, ••• , ·n~ 
n 

2) L ¢./~) er( xi) :: 011,1 <f,., ,-. , Cn f:. 0, k'.,r ! ··.:,n . . 
i= 0 n 

3) L ¢,/Xj) er(Xi) e•'O, k =: n-+l. n+2 •••••• r=a,~_•··,~ 
1:- 0 

except :fork:::. -f3t; ~:r'• ••• . !fore d:}; Ft; , . n rJ:-! i /3!11
, 

••. • ~;"'• /32'
17>, ... is a aet of integers greater than 'or 

eg.ual to n + l in which ea.ah :integer appears at most M times• M is 

ind.epend.ent of n and is the same finite ,ntnnber for ea.oh integer in 

question. 

4) 
n 

r:'41/~)S..~l= 0nir r f 0 
(j) 

for the (3i set•' 
·1=0 

S) I c.::~ 1 / = p • .P finite J = Ofl;!~'.;. l= 1, HH n 

all n. 

Then we aa;r that the two nequencesl VJ.i (:c) J a.nd. f ei (lt) ] are 

finite bi orthogonal over f .,}~' • j = 0 • 1, ••• • n. all n. 



be the / sequence 1, eos :x, sil1 ~, cos 2x.: ·sin 2:x, ••• , • Then l) . is 

tru.e' where Ms = i • all ·arid n. 2) r.md. 3) are · true b;r the preVious 
. . '2.n+.t ·_· ·_ .· . 

theorem where e_,, 'f == - 2- · • k = 1, ••• , f..n. 01) 0 ·:;;: .2n · + lJ M = 1,. 

4) is clearly true e.s a comiequence o:f 3) ,i 5\)· is._-. tru.e. where we take 

P = 2, since by 2.2.4 dn /Jf;l) i ·1s 2n +l o~ - 211+1 • · · Sinae the 
,· , .. , . . J J' . .· . . . 2 

two seg_uen.oes of functions e.re identical in this case we call them 

~1xample 2. :tet [ .,_J J ,=. _ _ Let [ ¢;. ( z) 1 

,,,t ·~· .... o. 

:,;,. z"'1• z l., if2 • • •• • Let{ €,i (z)} '::i}; z-l , Yll 1 ; iil·f I It 2 i• • 

'Then t) i!! true taking M s to be f(-,Jf[/¥] • where the brllcke~ .· . 

means the greatest integer contained in . S~J. • 2) is true by- 1.3.2 • 
. . · . . fflL.._ . e-•n· ~. e k' i ~'J· ,e\ l_ I .i SJ• • --·-· ·_._. -0· To show that .:,) is true U.$8 l.J~2. ·J.ll 

j :o 
excerpt for k = '41 .+ A {2n + l) • i\ is ea.ah ancl .ev.er-:r. intege,r in 

turn. l =. •n, ._.,, l, ' • .i, th ·We ds.ri take .:M :::: 1. 4) is a consequence . 

of 3). 5) ·1s true wi.th p>= 1, 

It h possible to give other exa.mples. nam~lr the funotions in 

lilv with some obvious rest~ictions imposed, and the non~negative 

:powers of z+ 

Theorem?, Letf(x)be a :function able to be expanded. in an absolutely 
,, . 

Assu.ine that the set of series 

coefficients t~.ken in series form con-verges absolutely. Let f(::c) be 

interpolated on the points .xo • x 1 . • ••• • x;, above by the interpolating 

polynomial 



Assume ·the..t the determinant of the· coefficients fa non-vanisM.l'lg for 

all n~ Fl1rther; require that the 'PjCx.) are e.ble to be exr,a:na.ed in 

absolt1tely convergent ¢ .(x)-series e.nd that th:e totality of series 
J . 

coefficients taken in series form conve:rg~s ab~olutely., Then ltm a.11 ' . ' ' . ' 

exi~ts and 1 ts precise value can . be · stated~ · The notation of :the 

theorem ws chosen :hi accordance with the deflni tion eh,.en e.t the 

Interpolate f(x) as described above. We obtain ·. the set , of 

equations: 

a
0 

( q)
0 

( X 1) + 1/1,, (Xi)) + 0~ ( ¢.i (~) + 'fi ( X1)) -f- · • · + 

ah ( ¢/)(l<il+ <P,, (xiJ) = f,(xi). 

l3y assumption. the determi:nant of the coef:f'iriientsis not equal to zero. 

then 

{n) ... 
a = H 

, ¢ .j (Xi)+ 'P.i· (Xi) I (k', f (Xi)) 

I 1J° (Xi)+ lf.; (Xi) I 

k : 0, 1, •• " •· n. 
·Mtlltiply both. numerator and denominator by I 0j (Xj) I ·,. !• j ·= Ot 

1 1 ••• ·, n. which . is not equa.1 to zero, (multiply it ~Y · ·/ ¢i(XJ)/ · 

1; j = o. 1. •• •• n. and use orthogonality relationah· . llot~, divide the 

i•th row ln ntti-nerator a,nd denominator by c ,,1 to obtain 



oO l. 
1fow by hypotheaes .</11 (XJ = L d. J° q>j( x) 

J'-=o 
whe:re · E, IO!} I ~o0. 

1,j 

,, n . , o0 , 1 
[ (x1) IJl1(X1)- '[; e5(Xi) [ot i (Xi) 
i=o 1:::-0 j:::o . 

28. 

n n . ___ .· n · c0·. l -:::[es (X1)r~: ~-(Xi}+ r (X1) [«j ~-(Xi) 
i=o J::a j:eo Jrn+l . 

using the a.bsolute oonvergenee of the series and. the fact ·that 

I es (Xi) I '- Ms. all i. Using this relation, it ,is possible to 

write 

k •·o, lt • •h n. 
n oo . I: es(Xi) L cl: (/Jk(x;.) 

1-= o '1=n+1 • We wish to prove 

that Cn.s 

, St 1-=:0, 1, .;.., 

all k. To do this we proceed· e.s in 2,2·. Oonsid.er the denominator. 

( The proof 1 s ena.logous for the numere.to1·.) Using the 11ota.tion o:f" 2. 2, 

r~ = f f; (l-~-~a __ e-t_<_x_1J_f ____ ~---~1t_°'~-· _?;_C_x_:i) ___ /). 



Mow by the hypothesis. l e-t(Xj) I '-. M-t, • 1 :: 1, ••• • n. 
oO 

Since 

L <:Aj r/>.i· (Xi) converges absolutely for each i,, interchange 
,J°=ntl . 

summations and obtain 

r,, = t [ (I i+1qf [,,.BPi) ¢j(x1) I) 
S-=O t. :o . C t)-t 

) 

n btO s 
== t L I r; n+l <i13}t) C 11 1tl t; I 

S =o -t;=O C,,~ 
, 

where 
(-t) 

. ~j n+l. Mow by hypothesis 

l , ••• , 1: = 1. • •• , n. !J!hen 

n n -o S I ,.. ,, , P L L L I o{ f-3~-t-J 
S-:rO -t=o j ::/Hl. a 

As the t-summat:ton is performed, a.n;r integer greater than n +- 1 appears 
Co) (O) (J) (l.J . 1:;(iJ Ci) 

in the sequence P, . • • ·, P0 J tBJ.. • · • /$1 ... at most 
) . J ) ) 0) ) 

M times. Then 

n oo 

rn P M, L [' I q}l • 
s=o j'=n+1 

00 

:Bu.t by hypothesis '[;_ I o<J I 
s,j~o 

n o0 . s 
• Renee lint I:' B I °'i I =O. . . t,-+oas-=" j=n+J. . 

Th.eref ore 11m r n = 0. The theorem 1 s proven. 



. ·' , ·· ( 

MODIFIED SEllIES i'XPANSIOlrS. 

Thequ.eet\on of modifying some well~known aequenoes of functions 

.· used in expansions will now be· discussed~ ln contt'a.$t to the la.st 

' chapter,: interpolation will not be used.,. 'but the· results here are 

sug~ested the interpolation proaed\tres al.read.f' discussed~ Indeed.• 

. if the. re~ults in this chapter are .~ompared. td th those of the l~st, 
· .. 

it fs seen that they are more general. , .tt'he· propex-ty- of finite 
' - '._ . . ! 

:,o •. 

orthogonality that was so essential intheproofs of the la1at 'cha.pter 

is . here a.band.Qned. On the other hand, the sequ.ences oonsid.&rE3d.,. in 

~his qha.pter have not in _general be_~n brought un~er the ge~e~;l. the~cy 

indicated in Chapter One~ 

Theorent 8 and. ! ts genere.lizationa are the m.ain resultt., Theorem 

8 itself is quite genera.t as 1s pointe,d out tn the ap:plioations.- lfor . . 
' ' 

any specia:l sequende of functions., .the hn,othescs are rather severe• 

but the advantage lies in the ge:rierali ty. 

It should be again noted that the assumption that the determinant 

· or · the coefficients is non-vanishing is ever present,, exoe:pt when it 
f ' • 

ia stated to be lacking. 

:3.1 An Abstract Modification Theorem • 

. Tpeoreni 8.. Let Pj (xh, J' = 0,,1, • ·••, denote_ a seq_uenee of 

:funotions defined, for a i x i b. Let 01• ~- t: o, 1, 2 1 •• •, denote 

a .iet of a(ldit1V:e•· ho_mogen_eou~ :tunetiona.ls such that Oi [ P/x>)': <C_i, 
i =to. r, •ll•t j =O, 1, •••• Let (R) denote the space on \fhioh 



81 , i = o. 1 •••• , 1s defined. Suppose f(x) E (n) and can be 
oO 

expended in a series of the Pj C:,c). : :f(x) =. E <1 11 Pn (xl, \-rhere 
~=o .~ 

d 11 :: On [r(x)] and lo.nl M, n:::O., l, ••·• and the series oon ... 

vorges a.bsolu.tely. Consider another seqtienoe of :functions r/Jn(x) 
00 

such that¢ 'l (.x) E (R) and ¢n (x). = E c{' l\ (x) · in [a., 'b] 

n:O;l,_. •• 

series t 
,, j;:o 

where c i = · 0.1 [ ¢,,CJc>] and 4 I ~"i J e>c> f ~cl the 
1,'} c7 Pi (x) converges absoh1tely in ~• ,bJ .. Then 

. n•o 
f(x) can.be expe-.nded in a ~eries of the functions Pn (x)+ ¢n(x). 

That is. 
oO 

t(x) • E a.n (Pn (x) + · <Ph(x)) .. . 
n=o 

, 

The series on the right of 3.1.1 converges absolutely to f(x). Rare 

a,,= l Si j + c£ I ( n , 0 11 ( f)) 

l tj + c{ J 
, 1. j = O, l, ••• • 

Here I ~ij + C1 f (n,q,(f)) indicate~ that the oolu.~ with ~leme1.1t~ t·,.,+ cf 

is replaced by the column o:f elements Ott [f(x'j] • k = o. 1 ••• • • 

Remark 1. In the above and. ensu:i:ng1- . :x . may be a complex variable. 

All functions will be then £unctions of a complex varit,blet In this 
i 

event, .replace [a., ... b] by some- region lri ,the complex plallf)~ 

Remark 2. It is possible to alter the_hypo~heses of this theorem 

slightly-., It I Pj (x) j M.-, j = 0•1•c:t., where M is a ooru,tant,. 

we may o:f .cout'se drop the eypothesist [ 
~=o 

e.bsolutel.7. n=o 

c Pi (x) converge~ 



l3ut since O l [Fn (xLJ = in and O 1 [:en (x) + ¢,, (x)] = 0 1 [P n (iLJ 

+O;._[¢,,CxU , then 

<oo [rc;;u .= S.o + 
0 1@(xD = a 1 + 

a ,, 0 0 ['4,(x[/ , 
e. n 01 [¢,, (x>J , 

zf!<xfl = az. + a.,., 0 2 [ ¢,,(x)j, 
• • • j ••••••.•••• ~·-. ' 

l3y hypothesis. sinee Oi [¢,,(x5] :: cf r the above set of equations 

becomes 
oO 

0 0 ft<xil = a0 T [ a/10; , 
n=o 
oO 

01(t<x)] = e.l +·Lan c~' 
n:::o 
oO E a,, c; , 

. . . . .... ,'170_ .. . : 

J.1.j. consists of an i~f'ini~e _nurnbe~ of equations in an in1inite ._ 

:o.1:1-t1ber of unknowns a 0 J a. 1 • •• • • Since I On (f(x)) J L M, n = O; 
c:x, ' 

1, -•• • and L] J ei I 00, We can solve :;.1.:-; by the obvious 
. · J,n::o. . · 

extension of o.ramer• s rule [ see Theore~ ':I, in 2.1] and we. 01?t~in a 

unique bounded solution: a,,• n: o, l, ••• as given in ,.1.2. 

The :P. ermartent assumption, )_ .,r· • • + ·.cf.•/· -1- 0, we.a made in . ,,Q_iJ . .,, T .. 

acaordanoe with previous remarks, and. waa used above. 

From the hypotheses, this is the ratio of a d.eterminant, the,t 

is e. normal 'determinant with one column replaced by a. bou.nded number· 



sequence. to a normal determinant • . _.a· n therefore hes meaning [ae'e 

Theorem .:3 of 2.1] • · 

There is however no a priori reason for assuming the ~<?nvergence 

of the series in :;.Ll so that the process used above ia o~ questionable 

validity • . Therefore consider the system of equations 3.1.:3 outright. 

a. n , n = 0, l, ~. form the one and only- bounded solution of this 

system. We can transform 3.1.3 into 

:;.1.4 . OJ [t(x)] Pi (x) ::: a j Pj (x) + 

It is desired to add these equations. Vie notice that 

oO . ' oO r IO 1-rf!<,JJ Pw<x>I ··+ L 
I<= 0 J,(: C, ,, =o 

olf [i'{x}J P,r {x)- f(anSrnftr(id)j 
· n=o 

Now• since the first series on the right converges 01 hypotheses. :and ' 

· [ a.,,] , n = 0, l, • .- ,. forms a bounded ni:unber sequence, and 
00 . 

°U;; l',r (x) I converges, then we have } / ~Ir P If (x) j c>0 • 

n=o K=o 

It is easily seen that .the- ea.me statement is true unde.~ the . altered. 

h11)otheses mentioned after the. statement of the :·theorem. 

In either case, the equa. tions :3 .1 .4 mar be added and become 

00 . 

[ di? llri (x) ::'! 
n=o 

oO 

[: 
n=o 

Since the ~eriet:c on the right eonverges absolutely, interchange 

summation 

ca 

[ dnPn (x) : 
n=o 

c>() oc::> 

a,, in (x) + · r: alf [\ c: P,-, (x) 
lf=o n :1 



= 

co 

f(x) = [:' dn l' n (x) = 
· n=o 

The Conclusion is then· that theseries . )~ a 17 (P,, (x) + . ¢n (:a:)) , 
t,:O 

u.si_ng the eta,te_d value of an eonvergea absolutely to .f(x). I:t ,this 

series converges to f(xJ in·•s,ueh a, manner that it yields to a.n O t -

o:pora tion, then the ooe:ffioients an can be obtained by a term by term 

operation on !hl.1 • 

. In t11eorem 8, if \re omit e .. 11 ~VPoiheses . oonoern!ng opera.tors and 

eon sider only a sat of numbe.:rs d. n • n = 0 • lt ... , a oerta.in 

genere..lhation oan be made. 

·co 
Theorem 9. Let t(x) ·· ;:: L 

n=o 
1, .. • •• , •• and the $er!e $ fot i( x) 

)dn/·<M• n: o, 
converges absolutely.. Consider the 

oO 

geq_uen?e of fµnotiont. ¢,,(x) ::: [:' cf Pi (x) in_ [a. b] for 
. .t=o oo 

n = 0.1, ..... where, [ ) er,~ 00 and the s.er:tes E oiPi (x) 
.t,n ·. t=Oo 

eonv~rgea absolut.el:, in [a. b] • Then f(x) has an eXpa.ttsion: 
co ·. . . 

f(x) : L a. n(P h (x) + ¢n(x)) , which converges absolutely 
. . n-=o 

a:nd 'where the appropriate mod.ifioa.tion 1s ma.de in the a." n of :3.14-2, 

, ~is may be proven in a. :f'a.shion similar to !Pheorem 8. 

Remark l.. ln Theorem 9 • x oan be ta.ken as a compl~x variable. All 

f'u.nction.s are then functions- of a .complex variable. t~epla,oe [a, b] 
by a. ,:-egion in the complex plane. 



, Remark 2. If_ ·'I Pi, , (x) / .'- - M, i:::: o, 1,· •••• then_ the 'jbn,othesi_s 

that - tr . . .·· .·. . . . , ' 
c i ·.p .i (x) converges absolutely may be removed. 

. :, .• 2 The Group Propert;r Applied to Modification. 

If it is desired to modify the basio sequence P0 (x) -, · f.1. . (x), 

• .. • by two sequences of funotions. that is to P 0 (x) + ¢ 0 (x) 

-,.. 80 (x), P.1 (x,) + ¢ 7.(x) + 8.1. (x), u q there seem to be two 

,;~a to prooeed. , The first method is clear. 

In Theo;-em a· keep all hypotheses on the functions f Pi (x) J and 

f <Pi (:,;.) J Impose on the new sequence f ¢ n (,:.)? the restrlot1ons1 

ca 
l. e,,(x) E (Ii) and etl(x) =: L b: pi (x) in r~. b J • 

.J.=0 
tt::;O, 1.- ... • 

oO 

.3. L \ bi I .Jt: oO 

i,n ::0 

4. 
co ,., . _ E bi Pi (x) eonverges absolutely in [a., b) • 

1,n=o 
Then the desired modification can be made. Thus we must cheolt the 

hypotheses _ of Theorem 8 for the functions f ¢{.(x) + e,., (x) j t 

n = o •. 1 •• •~ • 

1. ¢,,(x) + e,,(x) E. (li), $1noe ¢,,(x). . e,,(x) e (ll) and O i fa additive, 

for a.11· i • n. Also 
oO 

L 
i=O 

C p. (x) + 
1. :1 

. ,,, 
b . . P . . (x).,1 , .1 .·. . 

Sinae both series converge absolutely, they may be added term by termt/~>: 
00 . 

Thus </JnCx) + e,,(x) "[; (q:-+ 'b~ ) Pi (x) • . 
.i.=O 



4. 

":?.~·.· . 
.,.1.0. 

Therefore all hypotheses are checked for the functions ¢,,(x) + etJ(x). 

~en by Theorem 8, we ean obtain en ab!!Olt1.tel1" convergent expansion for 

:f(x) t 
00 

t<x) = [ a~ [1,,(x)+ ¢n (x) + e,,b:>J 
n-==o 

·where 

n = 0 • 1, .. • • Therefore the fir$t t:rpe of two-atep modification 1 s 

clear. It is apparent that the tesul t of meking e. t,;vo-ate:p modification 

ls completely equivalent to ma.king a single cme~step modification, 

The. $eeond type is just· slightly more subtle. tt is interesting 

to ma.k:e, the following transformation in Theorem 8. Le~ P n (x) trans-

form lnto Pn (x) + ¢,,(x).. Let O n transform into a,, ; considered e.s 
an operator. Tr;lis_last statement requires some explanation since 

an, n::: O, 1 •••• ,• as given in :,.l.?t a,re simply numbers. :But if we 

_co:n~id.e:x· e.·n with £(x) :removed from the (n-t-l)st column of the 
{ 

d,etermiria11:t i.n thJ nUmerator• it ia clear that we now have an o:pera:tor., 
' ' •• ' \ :, ·~~',: -~ ,:, ..... '' ' .· ,·· _- _- :. . 

It is this opera.tor which is meant in the above statement. Yle wish 

,to check th~ hypotheses of Theorem 8 us1 ng the above transformation. 



' ... 

••• deno te·a a neq,ttenoe of 

functions defined for e. .~ ·x b. 1Text, ai, i == o, 1, 2. •·•• is 

obviously an ·aa.di ti ve e.nd homogeneous ~.inotiona.l~ . It is a.ls~ ~rue 

that ai [Ii'.; (x) + ¢ j fa:)] = ! .. :;. 0 1 J. 1 ., , • • j :: o, l;. •. ••• , 

To ·see .·this, re:place !(,;.) in .the (n-t--l)st ·.column of a.n in :3.1.2 by · 

P J ( x) + f>i ( x) • . We remember that O i [P j ( x)..+ ¢J (x)] · :: ()jj + o { • 

lfow if J = n. the determinants in ... the numera tor and denomfnator s,re 

identical. If J -=j=-n. then in tho deterrninan.t in the ntunera.tor, two 

columns are ide~tieal • . ; nenoe a i [:PJ· (x)• 'T '¢i (x)] =· Oi.J ·~ 

' ' 

Now. by Theorem f3 we already know that 
' 00 ' 

· :t'(x) = · "[: 1 a '1 [t(x)] [Ii' '1 (x) + ¢,,(x'i] 
' f1'=<> ;, , 

where the convergence ht absolute.. As a fi:.rther ·result•. w~ know that 

there exists a number _M ; I a.-, [:r(x)] / .i:. M, n =, Ot 1., • . -. • Then if 
oO 

Sn~x) = [:- Ji (Pi (x) -1- ¢1(x)) <where c'l =· a. 1 [f"(x)] ·. 

37. 

and f ~.i" I L.. o0 , and f I o{' I./ Pi (x) + ¢,_(x) /L.. "'° ,. ·· 
J,,,::o 2,11::0 

all X; \ie may aJ)pl;r Theorem 8 again to obtain 

:3.2.2 

where 

· n = o. 1, 

oO 

f(x) :: [ bt> ( P11 (x} + ¢fJ (x.) + )n(x)) 

.. •· 

n=o 

I S1j +Ci l(h, a,pc">J) 
I d-· · + c'i / lJ .1 ,. 

• Hero a/_ _and e.iara infinite determinants for all 1J J~ 
Moreover the series in 3.2.z conve.rges absolutely·. Thia process . ma~ b~ 

kept .'ttp indefini_tely but there is hardly any point 1n doing this. as 

. will be seen shortly. 



oO L ll~rn (x) 
n ::o 

with the, srurte hypothe~es as J.n Theorem. a. !\nCl .as bef6re tlis:tf _¢,.,(x) 
oO ' '' • .. ··, .. , ...•• ··•.•··.· .. · ' ..•. ·.• ..... ·· ..... ,_·.· ... ' .• = £ · I): .f ~:i_(x) \fith the same hy:j,othese1 e..i.t in ~eorem &! theti 
.1::0 oO . 

· ,13) t(:x:) 1::: •.. 'Z · an (P,'l(lr:) + ¢h(-s.)) 
n~o 

where the f a.11 f' ., :fr= 04 1,· .. a.re €:tven in Theorem 8. Then i:f 

fk(x) · :=,•·•· f .;; (l:'1 (x) + ¢i{~>) 'tlhere E I 1,'i /...; co and 
"1 :1. ::tO · . 00 . .•• · ·. i n 

·c"t··=la.i[fnlx)] and. .L /'cf/}P1 (x).+·¢f(x)}~ <-70<, 
1,n -=o . . 

all x. it··. is ltnown. from the foregoing remark thsd; 
;1 7 ' 

oO 

0) t(x) t!: L a~ [i>n(lt)+ \Df)(x) + J11 (xi] 
n=o 

£or some n:umbers a ·- '1:hen the ~xpandon 0) may .be obta\ned from 

A) _ ignoring eXpansion 13) · prt>Viding 

. 'n 
C. 

1 

· To ·ahow this we need only to eoncltu1e ~haf tlle function, t (x) .. 

+ f n (x) sat! sfy the hypotheses of The.orem 8·• in virtue o;t the restric-

tions in this .theorem. 

h. ¢,, _(x) .,_ ·t,., (x) E {R).t Since ¢,,(x) €, (:a) era Sn M f Cint (x) . 

. + <A M}-mere c't ':'! a i [ r n ( x) J • This impliea that O ; [f·,, ( x)] 

has meaning for all i, n. ;t'nett ST) (x) G (R). Also 

:;.2.s 
DO ad 

¢11(x) +-fn(x) ;= I: !!~ .P i(x) + [ rfr_ [! i (x)+¢,_(x[j 
i=o i=o 



= f: of l'i (x) + f: o~n [Pi (x) + fo~ Pir(1 
1= o i -=a lr=o 

Ifow · the double series on the rlght converges absoltttely, td.nce 
oC (,,~.! Plf (x) converges absolutllly e.nd [ c"t / ill less than a constant 

· M :ror all i, n. For . · · 

fFt/ (IP.i (x)j + i;Jo!Pw (x)/) . f}~11 /IP~ Mf 
. tr () . :i=o 1= 0 oO 00 • 

+ L [:fa 't / . I ·• 0 / I Plr (x) I • 
co .2 :o ,r:::o ·~· l}<r 11 ,pi (x) I + M f . E I c! l ptf (x)/ 

i. ~o j =o lf-::IJ 

No,;, the second term on the right :ts finite for all x. Consider the 

. first term 
cO oa 

[lo/ I /P1 (x) J = LJctl I x'i (x)- Q\(x) +¢1(x)/ 
J :a o :t =o · . · , 
o<) ·. · .. 00 00 ;t; lo'i I jPi (x) + </Ji(x)/ +fulo~nl / ~

0

0.! PH(x)/ . 

Both ·terms on the right ai-e :finite :tor all x. 

Therefore in 3.2.5 we can interchange summations and obtain 

o'1 

¢.,(x) +f',,(x) = r:c~: + ot) ~i (x) 
i=o · · · :: f (of +rip +(f o~" 
i-=-o j-=o 

oO ' oO +·' 0
1

~ .. c~ ~ . J L 
J:: 0 . .i :::o · 

0£) ) P1 (x) •. · 

2 4 Now Theorem 8 requires that the ooeffiotent of Pi (x) be of the 

:rornr oi[¢,,<x) + r,,(x)] .. :Bu.t 

: C '! ,..,.. "\'.· e1 
':(' r .. + c. ) 

2 . J 01J . . 
J . 

~--c[' + 0 i [ f,, (x) J • 



f 
~Y J .• 2.,~. .Then .. 
! 
1, 
i 

cl) . = o.i [¢,,<x5J + o-i [s,,<xi) -_ 

;: . o i [¢~(x)_ .+ t,, (x~J J, 

a.s required. 

3. liext it must be shoW11 that 
. cc:, ' . ' . 

. [ [lop + .¢j'! +(f 
j-::o n-=o · 1::0 

' ctc}J/<co 
.Bu.t this quantity is less than or ·equal tt'.> 

t 1°rl + t I c';' I+ t r l(flt cJ)I 

4{'\ 
Ve 

j,,,::o J,n=o . J =o . l'J =o i.:o 
1 

oc:> . 

:Beca,1se the :t'!!.ll'st two series oonve~ge by eypothe!!!es Md/ L o? cf / 
oo . · - t::/10 1co · 

~(E I ot r )(L l. aj ., } t which implien t~t, the third series 
.2~0 •- · i=o · 

001we1·ges,· then· the series in question converges •. 

4. TO showthatf 't" J ( ct+ c'f+( 't . o:n c i )) J JP1 (x)/£.o<l . 
. . '1:o 1~0 J-:::o 

:f'or all ,;• i a · -straight forward te~k: using the same ideas as in the 

· preceding 'W'Ork, 

. Therefore a.11 hy-potheses or Theorem 8 1;i.,re satisfied relevant to 

the functions (x) + r,,cxh We can then apply Tl).eorem a, direotl;v-

to obtain · 

where 

,.2.6 

C) :t'(x) :. '£ a.~ [f ,,(x) + ¢,,Cx) + f,,(x)] 

II 
a 11 

n:::o 

= I d.u + aj I ( n, o,, [-f]) 
I f . + G(~ I 1 J 2. 

• .. ... 



n::: .O,l, and 

Then [heorem.10 is proven. 

Theorem ll. · !n Theorem 10, ~ssume the.t the functions '. Pn (x') + ¢,, (x) 

-t- r/7 ( x) e.~e auoh. that 

oO E a. t" [Pt" (:x) -t </>.,-(x) -t- \ t-(,j] ::: O 
t-: C> ' 

implies ar-:: O, ' r =·- O., 1-, ••• · • Then a.~ ·of 3.2,t, replacing ~(x) 

by S,,(x) is equa1 to· b 11 of J.2.J e21d they- ~re both equal to a~ of 

3.2.6 · providing :3~2.4 holds. 

41. 

The· proof of this theorem is olear, a.s we have obtained three 

expansion~ for f(x) in terms of the functions_ Pn _(,x) .+ ¢,,(:r.:) .,. s17(x) • 

m,mely- 3.2.2 where the elements 0£ b11 are infinfte determinan,ts, Q) 

of Theorem 10 _ by-_ mean.a of a single jump from .A.), and the expansion · 
, . I . -, : . 

:?receding).2.1 withe.,, as the coeffi~ients. All three- of' these 

expansions converge absolutely to :r(x), •. 
. I 

Subtracting the 

from each othe~ and 'll'sing the hypothesis, we obtain equality e.s de-
, ,_{'., ' 

:i,·: 
: n,,~:ilad in the theorem._ 

The -fa.ct ·that a~ ·or _3.2. 1 is equal to ah of is ~atually_ 

trivial when 3.2.4 holds• For theri O .i [ f/x>J • 1ii 4'#. i{j + [_ic~ aJ. 
r 

.According to Theorem 10, the ei'feot of :performing tw·o transforma~ 

tions in 1.m.o~ession on the P j (x) and then_ on the P J (x) +_ .¢J(x) ~nto · 

Pj (x) + ¢.. (x) + t '(x) is c:ompleteiY equivaleiit to performing one , 

tre.nsformtt~ion of the type _ described 111_ Theorei~ 8,. from tl~~ }?J° (x). to 

the P j (x)...- <P}x) + Sj(.xl.J pro-viding J.2.,4 holda. Sinee • in the . 

hypothesis Sn (x) . :::: L C:~
11

. [Pi (x) + 'fi(x)] whe~e b 1c:t 1~-
1.=0 i,'7 



. To .satisfy the hypotheses : of The'orem 8, w. e mtl'st require that. 1 f "(o)J t.M1'·_. . I h'! . 

:'M. rtome constant,for k:= o, l ••• • Obviously Qi , ~11 thie ca.se. 

fs an a.dt1it~ve, homogeneous tuneUonal for a.111.. We . reqttir~ , the.~ 

·. -~he series 3 • .:3"1 converge absolutely in:'som~ interval. No~ if 3•3•+ 

converges in •• [..:i,, b J ., end-points · excluded or not, then it converges 

absolutely in. a~v interval [.1, :+ € ,. · b • <=] where E :ts ·aw. 
arbi tra:ri1y 1?tilal/l positive· humb~:e les~ than 2b. (See U.lJp'. SJS] 

~or e!-".amptel • .- ~e modiffing functi01\S </J11 (x) mu.st l>e an~lytio in an 

oO 

¢t)(x) = [ 
lf:::o [ where .ft fs required that 

n, 11::0 

eonve-:rgee a.bsolut~ly in -.b 

of i'h·eorem 8 .a~e satisfied.. ·The conclusion la tha.t £(x) h!is an absolute-. 

ly convergent expansion in terms of the funotions --~ 11 + r/Jn(x),: 
00 

:t'(x) * E ti ex,, + ¢.,(x)) 
n=o 

where an• n ::. o. 1 ••••. is given l?Y .,3.1.2 .with the proper expressions 

substituted for o j and ,0 i [_f(x)J , The re~ulting series converges 

absolutely to :r{x) in -.b -t x b - • Care must be ~&ken that 

the determiru;.nt in the denoml~to:r of 3,.1 .2 does not vanish. 

(b) . The Tay+or series -for functions of a complex varial?le. 

( -)· . . j 
Let Pj . 21 :; ·• Let:t(z)be'long to (R) _the space of !unotions 

analytic . in ._ IJ. cirole I z l -~ k~ A disou~u)ion for a ai:tele about an 

e.rbitrary -po1nt z = a. wou1i 'be analogous. -.Let 

] I ·r· f (w) d .0 n[f<.z) = 2171 -.. nil w ' w . ••• 



c0 • I 
and the aeries for t,,<x); ~ - ci f!t {x) + <P.i(x)] • is_ assUi~ed to 

1:0 · · 
be.absolutely eonvergent t.o f n(x) ., it is seen that there is little room 

for a ~ontinuation process such as is desoribeda'bove. in other words 

tor a a-pecial case of the operator o. 3.2.4 will almost always hold • 

. :hJ Ap:plioa. tions of Theorem 8. 

(a.) 'l"he Te.ylor series .for functions of a .ree~l variable. 

Let P j (x) ::: xja.nd O.i [!] = .· f'~~o) • Then . 

. xi I ·. . 
-,. I . 
1 . · x-::o. 

1fow if i > J • then O ·1 {yj (x)] ::· 0 for any x. If 1 , jf then 

-d< / = W(j- 1)(j-2)---(j-(i-1I) xj-i j == ·0 . 
X J.. · X=o i ! · X-:: o 

If 1 = j, then from the last statement 

Hence 

(i)(i-i){i- 2)· .. (1} 
. J 1 . 

d1 XJ I - - d:. 
dx i i ! . . 1J 

X=o 

I = 1 
X=o 

as required. Lot (R) denote the space of analy~io _ funot;.o,,;i.9~ Assume 

that f(x) ha.s a Taylor eXpansion about the point o. A discu.s-ai.on 

for an arbitrary point a won.ld be analogo,1s. Then 
CC) 

i'(x> ·;; . L 
ff'=o 

f (H)( o} tr 
--, X 

)1' •' 



Then 

. . 27T'.' 

-o---~ ·-;-. •(iw·)~ - j_ £· : wJ· ·1 J w - _Li· d s . . . -J': .r ;:,. 'J - . , - - n+ - - . . . - . rJ . . J , · zTT i . ... w . . .2rr · n.--.i cn-J) 1 e . J n 
- . , Jwl-=H' . 11 e 

. . 0 . . 
. . 

Obrtoualy ·•'O 11 i t5 . a.ddi tive . a1:ld ho~ogeneous for all · n.. fe oan express 

£(~) ·a.s 

f(t) , 
oO 

- £ _L_,r·· f(w) cl w z I") 
- /_,. 2Tr1 _· ·_ wn+l .·-· -· ._ 

fJ=o · 1Wl-='1' · 

· Since f(z) is analytic in l z.l - k1 then this series converges 

absolutely in 11a I 'E. k - _G 'I where e 18 an arbitrarily smait 
· positive ntll?lber iesa than. kt by Abel* s ~emme. 1}1, p. _. 535] . • We 

· must 1;eq11.ire that 

· . T'.nen the modi;fy-ing functions are so ohosen that thel" are analytic ln 

regions. eontainin{& the eirole \zl k; 
o() • 

¢n-(z) ~=t -L c/_-ZJ : 
j~ ¢0 

where · [ Jo?) oo and _. /'[: L · · c} z J converget;J 
n1 j ri=o J-=-o · 

absolutely- in a ·region containing the circle I ti -~ · k - e • 
Here · 

Then alt hypotheses of Theorem 8 are satisfied. f(2J can thus be 



expanded in e. series of the analytic function$ t 11 + ¢ 11 ( t'.) i 

oO ' 

!(z) :: '[ a11 (, n + ¢n(z)) 
_ n-=o 

where -a,,, n:; O, 1, ••• a.re given by 3.1.2 ·with the eppropriate· _ 

modification of the elements,. The resulting series converges e,bsol'tttely-
. ' - ( , 

(c) The Laurent serietl £or functions of a complex. va.:rfablo·. 

Let the sequenee { Pj ( z) J be l • ' . 2 z, z. z I ~· ·· . n I 
••• ,z ·?· 

l 
Let the sequence 

_l 

0 • 

- 1 .(H~> dw ... 27f1J. W J 

17.I= f> 
'-

be -.!-.. ( f -. (-·w) d ·v-.v_ . · -1. •[·_· ·.•· .. ·--.. -f-.- (w) d .vv ZTTl )_, W _. )_ 27Ti · W 2 ) _ 

12( = f . , : · ' l . ,-zJ i: f · _ ; ; . . 

. · 1•· . .. · _J . . .- 5- ( vv) d w I . . . . -f ( wJ dw . . . 
J 2TTi . W nt-l. J 2rri ( vv-n+l J • . . 

. 12/:f' .. . . /z,: f · . 

Let f( z) be analytic in an annulus about the or~gin with circles of f . 

radius r a!lcrR where 1• €a f €- lR say; e."ld r 4 llo '!'hen O,, /!J (!fl¢ <t·,,• 
1\ 

in a. similar ·fashion to (b), 9 I') is obviotisly additive and homogeneous 

for ell -n. Then we oa.n expra»~ t( z) 
-1-oer:· 

£(2) r. a.~ z"' 
n:.;.;o0 

l1here 

a' - _, ·£- ~(w) dw -. 
n .- zrri. . -wnf ____ 1,. : 

.. f7.f: p' .. ' 

We require that _ I a~ I M , all n, for oome c~nsta:nt M. Now this 



aerie$ for .f( z) converge$ a.bttol11tely in ·any a,nnulus r + € : 4= I , ( 

n • -p, ~1here '; ·,, are arb:t ba,rily- sma.11 · po~itive numbers • . Let ¢17 ( z) 

be analytic in a..,__nuli containinglrl ~lzl ~ . :a .•. As ~sual , require that, 

where 

then [ J a .i J _ L.. oo and a. J"! 2 J eonve:rges absolutely 
n:,J -

in r \zl '§ n. Here 

a.?~ i. ( !P.,C~) dw 
J 21T1 J_. W J-t-l 

· . I 2/ -=P· ., -
Then all hy-pothases of 'l'heorem 8 ~re satisfied.., ·. f(~) has_ an e~~ns:ton 

in _t~;ms of the f\ulcttons s.,, -+ ¢,:,(z) n ·=· ••• ~1, o .• 1, ... 

where the eoe:tfleients e.re deterl!lined .in the usual \on\."• The resulting . 

seriea oonvetges absolutely to £( z) in· the annulus + e G I z J € R.; ~. 
: · , . . -_ ; 

{d) Orthononrrnl . fnnctione.,-

~et' f PJ (x) J be a sequ~nce of functi6na orthoiicrmal with a weight 

function w{x) 'over aome interv~ [a. b] , Let O i[f]:: [!ex,} f (x) l}.~JJ K 

f: .h • fd,r a.11-f(x) for whi,oh ' this has mea.iting t;i-..n.d f.pr all i. 

-~1en 
I 

' ' ., - - -- . [wex) pi (x) pi (x) ax-~ ~i ·Oj [Pj(x)]= 

by hypothesif;• ·x:r w(tll:):: 1. this, is simply an or~ho~ormal s~quence 

of functions; Suppose £( x) , can be expanded~ in a series of the Pi (x) l _ 
b , - - - . . -

dJ. = [,,<x) f'(x) P j (,:) . dx, a _ .. p. (x)· ,-J J ·-.... -



. By :Bessel's inf?quo.lity for orthonormal _functions, it is here true }in 

M can be found; su~h tha.t J djl M , M a. constant, all ,j • . We ask 

that this series converge 

of [e., b] • Let · ¢11 (x) 
-Lb ' x· ,t,,,ltllj(. x) dx, We Bek that . 

ab.aolutely' in [a, b] or in some -subinterval 
00 ,, 

= [ c J Pi (x) • .. where .e J = ~ti( :t ) 
JcO . · . oO oo · 

B, (c J / 00 , alld that LE rJ/PJ°'(x) 
a . 11,J . n -=o j a.o 

shall converge absolutely for all :x: in fii• b J or in the st1binterval • . 

Then as before f( x) ha.a an e,g,ansion. t 

oO 

!(:i:) ' ~ '[ a,,(P11 <x) + ¢,i(x)} 

where a ,, * n = 0, 1, .. 
J specialization of c1 

n=o 
. "' . a.re given by 3.1.2 with the·appropriate 

and O i [f( x)] • 

It seems pertinent to remt=trk that if w(x) = 1 and ,the Pi {x) 

are the normalhed Fourier sines P..nd cosines; then a,., . above h the 

same coefficient as wa.s obtained in Chapter Two. 2.,2.3~ 'There the 

:proce ss used was interpole.tion • . No mention wn.s ma.de of the convergence 

of the resulting series to the function. , It is clear tha t the work 

in this chs.pter is a. natural gencra.lize.tion of the work done in. Cha,pter 

Two. However many o:f' the sequences of functions treated 111 the ,present 

chnpter . have not been brought under the general theor-/ indicated in 

Chapter ,One and which is exhibit'ed for some special easea in Chapter 

Two. 

(e) . }liorthogone.l Jryn.lc~i<>ns. 
-~. ' 

Defin~tion~ _Given two . sequences of funo~i-ons P i(x), j :=O, 1,,.,-. 
anq.· (x), j = 0 t 1. • • • defined on an intery-al [a, b J • we say 

the.t the sequences a.re biorthonormal over [a, b J if 



/pi (x) TJ· (x) dz = d;.s 1 ::; o. 1 ••• ,. • J == o, l1 .•••• 
a . . 

Therefore tn !i?.heorern 8, let P j. (x) be the given sequence e.nd. let 

Oi[•Hx>J= ft(x) Ti. (x) dx1 all ft for all i'(x) fo;r wh:!.ch t)rl.$. baa .. ·. Ja 
meaning. • Than . 

e.ddttive and homogeneous functiona.1, 

Assu.me f(:>.tl can.be e~anded in a t¾er1es of the Pj (x) t 

b 

,. d,.. ·;:: f f(x) T tr (x) dlt • 
. a 

o() 

f(X) = .. Z' d,.. P If (x) 
H=O 

whe:re l.d.kl C::.:M, some constant U, all k. and the 'serie~ tor f(x) 

·converges e.bso1utelt in [a.. b] or in aome subinterval. ·1t . , 

'fJ.x) .;; f; c:; P11 (X)o cf: ...f,• <A,(x) v.,. (x) .•d.x \ and. 
11=0 oo_ ca u. I: \ C I < 00 i while r , E O; P._. (x) converges absolutely 

n,,r .. n:o t1=0 

:hf ~vb] or in the su.binterva.1, then the hypotheses of Theorem 8 

are satisfied. Then t(x) ha.a an e:cpans1on. in terms of the functions 

oO 

f(x) = an ( P11 (x) + ¢,,(x)) 
1'):o 

where a,,• n = 0, 1. •••• are given_b1 3.1.2. The r.es'll.lting s~ries 

converges absolutely· to f(x) in [a. b] or in the subt1nterva1:~;} 

:;.4 ·An Example _of_. a ·Modification. 

At this point, a. concrete example would. help to illustrate the 

theory,. There~ore in Theorem 8, ~et the se9,~1~t:ioe. P j ( x) be the 

sequence v¾r, • co~ , 9~~x , 00~ !: , . . . . With Oi being 



-the operato:r indtoated in 3.3 (d)_ with w(x) ~ - thitl _ s~qn~n~~ 

~a.tisfies the l"~otheses of Theorem 8 with interval [o. 217] • ·. Let 

f( x) be ·any· function with :an absolutely convergent Fourier ~e:r1es 1 

:t(x) ::: a~ + •c fl.~ COi! llX + 'b; !i~X) \Im i .. v-if . 
where a~ and b are the uaual Fourier ooeff1c1ents ea~h mttl ti plied 

,. , 

b7 a. factor vff • while a. 1
0 is the usual ooefficien.t multiplied by 

49. 

\) • Since the series for _f'(x) converge_s ab_solutely. it is clear_ 

that the ooeffioients are bounded • . consider the following seqttenoe o~ 

functions r ¢,,,( x) J , 
¢o(x) 

¢J.x) 
2 

~(x) 

~(x) 

<Ps<x) 

¢(x) ,7 

(/J,(x) 

: C:211) 
= .!. c~ + 1 Bin x 

" vrr - 4- -. v"ff 

--- 1 cos 2x + ...!.. sin · 2x + ..!. con :;x 
8 Vif 8 - Vir 8 Vrf ' 

= ~ ,,;~ + b si~X +- b cvr I 

-·-· ..!. cos 2:x +- ..!.. sin 2i:ir ··....!. eos :,x 
B v-ir B · v-ff •. · 8 \/Tf' · ' 

_ ..1.. tiin 3,x + ...!. oos 4x + ..!. si·n 4x + _!_ cos Sx 
- 16 ·-v-rr 16 . 16 Vif l <o Vff · ' 

= ½, s1;;' + tz;ao~ + if ,si:;x + 1~ eo~ J 

. . . . . . . . 



·•;-·1 

To satisfy the hypotheses of 'l!heo:rem 8 we must have '£ l cf 14' cp. 
i,j 

!'n this oase, when. the elem.ants are at1mmed .in,, an obvious manner, 

so. 

t \cj I :;,: ½ + 4<t> + 51<~>. + 16th) + 2$C;i> + • •-+ J,J,. ... 
1,j 

Wo show that. this teries converges use the simp~e ratio test. 
' . . . ' 

t!.I!! '-'11+1 =· 1:t.lll ( n+ 1 ) 2, • Ln .. /J,:tlll • .L ( n +1}t:: 1 
~,, · 2n+j. '1 z 2. , ,, .. , 2 

Since the limit is .. less than l,. I; le] I 11 convergent.. !t is a 
00, . • .• 

tr1v1a1· fact tha.t · L ¢,.,(x) t i~\te:r1es tom. converges a.'bs9lutely. 
n=o 

The only s_tipulation left to be eheoked is that cf+ cfijl+o. 

0 

0 

0 

0 

0 

0 

• .. 

0 0 

1 ..-_~ ! 
: '1+i 
0 0 

O' 0 

0 0 

0 0 

• 
•· 

0 

0 

0 
l -,. .!. 8 

1 
8 
1 
8 
0 

0 

O_ 

0 
1 e 

1+!. 8 
.1 
8 
0 

-· .. 

0 

0 0 

0 0 

i 0 
.1 . 0 
8 

1 1+- 0 8 ,. 
3. o l+fi; 

••• 

! •· .. 

••• 

Clearly. si11ce the existence of the ~eterminant is already established• 

i 1 +-,, 
2 

l zn 
1 
211 

· +- n columns 
1 1 zn .-pt _ 

1 .. 1 ·1 + 2 n • • ~n 

j 

2" 
l. 

1+ 2" 

oO (n} TT D 
n=l 
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·Lemma.; 

f- n columns 

l+ a a. • ,. a 

a 
• 
• 
• 
a 

lH1 .. .. a 

• 
' .. 
a 

• 
• l+ a 

= l+na · 

Proo£'. Subtract the last column from ea.oh other colttm:n. _ Then 

in)= 

i 

0 

• 
0 

0 

l 

.... •-
... a:. 

o a 
o a 

0 , -•. • ·. l a 

Ad<l the first, second, • •. (n • l)st ro\tT to the last row~ · 

- (nJ 
A :: 

l 

0 

0 

i . 
. _! • 

• • 
•• •-

0 a. 

o a 

O o ... 1 a • 
{n-1) times 

0 0 ••• Q {lt &) + {a t-+l••• f-S.) 

:: l+na. _ 

. oQ 

Letting a: :n t rf"l::; l +_ ~>i • Therefore jJijH1 / =~/IJ1+ i.,) 
. Sine.a the determinant I &;f c i I 111 already known to 'be a normal . · · 

determinant•.· this infinite -product· exists. An- a.l ternative :Proof of 
' ' ;• ' ' 

e:x:iatenoe follows., , The infinite prod.not exiats (see (36, P:•; 1.5] ) 



., f.l,.,+1 :: 
t,,fn 

:: lim ..L ( 1 + ). ;: _! , , 
2 n_ 2 

Therefore the aeries and also the produot ·converge·s. Since all the 

factoi-s in the prod.ttOt a.re greater ; :than 1. ·the product is not 2ero. 

Hence J-6i •· + a_f /¥ ·- 0_ ., 
. J . . 

ca.n not, apply Theorem 8,. · Theeonclttsfon ls that · :f'(x) h~s an_ 
absolutely oonvergent expensi on in [o t 2 TT] t . 

f(,;} = a0fiir + (A(xLJ + f (a 2 tr-Jeon ·b:·~ '411Jx~ + .. ~in io:+<1zffl) 
. I{ :::l . -· . : . . ; .-_ 

where 

1+½ 

0 
'Ji . ·a.~<-- . o-

K ___ '.1foc:>(t+!!~ : 
. ' . ~" - t tp:S. ' .· -. _.- -,- t 

0 
1 - l+z;: 

·1 
. ·lf ... .. , 
• 

(j . 

. .1. 
"I 

_; . 
1+- : lf 
+ 
~ --

.-

(lt+lls't column 
0 ••• 0 e.~ 0 

I 0 ~•• 0 ·a1 0 ,~• 

o • o bi o ... 
• 
.• . . - • 

To a.i!llpl.ii'U' a,.,_11 · l.'oeatli k: bet½tien successive valuea of 
Thus n { I} +l)~ k (1'1-l) (m2J. !l'hen , •, 2 -- 2 

(n ·+ l) col'1i'llns 
1 1 

1+ 21)+1 -;;1,2 ·U . . . ~1]{~+2J -y 1 

·1 ' 1 
;?n-f1 , 2,,+1 «0+3){n+z) .. · 1 + .!.n-11 

i , 

n{rJ+l) 
2 

Where the <if ~re a set of the -a.1 
2 _, z 

and b 1 whose identities are clear. 

· 3·.$ , .Mo,difie~ E,tpansions i:t?, a llan~ch Sp~ee._ . 

First; some elementary notions concerning Dana.eh spaces wUl be 



. . 
~-

reviewed. :Briefly, a Banach space (D) [1, p. S3j is a. non empty 

set of elements which comprise a. normed.•. complete, linear vector space._ 

Complete• in this sense means that an, Ce.uehy sequence of elements of 

the space converges to an element in the space., · 

We say that O 1s an· additive functional defined on (13) if for 

every x E- (B), 0 [x] is defined and aatisfias 

0 [x+y] = 0 [x] -t O [7] • all x, y E (13). 

(B) ma.y be said to have a biorthogonal system f x 1 J 01 l • i ·= o. l, 

•• _. when xi E: (:B) • all i • and Oi 1s an additive hornogeneout function-

al defined on _(:B) •. while Oi [xj] =· Ojj, For every x e (13) we thus 

have an expansion f: ()i [x] x1 • convergent or not. 
1::0 

We are now in a :posi ti.on to generaliie Theorem. 8, . nsing the notion 

of a Banach space. 

Theorem 12. Let (ll) . be . e. :?anaoh s:pRce with . a. biorthogone.l syi1tern 
f Xj , (l i 1 ' i ::: (l. l ;_ • .. • Suppose X G ( B) i X =. ~;. . :0/. [x] xi .• 

cO . . ~o . 
and the convergence is such that [ [ Oi. [x] / . llxj t f <. . op • \t/hi],e 

· 1-:0 

there exists a number M: ': · I~ i (x) f ~ _M._1 = o, l, .... • Consider 

a sequence of elements f y,, i • n = o. l• :. • •• . where ~,.,G (:a) . and 
c::,O 

Yn = r: 'o.i Cr,,] Xj_ and such that 
i ~C) c,Q 

1. [:(oi .LTJJILoa, 
i ,j'0 0 

oO L (oi [Yn1 I II~ ill'- oO ) 
.i ,n -=o 



oO 

x = [: an [x] [x,, + y,J 
l\=o 

oO 

where I: \ a,, (x) l ll x,, + .,.,..,u 00 \a.,, (x) I ' M t 
n=o 

n = O, i ••.• where M is some constant _e.nd furthermore l 'l; + r,, > a,,] 

n:= O, l, ••• 1 s a biorthogona.l system, . llere 

n = 0., 1. · •••• 

l 6ij + 0 1 [ YJ] l (n,D"DrJ) · 

l Ju + 01.CYjJI 

oO 

Oo [x] = a. o + [ an oof ,-,,J J 

n=o 
00 

o1 [x_J = a 1 + L an O l [Y,,1 > 
r,-::o 

a.j + "[1 ·a~ ·oJ· [1°,,j ' 
. . n=,e> 

I if -A = Qt lt • • • • • 

1.n the unkno\1tta a h t n. = ·O I l • • • •. • Since I OJ ( x) I L:.. M • .1 • 0 • · 1. • •~-. 

al).d.the determinant of the coefficients is norm.a.~ and di:fferen:~ from 

tero, there is one and onl1 one hounded. solution. na.rr.ely .3 • .5.1. 

From .;~$.2 we obtain . 

Oj():J Xj :. a.jxj -t- f. an Oj [Yn] xi , h, o. l; 
n:o 

'l!o see this, tor ant. E '? 0, .choose 1'. a post tive 1nte·ger1 tnich that for 

/oJ [xJ-(aj + f a'> ~j [,,i])j ll~J·.11. 
n-?O 



( (lxJII-=; O, sinoe O j [ xj] = 1.) Therefore 

I\Oj[x],xj-(aj ,:j-+ ·f-- a o [YJ x II 
"j " .. i ' 

~~Ok . . . 

·= \ 0. (x)'- (aJ• + [ ~., 0 J. 1-y-,,JI U x . JI£'. t , . 11~)1 .. -:. E 
J . . Li J llx. fl . . 

. . . ,, ~o ; 'J . . . 

. This is valid for all j. SinceE • . is arbitrary., j.S"'J holds. 

We whh to sum over j ·in 3 • .5.3., Let k1 , k i be ·· positive '1,~tegers 

i,i ~h . k 2 ) k1. .• · saJ7. 111hen 
;:. 

11 .[K. 0 .rx] x. - '<' ·~ · a,, OJ. ·[ ·1:n.., xJ. _:~. o ..•. Cx .. _. J ::X::J·;· ' , 
' J L" J L ,J L· J . ; ;•:C 

._ . j:o ll-=o . . j:o ' ·. 
If. J ... 0 t(~ . . . "~ 00 +t fa., O}>'~J~jj= /I o j [xJ 's.J -'[ &a,, o h•n] ,:A. 

J:O 11'=0 . J -f'2.+J . · j:lfi+ffl':O . 

t [ /oj[xJl11xj11+ [ f ja,, oj [:r,,JjllxA 
i~H;,.1 j1:K,-ti '1-=o 

. ;:Sy hypotheses*· and since \ a.., \ M , n = 0 f 1, • •. • both of these 

expressions go to zero as ~l ·.- k z oo • ~us 

· k = o. 1. ••. is a Cauchy sequ~nce. Its limit is the obvious one. 

Thus ·we can sum over j in . J.5.:) and. ob'taln· . 

t 
j ::.o 

or 
co 

X : aj xj + [ ~,, 
n:o . 

&J xi +La,, 71) 
11=0 

= a,., (x 11 -r 1'r, ). 



· The series converges a~ dem~J?,ded~ Also a11 [x j + y] :: J n j • 

'by inspection of 3 • .;.1. Si:nQe a., .1s additive a.nd homogeneous for 

all n, f x,, + fn , a l?f n:; ·o. 11 ••• ia a biorthogonal system 

for (ll)~. 

~e next t ,heorem i .s the . obvious generalir.a~ion o,t The.orem 9, 

and ls prdven in a t1imU.ar fa.ehion to the abo-ve. 

co 
~e~rem l~h Let . :it e {13) . ancf :x: • ·· .· [: . dJb x,, where .fxn] 1 n = o. 

h:::O 

the t L.._i l d.., I 11 :t n I I 4'. .co • . 
n =-o , c,.a . . 

1. • • \\there £ I a f ( ,:,0 and 
oo i,n=o 

o0 • Then x .:;· E an ( :x n + '1 n ) 
. . ":::: H x,, +. :y,, I/<«=> where th& s.,p:r~p.:t-i_a.f.e modifioati on· 

of :,.5.l··~·, 

Oorollary- to Theorem 12•· Zet (:B) be a :Banach space ,vlith a. biorthogonal 

system l x1 {i O i f .. ~•·· · For any sequence of eleme~t~. { Yn f G (:S) ,t 

. ·]: I oi.[YJJ f < oo, t .here is a set . of additive funotionals ai., 
. .1,J . 

1_=t o •• 1, ' 

• .. 3.6 Somo &u~tilts on :Biorthogonal1ty. 

In :3 • .3 e), tt titas seen that we oan consider the mod.ification ·:ot 
a sequene~ of functions which ts biorthogonal to another sequence of 

functions. Xn the last se9tion. we saw that ,v.e were dealing with a . 

bior~hogonal ay~~em in general. Now 1 t can be _shown that the coefficients 

a ,n ·• p. = Q, 1, ... , of .3.;,l ·.2 can be reduced to integrals in a great 



57;, 

·• n = 0, 1, ·••t 

where Arn !s the cofactor of o + Sr 11 in A:: f a1j + ell • 1 •= ~• l, 

••• , j ;: 0 1 1, u •. • From the theory· of normal determinants. . ~o. P·• :;7s_] 
,1e kno.w that )At--n \ <111::. M, M i constant, for all r·• ·n · and that 

o() ' 

·EfAyn{~.oO• 
n -:o 

Theorem 14. Let (Pj (x), ij (x)1 , J= o, 1, .,. be a biorthonortnal 
. ' . ' 

systam of functions in L 2 such tha.t each se.t ir:1 uniformly '.bounded. 

Let </J.(x) = et· pi (x) • J:O, 1, .... where Ele£l.::c0. · 
J ~o[b 3,j 

Let O r [!Cx>] = a f(x) 1.,. (x) dlc, ~here f(x) b~longs to L2 • 

There exists a sequence o{f~7~tons l_V,, (x.)f , n::: o. 1 1 ••• suoh 

tha.t 

, n: o, 1, ••• 

Furthermore~ ,, 
[v,,(x) [¢}x)+ P.j(x? dx = JnJ· , n:O, l, , • .; 

.J = o·, 1 •••• 
. b . 

We f .irst note that the numbers [ :f'(x} l .,.(x) ax, r = o, 1, • , , .. 

have a uniform This follows from a straight fortmrd ap:r:>Heation 
._ . .- . . . 

of Sch,'1arz1 s inequality a.11d . a$ a eonsequenoe o~ nniform bound 

of . . f lr (X) 1'; i' "' Ot lt •'•• • . Hence, from 
b . 

$., :j: ¼ f O ,- [ f(x)J A'"" • ! f Arn [. a•···· f(:. x). i,.{.x)_- ax 
Y-:o 1, . • ~::o 

= to f(x) Ar~l ,.(x) dx. 



. : ! ··•· .sa~ 
OC) 

-·. •·· •· 2]-(A rr,J ..c.·co•. -the lt"'(x) .-.a.re ··un1,torml.y :tiou.nded~ and f(x) 
r--- " , i , . . . oO , . .. . . , 

· belongs to -L z , then the serif!S . ¾ L Arh 1,,. (x) eonverge11 
·, r::o 

absolutely and uniformly to a func~ion . v.., (x) in [a'. 1 b] • . · 

lforeover. 
-. b f n (x) · f t(x) + · p,i <xf] dx 

a J~ r An, f ,:(J})(f [et + cfjj)l'/(x) .· 
a r= o . . - . 1 =- o . 

·. 1:.~ , :t :~ . ... c· .,;,;;;.~~:,r 

c,c:) , . , p 

... ,[-¼ A,.11 ( cf + Ji J[. 1 r{x) P1 ( ,) ax 
1·,r=o · 8 . • 

: · .f~ Ar~ ( c/+·a1)] ~-yjl: f'x.A~n (ej+d~) 
t,r'::O , , , , ' A .: , 

- - . t'::o ·, 

= -. ·.' Li Sk!Jl = driJ .• ,· 
', ,__ .· :- , 

.In the a.bove calculation, the jfa.ct tha.t the two series _ in the integrand 
5'.;' 

converge abaolutelr and that ~he l. r (x) 1 p ,.,- (x) - ie.re ·uniformly 
: i' . . . . . 

bounded WB.$ used., ~is impl:i~d nni:torm oonve~gen~e of .the ~estilting 
, . I 
: '._ . ) . . . :. . 

. double series. -and term 'by te~ integration wa.e p~rmissible. 

Oorolla.:ey~ . If · f1.,. {x)} •; r J= o, .{, • -~ , is a seg.tten~e -of oontinuo11s 

:fU..'1.0tione, then the sequence f vtt (xl r . n::: o, 1, • Ii •• is a, sequence 



of continuous functions~ 

This is clear sinee the cl.efining se:das for v l'l (x).' n = O., l, _ 

••• , is then a uniformly convergent aerie a of contlnu.ous f'unotions. 

By a well-known theorem. the limit is continuous~ 

3; 7 · Coinpe.ri son With Knc,wn • Results• 

As 'mentioned. j_n the introcluotion. Theorem 8 and its 0onseq11enees 
. . ' 

. . , ' 

aan b.e compared ¥1th the Work of J. t:; ::··~te.{sh [~o]~nd that . of Paler 

and Weiner [2J; p; 190 J • 

In aase ~eo~em 8 is · specialized so that the seq;ttence 1 Pj {x) J _ 
is a S_ eattenoe of orthonorma.1,· llni:formlrt bourtded tu.notion · over 'Mme • . - - b - . . 

intel'.VB-1 [ a; b J and O j [:r(x)J ::: [ f(:i;) I'i (x) dxi the :foragoing 

· results are quite elose to those of I. L. Walsh [jo] •. Using 

our previous notation, he achieves exr,ansions in terms of functions 

lPJ· (x) + <f,j (x)J for any function f(x) that is integrable and 

w1 ti1 an integrable square over [a, b] , althougl:l. of oourneq the 

~esttlting series is not a.lwaYs convergent to f(x)~ The hypotheses 

in Walsh• s :paper a.1Tiong others al'e tha.t the three series . 

(a) 
oO . 2 
[:Cc~} 
.i, I(: 0 

converge end that tha value of the series in (a) is less than one. 
oO . 

Thaae hypotheses are to be compared with. the hypothesis · I c!J ~o0 _ 
1 1,ri:o 

This implies (b) and (c) converges £or-



·. •, . -· ·: 

a.n&. sinillarlz, :f'or (c). lfowevar the value of ( _a.) is not less than l it ~w: one 'ot the ct bi. €tea.~er 'thap or eqtta.1 to :1 in absolute value. 

Wal~Js ·method of ·p.roof i.s rather different . than that of 'Theo.rem 8, 

bu,t ir~snlts ·.a~e' 'obtained. .for tti.n7M:ons whose F j (x)-seri~,8 does not 

converge • . · In 1lheorem a. attention waa restrioted to those functions 
: ' .. , : ··:• . • · . . . . . _, , ·, : 

With the same specialization. of Theorem-8 as in the e.bOVEt ,, it 

oa.~_be ~ompar,e~ with the re,sulta of Paley and :waine:r [2l, ,, .. 100] 
!he; hypothesis Lief I'~ oO is here to ''b~ oompare,d with the 

hypothesis 
.i,w 

fi b" ( . ,\ I 2 2 "' ' ' 2 I[ a '> P,., (x) - g~x)1 & '::: e E I a.,1 
a n::o . l'\=o 

where . e ..cl; ~..nd. ~here eta independent of N and. fa,,J !fhe 

. {~~J is EL1\Y set of numbers and · i in( xl J is the seque1\0e , in ~hiah 

if fa desired to· obtain expansions. An expanslon in tetmn of the 

. i,,(x) is. ob\~ined for ail fl.motions :r(x'), that beloM to L 2, over·· 

l!l, b J • .ln some oa.ses1 th~ g ,,kx) fJ.re not ~symptotio to the 

P n (x) • whereas · in 'l.'heorem 81 the P.J (x) + 'q;i (x) a.re naympto~io 

to the .PJ _(x). lf the gn(x) are of the , form l'>,i (x)-+ ¢,,(x)t the 

above . condition becomes 

. Ji f a1,¢"Ml
2 

ax 1 ez t 
a '1 eo . · ,r'_ . 11 = '1 

In Theorem a. we ha.cl ¢,,(x) = 6 et P (x), ,n =:; o .• l, 
. £~ 

where for ea.ch n the convergence 1s absolute e.nd. uniform in 
' . . . . . . . : -,. ! . • . .• 

_{a., . b] 

due to the uniform bonndness of Pi (x). i = o •. 1, ... • Thus 

fi[a l'l f~ oj_Pi (x}} 2 
& = 0 2 [!a n'I 2 

·a n=o i=o n::c> 



Since a O • · ••• ., a N forms a. bounded set of numbers. we oan 
t f\. 

interchange summation and. o·otain . 
• ·. t> 

~f ([ n,, c n P;_(x) I 2 
ilx 

.·· i=o l\=O 

2 ·2 
e . L la,,I · 

f\:O 

or 

3.7.1 
o0 N N 

Y \ I.'a" c I z '= e2 L l a,,12 .fu >i=o . n=o 

Let B-o t a .1 .• .- H a W-J. be equal to 1, a~= o. JJ.'he condi t:t.on must 

be satisfied. for this set. That is 
co N-1 

:;,?.2 [ I In {1 12 N e2 
l. -=- 0 n-=o . 

N-1 
; • -. ; c O to be a.:rr:t set 

i of numbers greater tha.n or eq_ual to 1.. a.nd choose the other o i so 

that I'I~ t j .o:: oo ; end the determinant ·\ Jij+ cf I -:f: o. , 
i,j 

Then 

Therefore a. e l cann()t be found for which .3.7.2 is satisfied. 

However Theorem 8 is a:p:plicable. 

For example. let N:: 2 • c: = 2, e ! :: 2. all o~h,e~ e1 = O •. 

Then ) cJ~ f oD tri v1ally and ·\ J .. -t- c ~, :: .; , . as may, be L . 1J . i 

seen ea!i{y, Using this Bet of c i i the seqUenee [I> j (:x:} + ¢iM] 
becomes 317' 0 b:), . P1 (x) + 2 P0 (x). Pz (x)., :t>

3
. (x). ,.,, • ,The 

seg_uenee f vj (x) l becomes.~ P O (x) - P 1 (x). P 1 (x), P 2 (x), • ._ 
It may be verified quite easily that the two. sequence, are bio:rthogonal. 

On the other hand, let cg :: ~·• c 3
1 - J , ... ,a f = j • • • •• 



i. c j : O, 1 =I= J • then 3.7,1 'beoom~s 

f [f>n 1 J1,, j2 =: 02 [1aJ 
i=o n=Q . . · l\:o 

This will be satisfied It we aak that. 

..... 
or 

N . 
1 \ 2 V L \a1t1J 

. N . 
§ e 2 [ta,,,2. .· 

h:o n-=o 

?:hen choose s such that 4 <:. e 2 ·'-1 • The condition. is satisfied. 

f' ( 1) doen not converge.Ther'ef'ore for this set of cJ~ 
.· .. . . . . 

Theorem 8 does not ttpply,_ but the restu ts of Paley and W~iner hold .. 

Aga.in, ·1t Theorem 8 is specialized. so that the seqtienoe ( Pi (x)} 

is {1 j J , the reattlts obtai.7led can be coml)&red with th<iae [:; J tit 
G. D. Birkho:ff. Lat· 

1 = 2Tfi l. f(w) 
--;itl 

,wJ=tr W 
where f(i) is a.nalytioin lal ·~ V:.lt •. It. w:tl.l be found. that the :results - · . ' ' (. ' . ·•, . , 

overlap s.a in the la.st tw~ eases.. lror _ eXS1itp~e, using _ our pre·vtou.e 

notation, let cfJJ!!) = (), ~· > 0 3.nd let ~(~) ::; 2, Then the 

modified sequence becomes :3, z, t , • • • • I.t h easily seen that 

B:trkhoff• s theorem does not cover this sequence t1herea.s it . h1 

inclµded in the for~oing wor~. 9onversely let </J} t.) = o,. J. > O• 

and let </Jlt) =-E 'I-~ -z n •i . Then the- modified seq,uenoe becomes 
«, "21 

l + r-' ;Jn ~" • z, z2 
• z 1 

, •.. • Birkhoff' s theorem includes 

thi~ $eq,uenoe, -where~a the foregoing work does not include it since 

L i;/; diverges.:.'. 
n=1 



It should be emphasized again, tha,t the presf;nt results concern 

an abstract operator Ow • The work done •,by thEHie other au.tho:rs 

conddered only the case where the operator O f{ was a certa:!n integral. 



, .. _,_. --, 

COMPLEW.flNESS OF MODIFIED $EQ;UENOES 

4.1 _;OThe .;Qompleteness ot i , ·K(x) + <PH(x) J • 
D~ttn1tion. A sequenae of. functions fr,, (x) J · , n == o, 1. • • o 

. defined over [a. ~] ,: where f,, (x) belongs to L 2. , - is said to be 

complete if 

(f~,;) tn (x) ·tlx ;; 0 · ·n = o, 1, )A~ . ••• 

~mpl'i,e~ :t(x) =. O, except possibly on .a· set of mee.sure zero. 
'., ' ·. ·, _.' 

'_ He~~ f(x) E L 2 __ 

Theorem 15. te_t the .P J° (x) of ~heorem 8 denote a ·sequence of · 

o·omplete .: orthonormal. ufiiformly- bounded function" 'belonging to. _ 
_ . ·. -__ ·>. ,__ >: - . - -_ ' b - . , 

\2 ,o;i [~, b J..:. Let. o ltJ ;:: · f f(x) , P(.<x) ax. Ao befo1'e, iet 

f'.>,,{x) • ' Cf Pi (x); n .... 0~ l~, HH where r lcfJ -i ·,-o.···· 

a'l'lll i I f +J ti+ 0 lrheit f P,, ( X>t ¢,,(~)f t n =1= 0 ;" 1, • l. , ts 
~,_,dtlmJ)le~e. sequence o.f functions • . _;> 

,-T~ prove the_. theorem, assume thair wher~ :t(x) E- L z • 
. ,. b ,·.,., __ , ,'', . - -,- . . 

Lf(x); { l' 11 .<x) + ¢,,(x) l ·ax # 0 ; n O; lt • •• 

the hypotheses• 

z~ ci pi c x) J dx ·= o 
i=c, 

series in .the ln~egrand; is uniform• 

and·f(x)E L 2 •i we ·oan integrate term by term, Thus 
-: . . . . b 

(Ji: cf) f t(x) l' {Jx) dx :: Ot n = 0, 1, •.•. 

. ;_ a. 



t.rhis constitutes an infinite number of linear eq_un.ti~ns in an infinite 
·.· b . 

number of unltnowns [ f ( x) Pi ( x) fut, ! :::: O • l. • • • , , !fue 
a. 

determinant of the coefficients I Oj11 + 0 r I is normal and. a.tum.med 

different from iero. · Now the sequenoe f £~(x) Pj (x) uf , 
i = O; l, ••• is .known to be bounded .from Bassel' s ineq-uaUtY for 

o.rthonormal functions. Hence• we mu.st look for a bounded solution 

of this system of equations. However. there is one and only one 

bounded solution, namely the trivial one 
b . 

[
. f(x) Pi (x) dx = (l , 1 = o. l, ... , 

a . 
:Bu~ since tp i (x.)] was taken to be a· complete sequence, thie 

rel~tion implies that f(x) = 01 except possib~y on a set of measure 

zero. Then the sequence ' f Pi (x) + ¢ 1(x) f is complete. 

Definition. The sequence ft n•(x)}, n 1, •••, 1s olosed. 

with respect to L 2 it for anv f(x) e L 2 and 8.ll1" positive 'e there 

is a linear form 

such that 

n 
P 11 (x) = . [ a If f" ( x) 

tr=O 

The following theorem is known to be tru.e. The proo:t pres,nted. 

below is ta.ken from Paler and Weiner's book; [23. p. 26] • 

Theorem 16. .1!-· set of functions f (/JI\ (x) , n = O, l, ••• , where 

Q),, (x) L 2 • is complete when and only when it is closed. 



. . 

· · represen:ts a sequence of orthonormal fun,titions. 1 The mo.re general 

pjoof consists of orthogona.lidng the given sequence ~nil uaing the 

. · Let f~x) be .~ function in L z • · Then, . in the us:na.i wa~, · · 

[l~<x) -t' a 11 ~<%f 7 .f<-r:>/,~ ~-t(ff<~¢ixJdx/2 _--.-_ .. __ .-_ 
a. . . . . "''.""" b . . a . . . . ff=o a 

· whete e.11 = £:t(x) _ (/J., (x~k:; Or J., • ••• n. and this ohefoe for 

a _~ ·render$ the · expression on the left a . minimum,., tfow, !f. aeq_uenoe . · 

f ¢tf(x~ ls ~loafld• the expreaaion on the left ma:, be ms.de lirbl-. 
• • ' ' I ' • , ' 

trari ~Y · s~a.11. · a'hu.s 

{l~(x)I 2 dx =· t: I [:(x) iplf (x) U ( 

·xoJ, _u· f(x) is orthogonal to ev:~ ¢,-r<x) • ,the,· sum ~n the right 

•anisnes which implies that {i_t:(x) / 2 dX ti whield.m,iUea 

f_ztr P•, l:30] that .f(x) ls eqw.V~lent_.to sero. Henoe a closed 

$~quence of functions is complete• 

.Nowt · t:i.8 aume that the sequence f ¢1f(x) ] • k = 0 t: l, ••• , 

is complete. lf it is not closed• there exists f(xl E :L z l: 

· }!'!. · Ji t:(x)- t <Pir(x) f t:(x) ¢ir (x) dX / 
2 

dx > o . 
a . , . . ff=l . a . 

:But as a~ove• thi $ implies 

4.1.1 
b 00 b 

{lf(x)/ 2 
dx - il lf<x) ¢ir(x) u( > o. 



Let 

Then 

g(x) = limit in mean (g,, (x) ) 

exists by the Riesz--Fiaeher theorem • .Also 
b . 

[ig<x> I 2 ax 
a . 

= 1im , t'\~oo 

:But 

n .: O, l, .... 

Since the seq,uence { ¢,.,{'x) J is complete• then f(x) -g(x) is equi-

valent to zero. J3ut by 4.1.l and 4.1.2 
b 

[i:r(x)I 2 
dx 

Then f oannot be equivalent to g.· This is a oo~tradic~:to:n •. Therefore 

no such f( :x) exi sh and the sequ.enoe ( ¢r, { x) / •; k = 0,. 1;, • • • is 

closed. 

Corollary to fheorem 1.5·. Given any t(x) E L e.nd. any pord.tive e , 

there is e. linear form Q11(x) = f e.JJ? 1/x) + ¢>" (x5] !llleh 

that 

This follows immediately upon application of Theorem 16 to Theorem 15 



6fJ. 

l~.2 The Coefficients of the -:Best App:ro:rlme,tton~ , . 

.A p~oblem presents itself at this time., · We know .that .the 

J~~~El~~'(;" M : tC;) J ls close4. T}len w}la.t 1.s th11 •~et Qj; 

· coeflti~i~~~s· a·•/·:of the, linear·· torin· •<v~(x) .that• render· 4.1~.3 its 
,:.·_,:.-',''. ··;,··.·,' ._-.· .. •_··,_,_-, ·-;· .•. :·_ .·_' ,._ ·. -- .. , ·_: 1 

'.<';_.::::, < i ':> .. - . '.-,,::::·. ,·:-'· ·.··=-- . ,:'.- ;.· ':· '" .·' _·:: •· _·.,-, 

4~l., 'the question is easily answered.. The tniditional. series . ,.· ·, ... :'.,'. 

ooef\f"i6ients a?'e al$o••··those. which g:tye ·the.analogous expression, 
. : ' . '. : : . . ' ' '· .. : .. ' . . . ' : ; ' : : . . . . 

mi~imum' va1ue.i. )3nt irt the biorthogona.l ca~ef- a·u.!fferent result 
;·:·,:··,:.'.·' · __ , ·, ·:• --_ •,:-· - - :._ ,:_' __ ·-, __ • ,· _ , . - - , - - I 

willoe··· obtid.neii. tn, ord.e.r to answer this question,~, it .may be 
l 

ob.served' tll~t , 
··.·•·.• · .. ·••• . . .... · .. •··•.· b lf~z./Jf f(x) -t ai(P1 c~J+¢1(x>)J}l1 -- [urx1J2Jx 

a C 

· ......... ··., ... · .· ... ' . <··.•··.····••it.:>•· , - aif <rJf pi (x) + (/Ji ( xJ f dx +fjf oaj( Pl~ +(Jj()() )({J re~ (xJ ~¢rw)Ji 

.b 

-:JU®J 2d; - <p . 
Here . 

.. " . t, n ,, b 
<p - 2 f/if (xJ ["1 (xJ +¢1(xlf J,r + [ af + 2 f a1a., t;.<kJ ¢/lddx 

. b . 

-1-. t a1 a r[ <A cxJ<P" <xJ dx . 
. 1.-0 . a 

~= 0 
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ln• order that 4.2.l he.ve a least value. - ¢ must he.ve a minimum yaltte41 
. . ' J</J ... . . ' ' . 

For a set of a i rendering-¢> a. m~nimum, oa'. :;. O, = O, l • ••• • 
u1 . . ·. . 

ri, necessarily.. However · · ' ·. _· · . . . 
. b " . • . 

. · ... = -f ~(Pt c~i +cp,.cxiJ){ + 2 aj +2tay[~CxJ r4<xJJnf i<¥J,Pt<xl/x 

.· n . b 

+ hoar[ ¢/id <Pr(,{)dx . • + r;oal'[ </Jr(x) <h (x) Jx. 

Thus . set · r1 · · _b · 

.-· •f:cxl(P.<xi+¢1M)dx +[ar(~r+[Pi(x)4'/f5dx 
a .. a 
. b b 

+·[P/xl</>iMdx +[ tp;_<xJ<f>/x)dx) = 0 , 1 = o,l,··•,n 
a . . a 

or 

A~u1uming temporarily that the determinant of the a .oefficients 

Now~.~ _promised et the beginning of the paragraph, the m~t of 

• coeff1aients furnishing the best appro::dma~ion are not the series . 



b 
aoetficients [r(x) v1 (x) dx, :t = O, 1, .,.. • lt would be 

a 
6.esira:ble to rela.te this ·result to the. determina.~h alre,adt eneountered 

tn the theory-. · This oa.n l>e done rather. easily-. · Consider the deter• 

minant. D :: loilf-f er I in the denominat1otr of a.11 of ,~1:2 in 

Theorem 8. Multiply it by itself ,d. th rows and colttmna irtterche,nged~ 

Then 

10.··+ ci + c~ + 1J · · . 1 J 

1 1 .1::: O, l, .... 

It Ja to be noted that the product of two normal determinants is a 

normal ·determinant [20. P•• 387] .• 

Let (DqD) n denote the (n+l)x(n+l) principal minor located 

in the upper le:ft hand corner. of this determinant, If it ls noticed 

that 
b b f f(x)[>k (x) + IP" (x)] c1x = [ t(x) [f ( c)i.,+c z)] f\Cx) c1x 

a o0 . b a .i=o 

=, L [<\,/· o;J [ i'(x) Pi (x) dx , 

ln) 
the expression for a 11' can be simplif"ied. In a nmm1er similar. to 

the above compute D:li where N is the nttmerator of aK ln 3.1.2. 
(171 Xt is seen tha.t w • the solution to the least square problem. can 

be 11,ri tten in the form 

(D.N)., 
O>..N)n 

, k:: O• l, • •., n. 

The superscript on a~ ·1nd.icateo that it is a function of n+ 1. 

the ntt.?llber of terms appearing in Q/J (:x). It is easy to see. that 



(n} 
11m a .... 
l'\-,..,,0 rt 

: lirn ( O • N ),,, : 
n~oo (o ·D)~ 

71. 

D•N . Ji. 
D·D = D 

which ls the actual series coefficient found in Theorem 8. Here the 

feat that the produot of two normal determinants is a norm.al determinant 

is used. 

There is yet some unfinished business in this disousslon. It 

remains to be shown that the determin=-mt in the denominator· of a~ 

does not vanish. It oo'llld. have· been ~rr:t tten as 
, b, . 

4.2.2 I [cpi (x) + ¢i(xU [P j (x) + ¢j(xLJ ax! •. 1J~q-·:,'I , 

Considering [f!i (x) + ~(x)] [Pj (x) + ¢}xij dx; as the inner 

product of Pi (x) + ¢i (x) and :P j (x) + ~.(x) considered a.s elements 

of the spaoe L 2 • we oan apply Gram• s orHerlon [20, p~ 321] to 

the determinant 4 .. 2.2. Gram• s criterion lmplies that t.1;.2.;2 is greater 

than zero if the functions Pi ( x) + ¢1 (x) • i = O, l, ••• , n. a.re 
linea.rly independent. This oan be shown easily~ 

Assume 

n 
b .i. (Pi ( x) + 'R( ::.:) ) :O 

t t I 

Then for J = o. 1, •• ., n 
n . L bi (Pi (x) + ~(x)) vj (x) ::: O 

i=o 
or 



n 
This implies L 'b1 ~/ ::= b J = O, j = O, f, . ... • n. Thus the 

t:::o 
ghren : functions are linearly .ind.ependent and. the determinant 4 11 2.2 is 

A remaining task is to prove that the integr~l 4~2.l actually 

takes ·ort a lea.st value. However 

oc:, 

J. .( d_!2)- r + 
2 · aa• c>a.1- 01J - -

:J ·• • • ' ·,· a• • 

j 
c1 + e. 
' 1 " 

+ L r~: _c/). -
s=o 

Then 

1
2.(·~· ). ·1- . 

aaj - aai._-- ._-. • 1:0, 1. · •• ~. n1 j;:o. 1, ••.• n. 

. . . _· . - - - - -_ - - -_ - n+J 
· .is prec·isely the determinant multiplied b;y 2 that has been 

. ' , _ '. _ ·. ' ·, . -

shown to be greater than zero above. :By- the same reasoning than, 

· This is true for k ::: O; n. · :But this is. a sttfficient · condition 

[13,PP• 81-95] that the integral_il,l_question have a minimum at the 
a¢ ,_ - -__ : - . 

point where da. ... o. j :: o. 1. •.•. • n. 
J 

!t iB to be especially noted that the a.:pp~o:rlmating ·coer:t•foients 

vary- with n• again1 · unlike the orthogona.l case. 

4.J Appro:rlm~Uon With 1 vi (x)] • 

It will be shown in this "Section that the srune questions maybe 

asked about the , sequ~ne~-{ vi Jx}] as were asked about the sequ.enae 

· · (l'i (x} + ¢i (x) J and e.nalogoua answers will .be obt!iined; 

. 00 

Theorem 17. Use the hypotheses o:f Theorem 15, Let v i(x) =[ A~j ~(x)) 
· s=o .· 

tI , (· ) f i = o. 1, • ••, as before. · 1'.hen the sequence f"°i (x)J 1~ . _ 



complete. 

Then 

'l'o -pro'Ve this, a.s~i!me that where f{:c) e L 2 , then 

b 

[ t( x) v i ( x) dx = O, i = o, l, • • • • 
0 

o0 b . . 

[ ~f:r(x) P5 (x) dx = o, i = o, l, ••• • · 
s-::o -a 

Thi$ implies that a o • Et .l , • • • t S. K t • • • are all zero where 8. K is 

[

b . 
given by- j.1.2. This ca.n be tru.e when and only when·•·- f(:t) P5 (x) 

9 = o, l, • .. • But the eequenee f Ps (~) r i~ ~o!!lp1:te. HenOe 

f'(x) = Ot except possibly on a set of measure 2ero. ·Itenoe the sequence 

ivj (x) f in complete. 

\fu.ile this is the result that will be of. interest·, .Theorem 17 

oan be genora.li zed. · 

Theorem 18. Use the notation of Theorem 12 in 3.5. If the o,, _ • 
n = O; l, •• , are a complete set of functionals; then t~e e.11 •. 

n = 0, l • • •., of 3,5,1 are also complete. 

Definition. A sequence of a.ddi t1 ve • homogeneous, functionals O O 1 . 

0 1 1 ._ •• • defined on :Banach spac~ ;s called comp~ete if O 11 [x] =. O, 

n:: o, 1 •••• • implies that x = 9 the zero element of the .Ba,nach 

space. 

Consider the followin~ set of eq1.1e.ttons under the ass·t.1mption 

a,,[x] = Ot n = O, l, •• ._ 

oO . 

0 j [ x] = a j + [ · a n O j [Yn] •••• 
n-=o 



8:tnoe.a...,[x] t k::Orl, ·••• as given 1n;.,S.lls theun:tqtte 

bollncled solution of this set and since I( r,a =· 0 f 8.ll k,. then 

O 11 [x:J ::· 0~ k = O, 1, • ... • Sinee 0 0 , Oi, ..... is e. oom:r>lete set, 

then x = Er • Renee a. 0 1 e. J. • •.. 1s a complete seh. 
' 

_We me'if now search !or the set. of coaffieientm 'b ,r of the linear 

:form f: 'b 
11 

v,,. (x) which rendeJ:'s the lrite~r/,ll 
w=o t, . · 

4•3/l [ j .t(x) - t b,.. V .,.(x)l 2 dx 
a 11:0 . 

its least value. After the experiertee of· the last paragraph, we do 

notexpeot to obtain the traditional series ooe:ffio:Lent• namely 

'{'r(,c) ( t>.,. (x) .+ rA(x) )ax, Rere o11I' expectaUQns are' fuli'illed, 
a 

Fo:r 

' ' . ' 

···.••b·•··.·.· ' n o • n · ... •. n · b · 

[iHx>lzdx - 21;
0

bn[~lx)~t»Jx +(10:.,.h~[~<~ Vr(xJdx. 

Then in order that this expressi.on have a minim1l.n'l)' we wa.nt - <p to 

have a minimum where 
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Jfow 
. J, . b . ~t = 2 [ f(x) v" (x) dx • 2 t b,-f "(x) v,.. (x) dx 

11 a Y=O .. a 
k ::: 0, 1, u., n. Set ting these expressions e<1ual to zero, assuming 

temporarily- that the determinant of the coefficients is non-vanishing, 

the unique solution 

c11> / £\<x>vicxJ dx /(K, £!w v~<xJdx) 
b K = bi!&# S!WWW41,... .• !$1- . I l · vi (X) '1.; (x) Jx I 

•••• n• k:: O• 1, 

But the determinant in the denomine"tor is non-vanishing. This is 

shown in a manner simile..r to the proof in the la.st pa.rag1•a:ph. Asstime 

tha,t 

••• 

Multiply by Pl" (x) + ¢,.(x) and integrate over [a, b] • 11hen c = o. y 

This is true for e.11 r : 0 r € n, Hence the set v-0 (;) •••• • v,., be) 

is linearly independent for all n. 

The proof that lf-.J.1 actually assumes a minimum for this set of 

coefficients is completely analogous to the proof o:r the la.st para,gra.ph. 

It remains to relate 4.3 •. 2 to some determinants alree~dy encountered ~· . and to fin: bw. After past e~eriences \fG tiould. expect l~__,b H 

to be l f(x) [l' If (x) + ¢.,(x)J dx• 
. 00 

We know that v 11 (x-) = ; [ An, Pr (x). Therefore 
b Y=o 

iv i (x) vj (x) dx = ~.. f Ari A Wj 

a ' ~~=o 

b L l' ... (x) Plf (x) ax, 
a 



· where the term. by term integration is permissible due to the absolute 

convergence of the two . s~riese: ':['herefore 

. b .· ·. . o0 Jt i ~:t.) ..,j (x) dx ;: -~ [ · Ari A"i f .,.11 · = 
c:\ . r,11:0 

At this point a digression ·will be made which will eruible 11$ to put 

4 • .3.; ·. in a more :plea.sing form, However the following theorem has much 

1:n.terest in 1 te own right4! 

Theorem 19, Let A ij deni>te the co:f:'aetor of . ~ij + c Ji ;l.n A ~l.fi,J.+cf j 
:= o. 1, ..... j: o, 1. ;.p• • Assume A/ o.· Then -, 'j'I• ~: oi 1, •• ., 

j :: O, l, ... , is a normal determinant and 1 ta value is ! . 
The given determinant may be written as -

\ 8. .+~ JJ A • i ~= 0 • 1 ;. • ti! • • j = 0 • 1, • .-• • 

Consider the · two series 

- 00 

lhJ,5 E I~ I 
i. Jj :o -
-i."J 

If both of these • seriesconverge, then the determinant in question is 

.normal. Examine· 4.;:h4 
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.!. fuoo · 'A. . A) IA I SJ . 
:() . 

- o0 00 

..!. ~\A., - \°'(~ .+ o!) IAI u L..i r1 
1:0 ; r=o 

00 . oO ' • 

,~1 [. I-£, (c:)A,,i I 
1 =o . ,-::() . 

lrow the absolute values of all the f1r$t minors of a normal 

determinant a.re uniformly- bounded [20,, :p • . .:;?.5] by some constant M •.. . 

llence 

M -IA( 

1 Consider L~.,J.'5.; Remove the fe.ot_pr. TAI from oonsidera.tion.:1 Let us 
exi:t .. rnine A ij ,i where 1 i j, a little more· closely.; 

O 1 c.--+1 c 0 
0 2 

C) ••• i-1. ei 
0 O 

.i+ .:1 co • • 
i-1 2i1 

i-J 
00 

J-,.1 o~ 1+c! CZ 
l .. ' C1 C1 C1 ~•! 

J·-1 
C1 Cl" . • • • 

A + i{- -

ao z 

• 

0 
C.i+l 

• 

0 c. 1 J-

c~ 
J 
0 c. 

H1 

• 
1 

0 i-1 
1 

o.i.1 

• 

l 
Oj-1. 

1 
CJ 

C: 
Jf1 

·: ... 
' 

• 

• .... 
••• 

• 
•• 
• 
i-.1 

I +oi-t 
i-l 

0 1+1 
• 
• 
• 

i-l 
cj .. 1 

i-1 
Cj 

1;,,1 
CJ+l 

• 

'+l c' a . 
• 
.• . 

i i+J 
0 i-1 °i-t 

.i :i+J 
·o i +1 l+O.i+-l 
• · 

i 
0 j-1 

i 
C ; · 

i 
Oj+l 

. .2+1 
c.,-.1 

i.+1 
CJ 

.c4+2 
J,f,l 

••• 

••• 

• •• 

• • • 
. . •· 

- j-l 
~2 

• 

j-J 
0 1-1 
. j-1 

Cj-,.i .. 
• 
• 

c;+1 
i-1 
j.U 

C.i+l 

• • 

Notice tha.t there is precisely- one eolu.Titn a,nd one :row of A1i which 
. < . . I'( does not contain an element 1 + 0 11 for some k. ~xpand the above 

•••• 

.... 
•• 



'·•· . . . 1 determi n.ant 'l)y the elements_ J)t .the ro:tunrn of c tt • -lt = O, 1, • • • • 

JiJxpa.ncL the resttl ti.rig determinants by- the elements of the row 'tti th 
1 

c j terms. tte obtain 

Aij ['I c! l{f T~f I .I.A (fr},}) I)+ I A U:f)} I cf/ 
W=o l=o , 

The. prime$ on ~he first summa.t:t.on · indicate that k s!d.ps the va.lu.es 

i • •.1. The double :prime on the .. second sUt11mation intl.1cates that 1 

(:_,+,]). : is a determinant obtained by · 
J J' . . ' 

!. skips the values~ and j., 

striking out the 1, 3-. 1 columns .and the t. J. k rows. As such 1 t 

is itself a first- min.or of the normal detex-minant obtained from A 

when one strikes out the i •• J rows t3Jld. i; ;j colu..,nns. As sueh 

78. 

/ i.(f;~: ! )/ ~s a tfuirol'Dl~~d J20, P( J?S] for all ~, J; k, lo 
'Call this bound. P. Then 1n 4.3 • .5, letting P1 = max (P M) • 

·Y' ·1 A,ij L-_. ·_ P' ·.Y'•·(f __ l1 Ci_ilC ~-·•••.·" l c_ I+ lc.1 l) H A - IAI /---J 'Ll I . '1 'W J J 
JJJ'=o.- •· 1,j'=o tr::o 1=o · 
1-#J· ,,' · i#j .. · 

1~'1 [~ ~/c! I §.
1

: ~f~''1cjl + i~~o I cj~~ 1:; [s2+~ 
V.,.. •1, "I J° 

00 . . 

where. s ::: '[l \c] ) o0 • by defin1 ti on of e. normal . de te~inan t. 

Thus both 4,.:;J'Ja=:a 4,3,.5 otln:?'el"ge Which !mpl:tos that' / ~- I • 
. i :; o,. 1, •• • 1 J ·• 0, 1 1 • • •, is a normal determina11t... No~, since 

we can multiply. twonorma.l determinants, multiply 

j : O, 1, ... • from the left by- the transpose of A., Use the rel&tions 

(81r + cj) Arj _ 

A 



We see that A [ A;j I= l• or I ~j / .::: 
1 
A • The ,theorem is proven. 

Theorem 20. The set A of all infinite mt1.triaea, the determinants of 

whieh are normal and different from zero• forms a. group under ordina.ry 

matrix mul tiplica.tion. 

The identit:r element, whieh is the ma.trix II <f1jll • 1, j = l• 2, 

. . . ' is clearly such that its determinent is normal • Si nee the product 

of two normal determinants is normal. then the product of two matrices 

in A is again il1 A. Fin.ally, every matrix whose determina.1:).t is normal 

and. cliffere11t from zero has an inverse given by Theorem 19. Hence 

A is a growp. 

Let us now reexamine 4.:3.3. In view of Theorem 19 we ca.n now 

k:O, l, •••• n. 

Thel'e:f"ore 

(>t) 
lim b 11 
J,-:toO I 

= I / ( ~, lbf{II) P,.(1<) dx) 
I A~j I 

To put this i.n a simpler form, multiply both numerator and de11ominator 

from the left by the· transpose of A. Use the relr~tions 4.3~6,. It is 

found that 

(nJ 
lim o,1 : 
'1~00 

--

oo b , , 

+ b o; [f(x) P,. (x) dx 

+ l f(x) ¢,, (_x) dx 



b 

: [f(x) [ P,,. (x) + ¢,r<x)] dx • . 
a 

rt in to be recalled that this was the stancla:rd. «series ooe:ftieient. 

4.4 Approximation Using the Series Coeffio.ients. 
f1 

. It was :fot?.nd in 4.2 that 'We could !'ind a. set of coefficients b 1 
such that 

I" n ·. . . . . ·2 · 
j t(x) - l b: (l\ (x) + <f>I (x)) { .. 11,t 

a 1=0 

wottld. take on 1 te minimttm value. These ooefficien:hs were not the 
b . 

na turs<l series coefficient 11 £ · f( x) "i ( x) dx • that we mig)it have 
a 

hoped tor. We now wieh to show thet, if these serie~ coefficients 

eo. 

are used, 1.n 4,lt.l., then that ~xpresid.on oan still be made arbi tra,rily 

small •. To do this we must first prove a. theorem which ha.a much interest 

ihelt-• 
00 

Theorem ·21. Assn.me that [: 
i-=o 

sequence of real . numbers, a.nd the. t 

A =ldiJ +cff / o. Then 
11-=0 

a _ I Ji j + cl I ( 11, bi) 
'
1 

- I r. + c~I tJ . 1. 

To prove this, notice that 

2 
a. t( 

bf < oo • where l b11f ls.& 
oO • L' loil <oO • while 

.i,J :o 
o0 where 

oO 

a.t( = : 1 (Alftf b 11 t r. 
Then 

J-::o 
i-1- t( 



Therefore 
oO 2 L a"' 

H::o 

c::-0 

Let l' · = [ 'bf "'- c0 • Let M be the uniform bound of I ~if • 
.1.::d 

i .: O • 1, .. • • Then 

fa;~ !2 [M 2
~/.,

2 
+ 2tv1P

2£ f /Aj.,J 1-P
2 f(l/A;,J] 

tf::o Jtl'f jt11 

The first expression in the bracket is finite by hyi,othesh. The 

second is f1 nl te by the proof in the last parae;raph whioh showed 

tlw.t [ L \ Aj1< I .c o0 • Thie same fa.ct implies the finiteness 
...-=o J-= o · , 

J:#"1 
of the third e:q>ression. '11he theorem h proven. 

Corollary 1. 

Corollary 2. Where v,, ( x), n. .: 0 •: l • ••• , is gt ven in Theorem 14 of 

.3.6 we have for eny f(x) G L2 · 
0() b :72 · E [ [ -.f (X) v;, (x)dx J oa. _ . 

11 ::o a . oO b . 

This follo\;fs easily from the fact . that >' [ ( f( ll:) Pi ( x) 
ito la 

:f'or all :f(x} E' L 2 , and the previous theorem. 

· Theorem 22. With the notation and J\ypotheses. of Theorem 14 of 3.6. 

then 

... 
has a.n n-f'ree upper bound :!"or all f(xh . g(x) c; L2 • 

81. 



For. 
. n _- b ·- b . ·. ·. ·_ - · 

[[[r<tlvi (t) iuJ[ [ ~<tl[Pdt)+</1,:(t)] at 
. i=o .a ,· . ,. a . ' 

n --- b · · · n · - --_ b -- · __ .·._. 

= Li a,.[ g(t) · Pi (tj at + [ ai J g(t) ¢/t) dt ~A-t- :s • 
i::o : . a , l =-o a - -- , __ , 

Where a j ls the expression used in _i1heorem 14 ot :;.J._ Now• slnoe 

I as . \ 4 -R. all i. 
b . . --

1»1 § }! t: fJ I c! J / f.ag_.·_(n Ps '(t) <1 __ .t j 
-i~o s ==o 

llU.t einoe '. I f b,g( t) $' 5JH dt I L M' • M '· a constant •. ali s, the11. 
a 

IBI-= M M' [ '£ l<=/1 
oa .i=o s·::o 

However E ' I e ! , --~ . oO . • Renee l :a I <. C( I . 0( • a OOn$1tant 
~,s =-o _ · 

ind,epen~ent of n._ Now 

V t, ( r b g(t) pi <t)dt) 2 
i=o Ja 

by the Oauoby ._inequality. Since the functions ti\ ( ~Jf, ; 2 and. 

are ortho:iormal. the right :rector ha.s an n-free upper l>fund• By t}:le 

O~rollary t 'o Theo~em 21, thE3 left ft.etor has an n-.iftee ~pper bound• 

He nee . l A:\ . , P , t9 a c_onstent independent ot ~. Therefo~e J A-+ a/€ 
LA) + ,~r~~+ ot. where (8+~ does not depend on n. The theorem 

' . 
fhe following theorem, except for a. little reorge.:nh:at1on e,.nd 

speeializa:tio11 pertinent to the foregoing ttork• mey be found ill 

Iraczma.r~ and Steinhaus• ·book · [17 * p. 27J] • 



n:: o, .1. _.· ••• - for all :f(x) 1 g{x) G L 2 has a.n n•free bo1:1nd, then the 
r 

bi orthogonal set fv1 (x). 'Pi (x) + ~.i(x)] , i: o. 1, .. ••• has 

the iroperties 

1. lim 

2. 11m 

3,. lim 

. b £ ( f( t) - rn ( t) )2 d t = o , 

b . l I (g(t) - s., (t)) dt : 0 t 

b I (:re t) - r,, ( t} ) ( g( t) - a ., ( t)) d t = .o • 
a n · b · · 

where r .,(t)::: fu Ml'i (t)+ </J;_ (t)) • t:: . I :f'(t) -v/t) dt! 

s,,(t):: t 11,: vi (t) • ~i:; {\<t) [ Pi {t)+ 'Pi<tUdt, 
i=o a -

Thus the· hy-pothesis mtl,y be written I t ri ":Ji I has an n-free bound 
i=o 

for e.11 n. Now 

: I~\ L~(t) [Pi (t) + ¢1(t}] dt I 
b ,., I i g( t) fu ti ( l' i ( t) + ¢1 ( t fJ d t 

b . . . ) J. g(t) r .., ( t) d t j 
a . 

--
T'nen the integrals on the right have an n-free bound. Since this 

is true for all g( t) E Le. • then necessarily ( see [ 17,P.21] ) 

f irri (t) 12 
dt 4. M 

a . 
In tux•n, this implies ( see [17 ,pi20] ) _ 



4.4.j 

where :r ,, 1 s cons! de red as a linear (?pera tori acting on f( x) smd ..-,U -1 s 

a constant· independeri,t of · n and f(x). 

84. 

We _have a.l.read.y shown· that· [ Pn_ (x) t (x)f it a closed. 

sequence of functions. in L 2 . • . Then \there exists a sequence of 
h 

elements - /;_ J , ••• f,,, • •• 'With :: L ,8,,,.. f l"H (x)+ ¢H {x) f; 
b . . 11'=0 . 

4,4,4 [ lt(t)-f..(t>/2 
dt :O 

1 bl 2 b 
(:r -f,,) I . dt § rf 1 :rCt> .. f,, Ct>/ a, dt 

a d· . 

by 4.4.J~ Since·the right hand side goes to·zero with n by4.4.4, 
then the l.eft hand side goes to zero. But 

However 

Hence 

4.4.5 

. . b ·-·. 2 f I r;,(t' -f,,)I dt ;: 

b· . 

{i Yn(f) - r., ( P,,) / 2 dt 
a 

Y11(Pn}= t [ [[ /3,,11 i P,,(t) + ¢If (-t)f (~)d&] (~Ci)+</>.{~) 
i=o _a W':o . ,;: tJ{o /3,,irJr\uJ+ <,lVtD V,Jf) Jt] ( f1 (t)+ q>i(i:)) 

: [tB,,H 61.,J [ pi (t) + ¢; l~J] 

= t p',,i [Pi (-tl + <A (-t)] ::: f'., 
i=o 

[

b . . 2 I r-,, ( f) - f,, I dt 

a 



Since the left hand side goes to zero 'With,, n, ao does the· right. 

Now 

I. j f'( t) - r,, ( t) / 2 d t = [ bl f( t) - f,., ( t ).+. fn ( t) - r-.., ( t) I 2 
d t 

a t, a I b l 

fv:r(t) - f.. (t}/ 2 
dt r~ + [/jf;.(t)- ~(t)/ 

2 
dtJ

2 

a d 

The :first term on the right goes to zero by 4.l~.4. The second. goes 

to zero by 4.4.S. Hence 
b 

[ I f( t)- 1" n ( t) / Z dt = Cl • 

and. l 1 s proven. 

The proof of 2 is completely analogous to the preceding. To 

prove 3 notice that 
b I{ [ :t( t)- r,, (tj] [ g( t) - s.,( tij dt 

as. 

b 
= I tr:< t)-r., (t)J g( t) d.t - [[:r( t) - r,, ( tD [ Sn (t~ at / 

4:: fr g (-t)/ 2 di: . !£ltc~J-r;,l~iJ2./t; + f t)~(ticltf t} Sn (t)d~j 

The first term goes to zero with n by 1. Now 

and 
b 

[ :r,,, ( t) s,, ( t) dt 
a 

b . 

a
( f(t) t! vi (t) dt =[ l i=c · · 1~d 

b 

= [rt ~vi(tD [f~(P:i (th¢j(t)ljdt 
1=0 i=4' 

= t ri .,1. 
i=o 
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Therefore the last two terms cancel. Then J · iiJ proven~ . 

l is the result that we ~ave been seeki~g• .na.rne'ly that we a.an 

approximate e:tq function t(x) e L 2 by functions {Pi (x) + ·ct,i(x)} · 
. . . . 

. . ' . . 

using the usua~ series 09efticienb. 2 is .the ana.logo,1.s result for the 

Etequenoe 1'v 1 (x)J t - .3 is · obtained .in the process and will furnish 

U.7. :P• ·. 27~] the inalogue 'or Pa.rsaval's Theorem for orthogonal 

functions.: tt fs to 'be noted that if ·we were wo~ldng with , orthogonal 
. . . . ' 

sequences . that l aitd 2 coincide. Now by .:r t. 

' oO [: Si~i :converges and• 
1 '::Q 

, - , 

.. : fo_r all .f( x) •• g( x) E ·r, 2 •· Oiearly ff. f( x) : ,. g( :x:Jf then . 
oa ·. . b . 

[ ~.: ::: [ ~W) z a.t' 
i::o a 

or using our previous nota. tion 

[ J:C1:> [P1 W+ <A<t>] at {P t<t> •"i Ct> at :;J&rn) 2 
at. 

i =o a · · . . a., '. a 
The .follo",ing theorem is an obvious corollary of ~orem it,.:; 

~heorem,. 24. 
I A~i 12 (H, qtfJ),_ ' 

" L ·,oe .1;//2 
oa . , . 2 . , , . 

if zrol[f)J<~ · 
l=o . , 

/ A~i ) • 1« 3:: 0, 1, .. • 18 a normal determinant, 



Apply Theorem 18. 

Corollary to Theorem 24. 

lim I AAjJ"/ ·, f (k , 01 lf).) ::: 0. ---.,---.----------. . ~ - - ( ., -_ ·.•• .. ··~-~-...... 

Theorem 2;. 

where 

For 

a ···.-,11·-

Cl() 

Let r: 
1=o 

( A~i, C . 
[ 01 (f)] o0 • · 

If oO 

J q~ = 

by Theorem 21 and Theorem 24ec 

,·,, 

I ~-1 (k, 01 U]) 

} A~i I 

It is possible to obtain a simple expression for a.,., 0( 11 which . 
00 .. ,, 2. 

will be of use when L [ q(t)J is not necessarily convergent •. 
1::0 , 

e.~ «If !: [ to f dlfS +ct) osm] [f A!lf ?1[iJJ 

Given a set of operators O 5 • this e.xpression _can be _tlsed to ·study 

the conve;rgence of E e. .,.o(11 • 
tr= 0 

4.5 Analogues o:fthe Riesz-Fisoher Theorem. 

Theorem 2,. Let So S' > . l , J Sn J • • • . _be a set or ~eal 

87. 



num.be.rs au.ch that 

au.oh that 

oO 2 L ri C::: oO • Then there is 8; function f(x) f: I,2 

:i=-o 

. b . f t(t.) Vi (t) dt ;:: f1 
,, . 

•• • 

Let r n(t) ;-;· · [ t1 (P 1- ( t) + ~(t)) • where 
' 1=0 · · 1 

l!'. ,I- ... ':'-';:.s 1 , are· ·the 

given numbers. Then for m ·~ n 
·.·.•· ... p·· ' ·:·•· le r,, C-t) -. ('t)] 2J-t 
a . 

as. 

lfow A :can be ma.de less than an arbitrary positive E 'by hypothesis • 
..., . 

Sinoe lfd, M, f: o. 1, •.• • then ( '1J / 2M 2 
[ /ci /. • Thus / B / 

ea.n be made .. arbitrarily- sme.11, since 
oo . j 1 j:nr#l 
~· . I c I <: o0 • Consider 0 .. -o .1 .,.., -
\ c; / \ a/ / . 

s=o 



oO 

Na~, since le/ I , o0 , then given · E: :, 0 11,ie cnn :t'ind ·an 
4;-t:d oc:, . 

}H J N e.nd }: 1c t / c::::. ~. Then for m, n "7 N, 
t•o 
J·= I/fl 0() o0 . 2 

I G:l M 
2 t f I a}/ / c}} ([ £le.} 911. 2 

..: E::M 
2 

i,j=mtl· s=o . 1-::Wd S,:;O : . 

Therefore 

lim 
I, ' 

{ [r,;(t) .. r.,..(t)] 
2 

a 
dt : 0 • 

The sequence r 1 • r 2 • ... , . r 11 • ••. • is thus ·s. Cauchy- sequence with · 

respect to the metric of L z • Since L · 2 is a complete space, there 

exists an element f(x) e L z to -which the sequenee tr"' (x) f con• 

verges in the metric. Now for m n, 
' t, . 

f;,, r1 [~i <t>-+~<t>J 
°( t}w1 <t> + ¢i (t> J = 

v,,, ( t) dt 
b . . .. 

[ r n (t) ·vm ( t) dt. 
cl . 

Then 

I f t) v m ( t) d t - trn I : I ( F•< t) • r,, ( t H vrn Ct) at 

L V r,-f (t;)- r;,(t;} I 2clt- 'I/ f' v,,! (t) J-t 
a . . a 

The first factor on the right goes to zero w1 th n bF the foregoing 

remarks. ~or a fixed m, the right factor is some f:tni te nuntber. 

Since the left hand side is independent of ni then 

·r· b S,,'I= · :t'(t) V /'t\(t) dt 
a . 

as was to be shown. 



Theorem 27. . Let 1:70 , -,l ,'' • · J -,,,, , • • • be a set of re:a.l numbers sttch 

that 
Cl() L ' ~i 2 .'Then there is a. :irmetion. :r{x) in· L 2 sueh that 

.i-::-o 

[

b . . 

a f( t) [ P i ( t) + ¢3 ( t)] d t . - , i.:: O; 1. ••• • 

,., 
' Let s,,(t) := [~i 't"j (t}. · _Form .e:.. n, 

i::o 

. {[sn < t> - sm< tB., a.t = 
--
--

The double prime on the last summation indicates that t skips the 
00 

values i, J. Mow since '.L )Ajj r L. CIO_ • . the second factor will 
i',~Jo . ·, ·.·. ... . 

go to zero with m,_· n. Since A·,.; ,· A .. 1_, have uniform botlnd for ' ..... ', !LJ 
o() . 

all 1 • .1 and ainee r: the first e,:pr~ssion will go to tero • 
. .i~o . 

Renee the sequence s 
O 

, s 1 • • • is a. Oauoh)' 8equence in L 2 .• 

The remainder of . the proof is completely analogous to the proof of the 

previous theorem. 

4.6 The Non-va.ni shing of f Oji+ cf J · • 

~1roughout the previous work, we have been b(?the:red by a 

seeminglY' independent .assumptiQn·, that the determinants app~aring in 

the denominators of the coefficients be different from zero. Iri this 
, . 

section. it will. be seen. that this assumptio~ ·is , an ·h~herent part of the 

. whole problem and not e.n accidental ;reatric;:ti(Jn on it. The following . 

theorem will help to set off these remarks. 



91. 

111ieorerrt 28. W1 th the notation used in. previous theorems t let f Pi ( x~ 

d.eno te a uniformly bounded,: orthonorme.1 seqnenae of functions in L z 
over [a. b J . Assume .further that this sequenoe is complete in 

L 2 • Assume [ Pj (x) -+ ¢j(x)f , with the same restrictions on 

the ¢.(x) as before. is complete in ;t, 2 • Then I ~J.+c{ I -/ 0, 
J . 

~"'or assume tha..t ) SiJ -1- cl { = O. Consider the set of equations 

co 

4.6.l [: (~s + 0 ff} b5 = 0 , 1 : o, l, •··•. . 
s::o 

Lemma 1. I:f' the rank or . /criJ + oj } 1s r, then there exist. r 

independent solutions of 4.6.l. 

The proof of this lemma may be found in Kowalewski t s book 

.[20, pp. 40S-4o6] • More than this is true.. For all of· these 
·a., 

independent solutions, it is true that L' b 5
2 c;::o0 .• To see 

.s:: 0 

·this• rearrange the equations 4.6.1 and the notation so .that 

, 1, j = r. r + 1, •.. • 

This :ta possible since the ra."llt of the determinant is r. Now consider 

oD 

. [ (&;s-t-C ! ) b S - O, 
s::o 

or 
oc, ' r-l 

[J.J;s+cf ) bs = - [ cJ b s ; i ::l', r +1• H• 

s=o 

This set of equations ha.s a. unique bounded soltition _b,,.. r~l • 
00 

Also L b/ ·~ oO • 
S-:: r" · f I cJ I which imrplies that 

~,1 =O 

This follows from ~he oonvergence of 
00 . ,.:2 . . . 2 . . 

(-: [ (c : ) b s) .;:. o0 • Dy 
.1.=r' s~o 



Theorem 21 1 f 'b; ..:: c0. Then also f b 5
2 

~oo • liow these 
S-: y- S ::.o 

nt1mbers b 5 • s : 0 • l, •• • .. also satisfy the equ.a.tfolls 4.6.l where 

1 = 0 1 .:., r, since these equations are linee.r oombinet.1ons of the 

others. '11he lemma is proven. 

Then there is .e.t least one solution of 4.6 •. l, b 0 1 b 1 • ... • 

·which he.a e .. t lee.st o.~e bi different from zero, for this set of b s , 

consider the set of :ti:~ationt 
l, 

Jr<x) P.s (x) 4%: = b.s 
cl 

• 8 = o, 1. • • 

lJ:, the Ries2-Fischer theorem, since f: z b s ,o0 •· there exists 
s=o 

a fu.notion :r(x) in L 2 over [e., b] such that 4.6.2 is satisfied. 

This function is not equ.ivalent to ~ero, for l:r it _wer~• b s would 

be zero for all s. liow consider the equations 4.6.l td.th the 

appropriate .subati tution:, 
c0 b. . 

[: (d,/ C 1 )[:t(x) P s {xl dx =· 0 , i = o. l, ••• 
s:o a · · 

b 
or i f(x} [ U'is + o; ) Ps(:t) dx • o. h• 01 lt -.. 

Thus 

b . {r<x> [Pi (x) + ¢i(x}J dx ::: O; 1:0.1 ••••• 

al though f(x) is not eq111va.lent to ze:r,o This contradicts the 

completeness of lP.i (xJ -+ ¢1(x)J in L 2 • Then JJ'jj-t cJ} :f. o. · 
Theorem 28 in conjunction with 'l'heorem fS of ~i.1. enables, 1;1a. t() say .. 

tha.t if t_P j · (x) f 1 s e. sequenoe of oomp~ete • or·thonor1nal •· uniformly 
0() 

bounded funotion.s belonging to L 2 on [a., b] and ¢,,{x) :: [ o 7 P 1 (x) · 
.1=0 



whore ·~ let' I ~co then the · necessary and su:f'fioienb condition that 

l Pj (x) + ¢,- (x) ] be complete tn L 2 · over [a., b] io that -

I crij + -0 -f I · # 0 • 

In seeking to generalize Theorem 28 to oases included -in Theorem 8, 

it is necessary to find operators which _ are goncralb'ations of · -
b b -r f(x) l' tf (x) dx snd ' . la f(x) [P If (x) + t\(x)] dx; 

operating on f{x). But the generalization of the first operation is 

clee,rly O '1' [:e(x)] • - From 4.3.7 and 4~3.8 it it:J seen tha.t (with a 
I r • • 

slight mod.ifioation) 

is a generalization of 

this operato:r is meaningless when A is zero. Ihtt it aa.n be transformed 

in a1,:pearenee so that it has tneruiing when A io zero. Multiply both 

numerator and. denominator above formally fro::1 tho left· by the transpose 

of A. It becomes 

00 

dtt:: L. (~If+ c;) oi [f(x)J 
i :::o 

Ifow the set of opera.tors fol;,. f , k = O• 1, ••• • has meaning even 
- b - . . , ' 

when A : 0, and redttcee to ·· £ f'( x) [ l' '1' ( x) + ¢.,(x) J dx when 

0 i [ f] :::: {bf'(x) P .i (x) dxo q., hall meanill€ for every £(,:): 

( 0 1 - [f(x)] J M• 1 = o. 1, • •• • for example. We are now in a. pod tion . 

to generalize Theorem 28. - ·· 

, Theorem· 29. !,et the opera.tors- 0 j, i = o. 1. ••• be such that the 

equ.a.ti ons 

O i [f(x)] 



Where r Cf .c.. oO implies the Eixistenee ot an t(x) 'which satisfiell 
.i-:: 0 

the equations. Rera the c ·are· e~ny ·$et of numbe~s $sthf'ying the 

given restriction •• If the operators q", k = o. l, form a 

complete set of operators• then / <ljj + c/J# O. 

For assume that 'the determinrtnt is zero. Then the·eqnations 

4.,6.l 1mpliea ·a non-zero solution auch that the: sum of. ~he squtu~es is 

convergent~· '.By- hypothesis, ainoe the Oi are a.d.ditive, thia impl:le~ 

the existence· 01.~ an f(xh not tb.e s - element· such that 
00 

['{.~,:{ c~) Q s [t(x:)} ;:: o. i = o, 1 ..... 
s;o 

But thi~ contradicts the eomplete11ess of the operatGrs :°'.1 , i = o, 1, 

••• • llenoe 

At this point a. certain duality is becoming clear. If we replace 

or lf' we make the substi ttttio:n in :reverse, an(3.logoua theorems a.re 

obtained~. To oorrrplete · tM.s duality-, an eddftional t}:leoram will now 

be proven. Theo-rem.JO ia the analogue of Theorem 18. 

Theorem :'30. 
oO 

L 
i:o 

.,, 
C· .1. 

With the notation of·Theorem 1.2 ln ;.5,, ~et Yn : 

xi t n !: 0 • ; , • • • , whEire f ~.s:/· , o {J -:/=,. 0 t . and . [; 
, 1,n 

Assume 011 [x] , M, all n. If the On •. = O, l, ., •• , .are a (?Omplete set 

of funotiona.ls then the set d~ , n = o .• 1, ••• , is complete. 

c(., [x] :: f ( €i1r +o:) oi [x] = .o. k = o, 1 ..... 
i=o 



' . . . 

Since the determinant of the coefficients is normal and different from 

!Zero, there -'1s one and only one bounded solution·.- namely · the trivial 

one. Since the o·.:; ·, n:::0·• l ·, ·• ·•• are aoomplete set o.f :functionals, 

then X::: 8 • 

funo ti onals, ; 

Then o('1', k: O, 1, ••• constitutes a complete set of 

, 4.7' A Sufficient Condition for Non-vanishing of a Morma.l Deterninan,t. 

In the previous section it was shown that the non-vanishing of a. 

given normal determinant is an integral pa.rt of the problem. It 1s then 

desirable, when given a normal determinant, to have a.criterion that 

it be non-zero. While a general ori terion would be very difficult, 

. some oases oan be ta.ken care of with com:para.ti"V'e -ease. The :following 

~heorem is an easy extension 'Of a. theorem proven by ·o. l3, Price [ 24] 

for finite determinants. A similar theorem was proven by- Von Koch 

[29 J for normal determinants. 

denote a matrix where 1 -, j take 

· on the values l; 2• • • Let the elements ·a 1i be complex and assume 

that n. the determinant of the matrix, is normal, _ Thus . '[; { c,.1.-J.(~o0 
l,j 

Let D
1171 = I d;J° -t- cij I ,j,i = 11 21 •••• n, Set 

ln) m• 1 --
Theorem 31. I£ 

1'1 ' 

I 1 + 011 1 - ·[ I 0 1J I • 
J:i+l 

\ciJ·l' L. l1+ ,ciil_ 
oa 

0 lT 
i:' 

l DI 
oO 

1T 
i..=1 

(o0) 
M· .1 

then 

First, {oO) 
we must . show that mi ., , 

\cO) M, 
. 1 ha.Ve meaning. --

l 1 -r 0 11 J t: The infinite seriAs here converges 

J·:i+l 



as n result. of the normality of D. 
(oO) . 

m i therefore has meaning, and 

it is positive for- tall ii by hypothesis. The seme remarks hold for c~, (..-,) 
M i • all i. Consider J) • :By the results of G. :a. l?rioe · [24] , 

(n) 
0 m l 

(n} 
mz ••• 

' (ti) L.. m,, =-
(nJ 

M2 • •• 

· tn+1J · 
Sinoe m. 

1. -

(,..d 
M· 1 , by hfpothesi s •. then 

{..O) (oO) (oO) / D (n) l 0 m 1 mz ••• mn .c::: -= 
. . (n) 

Since the determinant ll h assumed normar. lim . D 
od 1).:,-0 

;--I I . ·ml o0 .• some :f'ini te number• t'le must sh~w that . 
i=l 1 

l-oJ tea) M , M ·• .. l 2. 

exists and is 

ex:tsts and does 

M(nJ 
n 

(ol>) 
M,., 

not diverge to zero, Also, it is to be .shown that 
oO .{oOJ 1T M 1 exists·. 

i=l 
Now 

00 040 00 

0 i;:1) 17 (oOl - Tf ( l 1 C .. , ··r; \ m, -- + -i:1 1 :i. ~1 11 
J°::.i+l 

oc:, 
cO 

0 iJ I)] - TT[1· + ( l 1,+ e .. l - l.,. [ l - 11 i ~1 i~itl 

Consider that 
oO L \\1 + C,:i j o. ·l lJ 

i=l 

€ [ I IJ. + c 1i I -- l 
1-= 1 

The second expression is finite by hypothesis. Consic1.er the first 

expression 



00 

Hence TT loo) 
in i converges absolutely. 

i :l 
This · implies [26 1 p. 14] 

that it i a not 2ero. Since all of its fa.ctors are poai tive, 1 t is 
Cl() 

actually greater tha.n zero. The proof of th:e existence of TT 
1 :1 

involves onlY .. a change in sign. , Henc" the theorem is proven·. 

(.c0) 
M• 1 
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